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LOCAL EXACT CONTROLLABILITY TO THE STEADY STATES OF A
PARABOLIC SYSTEM WITH COUPLED NONLINEAR BOUNDARY CONDITIONS

KUNTAL BHANDARI* AND FRANCK BOYER'

Abstract. In this article, we study the boundary local exact controllability to any steady state of a one-dimensional
parabolic system with coupled nonlinear boundary conditions by means of only one control. The significant point is
that the state components are interacting only at the boundary points in terms of some nonlinear terms. We consider
two cases : either the control function is acting through a mized nonlinear boundary condition on the first component
or through a Neumann condition on the second component. The results are slightly different in the two cases.

To study this problem, we first consider the associated linearized systems around the given steady state. The method
of moments let us to prove its controllability and to obtain a suitable estimate of the control cost of the form Me™M/T.
To this end, we need to develop a precise spectral analysis of a non self-adjoint operator.

Thanks to those preliminary results, we can use the source term method developed in [29], followed by the Banach
fixed point argument, to obtain the small-time local boundary exact controllability to the steady state for the original
system.

Key words. Parabolic systems, boundary controllability, method of moments, source term method, fixed-point
argument.

AMS subject classifications. 35K20 - 35K58 - 93B05 - 93B60.

1. Introduction.

1.1. The system under study. This paper is concerned with the local exact controllability to
the equilibrium states of some 2 x 2 parabolic system by means of only one boundary control where
the state components are only coupled through nonlinear boundary conditions. More precisely, we
consider the following parabolic system (without any control for the moment), given by

Opz1 — 0221 + 121 =0 in (0,7) x (0,1
Orzg — 0229 + gz =0 in (0,7) x (0,1
(1.1)
(0,1
(0,1

21(0,+) = 20,1 in

ZQ(Oa ) = 20,2 in

with the boundary conditions given by

(12) 0:21(,1) =0 in (0,7),
' Op22(-,1) — fr(z1(-1)) =0  in (0,7),

at the right boundary point and

(13) Op21(+,0) + fe(z2(-,0)) =0 in (0,T),
' D222(-,0) =0 in (0,7,

at the left boundary point, where f;, f, are some nonlinear functions, oy, as € R are some parameters
and zo := (20,1, 20.2) € (L?(0,1))? is the given initial data.
Our main assumption concerning f; and f, is

(1.4) fe, fr € WH=(R).

Such systems with boundary interactions appear in several biological or chemical models. A prototype
of system (1.1)-(1.2)—(1.3) has been considered for instance in [33] where the authors studied the
equilibrium states and oscillations of localized two-enzyme kinetics. In their work, the states z; and
zo represent the concentrations of the effectors of two enzymes localized at x = 0 and = = 1 affecting
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each other only through the end points, and in that work, the authors consider some particular type
of nonlinear functions fy, f,. according to the role of the enzymes (activation/ inhibition) such as
§2 2

activation) or s+~ _r inhibition),
2

1.5 S A
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where v > 0 is a fixed parameter. For more details, we refer to [33, Sections 1 & 2].
We consider now a steady-state z* := (27, 23) € (L%(0,1))? for the system (1.1)—(1.2)—(1.3) that
will be fixed all along this work. We will assume that

(1.6) Be = f1(235(0)) #0, and B, := f(21(1)) # 0.

REMARK 1.1. A simple computation helps us to find the steady state of the system (1.1)—(1.2)-
(1.3); namely

21 (x) = ay cosh(\/ai(1 —z)), VYV €]0,1],
25(x) = ag cosh(y/ag z), Vx €[0,1],

where ay and as satisfy

azy/ag sinh(y/az) = fr(a1),
ary/ay sinh(yar) = fi(az).

Depending on the particular forms of fo and f. and the values of ay, s, it may exist one or many
solutions (a1,a2) to this nonlinear system, each of them leading to a steady-state of our parabolic
problem, as discussed for instance in [33].

In system (1.1)—(1.2)—(1.3), we observe that the coupling between the two components only occurs
at the boundary points since there is no internal coupling in the system. The main mathematical
challenge that we will deal with, is to analyse the controllability of such system by only one boundary
control.

Main goal. In this paper, we are going to study the controllability properties of the system
(1.1)-(1.2) by a single boundary control v : (0,7) — R acting at the left boundary point either in the
case

(1.8)

89021('7 0) + f@(ZQ('a 0)) =0
By20(,0) =0  in (0,7),

or in the case

(1.9) {5x21('70)+fe(22(-,0)) 0 in (0,7),

0:22(-,0) = v in (0,7).

To be more precise, we look for a control v € L?(0,T') acting through the boundary condition (1.8)
or (1.9), such that both components can be driven to the steady state z* := (27, 23) (at least locally,
that is if the initial data is close enough from z*) at any given time T > 0, that is to say,

1.2. Bibliographic comments and motivations. The controllability of a system of partial
differential equations with less number of control(s) than equations is gaining genuine interests to the
control community. In light of this, we first refer some pioneer works. The authors in [3,4] established
some generalized Kalman rank conditions which are necessary and sufficient for the distributed null-
controllability of a class of linear parabolic systems. The boundary controllability of such system
is much more intricate and most of the results are restricted to the 1-D case since the very powerful
Carleman technique is often inefficient in this context. Indeed, the boundary controllability of a system
of PDEs when there is less controls than equations, is no more equivalent to the distributed one unlike
the scalar case, see for instance [19]. The authors in [19] also proved a necessary and sufficient condition
for the boundary null-controllability of a 2 x 2 coupled parabolic system with a scalar Dirichlet control.
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A generalization of this result for the system of n parabolic equations with m < n controls has been
achieved in [5]. In the multi-dimensional case, we quote [2,8], where controllability results are obtained
in particular cylindrical geometries by exploiting on the one hand a sharp estimate of the control for
the associated 1D problem and on the other hand spectral Lebeau-Robbiano inequalities ( [27]) for any
space dimensions, see also the discussion in [9, Section 2.4.2]. We also mention [1] where symmetric
parabolic coupled systems are analyzed in any dimension, provided that the control region satisfies the
Geometric Control Condition (GCC).

The above cases mainly dealt with internal coupling. Concerning the controllability with boundary
coupling, we mention the book [14] and the survey paper [6] where the authors studied the control-
lability of some wave, heat and Schrodinger systems on metric graphs. We also refer to [10] where
the boundary null-controllability of some coupled parabolic systems has been addressed where the
boundary coupling is chosen by means of a Kirchhoff-type condition. In most of the known cases,
the boundary conditions are linearly posed. Thus, dealing with the systems (1.1)—(1.2)—(1.8)/(1.9) is
naturally more interesting since the concerned boundary couplings are nonlinear.

In the context of controllability of nonlinear systems, we mention first [21, Chapter I, Sec. 4]
by Fursikov and Imanuvilov where a small-time local null-controllability of semilinear heat equations
has been proved using a perturbation argument. In 2000, Barbu [7], and independently Ferndndez-
Cara and Zuazua [20], proved the small-time global null-controllability of semilinear heat equation
where the growth of nonlinearitics is slower than |s|In*?(1 + |s|). In fact, the large-time global null-
controllability of semilinear heat equations has recently been obtained in [26] for nonlinearities F' such
that s — F(s)/(]s|In"(1 + |s])) tends to zero at +oo for some o > 0, with either F(s) > 0 for
s>0or F(s) <0fors<0and1/F € L'([0,+00)). Furthermore, in the context of controllability for
evolutionary systems with nonlinear (interior) couplings, we mention, for instance, the works [12,24,25].

In the present work, we deal with the controllability of the concerned models (1.1)—(1.2)—(1.8)/(1.9)
where the couplings arise on the boundary points in terms of the nonlinear functions (1.4) verifying
(1.6).

1.3. Auxiliary control problems. We shall first make a change of unknowns to transform our
control problem into a null-control problem, and then write its linearization around zero.
To this end, we introduce the following functions, that depend on the considered steady state z*:

Fr(s) = fr(s+21(1) = [r(21(1), VseR,
Fols) := fols +25(0) — fu(z5(0)). VseR
Since z* is a steady state solution of our uncontrolled system, we see that the study of the afore-

mentioned local exact controllability problem is equivalent to the following local null-controllability
problem for the new unknown y = z — z*,

Oy —oyr +onyr =0 in (0,7) x (0,1),
(1.10) Oy — 8§y2 + agys =0 in (0,7) x (0,1),
y1(0,-) =yo,1 in (0,1),
y2(0,-) = yo,2 in (0,1),
1) { ~3zy1('a 1)=0 i (0,7),
any('vl)_fr(yl('al)) =0 in (0,7,

with a control acting either through the mixed condition

(1.12) 0091 (-, 0) + fe(ya(-,00) =v  in (0,7),
. dyy2(-,0)=0  in (0,T),

or, through the Neumann condition of ysa,

(1.13) 021 (-,0) + fe(y2(-,0) =0  in (0,T),
| Dup(-0)=v  in (0,T),
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where the initial data yo := (yo,1,yo,2) is simply defined by yo1 = 20,1 — 2} and yo.2 = 20,2 — #5.
If we linearize the nonlinear systems (1.10)—(1.11)—(1.12)/(1.13) around 0, we obtain the same set
of linear PDEs (1.10) along with the linearized boundary conditions

39@3/1('7 1) =0 in (OaT)v
Ozy2(+,1) — Bryr(-,1) =0 in (0,7),

at the right boundary and one of the following two situations on the left boundary: either

(1.14)

Oxy1(+,0) + Bey2(-,0) = v in (0,7),
(115) { Oea(-,0) =0 in (0,7),
amyl('a 0) + ﬂ@yQ('»O) =0 in (07T)a
(1.16) { duy2(-,0) =v in (0,7).

We recall that the parameters 8y and 3, have been introduced in (1.6). They only depends on fy, f,
and z* and are assumed to be non zero as mentioned in (1.6).
The study of this linear system will be central in this paper.

1.4. Main results. Let us state the main result concerning our nonlinear systems. We will set
X = (L*(0,1))2

THEOREM 1.2. Let fy, f, satisfying (1.4) and z* € X be a steady state of the system (1.1)—(1.2)-
(1.3), that satisfies (1.6).
Then, we have the following local controllability results.

1. The system (1.1)—(1.2)—(1.8) is small time locally exact controllable to the equilibrium, that is
to say, for any given time T > 0, there is a 6 > 0 such that for any initial data zy € X with
llz0 — 2*||x < &, there exists a control v € L?(0,T) such that the associated solution z satisfies
2(T) = z*.

2. There exists a non-empty discrete set R C R such that if BefS, ¢ R, then the system (1.1)-
(1.2)~(1.9) is also small time locally exact controllable to the equilibrium.

The set R will be explicitly specified later, namely in Lemma 4.1.

As we discussed earlier, the proof of Theorem 1.2 is equivalent to prove a local null-controllability
result for the systems (1.10)—(1.11)—(1.12)/(1.13), and the first step in the analysis of the nonlinear
systems is the study of the linearized systems (1.10)—(1.14)—(1.15)/(1.16). More precisely, we shall first
prove the following theorem.

THEOREM 1.3. Let ay, aa, By, Br € R with GBS, # 0.

1. For any initial data yo € X, and any time T > 0, there exists a control v € L?(0,T) such that
the solution of (1.10)—(1.14)—(1.15) satisfies y(T') = 0.

2. There exists a non-empty discrete set R C R such that if B8, ¢ R, then for any initial
data yo € X, and any time T > 0, there is a control v € L*(0,T) such that the solution of
(1.10)—(1.14)~(1.16) satisfies y(T)) = 0.

In both cases, the control can be chosen to satisfy the following estimate

(1.17) [0l 20y < Me™ T lyo]l x,

where the constant M > 0 neither depend on T nor on yg but may depend on aq,as, Bp and B

Outline of the paper. The paper is organized as follows.

— Section 2 is devoted to study the well-posedness results of the linearized control systems
(1.10)—(1.14)—(1.15)/(1.16) by virtue of transposition method. Moreover, we formulate the
null-control problems for the concerned models.

— The global boundary null-controllability results of the associated linear models is established in
Section 4 using the so-called method of moments. To this end, we develop a concrete spectral
analysis of the adjoint operator (which is non-self-adjoint) to the corresponding linear control
systems, and this is described in Section 3.

A proper estimate of the linear control cost (precisely Me™/™|jyo||x) is proved in subsection
4.4 which is crucial to deduce the controllability results for the non-linear models.
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— In Section 5, we prove the local null-controllability results for the systems (1.10)—(1.11)-
(1.12)/(1.13).
To do so, we apply the source term method introduced in [29]; more precisely, we prove
the null-controllability of our linearized models with additional boundary terms in L?(0,7)
(exponentially decreasing while ¢ — T) on the boundary points where the non-linearities
appear. Then, we use the Banach fixed-point argument to obtain the local (boundary) null-
controllability for the concerned non-linear models.

— We conclude our paper by mentioning several remarks in Section 6 and finally in Appendix A,
we present the proofs of some technical lemmas which are useful for our spectral study.

Notations. Throughout the paper, C' > 0 denotes a generic constant that may vary line to line
and may depend on «aq, as, B¢, B but neither depend on T nor on the initial data yy. By the notation

() =002(),
for some functions 71,2, we mean
1) < Cly2(+)], for some constant C := C(aq, &z, B, Br)-

The set of all non-zero real numbers is denoted by R*. For any z € C, the real and complex parts are
denoted by Rez and Im z respectively. Moreover, in the whole paper we denote by /- the principal
determination of the square root in the complex plane.

2. Well-posedness and formulation of the control problems. In this section, we shall
discuss about the existence of the weak solutions to our linearized systems and formulate the associated
null-control problems.

2.1. Existence of the semigroup. As mentioned before, we will work in the Hilbert space
X = (L?(0,1))%. We introduce the following elliptic operator A associated to the system (1.10)—(1.14)
with (1.15) or (1.16),

- —82 + aq 0
(21) A B ( 0 —692; + 042> ’

with its domain

D(A) == {¢ = (¢1,02) € (H*(0,1))* [ ¢1(0) + Becp=(0) = 0, ¢5(0) = 0,
(2.2)

$1(1) =0, ¢h(1) — By (1) = 0}.

It is clear that (A, D(A)) is a non-self-adjoint operator due to the presence of such coupled boundary
conditions. More precisely, we find that, the adjoint operator A* of A has the same formal expression
as (2.1), yet with a different domain given by

D(A*) = {u = (u1,uz) € (H?(0,1))% | u}(0) = 0, u5(0) + Beus (0) = 0,
(2.3)
uy (1) = Bruz(1) =0, uh(1) = 0}.

PROPOSITION 2.1. The operator (—A*, D(A*)) defined by (2.1)~(2.3), generates an analytic semi-
group in X, denoted by (e*tA*)Do.
A similar proof shows that the same property holds true for the operator (—A, D(A)) defined in
(2.1)-(2.2).

Proof. We consider the following densely defined sesquilinear form h; for all u := (u,us), ¥ :=

(1111’ 1/)2) € (HI(O’ 1))27

) = | (T + oy (0T ) e+ / * (o0 @) + 2100200

= Beu1(0)12(0) — Bruz (1)1 (1).
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It is clear that h is continuous in (H*(0,1))? and moreover, we have
|h(u, V)| < &llull (0,02 191l (22 0,1))2

where k > 0 depends on the parameters a;, as, 8, and 3,.. Denote by (.Z, D(ﬁ)) the operator associated
with the form h, which is by definition given by

D(A) = {ue (HY(0,1))? | Fwe X st. hlu,v) = (w,v)x, Ve (H'(0,1)?},
Au:=w e X.
Since any u € (H'(0,1))? satisfies
Re (h(u,u)) 2 1 flullfgo,1)) — ollulk,

for some constants x1, k2 > 0, we know by [31, Proposition 1.51 and Theorem 1.52] that -y generates
an analytic semigroup in X of angle 7/2 — arctan k for some x > 0.
It remains to prove that (A, D(A)) is indeed equal to (A*, D(A*)).
e First, we fix some u := (uy,uz) € D(A*). Then for all ¢ := (11,2) € (H'(0,1))?, we have
1

) = [ (s I + ) o+ [ (s () + a0 o
— Brur(0)92(0) — Brua(1)¢ (1)

1

:/01 ( —uy(z) + 041U1(9€)>1/J1( )dz + / ( —ull(z) + azuz(m))de
=(A"u,v),

where we performed an integration by parts using the boundary conditions satisfied by u €
D(A*). Thus, for the chosen u € D(A*), there is a w = A*u € X such that h(u, ) = (w,¥)x,
for all ¢ € (H'(0,1))2, which concludes the inclusion D(A*) C D(A) and the fact that A = A*
on D(A*).
e Conversely, let u € D(A). By definition, there exists some w € X such that h(u, ) = (w,1)x
with Au = w, for all ¢ € (H*(0,1))2, and accordingly
1

[ (I 4 a5+ [ (s a0 + a5 i

1
= B (0)3200) — a1 (D) = [ (w1 (@)rT@) + wa(a)a(a)) do
0
In particular, by considering any 1 = (11,0) € (Hg(0,1))?, then ¢ = (0,12) € (H}(0,1))? we
conclude that
wy = —uy + oquy,
Wo = fug —+ oo,

In particular, since w; € L?(0,1) (i = 1,2), we have u1,us € H?(0,1) and thus an integration
by parts yields

/0 ( —uf(z) + ozlul(z:)>1/)1(as) dx + / ( —ub(z) + aqu(x))wg(x) dz
= Beur (0)92(0) — Bruz(1)¢h1 (1) + uy (141 (1) — uy (0 )m( ) + uy(1)¢h2(1) — up(0)¢2(0)

for all ¢ € (H'(0,1))2. We eventually obtain
u1(0) =0, uh(0) + Beui(0) =0,
uy(1) =0, ui(1) — Brua(1) = 0.

which are exactly the boundary conditions of an element of D(A*) and thus D(A) C D(A*).
The proof is complete. 0
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2.2. The backward in time adjoint system. The adjoint problem (backward in time) of our
control systems (1.10)—(1.14) with (1.15) or (1.16) is

—Oqy — 02q1 +orqn = w1 in (0,7) x (0,1),

—0iqo — 03q2 + aagz = Wy in (0,T) x (0,1),

9:q1(-,0) =0 in (0,7),

(2.4) 02q2(+,0) + Beqr(-,0) = 0 in (0,7),
0zq1(-,1) = Brg2(-,1) =0 in (0,7),

92q2(+,1) =0 in (0,7),

a(T,") =G in (0,1),

a(T,) = ¢ in (0,1),

where w := (wy,ws) € L?(0,T; X) is some given right hand side and ¢ = ({1, (2) a final data.

PROPOSITION 2.2. For any given ( € X and w € L?(0,T; X), there exists a unique weak solution
q = (q1,q2) € C°([0,T); X) N L2(0,T; (H'(0,1))?) to (2.4) that satisfies the following energy estimate

llallcoqo,ry:x) + lall 20,758 0,1))2) + 19eall 20,7551 (0,1))2) < 06CT(HCHX + @] L2(0,7:) )
where the constant C' > 0 does not depend on T > 0.

Proof. We just give a short sketch of the proof. For ¢ € D(A*) and w € C1([0,7T]; X) we indeed
have the existence of a strong solution ¢ € C'([0,T]; X) N C°([0,T]; D(A*)) to (2.4). It remains to
prove claimed the estimate to obtain the result by the usual density argument.

Let us test the first and second equation of (2.4) by ¢; and go respectively, which provides

1d

(2.5) ~3q

—la®l% + 10:a)% + arllar@®)lZ2(0,1) + 2llaz(®)l|72(0,1)

+ Beqi(t,0)q2(t,0) — Brq1(t, 1)g2(t,1) < = (o) % + lla®)]1%) -

N |

Using the following trace inequality

6(0)] +16(D] < 201l 7011617 0.00: Y6 € H(0, 1),

we get from (2.5) that

2dltllq( Wi+ laO e 0.1)2 < Cella@®liFm0,0))2 + Cella®lx + @B,

for some constant C' > 0 that does not depend on e.
Choosing a fixed and small enough € > 0 and by using Gronwall’s lemma we deduce that

lalZoqo.zx) < Ce°T (IS + 18132070 ) -

The other estimates can be proved in a standard fashion, more details can be found in [28, Chapter 4]

(see also [16, Chapter 7]). 0
2.3. A non homogeneous forward system. Let us consider the following non homogeneous
system
Oy — 02y +aqyr = Fy in (0,T) x (0,1),
Oys — oys + aya = F» in (0,7) x (0,1),
02y1(+,0) + Bey2(+,0) = Gy in (0,7),
20 0.11(-0) = G in (0.7),
Oayn (1) = Gs in (0,7),
92y2(+,1) = Bryn (1) = Gy in (0,7),
y1(0,-) = o, in (0,1),
y2(0,-) = o, in (0,1),
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where Fy, Fy € L?(0,T;L*(0,1)) and G, € L*(0,T;R) for j = 1,2,3,4.

Recall that the adjoint operator (—A*, D(A*)) given by (2.1)—(2.3), defines an analytic semigroup
in X, thanks to Proposition 2.1. Therefore, the existence of a unique weak solution to (2.6) can be
shown using the method of transposition; see [13,34]. More precisely, we test the PDEs in (2.6) against
the solution ¢ to the adjoint system (2.4) with @y = ws = 0. We express this below.

THEOREM 2.3. For any given yo = (yo.1,%.2) € X, F = (F1,F») € L*(0,T;X) and G =
(G1,Go,G3,Gy4) € L*(0,T;RY), there exists a unique weak solution y to (2.6) belonging to the space
Co([0,T); X) N L2(0,T; (H(0,1))?) in the following sense: for any t € [0,T] and ¢ == ((1,(2) € X, we
have

(¥(®),¢) x = o, e Ox +/0 (F(s),e”=47¢)  ds

G0 o] ) e [((E) ()

Moreover, we have
lyllcoo,r:x) + 1wl 220,501 0,1))2) + 19eyl L2 0,71 (0,1))2)
< Ce“T (lyollx + IF |2 0,mx) + Gl 20,7549 -

2.4. The control problems. First, observe that the existence of a unique weak solutions to our
control systems (1.10)—(1.14) with (1.15) or (1.16) is clear from Theorem 2.3. Now, let us prescribe
the formulation of the control problems in both cases. We hereby introduce the observation operators
Bt and B} associated with the control problems (2.8) and (2.9) respectively as follows,

(2.72) Bf =10 (1 0):(H'(0,1))*> =R,
(2.7b) By =1y (0 1):(H'(0,1))> = R.

PROPOSITION 2.4. Let any yo € X, (a1,a2) € R? and T > 0 be given, and assume that B¢B, # 0.
1. A function v € L?(0,T) is a null-control for the system (1.10) with the boundary conditions
(1.14)—(1.15) if and only if it satisfies: for any ¢ € X,

T
(23) (e T4 ) = [ wlt) Bre 04 ¢,
0

2. A function v € L?(0,T) is a null-control for the system (1.10) with the boundary conditions
(1.14)—(1.16) if and only if it satisfies: for any ¢ € X,

T
(2.9) (vo, efTA*C)X = / o(t) Bye T=DA ¢ dt.
0
3. Spectral analysis. Let us write the eigenvalue problem A*u = Au, for A € C as follows
—Ulll + ajup = )\U1 in (O, 1),
—ul + agus = Aug in (0,1),

(3.1) u;(0) =0, uh(0) + Byua(0) =0,
=0.

ull(l) - ﬂrUQ(l) = Oa ul2(1)
with the parameters (ay, as) € R? and S0, # 0.

3.1. A* has compact resolvent. Let us denote the spectrum (resp. the resolvent set) of A*
by o(A*) (resp. by p(A*)). The sesquilinear form associated with the operator A* — ¢1Id for any
§ € p(A7) is

o) = [ (T + T o+ (01 ©) [ e

(s — ) / s (1) (2)d — Byus (0)52(0) — Brua(1)d1 (1),
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for all ¢ := (¢1,¢2) € (H*(0,1))2.
One can show that h is continuous and that there exists constants v1,v2 > 0 such that we have

(3.2) Re (h(u,u)) > ml[u'l[E2(0,1y)2 + (~Re (€) = 72) ull%-

From (3.2), it follows that for £ € C with Re (§) < —v2 — 1, the operator (A* — £1d) is invertible.
In particular,

(=00, =72 = 1] C p(A").

Finally, we have that D(A*) < (H'(0,1))? < X with compact embedding and so R¢ := (A*—¢1d) ! :
X — X is a compact operator in X for any & € C with Re (§) < —y2 — 1 and consequently for any
£ € p(A").

The above analysis confirms that the spectrum o(A*) is discrete and contains only eigenvalues of
the operator A*.

3.2. Computation of the eigenfunctions of A*. We first observe that all the eigenvalues are
geometrically simple. Indeed, assume that for some A € o(A*), there exists two linearly independent
solutions ¢ = (¢1,¢2) and ¥ = (1, 1)2) of the eigenvalue problem (3.1). We consider u = a¢d + by,
where a,b € C* are chosen so that u;(0) = 0 (recall that ¢1(0) # 0 and 1(0) # 0). But we also
have 4}(0) = 0 from the boundary conditions in (3.1) which leads that u; = 0 in [0,1]. Finally, we
immediately get from the set of equations (3.1) that ug = 0 which is a contradiction. This proves that
the geometric multiplicity of any eigenvalue is 1.

Then, we can see that A\ = a1 or ay cannot be an eigenvalue for A*. Indeed, by putting A = a; or
ag in the set of equations (3.1), we find that u; or us is affine and then using the boundary conditions,
one can show that u; = ug = 0.

In the sequel we will use the notation 6 := ay — a; € R. Let us now consider the variable y € C

defined by
H=\A—o,

where we recall that /- is the principal determination of the square root in the complex plane. We
also set v = y/u? — 6 = /A — as to simplify the presentation. By the discussion above, we know that

u#0and v # 0.
We will now find out an explicit formula for the eigenfunctions of A* as well as the transcendental

equation satisfied by the eigenvalues. To begin with, we rewrite the equations of u; and us as follows
u 4+ pPuy =0,
uy 4+ viug = 0,
along with the boundary conditions as given in (3.1).
Since u}(0) = u5(1) = 0, we look for solutions in the following form

{ul(x) = K cos(ux), z € 0,1],

(3:3) ug(z) = Ko cos(v(1 —z)), =€ [0,1],

for some constants K1, Ko € C, to be determined. Using the other two boundary conditions at x = 0,

we have
I57) vsinv) (Ki\ (0
—psinpg =B, J\Kz) \0/)°

This system has non trivial solutions if and only if the determinant of the coefficient matrix is zero.
This yields the following equation for p € C

(3.4) h(p) = B@lﬁ uy/ 2 — 6 sin(u) sin (\//ﬂ - 9) —1=0.

Note that, even though the square-root is not an entire function, the function h is actually entire.
Indeed, if we introduce the entire function
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we see that 1(2?) = zsin(z), and thus h can be written

M) = 55 )o(? —0) =1, VueC.

Note that h is an even function, so that for any solution p # 0 of (3.4), —u is also a solution, but those
two solutions lead to the same eigenvalue )\ through the formula A = aq + 2.

Before analyzing the set of eigenvalues of A*, let us determine the solution to (3.1) associated with
every such eigenvalue. Let p be a solution to (3.4). In (3.3), we set K1 = 1 and then we get

sin
K2 - —’uﬁi’r‘u
It follows that the solution to (3.1), denoted by ®,, is given by
cos(px)
3.5 P = : , x€][0,1],
(3:5) A@) 77“515“;“) cos( ,u2—9(1fx)) ze o]

associated with A\ = /ﬂ + a1, where = s — ap and p € C satisfies the equation (3.4).

3.3. Localization of the eigenvalues. We are now in position to describe precisely the structure
of the spectrum of A*.

3.3.1. Preliminaries. We begin with the following set of lemmas, whose proofs are given in
Appendix A.

LEMMA 3.1. There exist pg > 0 depending only on 0 such that, for every p € C satisfying || > 1o,

we have 1
[V =0l 2 5 lul,

3 1
[sin(v/2 = 0)] > | sin | — 7| cospl.

We set 8. = B¢, which satisfies 8. # 0 by the assumption (1.6), and then we introduce the
function

and

ho(p) = Biu p? — 0 sin(p) sin (\/u2 - 9) ,

that appears in the equation (3.4).

LEMMA 3.2. There ezists U9 > 0, depending only on 0 and B, such that for any p € C, satisfying
[Im p| > Yo, we have
lho(u)] > 1.
LEMMA 3.3. There ezists kg € N*, depending only on 0 and B, such that for any p € C, with
Rep = (k+1/2)w, k > ko, we have
[ho(p)| > 1.
LEMMA 3.4. Let v € C, and two sequences complex numbers (0;)r and (ex)r. We assume that
(0r)k is bounded, and (1)k tends to 0.
Then we have

2km k2

1
\/(k7r+5k)2+’y=k7r+5k+’y+0<),

2 1
Ny e e s | +0<k3>7

2km  8k373

(3.6) ho(ViER2 ) = 20 =9 +0<1 >

45, =

6 12 1
7 BRI =g (1=~ g o (i)

166

We are now ready to give a quite precise description of the eigenvalues of A*.
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3.3.2. Eigenvalues with large real parts. For any integer k we introduce the strip of the
complex plane defined by

(3.8) Rip:={z€C, (k—-1/2)r <Rez<(k+1/2)r}.

Assuming for the moment that h has at least one root in each Ry - this will be proved below - we can
first obtain the following result.

PROPOSITION 3.5. Let (ui)i>k, be a sequence of complex numbers such that p, € Ry for every
k> ko and h(ux) = 0. Then we have the following properties:
1. The sequence 0y = pj — km tends to zero as k goes to infinity.
2. The sequence v = kmoy, = kn(ux — k) is bounded and satisfies

0
(3.9) Yo = g T B
k—o0
Proof. 1. By definition of Rj and Lemma 3.2, we already know that (dx)x lies into the

compact set K :={z € C,|Rez| < 7/2,[Imz| < ¥p}.
By using Lemma 3.4 and the equation satisfied by ur = k7 + 0 we obtain

B. = (kr + 83)\/ (k7 + 65)% — Osin(kr + 6;) sin ( (k + 05)2 — 9)
= (km + 6) (k7 + 0, + O(1/k))(=1)* sin(d;) (—1)* (sin(dy) + O(1/k)) .

This leads to
B
k272

= (sindy)? + O(1/k),
and finally to
(sindx)? = O(1/k),

which implies that §, — 0 since 0 is the unique root of the sine function in the compact K.
2. By a similar reasoning, we find that

B = (h)2(1-+ O /)31 + 0() (81— 5=+ 06 + O(L/4?)) .

which leads to
2 2 ¢ 2
B = (14 O/ u(1-+ 06) (1~ § + OCudd) + 0(U/B)).

This clearly implies that (y4)x is bounded and that (3.9) holds. 0

Our main result of this section is the following.

THEOREM 3.6. There exists an integer k1 > 1, depending only on a1, as and B, such that for all
k > ki, there exist exactly two distinct solutions py + and pg,— of the equation (3.4) in the strip Ry
defined in (3.8).
Moreover, they satisfy |pr,+| < Yo for every k > ki (Yo is introduced in Lemma 3.2), as well as
the following asymptotics:
o If 1683, + 62 #£ 0, there exist two distinct non zero complex numbers v+ such that

T+ 1
1 T4 4=
(3 0) e+ =k +k +O(k2)
o If 160, + 02 =0, there exist v € R* and & € R* such that

SRS 1
'uk7:tk7r+k7r:|:zk’2ﬂ'2+o<k?’)

To simplify the presentation, we will also set v = ~v— = v in that case, in such a way that
(3.10) s still valid.
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Note that the values of 74, v and £, are explicit in function of the parameters, as we will see in
the proof. Moreover, if 163, + 6% > 0 then tk,+ (and v4) are real, whereas if 164, + 6% < 0, they are
complex conjugate.

By the property (3.9), we see that the equation

0
(3.11) 2 — 37 = B,
will play a role in the analysis and since B, # 0, the solutions of this equation are not zero.
The reasoning will be slightly different depending on the sign of the discriminant of this equation
which is, up to a positive factor, the quantity 163, + 62.

Proof. We first observe that the set of roots of hy in the complex plane is exactly given by
{j:lmr, /K22 4 0,k € N} .

Hence, for k; large enough and k > kq, we see that hg has exactly two roots (counted with multiplicities)
in the strip Ry.

Moreover, by Lemmas 3.2 and 3.3 we know that |hg| > 1 on the boundary of Ry, and that |hg| > 1
on Ry N{u € C,|Im u| > 9¢}. Therefore, by Rouché’s theorem, we deduce that h has exactly two roots
in Ry, counted with multiplicities, and that their imaginary part is bounded by 9.

Finally, we observe that h(p) = h(f) for every pu. Therefore if one of the root of h in Ry is not
real, the other root is necessarily its complex conjugate.

e Case 1 : assume that

(3.12) 168, + 6% < 0.

In that case, the solutions of (3.11) are two conjugate complex numbers

_ 0+i\/]165, + 07|

S 1 .

In particular we deduce that the solutions of h(y) = 0 in Ry, for k large enough, cannot be
real and therefore, they are necessarily two conjugate complex numbers. Those two roots are
denoted by g+ and pr — = fig 4, with Im g1, 4+ > 0 and they are the unique roots of h in the
strip Ry.

From Proposition 3.5, we also deduce that

ra 2= oL
Mk’i_kw—'—kﬂ-—f—o(k)'

e Case 2 : assume that

164, + 6% > 0.

By (3.6), we know that for any v € R, we have

(3.13) h(V k72 + ) = % —1+0(k12>.

— If 5. > 0, we can find some 7; and 5 such that v; < 0 < 7, and with

Yi(v —0)
48,

It follows that for k large enough we have

h(km) = -1 <0, h(v/k?7%2 4+ 1) > 0, and h(\/k?>72 + v2) > 0.

This implies that h (which is real valued on R) has excactly two distinct real roots

satisfying
VE2TZ 4y < pigp— < b < pg 4 < k272 + 2.

—1>0, fori=1,2.



BOUNDARY CONTROLLABILITY TO STEADY STATES OF A COUPLED PARABOLIC SYSTEM 13

Introducing g, + = kn(pk + — k), we have that
Yi,+ > 0, and v;,— <O0.

It follows from Proposition 3.5 that -y _ necessarily converges towards the unique negative
solution of (3.11) and that 7 4 converges towards the unique positive solution of (3.11).
In other words we have

(3.14) poe,x = km + 2

0+ /1653, + 62 1

— 40| .
4km

— If B, <0, then we can take v = /2 in (3.13) so that

M_lz 6

4B. - 168.
by (3.12). It follows that for k large enough we have

h(km) = —1 < 0, (/K272 + 0/2) > 0, and h(y/k?72 +6) = —1 < 0.

This implies that h has also two distinct real roots satisfying

P, < VK22 +0/2 < pug 1.

—1>0,

It follows that

2.2
y - )
Vi < km (\/k: T2 +0/ k:7r) < Vi

and since km ( k2m2 +0/2 — kﬂ) — 0/4, we see that ~y; _ necessarily converges towards

the unique solution of (3.11) which is less than 6/4 and ~y 1 necessarily converges towards
the unique solution of (3.11) which is higher than 6/4.
It follows that (3.14) still holds.

e Case 3 : assume that

(3.15) 1683, + 6% = 0.

In this case, the equation (3.11) has only one double (real) root which is v = 6/4 and therefore
we have

4k k2

We need to go one step further in the asymptotic expansion to determine the behavior of this
sequence. To this end, we define a complex number €, by
0

=K Y

0 1
uk:kﬂ++0<>.

which tends to 0 by the above asymptotic expansion of py. Using (3.7), we deduce that

0
ho(px) = ho (\/ k2m2 4+ 3 + €k>

62 4e? 62 1
S 1- 2k 7 ().
165. 02 A8k2r? 2

By assumption we have ho(ux) = 1 and 163, = —62, so that we end up with the equality

45% 9?2 <1)
= — + +o R

02 ' 48k2n2 k2
that is

gt 9
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We have that § # 0 (since S, # 0 and 163, + 62 = 0), and thus the limit above implies that,
for k large enough, € cannot be a real number and therefore p also is necessarily not real.
The same reasoning as before shows that we have two complex conjugate solutions p 4+ and
Wk — = Pk +, with Im g, + > 0 and that the corresponding sequences ¢, 1 and e, satisfy

€ 1'7‘92 + (1>
= 1 0 - .
* 83k k
By Lemma 3.4 and the fact that pg + = /k?72 + g + €k, 4, we deduce

e O (1
MUk, + = KT Tor 216\/§kz27r2 0 w2 )
The proof of the theorem is complete. 0

The previous theorem gives information on the solutions of the equation h(u) = 0 from which
we can deduce the following properties concerning the eigenvalues of our operator A*, away from the
origin.

COROLLARY 3.7. We can choose ki large enough in the previous theorem in such a way that all
the eigenvalues of A* lying outside the disk D(aq, R), with R = (k1 — 1/2)%7?% are exactly given by

Akt = “i,i +ay, withk > k.

Moreover, those eigenvalues and the associated eigenfunctions given by (3.5) (and denoted here by
@y 1 to lighten the notation) satisfy the following asymptotics:

o If 160, + 0% # 0, we have

1
Akt =K1 4+ 271 + a1 + O (k) ,

and

(3.16) By o () = (_h) cos(kmz) + O (}f) .

Br

e If168, + 02 =0, we have

1
= k*r? +2 +2i5 —
)\k,i k°m® 4+ 27+ g Zkﬂ' + 0 2 )

(3.17) Bps () = ( L > cos(kmz) + O (;) .

Br
Moreover, in both cases, if we set
Pp 4 — Dp
(3.18) Akt — Ak, —
we have

(3.19) Uy (z) = ( 0 )cos(kmc)+0 (}ﬂ)

T 2B,

In the properties above, the O(-) terms are uniform with respect to x € (0,1).

Proof. e The asymptotics for the eigenvalues is just a consequence of the one obtained for
ik, + and of the relation A, 4+ = N%,:I: + .
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e Using the expression (3.5) and the asymptotics on g + we obtain immediately

1
cos(ug,+x) = cos(kmz) + O (k) ,

cos(y/if . — 0(1 — 2)) = (~1)* cos(knz) + O (;) ,

. 1
pe.tsin(pn,x) = (=1)y2 + 0 (k> :
Those estimates imply (3.16) and (3.17).

e In the case 168, + 62 # 0, we have that A\x 4 — A\p.— — 2(y+ — v—) which gives (3.19).
e In the case 168, + 6% = 0, (3.19) is not as straightforward since Ag 4+ — A~ — 0. More

precisely, we have
4¢ 1
Motk — A =i—+ 0| = |.
kot = M- =i ( kz)

— Using the order expansions for pj + given in Theorem 3.6, we get

. 0 . 1
b e sinie2) = (1" (4 = % O (/@)) ’
and thus

. : ‘ 1
[k, + SN (ke +) — fug,— sin(pg,—) = (—1)’%% +0 (k2> .

It follows that

Pk, S (k1) — P — sin(pie,—) (=D +0 <1)

Akt — Ak, — 2 k

— Using again the third order asymptotics of p + we obtain

2 2
=2sin <Z kgj? + O(l/k?’)) sin (lmrx +0 (;))

(=)

which proves in particular that

cos(pg, +x) — cos(ug,—x) =2sin (Wm> sin (/WWQ:>

cos(pg,+x) — cos(pg,—x) _0 1
Mot — Nk, — k)’

The very same estimate holds with v4 4+ and 1 — z instead of z, by using that

P 0 . £ 1
Vk’:t: /,L%i—g:kﬂ'—milw"‘o(kg)

Combining all the above estimates, we obtain that (3.19) also holds in that case. O

Note that, in the case 1683, + 6% = 0, the eigenvalues condensate (in the sense that A\p 4 — A
tends to 0 as k goes to infinity), and the associated eigenfunctions also condensate. However, the
property (3.19) shows that both phenomenon somehow compensate.
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3.3.3. Conclusions. By Corollary 3.7, the spectrum of A* can be split into two disjoint parts:
one containing a finite number of possibly multiple eigenvalues, and the other one that contains only
simple eigenvalues with positive real part whose asymptotics is known. More precisely, we will write

(3.20) o(A) = Ay U Ae.

with

Ao = {)\ =pu?+ai | pe D, (k —1/2)7) satisfying h(u) = O},

Ao = J Mot Ar}-

>k

Note that A is finite and contained into the disk D(ay, R), with R = (k; — 1/2)%x2.
3.4. Completeness of the set of root vectors of A*.

3.4.1. Notations. Let B be an operator with compact resolvent in X. For any eigenvalue A € C
of B, we consider a circle C(\,r) in the complex plane, positively oriented, centered at A and with a
radius 7 > 0 small enough such that the disk D(\,r) does not contain any other element of o(A*)
than A. Then, we know that
1
Py = 5— (E1d-B)~"de,
um C(\,r)
is the spectral projector corresponding to the A. Its range is spanned by all the root vectors of B
associated with .
Similarly, if A C o(B) is a finite set of eigenvalues, the spectral projector corresponding to A is
given by
Psa=) Pgax.
AEA

3.4.2. Generalized eigenvectors of A*. For each eigenvalue \ € o(A*), the eigenfunction @y
given by (3.5) spans the associated eigenspace, where we recall that © = v/ — a;.

We will see that the eigenvalues in A, are algebraically simple. However, it may happen that
some eigenvalues in Ag are not simple. Hence, we associate to each of them a Jordan chain of length
ny > 1, denoted by CIJ())\ =®,, <I>§\, ceey (I>f\”_1. By definition, this chain spans the range of the projector
P+ » and satisfies

(A* = N®L =o' Vie{l,...,ny —1}.

We gather all those Jordan chains in the finite family
Fo={®\, A€ Ao, i €{0,...,ny — 1}}.

By definition this family spans the range of the spectral projector P4« A, , corresponding the eigenvalues
in Ag. Finally the eigenfunctions corresponding to the eigenvalues in A, are gathered into the family

Foo ={®x, €A} = | {®h—, i i}
E>ky

In the next sections, our goal is to show that the family
(3.21) F =FoUFw,
is complete in X.

3.4.3. A known Riesz basis for X. Let us consider the functions defined by

(3.22) ‘bgi(aj) = (_1%) cos(krz), Vk >0,
Br

(3.23) U (z) = <_01 > cos(krz), Vk>0.
2By
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then we introduce the family

(3.24) G:= {20 W0} 1sp
k>0

It is clear that there exists a constant matrix M such that
MY () = —= (1) cos(hma), and M3 (z) = - () cos(kma)
kv“‘z_\/ﬁo os(kmz), an kx—\/ilcos ),

which proves that the family G given by (3.24)-(3.22)-(3.23) forms a Riesz basis of X.
We split G into two parts as follows

Go = U {‘1)2,+a‘1’12}» and Goo = U {‘P2,+,\1’2}-

0<k<ki—1 k>ky

We shall use a result from [32, Corollary 11.4, Chapter IT-§11] (see also [23, Lemma 6.2]), that we
state here with slightly different notation.

LEMMA 3.8. Let {¢%},>0 be a Riesz basis of the Hilbert space X and {¢n}tn>n (for N > 0) be
another sequence in X such that

> llgn — 5113 < +oo.

n>N

Then, there exists an M > N such that the family {¢2 3} U {¢n}n>m+1 forms a Riesz basis of X.

n=1

3.4.4. Main result. We are now ready to prove the main result of this section. It follows quite
standard arguments as given in [15, Lemma 5, XIX.2.5 and Lemma 5, XIX.5.5] that we specialize to
our problem.

PROPOSITION 3.9. The family F made of the root vectors of A* is complete in X.
Proof. We first observe, by (3.18), that the family F, spans exactly the same space as

Foo = |J {®s 1, Wi}
k>ki

Therefore we are reduced to show that the new family F = FoU ]?OO is complete in X.
Thanks to (3.16), (3.17) and (3.19), we can use Lemma 3.8 to ensure that, choosing a larger value
of ky if necessary, the family
g - gO U -FOO)
forms a Riesz basis of X. We will now fix such a value of k.
Let us set H = Span(F) = Span(F) C X. Our goal is to show that H = X.
e Let us first show that H' is finite dimensional, and more precisely that dim H+ < 2k;. Indeed
if this is not the case, we can find a non trivial element ® in H* that satisfies the following
additional orthogonality properties

(®,¥) =0, V¥ e,

since the cardinal of Gg is 2k;. Since ® is orthogonal to H, that is to the elements of f, we
deduce that @ is in fact orthogonal to each element of the Riesz basis G. This implies that
® = 0 which is a contradiction.

e Let 11 € p(A). We observe that H=* is stable by the resolvent (111d —A)~!. Indeed, if z € H*
and @ is any element in F, we have

(p1d=A)""z, @) = (z,(7ld —A") @) =0,

since (gld —A*)"'® € F C H.
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e We prove now that H+ = {0}. Indeed, if it is not the case, the operator (Id —A)~! has an
eigenvector z in the non trivial finite dimensional space H+. Tt follows that x € D(A) and
that it is an eigenvector of A. We write Az = Az for some A € o(A*) and thus

r = Py,
which leads to
2]* = (Pasz,2) = (2, Pa- az) =0,
since Pg- xx € H by definition of H and x L H. This is a contradiction.
We thus have proved that H = X, which was our claim. ]

REMARK 3.10. Even though this fact will not be used in the sequel, it can be seen from the discus-
sion above that the cardinal of Fy is the same as the one of Gy, that is 2k;.

4. Boundary controllability of the linearized systems. This section is devoted to prove the
boundary null-controllability of the linear systems associated to our nonlinear models.

4.1. Approximate controllability. Let us first discuss about the approximate controllability
of the linearized systems in the space X at any time T > 0.

LEMMA 4.1. 1. The system (1.10)—(1.14)—(1.15) is approxzimately controllable in X at any
giwen time T > 0 and the observation terms satisfy

(4.1) Bidy| =1, VA€ o(A”).

2. We introduce the set
PR | 1.2 . 1\2 i
(42) R:=4(-1) (k‘—l—i)ﬂ' (k:—l—§) w2 + 6 sin (k+§) m2+0|; k>0 NR"

where we recall that 0 = oy — 1.

Then, the system (1.10)—(1.14)—(1.16) is approzimately controllable in X at any time T > 0
if and only if B. = BeBr ¢ R. In that case, there exists a constant c¢g > 0 such that the
observation terms satisfy

(43) |B;(I))\‘ >cy, VAE O'(.A*)

Proof. Recall the observation operators B}, B respectively defined by (2.7a), (2.7b) and the
explicit expressions of the eigenfunctions @ from (3.5).
1. Tt is easy to see that

Bidy =1, YA€ o(A).

So, by using Fattorini-Hautus test (see [17], [30]), the linear control system (1.10)—(1.14)—(1.15)
is approximately controllable in X at any time 7" > 0.
2. Let us compute from (3.5) that

By®y = 7#2& cos (x/;ﬂ - 0) , YAeo(AY),

r

where, by construction A = 2 + a;.

Assume that B3®, = 0 for some eigenvalue A. Since psinp # 0 (if so, then the eigenvalue
equation (3.4) is invalid), this yields cos (\/uQ - 9) =0 and thus p? = (k + %)27r2 + 0, for
some k > 0.

But we remember that p also satisfies the equation (3.4). This is possible only when

1 1 1

3 (k+ 3)my/ (k + 5)27T2 — 0 sin ((k + ;)w> sin ( (k + %)%2 _ 9) —1.

Such a k exists if and only if 5, € R. Hence, the Fattorini-Hautus criterion confirms the
approximate controllability of the system (1.10)—(1.14)—(1.16), if and only if 3, ¢ R.
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It remains to show (4.3), under that condition. Since B*®, # 0 for any A € o(A*) and since
o(A*) = Ao U A where Ay is finite, we only need to show that

lim inf |B*(I)k)i| > 0.
k—o0
This property is clear from (3.16), because 4 and y_ are not zero. O

4.2. Bounds on the (generalized) eigenfunctions. We have the following result.

LEMMA 4.2. There ezists some constant C' > 0 depending on the parameters oy, as, Be, B such
that

(4.4) [®]x <C, V®eF,
where F is the set of eigenfunctions and generalized eigenfunctions of A* introduced in (3.21).

Proof. Using (3.21) and the fact that Fy is finite, we see that we just need to show that

sup || @ +|lx < +o0,
k>k1

but this is a straightforward consequence of Corollary 3.7. ]

From now on we will assume that the generalized eigenfunctions satisfy the property
(4.5) Bi®, =0, YA€ Ao, Vj € {1,...,n\ — 1},
in the case where the control is given by (1.15), or the property
(4.6) Bi®, =0, YA€ Ao, Vj € {1,...,my — 1},

in the case (1.16), when 8, ¢ R. This is always possible by using Lemma 4.1 and the fact that one
can add any multiple of the eigenfunction to each generalized eigenfunction.

We recall that the eigenvalues in A, are all algebraically simple. Thus, to simplify the presentation
in the sequel, we will conventionally set the multiplicity ny = 1 for every A € Ao,. We will finally set

Nmax = SUPp Ny,
A€o (A¥)

which is clearly finite.

4.3. The moments problem. Since the family F is complete in X (Proposition 3.9), it is enough
to check the equations (2.8) and (2.9) for all ( € F.
This gives us the following characterization of the controls.
e For any yo € X and T > 0, a function v € L?(0,T) is a boundary null-control for the system
(1.10)—(1.14)—(1.15) if and only if, we have

e~ TA I (—T) . T (T — )k
(4.7) B*;\\ <y0,z( ]Z:) @f\k> :/0 U(t)%e*@*t))\dt,
! X

k=0

VA € o(A"),Vje€{0,...,n\—1}.

e Similarly, assuming that 8, ¢ R, for any o € X and T > 0 a function v € L?(0,7T) is a
boundary null-control for the system (1.10)—(1.14)—(1.16) if and only if, we have

R RN Gy e N ) e =y
4. — 7 — ) —(T—H)XA ¢
( 8) B;(I))\ <y0a kgo Kl A . /0 U( ) k! € )

VA € o(A"),Vj€{0,...,n\—1}.

Here, we have used (4.5), (4.6) and the fact that

J k

- —t)k

e AP =M Z ( k") i " YA€ o(A"),¥j€{0,...,ny —1}.
k=0

The above set of equations are the moment problems for our linear models and we shall solve these in
the next paragraphs.
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4.4. Solving the moment problem. Let us show how to solve the moment problems introduced
before. The resolution of the moment problem relies on the existence and estimates of biorthogonal
families to exponential functions in L2(0,7). This topic is a long story starting from the pioneering
work [18] in the framework of control theory, up to recent developments where sharper estimates
were obtained under a quite general set of hypothesis. More precisely, in this paper, we will use the
results given in [11, Theorem V.4.16 and Corollary V.4.25], that are quite similar to [8, Theorem 1.5]
or [22, Theorem 1.2] but with a simplified set of assumptions.

In order to use those theorems, we need to show that the set of eigenvalues o(A*), defined by
(3.20), belongs to some sector of the complex half-plane, satisfies a uniform gap property and some
asymptotic conditions on the counting function.

REMARK 4.3. Without loss of generality, we assume that all the eigenvalues of A* have positive
real parts. If not, one could choose some ag > 0 such that A\ + ag > 0 for any A € o(A*) and
then consider the new unknown function §j = e~y that satisfies a similar problem with A* replaced
by A* + ag. That will just change the estimate of the cost of the control by a factor eT®, without
consequence on our analysis.

e The sector condition.
For any n > 0, we define the sector

8, ={2€C|Rez >0, and |[Imz| < (sinhn)Rez}.

Thanks to Corollary 3.7, we known that all the eigenvalues of A* have an imaginary part
which is bounded; thanks to Remark 4.3, it is thus clear that there exists some n > 0 such
that

(4.9) o(A") C§,.

e Asymptotics of the counting function.
Let N be the counting function associated with the set of eigenvalues o(A*), defined by

Ny =#{ ea(A"), st. AN <r}, ¥r>0.

Our goal is to show that there exists some k¢ > 0 independent in the set of eigenvalues such

that
(4.10a) N(r) < kor/?, ¥r >0,
(4.10b) IN(r) — N (s)| < ko (1 Tl 8\1/2) . Vs> 0.

First of all, we observe from Section 3.3.3, that we have
o(A) = Ao U Aot U,

with Aoo,:l: = {/\k,:l:a k> kl}
The result will come if we are able to prove that the counting function of each of the three sets
Ao, Ao 4+ and A — satisfy (4.10), as shown for instance in the proof of [11, Lemma V.4.20].
Those estimates are straightforward for Ay which is a finite set that does not contain 0 by
Remark 4.3. Let us show them for A  since the reasoning is similar for Ao, _. We denote
by N, the corresponding counting function.

— Let r > 0 be fixed. We set n = N4 (r). By definition, we have

Ay tn—1,4| <,

|U'k1+n—17+| < VT + |a1|'

Since fig, +n—1,4+ belongs to the strip Ry, 4n—1 we deduce

(n+k—3/2)r < /r+ o],

and thus,

which gives
n < C(1++/r),

for some C' > 0 depending only on «; and k. This gives (4.10a) for N since this
function vanishes for r small enough.
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— Let 0 < s < r be given. We assume that s > inf N} since if it is not the case, we have
N4 (s) =0 and thus (4.10b) follows from (4.10a).
We set n = N4 (r) and m = Ny (s). If m = n there is nothing to prove, so we will assume
that n > m. By definition of the counting function we have

[Akitn—1,4 <7, and [Aggm 1] > s

By using that u; + = Ak,+ — aq and the fact that the square root function is sublinear,

we get
[y tn—1,+] S VT +V]eal, and [pg,4m,+| > Vs — Vel
Moreover, by Theorem 3.6, we know that |Im py, +| < ¥¢ for every k > kq. It comes
Re iy 4n—1,+ < VT +/|ai| + 90, and Re g, 4m,+ = Vs — /|| — Do,

which, in turn, leads to

(4.11) Re pytn—1,4+ —Re fgy 4m+ < Vr—Vs+2¢/|a1|+290 < Vr — s+ 2+/|aq |+ 29.
Moreover, by the asymptotics (3.10), we know that there exists ¢ > 0 such that for any
k > ki we have Re pt41,+ — Re i + > ¢, and thus

(4.12) Re iy 4n—1,+ — Re pigy 4,4+ = (n —m — 1)

Combining (4.11) and (4.12) proves the claim.
e The (weak) gap condition.
Using the asymptotic expressions given in Corollary 3.7 for the eigenvalues in A, one has the
following: there exists some p; > 0 depending only on a1, as, 8¢ and f,., such that

Akt — Apg1,+| > pik for k> ky,

— In the case 62 4+ 163, # 0, we deduce still from Corollary 3.7 that, possibly changing the
value of p;, we have
|)\k,+ — Ak7_| Z P1, for k Z kl.

Since Ay is finite, we can finally conclude that there is some p > 0 such that
(4.13) A=A >p, AAeo(A*) with A # X,

which is the uniform spectral gap property for our operator.
— In the case #2+168, = 0, the situation is quite different since, we know from Corollary 3.7
that
Co

\/Re )\k7+7

so that the uniform gap property (4.13) does not hold anymore. However, we see that
the following weak gap condition holds (see [11, Definition V.4.18])

(4.14) #(o(A) N Bu,p/2)) <2, VueC,

C
|)\k,+ - )\k,—| ~ E ~

for some p > 0. And more precisely, the only case where two eigenvalues of A* can be
close one from each other is the case where Ay 4 is close from ) _, indeed we can choose
p > 0 small enough so that, if u € C is such that #(c(A*) N B(u, p/2)) = 2 then there
exists k > kq such that

U(A*) N B(.ua p/2) = {Ak,-‘m Ak,—}-
— As a conclusion, in both cases we have the weak gap condition (4.14) as well as the
estimate

C

(4.15) A=\ > :
Re A

YA € a(AY), st 0< A=A < p.

:

Moreover, if |\ — 5\| < p, we know that )\75\ C A and in particular, those are simple
eigenvalues of the operator, see Section 3.3.3.



22 K. BHANDARI, F. BOYER

The four assumptions (4.9), (4.10), (4.14) and (4.15) being satisfied we know, according for instance
to [11, Theorem V.4.26 and Corollary V.4.27] (in the case 6% + 163, # 0, [11, Theorem V.4.16] can

also be used), that there exists a family {qin} reo(a®y C L?(0,T) such that
0<j<7Mmax

T (t—T)F———
(4.16) / qi’T(t)Te—(T—t)“dt =0 uljk, VA peoa(A"),Vjke{0,... nmax — 1},
0 .

with the following estimate
(417) ||Q§\,T||L2(O,T) < Cv Re)\ecm+%a VA e U(A*),Vj € {Oa"'vnmax_ 1}

where the constant C' > 0 depends on 7, p, K9 but not on A and 7. Note that the prefactor vRe A
comes from (4.15) but it can immediately be integrated in the exponential term since vRe A < eVReX,

We can now solve the set of moments equations (4.7) and (4.8) to construct boundary controls for
our linear systems.

Proof of Theorem 1.3.

We will first consider the control problem (1.10)—(1.14)—(1.15).

We suppose given any (o, ) € R?, 8, = ¢, # 0. For any initial data yo € X we consider

ny—1
v(t) = > wat), Ve [0,T],
A€o (A*) j=0

with

,T)k

a5 (t) = 7l

Ch‘
S
>
N
Ned
2
[~]-
—~

— o{") ¢l p(t), Vte[0,T], and X € o(A").
Bi®, N

Observe that, thanks to (4.16), this choice of v formally satisfies the moments equation (4.7).
Using the bi-orthogonal estimate (4.17), lower bounds of the observation terms (4.1) and the upper
bounds (4.4), we get

(4.19) [oajllp20.m) < Ce?/Te TReNFTOVRA )1 WA € 0(A%), V) € {0,...,n\ — 1}.

Applying Young’s inequality, we get

T c?
Cv/Re(A) < ERG(/\) + T YA € o(A"),
that we use in (4.19). Taking sum over A and j, we obtain that the series defining v is convergent as
well as the required estimate

1 O
ny—
lollizzory = D Y loagllezom < Me™/Tlyollx,

Aeo(A*) j=0

here we have used the asymptotics of the eigenvalues given by Corollary 3.7.
The reasoning is exactly the same for the control problem (1.10)—(1.14)—(1.16) as soon as we have
the additional assumption 3, ¢ R.

5. Boundary controllability of the the nonlinear system. In the previous section, we ob-
tained that the control cost for the linear systems (1.10)—(1.14)—(1.15)/(1.16) is Me™/". Using this
we shall deal with the null-controllability of the nonlinear systems (1.10)—(1.11)—(1.12)/(1.13) in the
current section.

We introduce the new nonlinear functions

(5.1) () == fu(s) — Bes = fo(25(0) + 5) — fr(25(0)) — Bes,

(5.2) 9r(8) = fr(s) = Brs = fr(21 (1) + 8) — fr(27(1)) — Bps,
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in such a way that, by definition and by (1.4), we have

(5.3) 9¢(0) = g4(0) = 0, and [ge(s1) — ge(s2)| < [ fellwaoels1 — sal(|s1] + |s2l), V51,52 € R,
. 9-(0) = g,.(0) = 0, and |g(s1) — gr(s2)| < || frllw2oe|s1 — s2|(|s1] + [s2]), V51,52 € R,

Therefore, we see that the nonlinear boundary conditions in (1.11), (1.12) and (1.13) can be
written, respectively, as follows

9xy2(-, 1) = Bran (1) = ( 1(+1)),
Ozy1 (-, )+ﬁ€y2(a0) 9e(y 2(70))7
amyl('a ) + BZyQ('aO) = 79@( 2( 70))a

where the terms in gy and g, are quadratic and can then be seen as source terms in the control problem
that can be dealt with using the method developed in [29].

5.1. Source term method. Let us apply the source term method (see [29]) to our case. We
suppose given two constants p > 0, ¢ > 1 in such a way that

q2

(5.4) 1<qg<+V?2, and p>2_q2.

We recall that M > 0 denotes the constant appearing in the control estimate (1.17) for the
linearized problem. We now define the functions

_ pM
p0<t) =e (Q*l)(T*t)’ 1
 imeu Vte |T 1—q—2 T,
ps(t) =¢ @ HT-O,
extended in [0, T(1-1/ qz)] in a constant way such that the functions py and ps are continuous and
non-increasing in [0, T] with po(T) = ps(T) = 0.
REMARK 5.1. We compute that

2 t q2 pM(g%—2) 1
po()ze%, vte{T<1—2>,T]-
ps(t) 1

Due to the choices of p,q in (5.4), we have ¢*>+p(q®>—2) < 0, (¢—1) > 0 and therefore we can conclude
that

5 (t)
ps(t)

With these functions, we define the following weighted spaces (recall that X = (L?(0,1))?),

<1, Vtelo,T].

(5.5a) S = {S € L*(0,7) | pﬁs € L2(O,T)},

(5.5b) y={u=tnm e 2010 L e 0.1}
Po

(5.5¢) V= {v € L*(0,7) | p € L2(07T)}.

We introduce the inner products in the spaces S and V respectively by

(5,8) = /0 p2S(W3(Wydt and (v,7), = /0 P2t (t) dt,

9 1/2
dt> |

for any S, S eS8 and v,v € V. The corresponding norms in those spaces are

T 2 1/2 T
(5.6) I5]s = </ S(t) dt) ,and ol = (/

u(t)
po(t)

ps(t)
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We consider the following system

Oy — g1 +onyr =0 in (0,7) x (0,1),

(5.7) Oy2 — O2yz + azyo =0 in (0,7) x (0,1),
y1(0,-) = yo,1 in (0,1),

y2(0,-) = yo,2 in (0,1),

along with the boundary conditions at x = 1 given by

(58) { amyl("l) =

0
3xyz('7 1) - ﬂryl('y 1) =5, in (OvT)7

and at x = 0, we consider either

(5 9) azyl(ao) +ﬁ2y2('a0) :U+SZ in (07T)a
. a;cy2('a 0) =0 in (O7T)a
or,
azyl('a 0) + 5@2/2(',0) =S, in (OvT)a
(5.10) { Dey(-0) = v in (0,T),

for any given yo € X, Sy, S, € L*(0,T) and v € L*(0,T) .
Our goal is to prove the following result using the technique developed in [29].

PROPOSITION 5.2. We suppose given the parameters ai,as, B¢ and B, as well as the time T > 0.
1. There exists a linear map

(Y0, 8¢, S,) € X x L*(0,T) x L*(0,T) — (y,v) € Y x V,

such that (y,v) solves the set of equations (5.7)—(5.8)~(5.9).
2. If BefBr € R, as defined in (4.2), then there exists a linear map

(Y0, 8¢, S,) € X x L*(0,T) x L*(0,T) — (y,v) € Y x V,

such that (y,v) solves the set of equations (5.7)—(5.8)—(5.10)
In both cases, we have the following estimate

v

Po

Y

Po

Y

— +
Po

L2(0,T;(H'(0,1))?)

< CeC(T+1) (|lyol|x + [|1Sells + IS0 Ils)

(5.11) ’ <
12(0,T)

"

C°(0,T;X)

where the constant C' > 0 neither depends on yo nor on T'.

Proof. Let us define the sequence {7} }i>0 with

T

Tk::Tffk, VkZO,
q

for given T' > 0. With this T}, we have the following relation between py and ps

M

(5.12) po(T}Hg) = pg(Tk)eTk+2_Tk+1 , Vk>0.
We also define a sequence {ay }x>0 with

(5.13) ap = Yo € X, Ap41 = g(Tl;»l)’ vk > 0,
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where § := (71,92) € CO([Tk, Tt1]; X) N L2 (T, Thot1; (H

following system for every k > 0,

On — 021 + anh =0
Oz — 0202 + a2 = 0
9291, 0) + Beya(+,0) = Se
(5.14) 9:92(,0) =0
9:41(,1) =0
0:92(+, 1) = Brin (-, 1) = S,
yl(Tk ;) =0
YT}, ) =0

Moreover, using Theorem 2.3, we have

1Yllco (1, Tosa)ix) + Tl L2 (70 T 15211 (0,1))2) < CeCT

In particular,
(5.15)
recall the definition (5.13).

C
||ak+1||X <Ce r (||SZ||L2(Tk7Tk+1) + ||Sr||L2(Tk7Tk2+1)) )

25

1(0,1))?) is the unique weak solution to the

in (Ty, Trv1) x (0,1),
in (T, Trt1) % (0,1),

in (Tg, Tkt1),
in (T, Thy1),
in (Tk, Ti+1),
in (Tk,Tk+1),
n (0,1)
n (0,1).

)

(||Sf||L2(Tk,Tk+1) + ||S7"||L2(Tk7Tk+l)) :

vk >0,

Weighted estimate of the control. For every k > 0, we consider the following system (introduce

9= (41, 72))
Oih — 0201 + a1 =0
s — 0292 + gl = 0
(5.16) 9:91(-,1) =0
0:92(+, 1) = Brin (-, 1) =0
(0T, 92(T ) = an

with a control vy acting through either

{81?}1(70) + BEQQ('ao) = Vg

(5:17) Daia(-0) = 0

or, we consider

(5.18) S

{8903)1(-,0) + Bedia (-, 0)

ax@2(70) k

n (Tk,Tk+1) (
in (T, Try1) < (0,

)

1)
1),
in (Tg, Tk+1),
in Tk,TkH),
1)

n (0,

b

in (Tk, Tk+1),
in (Ty, Ti11),

in (T, Ths1),
in (Tk7 Tk+1).

— In the first case (5.16)—(5.17), we have the existence of a null-control vy € L?(Ty,Ty+1) for
any given set of parameters (a1, as) € R? and 3y, 8, # 0 by Theorem 1.3-Ttem 1.

— In the second case (5.16)—(5.18), for any given set of parameters (ay,az) € R?, if 3,3, ¢ R,
then there exists a null-control v;, € L? (Ty, Ti+1) for the concerned system as per Theorem 1.3—

Item 2.
In both cases, we have the following estimate

(5.19)
and the associated solutions satisfy

(5.20) 9(Tyiy,) =0,

M
vkl L2 1y Tipr) < MeTra17Tk [lag || x,

vk > 0,

vk > 0.

Now, combining (5.15) and (5.19), we have for every k > 0

M
Hvk+1||L2(Tk+1,Tk+2) < Me k2=t ”ak-l-l”X

M
< CeCT MeTr2"Tni7 pg(T),) (‘ —

Se Sy

- 9
LQ(Tk»Tk+1)>

PS | L2(Ty, Thqr) ’PS
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since ps is an non-increasing function in (T, Tk41)-
Using the relation (5.12), we obtain for every k > 0

Se

ps

Sy

+7
ps

L2(T,Th+1)

||vk+1||L2(Tk+17Tk+2) < CQCTPO(TIH-Q) (‘

b
L2(Tk,Tk+1)>

for some C' > 0. But the function py being non-increasing, we deduce that

S
S CeCT < r
L2(Trq1,Tr2)

ps

UVk+1
Po

Se
pPs

(5.21)

L2(Tk,Tr41) ‘

Let us define

v i= E Uk]l(Tk,TkJrﬂ'
k>0

From the estimate (5.19), we have (since po(71) = e <q31>)

M
[vollz2(0,7y) < Me™t |lao| x
(14p)

q p)M
(5.22) = MeT @ po(Th)lyollx
C
< CeT po(T1)||yoll x

where C' = %. Since pg is non-increasing function in (0,77) we get

Vo

(5.23) .

< Ce“"yollx -
L2(0,T})

Now, using the estimates (5.23) and (5.21), we have

v

Po

Se

pPs

S,

(5.24) e

< 0el(T+%) <||y0||x +

L2<07T>> '

L£2(0,T) L2(0,T) ’

) , Vk>0.
L2(Tx,Tr+1)

Weighted estimate of the solution. Let us set y = y + 3. Then, for every k > 0, y satisfies

Oyr — Byr +oayr =0 in (Th, Tigr) x (0,1),
Oya — Oya + oy =0 in (Ty, Thyr) % (0, 1),
9zy1(+,1) =0 in (Ty, Th+1),

0292 (-, 1) = Bron (-, 1) = S, in (Ty, Th+1),
(11(Tk, ), y2(Tk, ) = an in (0,1),

where the control vy, acts either through the condition

Oxy1 (-, 0) + Bey2(-,0) = Sy + v, in (Th, Thoy1),
Ozy2(-,0) =0 in (T, Tt1),

or through the condition

Ozy1(-,0) + By2(-,0) = Sp  in (Tk, Thy1),
Ozy2(-,0) = vg  in (Tk, Thy1)-

Here, y(Ty) = ap = yo, and we have

y(T;) = 9(T;) +9(T;) = ar + 0= 9(T,)) +y(T,)) = y(T;)), Vk>1,

thanks to the facts (5.13), (5.20) and the chosen initial data in the systems (5.14) and (5.16)

is continuous at T}, for all £ > 0.

. Thus, y
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Using Theorem 2.3, we have the following estimate for y (for every k > 0):
yllco (T, a1;%) + 1Yl 22 (7 030112 0,1))2)
< CeCT(Hak\IX + vkl 2z i) + 1Sell 2 (1, 100) + ||Sr|\L2(Tk,Tk+1)>-
Start with k& > 1; using the estimates of aj and v, respectively from (5.15) and (5.19), we deduce that

M
TeTeri =% (||Sell L2 (v, + 190 |22 (T s 1))

+06CT (HS€HL2(T1¢,T}C+1) + ||STHL2(T1€,T7€+1))

Sr ) Yk > 1,
L2(Ty—1,Trt1)

ps
since ps is a non-increasing function. Now, thanks to the relation (5.12), one has

||y||co([Tk7Tk+1]§X) + ||3/||L2(Tk,Tk+1;(H1(0,1))2) <Ce

Sy

M
< Ce“TeTin =T pg(Th—1) <’
ps

"

L2(Ty—1,Tk+1)

||yHC°([Tk,Tk+1];X) + ||yHL2(Tk7Tk+1;(H1(071))2)

S, Sy
< Ce“Tpo(Tisn) | || 25 ’ — , Vk>1.
PS I L2(Th -1, Tisr) PS L2 (Ty 1, Th41)
Now, using the fact that py is a non-increasing function, we deduce
(5.25) ‘ kA +|| L
Polleo (i, T iX) PO IILR (T Tisas(H1(0,1))2)
S, Sy
<CefT [ | 2£ +’ , VE> 1.
PS N L2(Ty1,Tis1) PS I L2(Th1,Tu41)

For k = 0, we use the estimate of vg from (5.22) to deduce

lylleo(o,ry:x) + 1Yl 201 (0,12 < CeCT ([laollx + lvollzzo,m) + 1Sell 2207y + 1Srllz20.10))
1
< Ce“(T+4) po (1) (lyollx + 1Sl 201y + 1S+l 2 0.1)) -

Using the easy observation that S| 2(0,7) < ‘ e , we get
’ PslL2(0,T)
(5.26) ‘ v + ’ z
Polleoomyxy  IHPOTTL2(0,T13(H (0,1)))
1 S S,
< ceCTHE) (ol x + Hf ‘ 2r .
Psliczmy)  11PS1IL2(0,1)
So, the estimates (5.25) and (5.26) conclude that
(5.27) ‘ kA + ‘ kA
Pollcoqoryixy PO IIL2(0,1:(4(0,1))2)
S S
<o) (ol + |2 | |
PS 1l L2(0,1) PslL2(0,1)

Finally, using the definitions of norms (5.6) (of the weighted spaces) in the estimates (5.24) and
(5.27), we have the required estimate (5.11) of our proposition. |

5.2. Application of the fixed point argument. In this section, we prove the main theorem
regarding the local null-controllability of our systems.

We assume the initial data yo € X such that |lyo||x < ¢ for some § > 0 which will be determined
later. We also introduce the set

S;={S€SxS||S|sxs <3},
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where the space S is defined in (5.5a).

Now, recall from Proposition 5.2 that for any given source term S := (Sp, S,.) € S X S, there exists
a control v such that the trajectory y = (y1,y2) of (5.7)—(5.8) with (5.9) or (5.10) (depending on the
position of the control as per Proposition 5.2) satisfies the estimate (5.11). In what follows, we define

an operator N acting on 8 by
_ 50
N(S) = 9e(y2(-,0)) ,
9r(y1(:,1))

where gy and g, have been introduced in (5.1) and (5.2).

Proof of Theorem 1.2. We start by showing that N is a contraction map from Ss onto itself
for some suitable choice of § > 0.

Step 1. Let us show that Sy is invariant under the map N provided § > 0 is small enough.

Thanks to the properties of gy and g, (recalled in (5.3)) and the trace theorem, we have

NS)(®) C , )
‘ ps(t) ‘S o] (2 E0F + I (6 1DF)
- Ct)| (g2l 20,0 ly2O) 11 0,1) + Iy2(Ollz20,0) 91O 1 0,1)) -

and it follows that

N(S)(@®)|? C
(5.28) 2 2
lpo@®)* || y(t) y(t)
= les@P oo [l x 1 0@ [l 110,112
p3(t)

e Now, using Remark 5.1 we have that the quantity

is bounded by 1 irrespective on t.

e On the other hand, since we have ||yp||x < ¢ and S = (S, Sy) € Ss, using the result (5.11),
we deduce that

Y
Po

Y

= < CeC(T+7)5.
Po

L2(0,T5(H' (0,1))%)

_|_

(5.29) ’
€0 ((0,7):X)

Using the bound (5.29) in (5.28), we get

e
pPs

Y
Po

Y

v < CGC(TJr%)&Q.
Po

L2(0,T3(H1(0,1))2)

<c|
L2(0,T)

COo([0,T];X) ‘

Thus, for § > 0 small enough, the map N stabilizes S;.

Step 2. In_this step, we prove that N is a contraction map for § > 0 small enough.

For any S, S € 85, we denote the trajectories respectively by y = (y1,y2) and ¥ = (g1, ¥=2) associ-
ated with the controls v and v of the system (5.7)—(5.8)—(5.9) (or (5.10)), by means of Proposition 5.2.
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Then, still using (5.3), it follows that

C 7 ~
=T ('yQ(t’O) = 32(t,0)] (|y2(t,0)| +[72(t, 0)])

N(S)(t) = N(S)(t)
ps(t)

(6. 1) — 3 (6 1)] (ja (2 1)] + 7 1>|))
C

<15

le) — T Nw(E) ~ T s 0.1

1 1 . 1 1
% (@I IO s 0.1y + TOIZITON s 0,02

Cpi(t) H y—7
ps(t) Po

1
2
(H(0,1))?

Now, as per Proposition 5.2 the solution map is linear and thus y — y is the trajectory of the set
of equations (5.7)—(5.8)—(5.9) (instead, (5.7)—(5.8)—(5.10)) with the source terms S — S, the control
v — v and the initial data y(0,-) — g(0,-) = 0. Then, thanks to the estimate (5.11), y — ¥ satisfies the
following:

1 1
2 2

IN

co([o,7];X)

y(t
po(t)

(H'(0,1))?

2

Y
Po

y(t)
po(t)

Y
Po

y(t) —y(t)
H po(t)
) 3

_|_

3
co([0,T];:X) ‘ (H'(0,1))? €0((0,1];.X)

y—y
Po

H y—-y
(5.30) Po

)

< 0T+ 4) (118, = Sulls + 115 — 5 s )

€o([o,T];X) L2(0,T5(H' (0,1))%)

< 0eC(TH1)||S = Sl sxs.

Also, we recall the estimate (5.29) for y (similarly for 7) since we started with initial data ||yo]] < ¢ and

2
~ t
S (or, S) in 8s. Beside this, we have by Remark 5.1 that Po(t) <1, Vt € [0,T]. As a consequence,

ps(t)
the inequality (11) yields to
~ 1
N(S)(t) — N(S)(t ) ~ 1 ) — gt |2
(S)(t) = N(S)(t) SCT(SEHS—SHéXs y(t) —y(t)
ps(t) po(t) (H1(0,1))2
4 a0 |13
8 ‘ y(t) n y(t) 7
Po oz 1100 lla1(0,1))2
with Cp := CeC(TJF%). This implies
N$) - NS |
|| <Crd ||S = Sllsxs
ps (L2(0,1))2
y /T y(t)—ﬂ(t)H y(t) H L[[E® H
o I po®) Ml \IPo@ lanoanz 120 0,12
<Crd||S — 8llsxs |22
PO 1lL2(0,15(H (0,1))2)
(I | )
PollLz(o,1y(H1(0,1)2)  1POIlL2(0,7;(H1(0,1))2)

<C78?||S — S| 2,

where we have used the estimates (5.29) and (5.30).
So, we eventually proved that

IN(S) = N(S)|lsxs < Crd IS — S|lsxs.
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for 6 > 0 chosen small enough and this ensures that the map N is a contraction in the closed ball 8.

Hence, by applying Banach fixed-point argument, there exists unique fixed point of the map N
denoted by S* := (S;,S}) in the ball S;.

Thanks to Proposition 5.2, the above S* € & is such that there exists a control v € V such that
the solution y := (y1,y2) to (5.7)—(5.8)—(5.9) or (5.7)—(5.8)—(5.10), along with the initial condition yo,
satisfies the estimates (5.11).

The property tlinI} po(t) = 0 forces that y(T,-) = 0 and thus the local null-controllability holds

ST

for the concerned nonlinear systems (1.10)—(1.11) with (1.12) or (1.13).
This indeed proves the local exact controllability result Theorem 1.2 of the main control systems
(1.1)—(1.2)—(1.8)/(1.9). O

6. Further remarks and conclusions. In this article, we studied the local exact controllability
result to a given steady state for a 2 x 2 parabolic system with coupled nonlinear boundary conditions
by means of only one control function acting at the left end of the boundary (through a mixed condition
or Neumann condition). Let us now address some other problems related to this study.

e Possible generalizations.
The proof we developed in this paper is strongly based on a quite precise spectral analysis for
the linearized system. For this reason it does not seem straightforward for instance to obtain
similar results, at least with the same approach, if one replaces the Laplace operator —9? in
the system by a more general elliptic operator, possibly different for the two components of
the system.

e Local exact controllability to arbitrary trajectories. Global controllability.
One can be also interested in the controllability to any trajectory z* := (27, z3) for the system
(1.1)—(1.2)—(1.3) other than steady state, but the situation is much more delicate to han-
dle. Indeed, the linearized models are associated with the following boundary conditions (in
comparison with (1.14)—(1.15))

8my1('a 1) =0 m (OvT),
Ooy2(-, 1) = fr(z1( 1))y (-, 1) =0 in (0,7),
aacyl('v O) + fé(Z§(~,0))y2(~70) =v m (Oa T),
3952/2('70) =0 in (OvT)7

thus, it is not possible to rely on spectral methods for the associated adjoint operator since
the parameters 8, = f;(z3(-,0)) and 8, = f.(27(-,1)) are now time dependent. In particular,
it is not clear how to obtain the controllability of the linearized systems in that case.

Note that the same issue arises even if we assume that f, and f, are globally Lipschitz, in
which case we could expect for global controllability results.

e Relaxing the conditions §,8, # 0 or 5,6, € R.
In this paper we assumed (1.6) and it can be interesting to see whether or not this is a necessary
condition for controllability. In the case where 5, = B, = 0, it is clear that the linearized
systems are not controllable anymore with one single control since the two equations are not
coupled at all. On the other hand, in the cases when 5, = 0,3, # 0, or 8, # 0,5, = 0, then
the linearized models (1.10)—(1.14)—(1.15)/(1.16) may not be controllable. Indeed, in the case:

Be = 0,8, # 0, we can compute from the eigenvalue problem (3.1) that { (cos(/omx)) } is
k>0

one set of eigenfunctions for the associated adjoint operator, and thus it appears that when
a control acts through the Neumann condition (1.16), then the concerned system is not even
approximately controllable in X.

Furthermore, according to Theorem 1.3, when 3,3, € R, the linearized system (1.10)—(1.14)—
(1.16) also fails to be approximately controllable in X.

Therefore, in those cases, at least with the method we are using, we cannot conclude anything
about the local exact-controllability to the steady state for our nonlinear system.

Studying the controllability of the nonlinear system in such cases should thus be attacked with
another approach(es) which we do not consider in this paper. Other techniques (such as, for



BOUNDARY CONTROLLABILITY TO STEADY STATES OF A COUPLED PARABOLIC SYSTEM 31

instance, Coron’s return method [13, Chapter 6]) could be applied to study the local control-
lability of the nonlinear systems in the cases where we do not have the null-controllability of
the linearized models, but this would need further investigations.
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ment research program “Investissements d’Avenir” through the IDEX-ISITE initiative 16-IDEX-0001
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Appendix A. Proofs of technical lemmas.

Proof of Lemma 3.1. Let u € C such that |u|? > |0]. We can write

[0
Vit —0==xp 1_?’

where the sign indetermination comes from the fact that we use the principal determination of the
square root. This indetermination will have no impact on the following computations due to parity
arguments.

Setting p1 = 4/ %, we immediately get that

1
V2 —0] > §Iu\, Vlpl > .

For z € C, |z| < 1, we write

V1—z=1+42((z2),

where ( is holomorphic in the unit disk.
We can now obtain

0 0
+sin(/pu? — 0) = sin (u + ;C <M2)>
. 0 0 . (0 0
= sin cos | — — —+ cos sm | — — .
() (uc <u2)> () (uc(/ﬂ))
We can now find some pug > +/|6] depending only on 6 such that
0 0
cos (C <2)>’ >3/4, and
o\ p
It follows that for every u such that |u| > ps we have

3 1
[sin(y/p? = )] = - [sinp| — 7| cos .

Taking 110 = max(p1, p12) gives the claim. O

0 0
sin (C <2)>’ < 1/4, for every p s.t. |u| > uo.
e\

Proof of Lemma 3.2. Let us assume that [Im u| > po. By the previous lemma we know that

3 1
[sin(v/p? —0) = 7 [sinpu| — | cospl.

Moreover we have

et — e~ | - eltmpl _ o—[Im pl

|sin p| = 5 > 5 = sinh |Im pl,
i —ip [Tm g —[Tm pu|
| cos | = le +2€ | < ¢ +2€ = cosh |Im p.

It follows that, for some vy large enough that we choose satisfying ¢y > ug, we have

|cosp| < 2|sinp|, Vu, s.t. [Impl > dy.
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Finally we obtain for all such values of p

1
|sin(v/p? — 6)| > Z| sin p| = sinh [Tm p.

Going back to the definition of hy we obtain

1 . 1 . 1 .
[ho ()| > /8—|AL||\/;A2 — @] sinh? |Tm p| > 55 [Tm 2|2 sinh? |[Tm p| > ﬁﬁg sinh? 9.

Choosing ¥y large enough gives the claim. 0

Proof of Lemma 3.3. We first choose ki any integer such that k; > £%. Let p such that Rep =
(k4 1/2)m with k > k;.
By standard trigonometric properties, we have for such values of u, the equalities

|sin p| = coshIm p, and |cosp| = |sinh Im pl,

and in particular we get
|sinpl > 1, |cosu| < |sinpyl.

By the choice of k1, we have in particular |u| > po and therefore by Lemma 3.1

3 1
[sin(v/p? —0)] = 7 [sinpuf — 7|cospl,

and the inequalities above give

1 1
|sin(v/p? = 0)] = glsinpf = 5.
All in all, we have for such values of u,
1 72
h > —|u* > —k?
lho(u)] = 45*\u| z 5"

and this quantity is greater than 1 for any k large enough.

Proof of Lemma 3.4. The proof is straightforward by using usual asymptotic expansions. We first
get

20, 0241~
\/(k‘TF—F(sk)Q-‘r’Y:kJT{'\/l‘FkW‘F 122

2 2
=/c7r(1+5’“+15’“+7 S +0<1>)

kr | 2 kK272 8 k272 k3

_ el 1
—kﬂ+6k+2kﬂ+0(k2).

Then, in a similar way, it follows

+
VE2T £ + e, =kmy[1+ Wk%‘z’“

Y4er  (Y+er)? 1
= 1 — _—
b ( T o T sk O\ gs

Yter (v +er)? 1

—k - o=

fi sy g T O\s

2 1
:k7r+7+€k 2 +0<>.

2kr  8k3m3 k3
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From this last equality, we deduce that

2 1
n\/k2r2 4+ + ¢ = (—1)Fsin (7+Ek - +O<k3>>

2km 8k373

+ €k 2 73 1
— (_1)k i _ _
(=1) <2k7r FyE Ty RV

and therefore we have

1
VE2r2 4y 4 e sin k202 + v + e =(—1)F (kw+2knr+0(k>>

X Itk - 72 — 73 +o 1
2km 8k3mw3  48k3w3 k3
k vy 1

(1) (1+2k2 i +0(k2>)

L(rte
2 8k2n? 48k2 2
+

k(e 7°

= 1)< 2 T Ri2n? a8kl <k2>)
v
2

2
Ek Y Y 1
1+ =4 —= - —— — .
( + ~y + 4k2m2  24k2x2 to (k2)>
Applying the previous result twice (once with v and once with v replaced by v — ), we obtain

.y 2 1
ho(VRERE Ty T ey =20 %) <1+€’“+7—7+o<]€2>)

44, v o 4k2mw2 24k272

€k =0 (y-0)? 1
1 _ it
X( T et wEe T oz O\

48, v(y — ) 4k272 24k2m? k2

Taking e = 0 in this formula, leads to (3.6), whereas taking v = 6/2 leads to (3.7).

=9 <1+€k(€k+27—9)+27—9 72+(7—9)2+0<1>).
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