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THE DERIVATIVES OF SINKHORN-KNOPP CONVERGE*

EDOUARD PAUWELST AND SAMUEL VAITER#

Abstract. We show that the derivatives of the Sinkhorn—Knopp algorithm, or iterative pro-
portional fitting procedure, converge towards the derivatives of the entropic regularization of the
optimal transport problem with a locally uniform linear convergence rate.
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1. Introduction. The optimal transport
(OT) problem plays an increasing role in opti-
mization and machine learning [26]. In partic-
ular, entropic regularization of OT has gained
a lot of attraction by the existence of a sim- -
ple and efficient algorithm introduced in [31],
also known as matrix scaling or iterative pro-
portional fitting procedure in the stochastic lit- 0 100 200 300 100
erature, see [28]. It is known that Sinkhorn— 100
Knopp iterates converge linearly, with an ex- =
plicit rate computable from the cost matrix, E‘{
to the solution of entropic OT since the work =
of [16] introducing the use of the Hilbert metric.

1.1. Differentiation of the Sinkhorn— p T T —
Knopp algorithm. Among the different iteration k
propertie.s of Sipkb(?ranI.lopp, a striking one Fic. 1: Illustration of the linear conver-
is its differentiability with respect to the gence of the regularized transport plan
inputs.  Differentiating the iterates of the Py(6) (2.5) of Sinkhorn-Knopp (SKy) and
Sinkhorn-Knopp algorithm is a common rou- its derivatives Tk () towards the deriv-
tine in machine learning. It was first used by ative of the entropic optimal transport
[1] for ranking with linear objective function. problem (OTy).
They proposed to use backpropagation through
Sinkhorn-Knopp iterates with respect to the cost matrix, without discussion of the
convergence of the Jacobian. It was later used for different applications, such as to
compute Wasserstein barycenters casted as an optimization problem [6], where the
backpropagation is performed with respect to the weight vector, for training gen-
erative models involving an OT loss as in [20, 17], to define differentiable sorting
procedures [13] or to solve cluster assignments problems [8]. Popular libraries such
as POT [15] or OTT [11] for computational optimal transport implement the backprop-
agation of Sinkhorn—Knopp. To mitigate the memory footprint required by back-
progation, an alternative is to use implicit differentiation as discussed first by [24]
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2 EDOUARD PAUWELS AND SAMUEL VAITER

for computing the derivatives of Sinkhorn divergences. This approach was later used
in [12, 14]. To the best of our knowledge, even though some these works justify the
correctness of using automatic differentiation for a given iterate, they do not consider
the issue of the convergence of the derivatives computed by automatic differentiation.

1.2. Convergence of algorithmic differentiation. The issue of the conver-
gence of the derivatives of an algorithm was considered in the automatic differentiation
community. The linear convergence of derivatives was studied in [18, 19] for piggyback
recursion and in [9, Theorem 2.3] for backpropagation. More recently, convergence
of the derivatives of gradient descent [25, 23], the Heavy-ball [25] method or non-
smooth fixed point methods [5] were analyzed. All these analysis require explicitly,
or implicitly, that the (generalized) Jacobians are firmly nonexpansive, i.e., Lipschitz
continuous with a constant strictly lesser than 1. Unfortunately, the derivatives of
Sinkhorn—Knopp do not enjoy this property.

1.3. Contribution. We prove (Theorem 3.3) that the derivatives of the iterates
of Sinkhorn—Knopp algorithm converge towards the derivative of the entropic regular-
ization of optimal transport, with an explicit expression of the derivative and with a
locally uniform linear convergence rate, provided that all functions entering problem
definition are continuously differentiable.

1.4. Organization. Our paper is organized as follows. Section 2 introduces
the parameterized entropic regularized optimal transport problem and the Sinkhorn—
Knopp algorithm In Section 3, we state our main result stating the convergence of
the derivatives of Sinkhorn-Knopp towards the derivatives of the regularized optimal
transport with a locally uniform linear convergence rate. Section 4 provides the proof
of our result. Section 5 contains important intermediate results to prove the lemma
that allows us to obtain a linear rate for the convergence. Section 6 establishes
miscellaneous lemmas that are used in the main proof.

1.5. Notations. The set of positive reals is denoted R~ (, of nonnegative reals
R and of nonzero reals R_y. The simplex A"~ is the set of vectors of R, summing
tol B

Anl—{xeR” : in—landxiEO,ViG{l,...,n}}.

i=1

The identity matrix (of arbitrary size) is denoted I. For two vectors x € R™,y € R;O,

x

the entry-wise (Hadamard) division ¥ <

is defined as (5) = x;/y;, and the product

x @y is defined as (z @ y); = x;y;, for all i € {1,... ,’;L} The 1-vector 1, € R"™
is the vector only composed of 1’s. When the context is clear, and to lighten the
notations, % for x € R should be understood as 17" Given a function f : R — R,
we extend its domain as f : RP — RP by applying it entrywise, that is for z € R™,
f(x); = f(ax;), for all i € {1,...,n}. Given I € N5¢ and a continuously differentiable
function F : RP — R™> X" we denote by 92 (9) € R™ > *mXP jts Jacobian matrix

(or tensor) at 6 € RP, i.e.,

(M(9)> — lim Fﬁ,---,il(g + hej) — F’il,'“,iz (0)
dg i1, 00,

b

h—0 h

where (e;)j=1,..n is the canonical basis of R". Given a differentiable function F :
R™ x R? — R™, we denote by Jr(z,0) the total derivative at (x,0) € R™ x RP, that
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is

AF(-,0 AF (z,-
Ti(@,0) = (LD (r) 25 (g))
where %(m) and %(0) are the partial derivatives of F'.
2. Entropic optimal transport and Sinkhorn—Knopp algorithm.

2.1. Entropic regularization. We consider a parametric formulation of the
entropic OT!. The entropic regularization of optimal transport associated to the pa-

rameterized marginals a : — A" 1N R, and b : — A" N R7y of level
€:RP — R+ for the parameterlzed cost matrix C': R? — R"XW reads for 9 € RP
(0Ty) P(9) = arg min, £(P.0)* (P.C(0)) — e(0) Ent(P),

Pe

where (P, P') = >, . P, ;P ;, U(f) is the set of admissible couplings (also called

transportation polytope)

() def. (Pe Rnxm Pl,, =a(f) and PTln =b(0)},

and Ent is the entropic regularization of the coupling matrix P defined as

Ent(P) = — ii 5.5 (log(P; ;) — 1),

where P, jlog(P; ;) = 0if P, ; = 0. Note that £y = L(-,8) defined in (OTy) is €(6)-
strongly convex, hence (OTy) has a unique minimizer? P(f) € RZ3™. We assume
that all functions entering problem definition are continuously dlfferentlable.

2.2. Sinkhorn-Knopp algorithm. The Sinkhorn-Knopp algorithm is built
upon the fact [30, Theorem 1] that the unique solution P(6) of (OTy) has the form
forallie {1,...,n} and j € {1,...,m}

(2.1) p(g)” =u;(0)K; ;(0)v;(0) where K;;(0)=exp (_ Cé(]o()e)) >0,

for positive numbers u;(6),v;(0), i =1,...,n, and j = 1,...,m. The goal is thus to
find positive vectors u(f) € RZ, and v(9) € RT, such that
(2.2)

diag(u(0)) K (0)diag(v(0)) 1 = a(§) and diag(v(0))K (0)T diag(u(6))1, = b(A).

In its most elementary formulation, the Sinkhorn—Knopp algorithm, also called matrix
scaling problem algorithm, has the following alternating updates,

a(h) b(0)
K(0)0r(0) K0 u11(0)’
starting from a couple (ug(f),vo(f)) € RZy x RZy, see [32] for a discussion on
initializations strategies. FEven though in practice it is not necessary to evaluate

it at each iteration, one can use (2.1) to form a current guess at iteration k as
diag (ur(0)) K (0)diag (v, (6)).

(2.3) ug1(0) = and vp+1(0) =

IWe recover the standard formulation letting a, b, C, € be constant functions.

2The (strict) positivity follows from assumptions a(6) > 0 and b(6) > 0. Indeed, P = a(0)b(0)T
is feasible for (OTy), with strictly positive entries, therefore Slater’s qualification condition holds for
(OTy) and the required form follows from necessary and sufficient KKT conditions for the (attained)
optimum, see for example [10, Lemma 2]
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2.3. Reduced formulation of Sinkhorn—-Knopp. We will analyse an equiv-
alent version of (2.3) by considering a single iterate u and performing the change of
variable z = log(u). Given an initilization xo(f) € R™ is continuously differentiable,
this results in rewriting (2.3) as the recursion in the “log-domain”

(SKo) wp41(0) = F(21(6),0)

where

F(z,0) = log(a(8)) — log (K(e) <K(b9()9%6x)> .

Note that this formulation is close to the dual formulation of (OTy) as explained
in [26, Remark 4.22], but we will not need duality results along this paper.
We will work under the following standing assumption

Assumption 2.1 (Data are continuously differentiable). Let @ C RP be a con-
nected open set. The data in problem (OTy), i.e., C:  — R™ ™ a: Q — A""INRZ
b: Q= A™TINRYe: Q — Ry, and initialization zo: @ — R, are all continuously
differentiable functions on Q.

It is possible to get back to the scaling factors ug(0) and vg(0) from the reduced
variable x4 (0) as
b(6)

uk(ﬂ) = ewk(e) and ’l}k(g) = W

Using the relationship (2.1), the optimal coupling matrix can be approximated as
(2.4) P(x,0) = diag(e”) K (6)diag (b(e)) ,
K(0)Ter
and we construct transport plan estimates associated to each iterate, for all £ € N,
(2.5) Pu(6) = P(a4(0),0).

It is known that Pj(6) converges linearly [16] to the optimal transport plan P(f)
for (OTy). The next paragraph is dedicated to study the linear convergence of the
reduced variable x(6).

2.4. Linear convergence of the centered reduced iterates. It is known
that uy(0) converges to a limit @(6), with a linear rate in the Hilbert metric [16], see
also [26, Theorem 4.2], whereas we are concerned with the convergence of the reduced
iterates in the “log-domain”. In order to study the convergence of (zj)ren, let us
introduce the linear map Lcenter Wwhich associates to x its centered version:

R* — R"™

(2.6) Leenter: 1 &
=T — | — E il 1.
X X ni:lx

To analyze the convergence rate of Sinkhorn-Knopp algorithm, it is standard to
use the Hilbert projective metric [4] defined on RZ as

dy(u,u') = |[log(u) — log(u) | var,
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where ||z]|var is the variation seminorm of x € R™ defined as

(2.7) |z]lvar = max z; — min x;.
i=1,...,n i=1,...,n

The next lemma shows the (local) linear convergence in £? norm of the centered
reduced variable Leenter (21 (6)).

LEMMA 2.2 (Local linear convergence of Leenter(2x(0))). The centered reduced
variable Leenter (21 (6)) converges linearly to Leenter (Z(0)), i.e., there exists ¢ : @ — Rsg
and p: Q — (0,1) continuous such that all k € N and 6 € Q,

| Leenter (2%(6)) — Leenter (T(0)) ]| < c(@)p(@)k.

Furthermore, 0 — Leenter(Z(0)) is continuous on Q.

Proof. We combine the linear convergence result on ux(6) of [16] with Lemma
6.3, following the suggestion of [26, Remark 4.12].

We clarify below how to combine these arguments. We first show that the linear
convergence of uy(#) is such that for all § € Q there exists ¢(f) > 0 and p(8) € (0,1)
such that for all K € N

dyq (ux (), u(9)) < c(0)p(0)",

and the mapping ¢ and p are continuous. Indeed, [16, Theorem 4] ensures that for all
ke N,

g (u (6, 5(0)) + do (00 (6), 5(8)) < - KO

< T(K(Q))(dﬂ(UO(e)aﬂ(@) + dy(vo(0),9(0))),

where x(K) is the contraction ratio defined for K € RZ§™ as

I(K)YV? -1

K 1K,
m<1 and ﬁ(K):maX

K) = o
~K) igkl KK

Remark that P, and P(6) enjoy the relation

o= e (22 0 (129

and dy(ff(e) 1) = dy(uk(0),u(0)). Using [26, Theorem 4.2], we deduce that

5 (du(P(20(0),0) 11, a) + dp(P(0(6),0)"1,,0)) ,

where

dy(P(x0(0),0)1m, a(9)) + dy (P(0(0),0)" 10, b(6))

«(6) = K2(0) (1— K2(K(9))? ’
p(6) = K*(6).

Since K(f) > 0 and continuous, we have that 6 — x2(f) is continuous, and since
0 — x0(6) is assumed to be continuous on Q, 6 — dy (P(zo(0),6) is also continuous.
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Thus, ¢() and p(#) depend continuously on the initial condition z¢ and problem data
(a,b, K, €) which are all continuous functions of #. Therefore the linear convergence
is actually locally uniform in 6.

To conclude the proof, we need to remark that the Hilbert projective metric on u

corresponds to the variation seminorm after the change of variable z = log(u) so that
for all k € N and all 6 € €,

|2k (0) — Z(0)[lvar = da(uk(0), u(0)),
and Lemma 6.3 provides

||Lcenter(xk(9)) - Lcenter(i‘<e>)||oo < ||xk(9) - j(e)Hvar,

which is the claimed result.
Regarding the continuity, let 6y € 0, for all § € Q and all k € N, we have

dyy(a(0),(00)) < dy((0), ur(0)) + dae (ur(0), ur(00)) + dae(ur(bo), u(bo))
< ¢(0)p(0)* + c(60)p(60)* + e (ur(8), ur(60))-

We may choose k such that the first two terms are as small as desired uniformly for
0 in a neighborhood of #y. The last term is continuous in § and evaluates to 0 for
0 = 6y so that reducing the neighborhood if necessary allows to choose it as small as
desired, which proves continuity. ]

Note that Lemma 2.2 does not imply the linear convergence of (xk(6))gen. As we
will see later in Lemma 4.4, this is not an issue to our objective — proving the conver-
gence of the derivatives of (SKy) — because x(#) and Leenter(2x(6)) have the same
“differentiable” properties.

3. Derivatives of Sinkhorn—Knopp algorithm and their convergence.

3.1. Derivatives of the transport plan. Remark that for all (z,0) € R™ x Q,
P(z,0) is an n x m matrix. Hence, P(z,-) is a map from R? to R"*™ and P(-,0) is
a map from R” to R™*™. Thus, we identify its partial derivatives with third-order
tensors:

OP(@(6).6) _ s,
or

OP(z(0),0)
00

Left multiplication by these derivatives is considered as follows, for arguments of

compatible size: for any ¢ € R”, %@’mc € R™™ and for any M € R"*4, for

some q € N, WM € R™*™*4 hoth operations being compatible with the usual
identification of vectors as single rows in R™*!. This multiplication is assumed to be
compatible with the rules of differential calculus, for example, if v: RP — RZ is Ct,
then we have the identity, for any 6 € RP,

0 _ OP(v(6),0) dv(0) n 0P (z(0),0)

(3.2) 557 (0(0),6) Oz do a0

(3.1) € R™Xmxp,

c RPXmMXp

The operation is also invariant with order of products, if M = uv”, then

dP(%(6),0) dP(%(6),0) OP(%(6),0)
9 M = 9 (uvT) = ((,hu) ot
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_ 3.2. Spectral pseudo-inverse. In order to explicitly describe the derivative of
P(0), we will use the following notion of pseudo-inverse of a diagonalizable matrix.

DEFINITION 3.1 (Spectral pseudo-inverse [29, 3]). Given a diagonalizable matriz
M € R™" et M = QDQ™"! its diagonalization, where Q € R™¥™ is invertible and
D € R™*™ is diagonal. The spectral pseudo-inverse of M is given by M% = QDTQ!
where 1 denotes Moore-Penrose pseudo-inverse.

The Moore-Penrose Dt pseudo-inverse of a diagonal matrix D € R™*" is given by
(DY) = (Dyi)7 1 if (D) # 0 and 0 otherwise. The key property of the spectral
pseudo-inverse is that it preserves the eigenspaces of M, contrary to the more standard
Moore—Penrose pseudo-inverse.

LeEmMA 3.2 (Eigenspaces presevation of spectral pseudo-inverse [29]). Let M €
R™ ™ ¢ diagonalizable matriz. Then, M and M* have the same kernel and the re-
maining eigenspaces are the same with inverse eigenvalues.

Note that this definition and result are defined even for non-diagonalizable matrices
in [29] using its Jordan reduced form, but for the sake of our results, we only need
this property for diagonalizable matrices.

3.3. Main result. Our contribution is the following.

THEOREM 3.3 (The derivatives of Sinkhorn—-Knopp converge). Under Assump-
tion 2.1, let T(0) the limit of Sinkhorn—Knopp iterations (SKy) initialized by z(0)
for all 6 € Q.

Then, the optimal coupling matrix P is continuously differentiable and its deriv-

ative dl;(ga) € R"*MXP 4s given by

dP(9)  oP(x(0),0)
o = S S (- A0)PB(60) +

aP(z(6),9)
90

where A(0), B(0) are the components of the total derivative of F at (Z(0),0), i.e.,

[A(0) B(0)] = Jr(z(0),0),

F (resp. P) is defined in (SKy) (resp. (2.4)), and partial derivatives of P are described
in Section 2.3. Here § denotes the spectral pseudo-inverse of a diagonalizable matrix
(Definition 5.1).

Furthermore, Py is continuously differentiable for all k and the sequence of de-

rivatives % converges at a linear rate, locally uniformly in 0. In particular, for all
0 €,
P, dp
lim ——(0) = —(0).
g O =0

Remark 3.4 (Relation to previous works). The differentiability of the Sinkhorn—
Knopp iterations is an elementary and well-known fact, used for example in [1], the
new contribution here being that the derivatives converge toward the derivative of
entropic regularization (OTy). Using an alternative formulation (in the context of
implicit differentiation), [14] proves the differentiability of the entropic regularization
of OT (first part of Theorem 3.3), and obtained an alternative expression of the
derivative. They do not however prove the convergence of the derivatives, that is the
main concern of our work and the expression for the derivative in Theorem 3.3 was
not mentioned in previous literature, to our knowledge.
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If F was a strict contraction mapping, applying [18, Proposition 1] would be
sufficient to conclude and obtain the same expression as in Theorem 3.3 with an
inverse instead of the spectral pseudo-inverse. This is unfortunately not the case, and
a more refined analysis is necessary to obtain the convergence. The main intuition
behind this analysis is that Sinkhorn iterations are equivariant with respect to scaling
of u = exp(z), and the optimal solution P in (2.4) is invariant with respect to the

same scaling. In terms of derivative, it produces a lack of invertibility of W but
the corresponding direction does not depend on (z, 8), and precisely lies in the kernel
of W for all (z,0). This “alignment” allows to maintain an overall convergence
of derivatives. Section 4 is dedicated to prove this intuition rigorously.

Remark 3.5 (Limitations of our result). Despite the generality of Theorem 3.3,
we would like to point out two limitations:

1. We do not have any guarantees for the convergence of the derivatives of the
iterates x1(0), k € N. Said otherwise, we have guarantees for the derivatives
of the optimal transport plan Py, not for the derivatives of the scaling factors
ug, U, or the derivatives of the reduced variable .

2. Inspecting the proof of Theorem 3.3, the linear convergence factor is a (ﬁ)%
where p is an upper bound on both the linear convergence factor of the
iterates (Lemma 2.2) and the second largest eigenvalue of g—i at the solution,
call it A. Classical discrete dynamical system arguments (see [26, Remark
4.5] on local linear convergence) suggest that the linear convergence factor
of the iterates is asymptotically of order \. Taking this into consideration,
our proof suggest an asymptotic linear convergence factor of the order v/
for the derivatives, a factor strictly greater than that of the sequence. This
discrepancy is a consequence of Lemma 5.2 which we use for simplicity of the
presentation which requires a non-asymptotic analysis to ensure uniformity in
0. However, removing uniformity, this could be improved to obtain pointwise
an asymptotic linear convergence factor arbitrarily close to A using Lemma
6.4 instead, combined with arguments outlined in [26, Remark 4.5].

Remark 3.6 (Application to automatic differentiation of Sinkhorn—Knopp). Given
k € N and § € R?, forward automatic differentiation [33] allows to evaluate P, =
%6@0' € R™*™ e.g., Jacobian-Vector Products (JVP), just by implementing (SKy).
Similarly, given wy € R™*™ the reverse mode of automatic differentiation [22], also
called backpropagation, computes @,{ = w} dPU’;G(O) € RP, e.g., a Vector-Jacobian
Product (VJP). Using a similar argument as in [5], it is possible, thanks to The-
orem 3.3, to prove the convergence of these quantities. Note that in practice, the
object of interest is not necessarly P by itself, but its composition by another func-
tion, e.g., (C(0), Pr()) to compute the primal Sinkhorn divergence, (C(6), Py(6)) —
Ent(Py(0)) to compute the OT loss, a sum of similar terms when dealing with Wasser-
stein barycenters [2], or any function L(P,(#)) where L : R"*™ — RF is a continuously
differentiable function. Applying our result (Theorem 3.3) and the chain rule leads
to a similar result.

Remark 3.7 (Differentiation with respect a, b, C or €). Theorem 3.3 is presented
with an abstract parameterization of the problem with variable § € R?. Choosing
different values for 6 allows to obtain derivatives of P, for k € N as well as P with
respect to the original transport problem data: a, b, C' or €. These are typically
evaluated numerically by algorithmic differentiation, but one could get closed form
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expressions in simple cases. For example choosing § = a, we have

OF(,0) _ diag (1) :
da a

Similarly, setting 8 = b, we have

OF (z,0) ) 1 . 1
T = —dlag <I<quz€z> Kdlag <W> .

Similarly one could compute derivatives with respect to the cost matrix C' or €, but
the corresponding expressions become more complicated, and the use of automatic
differentiation alleviates this difficulty in practice.

Remark 3.8 (Numerical illustration). Figure 1 illustrates a simple example where
C is an Euclidean cost matrix between two point clouds X,Y in R? of size nx = 100
and ny = 50. The starting point cloud X follows a uniform law in the square
[-1/2,1/2] and the target ¥ a uniform law on a circle inscribed in the square. The
marginals are two uniform histograms a = 1,,/n and b = 1,,/m. Sinkhorn-Knopp
algorithm (SKj) is automatically differentiated with the Python library jax [7] with
respect to the parameter ¢, and we record the median of 10 trials for ¢ = 1072, The
blue filled area represents the first and last deciles. We run the algorithm for a high
number of iterations Vj; and display both

dp, P
% 9 dﬁH-

Note we assume here that Py, (€) (resp. C”(DT‘(E)) is close enough the optimal solution

Hp,c(e) ~P(o)| ana

P(e) (resp. %(e)) such that it is a good proxy. In particular, we ran (SKy) up to
machine precision.

4. Proof of Theorem 3.3. Before diving into the proof, we are going to provide
important spectral properties of the Jacobian of the transport plan (Section 4.1), then
introduce a proxy G of the Jacobian of F' that is a firmly nonexpansive mapping in
contrast of £ (Section 4.2) and finally rewrite (3.2) thanks to G (Section 4.3).

4.1. Eigendecomposition of the transport plan and Jacobian. The fol-
lowing lemma provides important properties of the Jacobians of P and F as a function
of x. Here 0 is fixed and we look at properties of the derivative with respect to x,
hence the dependency in 6 does not appear.

LEMMA 4.1 (Expression of the Jacobian of F(x)). Let x € R".

1. We have dlzgf) 1, = Opxm, where the product is described in Section 2.3.

2. The Jacobian dl;;m) of F' reads

dF(l‘) T 1 . b T 1: T
2y = diag (W) Kdiag ((KTeT)2> K* diag (")

— diag (eFW) diag (a;ew> P(z)diag <2) PT(x).

Proof.
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1. We note that P(z+M1,,) = P(x) for all A € R so that (P(x+A1,)—P(z))/\ =
A 1, + 0(\) = 0. This implies that “2®) 1, =0,
2. The first expression is a direct computation observing that if f : R® — R"™

is an entry-wise function, then J;(x) = diag(f’(x)) where f’ is again applied

entry-wise. Indeed, we have for x € R", ‘% = diag(e®), which in turns gives
deZem = K7Tdiag(e®). Then, we obtain the derivatives of the ratio

dwt—s b

KTex _ . T q-

T(l‘) = —dlag (W) K dlag(ex).

Similarly, since K is a linear operator,
Te(x) = —Kdlag W K dlag(em).

Finally, since dlogd(g @) — dil(;) ©) ﬁ, for a differentiable g : R® — R", we

obtain that

dF(x)— i 71 ia 71) T diag (e®
i —dmg(K(K#ew))Kd g((KTe$)2>K diag ().

The second expression uses the definition of P in (2.4). Observe that

. b . . , 1
(4.1) diag ((KTex)2> KT diag (e”) = diag (KT€I> PT(z),

and (using the fact that diagonal matrices commute)

(4.2) diag(ef' ™)) = diag <K(1”)> diag(a).

KTz

Observe now that,
: 1 . 1 . 1
(4.3) Kdiag KTer ) = diag o P(z)diag 3
Combining (4.1), (4.2) and (4.3) gives the result. |

Remark 4.2. If x = F(z), at a fixed point solution, the Jacobian expression in
Lemma 4.1 can be simplified as follows

1 £) e §) 70

We have the following result on the eigenvalues and eigenvectors of %.

LEMMA 4.3 (Eigendecomposition of %) If b and K have positive entries, then
for any x, dlji;m) 1s diagonalisable on R. 1 is an eigenvalue with multiplicity 1 and
the other eigenvalue have modulus strictly smaller than 1. Furthermore, one has the

following eigenvectors:

dz
dF(x) Ta®er a®e”
dz

eF (=) - eF (=)
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Proof. Fix x € R™ and let

1 b
S=diag| ——— |, M = Kdiag | —— | K7, and T = diag (e*).

KTex

The matrices S and T are diagonal with positive entries and M is symmetric such
that SMT = dz;gf). Setting A = (T'S~1)'/2, we have, using the fact that diagonal
matrix commute

ASMTA™ Y =T3S 5 SMTS:T" 2
—T2S:MS:T?,

and therefore A%?A_l is real symmetric, hence diagonalisable with real eigenvalues.

As a consequence, df;gf) being similar to AdZ—SJ)A_l it has the same property. It

is an easy calculation to check that dlzgf) 1, = 1,. Indeed, T1, = €, and since

diag(y)z = y©x for z,y € R", we have that Me® = K —2— and then SK =4~ = 1,,.

RTew e
Hence, the multiplicity of the eigenvalue 1 as well as properties of the remaining

eigenvalue is a consequence of Perron—Frobenius theorem [21, Theorem 8.2.8 and

Theorem 8.3.4] applied to the stochastic matrix %f:).
Let us prove the last identity. We have
F(e) _ a
€ — -7 b \
. - b _a®e”
P(x)1,, = diag(e®)K (KTeQL’) = F@
b xr
P(x)"1, = 7T © KTe® =,
from which we deduce
dF(z)\" a®e®
dx ef'(@)
. 1 T . ef'(@) a®e”
= P(z)diag (b) P (x)diag ((a S ew) R
1
= P(z)diag (b) PT(2)1,
= P(z)1,,
_a@e”
T eF(x)
This concludes the proof. 0

4.2. Reduced partial Jacobian of F'. For any (z,0) € R™ x RP, we set
_r(a@)©e”
az,0) =1, (eF(M’)
1 ad)oe”
a(z,0) ef(.0)

(4.4) v(z,d) =
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For any x,0 consider furthermore the block decomposition of the total derivative of
F, [A(z,0) B(x,0)] = Jp(x,0) and set

(4.5) G(z,0) = A(zx,0) — Lyo(x,0)T.

We call G the reduced partial Jacobian of F', note that G is continuously differentiable
on R” x Q. From Lemma 4.3, we have that 1, is an eigenvector of A(x,0) and v(x, 0)
is an eigenvector of A(x,0)7, both with eigenvalue 1, which has multiplicity 1, with
17v(z,0) = 1. Therefore Lemma 6.1 ensures that the matrix G(x, 6) is diagonalisable
in the same basis as A(x,0) with the same eigenvalues, except eigenvalue 1 which is
set to 0, and therefore its spectral radius is strictly less than 1. Later in the proof, we
will study a recurrence involving A (which is not a contraction), and we will use an
equivalent recurrence involving G (which is a contraction). Note that the functions
Jr, P, A, B, G are continuously differentiable on R™ x €.

The following lemma shows that Jr and G are invariant by the centering operation
Lcenter, and more generally by translation of Al,.

LEMMA 4.4 (Invariance by centering). For all A € R, x € R™, and § € Q, we
have,

F(z+ Al,,0) = F(x,0) + Al,,
Jrp(z+ A1y, 0) = Jp(z,0),

v(x + Al,, 0) = v(z,0),

G(z + A1,,0) = G(z,0).

In particular, Jp(Leenter(x),0) = Jp(x,0) and G(Leenter(x),0) = G(x,0) where Leenter
is the centering operator introduced in Lemma 2.2.

Proof. We have for A € R and x € R”,

F(z + A1, 0) = log(a(0)) — 10g<K (K Tez+>\1 ))
—tog(a() - 1oz (K(0) (peighres ) )

= log(a(9)) - log< AK(f)( W))

= log(a(0)) + AL, log(K ( Teac>)

= F(z,0) + A1,
which implies for all A € R, Jp(z + Al,,0) = Jp(z,6). Observe now that

a(f) © et q(f) © ere”

eF(@tAL,,0) oF(z,0)+AL,
~a(f) ©ete”
- ereF(z,0)
a(f) ® e®
eF(z,0)

Thus, a(z + A1, 0) = a(z,0) and in turn, we get that v(z + A\l,,0) = v(z, 0).
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To conclude, we have

G(x + My, 0) = A(z + Ay, 0) — Lyo(z + A, 0)7
= A(z,0) — 1,v(z,0)" = G(x,0),

following the fact that Jp(z + Al,,0) = Jp(z,0), and in particular A(z + A1,,0) =
A(z,0). |

4.3. Preliminary computation. We start with some computation and nota-
tions before providing the proof arguments. Setting for all £ € N, and 6 € RP,
[Ak(0) Bi(0)] = Jp(zk(0),0) we have the piggyback recursion

(4.6 210 _ 2,050 4 o),

We have for all k and 6, using (3.2) for the total derivative of P,

APyi1(6) _ OP(a541(0).6) doeia(6) | OP(wisa(6),6)
do Oz do 90
_ OP(xx11(0).0) dz,(0) OP(wi41(0),6)

o (Ak(e) 20 +Bk(9)>—|— 50

For all 6 and all k € N, we have Ay(0) = A(zx(0),0), we set

(4.7)

Gr(0) = G(z(0),0) = Ar(0) — Lyv(x(0),0)",

where G is defined in (4.5) and v is defined in (4.4). From Lemma 6.1, the matrix

G () is diagonalisable in the same basis as A (f) with the same eigenvalues except

eigenvalue 1 which is set to 0 and therefore its spectral radius is strictly less than 1.
From Lemma 4.1, we have %ﬁ’e)ln = Opxm for all (z,0) and therefore
OP(x,0) B OP(x,0)

CHEGu(0) = 5 A(0) -

OP(x,0)
ox

uw(a(@),0) = 200 4,0).

Plugging this in (4.7), we obtain

de+1(9) _ 8P($L'k+1,9) (Ak(e)dl'k + Bk(e)) 8P($k+1,9)

do ox do a0
_ OP(xp41,0) dxy OP(zp41,0)
T Crl0) g + Brl) | + =5

This allows to rewrite the iterations equivalently, with Dy = ‘%0, for all £k > 0 and 6,

using the product rule for partial derivatives of P defined in Section 2.3,

dPy(8)  OP(xx,0) OP(wx, 6)
R A I
(4.8) Dy11(0) = Gi(0) Dy (6) + Bi(6).

We are now ready to prove our main result.

Proof of Theorem 3.5.
Convergence of Ay, G and By. For all 6 € €, from Lemma 2.2, the centered
iterates (Leenter (Tx(0)))ken converge with a linear rate to Leenter (Z(6)) which is locally
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uniform in #. Furthermore F' and G are infinitely differentiable jointly in z € R™ and
0 € Q2 and therefore Jr and G are locally Lipschitz on R™ x €.
We remark that for all 8, using Lemma 4.4

Gr(0) = G(zx(0),0) = G(Leenter (21(0)), 0),

so that, as k — oo, Gi(0) converges with a locally uniform linear rate to G(6) :=
G(Lcenter( (0)),0) = G(z(9),0). Similarly By(6) converges with a locally uniform
linear rate to B(#) := B(z(0),0) and Ai(6) converges with a locally uniform linear
rate to A(9) := A(z(0),6). Note that by Lemma 2.2, the map 6 — Leenter(Z(0)) is
continuous, so that A, G and B are continuous functions of 6.

For any § G(6) is digaonalizable with spectral radius strictly less than 1, the
recursion on Dy () should converge with a locally uniformly linear rate in 6. This as-
sertion is a consequence of the following lemma which explicit the constants appearing
in the linear rate for the matrix recursion.

LeEMMA 4.5 (Explicit rate for linear convergence). Let p < 1 and G € R™"
be diagonalisable on R, with spectral radius smaller than p and and Q) an invertible
matriz which rows are made of an eigenbasis of G. Let B € R™*™. Let (Gy)ren and
(Bk)ken be a sequence of matrices such that there exists a constant ¢; > 0 such that
forall k e N,

(4.9) |Gr — Gllop < c1p™
(4.10) | Br — B < c1p"t!

Then, for the recursion
Dyy1 = Gg Dy + By,

setting D = (I —G) ™' B, there exists a continuous function const: R x (0,1) — R
such that for all k € N, B

_ i - _
1Dk — DI| < p* const([|Qlop: |Q " [lop: 1, | Doll. ]I, p)-

Convergence of Dj. Let us explicit how Lemma 4.5 allows to prove convergence
of (Dg(0))ren- Start with a fixed § € Q, we first drop the dependency in 6 for clarity.
We have from Remark 4.2

A = diag ( ) Pdiag <Il)) PT.

Setting S = diag (ﬁ), we have that

1\ - 1\ -~ 1
S~1AS = diag (ﬁ) Pdiag <b> PTdiag <\/c§) ,
which is symmetric. Therefore, there is an orthogonal matrix U( and diagonal matrix
E such that

S~1AS =UEUT,
and

A=SUEUTS™' = SUE(SU)™!
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Set @@ = SU, we have by submultiplicativity of || - ||op

1
1@Uen < 1ol STy = 5l = [ 72| -

Similarly ||Q!jop = |vall,,. From Lemma 6.1, Q diagonalizes both A and G.
Getting back the dependency in 6, we fix 6y € 2, and set for all 6 € Q2

D: 0 (I-G(0)'B(®),
p: 0 — max{p(9), [QO)'GO)QO)llop} < 1,

where p(f) < 1 is given in Lemma 2.2 and ||Q(0) ' G(0)Q(0)]|op is the largest eigen-
value, in absolute value, of G(#), which is smaller than 1 and continuous with respect
to #. In particular, p is continuous.

Fix a compact set V C Q which contains fy in its interior and a compact set
W C R™ which contains Leenter(k(0)) for all k € Nand 0 € V. We set ¢1: 2 — Rxg
such that ¢; = Lc¢/p where ¢: Q — Ry is the constant in Lemma 2.2 and L is a
Lipschitz constant of Jp and G on W xV (recall that they are infinitely differentiable).
Using Lemma 4.4, we have for all § € V and k € N,

177 (2(0),0) = Jr(2(0), O) || = [T (Leenter (2x(0)), 0) = T (Leenter (2(0)), 0)]|
< e1(0)p(0)"*,

and

||G(xk(9),9) - G(j(0)7 9)” = ||G(Lcenter($k(9))7 9) - G(Lcenter(j(e))ve)”ll
< e1()p(0)* .

The largest eigenvalue of G(6) is at most p(#) so that Lemma 4.5 applies, and we have
for all k£ € N,

|1Dxk(6) = D(O)]
dl’o(e)

‘ N o). ||B<9>||,ﬁ<0>> ,

where const: RS, x (0, 1) is continuous. All terms in the right hand side are continuous
functions of 6, so that Dy (0) — D(0) = (I — G(0))"*B(f) at a locally uniform linear
convergence rate.

Convergence of the derivatives of Sinkhorn—Knopp towards the de-
rivatives of entropic regularization. For a fixed 6y, the limit has to satisfy
D(00) = G(00)D(0o) + B(6o) since it is a fixed point of the limiting recursion. There-
fore it is of the form

i

Va®)|_.er(0),

< ﬁ((‘))%const (

oo

D(0o) = (I — G(6o)) " B(bo)
[A(6o) B(6o)] = Jr(Z(00), bo).

Combining with local linear convergence of Dy, this shows that, using the recursion
(4.8), as k — oo uniformly in a neighborhood of 6y
d _ OP(z(0),0)

(4.11) lim — Py(0) = ——2D(0) +

oP(%(6),6)
Ox ’

06
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Note that Py(f) converges pointwise towards P(f) = P(z(0),6) which is a solution
to problem (OTy). By local uniform convergence of derivatives and the fact that Py
are continuously differentiable, thanks to Lemma 6.2, we have that P is continuously
differentiable and

dP.(0)  dP(9)

Am T T g

Expression of the derivative. Finally, by construction of G in (4.5) and thanks
to Lemma 6.1, we have for all z,6, that I — A(z,0) and I — G(z,6) have the same
eigenspaces all eigenvalues being nonzero except the one generated by 1, for which
corresponds to eigenvalue 0 for I — A(z,0) and 1 for I — G(x,0). Therefore, we
have (I — G(z,0)))™! = (I — A(x,0))* + 1,,v(x,0)T, where v(x,0) is the normalized
eigenvector of A(#)T associated to eigenvalue 1 (see (4.4)). Recall that f denotes the
spectral pseudo-inverse for diagonalisable matrices (Definition 3.1). From Lemma 4.1,

we have Wln =0 for all (z,0), therefore for all § € Q,
DD oy = DL 1 - Giao),0) B0,

= IPCOD) (11— a0 + 1t )7 B16)

_ 7‘913(2&9)’ 91— a0 B ).
We have therefore that

dP(0)  9P(z(0),0) OP(z(0),0)
¥R e U A(6))*B(0) + a0
[A(0) B(0)] = Jr(2(6),0),

which concludes the proof. O

5. Proof of Lemma 4.5. We start with two lemmas on real sequences. The
first one is a quantitative version of [27, Lemma 9, Chapter 2].

LEMMA 5.1 (Quantitative Gladyshev convergence). Let (ag)ren and (Bk)ren be
positive summable sequences and (zi)ken be a positive squence such that for all k € N

Ze+1 < (L + ag)z + Bk

Then for all k € N,
+oo +oo
2 < exp <Z ozi> 20+ > Bi
i=0 §=0

Proof. For all k € N, set

+oo e} +oo
wkZZkH(l-i-Oti)-i-Zﬁi H (1—|—0¢j).
i=k i=k

i=k  j=it1

Remark that using concavity of logarithm [[;-% (14 ;) < exp (Zj;og ozi), so that wy,
is well defined. Remark also that wjy > z; for all k.
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The sequence (wy)ken is decreasing. Indeed, we have for all k € N,

+oo

Wh4+1 = Zk+1 H 1+Ch Z Bi H 1+O‘j)

i=k+1 1=k+1 Jj=i+1
400

<((T+aw)z+Be) [ A+ai)+ Z Bi H (1+ay)

i=k+1 i=k-+1 J=i+1

_ZkH 14+ ) +ZBZ H 1+« )

i=k Jj=i+1

= Wk.
Therefore, for all k& € N,

2k < wg

<’U)0

—UOH +az +Zﬁl H 1+a])

i=0 j=i+1

+00 too
< H(l + ;) (Uo + Z@) < exp (Z%‘) (Uo + Zﬂz) ;
i=0 i=0 i=0 i=0

and the result follows. O
The following lemma specify Lemma 5.1 when «ay and fj are geometric sequences.
LEMMA 5.2 (Application of Gladyshev’s convergence to geometric sequences). Let
€ (0,1), ¢ >0, and (0 )ren be a positive sequence such that for all k € N,
(5.1) 1 < (p+ o )dk + o

Then, (0r)ren s a geometric sequence: for all k € N,

e () (41,5

Proof. Dividing (5.1) on both sides by ¢p®*+1/2 we have for all k € N,

Okt1 Ok 5k cpFtlcps
k+1 S k—1 + k k+1 +p
oz cpT cpr ocpe

\/ﬁ(zk 5kk el | B

= + cp +p 2
Cp2 CpZ
)
< (Lt eph )+
cp?
Setting for all k € N,
2k = u ’ Q. = CPk+%7 and ﬂk = Pk217
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we may apply Lemma 5.1 to obtain the result. Note that Zz 0 = %ﬁ and
j:g iz%,sotha’cforallkeN

6 —+o0 “+o0

k

kzkgexp<2ai> zo+2ﬁj
— =

e (2) (84 2).

which is the desired result. O

LEMMA 5.3 (Reduced perturbated convergence). Let p <1 and G € R™*" have
operator norm smaller than p and B € R™*™. Let (Gk)ren and (Bk)ken be a sequence
of matrices such that there exists a constant cy > 0 such that for all k € N,

Gr — C_TVHOP < COPk+1
|Br — B|| < cop*!

Then for the recursion
Dyy1 = Gy Dy, + By,
setting D = (I — G)~'B, we have

|Dx = D

s (. 1B 1B covs+ IBI)
=/ p(“f< m)(MW+ T vae )'

Proof. Note that G is invertible and it follows that the potential limit is D =
(I — G)~!B, as it is a fixed point of the limiting recursion, D = GD + B. We rewrite
the recursion as follows

Di41 —D:Gka-‘er—GD—B
= Gy(Dy — D)+ (G, — G)D + By, — B.
Setting for all k € N, 6, = || Dy — D||, using the fact that || - ||op is subordinate to || - ||,
we have the recursion,
Sk+1 < ||Gk(Dy — D)|| + ||(Gx, — G)D|| + || Bx. — B||
< 1Gkllopll(Dr = D) + [(Gr = G)llop |1 DIl + || Bx — Bl|
< (p+cop"™ )8 + cop™ (| D] +1).

Note that ||[D| = [|(I = G)"*B|| < (I = @) lopl B < i Since

co < COM and ¢o (147 [EE]] < ot I ||7
1—=p - P 1—p

we apply Lemma 5.2 with ¢ = ¢ 1?!]2’” and use the fact that ﬁ < 1_1\/5 and

1Dy — DI| < |[Do|| + 4EL. 0
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Proof of Lemma /.5. Note that G is invertible and it follows that the potential
limit is D = (I — G)~! B, which satisfy D = AD + B. Since G is diagonalisable in the
basis given by @Q, there is a diagonal matrix E such that G = QEQ ™. We rewrite
equivalently the recursion as follows

Q 'Di1 = Q7'GRQQ Dy + Q7' By,

and setting Dy, = Q 1Dy, G = Q 1G1Q and B, = Q' By, for all k € N, this reduces
to

Dk+1 = ékbk + Bk~

When £ — oo, we have Gi — E, which has operator norm at most p and B, — Q7 'B.
Set D the fixed point of the limiting recursion for Dy,

D=(I-E)'Q'B=Q'QU-E)'Q'B=Q (I -QEQ ") 'B=Q 'D.
Furthermore for all k£ € N, we have the following bounds

IGk = Ellop = 1Q Gk — G)Qlop

<NQ Mlopll(Gr — @) lop 1 Qlop (Il llop is submultiplicative)

< (CIHQ_l H0p||Q||0p> pk-H (by hypothesis (4.9))
|Br — Q7 'B| = Q" (Bx — B)||

<1Q Hlopll Bk — Bl (I llop is subordinate to || - [|)

< (ClHQ_l Hop) pk+l, (by hypothesis (4.10))

1™ Bll = 1Q  lop I Bl
IDoll = 1Q llop 1 Doll-

We apply Lemma 5.3 with
co = ]| Q lop(L + [1Qllop),
which gives for all & € N,
1Dy, — D
= |Q(Dx — D)||

< ||Q||opH[)k _DH
k 1 “Hlopll B
< ¥ 1Qllop exp (c1|cz1|op<1 + 1 Qllop) Vo — ”(Cf_ /'55” ”)

IBI , e1r( +11Qllop)y/P(1 + ||B||)>
1—p (1=p)? ’

which is the desired result O

Qo (nDo T

6. Additional lemmas. In the following, we prove some technical, but impor-
tant, lemmas used in the main proof.

LEMMA 6.1 (Reduced eigenspace). Let A € R™"*"™ be diagonalisable. Let u be such
that Au = u and v such that ATv = v, and assume that eigenvalue 1 is simple, and
that ww? = 1. Then A := A —w” and A have the same eigenspaces with the same
eigenvalues, except eigenvalue 1 for A which is set to 0 for A.
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Proof. A of the form QDQ ™" for an invertible  and a diagonal matrix D. As-
sume that the first diagonal entry of D is 1. Columns of @) form an eigenbasis and
we may impose that the first column is u. Rows of Q! form an eigenbasis of A7,
set vy the vector corresponding to the first row. Since 1 is a simple eigenvalue, the
corresponding eigenspace has dimension 1 and there exists a # 0 such that v = awvy.
We have u”v = 1 by assumption and u”vy = 1 because Q~'Q = I, this shows that
a = 1 and therefore v is the first row of Q1.

We have vTu = 1 and therefore Au = Au—u = 0. Let @ be a different column of
Q corresponding to an eigenvector of A associated to eigenvalue d, we have vT@ = 0
so that A = A = da. This concludes the proof. 0

LEMMA 6.2 (Uniform convergence leads to continuous differentiable limit). Let
U C RP be open and (fr)ren be a sequence of continuously differentiable functions
from U to R converging pointwise to f: U — R, such that V f) converges point-
wise, locally uniformly on U. Then f is continuously differentiable on U and Vf =
limy 00 V fi.

Proof. Let g = limg_, o, V fi the pointwise limit. By local uniform convergence, g
is continuous on U. Fix any « € U and any v € R™ and set I a closed interval such
that 2 +tv € U for all t € I. The sequence of univariate functions hy: t — fi(z + tv)
is continuously differentiable and satisfy for all k and all t €

hy(t) = (V fi(x + tv),v) .

The derivatives hj, converge uniformly on I to (g(x + tv),v) which is continuous in ¢.
Therefore the function h: t + f(z + tv) is continuously differentiable with derivative
given by (g(z + tv),v). Since z € U and v € R™ were arbitrary, this implies that
f admits continuous partial derivatives and it is therefore continuously differentiable
with gradient g. a

LEMMA 6.3 (Centering). For z,2’ € R™,
||Lcenter(‘r) - Lcenter(x/)”m S ||='17 - x/”vara

where Leenter 8 defined in (2.6) and || - ||var @ defined in (2.7).

Proof. Note that for f € R™ and a € R, ||f + alnllvar = ||fllvar- Set f =
Leenter(2) — Leenter ('), we have 17 f =3"" | f; = 0 so that

n
miinfi < ;fi =0< lefclei-
This implies the following
£l = max| £
= max max{f;, —fi}
= max{mlax fis max —fi}
= max{mlax fis— miin fi}
< max{mzax fi— miin fis max fi — leln fi}

= ”vaar
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Now f = Lcenter(m) - Lcenter(xl) =x—2' +1, (% Z?:l IE; — %Z?:l Ii), so that
[ fllvar = ||z — @'||var Wwhich concludes the proof. d

LEMMA 6.4. Let p € (0,1), ¢ > 0 and (6k)ken be a positive sequence such that for
all k € N,

(6.1) 1 < (p+ep™1)ox + cp™t.

Then, for all k € N, such that k > ﬁ, we have

Proof. Fix a € (0,1) to be chosen latter. Dividing (6.1) on both sides by
cpF /e we have for all k € N,

(SkJrl - 5k ( pcpak: Ckarlcpak) Cpk+1

cpalk+1) = cpak \ cpa(k+1) cpolhr) cpa D)
)
= k (pl—a + Cpk-i-l—oz) + p(k+1)(1_0¢)
Cpak
Ok (1 | eph+i=ay 4 ptD(1-a)
< ok (L) +p ,
Setting for all k € N,
)
PANES Ckaa ap = cpk+1—a7 and By = p(kﬂ)(l_a)7

we apply Lemma 5.1 to obtain the result. As (ax)ren and (Bk)ren are geometric
11—« —«

1
sequences, we have Zj:og o = C’fip < 1fp and itog Bi = 1fp17a < 17;)11,(, , SO
that for all £ € N,

Ok
Cpak

= Zk)
—+o0 —+oo
< exp (z) 0t S
i=0 j=0

o C §0+ 1
= ex — ).
P 1—0p c 1—pl-

Since « was arbitrary, the preceding holds for all £ € N and a € (0,1). Fix k € N
such that k> 2. Setting v =1+ log (1+ 1) /log(p), since p € (0,1), we have

1—
0—1+log<1+pp>/log(p)<a<1.

We have

k
, 1
pak _ pkpklog((k+1)/k)/log(p) _ pk (1 + k) < epk,
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and
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1 1 1
1—pl-a ~ 1= p-log(i+1/B)/Tog(p) 1 — ploa(k/(+1))/ 10g(s)
1
|
k+1

Therefore, for all k > ﬁ,

S < p" exp (1+ 110) (6o + c(k +1)),

proving our claim. ]
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