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The authors of a recent paper reiterate an idea from a previous paper, namely that the well-known Laplace expansion of the Coulomb potential is incomplete, and claim that, in fact, the correct expansion of the Coulomb potential can be written in terms of some "new spherical Bessel-like functions". We show here that the Laplace expansion of the Coulomb potential is complete and that the so-called "spherical Bessel-like functions" can be expressed in terms of elementary functions. The unusual use of some mathematical terms in this recent paper is also discussed here.

As the authors of 1 sometimes use a different terminology than the usual one, we start with a short glossary. 1) "the Coulomb repulsion term" in 1 means the Coulomb potential at the point r' of a unit charge placed at the point r , 1/|r -r |.

2) "the conventional multipole expansion series of the Coulomb repulsion term" in 1 means the Laplace expansion of the Coulomb potential 2 . 3) the terms "closed form of a function" and "analytical form of a function" are sometimes wrongly used in 1 (see pp. 2-5). These terms, whose correct definitions can be found, for example, in 3 , are confused probably with "compact (condensed) form".

The authors of 1 study the multipole expansion of the Coulomb potential, after one of them asserted in 4 that the Laplace expansion of the Coulomb potential is inaccurate and incomplete (see also the comment from 5 ). At the begining of the second page of 1 , they reiterate the idea that "the conventional multipole expansion series of the Coulomb repulsion term is incomplete". The paper 1 was submitted for publication more than two months after we proved in 5 that the claims from 4 are wrong, and two month after we personally informed the first author of 1,4 , via Researchgate, about our Comment. We show in this Comment, again, as we already did in 5 , that the claim regarding the incompleteness of the Laplace expansion is wrong. We also prove that the so-called "spherical Bessel-like functions" that are studied in 1 can be easily expressed in terms of elementary functions, so they deserve neither a separate name nor a separate study of their properties. We also correct some errors from 1 regarding the analytical properties of the quantities j(r i , r j ).

As the papers 1,4 are strongly related and we are going to refer here to both, we have to notice a difference in notation between these two papers; while in 4 the quantity "t" is defined as t = r < /r > , r > = max (r i , r j ), r < = min (r i , r j ), (after Eq. (27) from 4 ), in 1 we found the definition t = r i r j r 2 i +r 2 j (Eq. ( 8) from 1 ). To avoid confusion, we shall use in this comment the definitions t = r < /r > , where r < = min (r i , r j ), r > = max (r i , r j ), (1)

t = r i r j r 2 i + r 2 j . (2) 
We start by noting that the right hand side (r.h.s.) of Eq. ( 4) from 1 can be obtained from the r.h.s. of Eq. ( 5) for l = 0, using the usual conventions (-1)!! = 0!! = 0! = 1 ( 6 ). So, the authors of 1 could have used a single equation for their quantity jl (r i , r j ), as in Eq.(25) of 4 . We also mention that we proved in 5 that the so-called "spherical Bessel-like functions" studied in 1 have the form

jl (r i , r j ) = jl (t) = √ 1 + t 2 2l + 1 t l , (3) 
from which we concluded that, fortunately for the consistency of mathematics, the Laplace expansion of the Coulomb potential is correct. When we introduce our Eq. (3) in Eq. (2) of 1 (or in Eq.(23) of 4 ), after using the addition theorem of spherical harmonics, we find the well-known Laplace expansion

1 |r i -r r | = 1 r > ∞ ∑ l=0 t l P l (cos θ i j ), (4) 
where θ i j is the angle between the vectors r i and r j . Let us know express the quantity jl (r i , r j ) in terms of the quantity t (which is t from 1 ). From our equations (1), (2) we have

t = t 1 + t 2 . ( 5 
)
Solving the above equation fot t, and noting that, by definition, t is less than one, we find

t = 1 - √ 1 -4t 2 2t . (6) 
Introducing ( 6) in (3), we find

jl (r i , r j ) = jl (t) = 1 - √ 1 -4 t2 l+ 1 2 (2l + 1)2 l+ 1 2 tl+1 . ( 7 
)
This is the closed form of the so-called "spherical Bessel-like functions" studied in 1 (we remember here that t in this comment is t from 1 ). We see that the quantities jl (t), l = 0, ∞ can be expressed in terms of elementary functions, so they do not deserve a special name. If we introduce our Eq. ( 7) in Eq.( 2) of 1 and express t in terms of t using our Eq. ( 5), we obtain again the well-known Laplace expansion of the Coulomb potential (4). The first terms in the series expansion of these quantities around t = 0 are

jl (t) =t l 1 2l + 1 + 1 2 t2 + 2l + 7 8 t4 + 4l 2 + 40l + 99 48 t6 + . . . ] , (8) 
and they coincide with the first terms from Eqs. ( 6), ( 7) from 1 .

If we put t = 0 in our Eq. ( 7), we obtain an indeterminate form of type 0/0, but from our Eq. ( 8) we see that the quantities jl (t) are finite for t → 0

lim t→0 jl (t) = 1, l = 0 0, l = 0 . (9) 
We end this comment with a few more remarks about the terminology and the interpretation of the results in 1 .

-A Rodrigues formula is a compact and useful form of writing the general solutions of some Sturm-Liouville ordinary differential equations that cannot be written in analytical form [START_REF] Arfken | Mathematical Methods for Physicists[END_REF] . As the quantities jl (t) can be written in the simple analytical form (7), we do not think that the terminology "Rodrigues formula" is appropriate for Eqs. ( 23), (24) of 1 .

-The spherical Bessel functions of first and second kind are linearly independent solutions of the spherical Bessel differential equation. So, we do not think that it is appropriate to call the quantities jl (t) "spherical Bessel-like functions" just because there is a slight similarity between Eqs. (9) and ( 7) of 1 .

-The quantities gl (t) did not appear from anywhere. They were simply defined by the authors of 1 in Eq. (24). So, the statement before Eq. ( 24) of 1 "it can be shown that the new spherical Bessel-like functions of the second kind can be expressed in Rodrigues formula as" makes no sense.

-Although at the beginning of Sec. III of 1 it is said that "the goal of this study is to express the new spherical Bessel functions [...] in terms of closed analytical functions", and at the begining of the fourth page of 1 it is said that the "analitycal form" of these functions have already been derived, we couldn't find any analytical form of the quantities jl (t) for arbitrary l in 1 .

-The statement from the end of page 4 and the begining of page 5 of 1 "one has to be careful in selecting the domain where the analytical spherical Bessel-like functions are valid.

[...] The analytical functions [...] are ill-defined at lower domain values." is wrong. As one can see in our Eq. ( 7), jl (t) is well defined anywhere in the domain t ∈ [-0.5, 0.5].

-The fact that the plots in Fig. 2 (a) of 1 look bad for t → 0 is due to the authors' inability of numerically handle apparent singularities of type 0/0, not to some real singularities or to numerical noise as asserted at the end of page 4 of 1 .

We proved here that the Laplace expansion of the Coulomb potential is complete, contrary to the statement from the begining of page two of 1 "the conventional multipole expansion series of the Coulomb repulsion term is incomplete". We also derived the analytical form of the quantities jl (t) defined in 1 and made a few comments on the terminology and the interpretation of the results in 1 .