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WENTZEL-KRAMERS-BRILLOUIN EXPANSIONS AND GENERALIZED
IMPEDANCE TRANSMISSION CONDITIONS FOR THIN-LAYER PROBLEMS IN
ELECTROMAGNETISM WITH APPLICATION TO BIOLOGICAL CELLS

VICTOR PERON

ABSTRACT. In this work we derive a WKB expansion for the electromagnetic fields solution
of the time-harmonic Maxwell equations set in a domain with a thin layer. As a by-product
of this expansion we obtain new second order asymptotic models with generalized impedance
transmission conditions that turn out to depend on the mean curvature of the boundary of the
subdomain surrounded by the thin layer. We show that these models can be easily integrated in
finite element methods by developing mixed variational formulations. One application of this
work concerns the computation of the electromagnetic field in biological cells.

1. INTRODUCTION

This paper presents new approximations of the electromagnetic fields for time-harmonic thin-
layer transmission problems. The simplified configuration is motivated for instance by the com-
putation of the electromagnetic field in biological cells, see, e.g., [8, 9] where additional refer-
ences may also be found. This work is also motivated by other applications that involve biological
cells and media with thin inclusions (see, e.g., [1, 4]) : biomedical applications, nondestructive
testing of delaminated interfaces between materials, microwave imaging, radar applications, geo-
physical applications: - - .

In this work we revisit an asymptotic method developed in recent works for solving scat-
tering problems of time-harmonic electromagnetic waves in domains with thin ayer [8, 9]. In
the problem of interest a main difficulty for the computation of the electromagnetic field with
finite elements lies in the thinness of the layer since meshes with thin cells are required. To over-
come this difficulty we develop a new asymptotic method based on a Wentzel-Kramers—Brillouin
(WKB) expansion that makes possible to mimic the electromagnetic fields in the thin layer by
approximate transmission conditions.

The aim of this work is twofold. First, we derive a new WKB expansion for the electric field
in power series of a small parameter ¢ which represents for instance the relative size of a cell
membrane. We make explicit the first terms of this expansion and we infer new second order
asymptotic models for the electric field with respect to €. Second, we show how these new
asymptotic models can be easily integrated in finite element methods.

There are several differences between this work and previous works [8, 9] in which the authors
derived e-parameterizations for the electric field as E® + ¢E' [8, Th. 2.9] and a second order
model with Generalized Impedance Transmission Conditions (GITC) [9] based on a multiscale
expansion. However this multiscale expansion leads in general to an asymptotic modeling error
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2 V. PERON

since the considered ansatz for the electric field in the extra-cellular domain OF (see Figure
1) involves a sequence of asymptotics providing a series that does not approach the electric
field inside the thin layer [8, Eq. (5.1a)-(5.1c)]. On the contrary, in this work tangential traces
of the residues are continuous across the boundaries of the thin layer by construction of the
WKB expansion, see Section 5.4. That is why the WKB expansion provides in general sharper
error estimates than the multiscale expansion derived in [8, 9]. Therefore the new second order
models provide also in general sharper error estimates than the second order GITC model derived
in [9]. Furthermore the new second order asymptotic models depend on the mean curvature of
the interface I" between the subdomains O, and O, = O \ O, (see Figure 1). This is a main
difference with the second order asymptotic models derived in the previous works [8, 9]. This
is also a difference with many thin layer problems in electromagnetism (see, e.g., [10, 2, 13,
12, 11, 18] for the case of Maxwell’s equations where additional references may also be found)
that lead in general to a second order impedance boundary condition for which the effect of the
curvature does not appear. We refer also the reader to the related but different work [14] where
the authors derive an asymptotic expansion of the boundary perturbations of the electromagnetic
fields resulting from small perturbations of the shape of a smooth inhomogeneity.

There is a main advantage to use these new asymptotic models for numerical purposes with
finite element computations since they do not require to mesh the thin layer and they can be
simulated by using a mesh independent of €. On the contrary, there is a main difference between
this work and the strategies developed for instance by Chun et al. [6] and Delourme et al. [7]
to derive asymptotic models for thin-layer transmission problems in electromagnetism since a
different mesh is needed for computing the numerical models for each value of ¢, e.g. [9]. Fur-
thermore, as in [9], the new transmission conditions can also be easily integrated in finite element
methods by introducing an additional unknown. For this purpose we develop mixed variational
formulations in Section 4.

This work is concerned essentially with the derivation of a WKB expansion for the electric
field and with the development of mixed variational formulations for asymptotic models. The-
oretical aspects concerning the analysis of asymptotic models as well as numerical aspects con-
cerning the performance of the new models in comparison with previous works [6, 7, 9] will be
devoted to further works.

The outline of the paper proceeds as follow. In Section 2, we present the mathematical model
for the electromagnetic fields. In Section 3, we present the first terms of the WKB expansion
and we compare the first terms of this WKB expansion with the multi-scale expansion derived
in [8, 9] (Section 3.1.1). Then we present a new second order GITC model (Section 3.2) and an
application to biological cells (Section 3.3). In Section 4, we present mixed variational formula-
tions for GITC models. In Section 5, we provide elements of proof for the WKB expansion.

2. THE MATHEMATICAL MODEL

After the introduction of notations in Section 2.1, we introduce the mathematical model for
the electric and magnetic fields, and the electric field formulation in Section 2.2.

2.1. Notations. For any orientable smooth surface without boundary S of R?, the unit normal
vector n on S is outwardly oriented from the interior domain enclosed by S towards the outer
domain.
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We denote by curls the tangential rotational operator (which applies to functions defined on
S) and curlg the surface rotational operator (which applies to vector fields) [15] :

VieC®(S), curlsf=(Vsf)xn,
Vv e (C®(8))?, curlsv = divs (v x n) |

where Vs and divg are the tangential gradient and the surface divergence on S, respectively.
We denote by L?(S) the space of L2-integrable tangent vector fields on S :

L} S)={v:S = R3}|lve (L*S))3 v-n=00nS},
and, for any s € [—1, 1], the Sobolev space of tangential vector fields of order s on the surface S
is defined as
TH(S)={v:S = R3|ve (HS)) v-n=00nS},
where H?(S) is the classical Sobolev space of order s defined on S. In this framework we denote
by TH(divs,S), TH-/2(divs,S) and TH(curls,S) the following spaces of tangent vector
fields of the above operators divs and curls:
TH(divs,S) = {v € L?(S), divsv € L*(S)},
TH 2 (divs,S) = {v e TH™V2(S), divsv € HY/2(S)},
TH(curls,S) = {v € L¥(S), curlsv € L*(S)} .

Finally we denote by TH='/2(divs, S, 0) and TH(curls, S, 0) the following spaces of tangent
vector fields

TH'/%(divs, S,0) = {v e TH Y/2(divs,S), divsv = 0 on S},
TH(curls, S,0) = {v € TH(curls,S), divev=0 on S} .

For any vector field v defined in a neighborhood of & we denote by v|s the tangent compo-
nent of v :

vrls =nx (vls xn) .

Finally we denote by [v]¢ the jump of v across S :

Ms = Vst —V|s-,

and we denote by (v|s) the mean of v across S :

(vIs) = 5 (v]s+ +vls-)
2.2. Time-harmonic Maxwell equations in single cell. Biological cells consist of a cytoplasm
surrounded by a thin layer, see, e.g., [8, 9]. We denote by O the three-dimensional domain
of interest which is composed of the outer cell medium and the cell. Let us denote by O, the
cell cytoplasm, and by O, the cell membrane surrounding O, whose thickness is constant and
denoted by €. Assuming, without loss of generality, that the domain O, is independent of ¢, the
extracellular domain is then e—dependent. We denote it by O, in a such way that (see Figure 1) :

0O=0.U0: U0

The boundary of the cytoplasm is the smooth surface denoted by I' while I'* is the cell boundary,
i.e. I'* is the boundary of O, U Of,.
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(Ue» Te, €¢)

FIGURE 1. A cross-section of the domain O and its subdomains O, Of,, O%

The electromagnetic properties of O are given by the following piecewise-constant functions
4, €, and o corresponding to the magnetic permeability, the electrical permittivity, and the con-
ductivity of O, respectively :

pe, in Ok, €c, in O, oc, inQ,

B=19 pm, inOp, €= 1€y, in0;, =140, in0;,
1 154 1 € 1 154
te, in OF, €e, in O, Oe, inQO5,

Let us denote by J the time-harmonic current source and let w be the frequency. For the sake
of simplicity, we assume that J is smooth, divJ € L2(0), and that J is supported in O and it
vanishes in a neighborhood of the cell membrane. Maxwell’s equations link the electric field E
and the magnetic field H, through Faraday’s and Ampere’s laws in O :

curl E° —iwpH® =0 and curlH® + (iwe —0)E*=J in O.

We complement this problem with a Silver-Miiller boundary condition set on dO. In what fol-
lows we denote by « the complex wave number given by

Vx € 0, K(x)= wQH(x) <e(x) + Zaix)) , Im(k(x)) >0.

Then Maxwell’s system of first order partial differential equations can be reduced to the following
second-order differential equation

(2.1a) curl curl E¢ — k2E° = iwpd in O, UOL UQOg,
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with the following transmission conditions across I and I'®

1 1
(2.1b) E. X njpe = E;, xn|pe, — cwlE] x npe = — curl E, x n|re,
(S m
1 1
(2.1¢) E. xnjp = E, xn|p, —cwlE xnjp = — curlE, x n|p,
C m

where E_, EZ, and E_ denote the restrictions of E® to the subdomains OF, O5,, and O, respec-
tively. Finally, the boundary condition is given as

(2.1d) curlE* x n —iken x EExn=0 on 00.

3. FIRST TERMS OF A WKB EXPANSION AND ASYMPTOTIC MODELS WITH GENERALIZED
IMPEDANCE TRANSMISSION CONDITIONS

In this section, we present the first terms of a WKB expansion (Section 3.1) and asymptotic
models with generalized impedance transmission conditions (Section 3.2), with application to
biological cells in Section 3.3.

3.1. First terms of a WKB expansion. In this work we derive a WKB expansion for the electric
field E® (2.1) as follow (compare with [9, Eq. (5.1)])

(3.1a) Ei(x) ~ Zsng(x), in O,
Jj=0

(3.1b) EL()~Y & (Eg(x) +EL <xT, @» , in OF,
70 c

(3.1¢) Es(x) ~ ) ¢/El(x), in O,
j=0

where the terms EZ, EJ and EJ, are independent of ¢ and defined in ¢-independent domains O,
Oc =0\ Ocand T x [0, 1], respectively ; in (3.1b) xT denotes tangential coordinates on I' and
the variable x5 € (0, ) is the Euclidean distance to T.

For such a purpose it is convenient to introduce the electromagnetic properties of the “back-
ground” problem, i.e the domain O without the membrane:

He, n OCv €c, n OC? Oc, n OC?
w= . €= . 0= . )
e, in Ok, €e, in Oe, Oe, in Ok,

and we define similarly « as
ke, 1n O,
K= )
Re, m 067
Terms of order 0 of the WKB expansion (3.1). The term EY = (E2, EY) of order 0 defined in the
subdomains O, and O, solves the following transmission problem :

(3.2a) curlcurl E? — 2E2 =0, in O,

(3.2b) curl curl Eg — ﬁg Eg = iwied , iIn O,
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with the transmission conditions:

1 1

(3.2¢) E)xnjpr =E2xnjp—, —cwlE) xnlpy = — curl E2 x n|p—,
He He

(3.2d) (iwee — 00) EY - n|ps = (iwee — 0c) EY - nlp-,

and the Silver-Miiller condition
(3.2¢) curl E2 x n —iken xEY xn=0 on 0O.

The term EY, of order 0 defined in T x [0, 1] depends only on the variable xT € I" and we have :

W€ — O¢

(3.3) EY (x1) = ( - 1> E)-nlpsn.

WE€m — Om

Terms of order 1 of the WKB expansion (3.1). The term E* = (EL, E!) of order 1 defined in the
subdomains O, and O, solves the following problem

(3.4a) curlcurl E! — k2EL =0, in O, U O, ,

(3.4b) curlEl x n —iken x EL xn=0 on 00,

with the following transmission conditions on I' (compare with [9, Eq. (3.4c)-(3.4d)]) :

1
E! x n|p+ = E! xn|p- + <,u;n — M;:) curly curlp(— curl EQ)t
K K

(3.4¢) 1 m ¢ ¢
= (i = pte) (— cwrl EQ)7
C
and
1 1 1 1
— (curlE} x n) |p+ = — (curl E¢ x n) |p-
e C
1 1 2 (g0 0
(3.4d) + M— — Iu— (/ﬁ;e (Eo)T + curlp CllI'h“(Ee)T)
m (S}
2 JWEe — 1
+ —M—; <1 - M) n X curlp <7—l curlp(— curl Eg)T> .
fm K2 iWem — O Le

In (3.4d) H is the mean curvature of the surface I', curly is the tangential rotational operator
and curly is the surface rotational operator, see Section 2.1.
The term EL of order 1 defined in T" x [0, 1] is defined as :

3.5 EL (x-r, %) - <a+b%) n

m (5} 1 m
+<% - 1) <n X (M - f;) curlp curlp(— curl E?)t + (M - 1) (curl EY x n) \p+> )

’i?n e e He
for almost any (x1,x3) € I' x (0, ), where functions a and b are defined on I" by
(3.6) a= <“"6_U - 1) El njp- —El-njpy, b=2H (W - 1> EC . n|ps .
iWem — Om iWem — O
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3.1.1. Comparison with the multi-scale expansion derived in [3, 9]. The first term E° (3.2) co-
incides with the “background” model derived in [8]. Note also that the transmission condition
(3.4c¢) for the next term E! coincides with the transmission condition derived in [9, Eq. (3.40)].
However there is a main difference between the new transmission condition (3.4d) and the trans-
mission condition derived in [9, Eq. (3.4d)] which writes (by abusing the notation we denote also
by E! below the second term of the multi-scale expansion derived in [8, 9])

1 (curlE' x n) |p+ = 1 (curlE' x n) |p-

He He
2 2
1 1
- <I€m - KJQ) EY |p+ + ( - ) curlp curlp EY |+ .
Hm  He m fle

Note in particular that in difference with the previous work [9, Eq. (3.4)] the new term E' defined
by (3.4) depends on the mean curvature H of the interface I'. Furthermore all the terms describ-
ing the thin layer in (3.1b) are different from the corresponding asymptotics of the multiscale
expansion derived in [8, 9].

3.2. GITC model. The electric field EE] which approximates E® at the second order with re-
spect to the parameter ¢ is obtained by solving the problem :

(3.7a) curlcurl E[El] — /ngfl] = iwped , in O,
(3.7b) curlcurl E‘[El] - HEEE] =0, in O,

(3.7¢) curl Ef” X N — 1Ke N X Efl] xn=0 on 00,

with the following transmission conditions, called generalized impedance transmission condi-
tions (GITC) of order 2 (compare with [9, Eq. (4.2d)-(4.2¢)]):

| 1
(3.7d) [n><Em}r::6(—u4curkcuﬂp<ﬁﬁcmﬂEahﬁT> +13<M(mn1Emth>)

(3.7) [2 x curl EE}L =€ (—C curlr curlp <(Ef”)T> + D <(Ef1])T>>

1
—eF n x curlp H curlr <(cur1 E[E” |p)-|-> ,
1

where constants A, B, C, D, E are defined in (3.8)

S 11 11
(38) A= Hm _FH B:MFM,C:—D:(—%Q

R ) e
Ky Ke Hm  He He  Hm

E :i‘i; <1—,Z'°"Ee_0—e ) .
fm K3 iWem — Om
Remark 3.1. In the framework of Section 4.1 a proof of uniform estimates for E[EH € V, where
the functional space V is defined in Section 4 by (4.3), is non trivial since there is a lack of
control of the divergence of the electric fields in 'V that prevents to obtain a compact embed-
ding of this space in L?(0). One way to prove such results is to exhibit a Helmholtz decom-

position of V (see, e.g., [7]). However one can not adapt straightforwardly the proof of [7,
Prop. 9] to obtain a Helmholtz decomposition of V since in difference with the framework
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of Delourme et al. [7] as well as with the previous work [9, Eq. (4.2)], there is an extra-term

n X curlp H curlp <i(cur1 EE] |1")T> which appears in the new transmission condition (3.7e).

3.3. Application to biological cells. Biological cells are characterized by constant magnetic
permeabilities pn, = pe. This allows to simplify the above asymptotic models.

3.3.1. Two first orders of the asymptotic expansion. In the framework above the WKB expansion
for the electric field E® still writes by abusing the notations :

E°~E’+¢E'+.--, in O.UOS
¢~ EO 0 1 1 3 . e
E°~E +Em(xT)+5(E +Em(x-|-,€))+ , in OF,,

where the first term E° still solves Problem (3.2) and E?n (x7) is defined by (3.3), whereas the
term E! solves the following simplified transmission problem in comparison with Problem (3.4)

(3.9a) curlcurl E! — k?E' =0, in O, U O,
(3.9b) curlE! xn —iken xE' xn=0 on 00O,

with the following transmission conditions on I'

m e 1
(3.9¢) E' x nir+ = E! x njr- + <M2 — ,u2> curlp curlp(— curl Eg)-r )
Km Re C

1 1
— (cwrl E' x n) |p+ = — (cwrl E' x n) |p-
(3.9d) e 2 " iwee — O, 1

+ = <1 - ee) n x curlp <H curlp(— curl Eg)T> .

K2 Wem — Om Lo

Furthermore, the term E}n (xT, ”;—3) defined by (3.5) is also simplified as follows

. o . 1 )
E%n (x-r, B) = (E — 1) <n X <'u2 — 'u2> curly curlp(— curl Eg)-r> + (a + bﬁ) n,
€ € K2, K2 e €

where functions a and b are defined on I' by (3.6).

3.3.2. GITC model. Constants B, C' and D in (3.8) are equal to zero. Hence, in the framework
above applied to biological cells, the GITC model E[€1] (3.7) is reduced to :

(3.10a) curl curl EE] — /@gEE] = iwped , in O,
(3.10Db) curl curl Efy; — K2 Ej; =0, in O,
(3.10c) curl Ejjy x n —iken X Efyp xn=0 on 00,

with the following GITC of order 2 :
1
(3.10d) {n X E[gl}]r = —¢A curly curlp <M(cur1 E‘[El]\p)T> ,

1
(3.10e) [n x curl E[El]:| = —eF n x curly H curlp <(Curl Ef1}|1")T> .
2 r 2
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4. MIXED VARIATIONAL FORMULATIONS FOR GITC MODELS

Since the transmission conditions (3.7d)-(3.7¢) and (3.10d)-(3.10e) are of Wentzel types, we
introduce an additional unknown ) defined as

1
A= ( —(curl E} ,
(s teunt €5yl )

in order to incorporate the transmission conditions in mixed variational formulations [3, 9]. In
this framework, conditions (3.7d)-(3.7¢) write as

(4.1a) [n X E?l]}p =¢(—A curlpcurlp A + B))

(4.1b) [; x curl E[Eld ) =c (—C’ curly curlp <(E[EH)T> + D <( fl})T>>

—¢eFE n x curlpr H curlp A,

and conditions (3.10d)-(3.10e) write as

{n x Ef } = —¢A curlpcurlp A,
]
(4.22) N
[ X curl E[EH} = —eE nxcurlrHcurlr \.
H r

4.1. Variational frameworks. In this section we introduce variational frameworks for the GITC
models (3.7) and (3.10).

Framework for the GITC model (3.7). First we introduce a variational framework for the GITC
model (3.7) where the transmission conditions are written with the additional unknown \ as
in (4.1). For this purpose note that TH(curlr,I') N TH(divp,I") coincides with the Sobolev
space TH!(T"). Then the functional spaces associated with E‘[El] and A are denoted by V and W,
respectively, and are defined as

V= {E € L2(0), curl Ee € L(O,), curl Ee € L2(O,),
(4.3a)
(Et|r) € THY(T), Ex n e L?(&O)} ,

(4.3b) W = TH(curlp, T).

Framework for the GITC model (3.10). Second we introduce a variational framework for the
GITC model (3.10) where the transmission conditions are written with the additional unknown
A as in (4.2). For this purpose we define the functional space Wy by

4.4) Wy = TH(curlp, T, 0)
and let G be the operator defined from TH~'/2(divp, T, 0) onto Wy by
for any g € TH_l/Q(din, I',0), G(g) =X, where \ satisfies

A chlp curlPA=g¢g on I'.
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Then the operator G is invertible from THV/ 2(divF, I',0) onto Wy, see [9]. Finally the func-
tional spaces associated with E‘[el] and \ for the GITC model (3.10) written with the additional
unknown A are Vg and Wy, respectively, where V) is defined as

Vo = {E € L2(0), curl E. € LY(O,), curl Ee € L2(O,),
4.5)
(Et|r) € TH(divy, ), Ex n € L?(@O)} ,

and Wy is defined as (4.4).
We are in position now to write mixed variational formulations for both GITC models (3.7)
and (3.10).

4.2. A mixed variational formulation. Assume that p,, # pe (i.e. B # 0). The mixed varia-
tional formulation for the GITC model (3.7) writes (compare with [9, Eq. (4.8)]) :
Find (Ef;), A) € V x W such that for any (U,£) € V x W,

(4.6a)

1 — 1 — 2 _
/ — curl E‘[El] -curl U, dx + / — curl E‘[El] -curl Up dx — / K—E‘[El] -Udx
O Me 0o Me oM

—i@ E‘[El] xn-U X nds—/)\- [Ux n}r ds—i—s/ E H curlp A curlp <U X n> ds
He JooO r r
+€/ C curlp<(E‘[‘:1])-|->curlp <U7-|-> ds—s/D<( [51])-|-> . <U7T> ds
r r
= w J-U.dx,
Oe

and
(4.6b)

/[nXEE]} -§ds—|—5/Acurlp)\curlpﬁds—a/B)\fds =0.
r r r r

Remark 4.1. By abusing the notation we identify in (4.6a) the integral fr A [U X n ] r ds with

the duality product between the Hilbert spaces TH(curlp, ') and TH=Y/2(divp, T).

4.3. Application to biological cells. In the framework of biological cells (Section 3.3), the
mixed variational formulation for the GITC model (3.10) writes :
Find (Efl], A) € Vg x Wy such that for any (U, &) € V x Wy,

(4.7a)
1 — 1 — K2 _
/ curlEfl]-curlUcdx—F/ curlE‘[gl]-curIUedx—/ —Efl]-de
Oc He O Me o H
—iﬁe/ a xn-ands—/)\- [Uxn]. ds+s/ EH curlp Acurlp (U x n) ds
He JoO r r

= iw/ J-U.dx,
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and
(4.7b)

/ {nx Efl}] -£ds+5/Acurlr)\curlp§d5: 0.
r r r
We remind that constants A, F are given by (3.8) with fty, = fe.

5. DERIVATION OF A WKB EXPANSION FOR THE ELECTRIC FIELD

In this section we denote by €2, 2, 27, and 2% the domain and subdomains of interest instead
of O, O, Of,, and O, respectively, and we denote the material properties by :

P, in§_, €_, in€)_, o_, in{)_,

=1 Ho, €25, €e=1¢€, infX, 0 =140, in€),
3 3 1 3 1 3
Py, in €25, €y, inQ5, oy, inQ5,

The derivation of the generalized impedance transmission conditions in Sect. 3.2 is based on
a WKB expansion for the electric field E® (2.1) inside and outside the thin layer. More precisely,
we search E® as the asymptotic expansion

(5.1a) E°(x)~ Y ¢E; (x), in Q_,
j=0

(5.1b) ES(x)~ > & <Ej+(x)+csj (ya,h>>, in QF,
720 ¢

(5.1¢c) ES(x) =Y fEf(x), in QF.
j=0

Here, (Yo, h) is a normal coordinate system (see, e.g., [5, App. A.1]) to the surface I in the
thin layer Q5 where y,, o = 1,2 are tangential coordinates on I" and h € (0, ¢) is the normal
coordinate to I'.

In this section, we derive the first terms of this expansion step by step as well as their governing
equations, having in mind that the electric field E® satisfies the following Maxwell transmission
problem

(5.2a) curlcurl E5. — k% ES =0 in Q_,
(5.2b) curl curl ES. — ni ES =iwpyd in QF,
(5.2¢) curl curl ES — (k5)%ES = 0 in QF,
1 1
(5.2d) —curlES xn= —curlE] xn on T'ur®,
RS Ho
(5.2e) L xn=E xn on 'ure,
(5.21) curlEE. xn—ikynx EL xn=0 on Of).

Furthermore, according to Ampere’s law and by assumption on J we have :
(5.3) div (iwe — o) ES = div)  in L*Q).
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We deduce the extra transmission conditions
(5.4) (iwex — o) EL - n = (iwe, — 0,) E; - n on Ture.

In Section 5.1, we expand the “electric” Maxwell operators inside the thin layer €2 in powers
of . We deduce in Section 5.2 the equations satisfied by the asymptotics &,, and the terms E,f.
Then we derive explicitly the first terms in Section 5.3.

5.1. Expansion of differential operators inside the thin layer. Due to the small thickness of
the conductor the derivatives in normal and the tangential directions scale differently in €. Hence,
it is convenient to use the normal coordinate system (y,, h) in §25. For this coordinate system
we call D, the covariant derivative on the mean surface I and 04 is the partial derivative with
respect to the normal coordinate y3 = h. Let furthermore a,g(h) be the metric tensor of the
manifold I'j, which is the surface contained in €2 at a distance h of I'. The metric tensor in such
a coordinate system writes [5, App. A.1, Eq. (A.7)]

(5.5) aag(h) = aag — 2bagh + bgbmth ,
and its inverse expands in power series of h
a®P(h) = a*® 4 2b°Ph + O(h?).

Here b, is the curvature tensor on I and b, = a’? bga- Subsequently, we use a property of the
covariant derivative, that it acts on scalar functions e¢ like the partial derivative: D,e = Jxe.
We denote by L(yq, h; Dy, 0%) the second order Maxwell operator

curl curl —x21

in ¢ in the normal coordinate system. We denote by D(yq, h; Do, 8?) the divergence operator
in QF and by B(Ya, h; Do, 0%) = (Ba(Yas h; Da, 0%), 0) the tangent trace operator curl - x n on
I'uTy,, with

Ba(?/av h; Dq, 8:?)6 = 8?};604 — Dge,

for & = (&,,¢), see [5, App. A, §A.4]. The operators L and B expand in power series of h with
intrinsic coefficients with respect to I, see [5].

Now, we scale the normal coordinate Y3 = £~ 1A to obtain a coordinate, this is Y3, which does
not change with e. We use from now on the same symbol € for three-dimensional one-form
field in these scaled coordinates and we call L[¢], B[] and D[] the respective three-dimensional
harmonic Maxwell and divergence operators in {}¢. These operators expand in powers of €

Lig] =2 Zg”L” , Blg]=¢"'B°+B' and Dfg]=¢""! ZE”D" ,
n=0 n=0

whose coefficients are intrinsic operators on I', which are completely determined by the shape of
I and the material parameters of the thin layer. We denote by L7, and B]} the surface components
of L™ and B". With the summation convention of repeated two dimensional indices (represented
by greek letters), we have (compare with Eq. (A.10) in [5, App. A.1])

(5.6) L5(€) = —93€, and L}(€) = —2b305€5 + 03De + b05€, ,
where 03 is the partial derivative with respect to Y3, and using [16, Eq. (5.39), chap 5] we infer

G LA(€) = —205 (Y3(0)2€5) + 2 (Dar(€) — Dpf(€)) — h2€a .
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Here (b2)5 = blbY, Yas(€) = 1(Da€s + Dg€,) — byge is the change of metric tensor and
Ve = ao‘ﬁvaﬂ. Furthermore we have [5, App. A.1, Eq. (A.28)]

(5.8) BY(&) = 03¢, and Bl(&)= —D,e,
and we have
(5.9 D(&) = ds¢ and D'(&) =~%(€).

5.2. Equations for the coefficients of the electric field. Writing the partial differential equa-
tions (5.2¢)-(5.3) in the thin layer (25, and the transmission conditions (5.2d) on I'* and I in the
semi-scaled local coordinate system (Y., Y3) we find that the asymptotics &; and the terms Ejt
of the electric field satisfy the following system (with I = (0, 1))

e 2L[e] Z &€ (Yo, Y3) + (curl curl —20) Z sjE;r(x) =0,
(5.10a) 7=0 720
forae. (ya,Y3) €' x I ,x€Q,

e 'D[e] Zajefj(ya, Y3) + divzngj(x) =0,
(5.10b) 350 30

forae. (ya,Y3) € I'x I ,x € Q,

(5.10c) BJ¢] Zsjefj(ya, 1)+ Zej curlEj' wn="He Zzsj curl Ej‘ xn, on I¢.
=0 =0 >0

1 . 1 .
—BJ¢] Zejéj(ya,O) +— 25] curl E;r xn
o520 © 320

(5.10d) . |
:—ZejcurlEj_ xn, on I.
H- j=0

In what follows, it is convenient to define E,, for n € Nby E,, = E;' in Q, and E,, = E_, in
Q_. We assume that the terms E,, are regular in (). Then we can use the Taylor expansions of
the fields E,, : Q2 — C3 and we obtain, for a.e. x € QF,

(5.11a) En(x) = En(xT) + ngﬁhEn(xT) + -,
(5.11b) curl curl E,, (x) = curl curl E,, (x1) + €Y30, curl curl E, (x1) + - - -,
(5.11¢) div En(x) div En(xT) + Y30, div En(xT) + -,

h
where x7 = P(x) is the orthogonal projection of x on I', Y3 = — where h = dist(x,I"). We also
€

have the following Taylor expansions

(5.12a) E, x n|h:5 = E, x rI‘0+ + edpE,, X |"||0+ + -,
(5.12b) En'n|h:€ = En'n|0+ +5ahEn'n|0+ +--
(5.12¢) curl E,, X n|p=. = curlE,, X n|y+ + €0 curlE,, X n|p+ + -+,

where -|+ means the limit for positive h — 0.



14 V. PERON

Then according to the systems (5.2)-(5.10) and the transmission conditions (5.4) on I" and I'¢,
using the expressions of the operators L°, B®, B!, D°, and using the Taylor expansions (5.12)-
(5.12), we deduce that the terms &,, = (&, ¢,) and E,, have to satisfy, for all n > 0

: - 1 o
_ ??@n,a = — ZLZV(@H*j) — Z _7' }/3j 2(3?1 2 ((Cuﬂcurl _K’gH)EZ—j>a (XT) in I'xI,

83en=—ZDj(€nj)_i,1'Yj_18j (leE+ )(XT) in T'xI,

n

1
8367104‘1—1) Cn— 1’1“‘(7_1)2 .

78j_1<curlE+ .><n> on I,
pr G T E

e

03€,.0lo = Daen—1lo + Ho (curl E;,_; x n) — (curlE}_; x n)aon T,
L

curlcurl E, — k2E, =0 in Q_,

curl curl E;f — /@+E+ = 502wu+J in Qi
E, xn=E' xn+¢&,xn|p on T,

&, xnl;=0 on T,

(iwe— —o_)E,, -n = (iwe, — 0,) (Ef *n+eplo) on T,

(lwep — 0p) n—i—z 6]E+ N+ eyr

= (iwey —04) ‘n+ Z 8] EJr on I,

curlEf xn—iky,nxEf xn=0 on 0Q,

where -|; and -|( abbreviate the traces on Y3 = 1 and Y3 = 0, respectively. In the previous system
we use the convention that the sums are 0 when n = 0.

Remark 5.1. Note that the condition &,, X n|; = 0 onI', comes from the transmission condition
(5.2e) set on I'® since the tangential traces E:Lr X n are continuous across I'¢.

5.3. First terms of the asymptotics. In the previous section we have derived the coupled sys-
tems for the terms of the WKB expansion to any order n. Hence we can determine now the first
terms &,, = (&, ¢,) and E,, by induction.
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The coupled system of order 0. For n = 0 in the previous system, we find that &, = (&g, ¢g)
and Ej satisfy

(5.14a) 03¢0 =0 in I'x1,
(5.14b) D3¢0 =0 in I'xT,
(5.14¢) 03€0al1 = 03€0alo=0 on I',
(5.144) curlcurl Ej — R%Ea =0 in Q_,
(5.14e) curl curl E(J)r — I{iE(J)r = wuyd in Q4
(5.14f) E; xn=EJ xn+ & xnly on I',
(5.14g) &) xnl; =0 on T,
(5.14h) (iwe— —o_)Ey -n = (iwe, — 0,) (Ef -n+eglo) on T,
(5.14i) (iweo — 00) (Ef -n+ eol1) = (iwey — o) Ef -n on T,
(5.14j))  cwlEf xn—irynxEf xn=0 on 9.

Obviously, (5.14a), (5.14g) and (5.14¢) imply that €y, = 0in I' x I. We deduce from (5.14f)
that

(5.15) E; xn=E/ xn on TI.

In view of (5.14b) we can assert that ¢y does not depend on the variable Y3 in I' x 1. We infer
from (5.14h) and (5.141) that

(5.16) (iwe— —0_)Ey -n= (iwey —oy)Ef -n on T,

and we deduce that

WeL — O WE_ — O_  tWeE_ — O_ _
(17 eo(ya) = <++ - 1) Ej -nlp+ = < - ) Ey -nlr-,

WE, — Ty WE, — Ty Wey — 04

where E( has to be determined.

The coupled system of order 1. Then in the same way as above we find that &, = (&, ¢;) and
E; satisfy
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(5.18a) —02¢;,=—LL(&) in T xI,
(5.18b) d3e1 = —D' (&) —divEJ (xt) in T xI,
(5.18¢) 8361,0( 1= Daeo‘l + <150 — 1) (curl E[—)’_ X n)aon T,
+
(5.18d) 93€1.0l0 = Datolo + L2 (curl Ej x n)_ — (curlEf xn)_on T,
H—

(5.18¢) curlcurl EXf — k2ET =0 in  Qu,
(5.18) E, xn=Ef xn+¢& xn|p on T,
(5.18g) € xnjp=0 on T,
(5.18h) (iwe— —o_)E -n = (iwe, — 0,) (Ef n+e1lg) on T,
(5.18i)

(iweo — 00) (Ef -n+ OLES -n+e11) = (iwep — o) (Ef -n+94EJ -n) on T,
(5.18j) curlEf xn—ikynxEf xn=0 on 0.

The right hand side of (5.18a) is zero since &y, = 0in I' x I and ¢y depends only on the
variables y,. Hence 03€&; ,, depends only on the variables y,, and we infer that the tangential
components of &; ., are given for Y3 € I by

(5.19) Qzl,a('a 5/3) =aq +b,Y3 5
where a,, and b, depend only on the variables y3, and have to be determined. Furthermore since
Dgeolo = Dgeolr we deduce from (5.18¢)-(5.18d) that

(“0 - 1) (curlEf x ) = M2 (culEg x n), — (cwrlEf xn), on T.
H4 H—

We infer the following transmission conditions of Eq across I
1 1

(5.20) — (curl Ef x n) = — (curlEg x n)on T,

H+ H—
and using (5.14d)-(5.14e)-(5.15)-(5.16)-(5.14j) we conclude that the term E; solves Problem
(3.2). Therefore the terms of order O are entirely determined.

Then using (5.18g), we deduce successively that we have a,, + b, = 0 and

(5.21) €l Y3) =an(l —Y3),
where an, = —03€; 4|1 = —03€&; 4|0 can be determined by using (5.18c) or (5.18d). Using

(5.18¢), we infer

(5.22) ao = —Dgegl1 — (“" - 1) (curlEf xn)_ on T.
M4

Then, using (5.18f), we have

Ef xn=E  xn—€&; xn|p on I.
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We infer successively (using (5.20))

1
Efxn:El_><n+Vpe0|1><n—(Mo—u+)<curlE&) on I',
H T

and

(523) Ef xn=E; xn

fo i+ 1 - 1 -
+ | =5 — — | curlp curlp(— curl B )t — (o — o+ (curlE ) on I',
(%-%) (o ol )7 = (s =) (el )

by using (5.17) together with the following identity

2
1
H;Vr (Ea . n) = n X curlr curlp < curl E0> on I,
H— K T

which comes from (5.14d) (see, e.g., [9, Section 3.2]).
According to (5.18b), 03¢ depends only on the variables y, since &g depends only on the
variables y,. We deduce that ¢; is given for Y3 € I by

(5.24) €1<-, Yg) =a+bYs,

where functions a and b depend only on the variables y3, and have to be determined. Then using
(5.18h)-(5.181), since ¢1]|p = a and e1|; = a + b, we infer successively

(5.25) a:uEI.n‘r_Ei".n’F7

WeE, — T,

o (W_Q (E - nlr + OhEL -nlr) |

WE, — Ty
and
(5.26)
b= (W* - J+> Ef -njr — <Z?"€ = 1) E7 - nlp + (W* o 1) OREL - nlr
We, — O We, — T, We, — O

where E; has to be determined.

The coupled system of order 2. In the same way as above we find that the asymptotics €y =
(€9, e2) and Ej satisfy



(5.27a)

(5.27b)

(5.27¢)

(5.27d)

(5.27¢)
(5.27f)
(5.27)
(5.27h)

(5.27i)

(5.27j)

First, by definition (5.7), the term L? (&) which appears in the right-hand side of identity (5.27a)
is independent of the variable Y3 since & = 0in I' X I and ¢q is independent of the variable Y3.
Second, according to (5.6)-(5.19)-(5.24), the term Lé((’fl) is also independent of the variable Y3
in I' x I. Then in view of (5.27a) we deduce that the term 8§ &,  is independent of the variable

V. PERON

— 03€y 0 = —LL(€1) — L2(&o) — ((curlcurl =k DEF)  (x7) in T x 1,

Dsey = ZDJ (€2_;) ZYg—la,{—l (aivEs,) (xr) in Tx1,
7j=1

2
85€2a|1 =D 21|1—|- 7_1 Z (CurlE;_j xn) on F,
J=1 “

83032704’0 = Dgyei1lo + Fo (Curl E] x I‘I)a — (Curl ET X n)aon I,
-

curlcurl Ef — k2EF =0 in Qg
E; xn=E] xn+¢& xn|p on T,
€y xnl;=0 on T,

(iwe_ —o_)Ey -n = (iwe, — 0,) (E5 -n+ealg) on T,

(iweo, — 0,) | ES - "+Z GJE;] n+esf

= (iwey —oy) | E - n—i—Z 8JE;] on T,

curlE;xn—eran;xn:O on 99.

transmission conditions

1
M-

(curl E+ X n) — i (curlE X n) : (Vrel‘o — Vrelh)

H— o
1 1
+(— — —)p(curlEf xn) on I.
Mo H+

We infer the transmission conditions (3.4d) by proving hereafter the following two identities

(5.28)

o

and

(5.29)

1 2
— (Vreilo — Vre|1) = ;'u% (1 -

] — 1
et — 0+ J+> n x curlp <H curlp(— curl E(T)T) ,
K+

o K WeEy, — Ty

Op(carl Ef x n) = k3 (EJ)T + curlpcurlp(Ef)r on T
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Finally, in view of (5.18e)-(5.23)-(5.18j), we deduce that E; solves Problem (3.4). Furthermore
the term ¢; is determined by (5.24)-(5.25)-(5.26). Therefore the terms of order 1 are entirely
determined.

Proof of identities (5.28)-(5.29). According to (5.18b), we have O3¢; = —D'(&p) in T x I since
we have div Eg = 0 in a neighborhood of I' by assumption on J. Then according to (5.9), we
infer successively

3381 = —’73(@0) and 8321 = bgeo n I'x]J
since €y = 0. Using (5.17) we deduce the following identity

iwe+ — 04

(5.30) dze1 = 2H ( - 1> Ef-nlp in Dx[

WE, — T
since b5 = 2H. Then taking the tangential gradient on I' of each term in (5.30) and integrating
each term in the variable Y3 along I, we obtain

iWE+ — 04

(5.31) Vrei|r — Vrerlo = 2 ( — 1) Vr (HE§ -n|p) in T'xI.

WE, — T

Finally, multiplying each term in (5.14e) by ‘H and then taking successively the normal trace on
I" of each term and the tangential gradient on I' of each term, we deduce the following identity

/{ivr (’HEar . n) =n X curlp (7—[ curlp (curl EO+)T) on I,

from which we infer identity (5.28) by using (5.31).
Let us prove now identity (5.29)

8h(cur1 Eg X n) = Ri (E(J{)T + curlp curlp(Eg)T on I'.

Following Section 5, it is also possible to derive at least formally a WKB expansion for the
magnetic field H® as follow

(5.32a) HE(x) ~ HO(x) + eH! (x) + ?H*(x) + - - -, forae. xeQ_UQ,
(5.32b)
€ 0 h 1 h c
H®(x) ~ H"(x) + $0 Yar ) +e H'(x) + 1 Yar 2 ) ) oo forae. xeQ.

Then, using Faraday’s law, we deduce that the first terms EZ, HJ solve

curl Ear :iw,quH(T in Q.

We infer

(5.33) Oh(curl E(J)r X n) = iw,quah(Har X n) on I'.
Furthermore, according to [17, Appendix A], we have

(5.34) On(HF xn) = (curlH )+ Vr (H -n) xn on T.

Then, using Ampere’s law, we check that the first terms Ear , Har satisfy
(5.35) (curl Hg’).l. = — (iwey —o4) (Ef)T on T.
Furthermore, using Faraday’s and Ampere’s laws, we have

curl curl Hj — I€2+H3_ =curld in Q,
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from which we obtain
(5.36) /ﬁin (Ha' . n) = n X curlr curlp (cur] H(')")T on I'.

Finally we infer identity (5.29) by combining the previous identities (5.33)-(5.34)-(5.35)-(5.36).
O

Remark 5.2. Note also that according to (5.24)-(5.25)-(5.30) we infer

We_ — o_ wey — 04

61(',Y3): El_-nh“—ET'n|F+2/H< —1) Ea_-nh‘i/g m I'x1T.

WE, — Ty WE, — T,

We deduce the expression of the term E}n in (3.5) by using (5.21)-(5.22).

5.4. A remark on remainders of the WKB expansion in comparison with the multiscale
expansion derived in [8]. The validation of the WKB expansion (3.1) consists in proving esti-
mates for remainders R ¢ defined as

m
(5.37a) R™S=E -> &EF, in Q_,
7=0
(5.37b) R =E — ) & (Eﬁ +EJ (xT, —3)) , in Qg
i=0 c
m o
(5.37¢) R =E - &E,, in QF.
j=0

Error estimates have been proved for the multiscale expansion derived in [8], see [8, Th. 2.9].
By construction of the WKB expansion, the remainder R™ ¢ defines an element of H(curl, 2)
for smooth data since we have

R xn=Rl"®xn on T, and R["*xn=R}"xn on I¢,

see the last system of equations in Section 5.2 and Remark 5.1. This is a main difference with
the multiscale expansion derived in [8] for which tangential traces of the remainders R™ " are
discontinuous across the boundary I'* of the thin layer :

Ry xn=R)"" xn+0@E™1) on I?,

see [8], and therefore R™“ does not define an element of H(curl, Q) for smooth data. That is
why the WKB expansion provides in general sharper error estimates than the multiscale expan-
sion given in [8, Th. 2.9].

5.5. Further notes for deriving the GITC model. The idea for deriving the second order model
with generalized impedance transmission conditions (3.7) is to write the problem satisfied by
ES = E° + cE!, where E° and E' are defined by (3.2) and (3.4), respectively, and then to replace
ES on the left-hand sides by EE] and to replace E° on the right-hand sides by 5E[€1], see also for
instance [9, Sect. 4].
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6. CONCLUSION AND PROSPECTS

This work provides the first terms of a WKB expansion for the electric field in power series of
€ and new second order asymptotic models with generalized impedance transmission conditions
for the electric field. This work provides also mixed variational formulations for second order
approximate models. A next work will be to compare numerically the accuracy of the new
parameterizations E + E! for the electric field as well as the second order GITC models with
previous works [8, 9]. In particular, we expect that the locking phenomenon observed in [9] with
the parameterization for the electric field in the low frequency case does not occur anymore with
the new parameterization E +<E!. Finally, it will be interesting also to compare the accuracy of
the new second order models with both the symmetric model defined by [9, Eq. (4.8)], coming
from Delourme et al. [7], and the model defined by [9, Eq. (4.4)] which comes from Chun et
al. [6].
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