N
N

N

HAL

open science

LOCAL NULL-CONTROLLABILITY OF A
PARABOLIC SYSTEM WITH COUPLED

NONLINEAR BOUNDARY CONDITIONS
Kuntal Bhandari, Franck Boyer

» To cite this version:

Kuntal Bhandari, Franck Boyer. LOCAL NULL-CONTROLLABILITY OF A PARABOLIC SYS-

TEM WITH COUPLED NONLINEAR BOUNDARY CONDITIONS. 2022. hal-03737472v1

HAL Id: hal-03737472
https://hal.science/hal-03737472v1

Preprint submitted on 25 Jul 2022 (v1), last revised 21 Sep 2023 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03737472v1
https://hal.archives-ouvertes.fr

LOCAL NULL-CONTROLLABILITY OF A PARABOLIC SYSTEM WITH
COUPLED NONLINEAR BOUNDARY CONDITIONS

KUNTAL BHANDARI* AND FRANCK BOYER'

Abstract. In this article, we study the boundary local null-controllability of a one-dimensional parabolic system with
coupled nonlinear boundary conditions and only one single control. The significant point is that the state components
are interacting only at the boundary points in terms of some nonlinear functions. The control function is acting either
through a mized nonlinear boundary condition on the first component or through a Neumann condition on the second
component. The results are slightly different in the two cases.

To study the controllability properties, we first consider the associated linear systems where the boundary nonlin-
earities are linearized around (0,0). The method of moments helps us to prove the controllability and obtain a suitable
control cost namely CeC/7 for the linearized systems. Then applying the source term method developed in [25], followed
by the Banach fixed point argument, we obtain the small-time local boundary null-controllability of the system.

Key words. Parabolic systems, boundary local null-controllability, method of moments, source term method,
fixed-point argument.

AMS subject classifications. 35K20 - 35K58 - 93B05 - 93B60.

1. Introduction.

1.1. The system under study. This paper is concerned with the boundary null-controllability
of some parabolic system where the state components are coupled through the boundary via some
nonlinear functions. The systems with boundary interactions often represent several biological or
chemical models, see for instance [30] where this kind of models are appeared. Let us consider such a
parabolic system (without any control for the moment), given by

Oy — 02y + a1y =0 in (0,7) x (0,1),
(1.1) Opyo — 82y2 4+ asys =0 in (0,7) x (0,1),
‘ yl(oa ) = yO,l(') in (05 1)7
y2(0,-) = yo,2(-) in (0,1),
with the boundary conditions at x = 0
(1 2) O <t7 0) + f(yQ(ta 0)) =0 m (07 T)?
’ Duy2(t,0)=0  in (0,7),
and at x =1
O:y1(t,1) =0 in (0,7),

(1:3) Duyn(t.1) — fn(t.1)) =0 in (0,T),

where the nonlinear functions f are chosen as follows

f(v) = Br+g(v), with g C'(R), g(0) = ¢'(0) = 0, satisfying
(1.4) lg(v) —g(@)| < Clv —p|(Jv| + |P]), for any v,u € R, for some constant C' > 0,
(

f'(0) = B #0 is some real number.

In the above model, ay, s € R are some parameters and yo := (yo,1,%0,2) € (L?(0,1))? is given initial
data.

Remark 1.1. An immediate example of the nonlinearity f is
fv)=Br+02
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and it is clear that g(v) = v? satisfies the required conditions (1.4).
A second example can be considered as follows,
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which often arises in several biological or chemical models, see for instance [30]. One can check that
the above g satisfies the required properties given by (1.4).

e, gv)=

In our system, we observe that the couplings are made only on the boundary points, there is no
internal coupling in the system. Now, while dealing with the boundary controllability of the above
model, the following natural question arises.

Question: Is there a (scalar) control v € L?(0,T) acting on the boundary point x = 0, either
through the mized condition of y1,y2 or, the Neumann condition of yo in (1.2), such that both the
components will vanish (at least locally) at a given time T > 0, that is to say, y1(T,x) = y2(T,2) =0
for all z € (0,1) 7

To be more precise, our goal is to study the controllability property of the system (1.1) by treating
the following two boundary control cases: either

(L5) Ooy1(£,0) + f(y2(t,0)) = v(t)  in (0,T),
' Dzy2(t,0) =0 in (0,7),
(1 6) 3952/1 (tv 0) =+ f(yQ(ta O)) =0 in (07 T)a
‘ Doy2(t,0) = v(t)  in (0,T),

along with the conditions (1.3) at x = 1.
From the application point of view, the more interesting situation is the case when we exert a
control only on the component y,, namely (1.6).

1.2. Bibliographic comments and motivations. The controllability of a system of partial
differential equations with less number of control(s) than equations is gaining genuine interests to the
control community. In light of this, we first refer some pioneer works. The authors in [1,2] established
some generalized Kalman rank conditions which are necessary and sufficient for the distributed null-
controllability of a class of parabolic systems. The boundary controllability of a system is much more
intricate and most of the results are restricted to the 1-D case since the very powerful Carleman
technique is often inefficient in this context. Indeed, the boundary controllability of a system of PDEs
is no more equivalent to the distributed one unlike the scalar case, see for instance [17]. The authors
in [17] also proved a necessary and sufficient condition for the boundary null-controllability of a 2 x 2
coupled parabolic system with a scalar Dirichlet control. A generalization of this result for the system
of n parabolic equations with m < n controls has been achieved in [3].

The above cases mainly dealt with internal coupling. Concerning the controllability with boundary
coupling, we mention the book [11] and the survey paper [4] where the authors studied the controllabil-
ity of some wave, heat and Schrodinger systems on metric graphs. We also refer [8] where the boundary
null-controllability of some coupled parabolic systems has been addressed where the boundary coupling
is chosen by means of a Kirchhoff-type condition. In most of the known cases, the boundary conditions
are linearly posed. Thus, dealing with the systems (1.1)—(1.3)—(1.5)/(1.6) is naturally more interesting
since the concerned boundary couplings are in terms of some nonlinear functions.

Now, in the context of controllability of nonlinear systems, first we mention [19, Chapter I, Sec. 4]
by Fursikov and Imanuvilov where a small-time local null-controllability of semilinear heat equations
has been proved using a perturbation argument. In 2000, Barbu [5], independently Ferndndez-Cara
and Zuazua [18] proved the small-time global null-controllability of semilinear heat equation where the
growth of nonlinearities is slower than |s| %/ 2(1 +/s]). In fact, the large-time global null-controllability
of semilinear heat equations has recently been obtained in [23] for nonlinearities f that grow slower
than |s|In?(1 4 |s|) with a sign condition: f(s) > 0 for s > 0 and f(s) < 0 for s < 0.

In the present work, we deal with the local null-controllability of a parabolic system where the
couplings arise on the boundary points through some nonlinear functions. The typical form of the
nonlinearities has been given by (1.4). Let us now start with the following linearized control systems.
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1.3. The linearized control systems. It is clear that the linearized (around (0,0)) control
systems associated to the nonlinear systems (1.1)—(1.3)—(1.5)/(1.6) are the set of PDEs (1.1) along
with the boundary conditions at x = 1

0:y1(t,1) =0 in (0,7,
(L7) {am(t, D= FORED) =0 i (0.7),

and at = = 0, we have one of the following two situations: either

(1 8) 3zy1 (tv 0) + f/(o)yZ(t’ 0) = U(t) in (Oa T)v
' Dpy2(t,0) =0 in (0,7),
(1 9) 3zy1 (tv 0) + f/(o)yQ(ta 0) =0 in (0’ T)a
' Dpy2(t,0) =wv(t)  in (0,7T),

with f/(0) = 8 # 0.

Our goal is to first derive the global boundary null-controllability of the above linear models and
then deduce some local (boundary) null-controllability results by the source term method together
with a fixed-point argument, thanks to the pioneer work [25] by Liu, Takahashi and Tucsnak.

In this context, we must mention some recent works on the local null-controllability based on
the source term and fixed-point approach. For instance, in [29], the local null-controllability of a
Kuramoto-Sivashinsky equation (in 1-D and 2-D) has been studied with a single boundary control.
A local controllability result of a non-linear phase-field model has been established in [20] with a
Dirichlet boundary control; in particular, the authors used the moments method to prove the global
null-controllability of their linearized model. Finally, it is worth mentioning that the authors in [22]
proved an internal local null-controllability result of a nonlocal semilinear heat equation using the
mentioned approach where a Carleman inequality is established to prove the controllability of their
linearized system.

Let us come back to our problems; before stating the main results, we introduce the functional
framework associated to the linearized models.

Functional framework. Introduce the space
X = (L*(0,1))%,

and write the following elliptic operator A associated to the system (1.1)—(1.7) with (1.8) or (1.9),

—0% 4+« 0
(1.10a) A—( 0 ! —a§+a2)’
with its domain
(L10b)  D(A) = {¢ = (61, 6) € (H*(0,1))2 | $,(0) + B (0) = 0, $4(0) =0,

#1(1) = 0, g4(1) — Ber(1) = o}.

It is clear that (A, D(A)) is a non-self-adjoint operator due to the presence of such coupled boundary
conditions. More precisely, we find that, the adjoint operator A* of A has the same formal expression
as (1.10a), yet with a different domain given by

(1.11) D(A*) = {u i= (u1,uz) € (H*(0,1))% | uf(0) = 0, u5(0) + Buy (0) = 0,

(1) — Bua(1) = 0, uy(1) = o}.
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Notations. Throughout the paper, C' > 0 denotes the generic constant that may vary line to line
and may depend on «q, as, 8 but does not depend on T or yg. By the notation

M) = O0(2(4)),
for some real valued functions 71, vz, we mean
|71 ()| < Cly2(+)|, for some constant C := C(aq, g, 5).

The set of all non-zero real numbers is denoted by R*. For any z € C, the real and complex parts are
denoted by R(z) and J(z) respectively.

1.4. Main results.

1.4.1. Controllability results for the nonlinear systems. With the boundary nonlinearities
prescribed in (1.4) we have the following local null-controllability results for our systems.

Theorem 1.2. Let be f given by (1.4) and assume that (a1, an) € R? be given parameters. Then,
we have the following local controllability results.
1. The system (1.1)—(1.3)~(1.5) is small time locally null-controllable around the equilibrium, that
is to say, for any given time T > 0, there is a § > 0 such that for chosen initial data yo with
llvollx < 8, there exists a control v € L*(0,T) such that the associated solution y satisfies

y(T,z) =0, Vo € (0,1).

2. There exists a non-empty strict subset R C R such that if f'(0) ¢ R, then the system (1.1)-
(1.3)~(1.6) is small time locally null-controllable around the equilibrium, that is to say, for any
given time T > 0, there is a 6 > 0 such that for chosen initial data yo with ||yol|x < 0, there
exists a control v € L?(0,T) such that the associated solution y satisfies

y(T,z) =0, Vo € (0,1).

Our strategy to prove Theorem 1.2 is the following:

— First, we shall prove the global boundary null-controllability results of the associated linear
models (1.1)—(1.7) with (1.8) or (1.9) using the so-called method of moments (initially devel-
oped by Fattorini and Russell [15, 16]).

A proper estimate of the control cost (precisely Ce
results for the non-linear models.

€/TY is crucial to deduce the controllability

— Next, we apply the source term method introduced in [25]; more precisely, we prove the
null-controllability of our linearized models with additional boundary terms in L?(0,7T') (expo-
nentially decreasing while ¢ — T'~) on the boundary points where the non-linearities appear.

— Thereafter, we use the Banach fixed-point argument to obtain the local (boundary) null-
controllability for the non-linear models.

1.4.2. Controllability results for the associated linear systems. Let us present the main

theorem concerning the null-controllability of the linearized models.

Theorem 1.3. Let any yo € X and (a1, a2) € R? be given. Then for any time T > 0, we have
the following.
1. There exists a control v € L*(0,T) such that the system (1.1)—(1.7)—~(1.8) is null-controllable
at time 1.
2. There exists a non-empty strict subset R C R such that if f'(0) ¢ R, then there is a control
v € L*(0,T) such that the system (1.1)—(1.7)—~(1.9) is null-controllable at time T.
In both cases, the controls satisfy the following estimate

0]l 20,7y < Ce“" |yoll x,

where the constants C' > 0 neither depend on T nor on yo but depends on a1, as and f'(0).
The set R will be specified later, namely in Lemma 4.1.

Remark 1.4. Some remarks are in order.
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e In the case when f'(0) = 8 € R, the linearized system (1.1)—=(1.7)—~(1.9) is not even approxi-
mately controllable in X. Therefore, we cannot say anything about the local null-controllability
of our nonlinear systems at least with the technique used by us (the source term method as
per [25]), since the control cost obtained for the linearized problems will be extensively used to
study the nonlinear systems.

e If f/(0) = B =0, then it is clear that the linearized models (1.1)—-(1.7)-(1.8) /(1.9) are com-
pletely decoupled. Thus with a single control function, there is mo hope to control the whole
2x 2 system and again this will prevent us to study the local null-controllability of the associated
nonlinear models with the source term method.

e Maybe some other techniques (for instance, the Return method [10, Chapter 6]) could be ap-
plied to study the local controllability of the nonlinear systems when we do not have the null-
controllability of the linearized models, but this needs further investigations.

2. Well-posedness and formulation of control problems. In this section, we shall discuss
about the existence of the weak solutions to our linearized systems and formulate the associated null-
control problems.

2.1. Existence of semigroup. First, we show the existence of the analytic semigroup defined by
the operator (—A*, D(A*)) introduced in (1.10a)—(1.11). The same is true for the operator (—.A, D(A))
(see (1.10a)—(1.10b)).

Proposition 2.1. The operator (—A*, D(A*)) defined by (1.10a)—(1.11), generates an analytic
semigroup in X, denoted by (e*tA*)DO,
Proof. We consider the following densely defined sesquilinear form h; for all u := (u1,uq), ¥ =
(wla ¢2) € (Hl(ov 1))27
1 L . 1 _ .
(21)  hlu,) = /0 (4 @)87 (@) + wh (@) 5 () ) dz + /O (a1 (@) (@) + azus(@)va() ) da

—Bu1(0)42(0) — Bua (1)1 (1).

It is clear that h is continuous in (H*(0,1))? and moreover, we have

|h(u, )| < &llull o))z ¥l (r0,1))2
where x > 0 depends on the parameters a1, as and f.
Also, any u € (H*(0,1))? satisfies
R (h(u,w)) > kallullFr 0,12 — wellull%,

for some constants k1, ko > 0.

Then, by [27, Proposition 1.51 and Theorem 1.52], the negative operator associated with h gener-
ates an analytic semigroup in X of angle 7/2 — arctan k. Now, thanks to the following Lemma 2.2, we
have that the operator associated with h is indeed A* with its domain D(A*), which completes the
proof. 0

Lemma 2.2. Let h be the sesquilinear form in (H'(0,1))? as defined by (2.1). Then, the operator
associated with h is (A*, D(A*)).

Proof. Denote by (VZ, D(./Z)) the operator associated with the form h, which is by definition given
by

D(A) = {u € (HY(0,1)? | Jw e X st. hu, ) = (w,d)x, Ve (H(0, 1))2},
Au = w = (w1, ws) € X.

e First, we fix some u := (u1,u2) € D(A*). Then for all 1 := (1,15) € (H'(0,1))?, we have

) = | * (4 (T + )5 )+ / (11 (1) + 220201 do

= Bu1(0)42(0) — Bua(1)1(1)
_ / (= (@) + () )i () do + / (- wh(@) + azuz(a) ) va(e) do = (Au,v),
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where we performed an integration by parts on and also use the boundary conditions satisfied
by u € D(A*). Thus, for the chosen u € D(A*), there is a w = A*u € X such that
h(u,v) = (w,v¥)x, for all b € (H*(0,1))2, which concludes the inclusion D(A*) C D(A).

Conversely, let u € D(.Z) By definition, there exists some w € X such that h(u,¥) = (w, ) x
with Au = w, for all ¢ € (H'(0,1))2,

[ (4@ + o)) e+

=B 07200) — Bua( 01D = [ (w12 o) + (o)) o

and accordingly

1

(awl( Vb1 () + agusg(x )m) dr

In fact, since w; € L*(0,1) (i = 1,2), we have u},u, € H(0,1) and thus an integration by

parts yields
1 1 -
| (mut@+arm@)n@ae+ [ (=@ + o) d o
— Bur (0)82(0) — Buz(1)B1(1) + (1)1 (1) — ul (0)P1(0) + (1) (1) — 15(0)5(0)
= [ (5@ + @) dr

for all ¢ € (H'(0,1))%.

In particular, by considering any v € (Hg(0,1))?, we conclude that

Vz € (0,1),
vz € (0,1

wi(x) = —uy(x) + aqu (x),

wa(x) = —ub () + agua(x),

Once we have the above information, then choosing any ¢ € (H'(0,1))? eventually gives us

which are exactly the boundary conditions of an element of D(A*) and thus D(A) C D(A*).

The proof is finished. 0

2.2. A homogeneous adjoint system backward in time. The adjoint problem (backward in

time) of our control systems (1.1)—(1.7) with (1.8) or (1.9) is
01 — 02qu + onqy = Wy in (0,7) x (0,1),
—0:qa — 02qa + gy = Wo in (0,7) x (0,1),
0:q1(t,0) =0 in (0,7),
(2.2) 02q2(t,0) + Bq1(¢,0) =0 in (0,7),
Ouqu(t, 1) — 5Q2(ta 1) = in (0,7),
0:q2(t,1) = in (0,7),
@(T,) = Cl() in (0,1),
qQ(Tv ) 42( ) n (07 1)a
where w := (W, ws) € L?(0,T; X) is some given right hand side.

Proposition 2.3. For any given ( € X and w € L*(0,T; X), there exists a unique weak solution

q:= (ql,QQ) € CO([O,T];X

)N L2(0,7T; (HY(0,1))?) to (2.2) that satisfies the following energy estimate

lglleoor1:x) + 11l 20,7 (a1 (0,10)2) + 19eall 20,7 r-10,1))2) < Ce“T (¢ Ix + 1@ 20,7 %))

where the constant C' > 0 does not depend on T > 0.
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Proof. We just give a short sketch of the proof. Start with ( € D(A*) and w € C([0,T]; X)
(which indeed gives the existence of a strong solution ¢ € C1([0, T]; X) N C°([0, T]; D(A*)) to (2.2)) to
prove the estimate and then the usual density argument gives the required result.

Let us test the first and second equation of (2.2) by ¢; and ga respectively, which provides

1d
(23) =52 lla® 1% +10:a)l% + callar @172 0,0) + e2lla2(Dl 7201y

+ Bar(t, 0)as(1,0) — faa(t, Dao(t,1) < 2 (1EOI% +la(t)I)

Using the following trace inequality

(24) ‘¢(T>| < H¢||[§,2(071)H(b”]é{l(o,l), for 7 € {07 1}7 V(,b € Hl(oa 1);
we get from (2.3) that

1d 2 2 2 ¢ 2 ~ 2
(2.5) —5 7 19O + a1 0,12 < Cella@® i 0,102 + la@lx + lw(®)llx

for some constant C' > 0 that depends on the parameters oy, @ and .
Choosing small enough € > 0 fix and by using the Gronwall’s lemma we deduce that

(2.6) laliZo o,y < CeOT (K + 11320.7:x))
The other estimates can be proved in a standard fashion, more details can be found in [24, Chapter 4]
(see also [13, Chapter 7]). d
2.3. A non homogeneous forward system. Let us consider the following non homogeneous
system
Oy — By +anyr = By in (0,7T) x
Osy2 — 8§y2 + aoyo = Iy in (O,T) X
aavyl (ta 0) + 5?/2(75 0) = Gl (t) in (O7T)a
x ) t 7T )
(2.7) 92y2(t,0) = Go(t)  in (0,7)
zyl( s ) - GB(t) in (07T)a
a»LyQ(t 1) 52/1( ’ ) = G4(t) in (OvT)a
y1(0,)) =yo,1(-) in ( 1),
y2(0,-) =yo,2(-) in (0,1),
where Fy, F» € L?(0,T; L*(0,1)) and G, € LQ(O T;R) for j =1,2,3,4.
Recall that the adjoint operator (—A*, D(A*)) given by (1.10a)—(1.11), defines an analytic semi-

group in X, thanks to Proposition 2.1. Therefore7 the existence of a unique weak solution to (2.7) can
be shown using the method of transposition; see [10,31]. More precisely, we test the PDEs in (2.7)
against the solution ¢ to the adjoint system (2.2) with w; = we = 0. We express this below.

Theorem 2.4. For any given yo = (yo1,%02) € X, F = (F1,Fy) € L*(0,T;X) and G =
(G1,G2,G3,Gy) € L2(0,T;R*), there exists unique weak solution y to (2.7) belonging to the space
Co([0,T); X) N L2(0,T; (H(0,1))?) in the following sense: for any t € [0,T] and ¢ = ((1,(2) € X, we
have

(0(1), ) = (o e~ O)x + / (F(s),e"=94°¢) _ds

J ) ) o [{(EE) 9

Moreover, we have
[ylleoo.ryixy + NwllL2 o,z 0,1))2) + 19yl 20,7512 0,1))2)
< Ce“T (lyollx + IF |2 0,mx) + Gl 20,13 -
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2.4. Formulation of the control problems. First, observe that the existence of a unique weak
solutions to our control systems (1.1)—(1.7) with (1.8) or (1.9) is clear from the Theorem 2.4. Now, let
us prescribe the formulation of the control problems in both cases.

Proposition 2.5. Let any yo € X, (a1,a2) € R? and T > 0 be given, and assume that 3 =

f(0) #0.
1. A function v € L*(0,T) is a null-control for the system (1.1) with the boundary conditions
(1.7)—(1.8) if and only if it satisfies: for any ¢ € X,

(2.8) (yo.e™™4C) = /O Tv(t) <((1)> ,(emT=047¢) (x)|w_0>R2 dt.

2. A function v € L*(0,T) is a null-control for the system (1.1) with the boundary conditions
(1.7)~(1.9) if and only if it satisfies: for any ¢ € X,

(2.9) (yo,e”™4¢) = /0 Tv(t) <($> (emT=0470) (x)|x=°>R2 dt.

We hereby introduce the observation operators B} and Bj associated with the control problems (2.8)
and (2.9) respectively as follows,

(2.10a) B =1(ao) <é> (HY0,1)? = R,

(2.10b) By = 1{y—0y G)) S (HY0,1))* = R.

3. Spectral analysis of the associated adjoint operator. Let us write the eigenvalue problem
A*u = Au, for A € C.
—uy + agu; = Mg in (0,1),
—uy + aus = Aug in (0,1),
uy(0) =0, up(0) + Pui(0) =
up (1) = Buz(l) =0, uh(1) =
with the parameters (a1, as) € R? and 8 # 0.

(3.1)

bl

(a) A* has compact resolvent. Let us denote the spectrum of A* by o(A*) and consider the
operator A* — &1y for any € € C\ o(A*). Our claim is to show that Re := (A* —£1q) 7! : X — D(A*)
exists and it is compact for any £ € C\ o(A*).

The sesquilinear form associated with the operator A* — £1, for any £ € C\ o(A*) is

(32) hd) = [ ((@FE) + @@ )de+ (1 =€) [ (@di@ie

Has — &) /0 w3(2)32(@)d — Bur (0)92(0) — Bua (1)1 (D),

for all ¢ := (¢h1,¢2) € (H(0,1))%.
One can show that h is continuous and elliptic. In particular, there exists constants 1,72 > 0
such that we have

(3-3) R (h(u,w) = villullE 0.0y + (~RE) = 72)[Jullk-

From (3.3), it follows that for £ € C with R(£) < —y2 — 1, the operator (A* — £14) is invertible.
In particular,
(34) (700, -2 — 1] - p(A*)a

where p(A*) denotes the set of resolvents of A*.
Finally, we have that D(A*) < (H'(0,1))? — X with compact embedding and so R is a compact
operator in X for any £ € C with (§) < —v2 — 1 and consequently for any £ € p(A*).

The above analysis confirms that the spectrum o(A*) is discrete and contains only the eigenvalues
of the operator A*.
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(b) All the eigenvalues have geometric multiplicity 1. Assume that for some A € o(A*),
there exists two linearly independent solutions (¢1, ¢2) and (¢1,19) of the eigenvalue problem (3.1).

We consider
ue (W) ._ (Cro1+Cath
ug) "~ \C1¢1+ Catha )’

for some choices of Cy, C2 € R* such that u1(0) = C1¢1(0) + Catp1(0) = 0 (recall that ¢1(0) # 0 and
11(0) # 0). But we also have v} (0) = 0 from the boundary conditions in (3.1) which leads that u; =0
in [0, 1].

Once we have this, the second component us = 0 follows immediately from the set of equations
(3.1).

Hence, (¢1,¢2) and (¢1,12) cannot be linearly independent, which proves that the geometric
multiplicity of any eigenvalue is 1.

(c) The set of eigenvalues and eigenfunctions. Let us find the set of eigenvalues of the
operator A*. Hereinafter, we assume that a; < ag without loss of generality.

One can first observe that A = «y or as cannot be an eigenvalue for A*. Indeed, by putting
A = @ or ap in the set of equations (3.1) and then using the boundary conditions, one can show that
Uy = Ug = 0.

Let us now take p € C such that u? = A — oy and so A — ap = p? — 6 with § := ay — a; > 0. Then,
the equations of u; and us can be rewritten as

uf () + pPuy(x) =0, z € (0,1),
uy (z) + (p? — O)uz(z) =0, =€ (0,1),

along with the boundary conditions as given in (3.1). We look for the solutions of the forms
(3.5) uy(x) = K1 1€ + Ky ge e, z € 0,1],
(3.6) up(z) = Kope'VIF 0% 4 Ko pe VI =02 (0, 1],

for some constants K; ; € C, 1 <4,5 <2.
Using the boundary conditions at = 0, we have

2
(3.7) Ki1 =K, Koo=Ky;+ - b Ky 1.

iz —0

From the boundary condition «} (1) — SBus(1) = 0, we get (using also (3.7))

2
(3.8) Kl,l (i,u(ew _ e*iu) _ i\/igieeiw /M20> _ ﬂK271(ei\/“279 + e*i\/lﬁ*e) =0,

and from the condition u5(1) = 0, we get
(3.9) 28Ky 1" VIO LKy /2 — (VPO —emiViE =0y — g,
Combining the two equations (3.8)—(3.9), we have the following system of equations,

; i —ip) _ _ 287 —iy/u2—0 _ i\/;ﬂfe_'_ 71'\/“276
o (HT T T Y (o)
—28e~iV/n—0 i\/m(ei‘/“?_@—e_“/“z_(’) Ks 0

We look for the non-trivial (K7 1, K9 1) which is possible only when the determinant of the coefficient
matrix is zero, which yields the following transcendental equation

(3.11) %u\//ﬂ — 6 sin(u) sin (\/,LLQ — (9) —1=0, peC,

et% _e—i%

21

where (by definition) sin(z) = for any z € C.
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To obtain the eigenvalues of A*, we need to find all u that satisfy the equation (3.11). Let us find
the set of solutions to (3.1).
In (3.5), we set K11 = K12 =1/2 and then from (3.9) and (3.7), we respectively get
X B€7i nu2—0 % ﬁei\//ﬂfO
2,1 = ; ) ; 2,2 = ; _ :
BT ) BV )

Using the above values of K, ; for 1 <4,j < 2 in (3.5)—(3.6), we obtain the solution to (3.1), denoted
by @, as follows

cos(px)

Ve s (Vi -a) |

(3.12) Dy () := € [0,1],

associated with A = u? + a1, where = ap — o and p € C satisfies the equation (3.11). The second
component of the function ®, is well-defined since u2 — 0 = A —as # 0 as A = ay cannot be an

eigenvalue for A* (mentioned earlier), also sin (\/ u? — 9) cannot vanish since p satisfies (3.11).

Characteristics of the eigenvalues. We begin with the following lemma which ensures the
existence of countable number of real eigenvalues of A*.

Lemma 3.1 (Existence of real eigenvalues). There is a non-negative integer ko := ko(a1, aa, 5),
such that for all k > ko, there exist exactly two roots g 1 and py 2 of the equation (3.11) in (km, (k+1)w)
where

kr <ppa < (k+1/2)7, (B4+1/2)71 < po < (k+ 1)m.

Proof. Let us denote

(3.13) h(p) = %um sin(p) sin (\//m) -1, forpecC.
o FEzistence. Observe that
(3.14) hkr)=—-1<0, h((k+1)7m)=—1<0.
Also, we compute for large k,

(3.15) h((k+ %) ) = ﬂQ(k + 1) (k + %)%2 —60(=1)ksin ( (k + %)%2 - 9)

1 1 1
= @(kﬂri)w (k+§)27r2—9 cos (O(l/k)),
thanks to the fact that

9

1 1

Thus, from the expression (3.15), it is easy to observe that there exists some ko € N, depending
on o, &y, 3 such that

1
(3.16) h((k + 5)77) >0, Vk> k.
Therefore, the properties (3.14)-(3.16) ensures that there exists at least one root of h in

(km, (k+1/2)7) and one in ((k+ 1/2)7, (k + 1)x) for any k > k.

e Uniqueness. Let us choose

hi( ﬂQ’um sin(p) sin (m) .
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The roots of hy(p) =0 are kr and Vk2x2 + 0, for all k > 0. In fact, there exists some kyp € N
such that for all k > kg, one has vk?72 + 0 € (kn, (k+ 1)7).
Now, consider the rectangle

(317) Ry:={z=az+iyeClhkrn—7/2<z<(k+1)r+n/2, —n/2<y<m/2} CC.

There exists some non-negative integer k > ko (75 depends on the parameters a1, ag, ), such
that

|hi(2)] = % |z] |sin(z)] ‘\/ 22 — 9‘ ‘sin(\/ 22 — 9)‘ >1, on ORy, Vk>F.

As a consequence, we have

(3.18) \h(z) — h1(2)| =1 < |hy(2)|, on ORg, Vk > k.

Thus, by Rouche’s theorem, the number of roots of h coincides with the number of roots of h;
inside the rectangle Ry, and that is exactly 2. But we have already shown that for each k > kg
(ko is defined in Lemma 3.1), that there exist at least two real solutions in (kn, (k + 1)m) of
the equation h(u) = 0. Hence, from the previous argument, the real roots of h are the only
roots of it inside each rectangle Ry for all k > ko, where ko can be chosen in such a way that
ko > k.

We denote those roots by p,1 and py 2 that satisfy
w1 € (b, (k+1/2)7), pr2 € (K+1/2)7,(k+ D7), Yk > k.
To complete the analysis, we consider the following vertical strips,
Vi = {zeC\kw—ggéﬁ(z) S(k+1)7r+g}, Vk > ko,

and the only roots of h are g 1, ftk,2 € Vi, since any point p € Vi, \ Ry, satisfies |h(u)| > 0.
The proof is finished. 0
Let us show that py 1 and py 2 satisfy some asymptotic properties for large k € N.

Lemma 3.2 (Asymptotic expressions). Let ui1 and pg2 be as given by Lemma 3.1. Then, we
have the following asymptotic formulas,

/B2 L 02 4 0
(3.19) =k Gl
. pr1 = kr+ ———— , forlarge k > ko,
02 _ 0
VW+E—1
(3.20) pre = ((k+ 17w k3 , for large k > ko,

(k+ )7

where 0 = as — a1 > 0.

Proof. Recall that ug 1 € (km,(k+ 1/2)m) for all k > ko and therefore ug 1 = km + 5 for some
0, € (0,7/2). Then, the equation h(ug 1) = 0 implies

(3.21) L (b + 61)/(om + 00)% =8 sin(k + 6¢) sin ( (kr + 05)2 — 9) —1=0, Vk> k.

62

Now, we compute that

ww+&ﬁ—0=ﬁm+%)P—%mfhm2+o<;)

0 1
— k4O — —— =
™+ Ok 2(k;7r+6k)+0(k3>’
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using what, we get from (3.21),

= (b + 04)? {1 - Miéw +0 <;4)] (6 +0O(5D) <5k. - Q(If:if‘élc) +0 (;3) + 0(62>> ~

Thus, we have

(km)%6 <5k — 2:) ~ B2, for large k.
T

Let v := kmdy to simplify the computations. Since

0
Y= 5w~ A% for large ,

we have (vi)r>k for K large, is a bounded sequence. The limits of every possible subsequences

0 0 / 62
Yo(k) — 7 satisfies: v > 0 and 7% — —y = B2 Thus we necessarily have v = — + 1/ 82 + —, which

k 2 4 16’
gives
] 2
PP+ T
y ~ ————, for large k.
km
S+ L
In the next step, by expressing d; = — + Jj, one can find that
i

~ C
O ~ =R for large enough k,

for some C > 0 depending on a1, as and 8. This concludes the proof for (3.19).

Similarly, by expressing px 2 = (k4 1)m — 5Ak for some gk € (0,7/2) and proceeding in a same way
as before, one can obtain

N /52+E_Q
16 4+O

1
Sp = i Dn (k3> , for large enough k,

which gives the second asymptotic formula (3.20). |

Corollary 3.3 (Properties of real eigenvalues). Let ko be as given in Lemma 3.1. For each
k > ko, there exists exactly two eigenvalues, denoted by A1 and Mg of A* in the interval (k27r2 +
o1, (k+1)*7% + oq) such that

BPrl+a < A < (k+ 1/2)*7% + ay,
(k+1/2)*m% + a1 < Ao < (k+1)* 7% + o,
and moreover, they enjoy the following asymptotic formulas,

)2 1
(3.22) Mot = K12 +24/ 82+ (@2 1601) + (a1 J2FO‘2) L0 <k:2> , for large k > ky,

— )2 1
(3.23) Moo = (k+1)%72 —2¢/B82 + (a2 160‘1) n (a1 —gaz) +0 (k?) . for large k > k.

Proof. By our construction, we recall that any eigenvalue of A* is of the form X\ = 2 + aq, where
w satisfies the equation (3.11).
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e Therefore, we have
2 2
)\k,l = :uk,l =+ a1 and >\k,2 = Mk,Z =+ a1, Vk Z ko,

where p5; (i = 1,2) are given by Lemma 3.1.
e The asymptotic formulas of Ay ; and A; 2 can be deduced from the asymptotics of pj; and
[tk,2 obtained in Lemma 3.2.
The proof is complete. 0

We finally denote the set of all such real eigenvalues of A* by A,, where

(324) AOO = {)\kvl’)\k!Q}k‘Zko'

Conclusion on the structure of o(A4*). Beside the set of real eigenvalues A, we also have a
finite set of eigenvalues of lower frequencies. To determine this, let us first recall that (—oo, —y2 —1] C
p(A*) (see (3.4)). Then, it is clear that there exists some K € N* with K > kg (ko is given in
Lemma 3.1) and M > 0 large enough such that

% || |sin(pu)| ‘\//ﬂ - 9‘ sin (\/,u2 - 9)‘ >1, for pu € OR,

where Ry is the rectangle given by
Ry = {z=a:+iy€@|—’yg—1§x§K7r+g, —nggM}C(C.

Since A* has compact resolvent, the above explanation ensures that there exists at most finite number
of roots of the function h(p) (given by (3.13)) inside Ry. But remember that, we have chosen K > kg
while considering the rectangle Ry and thus some of the roots of h in Ry may coincide with some roots
inside Ry, for k > ko (R} are defined in (3.17)).

Therefore, we collect all the roots of h inside Ry which are not coinciding with any roots in Ry, for
k > ko. More precisely, we set

K
(3.25) Ag := {)\ = +or|pe R\ ( U Ry,) satisfying h(p) = O}.
k>ko

To conclude, the spectrum of A* contains a finite set of eigenvalues A possibly with some complex
entries and a countable set of real eigenvalues A, that is to say,

(3.26) o(A") == AU Ax.

For each eigenvalue A € o(A*), the associated eigenfunction @, is given by (3.12). Using the
2
fact that v/p2 — sin (\/;ﬂ - 9) = p

psin g
rewritten as

(thanks to the equation (3.11)), the eigenfunctions can be

cos(px)

(3.27) Dy (z) := (”Sg’“cos (\/m(l x))) , x€[0,1],

associated with the eigenvalues A = p2 + ay.

(d) Riesz basis property of the family of eigenfunctions. Let us write the following propo-
sition.

Proposition 3.4. The set of eigenfunctions {(D)‘}AGU(A*) forms a Riesz basis for the space X.

To prove the above proposition, let us first find the asymptotics of the eigenfunctions for the real
eigenvalues A € A .
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Asymptotics of the eigenfunctions. Recall the asymptotics of px,1 and py 2 from (3.19) and
(3.20) respectively, so that

\/ B +92 g 1
(3.28) i, —0=kn+ 4—}—0(]{3>7 for large k > ko,

km

\//82+ + 1
(3.29) Ji2, —0=(k+1)r 16 4+0(>, for large k > ko,

(k+1)m k3
From the asymptotic of w1 given by (3.19), we obtain for large enough k > ko, that

62+f+€
Y, 16 4+O<1) ..

(3.30) cos (pg,1x) ~ cos(kmz) — sin(kmx) ’
T

and using (3.28), one has

(3.31) cos (, fu2, —6(1— m)) ~ (—1)* cos(kmz)
+ (=1)*sin(krx) 62+—H +0 ( ! ) (1—2x).

km

Also, note that

. 602 0
(3.32) pukasin gy ~ (=1)F [m—k

Then, using the above three items (3.30)-(3.31)—(3.32) in (3.27) for A = A 1, we have

<\/62+%+ﬂ>

cos(kmz) — sin(krz) ~———— + O ()

k
B2+ -4 ) (- m) ’
—% [\/62 + % + Z} cos(kmzx) + sin(kmx) ( 4) O (&)

+ O(%), for large k > ko.

(3.33) @y, (z) ~

for large k > k.

Next, we find a similar asymptotic expression for ®,, , when % is large enough. From the asymp-
totic of py 2 given by (3.20), we have, when k > ky is large, that

VB2 g 1
(3.34) cos (pu,2x) ~ cos((k + 1)mz) + sin((k + 1)) T ) () x,

and then, using (3.29), we get

(3.35) cos (1 [y —0(1 — x)) ~ (=) cos((k + 1))
— (=1)*sin((k + 1)7z) @ +0 ( L ) (1—x).

km
Beside that, we observe that

. 62 0
(3.36) [k 28I g o ~ (=1)F [m -1

+ O(k%)’ for large k > ko.
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Then, using (3.34), (3.35) and (3.36) in (3.27) for A = Ag 2, we get

(3.37)
V54 )a
cos((k + mzx) + sin((k 4+ 1)wx) ((;_1)7T> +0 ()
(bAk,Q (,T) ~

- VB G+ ) (1-a) ’
% [\/52 + % — Z] cos((k + V)wz) — sin((k + 1)7wz) ( (k+1)7r> +0 (,715)

for large k > ko.

A known Riesz basis for X. Let us consider the family
(3.38) G:= {(I)k}kzo u{v_,}u {‘I’k}kzm

where

B 1 _ cos(kmx)
. Py = Py = 2 >1
(3.39) 0 (—1) ’ k —% {\/52 + % + Z] cos(kmwz) |’ Vk 21,

_ 1 B cos((k + 1)mz)
(3.39b) U_q = (1> . Uy = % [m_ Z] cos((k + 1)mz) | Yk > 0.

It can be shown that the family G given by (3.38)—(3.39) forms a Riesz basis for X.

Below, we write a result which is borrowed from [28, Corollary 11.4, Chapter II-§11] (see also [21,
Lemma 6.2]).

Lemma 3.5. Let {¢n}n>0 be a Riesz basis in a Hilbert space H and {¢n}tn>n (for N > 0) be
another sequence in H such that

n>N

Then, there exists an M > N such that the family {¢n}2, U {tn}n>rr+1 forms a Riesz basis in H.

We are now ready to prove the Riesz basis property of the set of eigenfunction of A* in X.

Proof of Proposition 3.4. The proof is made of two steps.

Step 1. Recall the known Riesz basis G given by (3.38). Then, observe that the family of real

eigenfunctions {®, ,, P, , }k>k0 of A* satisfies

~ ~ 1
> (10n = Bellk +l10x,, — Tully) SC Y 5 < +oo.
k>ko k>ko

This can be deduced from the asymptotics of the eigenfunctions ®,, , and ®,, , given by (3.33) and
(3.37) respectively (this is the so-called quadratically closeness property).
Let us consider, for some M > 0, the finite subset of G, given by

G={Pp |0<k<M}U{U_}U{¥,|0<k< M}
Then, according to Lemma 3.5, there exists some M > kg such that the family
GU {CI)M,N(I)M,z}kzMH

forms a Riesz basis for X.

Step 2. The finite set given by

Ep := {q)/\},\ea(A*) \ {(I)/\kyl’q)’\kfz’}kZMH’
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is linearly independent since they are eigenfunctions of A* associated with distinct eigenvalues. There-
fore, the number of elements in Ey cannot exceed 2M + 3 since G has exactly 2M + 3 number of
linearly independent elements and Fy C Span§G. Our goal is to show that Ey contains exactly 2M + 3
eigenfunctions.

Now, recall that A* is a densely defined discrete operator (that is to say, A* has compact resolvent)
and so A is. Then, we define the linear manifold &.,(A) by

Goo(A) == {0 | P(N)p =0, VA € o(A)};
P() is the projection operator given by
PO =~ [ (el A) e, WA o(A),

211 Cx

where €, is a closed curve containing only the eigenvalue A\ € o(.A) and traversed once in the positive
sense, o(A) is the spectrum of A (which is the same as o(A*)). Since A* is densely defined discrete
operator, by using [12, Lemma 5, XIX.5.5] we have

Span {®x | A € 0(A*)} = Goo( AL,

Therefore, one can write

X =6, (A) @ Span {®y | A € 0(A*)}.

On the other hand, by [12, Lemma 5, X1X.2.5], &, (A) is either trivial or infinite dimensional. But,

according to the previous step, it is clear that Span {<I> A AE U(A*)} has at most finite codimension
and thus the only possibility is G (A) = {0}, which yields

X =Span{®, | A € o(A*)}.

In other words, {<I> ,\} A€o(Ax) SPans the space X. So, the number of linearly independent elements in

)
Ey have to be exactly 2M + 3 and moreover, {(I)A})\EU(A*) forms a Riesz basis for X.

The proof is achieved. ]

Remark 3.6. To prove the Riesz basis property of the set of eigenfunctions of A*, we cannot
directly apply the so-called Bari’s theorem [6] (see also [32, Chapter 1, Theorem 15]) since, initially
we did not have any precise information about the number of eigenfunctions for the lower frequencies.
So, we use a slightly different approach to prove our result. A more general result is available in [21].

Remark 3.7. The proof of Proposition 3.4 ensures that the number of eigenvalues in the finite
set Ao (given by (3.25)) is exactly 2kg + 1. If needed, one can introduce the index j and write the set

(3.40) Ao ={Nj|1<j<2k+1}.

4. Boundary controllability of the linearized systems. This section is devoted to prove the
boundary null-controllability of the linear systems associated to our non-linear models. We recall here
that f'(0) = 8 # 0 where f is the nonlinear function appearing on the boundary conditions of our
nonlinear models and is given by (1.4).

4.1. Approximate controllability. Let us first discuss about the approximate controllability
of the linearized systems in the space X at any time 7" > 0. We write the following lemma.

Lemma 4.1. Let any yo € X and parameters (a1, as) € R? be given. Then we have the following.
1. The system (1.1)~(1.7)—(1.8) is approxzimately controllable in X at any given time T > 0 and
the observation terms satisfy

(4.1) |IBi®x| =1, VA€ o(A").
2. Assume without loss of generality that vy < ap with 6 = as — ay and we introduce the set
(4.2)

1
2 2
R = :I:<(—1)k(k+;)7r (k—|—;)27r2—|—981n< (k+%) 7r2+9)> i k>0 NR"
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Then, the system (1.1)=(1.7)—(1.9) is approximately controllable in X at any time T > 0 if
and only if B ¢ R. In that case, there exists a constant vy > 0 such that the observation terms
satisfy

(43) |B;q))\| > Yo, VA e 0’(./4*).

Proof. Recall the observation operators B}, Bj respectively defined by (2.10a), (2.10b) and the
explicit expressions of the eigenfunctions @, from (3.27).
1. Tt is easy to see that

Bidy =1, YA€ o(A).

So, by using Fattorini-Hautus test (see [14], [26]), the linear control system (1.1)—(1.7)—(1.8)
is approximately controllable in X at any time T > 0.

2. For any parameters a; < ag we write § = as — «p as earlier. Let us compute that

By®) = _,usiﬁn,u cos (x/p@ — 9) , VYAeo(AY),

where, by construction A = p? + a;.
If possible, assume that B5®, = 0 for some eigenvalue A. Since psinpu # 0 (if so, then the
eigenvalue equation (3.11) is invalid), this yields

cos (x//ﬂ - 9) =0,
=’ =(k+ %)27{'2 +6, for some k > 0.

But we need to show that the above u satisfies the eigenvalue equation (3.11) also. Indeed,
this is possible only when

%(lwr %)w (k+ %)%2 — 0 sin ((k + ;)w) sin ( (k+ %)2772 - 9) =1.

The above equality tells that when

1 1 1
(4.4) 82 = (DM (k+ 5)my/ (k+ 5) 72 — 0 sin ( (k+5)"n2 ~ 9) :
for some k£ > 0, then the system is not approximately controllable in X. In fact, for any
(a1, ), it is clear that there exist countable number of & such that the quantity in the right
hand side of (4.4) is positive. This leads to introduce the set

1
2

R = i((—l)k(k+;)ﬁ (k+;)27r2+95in< (k+;)27r2+9>> ; k>0 NR".

Then, from the above analysis, it is clear that B;®, # 0 if and only if § ¢ R and so the
Fattorini-Hautus criterion confirms the approximate controllability of the system (1.1)—(1.7)—
(1.9).

Finally, to find the required lower bound (4.3), it is enough to consider the eigenfunctions for
large frequencies. In fact, we see

Bi®y, = f%cos ( fu2 - 9) Cforallk> ko, j=1,2.

Then, using the asymptotic information (3.28) and (3.32), we get

1
Bidy, , ~—1+ o(ﬁ), for large k.
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On the other hand, using (3.29) and (3.36), one can get
* 1
By®x.. ~1+ O(ﬁ)’ for large k.

So, there exists some constant 7y > 0, independent in k, and some K; € N* depending on
a1, ag, B such that

IB5®x, ;| >, Vk>Ki, j=1,2.

But, for the choices of 5 ¢ R, we have proved that B;®, # 0 for all A € o(.A*) and therefore,
the lower bound (4.3) follows, possibly with some smaller 7y > 0.
This completes the proof. 0

4.2. Bounds on the eigenfunctions. We have the following result.

Lemma 4.2. There exists some constant C > 0 depending on the parameters ay,as, 8 but inde-
pendent in X € a(A*) such that the eigenfunctions of A* satisfy the following bounds

(4.5) [®xllx <C, VA€ o(A).

Proof. Recall the formal expression of ®, from (3.27), one has

|0yl < C (1 + '“Sm“') ,

18|

for any \ € o(A*) where A = p? + a;.

Using the asymptotics of psin p given by (3.32) and (3.36) for large modulus of eigenvalues, one
can obtain the required bound (4.5) of the eigenfunctions. For rest of the finite eigenmodes, the bound
follows immediately. 0

4.3. The moments problem. Recall that the set of eigenfunctions {®)}recs(4+) forms a Riesz
basis in X. Thus, it is enough to check the control problems (2.8) and (2.9) with ® for each A € o(A*).
This gives us the following.
e For any yp € X and parameters (a;,a2) € R?, a function v € L?(0,T) is a boundary null-
control for the system (1.1)—(1.7)—(1.8) if and only if, we have

ﬁ (y07 (I)k)

T J
(4.6) 0 x / o) T DX, YA € o A7),
Bo,

e Similarly, for any yo € X and parameters (a1, az) € R?,if 8 ¢ R, then a function v € L(0,7)
is a boundary null-control for the system (1.1)—(1.7)—(1.9) if and only if, we have

(4o, ® T
(4.7) eTA(yOB*(Ij)X = / v(t)e=(T=DAdt, VYA € o(A¥).
2 A\ 0

Here, we have used the fact that e~ *A" &\ = e~ ®,, for any \ € o(A*).
The above set of equations are the moments problems for our linear models and we shall solve these
in the next paragraphs.

4.4. Existence of a bi-orthogonal family. The study of existence and estimates of biorthogo-
nal families to exponential functions in L?(0,T) is a long story starting from the pioneering work [16]
in the framework of control theory, up to very recent developments. In this paper, we will make use
of [9, Theorem IV.1.10] which is similar to [7, Theorem 1.5] but with a simplified set of assumptions.

In order to use this theorem, we need to show that the set of eigenvalues o(A*), defined by (3.26),
belongs to some sector of the complex half-plane and satisfies the uniform spectral gap property and
some conditions on the counting function.

Remark 4.3. Without loss of generality, we assume that all the eigenvalues of A* have positive
real parts. If not, one could choose some ay > 0 such that A+ g > 0 for any X € o(A*). In that case,
the factor €T would appear in the estimation of control.
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The sector condition. For any n > 0, we define the sector
8, ={2z€C|R(z) >0, and |(z)| < (sinhn)R(z)}.

Recall that, our set of eigenvalues o(.A*) has at most finite number of complex eigenvalues lying inside
Ag. This, along with Remark 4.3, it is clear that there exists some 7 > 0 such that

o(A*) C 8,

The gap condition. We have that Using the asymptotic expressions (3.22) and (3.23) of the real
set of eigenvalues Ay, one has the following: there exists some p; > 0 and some kg > 1, depending
only on a1, as and (3, such that

[Metr1,1 — Ax1| = pik,  for k> ko,
[Miet1.2 — Ak2| > pk, for k> ko,
[Ak2 — Ai1| > pik for k> ko,

>p1 for k> ko.

[Ak,2 = Akt

Note that the gap between Aj 2 and Ai41,1 tends to a finite positive number as k goes to infinity but
does not tend to infinity like for the other cases. This is the reason why we needed to compute the
precise asymptotic expansions of the eigenvalues.

Using above and the fact that the spectrum is discrete, we can say that there is some p > 0 such
that

A=A >p, AAeo(A*) with A # X,

which is the uniform spectral gap property.

The condition on counting function. Let us re-denote the real set of eigenvalues A given
by (3.24) as {Aok+i fk>ke,i=2,3, Where

Aokt2 = Akl Aokis = Ak2, Yk > ko.

Here we start with the index 2kq + 2 since the set Ay of lower frequencies contains exactly 2kg + 1
number of elements, see (3.40).

Let N be the counting function associated with the set of eigenvalues o(A*), defined by
Nr)y=#{N ea(A) [N <r}, Vr>0.

We have that the function A is piecewise constant and non-decreasing in the interval [0, 400). Also
for every r € (0,400), we have N (r) < +00 and lir+n N(r) = +o0.
r—+00

Our goal is to show that there exists some ¢ > 0 independent in the set of eigenvalues such that
(4.8a) N(r) < kor'/2, Vr >0,
(4.8b) IN(r) = N(s)| < ko (1+|r—s\1/2), Vr,s > 0.

It is enough to start with large r so that A(r) > 2kg + 1. In such situation, we can play with the

real set of eigenvalues {Aoktite>ko,i=2,3-
Assuming that N (r) is even, we see

N(r) =2k +2 <= Agpro = A1 <7, forall r > 0 large enough.

But we have (since a; > 0)
k2r? < kB + o < A,

which gives

2
N(r) < =vr+2, forlarger > 0.
7

This is the first required condition (4.8a). Similar property can be achieved with odd N (r).
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Let us consider r > s > 0 large enough and N (r) = 2k + 2, N(s) = 2m + 2. Obviously, one has
k > m since r > s. Now, using the characteristics of real eigenvalues given by Corollary 3.3, we have

Br?+aq < X2k+2 =M1 <, 5 < X2m+3 =Am2 < (m+ 1272 + ay,
which gives
r—s> k7% — (m+1)*n?,
ie., Kn? < (r—s)+ (m+1)*n2,
ie., kr<(r—s)Y?+(m+ 1.

Replacing k£ = W and m = W7 we get
N(r) =2 < l(r_ s)V2 4 A&7
2 s 2
1
or, N(r)—N(s) <2 (1+ (r—s)l/Q) ,
7r

which is the second required condition (4.8b). By a similar approach we can obtain this condition for
other possibilities of M (r) and N (s).

Therefore, according to [9, Theorem IV.1.10], there exists a family {g}res(a+) C L?(0,T) such
that

T - = ~
/ q,\(t)e_(T_t)’\dt = (5)(5}, YA A€ a(AY),
0
with the following estimate

(4.9) laallr2(om) < CeCT 5 HOVROEE - yy € o (A7),

where the constant C' > 0 depends on 7, p, ko but independent in A or T

4.5. Existence of control. In this section, we shall solve the set of moments equations (4.6)
and (4.7) to construct boundary controls for our linear systems.

Proof of Theorem 1.3.
1. Construction of a control for the system (1.1)—(1.7)—(1.8). Let us start with any given param-
eters (a1, ) € R%, B # 0, initial data yo € X and consider

(4.10a) v(t)= Y wu(t), Vt€[0,T], with
A€o (A*)
—TX
(4.10D) uA(t) = ;T(yo,fb)\)xq)\(t), Vt € [0,7], and A € o(A%).
1A

Observe that, this choice of v is well-defined (as Bi @y # 0 for all A € 0(A*)) and formally satisfies the
moments equation (4.6).

Using the bi-orthogonal estimate (4.9), lower bounds of the observation terms (4.1) and the upper
bounds of the eigenfunctions (4.5), we get

(4.11) lorllzeom < CeC/Te T VD jyq |5, A € o(A").
Applying Cauchy-Schwarz inequality, we get
T C? .
Cv/R(N) < Z§)‘£(A) + YA € a(AY),
using what in (4.11) and taking sum over A € o(A*), we obtain the required estimate for v,

(4.12) ||7JHL2(0,T) = Z ||UA||L2(0,T) < CGC/THyOHX»
A€o (A*)

here we have used the properties of the eigenvalues for large modulus, given by Corollary 3.3.
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2. Construction of a control for the system (1.1)=(1.7)=(1.9). Let any yo € X be given. Also, for
any given parameters (o, ) € R?, choose 3 ¢ R. Then, we consider

(4.13a) =Y w(t), Vte[0,7], with
AEA

e—TX

B*

(4.13b) ua(t) = (yg,CI)A)XqA(t), Vit € [0, 7], and X € o(A").
This v is well-defined since B5®, # 0 for all A € o(A*) as we have chosen 8 ¢ R (see Lemma 4.1).
Moreover, the above v formally solves (4.7).

Then, following the same strategy as previous, one can obtain the required estimate for the control
v in (4.13a)—(4.13Db).

The proof is complete. 0

5. The nonlinear system: a source term and fixed point argument. In the previous
section, we obtained that the control cost for the linear systems is Ce®/T||yo||x. Using this we shall
deal with some nonlinear systems in the current section. As indicated in Section 1.1, the boundary
nonlinearities are given by

f(v)=pr+g(v), with geC'(R), g(0) =4'(0) =0, satisfying
(5.1) lg(v) —g(@)| < Clv —v|(Jv| + |7|), for any v, € R, for some constant C' > 0,

f/(0) = 8 # 0 is some real number.

5.1. Source term method. Let us discuss the source term method (see [25]) for our case. We
assume the constants p > 0, ¢ > 1 in such a way that

q2

(5.2) 1<q<+?2, and 10>2_q2

We also redenote the constant appearing in the control estimate (4.12) of the linearized models

by M, more precisely we write the control cost by MeM/T (just to make a difference with the generic
constant C'). We now define the functions

pM
po(t) =¢e @HT-H, 1
63 o wer(i-2).],
ps(t) = e D=0, a

extended in [0,7(1 — 1/¢?)] in a constant way such that the functions py and ps are continuous and
non-increasing in [0, 7] with po(T") = ps(T) = 0.

Remark 5.1. We compute that

2 (12 y (]2—
o) _ EREETE e {T <11> ,T],
q

Due to the choices of p,q in (5.2), we have M(q2 +p(¢® — 2)) <0, (¢ —1) > 0 and therefore we can
conclude that

Py (t)
SO SL e [0,T].

With these functions, we define the following weighted spaces (recall that X = (L?(0,1))?),

2 S 2
(5.4b) Y= {y = (yi,1) € L*(0,T5 X) | L € L2<0,T;X>},
Po

(5.4c) V= {v € L*(0,7) | p”—o € LQ(O,T)} .



22 K. BHANDARI, F. BOYER

We introduce the inner products in the spaces S and V respectively by
T _ T
(S, S>s = / ps>S(t)S(t)dt and <v,5>v = / o 2o (t)o(t) dt,
0 0

for any S, S €S and v,v € V. The corresponding norms in those spaces are

T 2 1/2 T 2 1/2
(5.5) 1Slls = ( /O i(% dt) . and [olly = ( /0 ;’0% dt> .
Now, let us consider the following system
Oy1 — Py1 + a1y1 =0 in (0,7) x (0,1),
Orya — O2ys + agys = 0 in (0,7T) x (0,1),

(5.6) _
y1(0,-) =yo,1(-) in (0,1),
0,1

y2(0,-) =wo2(-) in

along with the boundary conditions at x =1 as

51211 (ta 1) =0 in (07 T)v
(57) {axyga, 1) = Byl 1) = Sa(t) i (0,7),

and at x = 0, we consider either

(5 8) aﬂcyl(t’ 0) + 5?42(@ O) = U(f,) + Sl(t) in (O’T)v
' 0,y2(t,0) =0 in (0,7),
(5 9) 3zy1 (tv 0) + 5y2(tv 0) =5 (t) in (07 T),
. 8my2(t70) =v t) in (07T>a

for any given yo € X, S1,S5 € L?(0,T) and v € L*(0,T) .
Then, our goal is to prove the following result using the technique developed in [25].
Proposition 5.2. Let any S1,52 € L?(0,T), yo € X and parameters (a1, as) € R? be given.
1. Then, there exists a linear map

(yo,S1,52) € X x L*(0,T) x L*(0,T) + (y,v) € Y x V,

such that (y,v) solves the set of equations (5.6)—(5.7)—~(5.8).
2. On the other hand, if B ¢ R, then there exists a linear map

(yo,S1,52) € X x L*(0,T) x L*(0,T) + (y,v) € Y x V,

such that (y,v) solves the set of equations (5.6)—(5.7)—~(5.9), where the set R is given by (4.2).
In both cases, we have the following estimate

v

Po

Y

Po

Y

- < Ce“(T+4) (|lyollx + [|Sills + [1Salls)

L20,1)

+
C0(0,T;X)

+

(5.10) ‘
L2(0,T5(H1(0,1))2)

where the constant C' > 0 neither depends on yo nor on T'.
Proof. Let us define the sequence {7} }i>0 with

T

Ty:=T— ., Vk>0,
q

for given T > 0. With this T, we have the following relation between py and ps

M

(511) PO(Tk+2) = pg(Tk)eTk+2‘Tk+1 , Vk>0.
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We also define a sequence {ay }x>0 with
(512) ap = Yo € X, Ap41 = g(Tl;H)’ vk > O,

where 3 := (y1,92) € CO([Tk, Thy1); X) N L3(Ty, Tiey1; (H(0,1))?) is the unique weak solution to the
following system for every k > 0,

O — 021 + a1y =0 in (T, Ty+1) x (0,1),
2 — 022 + gl = 0 in (T Try1) x (0,1),
9:91(t,0) + Bya(t,0) = 51( ) in (T, Theta),
(5.13) 9:92(t,0) = in (T Tit1),
9:41(t,1) =0 in (Tk, Th+1),
0:92(t, 1) — By (t, 1) = 52( ) in (Ty, Trya),
y1(T;j, )= in (0,1),
( ) = in (0,1).

Moreover, using Theorem 2.4, we have

H§||CO([TI¢,TI‘:+1]?X) + ”:IjHLz(Tk,Tk+1;(H1(071))2) < CeCT (Hsl||L2(Tk7Tk+l) + H52||L2(Tk1Tk+l)) .
In particular,
(5.14) laks1llx < Ce“T (ISillzmy misn) + 152l 2 1000)) s VR 20,

recall the definition (5.12).

Weighted estimate of the control. For every k > 0, we consider the following system (introduce
9= (91,92))

O — 0241 + a1gr = 0 n (T, Thy1) % (O, )

Ol2 — 5‘%@2 + asys =0 in (T, Tk+1) x (O,
(5.15) 8y (t,1) =0 in ),
0z92(t,1) — B (t,1) =0 in Tk,Tk+1),

~ o~~~
F
=
+
—

(0(T5, ), 92(T )

with a control v acting through either

awgl (ta 0) + B?)Q (ta O) = Vi (t) in (Tk7 Tk+1)7
ang(t7 0) =0 in (TkaTk+1)a

ay in

(5.16)
or, we consider

(5.17) {81371 (t,0) + By2(t,0) = 0 in (T, Tht1),

0292(t,0) = vg(t) in (Th, Thy1)-

— In the first case (5.15)—(5.16), we have the existence of a null-control vy € L?(T}, Tk41) for
any given set of parameters (a1, az) € R? and 8 # 0 by Theorem 1.3-Ttem 1.
— In the second case (5.15)—(5.17), for any given set of parameters (o, az) € R?, if 3 ¢ R, then
there exists a null-control v, € L? (Ty,Ti+1) for the concerned system as per Theorem 1.3—
Ttem 2.
In both cases, we have the following estimate

M
(5'18) ||Uk||L2(Tk,Tk+l) < Me k1T ”ak”X? Vk >0,
and the associated solutions satisfy

(5.19) §(Try,2) =0, Yoe(0,1), Vk>0.
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Now, combining (5.14) and (5.18), we have for every k > 0

M
Hvk+1||L2(Tk+1,Tk+2) < Me k2=t ”ak-l-l”X

M
< CeCT MeTr2"Tni7 pg(T),) il - ’ - ’
PS W L2(Ty, Titr) PS I L2(Ty,, Thi1)
since ps is an non-increasing function in (T, Tx41).
Using the relation (5.11), we obtain for every k > 0
S1 So
||Uk+1||L2(Tk+1,Tk+2) < O€CT100(T7€+2) ‘ - - ;
Ps 21y, ey PSS IlL2(1, Tii)

for some C' > 0. But the function pg being non-increasing, we deduce that

S S.
(5.20) Ykl < T (|22 + ‘ 22 . VE>0.
PO N L2(Tys1,Trr2) PS I L2(Ty Trot1) PS | L2(Ty,, T 11)
Let us define
(5.21) V= ka]]'(TvakJrl)'
k>0
From the estimate (5.18), we have (since po(T1) = e T 1>)
M
(5.22) lvollL2(0,my) < Me™r [lag | x

1 g(1+p)M
— MeT G0 po(T1)lyoll x

< Ce?po(Tl)HyoHXa

where C' = M(H’;)q > M. But we know that pg is non-increasing function in (0,77) which yields

Vo

(5.23) .

< Ce“Tyollx.
L2(0,T1)

Now, using the estimates (5.23) and (5.20), we have

v

Po

S2

L2<0,T>> '

(5.24)

os

< CeC(T+1) <||yo||X +
Ps

L2(0,T) 12(0,T) ‘

Weighted estimate of the solution. Let us set y = y 4+ 3. Then, for every k > 0, y satisfies

ey — B2y + a1y =0 in (Ty, Th+1) x (0,1),
Ory2 — O2y2 + azya =0 in (T, Th+1) x (0,1),
0291(t,0) + Bya(t,0) = 51( ) +uk(t) i (T, Thetr),
(5.25) O02y2(t,0) = in (Tg, Tkt1),
Dutn (t,1) = in (Ty, Tr11),
Oxya(t, 1) = By (t, 1) = 52( ) in (T, Tht1),
(y1(Tx, ), y2(Tk, ) = in (0,1),

instead, the control vy acts through the condition,

0z y1 (tv O) + 5y2(t7 O) =5 (t> in (Tk’ Tk-‘rl)v
(5.26) { Dan(t,0) = v(t) i (Ty, Tis).
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Here, y(Tp) = ao = yo, and we have
y(Ty) = 9(T) + (1) = an + 0 = §(T;7) + 9(T;") = y(T;), Yk =1,

thanks to the facts (5.12), (5.19) and the chosen initial data in the systems (5.13) and (5.15). Thus, y
is continuous at T}, for all £ > 0.

Using Theorem 2.4, we have the following estimate for y (for every k > 0):

yllco (e, i) + 1Yl L2 (7 030112 0,1))2)

< C€CT<H%||X vkl 2z mpn) + ISt L2 (10 1) + HS2HL2(T,C,TH1)>-

Start with k& > 1; using the estimates of aj, and vy, respectively from (5.14) and (5.18), we deduce that

19 lleoqm e st + 19l E2t s 0,10y < CeCTeTm T (IS4l 2z 1) + ISl c2ny s 1))

+Ce“T (|81l 21y Tesn) + 11521 20Ty 700 1))
S
s

51

vk > 1,
ps

"

M
< CeCT TR (T ) (‘ )
L2(Tw—1,Try1)

since ps is a non-increasing function. Now, thanks to the relation (5.11), one has

L2(Tx—1,Tky1)

Iyllcoi T, Tusa1ix) + 1Yl L2 (T, T (11 (0,1))2)

S S
< CeT po(Ths1) ( 2L + ‘ 22 ) , Vk>1.
PSNL2(Ty1,Thsr) PSNL2(Ty1,Tis1)
Now, using the fact that py is a non-increasing function, we deduce
(5.27) ‘ kA + ‘ k
Polleo (i, Tia]ixX)  NPOIIL2 (T D5 (H1(0.1))2)
gCeCT<Sl ’52 ),VkZL
PS I L2(Ty_ 1 Tit1) PS I L2(Ty 1, Thi1)

For k = 0, we use the estimate of vg from (5.22) to deduce

lyllcoqo,mp:x) + 1Yl 2207 (2 0,1))2 < CeCT ([laollx + llvollzzo,r) + 11 220,70y + 12/ 220,71))
1
< T+ ) po(T1) (lyollx + 181l 201 + IS2llz2(0.1)) -

Using an easy observation: [|S||z2¢,7) < ‘ p% Leo.ry it gives us
(5.28) ‘ kA + ’ z
Polleoqo.myxy  HPO L2 (0.1 (0.1))2)
S S,
< 0D (ol + | 2 |2 |
Pslr2(0,1y) PS llL2(0,11)
So, the estimates (5.27) and (5.28) conclude that
(5.29) ‘ kA +‘ Y
Polleoo,riixy PO TIL2 (07501 0,1))2)
S S
S (I = e = .
Ps llL2(0,1) PsllLz(0,1)

Finally, using the definitions of norms (5.5) (of the weighted spaces) in the estimates (5.24) and
(5.29), we have the required estimate (5.10) of our proposition. 0
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5.2. Application of the fixed point argument. In this section, we prove the main theorem
regarding the local null-controllability of our systems.

We assume the initial data yo € X such that |lyo||x < ¢ for some § > 0 which will be determined
later. We also introduce the set

S5 :={S€8xS||S|lsxs <6},

where the space S is defined in (5.4a).

Now, recall from Proposition 5.2 that for any given source term S := (51, .52) € S X S, there exists
a control v such that the trajectory y = (y1,y2) of (5.6)—(5.7) with (5.8) or (5.9) (depending on the
choices of the parameters as per Proposition 5.2) satisfies the estimate (5.10). In what follows, we
define an operator N acting on S; by

(5.30) N(S)(t) = (‘g(yQ(t’o))> .

g(yl (tv 1))

Proof of Theorem 1.2. We start by showing that N is a contraction map from S onto itself
for some suitable choice of § > 0.

Step 1. Let us show that Sy is invariant under the map N provided § > 0 is small enough.
Thanks to the choices of g given by (5.1) we have |g(v)| < C|v|?, which yields, by the trace
theorem,

N(S)(®) C , i
‘ ps(t) ‘S e (2 E0F + I (6 1F)
< Ct)| (ly2 @ 20,0 llv2 @) | 10,1y + Nl @)l 2200 |y (@) 21 0,1)) »

and it follows that

N(S)(®)|? C 2 )
(531) PO < IO IO .0
lo®I* || y@®) || || v@) |I”
= ps@P lpo@) [l x o) 1l (mr10,1)2
P5(t)

— Now, using Remark 5.1 we have that the quantity is bounded by 1 irrespective on t.

— On the other hand, since we have ||yo||x < § and S = (51, S2) € S5, using the result (5.10),
we deduce that

(5.32) ‘ KA + ‘ kA < 0el(THr)s,
Pollcoo,r;x)  11POlIL2(0,15(H1(0,1))2)
Using the bound (5.32) in (5.31), we get
(5.33) HN(S) < C" Y ‘ Y < OeC(T+%)52.
Ps llL2(0,1) Polleo(fo,1):x) 1P L2 (0,7;(H1(0,1))2)

Thus, for § > 0 small enough, the map N stabilizes S;.

Step 2. In_this step, we prove that N is a contraction map for § > 0 small enough.
For any S, S € 85, we denote the trajectories respectively by y = (y1,y2) and ¥ = (g1, ¥=2) associ-
ated with the controls v and ¥ of the system (5.6)—(5.7)—(5.8) (or (5.9)), by means of Proposition 5.2.
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Then, using the properties of g from (5.1), it follows that

(.39 ‘N(S)“gs‘(f)“g)“’ < S (10200.0) = (0.0 (2t 001 + e, 0))
(e ) = B D] (bt D]+ (e ) )
|p§t)| ly(t) = FOENy(t) — Tl 0.2
(||y<t>||i|| (t >||(H1<0 o2 ITOIITO N1 0112 )
e T N (T 1
oo oo 1) p(<)> (Hl(o,l))z)'

Now, as per Proposition 5.2 the solution map is linear and thus, one has y — ¥ is the trajectory of
the set of equations (5.6)-(5.7)~(5.8) (instead, (5.6)—(5.7)=(5.9)) with the source terms S — S (where
S := (51, 9) and S := (51,5,)), control v — ¥ and initial data y(0,-) — §(0,-) = 0. Then, thanks to
the estimate (5.10), y — y satisfies the following:

y—y
Po

. < CeCU ) (|81 = Sils + 12 = Salls)
Po

(5.35) H

4

€o([0,7];X) L2(0,T;(H'(0,1))?)

< CeC(TH1) |5 — §)lsxs.

Also, we recall the estimate (5.32) for y (similarly for §) since we started with initial data ||yo|| < ¢ and

2

~ t

S (or, S) in 8. Beside this, we have by Remark 5.1 that Po((t))
ps

<1, Vtel0,T]. As a consequence,

the inequality (5.34) yields to

y(t) —y(t)
po(t)

1
2

< Croz||S - §)3.s

N(S)(t) = N(S)(t)
ps(t)

(H'(0,1))?

("
po(t)

y(t)
po(t

1
2

_|_
(H'(0,1))?

1
2
(H1(071))2> 7

with Cp := CeC(T+7). This implies

< Cro||S — S||sxs

(L2(0,1))?
T ~
= H ’
0 po(t) (H1(0,1))2
y=y v
Po Po

y(t) H
Po ()| 110,172

+

y(t) H
Po(t) Il (g1 (0,1))2

L2(0,T;(H'(0,1))2?) )

Y

< OIS — S||sxs .

+
L2(0,T;(H*(0,1))?)

L2(0,T;(H1(0,1))2) (
< Ord®||S = S5 xs:

where we have used the estimates (5.32) and (5.35).
So, eventually we proved that

(5.36) IN(S) = N(9)||sxs < Cr6 IS — S|lsxs,

for § > 0 chosen small enough and this ensures that the map N is a contraction in the closed ball Ss.
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Hence, by applying Banach fixed-point argument, there exists unique fixed point of the map N
denoted by Sy := (50,1, 50,2) in the ball Ss.

Thanks to Proposition 5.2, for the above Sy € 85 and initial data yg € X with ||yo||x < 0, there
exists a control v € V such that the trajectory y := (y1,y2) and the control v to (5.6)—(5.7)—(5.8) or
(5.6)—(5.7)—(5.9) (depending on the choices of f/(0), i.e. 3, as given by Proposition 5.2) satisfy the
estimates (5.10). Then, the property tli)r%l_ po(t) = 0 forces that y(T,z) = 0 for all € (0,1) and that

the local null-controllability holds for the concerned nonlinear systems (1.1)—(1.3) with (1.5) or (1.6).
This completes the proof of Theorem 1.2. 0
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