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Law of large numbers and central limit theorem for wide two-layer
neural networks: the mini-batch and noisy case

Arnaud Descours? Arnaud Guillinf Manon Michel! and Boris Nectoux*

Abstract

In this work, we consider a wide two-layer neural network and study the behavior of its empirical
weights under a dynamics set by a stochastic gradient descent along the quadratic loss with mini-batches
and noise. Our goal is to prove a trajectorial law of large number as well as a central limit theorem for
their evolution. When the noise is scaling as 1/N? and 1/2 < 8 < oo, we rigorously derive and generalize
the LLN obtained for example in [CRBVE20, MMMT9, [SS20b]. When 3/4 < 8 < oo, we also generalize
the CLT (see also [SS20a]) and further exhibit the effect of mini-batching on the asymptotic variance which
leads the fluctuations. The case 8 = 3/4 is trickier and we give an example showing the divergence with
time of the variance thus establishing the instability of the predictions of the neural network in this case.
It is illustrated by simple numerical examples.

Keywords. Machine learning, neural networks, law of large numbers, central limit theorem, empirical
measures, particle systems, mean field.
AMS classification.
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1 Setting and main results

1.1 Introduction

Setting and purpose of this work. Thanks to their impressive results, deep learning techniques have
nowadays become standard supervised learning methods in various fields of engineering or research [GBC16].
A robust understanding of their behavior and efficiency is however still lacking and a large effort is put towards
achieving mathematical foundations of empirical observations. Among this effort, the case of wide two-layer
single network, and its connection with mean-field network, has particularly been fruitful, as considered for
example in [RVELS, MMNTS| [SS20bl, [SS20a]. In such setting, a convergence towards a limit PDE system
can be established when the neuron numbers goes to infinity. The behavior in long time of this limit PDE
may then give an easier framework to establish the convergence towards minimizers of the loss function of
the neural network. Partial results can be found in this direction [MMNIS, [CBI8] but as underlined in
[E20], a lot still remains to be understood and proved mathematically rigorously. In this context, our work is
two-fold. First, we will concern ourselves with the mathematical justification of the law of large numbers and
central limit theorems of the trajectory of the empirical measure of the weights, under the optimization by a
stochastic gradient descent (SGD), with mini-batching and in the presence of noise with a range of scalings.
Mini-batch SGD [BCN1§]| is widely used in machine learning since it allows for shorter training times thanks
to parallelisation, while reducing the variance in SGD estimates. How to choose the optimal mini-batch size,
and furthermore with theoretical guarantees, remains an active research line SL18, [GLQ™19].
Introducing noise in SGD, as considered in [MMNIS], can lead to better generalisation perfomance thanks to
an improved ability to escape saddle points, as shown in [JNGT21]. Note that this differs from the analysis
approach consisting in directly modelizing the noise of SGD as for instance done in [WHX"20, [SGNT19].
Second we will do so by providing a rigorous framework which could be generalized to study overparametrized
limit of other neural networks (e.g. deep ensemble, bayesian neural networks, ...). Thus, the benefit of the
overparametrized limit and its convexification of the loss landscape through a non-linear PDE could lead in




these different architectures to derivations of theoretical guarantees of convergence, while it remains hard to
analyse these landscapes directly in the case of a finite number of neurons, even large.

Let us now precise the framework for this paper. Let (€2, F,P) be a probability space, and X and ) be
subsets of R™ (n > 1) and R respectively. In this work, we consider the following two-layer neural network

1 & ‘
gV (z) = NZJ*(WZ,x), (1.1)
=1

where x € X denotes the input data, g% (r) € R the output returned by the neural network, o, : RIx X — R
the activation function, N > 1 the number of neurons on the hidden layer, and W = (W!,... W) ¢ (RH)N
are the weights to optimize (d > 1). In the supervised learning setting, a data point (z,y) € X x ) is
distributed according to m € P(X x ), where P(X x )) denotes the set of probability measures on X' x ).
Ideally, one chooses the weights W = (W1, ..., W) as a global minimizer of the risk E;[L(g}(2),y)], where
L: R x R — R is the so-called loss function (E, stands for the expectation when (x,y) ~ 7). In this work,
we consider the square loss function out of simplicity, but other loss function or classification problem could
be considered, namely:

Lot (2),) = 5o @) — o

Since the risk can not be computed (because 7 is unknown), the parameters are usually learned by stochastic
gradient descent. In this work, we consider the mini-batch setting with weak noise, which is defined as
follows. First, for k& > 0, consider ((«},y}))n>1 a sequence of random elements on X x ) (each (z,y})
being distributed according to 7), and Ny a random element with values in N* = {1,2,3,...}. Then, the
mini-batch By is defined by:

By, = {(z},9), - (a;]iv’“,y,iv’“)}, in particular |By| = Nj, where |Bg| denotes the cardinality of By.

In addition, at each iteration of SGD, we add a Gaussian noise term, whose variance is scaled according to
N—28 with 8 > %, hence qualified weak. Note that the case of Gaussian noise with § = 1/2 is addressed in
[MMN18] and could also be considered here in our setting, but with additional assumptions to integrate the
noise in the limit process.
Thus, the SGD algorithm we consider is the following : for £ > 0 and i € {1,..., N},
Wi, =W +—— Z (y — gty (x))V (I(Wia:)+i
TR NIy A (1.2)
(z,y)€Bg :

W§ ~ o,

where e} ~ N(0,1;) and po € P(RY). The evolution of the weights is tracked through their empirical
distribution v}¥ (for k > 0) and its scaled version u}" (for ¢ € R.), which are defined as follows:

N
1
v = NZ(SWé and pl¥ = Vﬁw.
i=1

For an element 1 € M;(R?) (the space of bounded countably additive measures on R%), we use the notation

ot = [ Fwhufao),

for any f: R* — R such that Jra f(w)p(dw) exists. If no confusion is possible, we simply denote (f, t1)m by
(f, n). For instance, considering the neural network ([1.1)), we have, for any x € X,

1 N

gI]/[V/k(‘r) = NZU*(WZ:"I) = <o'*(‘,x),yév>7 k=0.
=1



In this work, we prove that the the whole trajectory of the scaled empirical measures of the weights defined
by (namely {t — ul¥,t € Ry}n>1) satisfies a law of large numbers and a central limit theorem, see
respectively Theorem [I] and Theorem [2] We also exhibit a particular fluctuation behavior depending on the
value of the parameter 8 ruling the weakness of the added noise.

Related works. Law of large numbers and central limits theorems have been obtained for several kinds of
mean-field interacting particle systems in the mathematical literature, see for instance [Szn91l, HMS86, [FM97,
JM98|, DLRI19l DMG99, [KX04] and references therein. When considering particle systems arising from the
SGD-minimization problem in a two-layer neural network, we refer to [MMNI1§]| for a law of large numbers on
the empirical measure at fixed times, see also [MMM19]. We also refer to [RVEILS|] where conditions for global
convergence of the GD on the ideal loss and of the SGD with mini-batches increasing in size with N, as well
as the scaling of the error with the size of the network, are established from formal asymptotic arguments.
Doing so, they also observe with increasing mini-batch size in the SGD the reduction of the variance of the
process leading the fluctuations of the empirical measure of the weights (see [RVEILS8, Arxiv-V2. Sec 3.3]),
until the mini-batches are large enough to recover the situation of the idealized gradient descent (similar to
an infinite batch), which leads to other order of fluctuations (see [RVEILS, Arxiv-V2. Prop 2.3]). We also
refer to [CRBVE20| for a similar line of work on the GD on the empirical loss. A law of large numbers and
a central limit theorem on the whole trajectory of the empirical measure are also obtained in [SS20b), [SS20a]
for a standard SGD scheme. We also mention the work done in [DBDES20] on propagation of chaos for SGD
with different step-size schemes. In this work, and compared to the existing literature dealing with the SGD
minimization problem in two-layer neural networks, we provide a rigorous proof with precise justifications of
all steps of the existence of the limit PDE (in particular, uniqueness and relative compactness) in the law
of large numbers as well as the limit process for the central limit theorem on the trajectory of the empirical
measure. This will be the basis for future works on deep ensembles or overparameterized bayesian neural
networks. We furthermore do so in a more general variant of SGD with mini-batching of any size and weak
noise (see ((1.2)). A noisy SGD was also considered in [MMN18], corresponding to 5 = 1/2 in our setting, for
which they obtain for the LLN a different limit PDE than in the non-noisy case (presence of an additionnal
regularizing Laplacian term in the limit equation). While we could recover in a straightforward manner
a trajectorial version of [MMNI8], we consider here out of concision the range 5 > 1/2, showing a single
limit PDE for the LLN, and obtain a similar result for 5 > 3/4 for the CLT, while showing analytically for
B = 3/4 and numerically for 8 < 3/4 a particular fluctuation behavior. Furthermore, we analytically show
the expected reduction, with the mini-batch size, of the variance of the process leading the fluctuations of
the weight empirical measure and numerically display the reduction of the global variance.

1.2 Main results

The sequence {t — ,uiv ,t € Ry}n>1 is studied as a sequence of processes with values in the dual of some
(weighted) Hilbert space on R?. These Hilbert spaces are introduced in the next section.

1.2.1 Notation and assumptions

Weighted Sobolev spaces. Following [AF03, Chapter 3], we consider, for a function g € C*(R?) (the
space of functions g : R? — R of class C* with compact support), the following norm, defined for J € N

and 5 >0:
| D¥g( 1/2
oo = (3 [P0 )"
5
k[<J Rd 1+ ’[E‘
Let H7#(R?) be the closure of the set C2°(R?) for this norm. The space H”#(R?) is a Hilbert space when
endowed with the norm || - [|3;26. The associated scalar product on H”#(R9) will be denoted by (-,-)3.1.5.



We denote by H~7#(R?) its dual space. For an element ® € H~"5(R?), we use the notation

(f.®)sp = ®[f], f€HPR.

For ease of notation, and if no confusion is possible, we simply denote (f, ®);3 by (f, ®). Let us now define
C’P(RY) as the space of functions g : R* — R with continuous partial derivatives up to order J € N such
that

Dk’
for all [k < J, Tim 29I _

This space is endowed with the norm

|D*g(z)]
glicre := sup :
k:|z<J zeR4 1 + ’ZE"B

We also introduce Cy(R?), the space of bounded continuous functions g : R? — R, endowed with the
supremum norm. We also denote by Cp° (R%) the space of smooth functions over R? whose derivatives of
all order are bounded. We have C°(R?) C H”#(R?) as soon as 3 > d/2 (more generally z € R — |z|* €
HIP(RY) if B — a > d/2).

Weighted Sobolev embeddings. We recall that from [FM97, Section 2],
H I RY) g HOHP(RTY) when m/ > d/2, B> d/2, and o, j >0 (1.3)
where <15, means that the embedding is of Hilbert-Schmidt type, and
H™H(RY) — ¢P*(RY) when m' > d/2, and a,j > 0. (1.4)
We set p p
We will also consider the integers L; = 2[9] +4, v = 6[9] + 7, Ly = [4] + 3, and 2 = 7[%] + 8.
Equations (1.3) and (1.4)) imply the following embeddings which will be used many times in this work:

(1.6)

HE(RY) oy HE(RY), MO (RA) < €20 (RY),
HE (RY) s, HE22(RY), HE202(RY) s €272(RY).

We set throughout this work, for all N > 1:
pN o= {t e t € Ry )

When F is a metric space, we denote by E’ its dual and by D(R4, E’) the set of cadlag functions from R
to E'. For all N > 1 and all 8 > 0, !V is a random element of D(R,C%?(R%)"). By (1.6), 11"V is a random
element of D(R,, #1272 (RY)).

Assumptions. For N > 1, we introduce the o-algebras,

Fo' = {(WH)iL} and, for k > 1, FY = a{W5, (By)h=5, ()55, i € {1,...,N}}. (1.7)
The main assumptions of this work are the following:
Al. For all k,q € N, |By| 1L ((z},y}))n>1. In addition, for all k € N, (|By|, ((#7, y"))n>1) 1L F.

A2. The activation function o, : R? x X — R belongs to C{°(R? x X).



A3. Forall ¢ #k e N, ((},y7))n>1 1L (2}, y))n>1. In addition, for all k € N, ((x},y}}))n>1 is a sequence
of i.i.d random variables from 7 € P(X x ))), and E[|y|*672] is finite.

A4. The randomly initialized parameters (W$)Y, are i.i.d. with a distribution pg € P(RY) such that
E[|[WE 3] < +o0.

A5. For all k € N and i € {1,...,N}, e ~ N(0,13) and £ 1 FY. In addition, for all k,I € N and
i,j € {1,..., N} such that (i,k) # (j,1), &} 1L .
1.2.2 Law of large numbers for the empirical measure

Statement of the law of large numbers. The first main result of this work is a law of large numbers for
the trajectory of the scaled empirical measures.

Theorem 1. Let 8> 1/2 and assume A5 Then:

1. (Convergence) The sequence (u¥)n>1 C D(Ry, H~17(R?)) converges in probability to a deterministic
element p = {t = e, € R+} S C(R+,H_L’7(Rd)).

2. (Limit equation) i satisfies:

Vi e HITYY(RY), t e Ry,

(f, i) = (fo o) + /0 /X 00~ (0 TS Vo) ) wlde s, (19

where we recall that L = 3[%4] +5 and v = 4[4] +5 (see (L.5)).

3. (Regularity of the limit) [i belongs to C(Ry,Py(RY)) (see ([2:59) for the definition of P,(RY)) and is
the unique solution in C(R.y,P1(R%)) to the following measure-valued equation

Vf e CP(RY),t € Ry,

(f, i) = (f o) + /0 /X 00 = {0 TS Vo) ) wlde dy) s (19

Even if this appears clearly in the proof of Theorem [I, we already emphasize that the integrals appearing

in (L.8) are well defined. Indeed, 19 € H~57(R?) (by ([2:52) below), sup,c ||lox(, ) ||lyrr < C (by and
since v > d/2), i € C(Ry, H EY(RY)), and Vf € HEY(RY).

On the proof of Theorem [I Theorem [I]is proved in Section [2 The proof strategy is the following. We
first derive an identity satisfied by (uV)x>1, namely the pre-limit equation . This is done in Section
Then, we show in Section that (u™)ny>1 is relatively compact in D(R.y, H~ 57 (R%)). We then use
the pre-limit equation to prove that any limit point of the sequence (u¥)n>1 C D(Ry, HE7(RY)) in
D(R, H 7 (RY)) satisfies , as shown in Sectionm We do not prove uniqueness of the equation
for the following reason: is not linear, and the gradient V : HLT17(RY) — HE7(R4)? prevents us from
findind a space where we can use a standard fixed point argument. We will rather prove that has a
unique solution in C(R4,P1(R%)), where P;(R%) is the (Wasserstein) space of probability measures which
admits a first moment (see for the definition of P (R¢) and its metric). To do so, we use arguments
developed by [PR16], [PRT15]. Then, we show that

a. Any limit point {t — fi;,t € Ry} of (u™)y>1 in D(Ry, H L7 (RY)) belongs a.s. to C(Ry, P;(RY))

b. Any limit point {t = fi;,t € Ry} of (u™V)n>1 in D(Ry, H™EY(RY)) satisfies (T.9).



To prove item a, we first show in Section that (u’V)n>1 is relatively compact in D(R4, P(R?)). Then,
item a is proved in Lemma m Proving item b is straightforward since C{°(RY) ¢ HE+17(RY) (because

v >d/2).
Let us mention that proving the relative compactness of (u")y>1 in D(Ry, P(R?)) would not have been
enough because the relative compactness of (") n>1 in D(R4, H~17(R?)) is needed to pass to the limit in

the pre-limit equation ([2.8)) to obtain ([1.8) (see Section [2.2.3)), and (1.8)) is required in the proof of Theorem

Remark 1. When = 1/2, one can obtain a similar limit equation for fi, with an additionnal (regularizing)
Laplacian term in the limit equation. To derive it, one should consider a Taylor expansion up to order 8 of
the test function in the pre-limit equation . Let us mention that the case f = 1/2 is studied in [MMN18]
but only at fixed t. Straightforward application of our method would lead to a trajectorial version of [MMNIS,
Th.3] which we leave to the reader for the sake of brevity.

Remark 2. Of course, one important question is the convergence of fiz in long time. It is not hard to see that
the loss function decays (but not strictly a priori) along the training, i.e. with t. This asymptotic behavior
of fix as t — 400 has been studied in [MMNI18, Th. 7] or [CB18] who give partial results in the case without
noise. Roughly speeking, they prove that if it is known that s is converging in Wasserstein distance then it
converges to the minimum of the loss function. It is however quite hard to prove such a convergence. We refer
also to [E20, MWWT20] for what remains to do in this direction which is clearly a difficult open problem.
In the case with noise 5 = 1/2 then the situation is different as the limit PDE is a usual McKean-Vlasov
diffusion and one can study the free energy and study convergence in long time [MMNIS, Th. 4].

1.2.3 Central limit theorem for the empirical measure

Fluctuation process and extra assumptions. Assume The fluctuation process is the process
N = {t— n],t € Ry} defined by:

oY = VN — i), N>1, t € Ry, (1.10)

where i = {t — [it,t € Ry} is the limit of (4")y>1 in D(Ry4, H~ 7 (R?)) (see Theorem. Let us introduce
the following additional assumptions:

A6. The distribution pg € P(R?) is compactly supported.
AT. |Bi| = |Bx| a.s. as k — oo.

Let
d . d
Jo > 6[51 + 10 and jp = (51 +2. (1.11)
For later purpose, we also set
d , d d , d
J1 = 4(51 +6, j1 = 3(51 +4, Jo = 5[51 + 8, and jo = 2[51 + 3. (1.12)
By (1.3)), we have the following embeddings:
HOTERRY) s HERRT), H2RRT) ous HITHERTY), HOHRY) ons HPTRY). (113)

G-process and the limit equation.



Definition 1. We say that 9 € C(Ry, H~7090(R%)) is a G-process if for allk > 1 and fi ..., fr € H/0T0(RY),
{t = (f1.9),..., {fi,%)T,t € Ry} € C(R4,RF) is a process with zero-mean, independent Gaussian
increments (and thus a martingale), and with covariance structure given by: for all 1 < i,j < k and all
0<s<t,

|Blod] /OS Cov(Qu[fil(z,y), Qulf5](z,y)) dv, (1.14)

where Qu[f](x,y) := (y — (0x(-,2), i)V f - Vou (-, x), fiy) for f € H0T(RY) and [ is given by Theorem .

Cov ({(fi,4), (f;,9)) = °E [

Let us make some comments about Definition [I} The first one is that we have decided to call such a process
G-process to ease the statement of the results. In addition, notice that Qs[f](x,y) is well defined for f €
H7040(R%)) (indeed for all k € {1,...,d}, D¥f € H/o~1Jo(RY) — HLY(RY)) and i € C(R4, € H™ L7 (RY))).
Finally, we mention that by Proposition below, the law of a process u € D(Ry,H 7B (RY)) is fully
determined by the family of laws of the processes ((fi,u),..., {(fr,u))T € D(R.,R)* k > 1 and where
{fa}a>1 is an orthonormal basis H*%(R?).

For 1 a C(Ry, H~7otLdo(R%))-valued process and ¥ € C(R,H /090 (R?)) a G-process (see Definition ,
define the following equation:

As. Yf e #HI0(RY), V€ Ry,

o) — (fmo) = /0 /X 0 = (0.2, (TS Vo)), 4y
- / / {02 (), 1)V f - Vou(-,2), is)n(de, dy) + (F.90). (1.15)
0 Xx)Y

Definition 2. Let v be a H~7/0t1i0(R)-valued random variable. We say that a C(Ry, H~70+t1io(R))-valued
process n on a probability space is a weak solution of with initial distribution v if there exist a G-process
4 € C(Ry,H %090 (RY)) such that holds and ng = v in distribution. In addition, we say that weak
uniqueness holds if for any weak solutions n' and n* of (possibly defined on two different probability
spaces) with the same initial distributions, it holds m1 = 1y in distribution.

The second main results of this work is a central limit theorem for the trajectory of the scaled empirical
measures.

Theorem 2. Let § > 3/4. Assume A7 Then:

1. (Convergence) The sequence (n™)n>1 C DRy, H=70+t190(RY)) (see (1.10)) converges in distribution
to a process n* € C(Ry, H~/otLio(RY)).

2. (Limit equation) The process n* has the same distribution as the unique weak solution n* of (1.15)) with
initial distribution vy (see Definition @), where vy is the unique H~70+190(RY)-valued random variable
such that for all k> 1 and fy ..., fr € H/o~Lio(RY),

((Fromg)s o (o))" ~ N(O,T(fr, - fi),
where U(f1,..., fx) is the covariance matriz of the vector (fi(W¢),..., fe(Wi)T.

Remark 3. By looking at the definition of the G-process and in particular its covariance , one remarks
the effect of mini-batching by the |Boo| ™! prefactor, thus leading to a reduced variance of the G-process. Note
that this is quite intricate to deduce proper information on the variance of the fluctuation process n, since
the terms appearing in are a priori dependent. Nonetheless, it will be shown through the numerical
experiments of the next subsection that the variance of fluctuation process reduces when the size of the mini-
batches increases (see in particular Figure .



Theorem [2| is proved in Section |3 following inspiration from the previous works [FM97, [JM98, [DLR19].
The starting point to prove Theorem consists in proving, like in the current literature [SS20a], that
(n™M)n>1 C DRy, H 7070 (RY)) is relatively compact (see Propositions . We then prove that the whole
sequence (1) ~N>1 converges in distribution to the unique weak solution of in Section

When 8 = 3/4, (nV)y>1 is still relatively compact in D(R,H~70*+1J40(R9)) (see Proposition [3.5) but the
derivation of the limit equation satisfied by its limit points is more tricky. However, in a specific case (when
d = 1 and the test function is fy : € R ~ |z|?), Proposition below suggests how the equation
might be perturbed, as shown numerically in Figure 2] and more precisely in the inset.

Proposition 1.1. Let § = 3/4 and assume that conditz’ons hold. Let n be a limit point of (n™)n>1
in D(R, H~70TLio(R)) (see Proposition . Then, no = vy in distribution (see Lemma , and there
exist a D(Ry, H™/0tLi0(RY))-valued process n* and a G-process 9* € C(Ry, H™ 707 (R)) such that n = .
in distribution, and a.s. for everyt € R,

(Fa ) — {(Far ) = /0 /X 0 = (0.2, )T - o ). ),y

_/0 /X ya<0*(-,$)’n:><vf2'VU*(-,x),ﬁs)Tr(dx,dy) + (f2, 97) +tE[f2(5%)], (1.16)

1.3 Numerical Experiments

We now illustrate numerically the results derived in the previous sections. First, we consider a regression task
on simulated data, based upon an example of [MMNIS§]. More precisely, we consider (1.1)) with o, (W*, x) =
f(W?. x) where

—2.5 if ¢+ <0.5,
F(t)=<{10t—75 if 0.5<t< 1.5,
7.5 if t > 1.5.

The distribution 7 of the data is defined as follows: with probability 1/2, y = 1 and 2 ~ N(0, (1 + 0.2)21,)
and, with probability 1/2, y = —1 and z ~ N(0, (1 — 0.2)21;). This setting satisfies the assumptions of
Theorems [1| and [2|, except due to the fact that f is not differentiable at ¢ = 0.5 and ¢ = 1.5 (a smooth
modification of f around those points would tackle this problem and would not change the numerical results).
Then, we consider a typical classification task on the MNIST dataset. The neural network we consider
is fully connected with one-hidden layer of N neurons and ReLU activation functionlﬂ The last layer is a
softmax layer (we consider one-hot encoding and use Keras and Tensorflow librairies). Given a data x € R?
(d = 784 here), the neural network returns § = softmax((Wo¢ - Wh(z))?_,) where Wh(z) = (Whi.z2) )N,
is the hidden layer (Wh? € R? is the weight of the i-th neuron) and W°¢ € RY is the weight of the
output layer corresponding to class ¢. The total number of trainable parameters is thus dN + 10N. The
neural network is trained with respect to the categorical cross-entropy loss. This case is not covered by our
mathematical analysis and the motivation here is to show numerical evidence that the variance reduction
derived in Theorem [2] is still valid in this case.
Variance Reduction with increasing mini-batch size. We illustrate here that the variance of the
limiting fluctuation process decreases with the mini-batch size, even though we only have a mathematical
structure of the variance of the G-process (see together with Remark . On both experiments, we
consider a fixed mini-batch size during the training (i.e. |By| = |B| for all k € N). We first consider the
regression task. Consider L = 1000 neural networks (initialized and trained independently) whose N = 800

'ReLLU function (-)4+: u € R 0if u < 0, u if u > 0.



initial neurons are drawn independently according to g = N(0, %Id). For each neural network, we run
k = 1000 iterations of the SGD algorithm (1.2) and compute my := (|| - ||2, u¥) = %Zf\; [Will2, where

e{l,...,L}, t =k/N =1.25 and |wlz := \/Z;-lzl wjz. Finally, we compute the empirical variance of this
quantity, i.e.,

_ 1< 1< 2
V::Var(ml,...,mL):EZ<mE—EZmZ/) .
/=1

=1
and display for different mini-batch sizes |B| in Figure [1| the obtained boxplots from 10 samples of V. The
other parameters are d = 40, « = 0.1, § = 1, and the noise is 82, ~ N(0,0.011y).

Second, we turn to the classification task. Consider L = 30 neural networks (initialized and trained
independently) with N = 10000 neurons on the hidden-layer, until iteration & = 3000 of the SGD algorithm
(t = k/N = 0.3), and compute the mean of the weight of the output layer corresponding to class 0, i.e.,
for each ¢ = 1,...,L, we compute my := % Zjvzl WI? 03, Finally, we compute the empirical variance of this

quantity, i.e., V = \//'z;(ml, ...,mp) and exhibit for different sizes |B| the boxplots obtained with 10 samples
of V in Figure

Figure 1: Variance V reduction of the fluctuation process with increasing mini-batch size. Left: Regression
task on simulated data. V is an empirical estimation from 1000 realisations of the variance of {||-||2, ui" ), where
N =800 and t = 1.25. The other parameters are d = 40, « = 0.1, 8 = 1, and the noise is 5}; ~ N(0,0.011).
The boxplots are obtained with 10 samples of V. Right: Classification task on MNIST dataset. V is an
empirical estimation from 30 realisations of the variance of % Zjvzl Wy 07 where N = 10000 and k = 3000
(t = 0.3). The boxplots are obtained with 10 samples of V.

5.5
5.0
4.54

4.0 o

i .

o I-]';! = 14 EI-!
2.01 %
: & : = &
12 3 4 5 8 10 15 20 12 3 4 3 10 15 20
Batch size |B| Batch size |B|

Central Limit Theorem. We focus here on the regression task. For different values of 3, we plot in
Figure [2| (fa, n¥) for 0 < t < 8 (recall fo(z) = |x|?), to show the agreement of (f2,n}¥) for different values of
B > 3/4, corresponding to the regime of , and the divergence from it when g < 3/4. For = 3/4, we
also illustrate the regime derived in Proposition The parameters chosen are d = |B| = 1, N = 20000,
a = 0.1 and €} ~ N(0,0.01). The procedure to obtain the plots is as follows. We first compute (fs, i) (we
repeat this procedure 20000 times to get confidence intervals). Then, we approximate (fa, fi;) by (fz, uN')
where N’ = 250000. On Figure [2, we plot v/ N ({f2, uN) — (f2, ') =~ (f2,nN) as a function of ¢.

10



Figure 2: Time evolution of the fluctuation process for different values of 5 on the regression task, with
fo:z € R |z)?, N =20000, d =|B| =1, @ = 0.1 and &}, ~ N(0,0.01). Confidence intervals are obtained

from 20000 realisations. The case 5 > 3/4 is driven by (1.15)). The case 8 = 3/4 is driven by 1|1.16' :
case 3 < 3/4 is not covered by our analysis. The inset exhibits the linear term in time appearing in (]

(f2, nt")
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2 Proof of Theorem

2.1 Pre-limit equation and remainder terms

In this section, we derive the so-called pre-limit equation (2.8). We then show that the remainder terms in
this equation are negligible as N — +oo0.

2.1.1 Pre-limit equation

In this section, we introduce several (random) operators acting on C?72(R%). Using and it is easy to
check that all these operators belong a.s. to the dual of C?72(R%). The duality bracket we use in this section
then is the one for the duality in C>72(R?). Let us consider f € C?>72(R%). The Taylor-Lagrange formula
yields, for N > 1 and k € N,

<f7VIA::\Q-1> f?Vk: Zf Wk‘—l—l )
1 & .
va Wi) - (Wi — toN Z Wit — WOV F(W) (Wi, — Wi),

where, for all i € {1,..., N}, W,ﬁ IS (W,ﬁ,W,ﬁH). Using (|1.2), we have

a : gt
(f,viha) = (fo)) va | NB Z (y_gg/k(x))vwa*(wkvx)_}_]vi’fg +(f, RY)
k (‘T:y)EBk
@
= NBi| o (= (oulm), NV f - Vou (- x), v
k (xvy)EBk
1
i=1
where, for N> 1, ke Nandi=1,..., N,
1 Y . . — . .
R = g 2 (Wier = W) TV (W) (Wisy = W). (22)
i=1
For k € N, we define:
Q
<f7 DI]cV> = N y y(y - <0—*(7$)7yljgv><vf ' VO'*<-,.Z'),I/]]€V>7T(d$,dy), (23)
X
@
(f, M) = NBi| > W= (ou(2), vV - Vou(,2),v) = (f, DY). (2.4)
" (@y)eBy
Equation writes, for kK € N,
N
1 o
i=1
Define for N > 1 and t € Ry
[Nt]-1 |Nt|—1
(,DF) = > {f,DY) and (f,MY):= Y (f.MY), (2.6)
k=0 k=0

12



with the convention that Zo = 0 (which occurs if and only if 0 < ¢ < 1/N). It will be proved later that
{t — (f,M}),t € R,} is a martingale (see indeed Lemma (3.2 E hence the notation. One has, for t € R,

|Nt|—-1

(f, Dt Z / /X )7V1iv>)<vf : VO'*(-,Z‘),I/,JCV>7T(d;L=,dy)dS
LNtJ 1
-3 / [ i ol (e s

- / / oy — (ou (s 2) YV - Vo), 1 yr(da, dy)ds + (, V),
0 XxY

where (f, V;V), for t € Ry:
f7 ‘/t /Lth /X y y - U* ) /’Lév>)<vf : VO'*(‘, $), Név>7r(dx7 dy)dS (27)

Therefore, using (2.5, we obtain that the scaled empirical measure process {t ++ u¥,t € Ry} satisfies the
following pre-limit equation : for f € C>?2(R%), N > 1 and t € Ry,

1

(fouy = (fomg') = (f,vihn) = (for)

0

ﬁ

3

=~
|

>
Il

[Nt]—1 INt|-1 N

= (DN + (MY + ) (fBY) + le Z ZW W) -
k=0 i=

— [ aly= (ol VS - Ton) e, dy)ds
0 XxY

[Nt]—1 INt]-1 N
FEAMN) (V) + Y R + s Z Zw (W) - (238)
k=0 1=

In the next section, we study the four last terms of ([2.8]).

2.1.2 The remainder terms in 1) are negligible

The aim of this section is to show that the last four terms of (2.8) vanish as N — +oo. This is the purpose
of Lemma, The following result will be used several times in this work.

Lemma 2.1. Let f > 1/2 and assume A5 Then, for all T > 0, there exists a constant C' < +o0o such
that for all N >1,i€{1,...,N} and k € {0,...,|[NT|},
E [|[Wi?] <C.

Proof. Let us recall the following convexity inequality : for m,p > 1 and z1,...,2, € Ry,

<iml)p < mpflia:f. (2.9)
=1

=1
Let C' > 0 denotes a constant, independent of ¢ € {1,..., N} and 0 < k < | NT'|, which can change from one
occurence to another. Set p =8v,. Fori € {1,...,N} and 1 <k < |NT|, we have, using and [A2]:

k—1
Wil < (Wil + | Y Wi = Wi
§=0

k—1
. C 1 1 ;
<SWi+ S 2 (Wl +0)+ Nf\ el

3=0 |51 (z,y)€B,;

o
—_

.
Il
=)



Thus, by (2.9),

. . 1 1 P 1 S|P
i|p i|p - - i
Wi < oW+ 5 3 (X (4 0) s ]
Jj=0 (z,y)EB; Jj=0
k—1 k—1
| 1 1 J1P
C[|Wo|p N ﬁ (]y|+0)p+W‘ £ }
§=0 "7 (zy)eB; 7=0
We have:
1 1 1B
Bl Y. (yl+CF| <C[E[=> | +1],
Bl 22, Bl
and, using and (A3]), it holds for 7 > 0:
|B;| 1B, |= +o0 1
=q n
[,B|Z|%\p]—z [ Z’ J’p} - QZE“yﬂ 15, |=(]
q=1 n=1
—+o0 1 q
=2, 2 Bl E[Lp,)
qg=1 n=1
=E[[yi["] < +oo. (2.10)

Thus, using the two previous inequalities, we deduce that:

E[]lv |1| Z \yy+c} c

B y)EB

??‘
H

<.
I
o

By-, [[W{[P] < C. In addition, we have that, for i € {1,..., N},

k—1 -

d
i|P il|P
’ E; <C E ‘ 5

=0 =1

e
—

.

<.
Il
o

Since we deal with the sum of centered independent Gaussian random variables, we have that, for all i €
{1,...,N}and l € {1,...,d},

p} < CkP/?2 < CNP/?,

NPB
concludes the proof of the lemma. O

Putting all these inequalities together, we obtain that E []W]g]p] <C [1 + NP/Q} < C (vecall 8> 1/2). This

Lemma 2.2. Let § > 1/2 and assume A5 Then, for all T > 0 there ezists C < oo such that for all
N >1 and f € C>72(RY),

(i) maxo<p<|n7) B [[(f, R < Cllfllczae [72 + 757) -

(ii) supseior B [[(f; Vi) < Cllfllcz /N
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(i) supyeo B [[(f, MN)[?] < O f22, /N

(v) supycpo,r E U]vllw ZIEZSJ_I Y VW) - €

2 2 28
< CHfH(;Zw/N :
Proof. Let T > 0 and f € C>72(R%). In what follows, C' > 0 is a constant, independent of N > 1, t € [0, T],
f,and k €{0,...,|NT| — 1}, which can change from one line to another.
Proof of item For k € {0,...,|NT| — 1}, by (2.2]), we have

N
Cllfllc2. i i T
i, 100 < e Sm e wipa o+ wire), (2.11)
=1

On the other hand, by (1.2), we have:

i i C ‘51,
Wi — Wil < m( z): (lyl + |QI]/VVk(fE)\) + ng~ (2.12)
Z,y GBk

By (2.9) and the triangle inequality, we deduce

A A 1 |€i|2
1 ’52 2 N 2 k
Wioa = WiP < Cl i 30 (o +lab (0)) + s |

B/X definition of W,@, the?e exists af € (0,1) such that W’z =l Wi+ (1- QZ)W]3‘+1’ leading, by (2.9), to
Wiz < C[|[WiP? + W} 4]"]. Therefore,

i i 117 1 |ei)? i i
Wi = WP+ ™) < Clmrpr 32 (f + ol () + Tz |0+ WP + Wi )
k (a:7y)€Bk
O 7|Y2 7 Y2\2 C 4 4
< S (U W + (W [?)" + 55— Z (Iy* + [gw,, (z)[*)
N NZ|By|
(z,y)€By
+ 7zg [kl + (L4 WP + W )7 (2.13)
Plugging (2.13)) in (2.11)), we obtain
Ollf gz 5~ L 1
N Cc22 i i 2 4
([ R )| STZ[W(1+|Wk|W+’W’““W) +m Z (ly[* +C)
i=1 (w,y)€ By
Lo i ;
+ 5 ekl + (L4 (WA= + Wi, 2)?] (2.14)

Finally, using Lemma and one deduces that E [|(f, RY)|] < C||fll¢2 (1/N? +1/N?5). This
proves item

Proof of item Let t € [0,T]. Since o, and all its derivatives are bounded (see |[A2)), it holds for all
s>0:

N
o) i) = | oo Wiy < €. (215)
1=1
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and

N N
1 i i Cllfllc2. i
(95l = [ 39S Wiy) P W) < ez S0+ Wy )
Notice that C above is also independent of z € X. Since E[|y|] < +oo (see (A3])), we obtain
Clfllez-e - -
[ o=l (VS Vot )| < SRE Sk )
X =1

Noticing that s € (%, t) = | Ns|] = | Nt|, we obtain (see (2.7))

Nt Cll |2 o .
v (1= ) e S iy ),

i=1
Then, by Lemma E [|(f, V)] < C|fll¢zv:/N. This proves itemm
Proof of item |(243)| Let t € [0,T]. Recall the definition of 7} in (L.7) and (f, M) in (2.4).

Step 1. In this step we prove that

E [|(f, M) ] < Cllfllgeqs /N
With the same arguments as those used to get (2.15) and (2.16)), we have

N
C o i
(o)) <0 and |(9F-outoa) )] < Do Sha ),

i=1
Note that C' above is also independent of x € X. By (2.9) and (2.20)), we have:

(MR < Fargr 30 = (o) DS Vo) o)+ I A DY)

¢ 2 N\2 N\ (2
< —= . .
Clf 2. L& . .
< N 2 (PO (L [WiP2)? + O, DI P.
(z,y)€By i=1

On the other hand, it holds since (Wkl, e ,Wév ) is ]-",iv -measurable and by M

N q N
E[|Blk’ Z (‘y|2+0)2(1+‘wl"72 } Z E l\Bk|=qZ(’yZ’2+C Z 1_|_|WZ|’Y2 }
=1

(z,y)E By i=1 1 4 n=1
N

i=1

q
q>1 n=1 =1
N

=Y B [1p, =B |l + C| B 31+ w2y

q>1 =1

—E|lyl? + O]E[iu + WPy < e,

i=1

16

=3 SB[ S+ O] B[S+ wip)?]
n=1

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

E[15,1-| B[ > (i + O)]E [i(l + W2

(2.22)



where we have used Lemma [2.1] and [A3] for the last inequality. Consequently, one has:

CHng'l“/Q

ne T CE [(f.DIY?]. (2.23)

E [|(f, M)"] <

On the other hand, we easily obtain with similar arguments that E [|(f, Di')|?] < C’||f||g,2,72 /N?. Together
with (2.23)), this ends the proof of (2.19).
Step 2. In this step we prove that for all £ > 0:

E [(f, MN)|FY] = 0. (2.24)

For ease of notation, we set
QN[f](:Ua Y, (Wli)i:17---,N) = (y - <O—*('? :U)? VI]cV>) <Vf : VO'*(', ZL’), VI]qV> (225)

With this notation, we have (see 2.3)) (f, DiY) = & [y QY@ y, (Wi)i=1,.. n)7(dz, dy) and (f, M) =
ﬁ E(m,y)EBk QN [f)(z,y, (W}i)iz1,..N) — (f, DY). It then holds:

| B|

[ > QY A=y, (Wli)z'zl,...,N)|f;£V] = []B 2 ZQN AR v, (Wii=1,...N) |]_-]£V]

(7y )EBg

=Y s, > Qe (Wicr,. ) | 7).
n=1

q>1

Since (W)L, ..., W) is FY-measurable, (|By|, (#],yi))n>1) 1L F, and |By| AL (2}, y7))n>1 (see |Al)), we
deduce that

q q
E|15,1= Y QIGE s Wiimt) | FE | = B[ 1,1, >~ Q" [l v (wh)imt...v)|
n=1

(W) =W W)

- \Bqu [iQN xk7ykv(wk) ,7N)”

n=1

—qE |Bi|= q E QN 551 y17 wk) L, N)”

(w,...;ow)=(W},.. . WN)

(wk, ,wk) W, kv vWN)

_qi [ |Bx|=q f’Dk‘

where we have used to deduce the last two equalities. We have thus proved that

> QY@ v (Wi, | FY| = (1, D).

E| 5
N|By|

Therefore, usmg in addmon that E[(f, DIV)| FN] = (f, DY) (because (W},...,W}) is FN-measurable), we
finally deduce

Step 3. We now end the proof of item (m)l If j >k, (f, MN) is ffv—measurable (because (f, M) is
fﬁl—measurable). Then, using also (2.24)), one obtains that for j > k:

E [(f, M)(f, M})] = B [(f, M{)VE [(f, M]V)|F)]] = E[(f, M) x 0] = 0. (2.26)
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We then have (see (2.6)):
|Nt| -1
E[[(f, M) = Y E[{f M0 (2.27)
k=0
Plugging (2.19) in (2.27) implies item [(zii)]
Proof of item |(iv)] Let t € [0,7]. By Lemma Vf(W}) - €l is square-integrable for all k € N and
i€{l,...,N}. From the equality

[Nt]-1 N [Nt|-1 N

B Y Svivh ] Y X BV - vrov)) ).

k=0 i=1 3k=0 =1

Recall that W is FN-measurable for all a € N and b € {1,..., N}, and that €5 1 FY (see |A5). Let e,
denotes the g-th element of the canonical basis of R? (¢ € {1,...,d}). Assume that 0 < j < k < |[Nt| — 1.
Then, 55 is f,ﬁv—measurable, and it holds for all 4, € {1,...,N}:

d
E[Vf(W]) e, VW) -] = > E[D”f(W,ﬁ)DMf(Wf)gj : em}E[e;@.en] = 0. (2.28)

n,m=1

because €5 ~ N (0, 1) (see |[A5). On the other hand, using we have for all 0 < k < [Nt] — 1 and when
i#le{l,...,N}:

d
E[VA(W) ek VFW) =] = > B[ D"f(Wi) D" (W) |B[} - ea] E[f - €] = 0. (2.29)
n,m=1
Consequently, we have:
[Nt|-1 N ' 2 INt]-1 N . '
B[] > Y v e ] = > S EIviw el
k=0 =1 k=0 =1

Using the Cauchy-Schwarz inequality, we deduce, using also Lemma [2.1] and that:

INt]-1 N - 9 [Nt|-1 N - ‘
B[ S S v -cl] = 3 SEIVAWDRIE [
k=0 i=1 k=0 i=1
[Nt]-1 N
SCONflEere D D E[A+[W?)] < OllflIgzns N (2.30)
k=0 i=1
This proves The proof of Lemmais complete. O

We now want to pass to the limit in (2.8). To this end, we first prove that (u)n>1 is relatively compact
in D(R,H~“7(R%)). This is the purpose of the following section.
2.2 Relative compactness in D(R..,H“7(R%)) and convergence to the limit equation

In Section we show that (u™)y>1 C D(Ry, H BY(R?) is relatively compact. Then, we show in
Section that any limit point of (uV)y>1 belongs to C(R.y, H~ %7 (RY)) so that we can pass to the limit
in (2.8)) (see Section [2.2.3)) to obtain that it satisfies the limit equation (1.8).
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2.2.1 Relative compactness in D(R,H 17(R%))

In this section we prove the following result.

Proposition 2.3. Let § > 1/2 and assume that the conditions hold Then, (u™V)n>1 is relatively
compact in D(Ry, H LV (R?)) (where we recall L = 3[2] +5 and v = 4[4] + 5, see .)

Lemma 2.4. Let > 1/2 and assume conditions hold. Then, for every T > 0,

sup B sup (|13, 1,0, | < +oc, (2:31)
N2>1 t€[0,77]

where we recall that Ly = 2[4] +4, v1 = 6[4] + 7 (see (L.5)).

Proof. Let T > 0 and f € C?72(R%). All along the proof, C' < oo denotes a constant independent of
te[0,T], N>1,ke{0,...,[Nt]},ic{l,...,N},and f € C*>2(R?), which can change from one occurence
to another. From (2.8, we have:

sup (f, ") <C f7uo / /X yy— o (@), pd UV f - Vou(,2), plf ) (da, dy)ds

te[0,7]
|Nt|—1 ,
+ sup (LMY + sup LV + sup | 32 (£ RY)
t€[0,T] tel0,T tel0, 7] 120
1 INt|-1 N
T N2rep SUP Z va W) - } (2.32)

te[0,7 k=0 i=1

We now study each term of the right-hand side of (2.32). Let us deal with the first term in the right-hand
side of (2.32)). Using and (2.9)), it holds:

N\2 N\2 1 Y i 2 1 Y ”ng?ﬂz Al i 2

E [(f,u6)?] = B[(/,1)?] = B[| 5 > rovd)| ] < N LBV < 5 3B+ Wi’
i=1 i=1 =1
e Tl

For the second term in the right-hand side of (2.32)), we have since E[|y|?] < +oo (see (A3)) and us-

ing (2.15)), (2.16), and Lemma[2.1}
T
E [/0 /X y(y* <U*(-,l‘)aﬂév>)2<Vf-VG*(-,x),NéV>27r(dx,dy)ds] < C||f]122m-
X

Let us deal with the third term in the right-hand side of (2.32)). By (2.6)) and (2.9), we have, for ¢ € [0, T,

INT|-1
sup |(f, MM)> < [NT] > (f,M}))%
te[0,T k=0

Hence, using ([2.19)), we obtain that E[SUPte[o,T (f, MM)?] < C|l 1|22, Let us deal with the fourth term in
the right-hand side of (2.32). From (2.9)) and (2.18}

)

su |<va>|2<CHﬂ‘z’“2§: max (14 |Wi|2)?
te[Og“] ! - N3 — 0<k<[NT| M
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which leads to

Cl £z .
E VN 2 C V2 E Wiz 2
t:{%}}ﬂ\(f, ] ] < Z [0<;£EEB§T 1+ |Wi|?)
Cllf 1122y O |1 Z. ClIfI2
< # Z Z E[(1+|Wjr)1] < NTQW (2.33)
=1 k=0

Let us now consider the fifth term in the right-hand side of (| - From and (| ., we have

Cllf 1120 Z 1 Wi - 1
< » Y2 Y2 § : 4 2
= z,y k

|(f, R

1 ‘ ‘ .
oy ekl + (L4 W+ Wi )Y .

Then, by and together with Lemma and ([2.10)), we obtain

1 1
E [/, BYOP] < ClfEeos |7 + a5 ) (2.34)
Therefore, using also , it holds:
[Nt|—1 [NT]— 1 N2
B[ s | 3 78| < v Z B < Ol |55 + v ) (239)

tel0, 7] 5,

Let us deal with the last term in the right-hand side of - Using the same arguments leading to ([2.30))
together with (2.9) and (2.29) we have

1 [Nt]-1 N o Nt|-1 N )
N2+28 [S‘éf;] kz;) ;Vf W) - }_NH% [ts[lépT] kz ’;V et }
NT|-1
C|NT|
< NL2+2/3E[ Z ‘va (W) - ]
c INT]- N
S Sy
SO O 2,
< N9 Z D B[V it < s (2:36)
k=0 i=1

Plugging all these previous bounds in (2.32)), we obtain (recall that 3 > 1/2), for all f € C?72(R%),

E[ sup (f, 11" )%] < C||fl|Z20- (2.37)
te[0,T]

Let us consider {f,},>1 an orthonormal basis of HE171(R?). We then have

Bl s 113, 20n ] = B[ sup S (fau?] <E[Y sup (foni)?| = ZE[ sup (fu, 1)

te[0,T t€[0,T] ;> a>1 t€0,T] t€[0,T

<O [ fullZens

a>1

< CZ HfaH?-[Lzﬁz < C,

a>1
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where we have used that HF171(RY) —pg HP272(RY) and HI272(RY) — C272(RY) (see (1.6)). This
proves (2.31)) and ends the proof of the lemma. O

We now prove the regularity condition needed to prove that (u™¥)n>1 C D(Ry, HE7(RY)) is relatively
compact.

Lemma 2.5. Assume and > 1/2. For all T > 0, there ezists C > 0 such that for all § > 0 and
0<r<t<T such thatt—r <6, one has for all N > 1:

11 1 1 1
E [l — w50, ] <C 52+N+N2+(N5+1)<N4+N45>+W]. (2.38)

Proof. Let 6 >0 and 0 < r <t < T such that t —r < 4. Let f € C>72(R%). In the following, C' > 0 is a
constant independent of ¢, 7, 4, N, and f, which can change from one occurence to another. From ({2.8]), we
have

oy — () = / / oy — (ou(r2) V)V f - Vo (o), i yr(de, dy)ds
r JXXY

[Nt]—1 [Nt]-1 N
+ (f, MY) = (f, MY + (V) = (VMY + > (FRY) W S VW) -
k=|Nr| k=|Nr] i=1

Jensen’s inequality provides

t
(o) = P <= [ [ |- o) i S Tou ()i rld,dy)ds
r JXXY

|Nt|—1
AN — (M) 4 [V — v+ | S |
k=|Nr]|
INt]-1 N
N2+25’ Z va Wk ] (2.39)
k=|Nr| i=1

We now study each term of the right-hand side of (2.39). Let us consider the first term in the right-hand

side of (2.39)). From ([2.15), (2.16]) and (2.9), we have:

C”f”c2 72 E

N
B[y — (0.(,2), i)V F - Vou( ) )] < ZHERE](yf? +C) S (1 + Wiy )] < Cllf 1o
=1

IN

where the last inequality follows from and Lemma We then have:

! N N\ 2 2 2
E[(t—w [/ (= @) )T o) w<dx,dy>ds} < Ot — 2o

< C&|flar  (240)
Let us consider the second term in the right-hand side of (2.39). From item of Lemma we have
N N\ 2 N\2 N\2 CHf”%?,"/Q
B [((£,MY) = (£, M}))"] < 2B, MY)? + (f, MY } < e (2.41)

Let us consider the third term in the right-hand side of (2.39)). From and ( ., we have

vz CllFIZen, & D e
LV < =555 2o+ Wiy )%

=1
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Therefore, by Lemma we obtain that:

ClI I
2 ,
E[[(£, V") = (L VO] < 2B [[(FL VP + AV < —55 (2.42)
Let us consider the fourth term in the right-hand side of (2.39). By (2.34)),
|Nt|—1 ) ) .
N 2
B 3 m[] < Clin e - ) | 5+ 7
k=|Nr]
1 1
< OB (VS 1) | 377 + 3735 (2.43)
Let us consider the last term in the right-hand side of (2.39)). By item in Lemma
1 INt]-1 N
N2+28 EH 2. D VI ]
k=|Nr| i=1
[Nt]-1 N [Nr|]—-1 N 2
2 i i 2 CHf”C?n/
< Bl 3 v [ | S S v ] < Tl (2.44)
k=0 i=1 =0 i=1
Using (2.40), (2.41), (2.42), (2.43), (2.44), and (2.39), we deduce that:
1 1 1
N Ny |2 2 2
B )~ ()] < Oy |82 5+ + N0+ 1) | a4 | + s |- 249

Because H11 71 (RY) «—»yg. HE22(RY) < C%272(RY), we deduce ([2.38) from (2.45) and the same arguments
as those used at the end of the proof of Lemma O

We now collect the results of the two previous lemmata to prove Proposition [2.3]

Proof of Proposition 2.5 We use Proposition with H#; = HY" and Hy = HE17 | which corresponds to a
slightly modification of the condition (4.21) in [Kur75l Theorem (4.20)], as more detailed in the Appendix
Using Markov’s inequality, Lemma implies item 1 in Proposition[A.1] In addition item 2 in Proposition [AT]
is a direct consequence of Lemma Thus, by Proposition Eﬁe sequence {t + uN,t € Ry} N>1 C
D(Ry, H 7 (RY)) is relatively compact. O

Remark 4. Using a caracterization of the compacts in the Wasserstein spaces Pi(R?) (see JPZ20, Proposition
2.2.3]) it is possible to show that the sequence (uN)n>1 is relatively compact in D(Ry, P1(RY)) (see (2.59)).

2.2.2 Limit points in D(R,,H 7(R%)) are continuous

In this section we show that any limit point of (u™V)n>1 in D(Ry, H~ L7 (R)) belongs to C(R., 17 (RY)).
This result will be needed in the next section to prove that any limit point of (™) y>1 in D(R4, =17 (RY))
is solution to (|1.8]).

Lemma 2.6. Let § > 1/2 and assume A5 Recall L =3[4]+5 and v = 4[%] +5 (see (L5)). Then,
for all T >0,

lim E[su N_ Nz ] —o, 2.46
N te[OPT]HMt Ky ”7-[ L.y ( )

Moreover, any limit point of (u™)n>1 in D(Ry, H 27 (R?)) belongs a.s. to C(Ry, H~ 7 (RY)).
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Proof. Let T > 0 and f € CQW(Rd). In what follows, C' > 0 is a constant, independent of N > 1,
k=0,...|NT|—1, and f, which can change from one occurence to another. From (£2.8), (2.7)), and (2.6),
we deduce that the function ¢ € [0,7] ~ (f,u¥) € R has [NT| discontinuities, located at the points

%, %, ol LN—]\?J For k € {1,...,|NT]|}, the k-th discontinuit is equal to

AV [f] =, MY ) / /X = (o) p )V - Vo) (s

+(f, RiZy) + N1+5 va Wi1) - €t

=1
Thus,

sup ‘<faut — M- >\2<max{]dk+1 ]‘27 0<k< LNTJ}-
t€[0,T]

By (2.21)) and (2.9), it holds:

ClrIE ;
1, MY < ngjf > Zy +O)(1+ (Wit

(I,y €By i=1

Then, using Lemma we have with the same computations as the one made in (2.22)):

c 2,72 i 25
011 « e S+ oo+ iy <

Consequently, one has:

B[ e (7.047) <) 3wl e Wles
0<k<|NT|"’ = ' - N3/2
By (2.15)), and since | Ns| = k when s € [k/N, (k + 1)/N], we have
kJrl
[ [ = DT o) s, s
X><)J

_Clfl al
T / / (ol +C) S (1 + [Wi ) m(da, dy) ds
XxY

=1
_ Clifllex i
et gy 4 030+ W)
i=1
N
C , .
< “ﬁﬂgm ST+ Wie).
=1
By (2.9) and Lemma m it then holds:
k+1 4
Bl 7] 00 -1 Vo) . an) oo
X><y

_ CIfIg al . C|IfII%,
< W nfS s iy < e

2For a cadlag function g : R4 — R with discontinuity points t; < t2 < ..., its k-th discontinuity is defined by g(tx)
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Thus, one has:

k+1

B max | / N / oy — {2 (2). i)V - Vo). ) (e, dy)ds| |
0<k<|NT| e o s ’
\_NTJ 1 k+1 4 1/2 C”f”2
N _ _ N c22
Z / /X () NV F - Vo), ym(de, dyhas| ][ < Zopeee.
On the other hand, from (2.14)) and ({2.9)), we have
ClIf1I3 AN ; ; 1
N\ |4 c=2 i % 8 4 4
[ R < - N Z W(l + W2 + Wi ?)° + NO[By| Z (ly[*+C)
7,:1 (x7y)eBk
C o i i
TN [lek "0 + (1 + W™ + Wiy [2)®] ] :
Using Lemma and the same computations as those made in (2.10)), we deduce that:
E [[(f, BO['] < ClIf g2y (1/N® +1/N%).
Then, it holds:
INT|—1
1 1 1/2
2
B[ _max [, BY)P] < | Z E [|(f, RY)[] \ < Ol e | 77 + vo5T)

By , and Lemma
N . .
E[| Y Vi)«
=1

4 3 N . i 14
| < NS B[V i

i=1

N
< NI fllg2ne Y B[+ WL E [l '] < Cllfllgaqs N*.
i=1

Thus, one deduces that

INT|-1 12
i< EHWZW% I
VN

1/2
< | v I N M| < CU s Yo

E[O<k<LNT ‘NHB va Wk

Plugging all these previous bounds in ([2.48]), we obtain

1 1 1 VN
+yf— + +W}' (2.51)

E[ sup <f,uiv—uﬁ>2} < E[ max |, [f ]|2} < Ol flZ2ms [W N7 T ves1

te[0,T) 0<k<|NT|
We then prove by the same arguments as those used at the end of the proof of Lemma and using
the embeddings HXV(R?) —ps. HI11(RY) — €%2(R%). Finally, by Proposition the laws of the
processes {t > u,t € Ry}y>1 are tight in D(R4, H X7 (R%)). In addition, by Markov’s inequality, (2.46)
implies [JS87, Condition 3.28 in Proposition 3.26]. Consequently, by [JS87, Proposition 3.26], any limit point
of {t = u,t € Ry }n>1 belongs as. to C(R4, H~ 17 (RY)). O
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2.2.3 Convergence to the limit equation ()

This section is devoted to prove Proposition Where we show that any limit point of {t — u,t € Ry }n>1
in D(R,, H~ 7 (RY)) satisfies a.s. Equation ((1.8)). To this end, we introduce for t € R, and f € HLTL7(RY)
the function A;[f] : D(R4, H 17(R?)) — R defined by

-MmimH<ﬁm0—Uw@-[&éwﬂ@—@hh@m@ﬂVﬂV®@@ﬂ%W@%®ﬂS-

To prove that any limit point of the sequence (u™)y>1 in the space D(Ry, H~ 57 (R%)) satisfies (L.8)), we
study the continuity of the function A;[f]. This is the purpose of Lemma Before, we start with the
following result.

Lemma 2.7. For anyt € Ry and f € HETYY(RY), the function Ay(f] is well defined.

Proof. Let t € Ry, f € HEFLY(RY) and m € D(R., H Y (R?)). In the following C > 0 is a constant
independent of f, s € [0,t],x € X,y € ), which can change from one occurence to another. By and
since 0 < v < 72 (see (L.5)) we have using that HX7(R?) — C%(R?) (see (1.4))):

)l =| [ 2 ol o(dw)] < 0+ BIWE DI less < Ol (252

By[A2|and since v > d/2 (see (L)), we have sup,c y ||0w(-, 2)|l3z» < +00. Thus, for all z € X and s € [0, ]:
(o4 (-, @), ms)| < Climsllyy-rn and (V- Vou (-, 2), ms)| < O fllazrrmmsllp-za-

Therefore,

|y = (o (- 2), ms)(V [ - Vou (-, 2), ms) | < C(ly| + Cllmsllag-c) [ fllagzerallmsllg-r = ¢(s,9).

The function ¢ is integrable over [0,t] x X x ). Indeed, y is integrable by Assumption[A3] and s — ||mg|ly-r£+
is bounded on [0,¢] (see [Bil99, Equation (12.5)]). This concludes the proof of the lemma. O

The following lemma provides the continuity property needed on the function m +— A.[f](m).

Lemma 2.8. Let {t = m{,t € Ry}n>1 be a sequence in DRy, H L7 (RY)) converging to {t — my,t €
R,} € DRy, H LY(R?Y). Then, for all continuity points t € Ry of {t — my,t € Ry} and all f €
HEFLY(RD), we have Ay[f](m™) — Ay[f](m) as N = +oo.

Proof. Let f € HITL7(R?) and denote by T(m) C Ry the set of continuity points of {t + my,t € Ry}
Let t € T(m). From [EK09, Proposition 5.2 in Chapter 3], we have that for all t € T(m), m¥ — m; in
H~ELY(RY), and thus, for all t € T(m),

<famiv> Njo <famt>'

We similarly have, for all s € [0,¢]NT(m) and z € X,

My — {ou(,2),ms) and (Vf-Vo.(-,z),mY) — (Vf-Vo.(,x),ms).

<U*(-,$),m N—o0 N—oo

Since R4 \T(m) is at most countable (see [EK09, Lemma 5.1 in Chapter 3]), we then have that for a.s.
s €[0,t] and (z,y) € X x Y,

a(y_ <a*(,x),mév>)<VfVU*(,x),mé\/) — a(y_ <U*(-,:U),ms>)<Vf‘VU*(‘,SU),m8>.

N—oo
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In addition, there exists C' > 0 such that for all (s, z,y) € [0,¢] x X x V:

|a(y — (ou(,2), mONVf - Vo), md)| < Oyl + Cllm lg-r) | llggzallm g1 = on(s,9)-

By [EK09, item (c) in Proposition 5.3 in Chapter 3], > Mgz~ <
+00. Therefore ¢y is bounded by an integrable function over [0,¢] x X x ) which is independent of N > 1.
The desired result then follows by applying the dominated convergence theorem. O

We are now in position to prove that any limit point of the sequence (u¥) y>1 in the space D(R.4, H~%7(R9))

satisfies ([1.8)).

Proposition 2.9. Let 8 > 1/2 and assume [A1§A5| Recall L = 3[3] +5 and v = 4[2] + 5 (see (L.5)).
Let {t — pi,t € Ry} be a limit point of {t — pl¥,t € Ri}n>1 in DRy, H LY(RY)). Then, a.s., p*
satisfies .

Proof. Denote by Py the distribution of uV. Let {Px/}nr>1 € P(D(R4, H~27(R?))) be a subsequence such
that Py, — P* weakly in P(D(R, H “7(R%))) (see Proposition . Let t € Ry and f € HITLY(RY).
By and Lemma we have:

Ep, [Ad[f)(1)] = E [Adl f](1)]

|Nt|—1 |Nt|—
= B[ [0 ) = (o) + MDY+ LV 4 S RN + > ZVf (Wi) <k |
k=0 i=
|Nt|—1
< B[{f,1)) = (Fu0) ]+ B V) + B MY+ B Y- (R
k=0
[Nt|-1 N
1 2 1 1 1 1
HN1+B > 2 Vi) -4, }<C”fHCM2[\f+N+N2B 1+Nﬁ}
k=0 =1

where the bound E[|(f, 1) — (f, po)|] < C||fllc22 /V'N follows from (2.52)) (with v = 7o there) and the fact
that the initial coefficients are i.i.d. (see (A4))). Therefore, for all t € R, and f € HLTLY(RY),

Jlim e [Adl)(0)] =0. (2.53)

Denoting by D(A¢[f]) the set of discontinuity points of A¢[f], we have, from Lemma 2.8 m ¢ D(A:[f]) if
m is continuous at ¢t (m € D(Ry,H “7(R%))). By Lemma 2.6 ., since 8 > 1/2, P* charges only continuous
processes. Thus, we have:

P({t > ij.t € Ry} € D(AL[S)) =0,

This allows to apply the continuous mapping theorem [Bil99, Theorem 2.7] to obtain the following conver-

gence:

N’ligls-oo Af)(uN) = Ad[f] (") in distribution. (2.54)

By uniqueness of the limit in distribution, (2 and (2.54) imply that for all t € Ry and f € HITLY(RY),
a.s. A¢[f](n*) = 0. It then remains to show that a.s. for all t € Ry and f € HIFWY(RY), Ay[f](n*) = 0. To
prove it, we use the fact that both R, and HXT17(R%) are separable, together with the facts that

1. For m € D(Ry, H 27(RY)) and f € HEFLY(RY), the function t € Ry + Ay[f](m) is right-continuous.

2. For all t € Ry and m € D(Ry,H~ 7 (RY)), the function f € HF1Y(RY) — Ay[f](m) is continuous.

26



Item 1 follows by the right-continuity of {t — (f, m:),t € R4} € D(R4,R) and the continuity of the mapping

teRy — /0 /Xxya(y — (o4(yx),ms))(Vf-Vou(-, ), ms)m(dx, dy)ds.

Let us now prove item 2. Pick m € DRy, H ¥7(R%)) and t € Ry. Since m; and ug are elements of
HLYRY) (see 2.52)), we have that f € HETL(RY) — (f,my) and f € HETLY(RY) — (f, po) are continu-
ous. We now show that

pem o [ a0 ma) 9 o (o) mar(dr dpds 259

is continuous. If f, — f in HLTLY(RY), it is clear, by continuity of D* : HLTLY(RY) — HEY(RY) (k €
{1,...,d}), that for all s € [0, 1],

aly — (ou(-, ), mg) (V fn - Vo (-, x),ms) = a(y — (ox(-,x),ms))(V f - Vou(-,z), ms) as n — +o0.

In addition, there exists C' > 0 such that for all n € N, |V fy ||z < || fallyr+1~+ < C. Hence,

|y = (ou(, ), ms))(V f - Vou (-, 2), ms)| < la(y — (0w 2), ma)) [V fn - Vou (o 2)llgea [mslla-z.o
< Clyl + Climsliz-r)llmsllg-r,

where we used to get the last bound. Since supyejo g [|ms]l3-2~ < +00 because m € D([0, 1], HLY(RY))
(see [Bil99, Equation (12.5)]), we can apply the dominated convergence theorem to conclude that the
mapping in is continuous. Therefore, for any m € D(Ry,H “7(R?)) and t € R, the function
f € HEHY(RY) +— Ay[f](m) is continuous. This proves item 2 above. Items 1 and 2 imply that a.s., for all
t € Ry and f € HEHY(RY), Ay[f](p*) = 0. This concludes the proof of the lemma. O

We now want to prove that the limit point of {t — u,t € Ry}y>1 in D(Ry, HHY(R?)) does not
depend on the extracted subsequence. One possibility is to show that admits a unique solution in
DRy, H 27 (RY)). As already explained in Section this equation is non linear, and the operator
V o HEFY(RE) = HEY (R4 prevents us from finding a space where we can use a standard fixed point
argument. We will rather interpret this equation as an equation for measure-valued processes (i.e. elements
of D(R4,P(RY))). To this end, we first need to show that any limit point of {t — ¢ € Ry }n>1 is actually
an element of D(R,P(R%)). This is the purpose of the next section.

2.3 More regularity for limit points in D(R,, H 7 (R%))

This section is divided into two parts. In Section we prove that {t — ulN,t € Ry}n>1 is relatively
compact in D(R, P(R?)). This will allow us to prove that any limit point of (u™)n>1 C D(Ry, H L7 (RY))
belongs to D(R4, P(R%)), which is the purpose of Section m

2.3.1 Relative compactness in D(R,P(R%))

In this section, we prove that the sequence (u")n>1 is relatively compact in D(R, P(R?)), see Proposi-
tion m To this end, we introduce some notation. For n > 1, we set A4, = {r € R?, |z| > n}, and we
introduce f, : R = R of class C* such that :

1.0< fp <1
2. folx)=01is x| <n—1and fp(x) =1if [x] > n.

3. sup,, |V fn| < +00 and sup,, |[V2f,| < +oc.
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Notice that f, € C>72(R?) for all n > 1.

Lemma 2.10. Assume and 8 > 1/2. Then, for all T > 0, there exists a constant C' > 0 such that
for alln, N > 1, one has

1 1 1
E[ (A } <C [1 }
Jup (4] < Cllfuleana 1+ 5 + F5mt + 773

Proof. Let T > 0 and n, N > 1. All along the proof, C is a constant independent of n and N which can
change from one occurence to another. For all t € [0, 7], we have pf" (An) < [ga fa(w)pd' (dw) = (fo, ui").
For ease of notation, we set

eg[fn] = / a(y - <0-*(7'73)’:U’fev>)<vfn ’ VU*("$)7N§>W(d$ady)v s € [OvT]'
XxY

Then, ([2.8) implies that:

[NT)

N
sup_|(fo, )| < |<fn,uév>|+/ 163 [fullds + sup [(fn, M)
te[0,T) 0 t€[0,T]

INT]-1 INT|-1

4 Z [(fas B + Nw Z \Zan W) -

We have, by [Ad] E [|(fo, 1] < N'SN B [[/(Wd)]] < Cllfallez- In addition, by (215) and (2-16),
0N [fall < CN 7 fullezan Sy (1 + [Wiy12). Hence,

INT] INT]-1 INT|-1 N

|0N fn |d$— Z / |0N fn |d < Hf’rLHC2“/2 Z Z +|Wk|72

(2.56)

0

Thus, it holds:

INT]

B[ 7 18X11as] < Cllfallaen

On the other hand, one has |(f,, M{V)| < ZLNTJ ! [(fn, MN)| (see (2:6))), and consequently, by (2-19)), one
has

E[ sup [(fn, M{")|] < C| fallc2-
te[0,T]

In addition, by item (¢) in Lemma we have:

INT)-

B[ Z (o R] < Cllfallens (37 + et )

Finally, by (2.29)), we have:

N
EH S V(W) €l
=1

N
S E[[VAW) -] < Cllfleon VA,

I=\Z

N 2
| < \[EB| v <
=1

Hence,
INT]—1
1_
By 2 \ Z VFuW)) €] < Cllfuleana A7
=
Plugging all these previous bounds in 6) provides the desired result. ]

28



Now, define, for z € R4, N > 1 and t € Ry,

wt (2] : NZ ¢ WLN” where j* = —1.
=1

The following lemma shows that for all z € R%, {t — ¥V[z],t € Ry }n>1 is relatively compact in D(R., C).

Lemma 2.11. Assume and 3 > 1/2. Then, for all z € R and T > 0, there exists C > 0 such that
for all 6 > 0, we have, for 0 < s <t <T such thatt — s <4,

No+1 N6+1 (NS+1)2 Ns+1
B[l - o] < 0| St P B A

VYN > 1. (2.57)
Moreover, if B > 1/2, the sequence {t — ¥ [2],t € Ry}n>1 is relatively compact in D(Ry,C), for all
z € R%.

Proof. Let T >0, N >1,6 >0, and 0 < s <t < T such that t — s < §. In the proof, C > 0 is a constant
independent of N,J,s,t, which can change from one occurence to another. Taylor-Lagrange formula gives,
for some p; e R (i=1,...,N),

’” Wine _ 3% Wina)

i i jz- W 1 i i 2 i
2 (Winy = Wing)e'™ TN 4 = 5 (Z‘(Wuvtj - WLNsJ)) el

i i 1 i i |?
< |Z|‘WLNtJ = Wing |+ §|Z|2‘WLN1§J = Wing

Set k = |Nt| and [ = | Ns|. Then, one has, using (2.12)), and a similar computation to the one
made in (2.10)),

E HWthJ — Wiy,

¢ VNI +1

(NG +1)+ 15

Similarly,

2] <c< (N6 +1)? +(N<5—|—1)>

U Wineg = Wins) N2P

Inequality follows immediately from the previous bounds. The relative compactness is obtain by
applying Proposition with H; = Hs = C: the compact containment (i.e. item 1 there) is a direct
consequence of the fact that |¢}¥[z]| < 1 for all N > 1 and t € [0,T], and the regularity condition (i.e. item
2 there) is a consequence of . The proof of the lemma is thus complete. O
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We are now ready for the main result of this section.

Proposition 2.12. Let 5 > 1/2 and assume conditions hold. Then, the sequence processes (u™N ) N>1
is relatively compact in D(Ry, P(RY)), when P(R?) is endowed with the topology of weak convergence.

Proof. By [Yur03, Theorem 3] (see also Corollary 1 there), it sufficies to prove that for any 7" > 0,

lim lim E| sup ul(A,) (2.58)

=0
n—o00 N—o00 |:t€[O,T} :| ’

and that for every z € R?, the sequence {t ~ ¥{¥[z],t € Ry }n>1 is relatively compact in D(R4, C). This
last statement was proven in Lemma It remains to prove (2.58)). Let 7" > 0. By Lemma there
exists C' > 0 such that for all n > 1,

lim E| sup i (An)| < Cllfulleae.
N—=oo  Lico)

Now, using the properties of f,, we obtain,

_ ‘Dkfn(x” 1 C
Ifallezoe = > sup S—=22n<C ) sup 1+ [z ST7 n— 12 noe 0

|k|<2 |z|>n—1 1+ |x’72 k|<2 |z|>n—1
We have thus proved (2.58]). This ends the proof of Proposition m ]

2.3.2 Limit points in D(R,,H 17(R%) belong to C(R,,P(R%)
Let for k> 1,
PURY) = {n € PARY, [ Julfuldu) < +o0}, (2.50)
Rd
which is endowed with the Wasserstein distance

Wi(, v) = [nf{E[|X = Y|*|}, Px = p and Py = v}]"/*.

We refer for instance to [Sanl5, Chapter 5] for more about these spaces. We recall that Wy (u, v) < Wg(u,v)
(k > 1) and the dual formula for Wy (p, v):

i) =supf| [ fpduw) = [ oo Il <1}

Lemma 2.13. Assume and > 1/2.

1. Let u? be a limit point of (u™¥)n>1 in DRy, P(R?)) (see Proposition . Then, a.s. pt €
C(Ry, Py (RY)).

2. Let p™ be a limit point of (u™)n>1 in DRy, H L7V (RY)) (see Proposition . Then, a.s. pfl €
C(R4+,P,(RY)).

Proof. The proof of Lemma is divided into several steps.

Step 1. Preliminary considerations.

Let
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Notice that 1 >+ + d/2 and thus it holds by ({1.3),
HLY (RY) s HE(RY).

Therefore, with the same arguments as those used in the proof of Proposition |2.3|and Lemma. N>1 is
also relatively compact in D(R, > (R%)), and any of its limit point belongs a.s. to C(R, H~ L’V (Rd))
Pick
% € {77}

Let ' € DRy, H=E0(R?)) (resp. pf’ € D(R4, P(R?))) be a limit point of (u™)y>1 in D(Ry, H~ L0 (RY))
(resp. in D(R4, P(RY))). Up to extracting a subsequence, we assume that in distribution @ — pf as N —
400 (resp. u — uP as N — +00). On the other hand, since both sequences of laws are tight (by Prohorov’s
Theorem, see [Bil99, Theorem 5.2]) the sequence of laws of (1, u™)n>1 is tight (and thus relatively compact
by Prohorov’s Theorem, see [Bil99, Theorem 5.1]) in E := D(R,, H~ 5“7 (R%)) x D(Ry, P(R%)). Then, up

to extracting a subsequence,
the law Py € P(E) of (1", u") converges in distribution as N — +oo to some P € P(E).
We denote by (!, 4?) a random element with law P. Notice that by uniqueness of the limit in distribution,
2 = ¥ in distribution (resp. p! = p!! in distribution). Pick f € C°(R?) € HL0(RY) (since vo > d/2).
We have, for N > 1, P(Vt > 0, (f, ul") £~ = (f, 1) )m) = 1. Consequently
P(VN >1,vt >0, <f7 MéV>Lﬂ/0 = <fa N£V>m) =1 (2'60)

By Skorohod representation theorem, there exists another probability space (Q .7-' P) and random variables

(5N, 12N on this space, with law Py, and (!, i2) with law P such that P-a.s., (2N, 22N) = (a', i2) as
N — 4o00. By -, we have P-a.s.
forall N > 1, and t € R, (f, it ™ oy = (s 2 Yin- (2.61)

We now want to pass to the limit N — 400 in (2.61). By [EK09, Lemma 7.7 and Proposition 5.2 in Chapter
3], there exists T(12) € Ry (resp. T(ii') C Ry), whose complementary in Ry is at most countable, such
that:

(i) For any u € T(4?) (resp. u € T(ah)), s > 0+ il € P(R?) endowed with the weak topology (resp.
5> 0 gl € H=E0(RY)) is continuous at u € T(f2) (resp. at u € T(4')) P-a.s.

(i) For all u € T(i?) (vesp. w € T(1), i — 2 in PRY) (resp. i - i in H-E0(RY) as
N — +00, P-a.s., say for all w € Q2, where P(Q2) =1 (resp. for all w € Q}, where P(Q}) = 1).

For j = 1,2, the set T(j/) is given by:
T(i)) = {t e Ry, P(i]_ = ji]) =1}.

Notice that T(i') = Ry because a.s. ! € C(Ry, H L7(RY). Let D ¢ T(#?) N T(4') = T(i2) be a dense
and countable set in Ry. Define
Q=) (@na,).
ueD
We have P(Q) = 1. Pick w € Q. Then, for all w € D and f € Ce°(R%), it holds passing to the limit N — +o0

in (2.61): (f,al(w))rro = (f, i2(w))m- Now, let t € Ry with t ¢ D. There exists a sequence (uy), C D
such that u, — t, u, >t for all n. Passing to the limit in the previous equality, it then follows by continuity
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of s > 0~ fil and by right continuity of s > 0~ 2, that (f, i} (w))1~, = (f, 12 (w))m, for all f € C°(RY).
Therefore, for all f € Cgo(Rd), P-as. forallt e R,

<f7 ﬂ%>L,’YO = <f7 :[j’t2>m

Thus, we deduce that (since (4!, 4?) = (p!, 4?) in distribution),

for all 79 € {7,7'} and f € C°(RY), P(9t > 0, {f, 1) 1.y = {f> 11 )m) = 1. (2.62)

Step 2. Proof of item 1 in Lemma [2.13

Step 2a. Let us first prove that
as. p> € D(Ry, P, (RY)). (2.63)

To prove (2.63)), we take in (2.62))

Let (fu)n>1 be such that, for n > 1, f,, € C*(RY), 0 < f, < 1, fu(w) = 1if jw| < n and f,(w) = 0 is
|lw| > n+ 1. We also assume that f,, has uniformly bounded derivatives over R with respect ton > 1. Set
g(z) = |z|7 for all 2 € RY. We have g, € HV' (R?) since v/ — v > d/2. By and since we consider a
countable family of functions, we have

as., foralln > 1and t >0, (fugy, pif)r,y = / Fa(w)w|"uf (dw).
Rd

Since fngy — gy in HELY (RY) as n — +o0, the left-hand side in the previous equality converges to (Grys L) L
By the monotone convergence theorem,

a.s. for all t > 0, (g, )4 = / , gy (W) i (dw). (2.64)
R

By (2.64) and because a.s. u! € C(Ry, H =Y (R%), we deduce that
a.s. when s — &, (g, 2 m = (Gr» 117 )m- (2.65)

Hence, since in addition p? € D(R4, P(R?)), by [San15, Theorem 5.11] one has that a.s. u? € D(R.y, P, (R%)),
which proves (2.63)).
Step 2b. End of the proof of item 1 in Lemma To prove it, we now take in (2.62)):

70 =7

Let us show that
P(\V/f € Cgo(Rd)>Vt > 0, (fa /L%>L,’Y = <fv M%>m) =1 (2'66)
The space H7(R?) is separable and since C°(R4) = H7(R?), it admits a dense and countable set DX
such that D27 C C(R?). Then, since D7 is countable, from [2.62), P(Vf € DL, vt > 0, (f, ui)r, =
(fiu)m) = 1. Let f € C°(RY) and (fn)n>1 in DL such that f,, — f in HE7(R?). Therefore, a.s., for all
t>0:
(o) Ly = (fo 1) Ly B8 10— o0,

On the other hand, since a.s. pu? € P,(R?) for all ¢ > 0 (by (2.63)), and since the convergence in H%7(R?)
implies convergence in C%7(R?) (by (T.4)), it holds for all ¢ > 0:

(fur 1) = (f 17 )m as n — +00.
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This proves (2.66). By and the continuity of s > 0 +— pl € H=EY(RY), it follows that a.s. for
all f € CMRY), (fipu®)m — (f,p2)m as s — t. From [AGS05, Remark 5.1.6], this implies that a.s.
p? € C(R4,P(RY)). On the other hand, by and since p? € C(R, P(RY)), it follows from [San15, The-
orem 5.11] that a.s. p? € C(R4, Py (RY)). Because u’ = 12 in distribution, this proves item 1 in Lemma

Step 3. Proof of item 2 in Lemma [2.13
Choose 79 = v in (2.62)). By (2.66) and item 1 in Lemma we have a.s. for all ¢t € Ry and f € C°(RY),
(1) Ll < (U gy, 1 )mllFllos

Since C°(RY) is dense in C%Y(R?), we deduce that a.s. for all t € R, u} € C%(R?)’ the space of bounded
countably additive measures on R? with finite moments of order 4. Then, by (2.66), a.s. for all t € R,
pr = p? on Py (RY). Since a.s. p? € C(R4, Py (R?)), we deduce that a.s. u! € C(R4,P,(R?)). Finally, since
pH = p! in distribution, this proves item 1 in Lemma m O
2.4 TUniqueness of the limit equation in C(R.;,P;(R%)) and proof of Theorem

2.4.1 Uniqueness of the limit equation in C(R,P;(R%))

Let p* be a limit point of (u¥)ny>1 in D(R4, H L7 (R?)). By Proposition u* is a.s. a solution of ([1.8)
and by item 2 of Lemma (and because C(R,P,(RY)) C C(R4,P1(RY))), as. u* € C(R4,P1(RY)).
Since C°(R%) € HLT1Y(R?), we then have a.s.,

Vf e CP(RY),Vt € Ry,

oty = (f pi0)m + /0 /X 0= (02 D) (V5 - T 2). (. s (2.67)

Notice that (2.67)) is exactly (1.9)).
Proposition 2.14. There exists a unique solution to ([2.67) in the space C(R4,P1(RY)).

Proof. We have already proved the existence. Let us show that there exists a unique element p* € C(R.4, P;(R%))
satisfying (2.67]) that we rewrite:

Vf e CP(RY), vt e Ry,
t

oty = Fopo) + [ [ aly= (o oa) i) (TF - o () (o dy)ds. (2.68)
0 JXxY

The proof of the uniqueness of (2.68) relies on arguments developed in [PRI6, [PRT15] and is divided into
several steps.

Step 1. Reformulation of (2.68).

If ;1* is solution to (2.68)), then for all f € C°(R%), s > 0+ f/’\?xy a(y—(ox(yz), W)V f-Vou. (-, z), pym(de, dy)
is continuous (by the dominated convergence theorem). This implies that for all f € C;°(RY) and t € R,

d
Gt = [ V1) Vi)
where V : p € P(R?Y) + V] is defined by

V] :weR— . ya(y — (o4 (-,2), 1)) Vo, (w, z)w(dz, dy) € RY.
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Adopting the terminology of [Sanl5l Section 4.1.2], u* is thus a weak solutionﬂ of the measure-valued equation

{&:ut* = div (V[p7]pt) (2.69)

1o = Ho-

Therefore, to prove the uniqueness result in Proposition m it is enough to show that (2.69) has a unique
weak solution in C(R,P1(R?)). To this end, we consider two solutions u! = {t + u},t > 0} and p? = {t
p?,t >0} of (2.69) in C(R4,P1(R?)), and we introduce the following mappings

vii(t,z) e Ry x RY= V[ul](z) and v?: (t,z) € Ry x R — V[u?](z).

Step 2. In this step, we prove some basic regularity properties of V, v!, and v?2.

Let us first prove that the velocity fields v! and v? are globally Lipschitz continuous over R x R%. Let
p € {ut, 12} and set v(t,z) = V[u](x). For 0 < s <t and wy,ws € R?, we have

[v(t,w1) — v(s,w2)| < Ju(t,wi) — v(t, wa)| + |v(t, we) — v(s, wa)l.

By the function V is smooth and |[VV[u](w)| < C for some C' > 0 independent of p and w. Thus, it
holds

ot wn) — v(t,we)| = Vi (wr) — Vi (ws)] < Clwy — wl,

for some C' > 0 independent of ¢, wi, and wy. Secondly, for any = € X, considering (2.68) with f = o.(-, z),
we obtain

[{ow(-, @), ps — pe)| < / /Xxy |0¢(y — (0w 2"), ) ) (Vo (-, ) - VO'*(~7x/),MT>‘ m(da’, dy)dr
< C|t_8’7

leading to

[vu(t,w2) — v(s,w2)| =

/ alow(-, ), s — ) Vo (we, z)m(dz, dy)| < CJt — s|.
XxY

Thus, there exists C' > 0 such that for 0 < s < t and wy, ws € RY, [v(t,w1) —v(s,ws)| < C(|t — 5|+ |wy —wa)),
which proves that v is globally Lipschitz. Now we claim that there exists L' > 0 such that for every
w,v € Pr(RY),

IVIu] = VY]l := sup. VIul(w) = VY] (w)] < L'Wi(p,v). (2.70)

By there exists C' > 0 such that for all u, v € P1(R?) and all w € RY,

VIp(w) = VIrj(w)| = ’/Xxya(<0*(»w)ﬂ/> — (0x(, %), ) Vwor(w, x)r(dz, dy)
<C

< (o, ), v) = (o (- @), )| w(da, dy) < CWi(p,v),
XxY

where the last inequality is obtained by the Lipschitz continuity of o, (-, ) (which is uniform in z € X).

$We mention that according to [Sanih, Proposition 4.2], the two notions of solutions of (2.69) (namely the weak solution and
the distributional solution) are equivalent.
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Step 3. End of the proof of Proposition [2.14

Since v is globally Lipschitz, we can introduce the flows (gb%)tE[O,T] and (Qb?)te[O,T] with respect to p! and p2.
By [Vil03, Theorem 5.34], one has

pp = Gy#tno, g = Gi#po, V> 0. (2.71)

The symbol # stands for the pushforward of a measure. Let L > 0 be a constant such that |vi(w;) —vi(ws)| <
Llwy — wy| for all i = 1,2, t € Ry and wy,ws € R? (which exists by the previous step). Then by [PR16]
Proposition 10], it holds for all u,v € P(RY),

Lt

sup Hv; - v?Hoo. (2.72)
0<s<t

Wi (Gh g, 6240) < €W (1, 1) 4

We are now in position to prove that u' = py?. We use the techniques introduced in [PRT15]. Let us now
consider T" > 0, and introduce
to := inf{t € [0, T], Wi (g, i) # 0}.

We shall prove that tg = T'. Assume that tg < T. By (2.71]) and (2.72]), we have, for 0 < s < T — tg,

els —1

sup o7 = 02|

1 2 L 1 2
Wl(utoJran’toqu) S e swl(utm:uto) + L to<r<tot
0STSUoTs

By continuity, Wy (,u%o, u%o) = 0. For s small enough such that e/ — 1 < 2Ls, we obtain, using (2.70)),

1 2 1 2
Wity 455 Mg 4s) < 28th s Wi (pi7, p7).-
0XTX10

Then, for 0 < s’ < s < min(1/2L, T — ty), applying the last inequality for s’ gives

1 2 1,2
Wl (/’Lt0+s’? /’Lt0+s’) < sup Wl (:u’7'7 ,U“'r)a
to<t<to+s

which is not possible. Hence, to = T, and again, by continuity, we conclude that Wy (u}, u?) = 0, Vt € [0,T].
Therefore, ' = p2. We have thus proved that (2.67) admits a unique solution in C(R.,P;(R%)), which is
the desired result. O

2.4.2 End of the proof of Theorem

We can now prove Theorem

Proof of Theorem [l By Proposition the sequence u¥ € D(Ry, H 17(R?)) is relatively compact. Let
p' and fi2 be two limit points of (u™¥)y>1 in D(Ry, H~7(RY)). Let j € {1,2}. By Lemma @L a.s.
i€ C(Ry,H ¥7(RY)). By Proposition i/ satisfies a.s. (L.8). In addition, it also satisfies a.s. (2.68)
(see indeed and the lines just before). From item 2 in Lemma it holds a.s.

i’ € C(Ry, Py(RY)).

Let p* € C(Ry,P1(R%)) be the unique solution of (see Proposition [2.14). Thus, a.s., @/ = p*
in C(Ry,P1(R%). This implies that a.s. for all ¢+ > 0 and all f € C®(RY), @/ (f) = p*(f). Hence,
p* € C(Ry, H LY (RY)) and a.s. i = p* also in C(Ry, H~ 57 (R?)). Therefore, the whole sequence (Py)y>1
of laws of (u)n>1 converges to 6, in D(Ry, H 17(R?)) (and then the convergence holds in probability).
This ends the proof of Theorem O
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3 Proof of Theorem

In this section, we prove Theorem [2} Recall that i € D(R, H"?(R%)) is given by Theorem 1| and that the
fluctuation process is defined by (see (1.10))):

7 = VRGN ), N2 1,

Throughout this section, we assume that hold.

3.1 Relative compactness of (n™V)y>1

To prove the relative compactness of (n™)y>1 in D(Ry, H ™7+ (R?)), we will use Proposition with
H1 = HPo~1io(R?) and Hy = H/272(R?). Mimicking the proof of [Szn91, Theorem 1.1], there exists a unique,
trajectorial and in law, solution of

{dXt = fXny/ - <J*('7 x)v ﬁt>)VWU* (Xt7 l’)ﬂ(dm’, dy)dt7 (31)

Xo ~ po, i = Law(Xy).

Denote by 1 € P(C(Ry,R%)) this solution. The mapping ¢ — Ji; satisfies Equation (1.9). In addition,
using it is straightforward to show that the function ¢ — iy lies in C(R4, P1(R%)). Since [ is the unique
solution of (see Proposition, this function is equal to 1. Therefore, we introduce, as it is customary,
the particle system defined as follows: for N > 1, let X? = {t — X}t € Ry} (i € {1,...,N}) be the N
independent processes satisfying:

X; = Wé -+ f()t af)(xy(y - <O'*(-,.%‘),ﬂs))VWU*(X;,.x)ﬂ(dm, dy)d87 te R+
g (3.2)
fr = Law(X}).
We then introduce its empirical measure:
1 N
;ﬁzﬁvXF@,NtheR+ (3.3)
i=1
By there exists Cp > 0 such that a.s. for all 0 < s < ¢, it holds
1 X{ — Xi| < Colt — s). (3.4)
In particular, t € Ry + X} € R%is a.s. continuous for all i € {1,..., N}. Because p is compactly supported
(see indeed |[A6)), for all T' > 0, there exists C' > 0 such that a.s. for alli € {1,...,N}:
sup |X}| < C. (3.5)
te[0,T
Thus, for any 8 > 0, a.s. @ € C(Ry,CY?(R%)’). We now define, for N > 1,
TV .= VNN — @) and OV .= VN@E"N - f). (3.6)
It then holds:
v =1V + eV, (3.7)

Recall that J; = 4[%] 4+ 6 and j; = 3[%] +4 (see (L.12)). For all N > 1 and for any 8 > 0, since a.s.
N € DRy, COP(RY)), one has
as. TV € DR, CHP(RYY).
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In particular a.s. YV € D(R,, H! =171 (RY)) because HNLi(RY) — cLiv(RY) (by (T4)). In addition, for
all N > 1, since i € D(R,, H "7 (RY)) and a.s. gV € D(R,, H 7 (RY)), it holds:

a.s. OF € DRy, H EV(RY)).
We start with the following lemma.

Lemma 3.1. Let § > 3/4 and assume A7l Then, for all T > 0, we have

sup sup E @ + T < +o00.
P [[SZAN [P [ el A

In particular, supy>1 Supscpo,7) E[||77,fVH3{_J1,j1] < 400.

Proof. Let T > 0. In all this proof, f € H/1'(R?) and {f,}4>1 is an orthonormal basis of H/1/1(R%). In
the following, C' denotes a constant independent of N > 1, ¢ € [0,T], (z,y) € X x ), and the test function
f, which can change from one occurence to another. The proof is divided into two steps.

Step 1. Upper bound on E [H@i\[”g{—JmJ'

Since X!,..., XY are i.i.d. with law fis (see (3.2)), we obtain, using (3.5)) and the fact that for all ¢ > 0, fi;
has finite moments of order « (by item 3 in Theorem ,

D — ()| |

2~
M) =

Il
—

B (7,60 =B[{(7, VA - ) | =B

i

B[ - (.||

I
z| =
O

s
I
—

IA
=]
.Mz

s
Il
—

E[|f(X)IP] +1(f. me)* < Ol f 12

Therefore, since H7(RY) — C%(RY) (by (L.4)),
E[(£,00)°] < Cllf 30, ¥F € H (R,

Taking f = f, in the previous inequality, summing over a € N*, and using the fact that H/1/1(RY) —yg.
HET(RY), one deduces that:

sup sup E[[|0)]3, ] < C. (3.8)
N>1t€[0,T]

Step 2. Upper bound on E [||TNHH il
It holds a.s. YV € D(R4, H7/11(RY)) € D(R4, H™ 7171 (R?)). We then have for all t € Ry,

+oo
1T i = D (fa T2 (3.9)

Forallie€ {1,...,N},as. t € Ry — f(X}) € C'(R,). Indeed, f € C}(R?) and a.s. t € Ry — X} (see (3.2))
is C! (because a.s. s € Ry oanXy(y— (o4(-,2), 0 >)VWU*(Xi ) (de, dy) is continuous by the dominated
convergence theorem). Therefore, it holds (f, i) = (f, @d’) + f L(f,iY)ds and therefore,

) = i)+ [ [ al= o)) (9F - Vol i yr(de, dy)ds. (3.10)
0 XxY
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Thus, by definition of T} (see (3.6)) and using also (2.8), we have:

(f. ) =

VN (£

f/ [0

N - ) +f/ /M -

fis))(V f - Voo (-, 2), al)ym(da,

dy)ds

|Nt]—1 JN [Nt]—1
+ VN MY+ VNV VN Y (FRY) + > Zw W) -
k=0

Furthermore, it holds,

VN(y — (0u( ), i)V f - Vo (-, 2), pl)

(y <U*( ) ) >)<Vf VU*( ) )7T£V> - <0*(,$),T§><Vf : VU*(?£)?/1£V>
), i

+ \/7(:’/ - <U*(

s) = (ox (s,

N1+8

)7/_419\7 - ﬁs>)<vf ) VO'*(',

Consequently, plugging (3.12)) in -, we obtain for ¢t € Ry:

t
<f7T£V>:// Oéy— U* ',.’E,
XxY

_// oo (-, 2)
0 JXXY

+ VN M) + VN V) + VN S (R +

Lot

PV f - Vo (.,

SIS Vo x), 5 )m(de, dy)ds

k=0 =1

x), iy ).

2), TV ) (da, dy)ds

VN = )V f - Vou (- x), i) yr(de, dy)ds

|Nt|—1 N INt|]-1 N

N1+8
k=0

S VW) -

k=0 =1

By Lemma (in Appendix [B], see also Remark , one then has for all t € R:

where

and

B/ [f]

(f. T)?

<AV [+ B[],

N N N
AN(f —2/ /m ol f, TV (y — (0u (o), i)V S - Vo 2), TN yr(da, dy)ds

|Nt)—1

S 2R TR VNG MY) HANGAMEP 3 (2000, VN RY) + NI RY) P

k=0

_l’_

+

|Nt]—1

D

k

|Nt]—1

o

0

0

N - N
9 / /X AN (), YN S - Vo), )

2 / | alr o) VNG — @) (9 F - Vo () iy, dy)ds
Xx)Y

= IV [+ IV + K[,

N

[RENTRSWE) SLATOR

i=1

2077, el /] + 4lad 1]

|Nt]—1

k=0

4
N1+2ﬁ ‘ Z V( Wk

—2\F/ (£, TNLNFds,
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Vo (- z), pl)r(de, dy)ds

(3.11)

(3.12)

(3.13)

(3.14)



with
kt1

L] = / Ay~ (o) VS - Vo), i (o dy) and o (7] = VN [ TL s (3.9
XxXY
Using (3.14]) and .,

N

“+o0o +oo
I G = D AN fal + D BN [fal. (3.16)
a=1 a=1

By Lemma detailed in Appendix B} and since 3 > 3/4, one has for all f € H/171(R%) and ¢t € R,

E[BNf]] < C(If 2. +E [ [ T;V>2ds] )

Thus, recalling H/171(R?) <5, HEXY(RY) and (3.9)), we obtain,

ZEBN £l <C+C/ (TN 2,00 ] ds. (3.17)
a=1

Let us now provide a similar upper bound on 375 A{¥[f.]. By (3.5) and because HX7(R?) — €272(R9)
(see (1.6)),

N
Y A+ IXI?) < Cllflyra.  (318)

i=1
Then, since o, is bounded (see |A2|) and j; > d/2, we have using ((3.18)):

B t a I ow( ), Y Vo (- z), i )r(d s
2/0 /M (f; TN 0w, 2), TNV - Vou (-, @), iy )w(dz, dy)d

Cllflle2

1 X _. _.
(V- Vo (), i) = \NZ;Vf(X;) Vo (Xi0)| < T

t
< 4 / /X | (00 Oy oW, 2) B T ) el s
X

t
<c / (T2 4 Ol 12,0 TV (2, ) s

Thus, SN EIN[f.]] < C’fo [T 03,55, ]ds. Let us now study TR KYN[fa). Since X1,..., XN are
i.i.d. with law fis (see (3.2)) and because o, is bounded (see[A2), we have:
2 1 & iy 2
E [(ou(s2) il = j1s)’| = B[ D ou(Xhw) = (o), )] |
i=1
=Nz ZE [(0:(X5,2) = (04, 2), 1s))?] < N (3.19)
Hence, E[(o. il — [i5))?] < C. Thus, using in addition (3.18), one deduces that

[ / /XW alf, TV ow(,2), VN (i) — us)><Vf-Vo*(-,m),ﬂgv)w(dm,dy)ds]
= C/O /Xxy E[(f,T{)’] +E [<U*('ax)a VN — ) (V f - VU*(‘,$),ﬂév>2] } m(dz, dy)ds
Sc/ot/xxy {E[<f,T£V>2]+E [(J*(.’x) VN@EY — i) } HfHHM}ﬂ(dx,dy)ds

<c /0 (B[, T + [ £112,0, } ds.

39



Therefore, > T E[KN[f.]] < C + C’ng[HTéVH?_l_JLh]dS. It remains to study S/ IN[f,]. To this end,
for x € X, introduce the bounded linear operator

To: feHVINRY) = Vf-Vo,(,z) € HWL(RY. (3.20)

Then, one has:

= N = ! N N N
>orln =32 / /X 0l T = (o) i) T X, s
+o0

:2/0 /Xxya(y— (00 o), 1)) S s YV (T fos TN ) e(da, dy)dls

a=1
t
—2 [ [ aly— (s (T T (e, dy)ds.
0 JAXY g

Since o, and ) are bounded, this implies that:

:iE[IfV[faHSC/OtE[/X

t
<c [B[[ (40T TN (e dy)]ds
0 XY

= @Y Ty s
X

By Lemma detailed in Appendix [B} and since a.s. TN € D(Ry,H!~7/171(R%)), there exists C' > 0 such
that for all z € X, (YN, T:YNY,, 1] < C’HT?SVH%_Jl,jl. Hence, since E[|y|] < 400, we deduce that:

+oo t
> B 7)< © [ BT ] 0

We have thus proved that S/ E[AN[f.]] < C + C’fat E[HTéVHi_Jl,jl]ds. In conclusion, using also (3.17)

and (3.16]), we have E[||T£V||3{,J17jl] <C+ C’fg E[||Tﬁ,v||3{,(]l,h]ds. By Gronwall’s Lemma, we get:

Sup sup E[HTéVHg{—Jml] < +o0.
N>1¢€[0,T]

Together with the first step, this ends the proof of the Lemma (recall the decomposition nV = TV + @,
see (3.7)). O

Lemma 3.2. Assume A7, Introduce the following o-algebra (see (1.7))):
3 = Fl\i), t € Ry

Then, for all f € C>72(RY), the two processes

[Nt]-1 N
{t — Z Z VW)€l te R.,.} and {t — (f, MN) t e Ry} are N -martingale. (3.21)
k=0 =1

Proof. Recall that by Lemma the first process in (3.21)) is integrable. By (2.19) and (2.6)), the second
process in (3.21)) is integrable. For 0 < s < t, we write

[Nt]-1 N ' . [Ns|]—-1 N . .
E[ > S Vil = > SB[V bl F, ] + RN (3.22)
k=0 i=1 k=0 =1
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where

[Nt]-1 N
if [Nt] = [Ns]: R[f] =0, and i [Nt] > [Ns]: R[] = > D EIVF(WL) - il Flig)-
k=|Ns| i=1

When |Nt| > |Ns], since the Wi’s are F}'-measurable (see (I.2) and (I.7)) and the €i’s are centered and
independent of F}¥ (see|A5)), we have, for k > |[Ns| and i € {1,...,N}:

B[V (W) - k%] = B[VAOV) - BELIF|Fiy | =0

Hence, for all 0 < s < ¢, R [f] = 0. Furthermore, for 0 < k < [Ns| — 1 and i € {1,...,N}, Vf(W}) -} is
f,ﬁl—measurable and thus is F ﬁv s J—measurable. Therefore, (3.22) reduces to

[Nt]-1 N ‘ ' [Ns|]-1 N ' '
E[ S S VW) - sN} = 3 SV e
k=0 i=1 k=0 =1

This proves that {t — Z,Ejiéj_l PR VIW})-et, t € Ry} is a §V-martingale. Let us now prove that the

process {t — (f, M{"),t € Ry} is a §} -martingale (see (2.6)). We have, for 0 < s < ¢,

|[Ns|]—1
E[(f, MM)FY] = > E[(f, M) F ] + €Nf
k=0
where
|Nt|—1
if [Nt| = | Ns|: €N[f] =0, and if [Nt| > [Ns]: €N[f] = Z E[(f, Mi")| Fl\q ]
k=|Ns]

When |Nt] > |Ns|, we have for k > |Ns|, by (2.24):

Hence, for all 0 < s < ¢, &,[f] = 0. In addition, for k < [Ns| — 1, (f,M}) is F% ,-measurable and thus

is ]-'G]Vs J—measurable. In conclusion, {t = (f, MPN)t € R+} is a FN-martingale. This ends the proof of
Lemma O

The following lemma provides the compact containment condition needed to prove that (ny)ny>1 is rela-
tively compact in D(R.y, H~/0F1Lio(R%)).

Lemma 3.3. Let 3 > 3/4 and assume A7l Recall Jo =5[4]+8 and jo = 2[4] + 3 (see (1.12)). Then,
for all T > 0,

sup B sup (|13, | < +o0. (3.23)
N>1 te[0,T]

Proof. Let T > 0. All along the proof, C' > 0 denotes a constant indendent of ¢ € [0,7] and N > 1, which
can change from one occurence to another. Recall that ¥ = TN + OV, see (3.7). By (3.13) and Jensen’s
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inequality, it holds for f € H”/272(R%) (recall H’2:72(RY) — H131(RY), see (1.13)),

sup (£, 1})? <C[// (o2 0) )V - Vo (), T) [ m(ds, dy)ds
XxY

te[0,T]

/ | o) TS o). i) (e, s
XxY

2
; / [, oo VNG gy @1 o ) i wlardpias g

|Nt|—1 )
N sup (MNP N sup [V 4N sup [ 32458
te[0,T7] te[0,T 1251 (O 5 —

INt|-1 N
N1+25 sup ‘ Z ZVf Wk ]

071" 1=y =1

We now consider successively each term in the rlght hand-side of ( - By Lemma (3.1 “ for 0 <s<T, we
have using also [A2]and E[|y[?] < +oo (see

B[ - <a*<-,x>,u§>|2<w-m(-,x),r%%(dx,dm]
<CB[ [ (w4 DITS - o)l I T ey ()|

< CHfH?—[J1+1J1E[”Tévng-[*hle] < C||f||’2HJ1+1,j1‘ (325)

Let us now study the second term in . By (3.18) and since sup,¢cy [|o«(-,x)|| < 400 (because ji; > d/2
and o, € C°(R? x X) by. f0r0<s<T

E |[(0(,2), YNV - Vo, (), i) ] < ClARa®B Y12 ] < Ol (3:26)

Let us now consider the third term in (3.24). By (3.18) and (3.19), we have for 0 < s < T,

E[<J*('7x)7 \/ﬁ(/jé\[ - ﬁs»?(vf ' VO'*(',«%'),/_L{GVF} < C”f”?—[Lv (3'27)

ity, E[supsefor(f, M{ M2 < CE[(f, M¥)?]. Then by Lemma and since HXY(R?) «— C?72(R?) (see

Let us now deal with the fourth term in (3.24). By Lemma We have using Doob’s maximal inequal-
indeed . we obtain

NE[ sup (f,MY)2] < Ol |22, < Clf Bz (3.28)
te[0,T]

Using (2.33)) and (1.6)), the fifth term in (3.24) satisfies:

NE| sup [(£, V)] < ONTV2)|f Ry, (3.29)
te[0,7

Using ([2.35)), the sixth term in (3.24]) satisfies:
|Nt|—1

B[Nsupiep| Y2 (5 RV < O, (/N + N3/N9)
k=0
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Let us deal with the last term in the right-hand side of (3.24)) for which we need a more accurate upper bound
than (2.36). By Lemma and Doob’s maximal inequality, we have using (2.30) and HX7(R%) — C¢272(R9)
(see (1.6),

1 |Nt]-1 N [NT|]-1 N

WE[ sup’ S S v } Nlc% H S S v

€01 =0 =1 k=0 =1
< )20, N2

Collecting these bounds, we obtain, from (3.24)), for f € H’272(R?),

E| sup (£,X1)?) < C (11010 + 1 1en) (3.30)
te(0,7)

We now turn to the study of E[sup,c(o 11(f, OMN)?] for f € H'272(R?). By (3.10) and item 2 in Theorem
we have, for all t € [0, T] (recall that O = /N (i) — i), see (3.6)),

t
(0N = (f.00) + /0 /X 00— (0.2, (TS Vo 0), O )n(dr dyhds. (331

By Jensen’s inequality and using and (3.8)), one has:

T
E[ sup (£.07] < CB[(F 0P +C [ [ (P + DE[(VF- o (2),0)?] m(cds,dy)ds
te[0,7] o Jaxy
< O B[IOY 2]
T 2 2 N |12
e /0 /X B+ 1) 195 Vo) B B 107 [,] (e, dy)as
X
< O3 n+1:- (3.32)

Let {f.}a>1 be an orthonormal basis of H”/272(R?). Using (L.3)), we have H/22(R?) <y g HETLI(RY). In
addition, by (T.13), H/272(R%) —ps. H1TLI1(RY). Then, by :3.30) and (3.32)), we obtain, since 8 > 3/4,

E[ sup | HH JQJQ] E[ sup z<fa,7lt } ZE[ sup (fa, m; >]
>1

telo,T te[0,T] t€[0,T]

t€[0,T] t€[0,T]

<QZ< {sup fa,Tt>]+E[ sup fa,@t D
C.

< CZ 1 fall3msrs + I fallFim + [ fall3ze1n) <
a>1

This concludes the proof of the lemma. O

The following result provides the regularity condition needed to prove that (") N>1 is relatively compact
in DR, H~Tothio(RY)).

Lemma 3.4. Let 5 > 3/4 and assume AT Let T > 0. Then, there exists C' > 0 such that for all 6 > 0
and 0 < r <t <T such thatt —r <4, one has

(3.33)

2 Né+1 1 1 1 Noé+1
E[Hngv_nm\ﬂ_m}gc[gu e L N+ (5 + ) Nzﬁ]
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Proof. Let 6 >0and 0 < r <t < T such that t —r <. Let f € ’HJQ’jQ(Rd). In the following, C' > 0 is
a constant independent of ¢,r,§, N, and f, which can change from one occurence to another. Again, we use
the decomposition n%V = TN + O, see (3.7). Using (3.13) and the Jensen’s inequality, one has:

) — e < <tr>/ /M\(y<o*<-,x>,uév>><w~w*c,x)x%!?ﬂds,dwds
t—r//X o). Y@ Vo 2), i) n(dz, dy)ds

w0 [ Jional VR = 091 o) i) w(a s

|Nt|—1
ENEAMY MY NV VP N S R
k=|Nr|
INt]-1 N
N1+25‘ S N vrwh)- } (3.34)
k=|Nr] i=1

We now study each term of the right-hand side of (3.34)). By (3.25)), we bound the first term in (3.34) as
follows:

t
2
Bl=r) [ [ 1=t )95 o), T (s, dn)as] < O e
X
Using ([3.26)), we bound the second term of (3.34)) as follows:
(== / | 1o TS o). i) e, dys] < 082 7By
XxY
Using (3.27)), we have the following bound on the third term of (3.34]):
t 2
B [ [ Jio o) VNG = @) (95 - Sou ) )| i, dy)ds] < ol
T X

In addition, we have, using (2.26)), (2.19)), and H%7(R4) < C272(R%) (see (1.6)),

LNtJ 1 ) |Nt]—1
NE[(f, M = MY = NE[| > (M) ] =N Y B[]
k=|Nr]| k=|Nr|
< ON(INt] = [NrDIf1200 /N? < CONS+ 1) fe /N, (335)

The fifth term of (3.34]) is bounded as follows using (3.29):
E[N|(£,VY) = (£, V) P] < 2NE[(F V)P + 2NE[VYS]P) < Cllf 30 /VN.

Let us consider the sixth term in the right-hand side of (3.34). By (2.9), (2.34)), and because H™7(R%) —
C?72(R%), we have that:

[Nt|—1 LNtJ 1
B[N S (N[ < v 1) DB [ R € ONVG + 12 s (/N + 1/N).
k=|Nr| k=|Nr]
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Let us consider the last term in the right-hand side of (3.34). Using (2.28) and (2.29)), we have:

1 INt|-1 N | WNU-1 N -
Elyim| L VA0 el ] = i O S BIVAWD -
kZI_N’I‘JZ 1 k:LNTJ 1=1
Cll I3

1
< N1+28 XC||f||3{L,wN(N5+1) = (NS +1).

N25

Let {fs}a>1 be an orthonormal basis of #”/272(R%). Gathering the previous bounds, we obtain, using

also (L.13),

E[HTiV - Ti\[”g{ﬁh 12 ZE D faaTN faaTN>‘ }

Né+1 1 1
N +ﬁ+(N(5+1) (N3

By (3.31)) and using the same arguments leading to (3.32)), we obtain for f € H/272(R%),

+ (3.36)

1 N+ 1
§0[52+ ) 0+ }

N48—1 N28

t
E[|(f.01) — (f,oM)%] < 05/ E [[IV 13000 107 155001 ] ds < COF 3510,

Considering an orthonormal basis of 7”2+2(R%), and using the fact that H/22(R%) <y 5. H1HI(RY), we
obtain E[||@) — 0¥ |2 H—in) < C6%. Combining this result with (3.36)), we obtain ([3.33]). This concludes the
proof of the lemma. ]

Now, we collect the results of Lemmata [3.3] and [3.4] to prove the following result.

Proposition 3.5. Let B > 3/4 and assume A7 Then, the sequence (n™V)n>1 is relatively compact in
DR, =00 (RA)).

Proof. We have H70~1J0(R?) <y g, H'272(RY) (by (1.13)). Using Markov’s inequality, Lemma [3.3| provides
item 1 in Proposition[A1] In addition, from Lemma item 2 in Proposition [A1]is satisfied. Consequently,
(n™V)n>1 is relatively compact in D(R., H~o+1hio(R%)). O

3.2 Relative compactness of (v NMY)y>; in D(R,, H 7070 (RY))

We begin this section with the compact containment condition on the sequence {t — vV NM},t € Ry} N>1
(see (2-4) and (Z3)).

Lemma 3.6. Let > 3/4 and assume A7l Then, for all T >0,

supE[ sup ”\/»MtNH’H*JlJI} < 00,
N>1 t€[0,T]

where we recall that Jy = 4[] + 6, and j1 = 3[4] + 4 (see ([.12)).
Proof. Let T > 0 and f € H’/*/1(R%). Then, according to (3.28) and because HX7(R?) — C272(R%) (see
indeed (1.6))), we have:

sup (£, VNMY)?] < CIlf gz

te[0,7)

The proof of the lemma is complete considering an orthonormal basis {f,}o>1 of H/171(RY) —»ys HEY(RY)
(see (1.13))). O
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Let us now turn to the regularity condition on the process {t — vV NMYN,t € Ry}n>1.

Lemma 3.7. Let § > 3/4 and assume A7, Fiz T > 0. Then, there exists C > 0 such that for all § > 0
and 0 <r <t <T such thatt —r <4, one has

2 Ni+1
Bl|vamy —vamy| | ]<c Rk
H=JI1:01 N
Proof. This lemma is a direct consequence of ([3.35) (which also holds for f € H7171(R?)) together with the
embedding H/171(R?) —y.g. HEY(RY) (see (1.13)). O

Proposition 3.8. Let 8 > 3/4 and assume [A1{A7. Then, the sequence {t — VNMN t € Ryl is
relatively compact in D(R.y, H~70J0(R%)).

Proof. Tt is a direct consequence of Proposition Lemmata [3.6] and together with the embedding
HIodo(RY) 5. HIIH(RY) (see (L13)). O

3.3 Regularity of the limit points
Lemma 3.9. Let 3 > 3/4 and assume A7, Then, for all T >0,

! E[ Y =0 [- '}:0- 3.37
N t:[%%} Hnt My HH Jo+1.j0 (3.37)

Moreover, any limit point of (n™)n>1 in D(Ry, H™70FTLio(R%)) belongs a.s. to C(Ry, H-/otLio(RY)).
Proof. Let T >0 and f € H70~1Jo(R%). We have (see (3.7)):

N N N N N N
sup | — My~ H?H—JO-HJO <2 sup [T} — Tt H’2H—Jo+17j0 +2 sup [|©; — Chs H’2H—Jo+1,jo'
t€[0,T] t€[0,T] t€[0,T]

Recall that a.s. @V € C(Ry,H~7o*+10(RY)) (see the line after (3.5)). In addition, by Theorem [1f and (T.13)),
i € C(Ry,H~Totlio(R)). Thus, a.s. for all t € Ry,

107 — OY ||34-s0+150 = 0.

On the other hand, from (3.13), t € [0,7] — (f,T) € R has | NT| discontinuities, located at the times
3. LN—NH For k € {1,...,|NT|}, its k-th discontinuity is vV NdI [f] (see (2:47)) and thus

sup (7,08 =00 = Nanax {|a2 [, 0 < b < INTJ}.
te|0,

From (2.51)) and the fact that HX7(R?) < C272(RY), we obtain

1 1 1 3
N _eNye] <oz, [ e L ,
E|:)§:[%%]<fa Tt Tt > ] = CHf”HL’Y[\/ﬁ_'_ NG :|

Using H70~170(RY) <5, HEY(R?) (see (1.13))), we deduce that

1 /1 1 3
N _ ~N 2 ) - - - £—28
E[tes[%%] s Tt*”%doﬂﬂ = C[\/ﬁ T\ ws T oyes T }

Because > 3/4, this ends the proof of (3.37). The second statement in Lemma follows from Proposi-
tion (3-37)), and [JS87, Condition 3.28 in Proposition 3.26]. The proof of Lemma is complete. O
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Lemma 3.10. Let § > 3/4 and assume A7 Then, for all T > 0:

. N N 12 _
NEIEOOEL:[%%] IVNMYN — VNMY ||H,J0,j0] = 0. (3.38)

Moreover, any limit point of {t — VNM}N t € R, } in D(Ry, H~ 7070 (R%)) belongs a.s. to C(Ry, H™/050(R%)).

Proof. Let T > 0 and f € #7070 (R%). The function t € [0,T] — (f,V/NM}) € R has | NT| discontinuities,
located at the times %, %, R U\][V—TJ For k € {1,...,|NT|}, its k-th discontinuity is equal to v/ N (f, M,?Ll)
Thus,

NMN —VNMN2 =N MN)2.
tes[lé%]<f,\ﬁ N —VNMY) 0<% 1 (s M)

Then, using (2.50) and because H7(R?) — C%72(R%) (see indeed (1.6)),

E[ sup (f,VNMY — VNMY)?] < C||f 220y /VN < ClIf |50 /VN. (3.39)

t€[0,7]
Considering an orthonormal basis of H7070 (R%) and H/ 070 (R?) sy s HXY(RY) (by (1.13)), we obtain

E| sup |[VNMY — VNMY |2 4| < C/VN,
t€[0,T]

for some C > 0 independent of N > 1 and f. This proves (3.38]). The second statement in Lemma
is a consequence of Proposition (3.38)), and condition 3.28 of [JS87, Proposition 3.26]. The proof of
Lemma [3.10] is complete. O

3.4 Convergence of (VNMY)y>; to a G-process

The aim of this section is to prove Proposition below which states that {t — VNM}N t € Ri}n>1
(see (2.4) and (2.6))) converges towards a G-process (see Definition [I)). To this end, we first show the conver-
gence of this process against test functions.

Proposition 3.11. Let 8 > 3/4 and assume A7l Then, for every f € HEHY(RY) the sequence {t
VN(f, MN),t € Ry}n>1 (see ([2.6)) converges in distribution in D(R,R) towards a process X/ € C(R4,R)

that has independent Gaussian increments. Moreover, for allt € Ry,
1 t
E[th] =0 and Var(th) = o’E [\B ’] / Var(Qs[f](z,y))ds,
00 0

where we recall Qs[f](x,y) = (y — (04 (-, ), fis) )V f - Vou (-, @), [is) (see Definition[1]).
Proof. Let f € HEH1L7(R?). Set for ease of notation

w[f] = VN(f, M),

To prove Proposition we apply the martingale central limit theorem [EK09, Theorem 7.1.4] to the
sequence {t — m[f],t € Ry }ny>1. To this end, let T > 0. Let us first show that Condition (a) in [EK09,
Theorem 7.1.4] holds. First of all, by [EK09, Remark 7.1.5] and (2:6), the covariation matrix of m{¥[f] is
alV[f] = NZ,E]iéJﬂ(f, M}Y)? and therefore a¥[f] — al'[f] > 0 if ¢ > s. On the other hand, by (3.39), we
have:

N“i“ooE[tSB% ) - Y || =o. (3.40)
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Thus Condition (a) in [EK09, Theorem 7.1.4] holds. Let us now prove the last required condition in [EK09,
Theorem 7.1.4], namely that for all ¢ € Ry, aMN[f] & ¢[f] where ¢ satisfies the assumptions of [EK09,
Theorem 7.1.1], i.e., t € Ry — ¢[f] continuous, ¢o[f] = 0, and ¢;[f] — ¢s[f] > 0 if ¢ > s. Recall the definition
of the o-algebra ]-',ﬁv in . Fort e Ry,

[Nt]-1 |Nt)—1
=N Z (LM FNT+N > (MY —E[(f, MY FY)) - (3.41)
k=0

We start by studying the first term in the right-hand side of (3.41)). Recall that (see ([2.25]))

QN[f]({L',y, (Wli)z) = (y - <0*(7x)7yl]cv>)<vf ’ va*('?£)?”ljfv>a
and set (see ([2.3))

QUAWD) = [ QI y, (Wpm(de,dy) = ~ (7, DY),

XxY

Using that (|Bgl, (2}, y0))n>1) AL Fi¥, and |Byg| AL (2}, y}))n>1 (see , and (Wl,...,WN) is FN-
measurable, it holds:

Blpe 2 (QUUAak ok (WD) — @VIvD) ) (1A o (W) — V1w ) |72

1<n<m<\Bk|

“Y 5 2 B[mn QNI (VD) - QAW

q>1 1<n<m<gq
(QN[f] (et i, (W) = QYW )|
“Y % 2 B[ QU (W) - Q1))

q>1 1<n<m<q

(Qk @Ry (i) = QVIA(wh)) )|
- Z Z 1|Bk\ ]

q>1 1<n<m=<q

[(QNm (i (b)) = QVIA((wh)o) ) (Q A1 i, (wh)i) — QY I1((wh)) )|
- Z Z E[1|Bk\ q]

q>1 1<n<m<q
x BQV I i () — Q) (wf o)
=0.

(wi)i=(W})
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where we have used at the two last equalities. We also have with the same arguments:

| By |

Bl pe p 2 [0 1 48) = Q¥ AW 7Y

=X ZE 1, =) B[ QY1) v, 7)) — QYA |

(wi)i=(W});

=17
=) DBl B [\QNm (bt V) = QYWD |
q>1 n=1 k)i= Wi
[|B J Vaur7T (z,vy, (W,g)l)) .

The notation Cov, means that we consider the expectation only w.r.t. (z,y) ~ 7 (see|A3]) . We then have,
for k > 0 (see (2.4)),

a2
E[<f,M,gv>2|f,gv]:mEHB1k| > Q) - QYD) [ 7]
(z,y)EBg
2 |Bk‘ _ . 2
- B[ 2 2 QUG a) = QW) 7]
042 1 .
> [ = |] Vary (QV[f](, 5, (W})2))

Then, one has:

|Nt| -1 N1 ka1 . |
N EAR = Y ) E[\B[] Vars (QV (), 5, (Wi )0))ds
k=0 k=0 ‘W [Ns]
_ 2 tE 1 Vv N Wi ¥
o | [‘BLNSJJ ate (QV /]2y, (Wi )i))ds
t 1 ;
—a? /LNNtJ E |:|‘BUVSJ|:| Var, (QN[f] (z,y, (WLst)i))dS' (3.42)

Using, Assumption [A7] a dominated convergence theorem, and the same arguments as those used in the
proof of Lemma we prove that for any sequence {t — m{¥,t € Ry }ny>1 € D(R4, H~ 7 (R?)) converging
to {t — my,t € Ry} € DRy, H LY (RY)), we have for all f € HETLY(RY) and t € Ry, as N — 400,

//XX)J [|BLN5JJ [( ~ (040, 2), NV - Vo), m)
[ ) TS T (s )| (s
Xx)Y

- / | E | [ 60 m 1 - T ) m

[ = W) m ) Vo)), dy)| (e, dy)ds.
XxY
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Recall that by Theorem |1 uV % i and i € C(R4, ™ “7(R%)). Therefore, using the continuous mapping
theorem, we have for all t € Ry and f € HEH(RY):

o | E[@;M] Var (@ [flGe. i Wiy J)ds 5 alf] = [ tE[‘BtOJVar(Qs[f]( y))ds.

Note that ¢ € Ry ~— ¢[f] is locally Lipschitz continuous since for all s € [0,7], Var(Qs[f](z,y)) <
C [y (yl? + D7(da, dy) | 113,241 SUPse(0,7) |2sll5,~z.,- Let us now consider the second term in the right-

hand side of (3.42]). By ([2.20)), Lemma and because H7(R%) — C272(RY) (see (1.6)), E[QN [f](z,y, (Wi):)?] <
C||f||§{Lﬁ. Consequently, it holds:

EHOP /;VN” E[ ! }vamr (QV[f(z, v, (WfNSJ)i))dsH SN

‘BLNSJ’ N—oo

We have thus shown that
|Nt)—1

NS BIMPRY e / | V@G s

At this point, the study of the first term in the right-hand side of (3.41)) is complete. It remains to study the
second term in the right-hand side of (3.41]). Using (2.49)), we obtain:

[Nt -1 [Nt]—1 )
NQEH > <f,M;iV>2—E[<f,MéV>2|fk]H N2y EH (f, M) _E[<f,M,§V>21f,§V]H
k=0 k=0
INt| -1
<ON* S EI(f, MY)] < ON?|flsany /N? = 0.
k=0

In conclusion, we have proved that for every ¢t € R,
aM[f] B [f] as N — 4o0. (3.43)

By [EK09, Theorem 7.1.4], the proof of Proposition is complete.
O

Proposition 3.12. Let 8 > 3/4 and assume |[A1{AT7| Consider a family F = {fo}ta>1 of elements of
HE+LIO(RY). Then, for k > 1, the sequence

{t = (VN{fi, M), ... VN(fi, M)t € Ry s

converges in distribution in D(Ry,RF) towards a process V;7 = {t — (V},..., V)T t € Ry} € C(Ry,RF)
with zero-mean and independent Gaussian increments (which is thus a martingale). In addition, for all
0<s<t,

00v<n,w>—a2E[‘Bw|] / Cov(Qulfi)(a,y), Qulfi)(x,y)dv, 1<ij<k. (3.44)

Notice that (3.44)) is exactly (1.14).

Proof. Set for ease of notation, .#N = (VN(fi, MN),....,v'N{(fr, M), t € R.. We have .Z} =
SINHTLEN where € = (VN(f1, MY), ..., VN{fr, MN))" (sce indeed (26)). From [EK09, Remark 7.1.5],
the covariation matrix of . is

|Nt]—1 1

LNtJf
%N[fla"'afk =N Z éq éq = Z (<flaMéV><fjuM(§V>)’L,j:1,,k
q=0



£t > s, we have o [f1,..., fi] = N[ 1, fi) = N LI €7€, > 0. By (340), Condition (a) in [EK09,

Theorem 7.1.4] is satisfied for .#Z”~. Secondly, condition (1.19) in [EK09, Theorem 7.1.4] is satisfied, using
the decomposition

|Nt|—1 LNtJ—ll
SN fr il =Ny MW MY) =N Y S (it £, M) = (fi M) = (f5, M)
q=0 q=0

_ %(agv it i) = o (] = ' [£3)
t 1
- “2/ " [|BJ Cov(Qulfil (. ), Qulfy] (@, 9))dv = (€2)s

It remains to check that € satisfies the assumptions of [EK09, Theorem 7.1.1]. Clearly €(0) = 0 and ¢ €
R, — €, is continuous. In addition, if 0 < s < ¢,

&r— e = ( [ B[] cov@uifilie . Qi)

i,j=1,...k
—a? [ B [B;] E[Z,(z, 9)27 (2, y)]do,

where Z,(z,y); = Qulfil(z,y) — E[Qu[fi](z,y)], i € {1,...,k}. Thus, € — &5 is symmetric and non negative
definite. The proof of Proposition [3.12] is complete. O

Proposition 3.13. Let 8 > 3/4 and assume that hold. Then, the sequence {t — VNMNt €
R }n>1 converges in distribution in D(Ry, H™ 7070 (RY)) to a G-process 9§ = {t — %,t € R} €
C(Ry,H~/0d0(R%)) (see Definition .

To prove Proposition we will prove that there is a unique limit point of the sequence {t VN MtN ,t €
R, }n>1 in DRy, H~ /090 (R%)) (recall that this sequence is relatively compact in this space, see Proposi-
tion , so that the whole sequence converges in distribution. Proposition will then imply that this
unique limit point is a G-process. Before, we need to introduce some definitions. For a family .% = {f,}a>1
of elements of H’070(R?), we define, for k > 1, the projection

7 D(Ry, H 00 (RY)) = DR, R)F, m— ((fr,m),..., (fe,m)T.

The function 7;” is continuous. In the following, J# = {hs}s>1 is an orthonormal basis of H”0/0(R9).
Let dr be a metric for the Skorohod topology on D(R;,R). Introduce the space D(R4,R)> defined
as the set of sequences taking values in D(R4+,R). We endow D(R4y,R)>™ with the metric p(u,v) =
Za>1 27%min(1, dr(ug,vq)). We consider on D(R4,R)> the topology associated with p. We have that
p(uN,u) — 0 if and only if dr(uY,us) — 0 for all a > 1. Notice with that with this metric p, D(R4,R)™ is
separable, since D(R4+,R) is separable [EK09, Theorem 3.5.6]. We now define the map

IT: D(RJr,H_JO’jO (Rd)) — D(R+, R)Oov m ((haa m>)£21.

This map is injective (because . is a basis of H”09(R?)) and continuous. The map IT depends on the
orthonormal basis # but, for ease of notation, we have omitted to write it. Finally, we introduce the
continuous function

Pk - D(R+’ R)OO - D(R+’ R)ka (ma)gZI = (ml, s 7mk)T'
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It holds
Wk%’p = p o IL.

We now introduce the set
C:={p;'(H), HeB(DR;R)"), k>1} c DR, R)>,

where B(D(R.;,R)¥) denotes the Borel o-algebra of D(R,,R)*. The continuity of p; implies that C C
B(D(R4+,R)*>). The following result shows that C is a separating class of (D(R4,R)*,B(D(R4,R)>)),
where we recall that this means by definition that two probability measures on B(D(R4,R)*) which agree
on C necessarily agree on B(D(R,R)>).

Lemma 3.14. The set C is a separating class of (D(R4,R)>, B(D(R4,R)*>)).

Proof. We recall that any subset of B(D(R4,R)*) which is a w-system (i.e. closed under finite intersection)
and which generates the o-algebra B(D(R4,R)®) is a separating class (see [Bil99, Page 9]). Let us first
prove that C is a 7m-system. Notice that it holds p; ' (H) = p,;j_l(H x D(R4+,R)). Thus, if A and A" € C
(write A = p, '(H) and A’ = p;,'(H’), and assume that k' > k), then AN A’ = p.,'((H x D(R4+,R)... x
DR, R))NH') € C. Consequently C is a w-system. It remains to show that the o-algebra generated by C is
equal to B(D(R4,R)>). To prove it, it is sufficient to prove that any open set of D(R,, R)* is a countable
union of sets in C. Introduce, for x € D(R4+,R)*>, k> 1 and € > 0,

Nie(z) :={y € D(R4,R)*; dr(zq,va) <€, 1 <a <k} CC. (3.45)

By straightforward arguments Ny (z) is open in (D(R4,R)>, p). Remark that for all y € Ny (), it holds
p(z,y) < e+27%. Given r > 0, choose € > 0 and k > 1 such that e+27% < 7. Then, N (z) C B,(z,r) where
By(x,r) is the open ball of center x and radius 7 for the metric p of D(R4,R)*°. The space D(R,R)> is
separable and we consider D a dense and countable subset of (D(R4,R)*, p). Let O be an open subset of
(D(R+,R)*>, p). We claim that

O = Np where Np := U Ni.e(z).

zeDNO, k>1
e€QNRY, Ny ((z)CO

We have Np C O. Let us now show that @ C Np. To this end, pick ¥y € O and rg > 0 such that
B,(y,70) C O. Choose ko > 1 such that
_ )
27k < 2
< 4
Consider, for n > 1, 2™ € D such that p(y,2") < 1/n. Choose n > 1 such that

ko
%+%<roand%<%.

") — 0 as n — +oo (by definition of p), we choose if necessary n > 1 larger so
that min(1, dg(ya, 7)) = dr(ya,2?) for all @ = 1,...,ko. Finally, choose €y, , = 2% /n € Q. We have for
all a = 1,..., ko, dr(2%,y,) < p(a™,y)2* < p(z™,y)2k < 2k /n = ¢, ,, so that y € Nig,epgn (™). It just
remains to check that Nko,eko,n (™) C O to ensure that Nkoﬁko,n (") C No. We have p(y, 2") < €gyn+2770 <
ro/4+ro/4 = ro/2 and thus Ny, ¢, . (2") C By(2",10/2). Since 1/n +1ro/2 < ro, by triangular inequality,
B,(z",1r9/2) C By(y,ro) C O. Thus, /\/’ko’ek(w (z™) C O, which proves that Nko,EkO,n (z™) C No. Consequently,
we have proved that y € Nko,EkO,n (") C No, and then that O C Np. Thus, O = Np. In conclusion, every
open set O is a countable union of sets of the form (3.45). This implies that o(C) = B(D(R4,R)>) and
therefore C is a separating class. O

Since for all a > 1, dg(yq, z}
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Proposition 3.15. Let P, Q be two probability measures on D(R.y, H~7090(R%)) such that Wk%P =7y 2Q for
all k> 1. Then, P = Q.

Proof. The equality w;ffP = 7y 7@ for all k > 1, writes py o IIP = p; o IIQ. By Lemma P = 11Q.
Since II is injective it admits a left inverse II!, and therefore P = Q. The proof is complete. O

We are now in position to prove Proposition |3.13

Proof of Proposition[3.13 By Proposition (VNMPYN)y>1 is relatively compact in D(R, H ™75 (R%)).
Let .#* be one of its limit point. Let us show that .Z™* is independent of the extracted subsequence, say of
N'. Since 77‘,?20 is continuous for all & > 1, the continuous mapping theorem implies that in D(R., R),

Wff(\/ﬁMN ) = W (///*) in distribution, as N’ — +o0.

For k > 1, introduce the following continuous and bijective mapping 2}, : D(R4,R*) — D(R,,R)* defined
by: m — (m-e1,...,m-ex)’, where {e1,...,e;} denotes the canonical basis of R¥. By Proposition
(applied with f, = hg, a € {1,...,k}) and since #7070 (R?) — HE+17(R?) (because Jy > L+ 1 and v > jo),
it holds in D(R, RF),

VE>1, 2, o 7 (VN'MN') = Y7 in distribution, as N’ — +o0.
Since 2, is continuous, one then has in D(R., R)¥,
VE > 1, 77 (VN'MN') = 2,(Y) in distribution, as N’ — +oc.

It follows that 7 (.#*) = 2;(Y,?) in distribution. By Proposition the distribution of .Z* is fully
determined by the collection of distributions of the processes LA A (), for k > 1. Thus, .#4* is independent of
the subsequence and therefore the whole sequence (v N M) y>; convergences to .#* in D(R., H~ 7070 (R%)).
By Lemma M€ C(R+ H~JoJo(RY)). Let us now consider a family .# = {fa}a>1 of elements of

HJO’jO(Rd) Slnce Py and w7 are continuous, and by Proposition one has that 2, o/ (#£*) =Y,7 €
C(R.,RF) in distribution. The proof of Proposition [3.13|is complete. O

3.5 Limit points of (n")y>1 and end of the proof of Theorem

3.5.1 On the limit points of the sequence (77N, \/]VMN)Nzl

Recall Jy > 6[47] + 10 and jo = [2] + 2 (see (L.11)).
Lemma 3.16. Assume A7 Then, the sequence (n))n>1 converges in distribution in H~Jot1Ldo(R?)
towards a variable vy which is the unique (in distribution) H~70T10(R?)-valued random variable such that

forallk>1and f1..., fr € HO7W0O(RY), ((f1,10), .., (fe, o)) ~ N(O,T(f1,..., fr)), where T(f1,..., fr)
is the covariance matriz of the vector (fi(Wg),..., fs(W)T.

Proof. The sequence (n))y>1 is tight in H~70+t1J0(RY). Let % = {f.}a>1 be a family of elements of
H7o~Ljo(R¥). Define, for k > 1, the projection

gzk? . H—Jo-i-l,jo(Rd) N Rk, m +—> (<f1,m>, ceey <fk7m>)

The map & is continuous. By the standard vectorial central limit theorem, for k& > 1, 27 (n)’) —
N(,T(f1,..., fr)) in distribution. In addition, we show with the same arguments as those used to prove
Lemma and Proposition that when .# is an orthonormal basis of H~/0+1J0(R%), the distribu-
tion of a H~Jo+1J0(R?)-valued random variable v is fully determined by the collection of the distributions
{27 (v),k > 1}. Hence, (n))n>1 has a unique limit point v in distribution which is the unique (in dis-
tribution) H~70+150 (R%)-valued random variable such that for all & > 1, 27 (1p) ~ N'(0,T(f1,..., fx)). In
particular, the whole sequence (név )n>1 converges in distribution towards vy. The proof of the lemma is
complete. O
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Set
& = DRy, H T (RY) x DRy, H™ /090 (RY)). (3.46)

According to Propositions and (™, VN M™) > is tight in &. Let (n*,%*) be one of its limit point

in &. Along some subsequence, it holds:
(™' VN MN') = (", 9%), as N — +oo0.
Considering the marginal distributions, and according to Lemmata [3.9] and [3.10] it holds a.s.
n* € C(Ry, H~7o+1io(RY)) and ¥* € C(Ry, H™ 7070 (RY)). (3.47)

By uniqueness of the limit in distribution, Lemma (together with the fact that the projection m €
D(Ry, H~oFtLio(RY)) s mg € H~/0FTLdo(R?) is continuous), and Proposition it also holds:

no = vp and ¥* = ¢ in distribution. (3.48)

Proposition 3.17. Let 5 > 3/4 and assume [A7| Then, n* is a weak solution of (L.15)) (see Definition[d)
with initial distribution vy (see Lemma .

Proof. Let us introduce, for ® € H~/0FtLio(RY), f € H0Jo(R?), and s > 0:
U@ = [ aly— (0., ) (VS Vo (), Dy, dy) (349
X
and

Vs[f(®) = /Xxy<0*(wﬂf),<1’><vf'VJ*(',w),Ms>7T(dw,dy)- (3.50)

By (2.8), item 2 in Theorem (1} and since Y = VN (u) — fi;) (see (I.10)), we have, for every N > 1 and
f c fHJo,jo (Rd) N /HL—i-l,'y(Rd)’

o) = (Fn8) —/0 (Us[f10") = Vs[1(n))ds — (f, VNMY) = =[], (3.51)

where

et D= \/>/ /XX)J ox(+,x ><Vf Vou.(, )név>7r(dx,dy)ds
[Nt]-1 VN INt|-1 N

—VN(EVY) = VN YR - s Z Zw W) -
k=0 i=

Let us mention that it will be clear from the rest of the proof that the operators Us[f], V[f], and el¥[f] are
well defined. Let f € H7070(R?) and ¢t € R be fixed.

Step 1. In this step we study the continuity of the mapping
t
Bt[f] me ,D(R-I-foit]OJrl’]D (Rd)) = <f7 mt) - / (Us[.f] (ms) - Vs[f](ms))ds €R.
0

Let (m")n>1 be a sequence in D(R, H~/0+140(R%)) converging to m € D(R,, H~Tothio(R%)). Recall
that sup,cy ||0«(, 2)|lg0-1.50 < +00 and sup,ey [low(-, 2)||yrr < +o00 (by and because jo > d/2 and
v > d/2). Then, for all N > 1 and s > 0, it holds:

(0~ (00 (o), BNV - T 2), )| < Clyl + supeio g s et |

X llze70.50 up sup 15 Ny 90410 < +00

>1s€[0,t
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and since f € H70d0(RY) «— HEHLY(RY),

(o 2),mE NV f - Vou(-, @), fis)| < Csup sup [[my | 3-s0+140
N>1s€[0,t]
X | fll3g0.90SuPse o, s llag-2.4 < F00,
for some C' > 0 independent of N > 1, f € ’HJO’jO(Rd), s >0, and (z,y) € X x Y. With these two upper
bounds, and using the same arguments as those used in the proof of Lemma one deduces that for all
continuity points ¢ € Ry of {t = my,t € Ry}, we have By[f](m) — B;[f](m) as N — +oc. Consequently,

using (3.47) and the continuous mapping theorem [Bil99, Theorem 2.7], for all f € H70J0(R?) and t € R,
it holds in distribution and as N’ — +o0:

Bif)™) = (fomg ) = (fVNMY) = Balf1(n*) = (f06) = (£, 47). (3.52)
Step 2. In this step we prove that for any t € R, and f € #7070 (R):
E[le)'[f]]] = 0 as N — +oc. (3.53)

By (3.23), we have since f € H70J0(R?) «— H2FTLi2(R?) (because Jo > Jo + 1 and jo > jo, see (1.11)

and >,

< OtV [z
(ox(y2), s )[(Vf-Vou N )|m(de,dy)ds| < ———=—"=E| sup
[ ] e DTS - Vo ), (e, dy) ] sup 115
CtHfHHJ2+1,j2
<——2———= 3 0as N — 4o0.
n vN

Using Lemma we also have since f € H70J0(RY) — C?72(RY),

[Nt|—1 [Nt]-1 N
B[VEGVY) -VE Y (R - S 2 2 VI Al] < s lens [
k=0

Nl N

The right-hand-side of the previous term goes to 0 as N — 400, since 8 > 3/4. This proves (3.53).

Step 3. End of the proof of Proposition [3.17] n By (3.52 -, -, and -, we deduce that for all f €
#7000 (RY) and t € RY, it holds a.s. Be[f](n*) — (f,n) — (f,9*) = 0. Since H’00(R?) and R, are

separable, we conclude by a continuity argument (as we did at the end of the proof of Proposition that
a.s. for all f € #7090 (R) and t € RY By[f](n*) — (f,n5) — (f,¥47) = 0. Hence, n* is a weak solution of (1.15)
(see Definition [2)) with initial distribution vy (see (3.48])). This ends the proof of Proposition O

+fN[—+ ! \/N}

Inspired by the proof of [DLR19, Corollary 5.7] (see also [KX04]), to end the proof of Theorem [2| we will
show that ([1.15)) has a unique strong solution. This is the purpose of the next section, where we also conclude
the proof of Theorem

3.5.2 Pathwise uniqueness

Proposition 3.18. Let 8 > 3/4 and assume A7l Then strong uniqueness holds for (1.15)), namely, on a
fized probability space, given a H~70+10(RY)-valued random variable v and a G-process 9 € C(R, H™/0:d0(R%)),
there exists at most one C(Ry, H™70+10(R?))-valued process n solution to (1.15)) with ng = v almost surely.
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Proof. By linearity of the involved operators in (T.15)), it is enough to consider a C(R.y, H /0130 (R%))-valued
process 7 solution to (I.15) when a.s. v =0 and & = 0, i.e., for every f € H/J0(R%) and t € R :

_Vs s ds = 07
<f7 770> = 0,
where U and V are defined respectwely in and . Pick T > 0. By (3.54)), a.s. for all f € H70J0(R%)
and t € [0,7], we have (f,n,)% = 2f0 — V [f]( s))(f,ns)ds. Recall supsefo,r) 1 sllp -2~ < 400

(because i € C(Ry,H 57 (RY)). Then, by Cauchy—Schwarz inequality, a.s. for all f € H70J0(R%) and
te[0,7T):

- [ V@ Fads <a [ (72 [ (@) (95 ol o), pe(de, g ds
0 0 XxY

t
<C [ [ + sl 1 s (3.55)

Let {fa}a>1 be an orthonormal basis of #7070 (R%). Using the operator T, : f € #7090 (RY) s Vf-Vo(-,z) €
HSo—1Jo(R?) defined for all z € X and Lemma we have a.s. for all t € [0,T7:

S [t ndas = [ [ = o) m) (U Tefosnd )t anjas

a>1 a>1

=[] e md e T sz, s
X><y

SC{A 17513, .50 5. (3.56)

Therefore, using the bounds (3.55) and ([3.56)), together with H7090(RY) g5, HET1Y(RY), we have a.s. for
all £ € [0,7:

t
2, a0 = S (farm)? < C /O 12212, s

a>1

By Gronwall’s lemma, a.s. ||7¢]|4-0.50 = 0 for all t € [0,T]. This concludes the proof of Proposition O

3.5.3 End of the proof of Theorem

Proof of Theorem[d. Let £ € {1,2} and N, be such that in distribution 7™¥¢ — 7 in D(R.y, H~/o+1do(R9))
(see Proposition . By Lemma a.s. nf € C(Ry,H~7ot1io(R)). Consider now (n°*,4%*) a limit point
of (nNZ, /Ny MNe )n,>1 in &. Up to extracting a subsequence from Ny, we assume that in distribution and
as Ny — 400,

(e, /Ny MNE) = ("%, 95%) in &.
Considering the marginal distributions, we then have by uniqueness of the limit in distribution, for £ = 1,2

(see also Proposition [3.13)):
n* =1t and ¥°* = ¢ in distribution. (3.57)

By Proposition n'* and n>* are two weak solutions of (1.15)) with initial distribution vg (see also

Lemma . Since strong uniqueness for (see Proposition implies weak uniqueness for ,
we deduce that n'* = n?* in distribution. By , this implies that n' = 7? in distribution and then,
that the whole sequence (n™V)y>1 converges in distribution in D(R,H~7+1J0(R%)). Denoting by n* its
limit, we have proved that n* has the same distribution as the unique weak solution n* of with initial
distribution 1. This concludes the proof of Theorem

O
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3.6 The case when § =3/4

In this section, we assume that d = 1. Recall f : 2 € R + |z|?, which belongs to H7J0(R) because
Jjo—2=3—-2>1/2 (see (L.11)).

Proof of Proposition[I.1. Assume 8 = 3/4. The proof of Proposition is divided into two steps.

Step 1. Let f € H70Jo(R?). When 8 = 3/4, it appears that for non affine test functions f, the term (f, RY)
is not negligible any more. In this step we simply rewrite by decomposing the term (f, R,]gv ) into two
terms: (f, RY) = (f,2ZN) + (f, BY) where (f,Z}) will be negligible and (f, %) will not be negligible.
More precisely, by and , it holds

N
1 . .
<f7 Rk > 2N Z(Wk-f—l Wk)Qf(Wk)
=1
i gl 2 —,
~ o Wiy 2 W) VweWhe) + | 107
=1 F (x,y)EBy,
= (f, %) + (f, B,
where
1 - ) 2 .
1 & .
N i
TN N Z N!Bk| ( yzg:B (?/ - QWk(x))VWU*(Wk, )N3/4 f//(Wk)
T, k
and

N
1 Z i 17t
<f7 c@]fﬁ\” = 2N5/2 |Ek‘2f”(Wk)‘
i=1

From (3.51)), one then has:
|Nt|—1

(foniV)y = (fomd') — /0 (U £10X) = V[ fl X )ds — (f, VNMY) = =&Y [f] + VN Z (f,2), (3.58)

where

. N T s
TR \F/ /M 0u(2) YW f - Vo (o), ) m(der, dy)d

[Nt]—1 N INt|-1 N
~VN(£.VY) - VN kZ (.20 le kz le Wi)e
=0 0 1=

Step 2. Let n be a limit point of (n")n>1 in D(Ry, H™ JOHJO(R)). Let N’ be such that in distribution
V' — n as N’ — 4o00. In this step, we pass to the limit in with the test funct1on fo:x € R |z|2

By Propositions [3.5 H and 3.8} the sequence (n™', v/ N/ MY’ )N/>1 is tlght in & (see (3.46)). Let (n*,%*) be one
of its limit point in &. Up to extracting a subsequence from N’, it holds:

(T]N/’ /N/MN/) N (n*’g*)’ as N/ N +OO
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Considering the marginal distributions, it holds in distribution,
n* =nand 9* =9 € C(Ry,H 09 (R)).

Introduce T(n*) C R4, whose complementary in R4 is at most countable, such that for all u € T(n*) ,
s € Ry — nf € H~/o+tLio(R) is a.s. continuous at u. Then, with the same arguments as those used to
derive (3.52)) and using also the fact that 0 € T(n*), one has for all t € T(n*) and in distribution,

Byl ™) = (fong") = (F VNMY) = Blf](n") = (f.05) = (£.%7) as N' > 400, (3.59)
Let us now deal with the two terms in the right-hand side of (3.58)). Using (2.9)), (2.10) and
i 1 2
B[ \ (v = o @) Vwo. (Wha)eh| | < 2B| = - | - ol (@) Viwou (Wi )| |
| Bk| | B|
(x,y)EBy, (z,y)eB
+2E “82 2]
1 2
< — <
< c[E[|B | > (P +1]<c

We now set f = fy. Then, we have E[|(f2, Z})|] < C(N2? + N~7/%). Using also the lines below (3.53) and
Lemma it holds:

E[[&)[f,][] < C[\/lﬁ N3/2<m+ Ni/4> +ﬁ] (3.60)

On the other hand, using and the law of large number, it holds a.s. as N — 400,

|Nt)—1 INt|—-1 N INt|]-1 N

VN Z {f2, Bt') 2N2 Z Z! W2 Z lekIQ—mE le1]?]. (3.61)

Therefore, using (3.59),(3.60) and (3.61)), it holds for all t € T(n*), a.s. By[fa](n*)—(f2, n5)—(f2,9) = tE[|1|?].
Let us show that for all t € Ry, a.s. By[fa](n*) — (fo, ) — (f2, %) = tE[|e}|?]. Consider ¢t € R, and take
tn, > t such that ¢, € T(n*) and ¢, — t as n — +oo. It holds (since N is countable) a.s. for all n,
By, [fo] (") — (fa,m5) — (f2, 9 ) = t,E[|e1|*]. By right—continuityﬁ of s € Ry — Bg[f2](n*) and continuity of
s+ (f2, 9*) we have that a.s. By[fa](n*) — (fa,n5) — (f2,%,") = tE[|e1|?]. By separability of R and the same
continuity arguments, it holds a.s. for all t € Ry, By[fa](n*) — (f2,n) — (f2,%4*) = tE[|e}|?]. The proof of
Proposition is complete. O
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‘For all m € DRy, H 70TH0(RY)) and f € HOIO(RY), t € Ry — By[f](m) is right-continuous. This is clear since
t — (f,m¢) is right-continuous, and because s — U,[f](ms) — Vs[f](ms) € Lig.(R+).
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A A note on relative compactness

In this section, we prove, in our Hilbert setting, that the condition (4.21) in [Kur75, Theorem (4.20)] can
be replaced by the slightly modified condition, namely the regularity condition of item 2 in Proposition
below.

In the following H; and Hsy are two Hilbert spaces (whose duals are respectively denoted by 7-[1_1 and
Hy') such that Hy —ps Ho.

Proposition A.1. Let (HN)NZI C D(R+,H51) be a sequence of processes satisfying the following two con-
ditions:

1. Compact containment condition : for every T > 0 and n > 0, there exists C > 0 such that

sup P(SuPte[O,T]”/iz]tVH?.t—l >C) <.
N>1 2

2. Regularity condition : for every 6 > 0, N > 1, 0 <t < T and 0 < u < (T —1t) A9, there exists
Fn(9) < oo such that

E [l — 1 13,1] < Fn (o),

with lim limsup Fy(d) = 0.
=0 N>1

Then, the sequence (u™N)n>1 C D(R, H ') is relatively compact.

Proof. To prove this result, we follow the proof of [Kur75, Theorem (4.20)]. More precisely, we show that the
assumptions of [Kur75, Theorem 1] are satisfied (namely conditions (4.2) and (4.3) there), when F = H "
there.

Step 1. The condition (4.2) in [Kur75, Theorem 1] is satisfied (when E = H;* there).

We have that H; is compactly embedded in Hy (since a Hilbert-Schmidt embedding is compact). By
Schauder’s theorem, H, * is compactly embedded in #; *. Thus, for all C' > 0, the set {¢ € H ', ||d>HH2—1 <C}

is compact. Therefore, the condition (4.2) in [Kur75| is satisfied.
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Step 2. The condition (4.3) in [Kur75, Theorem 1] is satisfied (when E = H; ' there).

By [Kur75, Lemma 4.4], {t — ¥, t € Ry }n>1 is relatively compact in D(Ry,H ") if for all € > 0, there
exists a tight sequence {t — pl <.t € R }n>1 C D(Ry,H;t) which is e-close to {t — u,t € Ri}n>1.
Following [Kur75], we define, for € > 0, the sequence {t — pui ©,t € Ri}n>1 C DRy, Hi') in D(Ry, Hyt)
of pure jump processes as follows. Let us first introduce, for N > 1 and € > 0, Tév ©:=0and, for k> 0:

N7 3 N7
7, C=1inf{t > 7.7 N — Mi\zquiiHH;l > e},

N N
e = supfe < 7l — il 2 e
Then we define, for € > 0,

MN’E ,uév for t 1<V %(siv;—i- TlN’E) N N
t T N 1 € € 1 € €
poxe for 5(sp " +707) << 5(spfy + 7y

We claim that for any € > 0, the sequence {t uiv .t € [0, T]} n>1 verifies condition (4.2) of [Kur75, Theorem
4.1] when E = ’Hl_l there. Indeed, by the discussion in the first step above, this follows from the compact
containment condition verified by {t ~— uM,t € Ry}y>1 in D(Ry,Hy ') (see item 1 in Proposition
together with the fact that sup,cg, | — /QN’EHH; < Cye, where the constant Cy > 0 is independent of N
and €.

It remains to prove that for any ¢ > 0, {t — ,uiv “,t € Ry }n>1 satisfies the condition (4.3) in [Kur7s,
Theorem 4.1] when E = H; ! there (so that it will be tight for each ¢ > 0). Since Hy ' < H[ ', it is enough
to show that for any £ > 0, {t — pu .t € R} y>1 satisfies the condition (4.3) in [Kur75, Theorem 4.1] when
E = Hy ! there. By [Kur75, Lemma 4.5] (and its note) and the construction of {t ,uiv’s,t € Ri}tn>, it
is sufficient to bound § — P(TIN’6 < ¢) and § — P(Té\;’i — s,iv’s < 0) by a function § — G%/(J) such that for

every € > 0,

lim limsup G%(d) = 0. (A.1)
0—0 N

Let us prove that we can indeed bound these two terms by such G%(9) satisfying (A.1). Recall that by item
2 in Proposition forevery 0 >0, N>1, 0<t<Tand 0 <u < (T —t)AJ,

B [ —#¥5;1] < F(@). with lim limsup Fi(5) = 0.

Now, introduce as in [Kur75], the distance r on H; ' defined by (', ¢?) = min(1, [|p* — 902””%;1)‘ We thus
have:

2
E [r (4 1i)’] < Fn(9), (A.2)
On the one hand, we have, for 0 < e < 1,
1
N, _ N N _ N N N N\2
P(r " <0) = P(HMTIN,EM — Ho ||7-[2—1 > 5) = P(T(MTIN,eMaMO ) > 5) < ?E[T(N’T{V&/\J?MO ) ] (A.3)
On the other hand, we have, for £k > 1 and 0 < e < 1,

N’ N’ N, N7
P(ryi—8, <0 <P(ry—7, <0)= P(T(“NN’SA(T;?’SH)’#]TVkN’E) > <)

Th+1
1 N N 2
S ?E[T(uﬂi\ii/\(‘r}i\he“i’&)?'LLT;?]’E) ] (A4)
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From (A.2)), and because the stopping times appearing in (|A.3]) and can be appr0x1mated by sequences
of decreasing discrete stopping times, we can indeed bound § +> P(Tl’E <¢) and § — P(7'kJrl — sk °<4) by

Fn(6) which satisfies (A.1]). Consequently, for each 0 < & < 1, the condition (4.3) in [Kur75, Theorem 4.1] is
satisfied for the sequence {t — uiv’e,t € R, }n>1 when E =M, ! there. We can thus apply [Kur75, Theorem
4.1] to {t — ui\]’e,t € Ry }y>1, which is therefore tight in D(R.y,H ') for each 0 < ¢ < 1. Using [Kur75,
Lemma 4.4] (with E = H; ' there), this concludes the proof of the lemma. O

B Technical lemmata

In this section we state and prove Lemma [B.I] Lemma [B.2] and Lemma [B:3]

Lemma B.1. Let f > 1/2 and assume A7l Recall H'171(RY) — HEY(RY) (see (1.13)). Then, for all
T > 0, there exists C > 0 such that for all f € H/V7(R?Y), N > 1, and t € [0,T)], it holds:

() B[St agr >¢N<f,M,§V>+4N<f,M,iV>2}scnfu;m.

] <GB

SV VW) €

i L iy . i

(i) E 1E 6 ]%/\1/:ﬁ<f Tk+1 >Zi]i1vf(wk)'5k+ﬁ
[ Nt|—1
(iii) B[S NI RYE] < ClfB e |3 + 5.

(i) B ST VLS, RM < CUfI3pen [T+ % + 5] + E[Jy (5, 12)%s).

N

(1) B |ZW” Ny, ) [f]—\/ﬁf$<f,réV>LéV[ﬂds@ < Ol

(vi) B[S0 Y 1£172] < ClA e

Proof. Let T > 0 and f € H’"/1(R?). In what follows, C > 0 is a constant, independent of N > 1,
t€[0,T], f,and k € {0,...,|NT| — 1} which can change from one occurence to another. We recall that for
N>1land k>1, FN is the o-algebra generated by (W)Y, B; and (e ) forj =0,...,k—1, and that
FV = a{(WHN,}, see (L.7). Recall also the definitions of M}’ and Rk. in and . 2.2) respectively, of al¥
and LN in (3.15)), and that for N>landte Ry, YN = \/N(ut — i) (see also (3-3)). We start by proving
itemin Lemma For all t € [0, 7], because for alla € N and b € {1,..., N}, Wé’ is FN-measurable and
el Ul FYN (see|A5) together with the fact that X? is F{¥-measurable (for all s > 0), one has using also (2.24)):

[Nt]-1 [Nt|—1
E| > T, L VRGN =N Y B[ — A M)
k= N Y
LNtJO_1
= E[(f,vi)E [(f, M) Fi'] ]
k=0
|N¢| -1
-N Y E[ i) [ka \fNH—o. (B.1)
k=0

By 19) E [(f, M})?] < C||f||3{Lﬁ/N2. Together with (B.I)), we deduce item
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Let us now prove item We have using that the £2’s are centered (see |A5)

N
B[(f. 1Y, ZVfWk k) = VB[(fnif) = (1) 3 VST -

—\FZE[ka —{f.n

On the other hand, using (2:29), HE7(R?) — C272(R?) (see (1.6)), and the same arguments as those used
in (2.30), it holds:

DIV - Blei] =o.

L
N

N N
B[ > VW) i) = YoB[VAWD) -€k’] < ONIflGans < CNIf I

This ends the proof of item Item is a direct consequence of (2.34) and H7(R?) — C272(RY).
Let us now prove item We have that

INt|-1 Nt |Nt| -1
ST WNILRY S Y TP Y N RNE, (B:2)
k=0 k=0 k=0
On the one hand, by item
|Nt| -1 5
1 N
B[ 3 NI AN < Ol [ + ] (B3
On the other hand, we have
Lve) |Nt]—1 N1kt
WA R D DI S B >, ()2 = (7. TY, )2 as
k=0 ~
LNtJ 1 k+1
< Z /k fTN — () ‘ds.
Let 0 < k < |[Nt| and s € (&, 1), We have
(T =0 ) = N () = (£ = (o) = ()]
= N[200,0) (i) = (1, 2))
() = (FAY)) () + () | (B.4)
It holds using and that | X [SE Xs| <C/N (by (3:4)):
1o, o _
[(f k) = (F i) = |5 D F(Xha) = (X))
i=1
L
— X, — XYIVAXY| +C) XL, — X VAf(tXe, + (1 —t) X!
< [0~ RUVFRY|+ OLRL — KU s [9710RE + (10K
C N . _
Nl!fl\cMzZ\X’%l*XélJrle;l X < HfllHLw- (B.5)

=1
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Going back to (B.4)), and using also (3.5)), we have:
) = (10| < Ol (1000 + ({7,250 + ()

)

N
flle2 i
< Ol e (11272 S0 4 i) 4 0 o).
=1
Therefore, using Lemma we have shown that
LNt [Nt]—1 ) |Nt|—1
Bl| [T oadas- Y Ui <> / (.09 = ey, 2 Jas
k=0 N
< CHfHW,
so that
|Nt|—1 1 LVt
B[ Y U] <t +B[ [ T n s,
k=0
On the other hand, using ([2.37), (3.5), and H%7(R?) — C?72(R%),
N
_ 1 i |2
E[(f,T))? < CN [E[(f,1ud)?] + E[(£.i))?] | < ON|If13ee + 7Bl D F(XD[]]
i=1
1N
< ON|IfI3as + B[ 1FED]]
i=1

< CN|fl3n-
Therefore, it holds: E[ [{xe (f, TN)2ds] < CIf1I3,z..- Hence,
N

|Nt]—1

B 3 U 1Y) < Ol + B[ [ (50

k=0

Item is then a consequence of (B.2)), (B.3), and .

Let us now prove item We have (see (3.15)))

[Nt]-1 L]I\:]tj
B[ Y (1 adln) - VA [ <f,T£V>LiV[f]dS]
k=0 0

|Nt)—1

=VN 3 / B[(1 £00 ) = () L2 as

Using (B.5| , for s € (% %) it holds:
- ) < ol
’<f7 k+l f7 ’ f}f? fﬂ%”_ \/N
and using (2.17), Lemma and HY7(RY) < €272(R?), one deduces that:
2
E[|L] < Clf g
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|Nt|—1

B[ S (1Y, f/ T flas| < VN 2/ c“fj@d S < Ol

In addition we have:

B[VA /H<f TOLX7i] < VN [ VR TOR] B

<Ol f13wn-
We have thus proved item
Finally,
[Nt]—1 tj 1 k+1 LNtJ 1
B[ 3 a7 = N ) / LY 7)as| <> / E[LY[f)2lds < Ol f 2.,
k=0
which proves item This ends the proof of the lemma. O

Lemma B.2. Let J > 1 and v > 0. For x € X, recall the definition of T, (see (3.20)), T, : f € H/V(RY) —
Vf-Vou(,r) € H/=V(RY). Then, there exists C > 0 such that for any ¥ € H=/H1Y(RY) and x € X,

(0, o3| < CIT NG (B.7)

This result is stronger than what one obtains with the Cauchy-Schwarz inequality. Indeed, the Cauchy-
Schwarz inequality only implies

{0 To Vg | < T M=24 T2 T ll3g-14 < ClIT Mg s [Tl 741
Let us mention that Lemma extends [SS20a, Lemma B.1] to the non compact and weighted case.

Proof. Let x € X and Y € H~/*17(RY) — H~/7(R?). By the Riesz representation theorem, there exists a
unique ¥ € H77(R?) such that,
(f:X) = (f, U)gyun, for f € HIT(RY).
We set F(Y) = W. The density of C°(R%) in H’7(R?) implies that {T € H~7(R?) : F(T) € C*(R%)} is
dense in H~/7(R%). It is thus sufficient to show (B.7) for Y such that ¥ = F(T) € C>*(R%). We have
(T, ToX) g0 = (U, T2Y) = (T, U0, T) = (T, 0, W)y (B.8)
Let us prove that [(T,¥,¥) ;.| < C’||\11H$_[M for U € C°(R%). By definition, we have

1

k k
(T, U, 0 Z/ D (VU (w) - Vo, (w,z)) DP¥(w)| x 1+’w‘%dw

k|<J
In the previous sum, the only terms involving derivatives of ¥ of order greater than J are the terms for which

|k| = J. Therefore, it is sufficient to only deal with such k. Pick a multi-index & such that |k| = J. For all
x € X, we have

dw d Dk\I'(w)
/R [PHTO (@) Vo (w, ) DM w)] x {7 = Ade(;aiW<w>3ia*<w’f>) “Tr ™
DM (w)

k .
= Z D (0 (w)0iow(w, x)) X 5w w
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Let us consider the case when i = 1 and k = (J,0...,0). The other cases can be treated similarly. For all
reX,

i D" (w) 1 FA\E)
RdD (01% (w)01o4(w, x)) X T |w|27 / 31 (01V(w)0104(w, ) X 14 [w] w
0{ U (w)
_ J+1 1A
= /. 01 T ¥ (w)0104(w, ) X 1T+ |w‘2vdw
J—1
J 1 J—j+1 M
2 (7) oot wm = ot P

(B.9)
Since o, and all its derivatives are bounded, one has:

()

Let us now deal with the first term in the right-hand side of . By Fubini’s theorem :

07 ¥ (w)

J+1 J—j+1
81 \II(U})al O'*(’U),x) X W

dw < O ¥y

o{ W (w)

J+1
/Rd 07 T U (w)0o4(w, x) X T ]w|27

/ / AT (2, w) 00w (2,0, ) ¥ Md duw'.
Rd-1 1+|(Z ’U))|2’Y

An integration by parts yields, for all w’ € R%!, using that ¥ is compactly supported,

J\If /
2/ai]H‘I’(Z,w')ala*(z,w’,J;)x O ¥(z,w)
R

1+ [(z,w)[2
Ohow(z, 0w, x oz, 0w x)
7 il J 1 ) )
= [|61 ‘P(Z’w/)|21+(zw)|27] / |0{ W (z,w")|?0, (1—|—|(zw’)|27 dz
2,_}/ 2 _ / 2"}/
:/ |8i7\IJ(z,w')|2>< 2yz|(z, w’)| 0o (z, W', 1) — O30 (z,w', 2) (1 + |(2,w)] )dz.
(14 |(z, w')[?)?

Therefore,

0 U (w)
J+1 i
‘/Rd 07 T W (w)0 o4 (w, x) X ] |w|2“fd ’

[ etwtene s 270z 0P 2000, (2w, ) — Bz, ', ) (1 + (2,0 )
Y (1 + Iz w272

dzdw’

J 2
< c/ / ﬁ"p 2w ||27 % dzdu! < C|T[2,..
Rd-1 Z w

To summarize, we have shown the existence of C' < oo (independent of ) such that for any ¥ € C*(RY),
[(TeW, W) 4] < C’||\IJH§_[M Consequently, by (B.§), (Y, T:Y)_s,| < CHTH%M. This completes the proof of

the lemma. O

Lemma B.3. Let N > 1 and f: Ry — R be a piecewise continuous function whose jumps occur only at the
times k/N, k > 1. Introduce the function g : R+ — R defined by, for allt >0, g(t) = ,ENEJ ! oy where for
all k>0, ay € R (recall the convention 3 ;2o = 0). Set fort >0,

- /0 f(s)ds and ¥(t) = F(t) + g(2).
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Then, for allt > 0,
|Nt)— |Nt)—1

= [ vt 3 ez 3 oS (o) -o(3))

=0

Proof. For all k > 0 and t € [% %), it holds (t)? — 9( % f;c YP'(s)ip(s)ds. Letting t — @ , we
obtain -
k4 17y2 I o
o(m ) —u(5) =2 /]@ W' (s)(s)ds. (B.10)
Since F is continuous and by definition of g, it holds ¢(& )2 = (F(5H) + g(£))%. Hence,

o ) o) =) R () ) () - F(R))
Therefore, reads (using also that ¢/(s) = 0 for all s € (£, &t

N )
P ) () () () =2, s

Now, for all ¢ > 0, denoting k = | Nt],

2 [ lsputonis = Z / Fpnts +2 [ fisyuis)as
N\ 2

=].=0F<j;1>2—F<fv> ) () ool
(SO () o)
(B S ) o) () ()

Hence,

v =2 [ sisa(§) -2 r (5 () ~ol3)

Using that g(0) = 0, one can write g(£)% = Z o lok)? + 22?;5 (g(%) — g(%)) (%) This yields,
. 1

1

=2 [ swtns S +2 3 (F(5) +0(3)) (o(5) ~o(3))
—2/0 st s St 12 o ()05 o)

which is the desired formula. O
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Remark 5. Notice by Lemma and [2.9) (with m = 4 there), if cy, = o + o + i + a, it holds

4 |Nt]-1 4 |Nt]-1

2§2/0 F(s)i( ds+4; Z: Iakl2+2; Z: O‘W(Hl )
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