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Abstract. This paper describes different data assimilation algorithms, including Kalman-type data assimilation and variational data assimilation. The general idea of data assimilation is also explained in detail. A special attention is given to the resolution of the either linear or nonlinear objective function to find the analysis state.

1 Data assimilation problems

The idea of data assimilation

Data assimilation is a sequential time-stepping process. The previous model forecast is adjusted using received observations, for instance, from sensors [START_REF] Cioaca | Efficient methods for computing observation impact in 4D-var data assimilation[END_REF][START_REF] Gerke | Using horizontal and vertical building structure to constrain indirect sensor orientation[END_REF][START_REF] Buehner | Intercomparison of Variational Data Assimilation and the Ensemble Kalman Filter for Global Deterministic NWP. Part II: One-Month Experiments with Real Observations[END_REF].

The idea of data assimilation consists of merging different information sources to achieve a more precise approximation. [START_REF] Carrassi | Data assimilation in the geosciences: An overview of methods, issues, and perspectives[END_REF][START_REF] Auligné | Ensemble-variational integrated localized data assimilation[END_REF][START_REF] Auroux | Data assimilation methods for an oceanographic problem[END_REF][START_REF] Barker | A threedimensional variational data assimilation system for mm5: Implementation and initial results[END_REF][START_REF] Cheng | Error covariance tuning in variational data assimilation: application to an operating hydrological model[END_REF]. The state variables in data assimilation can be a physical field (eg., temperature, velocity, concentration) [START_REF] Mons | Reconstruction of unsteady viscous flows using data assimilation schemes[END_REF][START_REF] Collard | The use of principal component analysis for the assimilation of high-resolution infrared sounder observations for numerical weather prediction[END_REF][START_REF] Hollingsworth | The statistical structure of short-range forecast errors as determined from radiosonde data. Part I: The wind field[END_REF] or a vector of real parameters [START_REF] Ruiz | Estimating model parameters with ensemble-based data assimilation: A review[END_REF][START_REF] Moye | Data assimilation methods for neuronal state and parameter estimation[END_REF][START_REF] Schirber | Parameter estimation using data assimilation in an atmospheric general circulation model: From a perfect toward the real world[END_REF][START_REF] Cheng | Parameter flexible wildfire prediction using machine learning techniques: Forward and inverse modelling[END_REF].

The information that can be used in data assimilation to produce the analysis state (ie. the weighted approximation of state variables) is a vector of observed values and prior estimation often obtained via simulations [START_REF] Bloom | Data assimilation using incremental analysis updates[END_REF][START_REF] Barker | A threedimensional variational data assimilation system for mm5: Implementation and initial results[END_REF]. If the data assimilation model is overdetermined by observed values, the data assimilation analysis will reduce to an interpolation problem [START_REF] Mclaughlin | An integrated approach to hydrologic data assimilation: interpolation, smoothing, and filtering[END_REF][START_REF] Yang | Weight interpolation for efficient data assimilation with the local ensemble transform kalman filter[END_REF]. In general, observation data is sparse and only indirectly related to the states by some transformation functions. One has also to consider a number of Physical constraints associated to the system physics [START_REF] Reichle | Data assimilation methods in the earth sciences[END_REF][START_REF] Work | A traffic model for velocity data assimilation[END_REF]. Because of its capacity of handling high dimensional data and complex real-time observations, data assimilation has been applied in a broad range of industrial applications, including geophysical modeling [START_REF] Carrassi | Data assimilation in the geosciences: An overview of methods, issues, and perspectives[END_REF][START_REF] Cheng | Data-driven surrogate model with latent data assimilation: Application to wildfire forecasting[END_REF][START_REF] Van Leeuwen | Nonlinear data assimilation in geosciences: an extremely efficient particle filter[END_REF], hydrology [START_REF] Cheng | Observation data compression for variational assimilation of dynamical systems[END_REF][START_REF] Liu | Uncertainty in hydrologic modeling: Toward an integrated data assimilation framework[END_REF], computational fluid mechanics [START_REF] Kato | A data assimilation methodology for reconstructing turbulent flows around aircraft[END_REF], chemical engineering [START_REF] Elbern | Variational data assimilation for tropospheric chemistry modeling[END_REF]), nuclear engineering [START_REF] Gong | Data-enabled physics-informed machine learning for reduced-order modeling digital twin: Application to nuclear reactor physics[END_REF] and disease modelling [START_REF] Li | Big data assimilation to improve the predictability of covid-19[END_REF][START_REF] Cheng | Optimal vaccination strategies for covid-19 based on dynamical social networks with real-time updating[END_REF][START_REF] Jewell | Bayesian data assimilation provides rapid decision support for vector-borne diseases[END_REF]. Knowledge about these covariances plays an essential role in data assimilation algorithms, impacting crucially the output error [START_REF] Bannister | A review of forecast error covariance statistics in atmospheric variational data assimilation. ii: Modelling the forecast error covariance statistics[END_REF][START_REF] Dee | On-line estimation of error covariance parameters for atmospheric data assimilation[END_REF][START_REF] Bannister | A review of forecast error covariance statistics in atmospheric variational data assimilation. ii: Modelling the forecast error covariance statistics[END_REF][START_REF] Cheng | A graph clustering approach to localization for adaptive covariance tuning in data assimilation based on state-observation mapping[END_REF].

Background vectors and observations are considered noisy with prior error given by ϵ b and ϵ y , such that

ϵ b = x b -x t ϵ y = y -H(x true ), (1) 
ϵ b ∼ N (0, B), ϵ y ∼ N (0, R)
where x true stands for the theoretical value of the state. The prior error structure is represented by the covariance matrices B and R [START_REF] Fisher | Background error covariance modelling[END_REF][START_REF] Cheng | Background error covariance iterative updating with invariant observation measures for data assimilation[END_REF]. In multidimensional systems, the covariances are square and symmetric. Linear transformations of the model state vector can only be applied to covariances as full matrix transforms [START_REF] Bouttier | Data assimilation concepts and methods march 1999[END_REF].

Fig. 1: Flowchart of general data assimilation, taken from [START_REF] Reich | Probabilistic forecasting and Bayesian data assimilation[END_REF] Data assimilation can be divided into two parts: Kalman-filter based approaches and optimization-based approaches (also known as variational methods). The two family of methods are equivalent under some conditions [START_REF] Fisher | On the equivalence between kalman smoothing and weak-constraint four-dimensional variational data assimilation[END_REF][START_REF] Zhang | Coupling ensemble kalman filter with four-dimensional variational data assimilation[END_REF]. In both cases, the analysis state is the production of an accurate image of the true state of the atmosphere at a given time as shown in Figure 1. For a dynamical system, we need to adjust the model state after several steps, allowing sufficient time for integrating real-time observations [START_REF] Miller | Advanced data assimilation in strongly nonlinear dynamical systems[END_REF]. The sequential applications of data assimilation in dynamical systems is shown in Figure 2.

Loss function

Data assimilation attempts to find an optimal average between the background state and the observation vector using the weights defined by the covariance matrices B and R, with a loss function

J(x) = 1 2 (x -x b ) T B -1 (x -x b ) + 1 2 (y -H(x)) T R -1 (y -H(x)). (2) 
and

x a = argmin x {J(x)}. (3) 
is the ouput of the data assimilation system (i.e., the analysis state). The development of numerical algorithms for solving data assimilation optimization Fig. 2: Data assimilation for dynamical systems, taken from [START_REF] Tandeo | Joint estimation of model and observation error covariance matrices in data assimilation: a review[END_REF] problems by control methods invovles often adjoint equations. Data assimilation can also take advantage of a model with a lower resolution by performing superresolution, aiming at increasing the resolution of an image. Super-resolution schemes [START_REF] Barthélémy | Super-resolution data assimilation[END_REF] based on, for example, a machine learning approach [START_REF] Wang | A comprehensive review on deep learning based remote sensing image super-resolution methods[END_REF][START_REF] Li | Deep learning for simultaneous seismic image superresolution and denoising[END_REF] have been successfully applied in the geosciences.

Resolution in Linear case

In the case where the transformation function H = H is linear. The assimilation optimization problem can be solved by the Best Linear Unbiased Estimator (BLUE) [START_REF] Asch | Data assimilation: methods, algorithms, and applications[END_REF], resulting in,

x a = x b + K(y -Hx b ) (4) 
K = BH T (HBH T + R) -1 . (5) 
K is the Kalman gain matrix. Thanks to the linearity of H, the covriance A of the analysis error ϵ a = x a -x t can be estimated

A = (I -KH)B(I -KH) T + KRK T
The analysis error also follows a Gaussian distribution. According to [START_REF] Bousserez | Improved analysis-error covariance matrix for high-dimensional variational inversions: Application to source estimation using a 3d atmospheric transport model[END_REF], approximating the error covariances from a sample estimate is a more difficult task than approximating the variance terms. Furthermore, the inversion is often illposed, resulting in lower error reductions and higher analysis error correlations [START_REF] Bousserez | Improved analysis-error covariance matrix for high-dimensional variational inversions: Application to source estimation using a 3d atmospheric transport model[END_REF].

Resolution in Non-linear case

When H is non-linear, the cost function is numerically minimized using the quasi-Newton L-BFGS minimizer [START_REF] Byrd | A limited memory algorithm for bound constrained optimization[END_REF][START_REF] Zhu | Algorithm 778: L-bfgs-b: Fortran subroutines for large-scale bound-constrained optimization[END_REF]. Minimization iterations are stopped when it meets the stopping criteria (typically when the error is only several percent of the initial value) [START_REF] Dobricic | An oceanographic three-dimensional variational data assimilation scheme[END_REF]. The calculation of the gradient of the loss function often requires the adjoint of the operators. The latter is formulated by the transpose of each subroutine containing operators [START_REF] Giering | Recipes for adjoint code construction[END_REF]. Fig. 3: Flowchart of non-linear data assimilation, taken from [START_REF] Rabier | Variational data assimilation: theory and overview[END_REF] The direct minimisation of the optimization function as given in Eq (1) is also known as 3D-Var. As mentioned above a linear version (with the transformation operator), a direct solution can be obtained using BLUE. This formulation can be generalized to cases with a non-linear observation operator [START_REF] Vermeulen | Model-reduced variational data assimilation[END_REF][START_REF] Trémolet | Computation of observation sensitivity and observation impact in incremental variational data assimilation[END_REF]. The solution can be obtained by an iterative algorithm which computes the gradient of the objective function with initialized at the background state [START_REF] Rabier | Variational data assimilation: theory and overview[END_REF][START_REF] Iglesias | Iterative regularization for ensemble data assimilation in reservoir models[END_REF]. Currently, the variational algorithms are algorithms that makes use of the adjoint model [START_REF] Gronskis | Inflow and initial conditions for direct numerical simulation based on adjoint data assimilation[END_REF][START_REF] Griffith | Adjoint methods in data assimilation for estimating model error[END_REF][START_REF] Thepaut | Four-dimensional variational data assimilation using the adjoint of a multilevel primitive-equation model[END_REF] to calculate this gradient. Furthermore, the 4D-Var algorithm is an extension of the 3D-Var method to the time dimension. The operator also includes dynamical models which are time dependent. The reference 4D-Var algorithm and the incremental algorithm can be use to solve dynamical data assimilation problem in an assimilation window.