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Abstract

In the Random Subset Sum Problem, given n i.i.d. random variables X3, ..., X;,, we wish to
approximate any point z € [—1, 1] as the sum of a suitable subset X;, (), ..., Xj, (») of them, up to
error €. Despite its simple statement, this problem is of fundamental interest to both theoretical
computer science and statistical mechanics. More recently, it gained renewed attention for its
implications in the theory of Artificial Neural Networks. An obvious multidimensional generali-
sation of the problem is to consider n i.i.d. d-dimensional random vectors, with the objective of
approximating every point z € [—1,1]¢. Rather surprisingly, after Lueker’s 1998 proof that, in
the one-dimensional setting, n = O(log %) samples guarantee the approximation property with
high probability, little progress has been made on achieving the above generalisation.

In this work, we prove that, in d dimensions, n = O(d? log% - (log % +log d)) samples suffice
for the approximation property to hold with high probability. As an application highlighting
the potential interest of this result, we prove that a recently proposed neural network model
exhibits universality: with high probability, the model can approximate any neural network
within a polynomial overhead in the number of parameters.

1 Introduction

In the Random Subset Sum Problem (RSSP), given a target value z, an error parameter € € Rsg
and n independent random variables X1, Xo,...,X,, one is interested in estimating the probability
that there exists a subset S C [n] for which

’Z—ZXZ" <e.

€S

Historically, the analysis of this problem was mainly motivated by research on the average
case of its deterministic counterpart, the classic Subset Sum Problem, and the equivalent Number
Partition Problem. These investigations lead to a number of insightful results, mostly in the 80s and
90s [Lue82, [KKLOSG6, Lueds|. In addition, research on the phase transition of the problem extended
to the early 2000s, with interesting applications in statistical physics [MMO09, BCP01, BCMP04].

More recently, one of the results on the RSSP has attracted quite some attention. A simplified
statement for it would be



Theorem 1 (Lueker, [Lue98]). Let Xy,...,X,, be i.i.d. uniform random variables over [—1,1], and
let e € (0,1). There exists a universal constant C > 0 such that, if n > C'log, é, then, with high
probability, for all z € [—1,1] there exists a subset S, C [n] for which

‘z—ZXi’Se.

i€S,

That is, a rather small number (of the order of log %) of random variables suffices to have a high
probability of approximating not only a single target z, but all values in an interval. In fact, this
result is asymptotically optimal, since each of the 2™ subsets can cover at most one of two values
more than 2e apart and, hence, we must have n = Q(log %) Also, the original work generalises the
result to a wide class of distributions.

Those features allowed Theorem [I| to be quite successful in applications. In the field of Machine
Learning, particularly, many recent works, such as [PRN™20, [dCNV21l [FB21, BLMG22, [FTGB22,
WDM™21], leverage this result. We discuss those contributions in more detail in Section

In this paper, we investigate a natural multidimensional generalisation of Theorem [} Mainly,
we prove

Theorem 2 (Main Theorem). Givene € (0,1) and d,n € N, consider n independent d-dimensional
standard normal random vectors X1,...,Xy,. There exists a universal constant C > 0 for which, if

1 1
n > Cd>log, . (1og2 -+ log, d) ,

then, with high probability, for all z € [—1,1]¢ there exists a subset S, C [n] for which

-

i€S2

<e.

o0

Moreover, the approximations can be achieved with subsets of size 6%/1?

We believe many promising applications of the RSSP can become feasible with this extension
of Theorem |1 to multiple dimensions. To illustrate this, we consider the Neural Network Evolution
(NNE) model recently introduced by |[GLPT19|. It is natural to wonder whether their model is
universal, in the sense that, with high probability, it can approximate any dense feed-forward
neural network. While applying Theorem [I| to this end would yield exponential bounds on the
required overparameterization, in Section [6]we prove the universality of the model within polynomial
bounds. To broaden the scope of our result, we additionally provide some useful generalisations
in Appendix [C] In particular, we extend it to a wide class of distributions, proving an analogous
extension to the one [Lue98] given for Theorem Finally, in Appendices @ and |E| we discuss a
discretization of our result and potential applications in the context of nondeterministic random
walks.

Organisation of the paper. After discussing related works in Section [2 we present a high
level overview of the difficulties posed by the problem and of our proof of Theorem [2| (Section .
We then introduce our notation in Section [4] in preparation for the presentation of our analysis
in Section We follow up with an application of our result to the NNE model |[GLPT19] and
conclude with some notes on the tightness of our analysis in Section [7] Finally, generalisations of
our results, further extensions, as well as all omitted proofs can be found in the Appendix.



2 Related work

As remarked in the Introduction, the first studies of the RSSP were mainly motivated by average-
case analyses of the classic Subset Sum and Number Partition problems [KKLOS86, [Lue82, Lue9s].
Both can be efficiently solved if the precision of the values considered is sufficiently low relative
to the size of the input set. In particular, [Mer98|] applies methods from statistical physics to
indicate that this is a fundamental property of the problem: the amount of exact solutions for the
randomised version exhibits a phase transition when the precision increases relative to the sample
size. The work [BCP01] later confirmed formally the existence of a phase transition. [Lue82] shows
that the median of the minimum error in the RSSP is exponentially small when the target is near the
expected sum of the random variables. This work was followed by [Lue98|, which proves Theorem
Recently, [dCdGT22] provided a simpler alternative to the original proof. The discrete setting of
a variant of RSSP has also been recently studied in [CJRS22] which proves that an integral linear
combination (with coefficients in {—1,0,1}) of the sample variables can approximate a range of
target values.

In the last few years, Theorem [1| has been very useful in studying the Strong Lottery Ticket
Hypothesis, which states that Artificial Neural Networks (ANN) with random weights are likely
to contain an approximation of any sufficiently smaller ANN as a subnetwork. In particular, such
claim poses the deletion of connections (pruning) as a theoretically solid alternative to careful
calibration of their weights (training). [PRNT20] uses Theorem [I| to prove the hypothesis under
optimal overparameterization for dense ReLU neural networks. [dCNV21|] extends this result to
convolutional networks and [FTGB22| further extends the latter to the class of equivariant networks.
Also, [BLMG22] applies Theorem [1| to construct neural networks that can be adapted to a variety
of tasks with minimal retraining.

3 Overview of our analysis

3.1 Insights on the difficulty of the problem

In d dimensions, since we need 204108 B hypercubes of radius € to cover the set [—1,1]¢, we need

a sample of Q(dlog %) vectors to be able to approximate (up to error €) every vector in [—1,1]%.
On the other hand, having n = O(dlog %) vectors is enough in expectation. To see it, it is

sufficient to consider subsets of the sample with 5 vectors. There are (732) ~ 2"~°(n) guch subsets,

each summing to a random vector distributed as N (0, % - I). Thus, given any z € [—1, 1]¢, each
of those sums has probability approximately €d(%)_% — g—dlogz—5log} of being at most € far from

z. We can then conclude that the expected number of approximations is 270 . 9=dlog £—5log 3,
which is still of order 27~ provided that n > Cd log% for a sufficiently large constant C.

It would thus suffice to prove concentration bounds on the expectation. The technical challenge
is handling the stochastic dependency between subsets of the sample, as pairs of those typically
intersect, with many random variables thus appearing for both resulting sums. The original proof
of Theorem [1] [Lue98] and the simplified one [dCdGT22] address dependencies in similar ways. Both
keep track of the fraction of values in [—1, 1] that can be approximated by a sum of a subset of the
first ¢ random variables, Xy,...,X;. Their core goal is to bound the proportional increase in this
fraction when an additional random variable X;;; is considered. As it turns out, the conditional
expectation of this increment can be bounded by a constant factor, regardless of the values of
X1,...,X;. Unfortunately, naively extending those ideas to d dimensions leads to an estimation
of this increment that is exponentially small in d. It is not clear to the authors how to make the



estimation depend polynomially on d without leveraging some knowledge of the actual values of
X1,...,X;. In fact, even which kind of assumption on the previous samples could work in this sense
is not totally clear.

As for other classical concentration techniques that might appear suitable at first, we remark
our failed attempts to leverage an average bounded differences argument [Warl6]. Specifically, we
could not identify any natural function related to the fraction of values that can be approximated,
which was also Lipschitz relative to the sample vectors. Moreover, both Janson’s variant of Chernoff
bound [Jan04] and a recent refinement of it [WRG17] seem to capture the stochastic dependence
of the subset sums too loosely for our needs.

3.2 Owur approach

Our strategy to overcome the difficulties highlighted in the previous subsection consists in a second-
moment approach.

Unlike the proofs for the single dimensional case, our argument, at first, analyses the probability
of approximating a single target value z € [—1, 1]d. To this end, consider a sample of n independent
random vectors X1, ..., X, and a family C of subsets of the sample. Let Y be the number of subsets
in C whose sum approximates z up to error €.

For a single subset, it is not hard to estimate the probability with which a subset-sum ), ¢ X
lies close to z. This allows us to easily obtain good bounds on E[Y].

We, then, proceed to estimate the variance of Y, circumventing the obstacles mentioned in the
previous section by restricting the analysis to families of subsets with sufficiently small pairwise
intersections. While this restriction limits the maximum amount of subsets that are available, a
standard probabilistic argument allows us to prove the existence of large families of subsets with
the desired property, ensuring that E[Y] can be large enough for our purposes.

For each pair of subsets, § and T, we leverage the hypothesis on the size of intersections
to consider partitions S = Sa U S and T' = Tc U Ty, with Sp and T¢ being large, stochastically
independent parts, and the smaller parts Sg and Ty containing SNT'. The bulk of our analysis then
consists in deriving careful bounds on their reciprocal dependencies and consequent contributions
to the second moment of Y.

The resulting estimate allows us to apply Chebyshev’s inequality to Y, obtaining a constant
lower bound on Pr[Y > 1]. That is, with conclude that with at least some constant probability
at least one of the subsets yields a suitable approximation of z. Finally, we employ a probability-
amplification argument in order to apply a union bound over all possible target values in [—1,1]%.

4 Preliminaries

Notation Throughout the text we identify the different types of objects by writing their symbols
in different styles. This applies to scalars (e.g. z), real random variables (e.g. X), vectors (e.g.
x), random vectors (e.g. X), matrices (e.g. X). and tensors (e.g. X). In particular, for d € N,
the symbol I represents the d-dimensional identity matrix, where N refers to the set of positive
integers. Let n € N. We denote the set {1,...,n} by [n], and given a set S employ the notation
(f; ) to refer to the family of all subsets of S containing exactly n elements of S. Let € R%.
The notation |||z represents the euclidean norm of @ while ||| denotes its maximum-norm.
Moreover, given r € Rxo we denote the set {y € R? : ||y — z|oo < r} by B&(x,7). We represent
the variance of an arbitrary random variable X by a>2< and its density function by ¢x. Finally, the
notation log(-) refers to the binary logarithm. Let d,n € N and € € Rs, and consider z € [—1,1]¢



and n independent standard normal d-dimensional random vectors X,...,X,. Given S C [n] we
define the random variable

Lif 2 = Yies Xilloo < ¢,

Ysie2X1 X0 = 0 otherwise
b

that we represent simply by Yg when the other parameters are clear from context. Since we are
interested in studying families of subsets, we also define, for C contained in the power set of [n],
the random variable

YC,E,z,Xh...,Xn = Z YSa
SeC

which we represent simply as Y.

We control the stochastic dependency among subsets by restricting to families of subsets with
small pairwise intersection. While this reduces how many subsets we can be considered, we can use
the probabilistic method to prove that large families are still available.

a2n
Lemma 3. For alln € N and a € (0,1), there exists C C (l[z]t) with |C| > 276 such that for all
S, TeC,if ST, then

SNT| < 2a°n.

Notice that, while this amount is still exponential, it already imposes n = (Q(O%‘l2 log é) if we are
to approximate all points in [—1,1]¢ up to error €.

5 Proof of the main result

As we frequently consider values relatively close to the origin, approximation of the normal distri-
bution by a uniform one is sufficient for many of our estimations.

Lemma 4. Letd € N, e € (0,1), 0 € Ry, and z € [-1,1]%. If X ~ N (0,02 - 1), then
(2¢)°
e
(271'02) 2

d
—2  (2)

e - <Pr [XeBgo(z,s)] <
(271'02)5

As a corollary, we bound the first moment of the random variable Y.

Corollary 5. Given d,n € N, € € (0,1), and a € (0, %), let X4,...,X, be independent standard
normal d-dimensional random vectors. Then, for all z € [—1, 1]d and C C (gﬂl), it holds that

2¢)¢ 2¢)?

a2t b o]

(2man)? (2man)?
Proof. Let S € C and, hence, |S| = an. Since X; ~ N (0,1I;) for all ¢ € [n], we have that
Yics Xi ~ N (0,an - I;). Therefore, as Pr[Yg = 1] = Pr [Zz‘es X; € Bgo(z,s)] , by Lemma we
have that

9 d 2 d
e—%L)d < Pr [YS = 1} < (;)d’
(2man)? (2man)?
and we can conclude the thesis by noting that E[Y] =Y ¢ Pr{Yg = 1]. O



We proceed by estimating the second moment of Y.

Lemma 6. Givend,n €N, € € (0,1), and a € (0, %], let Xq,...,Xy, be z'ndependent d-dimensional
standard normal random vectors, z € [—1,1]¢, and C C (([1”]) Ifn >

in C intersect in at most 20°n elements, then

W and any two subsets

(2¢)*|c|” _a_aa] | (2¢)%C]
Var [Y] < “onan)d [(1 —40*) 72 —e an] + m.
Proof. We have
Var [Y Z Cov[Ys, YT]

S,Tec

= > (E[Ys Yr]-E[YsE[Y7))
S,Tec

=Y (PrlYs=1,Yr=1]-Pr[Yg=1]Pr[Yr =1])
S,;Tec

= > (PrlYo=1,Yr=1=Pr[Ys = 1") + Y Pr[Ys = 1] (1 = Pr[Ys = 1]).
SATeC sec

We shall use Lemma {4 to estimate Pr[Yg = 1], thus, the core of our argument is to bound
the joint probability Pr[Ygs = 1,Yr = 1]. To this end, since Cov [Yg, Y7] increases monotonically
with |SNT|, we fix $,T € C with |[SNT| = 2a?n. Moreover, since Yg is defined in terms of
the max-norm, we can analyse the associated event for each coordinate independently. So, we let
Xi,+r X ~N(0,1) and z € [—1,1].

Consider the partitions S = Sa USg and T' =T U Ty, with Sy =Tg = SNT, and let

A=)"X;, C=>X;, B=)> X

i€SA ieTq iesnT

In this way, we have >, ¢X; = A+ B and ) ;.- X; = C + B, with A,C independent random
variables distributed as N'(0,0%) and B ~ N(0,03), where 03 = an(1 — 2a) and o3 = 2a’n.
With this setup, we have,

d
PrlYg=1,Yr=1 = (Pr [A+Be(z—e,2+¢),C+Be (z—s,z+s)]) .
From the law of total probability, it holds that
Pr[A+Be(z—¢,2+¢), C+Be(z—¢,2+¢)]

:/goB(x)-Pr[A—i—:z:e(z—s,z—i—s),C—i—we(z—s,z-i—s)] dz

R

:/goB(a:)-Pr[AE(z—w—s,z—m—i—e),Ce(z—x—a,z—w—i-s)] dz
R

:/gaB(a;)-(Pr[Ae(z—:z:—s,z—ac—i—&:)])2 dz, (1)
R

where the last equality follows from the independence of A and C.



Since A is a normal random variable with 0 average, by Claim [I7] we have that

/RQDB(.’L‘)-(PI“ [AE(z—w—a,z—w—i—e)])Q de/RgoB(a:)-(Pr [Ae(x—s,x+€)])2 dz

Z/Rsog(x)- (/ﬂ:em(y) dy)2 dz.

The hypothesis on n implies that 202 > 162, so, by Claim
+¢e)? —e)?
z+e 2 z+e CXP <— (20? > + exp <— (202) ) &2 2
/ pa(y)dy | < / -exp<2 z)dy
T—€ r—€ 24/ 271'0/% A
+ 2 _£)2 2 2
o o0 () e (557 2o (1) &
_ ) - exp

N 2#0% 4

Oa

_ ey L (207 Papnl@ e+ ey nlE—e) 2178 o 5(2)

\/Q ,/27raf\ 4

Moreover, it holds that

[ 0n(@)- [opale+9) +oupale =) +267%% iy o(a)] da

= (o * 05 ,5)(€) + (9B %0y ) 5)(—€) + 2675178 - (0 0, 5)(0)
= Piasvale) T Pppasva(—e) + 27 /7A . ¢1a/v2(0)

—e2/0?

% © /TB+A/VE 4 9em€ /]
- 2
V 27TUB+A/\/§
—e2/o%
<4.F

< B a—
. /271'(7B+A/\/5

here * denotes the convolution operation, and the last inequality comes from the hypothesis a < %,
which implies that U%+ A/VE < ai.
Altogether, we have
d
1 9 2 —52/01%
PriYs=1,Yr=1] < eEQ/Ui.E. (2¢) . °© - (2)
\ \/ 2ma} \/ 2MOL a3
d
| (2¢)? 1
T 2 fag2 g2
2("AUBJFA/\/i
(2¢)% 2\—42
" (ramyd 11



where the last equality follows from recalling that o3 = 2a’n and 0% = an (1 — 2a), and, thus,

0%+A/\/§ =20’n+ % (1 - 2a).
Finally, from this bound and from Lemma 4] we can conclude that
Var[Y] = Y (Pr [Ys=1,Yr = 1] — Pr[Y )—l—ZPr ] (1= Pr[Ys = 1))
SATeC sec
) 2d 9 2d 9 d 9 d
< 3 [ eyt 2 d-e‘i‘i] (20 [1_ o)
syTect (2mem) (2man) 5e¢ (2man)? (2man)?
2) 2d 2 9 d
< @)™|Cl” |Cl . [(1 —4052)_% —e_%] + (2¢) |Ca|z'
(2man) (2man)2

O

Remark 7. In the proof of Lemma [0, after applying the law of total probability it is possible to
employ Lemma |4 to estimate the joint probability. While this simplifies the argument, doing so
would ultimately weaken the bound in Theorem[9 by a factor of d. In fact, in Section |7 we argue
that the estimation we provide is essentially optimal.

For our next result, recall that the existence of a suitable family of subsets is ensured by
Lemma, (3l

Lemma 8. Givend,n € N, e € (0,1), and a € (0, ] let Xq,...,X, be independent d-dimensional
a2n
standard normal random vectors, z € [—1,1]¢, and C C (([z]b) with |C| > 275 . If any two subsets in

C intersect in at most 2a*n elements, o < L and
144 1 1
n> (log + logd + log )
o?
then
1
PriY >1] > 3

Proof. By Chebyshev’s inequality, it holds that

Priy>1]>Pr||[Y-E[Y]]| < E[QY]
_4-Var[Y]
a E[Y]*

Applying Corollary [5] and Lemma [0, we get that

. . d 2d 7|2 \ d
4 - Var [2Y] <4.¢ (27ra72z) | @2e) |Cc|1 . [(1 —4042)‘% _e_?i] N (2¢) |Cll
E[Y] (26)2|C| (2man) (2mam)2
. co dear - (2ﬂ'an)%

S
(1 —402)% (2e)?|C]



Since n > %1 and a < ﬁ, by Claim

4d
4. Ld_l <
(1—4a?)2

N

(%

a2n
Furthermore, as n > 1444 (log% + logd + log é), IC|>27% ,and a < %, by Claim
dean - (27ran)g

Reile] =

Applying an union bound, we amplify the last lemma to get our main result.

Theorem 9. Let € € (0,1) and given d,n € N let Xq,...,X, be independent standard normal

d-dimensional random vectors and let o € (O, 6—\1/(2]. There exists a universal constant C > 0 such

that, if
2

d 1 1 1
n>C—log - - <log+logd+log>,
o € € a

then, with probability

1
l—exp|—In2- n —dlogg ,

C’a% <log% + logd + log é)

for all z € [=1,1]¢ there exists a subset S, C [n] for which

>

1€S,

<e.

[e 9}

Moreover, this remains true even when restricted to subsets of size an.

Theorem [2| follows from Theorem Iﬂ by setting a = ﬁ.

6 Application to Neural Net Evolution

In this section, we present an application of our main result on the multidimensional RSSP (see
Theorem [2) to a neural network model recently introduced in [GLP™19].

We first provide a description of their model in a setting relevant to our application. Then, we
prove that their model exhibits universality; namely, with high probability, it can approximate any
neural network within a polynomial overhead in the number of parameters.



6.1 The NNE model

The Neural Net Evolution (NNE) model |[GLPT19] has been recently introduced as an alternative
approach to train neural networks, based on evolutionary methods. The aim is to provide a biolog-
ically inspired alternative to the backpropagation process behind ANNs [RHWS86, [GBC16], which
happens in evolutionary time, instead of lifetime.

The NNE model is inspired by a standard update rule in population genetics and, in [GLP™19),
it is shown to succeed in creating neural networks that can learn linear classification problems
reasonably well with no explicit backpropagation.

To define the NNE model, we first need to define random genotypes. Given a vector p € [0, 1]™,
a random genotype x € {0,1}" is sampled by setting x; = 1 with probability p;, independently for
each i. Each entry x; indicates whether or not a gene is active.

Then, for each %, a random tensor @®) ¢ REx4xd jg sampled. In the original version of the model
|GLP™19], each entry of the tensor is chosen independently and uniformly at random from [—1, 1]
with probability 8, while is set to 0, otherwise. For the sake of our application, we here consider
a natural variant where the entries of the tensor are independently drawn from a standard normal
distribution.

Now, given a genotype x € {0,1}", we define

©,= » 0. (3)

i:xi=1

Each genotype is then associated with a feed-forward neural network, represented by a weighted
complete multipartite directed graph. The graph is formed by layers {Li}f:(] of d nodes and two
consecutive layers are fully connected via a biclique whose edge weights are determined by the
tensor @, in the following manner: for every ¢ € [¢], the edge between the j-th node of layer L;_;
and the k-th node of layer L; has weight (©gz);-

Eq. tells us that if a gene is active then it gives a random contribution to each weight of the
genotype network.

The learning process in the NNE model works by updating the genotype probabilities p accord-
ing to some standard population genetics equations [Biir00, [CLPV14]. In |[GLPT19], it is proved
that the adopted update rule indirectly performs backpropagation and enables to decrease the loss
function of the networks.

6.2 Universality and RSSP

Let f: RY = R? be a feed-forward neural network of the form
f(y) =Wro(Wey...0(W1y)), (4)

where W; € R is a weight matrix and o: R¢ — R? is the ReLU (Rectified Linear Unit) activation
function that converts each coordinate g; of a given vector y € R? to max (0, y;).

The restrictions on the weight matrix sizes d X d aim only to ease presentation and can be
adapted to any arbitrary dimensions.

Let us construct a third-order tensor @ € RExdxd 1y stacking the weight matrices W1, . .., W.
We correspondingly denote f by fe. Conversely, every tensor @ € Rf¥4%4 is associated with a
neural network fg in the form of Eq. whose corresponding weight matrices are the tensor slices,
that is, Wy, = (©) j—, for every m € [{].

J,k€ld]
We can use Theorem [2| to prove a notion of universality for the NNE model.

10



Theorem 10. Let € >0 and n,d,? € N. Let F be the class of neural networks f: R — R? of the
form given in Eq. such that their corresponding tensor satisfies max;;x|(©f)iji| < 1. A constant

C > 0 exists such that, ifn > C(£-d-d)3 log% . <log% +log(¢-d- d)), then, with high probability,

the tensors @) ... O™ gssociated to each gene are such that, for any f € F, there is a genotype
x € {0,1}"™ which satisfies

Of)iik — (Og)iik| <e.
i [(©7)i5x — (@) < &
J,keld]

We note that standard techniques (e.g., [PRNT20, [dCNV21]) can be used to provide bounds on
the approximation of the output of neural networks, as well as translating Theorem (10| for general
network architectures (e.g., convolutional neural networks).

7 Tightness of analysis

In Lemma [3| we prove the existence of a suitable family of subsets via a probabilistic argument,
sampling their elements uniformly at random. The same argument also implies that the pairwise
intersections of almost all subsets is at least a%n In the next result, we assume such lower bound
and prove that our estimation of the joint probability Pr[Ys = 1, Y7 = 1] in Lemma [6] (specifically,
in Eq. , is essentially tight. Namely, the next lemma implies that it is not possible to obtain a
high-probability bound on Y in Lemma

Lemma 11. Given d,n € N, ¢ € (0,1), and a € (0, %), let X4,...,X, be independent standard
normal d-dimensional random vectors and z € [—1,1]%. If any two subsets in C intersect in at least

a’n
(~an)
cexp|——1.
an

5+ elements and n > %, then
We can extend the above result by letting z lie in a wider range. This will be useful for the
generalisation section Appendix [C|

2d 2\
pelvs = 1ve =112 (20 (1)
Remark 12. If A > 1 and z € [-A\/n, A\\/n]%, then we have

~ (2ran)?d 4
PrYs—1,vp—1] > 2 (1—0‘2>_

[NJISH

(2man)d
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A Tools

Below we list some standard tools we use, and prove some inequalities.

A.1 Concentration bounds

Theorem 13 (Chebyshev’s inequality). Let X be a random variable with finite expected value
and finite non-zero variance 0. Then for any real number k > 0, it holds that

o2
Pr[|X—pu|l>k] < =
Lemma 14 (Chernoff-Hoeffding bounds [DPQ09]). Let X1, Xo,...,X, be independent random vari-

ables such that
Prio<X;<1]=1

for alli € [n]. Let X =31 | X; and E[X] = p. Then, for any § € (0,1) the following holds:

1. if p < py, then Pr[X > (14 8)py] < exp (_52§+) ;
. & py
2. if0< p_ <p, then Pr[X < (1—8)pu_] <exp <_T> _

A.2 Claims

Claim 15. Let d,n € N and a € Rsq. Ifn > %% and o < - then

6vd’
4d 1 1
ean - 7@ S 1 + é
(1—4a?)2
Proof. Since e < (1 —z)~! forx <1, for n > %d, it holds that
4d < 1 14 4d
ean = .
14 on — 4d
an
Thus, having n > %l implies that
Mgyl
ean < 6

Moreover, by Bernoulli’s inequality, since a < %, it holds that,

1 < 1
(1 —4012)% ~ 1—-2da?’
Altogether, we need that
1+ & 1
= 16«14 =
1—2da? — + 8’

which holds for a <

(=]
SH
ISH
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Claim 16. Letd,n € N, € € (0,1), and a € (0, ) If n > 144d (log +logd + log ) then
46% Tan g
2@ T\ 2¢2 se

Proof. Consider the function

d
n
f(n) = Zn
276
We have that
dnd—12%%" ?In2 ndQ%

f,(n) = a2n6

273

d
and, hence, f i ( 21n2) = (mg‘fnz) , it holds that

4d d 4d d
dean (Wan) 2 4eon (mx)
2n 2 = 20  \ 9.2

9% \ 2 2%t \2€

4d

vl N
@ﬁ

< 4ean o d
- 2%" 2e2 ea2 1n2
B 46% 3md
N 2“12—2" €2ealn2
d
_s (o
g% \ela

where the last inequality comes from noting that 6 > e?’% and that n > %d implies ean < 2. This
is at most ¢ if

or, equivalently,

12 1 d 1 d
n>— (log8+ (d+1)log—+ - log— + ~logbd ) .
a? e 2 Ta 2

The thesis follows from the bounds d,n > 1, e € (0,1), and a < %. O

Claim 17. Let A, B be two centred normal random variables, and let pp(x) be the density function
of B. Then, for any z € R, for any € > 0, it holds that

/RgoB(x) [Pr [Ae(z—x—e,z—x+s)]]2de/RSOB(OU) [Pl“ [Ae(—x—e,—x+s)]]2dx.

15



Proof. For any z,z € R, let
2
h(z,z) = pp(x) [Pr [Ac(z—z—¢g,z—z+ 8)]] dez,

and let

Let pa(x) be the density function of a. Since

Oh(zx, z)
0z

:2’g013(a:)Pr [Ac(z—z—¢,2—z+¢)] (cpA(z—x+g)_goA(z_x_5))‘

<2pp(@)Pr[A€(z—z—¢,2—z+¢)] (palz—z+¢e)+palz—z—¢)),
h(z, z) meets the hypothesis of the Leibniz integral rule and we can write

dH(z) [ Oh(z,z)
dz /R 0z dz

:2/<pB(w)Pr [Ac(z—z—¢g,2—z+¢)| (palz—z+e) —pa(z—z—¢)) dz
R

If we prove that such a function is zero in z = 0, positive for z < 0 and negative for z > 0, then we
have that the maximum of H is reached in z = 0.

First case: z=0. Then

dH(0)
dz

Q/RQDB(.'L‘)PI‘ [Ac(z—c,z+¢)] (palz—¢) —palz+¢)) dw (5)
= 2/RgoB(a:)Pr [Ac(z—c,z+¢)|palr—c)de
— 2/ ep(@)Pr[A € (z—e,z+¢)] palr+e)dz
R
= 2/Rg03(:v)Pr [Ac(z—c,z+¢)palr—c)da

9 / on@Pr[A € (y— e,y + )] paly —e) de (6)
R
=0,

where in Eq. we exploited the symmetry of the integrand functions, Eq. @ we substituted in
the second integral y = —z and used again symmetry.
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Second case: z > 0. Then

dH(z)
dz

:2/<pB(w)Pr [Ac(z—z—¢c,2—z+¢)] (pa(z—z+e) —pa(z—z—¢)) dz
R

2/__Zg0]3(a:)Pr[Ae (z—z—e,z2—z+¢)| (palz—z+e) —palz—z—¢)) dz
+2 +Z(,OB(:E)Pr [Ac(z—z—¢c,z2—z+¢)] (palz—z+e) —pa(z—z—¢)) dz

—Zz

— —

+2 :°°goB(a:)Pr [Ac(z—z—e,z2—z+¢)] (palz—z+e)—palz—z—¢)) dz
:2/+°°goB(x)Pr [Ac(z+z—c,z+z+e)] (pa(z+z+e) —pa(z+z—¢)) dz (7)
+z

+o0

+2

—

ep(@)Pr[Ac(z—z—e,z2—z+¢e)] (palz—z+¢e) —pa(z—z—¢)) dz
+3z

+3z
+2/+ pp(@)Pr[A€(z—z—c,z2—z+¢)] (palz—z+¢e) —pa(z—z—¢)) dz
+z

+2

—

pp(@)Pr[A€(z—z—¢,2—z+¢)] (palz—z+¢e) —pa(z—z—¢)) dz

—Zz

:2/+°°QOB(CL')PT [Ac(z+z—c,z+z+¢)] (pa(z+z+6) —pa(z+z—¢)) dz
+z

_2/+oo<pB(2z+x)Pr[A€(z—i—a:—s,z—l—a:—i—s)] (palz+z+e)—palz+z—¢)) do ()
+z
+z
—2/_ pp(x—22)Pr[Ac (z—z—¢c,z2—z+¢)] (palz—z+e) —pa(z—z —¢)) dz 9)
+z
+2/_ ep(@)Pr[Ac (z—z—c,z2—z+¢)] (pa(z—z+¢e) —pa(z—z—¢)) dz

—2/+°° (pB(z) —9pB(2z2+))Pr[A€ (z+z—¢c,2+z+¢)| (palz+x+e) —pa(z+x—¢)) do
(10)
+z
+2/ (pp(z) —pp(x—22))Pr[A € (z—z—e,2—z+¢)] (palz —z+¢) —palz —z —¢)) dz,

(11)

where in Eq. (7) we substituted 2’ = —z and used the symmetry of the integrand functions, in
Eqgs. and @ we substituted ' =  — 2z and o’ = 2z — z, respectively, and used again the
symmetry. The expression in Eq. is negative as ¢p(z) > ¢p(2z + z) and pa(z +z +¢) <
pa(z +x —¢€) for £ > z; the expression in Eq. is negative as ¢p(x) > ¢p(x — 2z) and
oa(z—x+¢e) <palz—z—c¢) forx € (—2z,2).
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Third case: z < (0. This case is similar to the previous one: with the same arguments, we obtain

dH(z)
dz

:2/+z (p(z) — (224 2))Pr[Ac(z+z—c,2+z+¢)| (palz+z+e) —pa(z+z—¢)) dz
(12)

—z
+2/ (pB(z) —p(z —22))Pr[Ac (z—z—c,z2—z+¢)] (pa(z—z+€) —pa(z —z —¢)) daz.
+z
(13)
The expression in Eq. is positive as pp(z) > pp(22+z) and pa(z+x+¢€) > pa(z+x —¢) for
x < z; the expression in Eq. is positive as pp(z) > pp(x—22) and pa(z—x+¢) < pa(z—x—¢)
for z € (z,—2). O

Claim 18. Forallz € R, c € (O, ﬁ), and € € (0,1), it holds that

2 —c(z+e)? —c(z—e)? 2
(/s e—c($+5)2 ds) < (/6 e (z+e) —;—e (z—e) 3052 ds) .
—€ —€

Proof. Let

Since

5 e“ ds = ms + e® ds

/6 e—clz+e)? +e—c(z—5)2 ) € e—c(m+5)2 +e—c(z—s)2 o
2

—E& —&

for any m € R, we choose it to be the angular coefficient of the line passing through f(—e¢) and
fz(g), and prove the stronger result

e—c(ac—i—s)2 _ e—c(ac—e)2 e—c(ac—i—s)2 + e—c(w—e)2 9

e—c(ac—i—s)? < - s ; e (14)

for all s € (—¢,€). In fact, the right hand side of Eq. is the equation for the line passing by
the extrema of f, in (—¢,¢) lifted by a factor of e’ Therefore, the results holds trivially if f,
is convex in the entire range (—¢,¢€), which is true when |z| > 1+ \/%7: Moreover, the factor €%

ensures the result for x = 0, so, we follow with the analysis of the case x € (O, 1+ 7127] and the

remaining case x € [—1 - \/%, 0) follows by symmetry.
Dividing both side of Eq. (14) by e~¢@*+9)* we obtain

—ce
1 S e?csm+052 [6 S . € € i

£ 2 2

2

2 —2cex __ ,2cex 6—20530 4 chax]

—C¢g

_ g2esates? [_ 5 sinh(2cex) + cosh(2cex)

18



Let g(x) be the right hand side of this inequality. Then

—ce?

g (x) = 2csg(x) + 2ceeesrtes’ l—
€

s cosh(2cex) + sinh(QCsx)]

2
= ce2esutes’ cosh(2cex) (s - se_csz) + sinh(2cex) (s - 866_052>

2 2

If s € [0,¢), then s > se~*" and € > %e_cg > %6_052, hence ¢'(z) > 0. Since g(0) > 1, this

ensures Eq. .

The sub-case s € (—¢,0) offers much more resistance. To analyse it we exploit that x €

(0,1 + 7127) implies that cx < v/2¢ for ¢ < % and make extensive use of Taylor’s theorem to

approximate the exponential functions.
We start by rewriting Eq. as

—QCSx—CSQ 2cex —062 —2cex —652
< - — — — — .
ge e ( e ) + e (2 + —e ) ( 6)

By Taylor’s theorem, there exist A1, Ao € [0,2cez] C [0,2v/2ce], A3 € [0,—2csz] C [0,2v/2ce],
A1 € [0,¢5%], A5 € [0, ce?] such that

4
et = 1 2cex + 2c%e*x? + §6353$3e>\1,
—2cex 22,2 4333)\2
e :1—2cex+205m—§cswe ,

_ 4
e 25T — 1 — 9¢csx + 2¢°s%a? — §c333w3e)‘3,

2 o4
e’ =1 —cs? + %e_M, (17)
2_4
_ ce” _
e C52:1—&52—#Te A5 (18)

where we used second order approximations for the first three terms and first order approximations
for the last two. Plugging those in Eq. we obtain

4 4
cecs’ (1 — 2¢sz + 2¢%8°x? — 50333:036)‘3) < (1 + 2cex + 26%%x? + §6363I36>‘1> (g - ge_csg)
4
+ (1 — 2cex + 2c%e%x? — *63839336)‘2) (E + §6_062).
3 2 2
The latter becomes

€ (1 - e_C32> + 2csex (6_082 - e_‘;a?) + 2c%ex? (82 - 826_682)

+ §c3ezc3 (826)‘1 (; — ;e_ch) —gle (; + ;e_ch) + 836)‘3_082> >0

Now, notice that



as § — %e‘ch >+ %e‘ch since —e < s < 0, and € e)‘1 > e2 > g2e~*2. Furthermore, observe that
3eha—cs? >2s% as s < 0 and A3 < 2v/2ce < L 5 ife < 55- Thus, the inequality is true if

8
€ (1 — 6_032) + 2csex (6_032 — e_CEQ) + 2c%ex? (52 - 526_032) + §c3335w3 > 0.

Applying Egs. and , the latter inequality yields that

2.4 2et 2.4
c°s eg° _ c's” _
6(082—26 M ) + 2csex (682—082—26 >‘5—|—Te A“)

258
8
+ 2c%ex (6 — s +est —Te >‘4> +§C3836.’IJ3

s _ 8
—cC 355566 5+ AsPexe —M + (20 stex?® — 0486651726 ) + gcgsgaw?’

=ecs® —
+ 2c%ex (82 — 32) (x+s).
Now observe that
(20 stex? — ctsPex’e )‘4) >0

asc<1l,s<e<1l,e™ < 1; —c’sePze ™ > 0as s < 0;

c2ste 8 c2se
ecs® — e ™M + Psdepe ™M + §c3335x3 > cs’e — 5~ 2V 2cs?e? 3c33252x3
252
> cs%e — 5 ®V2cs’e* — 6cv/2cs?e? (19)

ce?
=cs’e|1- - = 2V 2ce? — 6V 2ce

> cs’e (1 — g — V2c— 6V 20) (20)
cs’e

> — 21

> F 1)

where in Eq. we used that cx < +/2¢, in Eq. that ¢ < 1, and in Eq. 1) we used i)
AV/2¢ < % when ¢ < 3%/5, ii) ¢ < v/2c¢ since ¢ < 1 and iii) 1 — 7v/2¢ > %, whenever ¢ < 153
Going back to the inequality, we now have that
2.

%—I—Qc aw(eQ 52) (x+s).

If £ > |s| the latter is positive, otherwise it becomes

2

cs’e cs’e
= + 2c%ex (52 — 32) (x+s) > = + 2c%ex (52 — 32) — 2c%es? (62 - 32)
cs’e
> ? — 2% + 2c%ex? (5 - 52)
> cs’e ! —2c
- )
which is positive for ¢ < %. O



» 10

z+e 2 T+e z+e
(/x exp (—cy2) dy) > /w exp (—c(x — 5)2) dy - / exp (—c(m + 6)2) dy. (22)

Claim 19. Forallz €R, c€ (O L ), and € € (0,1), it holds that

—& —& r—&

Proof. We can express Eq. as

zte 2 ote 2
[/m exp (—cyz) dy] — l/x exp (—c(m2 + 52)) dy]

—& —&

T+e

S| e ) e (e ) | [ e () v (ot )
>0,

which holds if and only if
+e

/+E exp (—c(:c + 3)2) ds > /_

—&

exp (—c(:L'2 + 52)) ds. (23)

£

The result is immediate for £ = 0, so we assume z > 0 and the claim follows by symmetry. Let
fe(s) = exp(—c(z + s)?).

We provide distinct arguments depending on whether x is small or large.

Case z € (0,1). Since we assume ¢ < % and € < 1, we have for any < 1 that f; is concave in
(—e,e). That is,
fa(e) — fa(—¢) fa(€) + fale)

>
fa(s) 2 2¢ s+ 2 ’

for all s € (—¢,¢). Thus,

© fole) = fol=e),

_i frloyds > [ O + ' )
_ € fm(a) +fa:(_€) ds
2

—&

& -2 2
:/ exp (—c(m2 N 82)) _exp ( ca:z-:)2+ exp (2cxe) ds

—&

> /‘S exp (—c(x2 + 62)) ds.

—E

Case z > 1. The integral on the right hand side of Eq. has the same value for any affine
integrand 7, for which 7;(0) = exp (—c(x2 —1—52)). Thus, proving that fz(s) > 7z(s), for all
s € (—¢,¢€), concludes the proof.

In particular, we can choose

ra(s) = £2(0) - s + exp (—e(a® + %)) .

21



Since
fals) = =2¢(z + s)exp (~c(z + 5)%),
we aim to show that
exp (—c(:c + s)2> > —2csx exp (—ch) + exp (—c(:t:2 + 52))

for s € (—¢,€). Dividing by exp(—c(z? + s?)) and rearranging, we obtain

exp(—2csz) + 2¢sz exp (cs2) — exp (—c (62 - 32>> > 0.

Now, if s > 0, we have that
2

exp(—2csz) + 2csz exp(cs?) — exp(—c(e? — s?)) > 1 — 2csz + 2csz(1 + cs?) — exp(—ce?)

=1+ 2¢%s%z — exp(—ce?)
> 20%2s%x
20,

where in Eq. we used that eV > 1+ y.

Now consider the sub-case s < 0. By Taylor’s theorem,

2 3
y°  exp(é1)-y
exp(y) = 14+ ¥ 4 P

and

02
exp(y) =1 +y + TP

Y

for some &1,&; € [0,y]. Letting £ = —s € (0, 1), we have

(2clz)? N (2clx)?

exp(2cfx) > 1+ 2clx + 5 5

and
exp(ct?)(ct?)?
2
(143(c)) (e£2)?
5 .
since e¥ < 1+ 3y for 0 <y < 1. Finally, applying this to Eq. , we have

exp(—2csz) + 2csx exp (032) — exp (—c (52 — 32))

> exp(2clx) — 2clx exp (c£2) -1

exp(cf?) <1+l +

<1+cel?+

2 3 294 2
> 14 2clx + (zch) + (20295) —2clz (1 +cl? + c£(12+3c£)
24 2
= 2c20%x% + %cgﬂ?’m:g — 2clx <c€2 + 66(1;306))

=220z (x — ) + 3Pz <§x2 — 21+ 3c€2)> .
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The latter is non negative for £ > 1 and ¢ < 1, since £ = —s < e < 1, so that %xQ — 02(1 + 3¢cf?) >
4 1
t—-1—z=0. O
3 3

B Proofs omitted
B.1 Proof of Lemma [3

Ifa> %, then 2an > an, and the result holds trivially. So we assume a < %
Let k be any integer, and let C = {C4,Cy,...,Ck}, with each C; drawn uniformly from the
collection of subsets of [n] with size an. Given i,j € [k], if 7 # j, then

E [lCl ﬂCj” = Z Pr [a S CiﬂCj]
a€(n]

= Z Pra € Cj] - Pr [a € Cj]
a€n]
= a’n.
By the multiplicative form of Chernoff bounds (see Lemma [14)), it holds that

a™n

2
Pr [|C’Z nC;| > 2a2n] < exp (—3) .

Finally, for the event of interest, we have that

Pr ﬂ {|C¢ﬂCj|§2a2n} =1-—Pr U {|C’iﬂCj|>2a2n}

i£j€EK] i#j€lk]
>1- k ex —@
= 2 ) FP\ 773
a2 2
>1- 25" - exp (_agn) (26)
> 0,

QQTL
where in Eq. we have chosen k =276 .

B.2 Proof of Lemma
By the distribution of X,

1 2
rlxestina] = [, oo (1)
oo Z,E

271'02) 2

Since BE (z,¢) € B%,(0,2) and for all z € R? it holds that |||z < Vd - ||%]|c, and, thus,

2d [E25
)< Ll P ST
exp( 02) <exp ( 552 | S
The thesis follows by noting that the hypercube BZ (z,¢) has measure (2¢).
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B.3 Proof of Lemma [11]

Inheriting the setup from the proof of Lemma |§I and proceeding analogously we obtain that ai =

an (1 — 5 ) and o3 = % We diverge from that argument after Eq. 1} Preserving equality for

a bit longer, we have that

(PrlYs=1,Yr = 1])é = /chp,(:v) . (Pr [A € (z—a:—z—:,z—x+€)])2 dz

= /]R eB(z) - ( /z ::e oa(y) dy)2 dz.

The hypothesis on n implies that 262 > 10, so, by Claim

Z—X+€ 2
(/ @A(y)dy> > (26)° - pa(z—z—¢€) - palz—z +¢)

—XT—€

2 /.2
:e—é /UA .

Then, as before, we can reduce the main integral to a convolution. Namely, it holds that

[ #n(@) 0ryae = 014 = 050002

2

1 z
. /27TUB+A/\/§ UB+A/\/§
Altogether, we have that
1 2¢)2 1 2 2

(Pr[YS:LYT:lDdZ(;) ' 2 2 P _82 _22z7
LERVE LS CENWY, IA “Tpia/v2

(2¢)? 1 1 2¢? 222

= . . exp —_— +
2man 1_ a2 on \2—a 2+«
4

where the last equality follows from recalling that 0]23 = O‘QT" and ai =an (1 — %), which implies

that 0123+A/\/§ = % + & (1 - %) Finally, the hypotheses z € [-1,1], € € (0,1), and « € (0, %)

imply that 2252 ;f_i < 3.




B.4 Proof of Theorem [9
Let n = k - 13%1 <logé + logd + log é) with £k € N. By Lemma for any z € [—1,1]¢, the

k
probability than no subset-sum is sufficiently close to z is at most (%) . Leveraging the fact that

it is possible to cover [—1,1]% by 5% hypercubes of radius €, we can ensure that the probability of
failing to approximate any z is, by the union bound, at most

k
i . 2 — 2—k10g%+dlog%
ed \3

n— 12414‘2 log <log % + logd + log é)

=exp [—In2-

d
azl‘fj‘g% (log % + logd + log é)
Thus, we can conclude the result for

144 d* 1 1 1
n>—=-—log—-|(log—+logd+log—|.
log 3 5 € € «a

C Generalisation of our result

If the target value z lies in the hypercube [—Ay/n, Ay/n]¢, for some A > f we have slightly different
bounds for the expectation and for the variance of Y. In particular, Corollary [5| would give

-2 2210 _ o (2210 o)

(27ran) (2man)? (2ran)?’

On the other hand, as the proof of Lemma @ never uses that z € [—1,1]¢ but only exploits the
bound on the expectation, it would yield

2d |2 g _4rZd d
var(y] < 220 [(1—4a2>—2-6 : ]+((;LJ§Z' (29)

We focus on the case A = , /177 when n > 68d (which implies Ay/n > 1). Thus, we have a new
estimation for the probablhty to hit a single value

Lemma 20. Given d,n € N, 6 € (0,1), and o € (0, 3], let Xy,..., Xy, i.d.d. following N (0,I4),

€ [-A/n, AVnl¢, with A = 51/7%, and C C ([n). If any two subsets in C intersect in at most
2a n elements, a < \1[, and

1 1
n > ad(log + logd + log )
then

Pr[Y>1] >

OO\H
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Proof. By Chebyshev’s inequality, it holds that

Pr[Y>1]>Pr |[|[Y -E[Y]| <]E[2Y]
4 - Var[Y]
1_72.
E[Y]

Notice that %Qd = 1—17 Hence, using Eqs. and , we get that

4-Var[y] _ et - (2man)® | (2¢)|C|” [(1_4a2)_% _e—%] . (26)4C|
E[Y]* ~ (2¢)%|c|? (2man)? (27ran)%
1 1 d
_ 4. eir I +4el7-(27rom)2.
(1—4a2)? (2e)?|C]

Note that Claim [L5| holds exactly as it is for the ratio

1
eir
da
2

(1—402)

obtaining the same bound for n > % and a < 6%/&’ which yields

1
e )
(1—4a?)2

N | =

L

Furthermore, also Claim |16|is true replacing ean by ei7. Thus, as n > %—éd (log% + logd + log é)
and a < %, Claim |16| implies that

e - (2man)

- @l

d
2

O]

We remark that we cannot let A be asymptotically greater than \/% otherwise our method fails.

Indeed, by Remark |12} the term 41;/;;5;[] is at least

4x2d _ 3224
e « [
-1

=)

2
The latter is greater than or equal to 1 if A > \/g since e’a" >1+ %.
We are ready to state our first generalised version of Theorem [9]
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Theorem 21. For given d and € € (0,1), let Xy,...,X, be n independent standard normal d-

dimensional random vectors and let a € (0, ﬁ]. There ezist two universal constants C > 6 > 0

such that, if
2

d 1 1\?
n>C— <log+logd+log> ,
o € «a

the following holds with probability at least

1
l—exp|—In2- n —dlogg

6% (log% + logd + log é)

for all z € [-Ay/n, )\\/ﬁ}d, with X = %w/ﬁ; there exists a subset S, C [n], such that

|- > x

i€S2

<e.

o0

Moreover, the property above remains true even if we restrict to subsets of size an.

Proof. Let ) =k > 1 with k¥ € N. By Lemma for any z € [—Ay/n, \/n]?,

n
%‘éd (log %Jrlog d+log i
k
the probability than no subset-sum is sufficiently close to z is at most (%) . Leveraging the fact

d
that it is possible to cover [—Ay/n, \\/n]¢ by (Asﬁ) hypercubes of radius €, we can ensure that

the probability of failing to approximate any z is, by the union bound, at most

d
()\ﬁ) . (2)k _ 2—k10g%-{-d(logé—}-%logn-ﬁ-log)\)

€ 3

[ 2
n— el (log £ + blogn +10g)) (log L +logd +lox 1)
=exp [—In2- ; 144d 1 1
_ o (logg—i—logd—kloga)
[ 2
n— % (log% + %logn) (log% +logd + log é)
<exp|—In2- 2 i ; . (29)
_ Zlog 3 <logg+logd+loga)

since A < 1. Consider § — 1444 logn (log% + logd + log é) Let k=k <logé + logd + log é),

202 log %
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, 2
which means that n = 14;%“ d (log % + logd + log é) . Then

n 1444 1 1
— 3 logn | log - +logd+ log —
2 2a?logy € a

144 1 1 1 1
= d log = +logd + log — | |k’ [ log — + logd + log —
202 € a € e

d 144 1 1 1
—— | log 3+10gk'—|—logd+2log—|—210g<log+logd+log>
log 5 log 5 «a € o'

144 1 1 1 1
> 2d<log+logd+log) [k' (log+logd+log>
2¢ € a € «
, 1 1 1
—2d | 8+ logk +logd+210ga+2log logg+logd+loga
If k¥ = 17d, we have that
. 1 1 . 1 1 1
k logg+logd+loga —2d |8+ logk +logd+210ga+210g logg+logd+loga

1 1 1 1 1
>4d (10gs +logd+loga — log (logs + logd + log a)) + 13dlogd + 13dloga

1
— 16d — 2dlog c — 3dlogd — 4dlog —
a

1
= 10dlogd + 9dlog — — 16d — 2dlog 17 > 0,
e

1 17-144d? 1 1)2 s
as a < 5. Thus, for n > == 7% <log < +logd + log E) , we have that the expression in Eq. (29
is at most

n— %‘Fglog% (logé —i—logd—klogé)
exp |[—In2- > B3
% <log 1 +logd+log é)
We have the thesis by setting § = 225, and C = 17 - 144. O

log 5

Our analysis, that relies on fixed subset sizes, easily extends Theorem |21 for non-centred and
non-unitary normal random vectors.

Corollary 22. Let 0 > 0 and € € (0,0). Given d,n € N let X1,...,X,, be independent normal
d-dimensional random vectors with X; ~ N (v,0? - 1), for any vector v € R®.  Furthermore, let

a € (0, ﬁ). There exist two universal constants C > § > 0 such that, if

d? 1)\?
n>C— (log0+logd+log) ,
e € a
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then, with probability

l—exp|—In2-. n —dlogg
€

6% (logg + logd + log é)

for all z € [—oAy/n,oA/n)? + anv, with A = 5 /7%, there exists a subset S, C [n] for which

== 2%

€S,

<e.

[o.9]

Moreover, this remains true even when restricted to subsets of size an.

Proof. Simply apply Theorem [21| to the random vectors 2= with error c. O

= £
Following the line of [Lue98|, we also observe that our results extend to a wider class of proba-
bility distributions.

Definition 23. Consider any two random variables X and Y having the same codomain, and let
ox(x), oy (z) be their probability density functions. We say that X contains Y with probability p if
a constant p € (0,1] ezists such that px(xz) =p - @y(x) + (1 —p)f(z) for any function f(x).

If X contains Y with probability p, we can describe the behaviour of X as follows: with prob-
ability p, draw Y; with probability 1 — p, draw something else. An adapted version of our result
holds for random variables containing Gaussian distributions.

Corollary 24. Let o > 0, ¢ € (0,0), and let p € (0,1] be a constant. Givend,n € N let Y1,..., Yy,
be independent d-dimensional random wvectors containing d-dimensional normal random wvectors

X ~ N (v,0? - I;) with probability p, where v is any vector in R? . Furthermore, let a € (O, 6—\1/3).
There exist two universal constants C' > § > 0 such that, if
d? 1)?
n>20—; (loga + logd—i-log) ,
pa € a

then, with probability

n
260%2 (log Z +logd + log é)

1—2exp [—In2- —dlogg ,
3

d
for all z € [—J)\ B oM/5 | + 25, with A = %,/ﬁ, there exists a subset S, C [n] for which

-3

1€S2

<e.

e}

Moreover, this remains true even when restricted to subsets of size %
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Proof. With a simple application of the Chernoff bound, we have that at least &* random vectors

are normal random vectors with probability 1 — e~'5. Conditional on this event, we can apply
Corollary to the E* normal random vectors. Since Pr[A,B] > Pr[A|B]Pr|B] for any two

events A, B, and 26 a% (log% + logd + log é) > 8, the thesis holds with probability at least

n o
— dlog — — exp [—]
250%'12 (1og 2 4 logd + log é) € 8

l—exp|—In2-

pn
2(50%‘12 <log Z +logd + log é)

>1—2exp|[—In2- —allogg
€

D Discrete setting

We believe that it should not be hard to adapt our proof to several discrete distributions, in order to
obtain results similar to those discussed in the Related Work section. We also note that our Theorem
already implies an analogous discrete result. Suppose that we quantise our random vectors by
truncating them to the |log §|-th binary place, obtaining vectors X; such that [|X; — Xi]jeo < 6.
For any z € [—1,1]¢, Theorem [2| guarantees that w.h.p. there is a subset of indices I C [n] such
that ||z — 3;c; Xilloo < € and, hence, by the triangular inequality, ||z — ;7 Xilloo < 18 +&. As
a special case (§ =€), we have the following:

i€l

Corollary 25 (Discretization of Theorem . Given d € N, € € (0,1), let X1,...,X, be indepen-
dent standard normal d-dimensional vectors truncated to the |log éj -th binary place. There exists

a universal constant C > 0 such that, if n > Cd> logé (logé + log d), then, with high probability,

for all vectors Z with entries in {ke}_1 1, there exists a subset S, C [n] for which
[—21<k<[ 2]

2—2&-

i€S

<eg(n+1).

e o]

Moreover, the approxzimation can be achieved with subsets of size ﬁ.

E Connection with non-deterministic random walks

Consider a discrete-time stochastic process whose state space is R? which starts at the origin. At
the first step, the process “branches” in two processes, one of which keeps still, while the other
moves by the vector X;. Recursively, given any time ¢ and any process, at the next time step the
process branches in two other processes, one of which keeps still, while the other moves by the vector
X;+1. In this setting, when X1 are sampled from a standard multivariate normal distribution, our
results imply that the resulting process is space filling: the process eventually gets arbitrarily close
to each point in R%. This should be contrasted with the fact that a Brownian motion is transient in
dimension d > 3 [MP10]. The above process can also be interpreted as a multi-dimensional version
of nondeterministic walks as introduced in [PLW19] in the context of the analysis of encapsulations
and decapsulations of network protocols, where the i-th N-step is {X;, 0}.
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