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Steady low Mach number flows : identification of the
spurious mode and filtering method

Jonathan Jung* and Vincent Perrierf

Cagire team, Inria BSO and LMAP, UPPA, E2S UPPA, CNRS, Pau, France
avenue de I’Université, 64013 Pau Cedex

Abstract

The aim of this article is to thoroughly identify the spurious mode that jeopardizes the
convergence of usual upwind numerical schemes for compressible flows when the Mach number
goes to 0. We show that this spurious mode is the long time limit of a wave system whose
properties and discretization depend on the scheme used for the compressible system. Once
this spurious mode is identified, a filtering method is developed for removing it from the
solution of stationary low Mach number compressible flow. Numerical results confirm that at
the price of the computation of a long time solution of the wave system, the accuracy of an
inaccurate solution of a low Mach number compressible flow can be greatly improved by this
filtering method.

Keywords — Low Mach compressible flows, Density based solvers, Finite volume methods,
Euler equations.
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1 Introduction

We consider the isentropic Euler model

{ 0wp+V - (pu) =0,

1
Or(pu) + V- (pu®u) + Vp =0, .
where p is the density, p the pressure, and u the velocity. The problem is solved on a domain 2.
For closing the system, the pressure is supposed to depend only on p: p = p(p). Assume that p
is a convex function of p. Under these assumptions, this system is well-known to be hyperbolic
with eigenvalues in the direction n given by Ay = u-n + a, where the sound speed a is given by
a(p) = +/p'(p), with genuinely nonlinear characteristic fields and A = u - n of multiplicity d — 1
where d € {1,2,3} is the space dimension, with linear characteristic fields. Equations (1) can be
written in the conservative form
0t W+ V- -f(W) =0, (2)
where W = (p, pu)”
by

is the vector of conservative variables and f is the flux, given in dimension d

W) = ( pu®pll:+p1 >

This paper deals with flow on a bounded domain. This means that a density p, and a velocity uy
are (weakly) imposed on the boundary of the domain d€2. In particular, we will consider two types
of boundary conditions: wall, and inlet/outlet. For a wall boundary condition, we impose the flux

FY(W n) = FR°(W, W, n) (3a)

where the flux F'R°¢ corresponds to the Roe numerical flux (see subsection A.2) and W is obtained
from the transformation of W: W = (I;11 — Pyan(n))W with

0 0
Puan(n) = ( 0 2nnT >

For inlet/outlet boundary condition, we impose the modified Steger-Warming flux
FSW(W, Wy, n) = A" (W, )W + A~ (W, n) W, (3b)

where AT and A~ are respectively the positive and negative parts of the Jacobian matrix of the
flux f. For more details on the boundary conditions, we refer to subsection A.3 and subsection A.4.
For studying the behavior of system (1) in the low Mach number regime, three characteristic
scales are supposed to be known: a length scale z(, a density scale py and a velocity scale ug. Then
the following dimensionless variables may be defined
X u
x=—, 5= a== (4)
Zo Po Uo
It is natural to scale the time by ty = xo/up, and the pressure by po = p(po), and also to define
a2 = p'(po). If the corresponding dimensionless variables are used instead of the original ones, the



following system is obtained

0 + Vs - (1) = 0

1
24(p1) + Vi - (2@ ) + —— Vp = 0, 5)

M
with t = t/tg, p = p/po, D(p) := p(pop)/po, and M = ug/ag. The coefficient + is defined as

2
Poa ~
v=""0 = ().
Po

The dimensionless boundary fluxes F™Wall (W,n,M ) and FSW (W,Wb,n, M ) are detailed in

subsection A.3 and subsection A.4.
We assume that the initial condition and the boundary condition are well prepared [24, p.641]
in the sense that

~(% F — _ ~(0 2 ~(0) (%) — (0
{ ﬁ((itt; (())]\z\?) Ak (Z?ch (3&) . Vhere { pv(,: -(Té@f (_)oe, B
and the values p, and u, in (3b) satisfy
po(%, 8, M) = p0 + O (M?), (6b)
and
(%, 1, M) = 2\ (D) + O (M). (6¢)

Injecting an expansion in exponent of the Mach number M in (5), we get that, if the initial
condition and the boundary condition are well prepared (6), the low Mach number limit density
fluctuation scales as O (M?) [24].

It is well known [19] that in general classical finite volume methods for (1) are not accurate
in the low Mach number limit because it introduces a spurious mode in O (M) on the density
fluctuations, and that fixes are required for recovering an acceptable accuracy.

The spurious mode is due to an excessive numerical diffusion of the scheme. Some fixes have
been derived by modifying the numerical diffusion of the finite volume schemes [19, 25, 26, 12, 32,
14, 29, 7, 21|, the Riemann solver is partially replaced by a central difference approximation for
the pressure gradient. In this sense, low Mach fixes are similar to schemes based on specific semi-
implicit (e.g. IMEX) time discretization [10, 11, 8, 20, 23, 3, 4]. Semi-implicit solvers use central
difference approximation for the pressure gradient because it makes the implicit time integration
easier. Indeed, it allows to decouple the computation of the density field from the velocity field.
These two approaches have their limitations because a central difference approximation for the
pressure gradient does not allow to solve accurately the low Mach number acoustic waves [5], in
particular when the acoustic wave corresponds to a perturbation of order O (M) on the density and
of order O (1) on the velocity (note that in this particular case the initial and boundary conditions
are not well prepared). Indeed, in such a wave, a second order scheme with a central difference
approximation for the pressure gradient provides only a first order on the moments [5].

Recently, low Mach fixes leading to a decentered discretization of the pressure gradient have
been proposed in [5, 2]. However, we note that the fix of [5] is not Galilean invariant while the fix
of [2] is developed only for Cartesian meshes.

Our aim in this article is slightly different: we do not want to propose a new finite volume fix
but we wish to characterize the spurious mode responsible for the low accuracy when the Mach
number goes to 0. An important step is to understand the link between the long time behavior
of the wave system and the low Mach number limit of (5), which is developed in section 2 for the
continuous case, and in section 3 for the discrete case.

Once the spurious mode of the numerical scheme at the low Mach number limit is well identified,
it is possible to remove it. We thus propose in section 4 a numerical method for using the associated
numerical long time limit of the wave system to filter the numerical solution of the compressible
system at low Mach number. We test this method in section 5, and prove that this method allows
to transform a low accurate low Mach number solution into a highly accurate low Mach number
solution. The filtering method is rather viewed as a way to validate the identification of the spurious
mode than as a numerical method itself. Indeed, to compute low Mach number steady flows, we
could directly use preconditioning techniques (e.g. [35, 36]).



2 Link between the long time behavior of the wave system
and the low Mach number limit: the continuous case

In [34, Theorem 3.1] a rigorous proof of a link between the low Mach number expansion of the
solution of (5) and a wave system was provided: the first order pressure and the zeroth order
velocity are indeed solution of a wave system. From this, the uniformity of the first order pressure
and the vanishing divergence of the zeroth order velocity can be proven. The proof of [34] is done
in the unbounded case and relies on the Fourier analysis, which can hardly be extended to the
bounded case. In this section, we aim at doing formally the same link, but in the bounded case.

2.1 Two-scale asymptotic expansion of the continuous system

A two time scales asymptotic expansion of the system (5) is performed as in [27]. The two time
scales are the material time ¢ and the acoustic time 7 = t/M. We write ¢ € {p, pu} as an expansion
in exponent of the Mach number M:

N

Z e (%, 8,7) + O (MNT, (7)

with 7 = /M and where the derivative with respect to the time is
N 1
079 ; ( M (%, T, 7) + M&@“‘)(i , )) +0O (MNTh) . (8)

By injecting (7) in (5), it can be proven that 7 does not depend on 7 and %, but only on ¢, and
that the following system coupling (1) and (5@)(® holds

ds©)
0 + Vi - () = =
= (~(0) (9)
o )@ + L) g 500 _ g
Y
Using the equation of state gives
7 (") p P (pop'™)  a®(pop”) (-
( ) 0 Pop/(pp(o)): (2 ): (2 ):az(p(o))’ (10)
v Poao Po ag ag

so that provided p(©) is constant, (9) can be rewritten
0,7 + Vg - (0)® =0 an)
o ()@ + a2 (50) Vg™ = 0.

Since the initial and boundary conditions are well prepared (6), the initial condition for (11) is
given by

W(x, 1
{f )( ( TO) )0— 7 0aO () where Vi - (7P0®) =0, (12a)

and the boundary fluxes are given by

(pu © . 0
[ a2 (,5(0)> 7Mn ]wall N < a? (ﬁ(O)) pMn + a(p®) ((ﬁﬁ)(o) -n) n ) (12b)

for a wall boundary condition and

(p0)® n+ (), -0 @) oy

(0) +
[ _ ) (12¢)
~2 (=(0)\ (1) ] 5(1) a(p©)
a® (p) pn g, a2 () p 2+ OnJr a(/; ) ((ﬁﬁ)(o) n— (ﬁﬁ)go) . n) n

for inlet/outlet boundary condition.



2.2 Formal link between the low Mach number behavior and the long
time limit of the wave system

The system (11) belongs to the larger family of first order waves systems, which reads

o1
0D+ ﬁodlvxu 0 (13)
O-u+ koVDp =0
depending on two strictly non-negative parameters, kg and pg. The wave velocity is ¢p, linked
with the parameters of the system by &° = ko/po- In particular, we note that system (11) can
be written as system (13) with gy = 1 and &g = a@(p(?)) such that & = a(p(?)). The initial and
boundary conditions (12) lead us to study system (13) with the following initial condition

p(x,7=0) =0, oA
{ f(x, 7 = 0) — fig(x) where divelg =0 (14a)

and with the following boundary fluxes:

1.
ho__ =(Hmn+a ﬁ.nn) (14D)
Kopn . op of )
for wall boundary condition and
14 -n4+0,'n  é& .
~dn = (- 0)
£0 = pQ+ 0 & (14c¢)
kopn sw Eap 5 n+ —O(ﬁ-n—ﬁb n)n

for inlet/outlet boundary condition.

As we are interested in the limit when M — 0, and considering that 7 = /M, it is natural to
be interested in the long time limit of (13). If the derivatives with respect to 7 vanish, this gives
Vp = 0, so that p is uniform. Considering (6), the boundary pressure of (13) is p, = 0, so that the
long time pressure p is uniformly 0. The fact that the long time pressure is 0 can be rewritten as
oM =0, so that

p(x,1) =5V + 0 (M),

which means that the pressure fluctuations should scale as M?. Concerning the velocity, the
problem is slightly more complicated and developed in the next section.

2.3 A Hodge-Helmholtz decomposition adapted to the long time study
of the wave system

The Hodge-Helmholtz decomposition was used in the analysis of low Mach number flows [15] in
periodic or infinite domains. In the bounded case, this decomposition depends on the boundary
conditions imposed. We provide here a Hodge-Helmholtz decomposition that will be adapted to
the analysis in a bounded domain.

Proposition 1 (Hodge-Helmholtz decomposition). If Q is such that Tr(H*(Q)) ¢ H*~Y2(0Q),
then any u € (L?(2))? can be uniquely decomposed as

u=1u,+uy in Q

{u¢~n=u~nub~n mn 0N (15)

where u, € Vi (H'()) and uyg € curly ((Hl(Q))d)

The proof of this proposition was deferred to subsection B.1. We say that the Hodge-Helmholtz
decomposition proposed in Proposition 1 is adapted to the study of the long time limit of (13),
because if a solution has initially a uniform pressure equal to the boundary pressure imposed, and
an initial velocity such that u, = 0, then this solution is not changed by the wave system. More
precisely,



Proposition 2. Consider a solution of the wave system (13) with initial and boundary conditions
given by (14). Then it has a limit when t — o0, and this limit has a uniform pressure, equal to py,
and the velocity tends to Ug (0) where Gg(0) corresponds to the divergence free component of the
Hodge-Helmholtz decomposition (15) of the initial condition Ug.

The proof of this proposition is deferred to subsection B.2. Proposition 2 implies that if 4 is
initially curl free, then 1 is curl free for all time, and so U is harmonic. Therefore the same result
as in [34] holds formally.

3 Discrete case

In this section, we aim at doing a similar analysis as in the previous section, but in the discrete
case with a finite volume method.

It is worth noting that the discrete unbounded case was investigated in [1], by using the same
tool as in [34], the Fourier transform, which can be used only in the unbounded case and concerning
the discrete case on Cartesian meshes.

3.1 Asymptotic consistency with the finite volume discretization of the
wave system

The aim of this section is to show that with a formal asymptotic development, the discrete problem
of the low Mach number limit is also linked with the long time behavior of a discretization of the
wave system.

3.1.1 The finite volume scheme

We consider a discretization of (1). The domain is supposed to be bounded, and 7, denotes a
mesh of this domain, on which a cell-centered finite volume discretization is applied. For a given
cell @ of Ty, we denote by Vint(i) the set of the neighbors of the cell i, by Vyan (i) the set of the
boundary sides of ¢ on which wall boundary conditions are imposed, and by Vsw (¢) the set of the
boundary sides of ¢ on which inlet/outlet Steger-Warming boundary conditions are imposed. Also,
we denote by [€;| the volume of the cell 4, by |T';;| the size of the side linking ij, and by n;; the
unit normal outgoing from 4. The finite volume discretization of (1) reads for cell

1
OWi+ o= 2 |Ty[F (Wi, W, ng;)
‘QZ | J€Vint (2)
1

a2 [Tl E (Wing) (16)
g JE\l)wau(l)
+m‘ Z ‘ ‘Fij|FSW (Wi,Wb,nij) =0

il jeVsw (2)

where the numerical flux F' inside the domain, the Steger-Warming flux FSW at inlet and outlet

boundary conditions, and the flux at wall boundaries F"2!! are defined in Appendix A.

We aim at performing an asymptotic expansion of the numerical scheme, and for this, we need
to rephrase the numerical scheme (16) in term of the non-dimensional variables (4). We also
consider

= Tisl e _ 1]
Fi' = ) QZ = ) 17
ol = 190 = (a7)
we get the dimensionless scheme
. 1 o
8t~Wi + — Z ‘FU|F (Wi7W]’,1’lij,M>
€] jeVine () h
t=— 3 [Tyl (Wi,nij,M) (18)
€] jeviean ()
t= N TG FSY (Wi Winy, M) = 0
%] jeVew (i)

where the component associated to the variable w of the numerical flux and boundary flux are

defined as L
Fs (WiywjanijaM) = E, (WOVNVMWOwjanij>
UpWo




where the products W W, should be understood componentwise. Details of the fluxes and bound-
ary fluxes and their non-dimensional version are provided in Appendix A.
3.1.2 Formal asymptotic expansion of the schemes when the Mach number goes to 0

By doing the same formal two time-scales asymptotic development (7), but on the discrete system
(18), we first prove the following result:

Proposition 3. (Uniformity of p(®))
o If the numerical fluz is conservative, namely
F(Wi, Wy, i) = —F(W;, Wi, nj,),
and ensures
- s 1
Fﬁ (Wi,Wj,l’l,M) :Ma( (0)’p§0)) (pEO) (0))+O( )
where & (pg ) 50 )> is strictly non-negative,
o if the wall boundary flux ensures
rrwall [ Yx
Fyet (Wiom, M) = 0(1),

e if the imposed boundary value ﬁl()o) on the Steger- Warming boundary conditions is constant,

o if the Steger-Warming flux ensures
B (Wom i) = 3 (5.57) (5 - %) + 0 1)
where f3 ( : ,,ol(7 )) is strictly non-negative,

then

vi, 5" =p).

1
Proof. As the flux of the density on the wall is always 0, the scale O (M) of the first equation of
(18) gives, for all
= (=(0) <(0 0) =0 (0 0)  ~(0
2 \Fijla( 2N )) <p§ ' )) 2 IFulﬂ( iy )) (pﬁ '~y )) =0
J€Vint (4) JEVsw (7)

We multiply by p(o) pl()o), and sum over all the cells of the mesh to find

S 0l (A0 - ) a (30 A7) (A - )

1€Thj€Ving (4)

£33 (7 -a7) 6 (A7) (6 - 7) -0

€Th JEVsw (’L

We switch to a sum over the faces of the mesh

S tw (59 - 49) & (52,52 (5 - 42) + (2 - 2} & (32.52) (59 - 1))

+ 3 0 (6 - ") B (A0 A") (1) - 7)< 0.

feFsw

As the scheme is conservative, we have

(p(LO), p(o)) (pg—? ), ﬁf)) ;

so that the sum may be rewritten

5 10l (6% ) (7 —553))2

fE€Fint

+ 3 0515 (") (2 - i) =0



As the @ and B are strictly non-negative, we have on all interior faces ﬁ(L) = pgg)7 which means

that all the 5(°) have the same value. Last, as all the B are strictly non-negative, we have on all

the Steger-Warming boundary faces p( ) = péo)7 so that if the set of Steger-Warming boundary

sides is non empty, for all 7, p(o) = p,()o), which ends the proof. O

We state now the link at the discrete level, between the discretization of (5) and (13). In
general, a numerical scheme for (13) can be written as

1 ~
Uit o B Il (A {U Y, — Do) (U; ~ 0)
il J€Vint

. Ui 1 _
v (A(“% + 5 (A(nyy) = 247 (0) P (05)) Uz) (19)
21 7€ Vwan (2
U, +U 1 B
|Q‘ . VZ ’ )|Fu‘ < (nu)Tb — 5 (A"'(n,‘j) —A (nij)) (Ub - Uz)) =0,
1 JEVsw

where {U },, = (U; + U;)/2,

1
0 —nT 0 0
U= < > ’ A(n) = Y Po ) Pwall(n) = ( 0 21’11’1T > 5

Kol 0

)3y

and D(n) depends on the numerical stabilization chosen. A™ and A~ are the positive and negative
parts of A. We can then prove the following consistency result with a discrete wave system:
Proposition 4 (Consistency with the wave system). We suppose that the hypotheses of Proposi-
tion 3 hold, so that p(o) (O) for all i and we note

z & . ( 5(0) pgm)’ a0 a(p}f”).

Moreover, we suppose that the numerical flux ensures the following asymptotic development (once

,5(0) p( ) is ensured)

~(o>< a” + 50))'“ 2O (50— p0
o GO B) o (o) o

F(Wi,Wj,n,M>: 1 ((p§1>+ﬁ§1>

) + Da(m)y” (~(0)‘ﬁ(‘0))>+0(1) .
2y ; ¢

M
and that the boundary condition is well prepared as defined in (6), and that the boundary flux
ensure the following asymptotic expansion

o Wall boundary condition
3 A L (n (0 50) (5(©
Fpall (Wi,n, M) = ot ay p (u -n) n|+0(1) (21)

o Steger- Warming boundary condition

©) | =(0)

( +u, ) n &<0)

i Al B (B0 — V) + 0 (M)
F (VVi,Wb7n7M>= 1 <( (1) L A1) =(0) 2(0)

_o\2p tp ay, ' p ~(0)  ~(0
i a,())) 5 b 4 b2b (u§>—u§)))~n n+O(1)

(22)

2
then (pV, (p1)V) follows a discretization as (19) with py = 1, ko = (&,()0)) (éo = dl()o)), and with

the numerical dissipation
D(n) (0720) 0 )
n) = .
0 D22<n>



Proof. We begin by reformulating the centered pressure of the second component of (20). The
Mach expansion of the pressure can be written as

p =90+ MpM + 0 (M?),

but can be also obtained by using the equation of state and (10),

O+ MV + 0 (M?)

(
go)) + M§ (/31(70)) 40 (M?2)
p=p ﬁ,ﬂo)) + My (a,(f)))z P+ 0 (M?),

which leads to the equality
2

BV = (a”) 5. (23)

1
The discretization of (19) follows, by combining the O (1) and the O (M) of the numerical flux,
and by using (23). O

With Proposition 4, it is possible to determine the asymptotic consistency of a given scheme
for (1) with a discretization of the wave system (20). The hypothesis of Proposition 4 are checked
for the boundary conditions in Appendix A. In this same section, it is also proven that

e if the Rusanov flux for the Euler system is used, then
ay’ = Dy (n) = 214, (24)

e if the Roe flux for the Euler system is used, then
~(0) ~(0)
a” =% Dan(n) =" nn, (25)

Note that the same asymptotic expansion can be performed on all the classical numerical fluxes.
They are separated into two families:

e The ones that preserve the contact surface, for example: exact Godunov scheme, HLLC,
HLLE, Osher. Theses solvers have an asymptotic expansion which gives (25).

e The ones that do not preserve the contact surface, for example, the HLL, or all the variants
of the Rusanov scheme. Theses solvers have an asymptotic expansion which gives (24).

3.2 Schemes that are low Mach number accurate or not

As we did in the continuous case in subsection 2.1, we are now considering the limit of the dis-
cretization (19) of (11) when 7 — o0. We formally find

pu =50 + M + O (1) -
POy =aF + O (M),

where (p°, 4°) is the long time limit of the matching discretization of the wave system provided
by Proposition 4, with boundary conditions (12). The long time limit of symmetrizable linear
systems was studied in [22]. More precisely, the existence of the long time limit was proved for
stabilizations (24) and (25) and some features of the long time limit were studied numerically.
Defining the discrete divergence on each cell K; by

Loy [ fuongd, (27)

(diveu) . = —
K |KZ‘ JeV(i)JTij

it was found that for the wave system



e On triangular meshes, with the stabilization (25), the long time limit is such that the pressure
is 0, and the discrete divergence (27) is equal to 0. This result can be proved analytically.
Indeed, in [18] (see also [33, 15]), it was proved that the limit is such that the jump of p and
the jump of u - n are zero at all faces of the mesh. The discretly divergence-free velocity
property follows. Since p = 0 on Steger-Warming boundary faces, the pressure is equal to 0.

e On non triangular meshes, with the stabilization (25), and with the stabilization (24) on any
mesh, the long time limit is such that the pressure is nonzero.

Gathering these results on the linear wave system, with (26) leads to the well known result that

e On triangular meshes, the Roe scheme is low Mach number accurate whereas the Rusanov
scheme is not.

e On quadrangular meshes, neither the Roe scheme nor the Rusanov scheme are low Mach
number accurate.

Thus, for testing the non-accuracy at low Mach number of a nonlinear numerical flux for the
barotropic Euler equations, we should first compute its low Mach number expansion, which leads
to a stabilization of the wave system. Then the long time limit of this numerical discretization of
the wave system is studied, and the numerical flux is not low Mach number accurate provided for
a given test case (here, the scattering of a flow by a cylinder), this long time limit does not have
a zero pressure or does not have a discretely divergence-free velocity. If the matching numerical
discretization of the wave system has a zero pressure and a discretely divergence-free velocity on
the same test case, then this is a hint for performing a more thorough study as it is done in the
next section especially in Proposition 6.

4 A filtering method for steady low Mach number flows

In the previous section, we found that the low Mach number accuracy of a numerical flux could be
studied by expanding this numerical flux in Mach number, and by studying the long time behavior
of the matching discretization of the wave system.

In this section, we aim at going further: we want to use the numerical long time limit of the
wave system for filtering the numerical solution of the Euler system. This will be led in three steps

1. Compute the steady solution WEWer of the Euler system with the finite volume scheme (16),
with boundary conditions p, and u, at the Steger-Warming boundary conditions.

2. Choose the density scale py and the velocity scale ug in (4). Compute the long time limit of
the matching wave system (11) in dimensionless variables with the matching finite volume

scheme and initial condition, and with the boundary conditions p, = 0 and @, = (ﬁﬁEuler)l()O).

We denote the discrete long time limit as py° and G;°. From this, compute the numerical
spurious component WSPUious in dimensioned variables.

3. Subtract the spurious component from the Euler solution

WFiltered _ WEuler o WSpurious
In the following subsections, we explain in details how WSPurious jg computed.
4.1 Filtered density
The following expansion holds in general when M — 0

ﬁ]}?uler _ (ﬁEuler);O) + M (ﬁEuler)](—Ll) +0 (MZ) )

The numerical scheme is low Mach number accurate only if (ﬁEuler)(l) 0. With (26), we know

L=
that the spurious component (ﬁE‘ﬂer)S) is the pressure py° of the long time limit of the matching

wave system. The dimensionless filtered density is given by

~Filtered ~Euler ~00
Ph = Ph — Mpy,

10



so that the dimensioned filtered density is given by

pgiltered _ p}I?uler _ Mpoﬁzoa (28)

where M = wug/ap and po, up and ag correspond to the characteristic scales (4).
Then, we will get
~Filter (1)
(pF lte ed)h =0

as expected.

4.2 Filtered momentum

The computation of the filtered velocity is slightly more difficult than for the density: for the
density, the full p(!) belongs to the spurious mode, whereas for the velocity, we know that u® is
not equal to 0. More precisely, the velocity of the long time solution of the wave system minus the
divergence free component (in the sense of the decomposition (15)) of the initial condition of the
wave system needs to be removed.

The filtering of the velocity can be deduced from a discrete version of Proposition 1, which
exists only on triangles in 2D and on tetrahedra in 3D. We then extend this method to general
finite element meshes. The method is described in 2D and the extension to 3D is specified.

4.2.1 Filtered momentum on triangular meshes
To simplify the notations, we denote Fyai/sw all the boundary faces
Fwal/sw = Fwan U Fsw.

We define u; on the wall boundary faces as u, = 0 such that the condition u-n = 0 on walls can
also be written as u-n = u; - n.
In the triangular case, the following discrete equivalent of Proposition 1, is available:

Proposition 5 (Discrete Hodge-Helmholtz decomposition on triangular mesh). A piecewise con-
stant velocity uy, on the triangular mesh Ty can be uniquely decomposed as

uy = Py [up] + Py [un]
where
o PP [uy] and P¥ [uy,] are piecewise constant on the mesh T,
o P7[uy] is the gradient of a Crouzeiz-Raviart [9] scalar potential, i.e. Py [uy] = Vi, with

on € Wy, := {(ph | VK € Th, (Yn)x € P1(K) and ¢y, is continuous at the face midpomt} ,
o PY¥ [uy] € Z), where

2
Zy = {uh € RNCCHS

Vf € Fint, [un -my ] =0, Vfe Foausw, wi-ng=uy- nf} (29)

Moreover, we can prove that P¥ [uy] is the curl of a continuous Py potential vector, i.e. P)¥ [uy] =
V X oy, with
Y € Vi = {hn € CO(Q) | VK € Th, (¥n)jx € P1(K)}.

The proof of Proposition 5 is deferred to subsection B.3. It is an extension of [16, Theorem 4.1]
in the H} case and of |15, Lemma 3.1] or [13, Lemme 3.5| in the periodic case.

The decomposition of Proposition 5 is adapted to the discretization of the wave system with
the stabilization (25), as it was previously explained in [15] in the periodic case. More precisely,
we have the following proposition which is a discrete version of Proposition 2

Proposition 6. If we use the discrete wave system (19) on a triangular mesh with the stabilization
(25) and with a forward Euler method for time integration, a state (P9, 09) such that py is uniform
(equals to ) and P [G)] = 0 is constant in time.

11



The proof is deferred to subsection B.4.

Suppose now that we are dealing with the Rusanov scheme, which matches the stabilization
(24) of the wave system. Then the Proposition 6 does not hold for this stabilization; moreover,
the discrete divergence (27) of the long time limit of the velocity is not 0. Nevertheless, the initial

condition of the wave system 0 can be decomposed as

W) = f 8] + P [89]

Then the spurious component of the velocity clearly appears as being uj° — 77}:1' [flo]. Based on
the proof of Proposition 5 detailed in subsection B.3, the component P}’ [ﬁg] can be computed by
solving the variational problem

Find ©h € Wh Vgh € Wh ZJ ngh . ngah = ZJ ﬁg . Vgh — Z fghﬁb ‘n (30)
KJK KJK f

fe€Fwall/sw

and by computing the cell-by-cell gradient of ¢p,. P)f [0f)] is then computed as P} [af)] = a) —
P¢ [49]. This leads to the following filtered momentum

(pu)Filtered _ (pu)Euler — potig (ﬁ%o . P}\LII [ﬁ%]) ) (31)

4.2.2 Filtered momentum on quadrangular meshes

We have no knowledge of a decomposition similar to Proposition 5 on quadrangular meshes. It
is of course possible to use a formulation similar to (30) by replacing the Crouzeix-Raviart finite
element space by its equivalent for nonconforming finite elements approximations on quad meshes:
the Rannacher-Turek finite element space [30]. However contrary to triangles in which the cell-
by-cell derivative of a Crouzeix-Raviart function belongs to Py, the cell-by-cell derivative of a
Rannacher-Turek function is not in Qg. As a consequence a Py’ [ﬁ%] belonging to Qp cannot be

defined as the cell-by-cell gradient of ¢;,. Instead, we define P/ [0)] as a Qy approximation on
each cell: the average of the gradient of ¢; on each cell:

_— 1
VKeTn PP, = — f Voo, (32)
|K| )k

Note that on triangles, P/ [0)] = Py [ﬁo]. The filtered momentum on quadrangular meshes is
then defined as (31), by using Py [09] instead of P; [af]:

(o)™ = (o)™ — oo (57 — P a]) (33)
where P)¥ [0)] := 0 — P/ [49].

4.3 Summary of the filtering method
For a given mesh and a given distribution of the Steger-Warming and wall boundary conditions

1. Determine the wave stabilization matching the numerical flux used.

2. Compute the long time limit p° and 4}° of the wave system, with p, = 0 and 4, = (ﬁﬁEUIer)go)

on the Steger-Warming boundary conditions.

3. Compute Py [a] by solving (30) and by using then (32). From a practical point of view,
(30) is solved by using PETSc with the conjugate gradient method. Note that because of
the Neumann boundary conditions, the variational formulation (30) has a kernel matching
uniform potentials, so that direct methods are not well suited.

4. Filter the solution by using (28) and (33).

Since dimensionless variables are used, it is important to note that all the computations needed for
the filtering phase are independent of the Mach number. Also, all these computations are linear.

The filtering method naturally extends to 3D. Of course, we have to compute the numerical long
time solution (py°,u}’) of the matching wave system in 3D. The filtered density is obtained with
(28) as in 2D. For the filtered momentum, we also use (33) where P/ [0f)] is obtained by solving
the variational problem (30) with Crouzeix-Raviart finite element space on tetrahedral mesh or
with Rannacher-Turek finite element space on hexahedral mesh.

12



5 Numerical results

In this section, we test the filtering method described in the previous section to compute low Mach
number steady solution of the Euler equations (1) with the finite volume scheme (16).

5.1 Test case description

We consider an open domain €2 with a number of obstacles €2;, such that the boundaries of {2 and
Q, are regular. Boundary conditions set on 0€2; are of wall type, whereas on 0f), Steger-Warming
boundary conditions are imposed with a state characterized by its density at infinity pp, and its
Mach number at infinity M. All the computations are led with the equation of state

p(p) =p°.

For all the computations, an external density of p, = 2 is imposed, and the external velocity is
deduced from the Mach number by u, = (My+/p'(pp),0)T. The initial data are uniform and set
equal to

P = Po, u=0.

All simulations were run with a forward Euler time stepping with a CFL number of 0.4.

5.2 Matching wave system

To apply the filtering method, we need to compute the long time limit of a wave problem. Choosing
po = pp for the density scale and ug = My+/p’(pp) for the velocity scale, the matching wave problem
(13) is obtained with gy = ko = 1 and the matching finite volume scheme is (19) where at the
Steger-Warming boundary condition we have p, = 0 and G, = (1,0)7.

5.3 Flow around a Cylinder

In this section, we are interested in the case when a single cylinder obstacle is in €. This test case
is interesting because an exact solution of the velocity field u(® is known in the low Mach number
limit provided the computational domain is a ring between the cylinder, which radius is rg and
the external part of the computational domain, which is of radius ry:

2
o
r2 1 — — cos(20)
ug?() = Mb p/(pb)rg —1’!“2 Tg . (34)
7o ——g sin(26)
r

The numerical results are obtained with rg = 0.5 and r; = 5.5. For all the studies except for
the one with mesh convergence, the test is performed on a triangular and a quadrangular mesh
with the following characteristics. The quadrangular mesh is obtained by discretizing the annulus
[0, 71] % [0, 2| with a resolution of n,, = 50 in the radial direction and ngy = 160 in the orthoradial
direction. This mesh contains 8 000 quadrangular cells. The triangular mesh is obtained from
a quadrangular mesh produced with n, = 25 and ng = 80 by dividing each quadrangle into two
triangles. This mesh contains 4 000 triangular cells.

We first aim at illustrating the convergence towards a steady state for the Euler system. In
Figure 1, the density residual

n+l _ n
[ Lacm—

ot

and the momentum residuals are plotted as a function of the time. Even if the time required
depends on the Mach number, the mesh and the numerical scheme, all schemes allow to reach a
steady state. For similar results on the matching wave system, we refer to [22]. All the results pre-
sented in the following match a final computational time for which all the residuals are converged.
This final time depends on the mesh, the Mach number and the scheme used.

In Figure 2, the L? norm of density fluctuation p— py is plotted with respect to the Mach number
(for My = 107! to M, = 10719) on quadrangular (8 000 cells) and triangular (4 000 cells) mesh.
Results with and without filtering are shown. Without filtering, as expected, a O (M) scaling of
the density fluctuation is obtained for the Rusanov and Roe schemes on the quadrangular mesh
[19], and for the Rusanov scheme on the triangular mesh [31]. A O (M?) scaling is obtained for
the Roe scheme on the triangular mesh [33, 18]. With filtering, all the numerical solutions recover
the O (M 2) behavior. For some schemes, the convergence rate is lost for Mach number smaller

max
2
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Figure 2: L? norm of density fluctuation p — p, with respect to the Mach number (for M; = 10~}
to M, = 10719). Rusanov and Roe schemes are used on triangular (right) and quadrangular (left)
mesh. A log-log plot is used. Results with and without filtering are shown, and confirm that
filtering allows to recover the O (M 2) scaling of the density fluctuation (or pressure fluctuation)
when the Mach number goes to 0.

than 10~7 because the numerical precision limit is reached. These results validate the link between
the long time pressure of the wave system and the spurious mode in the low Mach number limit
that was proposed in the filtering of the density in (28).

In Figure 3 and Figure 4, the iso-contours of the norm of the velocity obtained at M, = 10™*
are plotted. Results with and without filtering are shown on triangular and quadrangular mesh
and are compared to the reference solution (34). Results show that even if the unfiltered solution
is very far from the reference solution, the filtering method allows to recover a solution close to
the reference solution. These results validate the filtering of the momentum that was proposed in
(33).

In Figure 5, a grid convergence study on the velocity field is performed on triangular and quad-
rangular meshes. Rusanov and Roe scheme are used with and without filtering. Four different
meshes are used in both cases. Without filtering, the Rusanov scheme on triangular and quadran-
gular mesh and the Roe scheme on quadrangular mesh do not converge to the reference solution.
However, the Roe scheme on triangular mesh converges to the reference solution with a rate of 1.
With filtering, the convergence with a rate of 1 on quadrangular and triangular mesh is recovered
for the Rusanov and the Roe scheme. These results confirm the relevance of the filtering of the
momentum of (33).

5.4 Flow around a NACAQ0012 airfoil

In this section, the filtering method is tested on a low Mach number flow around a NACA0012
included in a rectangular domain [—1;2] x [—2;2]. Two meshes are used:

e a triangular mesh generated with GMSH[17] with a characteristic length lc = 0.024 around the
NACA profile, and 5lc on the external boundaries.

e an unstructured quadrangular mesh, still generated with GMSH by recombination of a trian-
gular mesh on which the blossom algorithm is applied.

For this computation, no exact solution is known. However, we still expect the density fluctuations
around p; to scale as O (M 2) when the Mach number goes to 0. Results obtained for this scaling
are shown on Figure 6. They confirm that without filtering, a @ (M) scaling is obtained for the
Rusanov and Roe scheme on the quadrangular mesh, and for the Rusanov scheme on the triangular
mesh. Once filtered, all the numerical solutions recover a O (M 2) behavior. Last, a well known
result is observed: the Roe scheme on the triangular mesh has a O (M 2) behavior without any
filtering. We are now interested in the results of the velocity. In this case, the numerical solution
obtained with the Roe scheme on triangles is taken as a reference solution. Results obtained for a
Mach number M; = 10~* are shown in Figure 7. Results prove that the filtering method developed
in this article allows to recover a good solution, even with the solution with the very noised solution
obtained with the Roe scheme on quadrangular meshes (We believe that the very noisy solution
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with the Roe solver is induced by the use of a quad mesh obtained with the blossom algorithm,
which is strongly different to the O-meshes used usually for NACA computations).

6 Conclusion

In this article, the behavior of numerical schemes for compressible flows in the low Mach number
limit was enlightened to share a lot of properties with the long time behavior of the discretization
of a wave system. We deduce that the numerical fluxes for (1) can be divided into two families:

e The numerical fluxes that are low Mach number accurate, which are matching a discretization
of the wave system for which the long time limit ensures a uniform pressure and an irrotational
velocity for all configurations defined by equations (13),(14).

e The numerical fluxes that are not low Mach accurate, which are matching a discretization
of the wave system for which the long time limit does not ensure a uniform pressure nor an
irrotational velocity for at least one configuration defined by equations (13),(14).

This means that for studying the low Mach number accuracy of a numerical scheme for (1), it is
sufficient to study the long time limit of a matching discretization of the wave system, which is
much easier because it is a linear problem.

In the triangular case, a sharp algebraic framework including a discrete Hodge-Helmholtz de-
composition with initial condition and boundary conditions allowed to extend the accuracy on
triangles for some numerical fluxes. This result was already known in the unbounded case [15, 18].

In the case of a numerical flux not accurate at low Mach number, the spurious mode was
identified (up to a factor) as

e For the pressure, the pressure component of the long-time limit of the wave system.

e For the velocity, the long time limit of the wave system minus the divergence free component
(as defined in Proposition 1) of the initial velocity of the wave system.

From the exact knowledge of the spurious mode, a filtering method was proposed. We proved that
with this method, an accuracy comparable with numerical fluxes accurate at low Mach number
could be recovered. This filtering needs only the long time limit of the wave system for the filtering
of the pressure, and needs also the inversion of one Laplace system for the computation of the
divergence free component of the initial velocity.

This article deals only with finite volume schemes, however, we would like to stress that our
methodology is very generic: all the results obtained can be applied in any numerical scheme,
especially the asymptotic expansion of the numerical scheme for checking compatibility with the
wave system (section 2), and Hodge-Helmholtz decomposition for filtering the steady low Mach
number solution (section 4).

We consider the identification of the spurious mode at low Mach number as an important step

for deriving accurate low Mach number numerical methods. We were able here to use this spurious
mode for developing a filtering method but only for stationary barotropic Euler computations.
There is still a lot of work for extending this method to full Euler system, to unstationary problems,
or to viscous problems. As far as the full Euler system is concerned, the difficulty would be raised
by the fact that the pressure is constant, but other thermodynamic variables (temperature, density)
are not, so that the sound velocity of the matching wave system would not be uniform within the
computational domain. The result of [22] would still hold, as uniformity of the wave velocity is
not required. Last, the Hodge-Helmholtz decomposition of Proposition 5 would probably need to
be modified, for example by being weighted by the sound velocity field as in [13].
For the extension towards time dependent or viscous flows, we are currently trying to develop a
reformulation of the system as a fluctuation around the spurious mode. This is a strategy that is
usually developed for getting well balanced schemes for hyperbolic systems with a source term, by
formulating the system as a fluctuation around the steady state [6].
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A Non-dimensional expressions for the numerical fluxes and
boundary fluxes

In this section, we detail which fluxes are considered in this article and give their non-dimensional
expression.

A.1 The Rusanov flux

The Rusanov numerical flux is given by

f(W;) +£(W; i
P W, W) = TSIy (35)
where \;; = w {mv&?xw }(|)\i(W)|) = w {mv&?xw }(]u -n| + a).
€ is WV j € is WV j

22



This flux can be rephrased in dimensionless variables as

(piti + pju;) -m

FLE (YA7. W . —_
F (WZ’WJ7H’ M) ﬁzﬁl(ﬁl 'Il) + ﬁjﬁj(ﬁj . 1’1) +

W(ﬁi + pj)n

1 a ~ ~
a u - Vs WZ_W>7
* QWG{“?;},(W } <|u n| + M) ( J

to get that

F%F (Wi,wj,n,M) = %max (Fz ([)Z(»O)) a (P§0)>) (PEO) (0)> +0(1).

Moreover, if p(o) = pgo), we get (20) where o?l()o) and Day(n) are given by (24).

A.2 The Roe numerical flux

Defining the Roe average as

Ap
U + iu; — i
VPl TP e Ay’ if Ap#0,

ij iPjs  Wij NEN “ a(p;), otherwise

(36)

where A(-) = (+); — (-)i, the Roe numerical flux is defined as

f(W) + £(W,)
2

1 Pij L
= i n = ay <Ap_%A(u-n)) ( Wij — aijn )

L N 0
— 5 |u,J .n|p1j AuL(n)
1 .
—4Uij'n+aij|<Ap+ ?A(u-n)) ( ' ) (37)

ij u;; + a;n

FRoe(Wi,Wj7l’l) =

where

ut(

n):=u-(u-n)n
denotes the tangential component of u with respect to normal direction n.

The general dimensionless Roe scheme is very complicated, we focus here only on the low Mach
number behavior, and therefore express it only in the subsonic case. Then, we have

~Roe (~ir <& pil; + piu; Pij /-~ L Qij - -
Fee (W Wy, M) =B 250 M G ) (= ) -+ 5= )
FRoe (W W .n, M) (ul )ﬁl +ﬁ](ﬁj )uJ
2
aij . -
+ (5= ) [ + (5 - m)n] (39)
Pij -
+ 51y - mf(0 i(n) —aj(n))
pij(Qgj-m) .
M : 2&3] [(ul u]) . n]ulj
L Pitp ! a;j(0; — ;) -n|n
M2 2 ag Vi J
Then, we get
a5 (o _ o
R (Wi, W, M) = S5 (50 = 517)
1 on \Pi T h
Moreover, if ;3(-0) = pl() ), since the pressure p is a convex function of the density p, we get that

a9 =4 (ﬁ£0)> and then we obtain (20) where ab ) and Doy (n) are given by (25).

23



A.3 Dimensionless Steger-Warming boundary condition

For inlet and outlet boundary conditions, the Steger-Warming boundary condition is used. Given
an external full state Wy, and an interior state W;, the flux is

FSW(WZ" va n) = A+ (Wba n)WZ + A” (Wb7 n)Wba

where AT and A~ are respectively the positive and negative parts of the Jacobian matrix of f. For
the barotropic Euler system, in the subsonic case u, -n —a; < 0 < up - n + ayp, this flux is equal to

FSW(W;, Wy, n) :%(ub ‘n+ap) [Pi + %(“i —w) - n] ( up +1abn )
- emn (o, i )

(up -1 — ap) !
up ab) Py w—am )

+

DN | =

Then, we get the dimensionless expression as
- - . 1 G M 1
FSW (W,»,Wb,n,M) — i (won+ L)1+ 2@ —w) n|| . a
2 M ap U, + —n
M
+ pi(ty -n)* 0
pi\Up (; — ﬁb)l(n)

—I—1~ (ﬁ n—&b) 1&
o\ Ty % - 50

that can be rewritten as

i . pitt; + it L 5 o
Y (Wz‘,WmmM) =W ‘n A ﬁ(ﬂi —py) + M2p7lb(ub ‘n)(; — W) - n
FSW (vir Tk ~pi(-m)w + pp(y, - m)wy, | ap P+ py
F (Wi W, a) = 2 M2
? 1
+ 5 (5 = o) [ + (G - n)n] + 576 (8 — @) 0] n
L - ~ 1 I - L
+ 578 - 0| (87 (n) — @ (n)) + 55:( — &) [(8 - @) - 0]
a2 G G nliy
2ab
Then, we get
SSW (W W @ (0 0
FS (Wi,Wb,n,M) — 2t (ﬁi — ) LO).

Moreover, if ﬁgo) = ﬁgo), we get (22).

A.4 Dimensionless wall boundary condition

For a wall, the following flux is used

~

Fwall(W“H) — F(Wi7wl‘,nij)

where the flux F corre\sponds to the flux taken in the domain and \\7\/@ is obtained from the
transformation of W;: W; = (Ig11 — Pyan(n))W; with

0 0
Pyan(n) = ( 0 2nn” )

In the case of a Rusanov flux, we get

0
1 . 9 - ai \ ~ -
Pt AR n)"n+ { [0 - nf+ o7 ) 5i(Gi - n)n

Fwall,Rusanov (WZ7 n, M) _
TM?
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so that prvau’Rusa“ov = 0. Moreover, if ﬁgo) = ﬁéo) is ensured, F;'ffn’Rusanov satisfies (21) because
al” = al%.
In the case of the Roe flux, we get

0

rrwall, Roe [ yx7. _ 1
F (W“n,M) n+ﬁi(ﬁi ‘Il)21'l+ Mﬁldl(ﬁl 'n)n

e

and the same result is obtained because order 1/M? and 1/M are the same as the Rusanov flux.

B Proof of the propositions on continuous and discrete Hodge-
Helmholtz decompositions

B.1 Decomposition in the continuous case

In this subsection, we prove Proposition 1.
The decomposition can be written as
u=Vyp + curl, .
Taking the divergence of the equality gives
Ayxp = diviu.

This equation is multiplied by a regular test function g and integrated on 2

f gAxp = J gdivxu.
Q Q

The left hand side is integrated by parts as follows

JQQAX@ = J gdivy (VxSD)
= divy (ngga) - J ng ! VXSD

Q
—JQ gvxw-n—f Vxg - Vxp
0Q Q

=J( gu-n—uy-n)— | Vxg- Vxo.
o0 Q

Therefore the following variational formulation is found

Find p € H'(Q) Vge H'(Q) J Vg Vxp = f
Q

gu-n—uy-n)— f gdivyu. (39)
oQ

Q

Note that all the integral of the right hand side have a sense, because if u € H'({), then its
divergence is in H=1(Q2). The variational problem (39) has a unique solution up to a constant
provided {2 is simply connex. By taking the gradient of ¢, we find the component u,. By defining

ugy =u-— U,

existence of the decomposition is found. Let’s now proof the uniqueness. Suppose that we have
two decompositions
u=ui,+u}1, =u§,+u?1,,

with the following boundary conditions

1 — 2 . — . —_ .
U, n=u,-n=u-n-u-n,
then
1 2 _ 2 1
u, —u, =uy — Uy (40)

We denote by @' (resp. ¢?) a potential such that Vyp' = ul (resp. Vyp? = uZ). By taking the
divergence of the equality, we find that ¢! — ¢? is such that

Ax @1_@2 =0 iHQ7
Vx (! —¢?) - n=0 in 09.

As € is simply connex, a constant K exists such that ¢! — ©? = K. This leads to u}a =u

Following (40), ul, = u%, so that uniqueness is proven.
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B.2 Long time behaviour of the continuous wave system
The aim of this section is to prove Proposition 2. We first need to prove the following lemma:

Lemma 1. Consider the wave system (13) with initial velocity Uy, and with boundary conditions
weakly defined by (14b) for wall, and by (14c) for inlet/outlet. Consider now a stationary state
U® = (p*,u®) that U® is divergence free and such that p* is uniformly equal to Dy, and such
that U -n = 0 on walls and U% - n = Uy - n on inlet/outlet. We define the relative energy as

~2~2
1

C ~
By« (U) = 220 (5 57)° + 5

Then the volumic average of the relative energy is a Liapunov functional.

Proof. Consider the weak formulation of the wave system

~ 1 . 1.
fgatp— fu-ngJrf Q[Au-n] =0,
Q QPo oQ LPo wall/SW

Vg, 8
J g - atﬁ — f H/\Oﬁdlvxg + J‘ g [H/\Oﬁn]wall/sw =0.
Q Q oQ

Now, we set g = 4 — 0% and g = p— p*°, multiply the equation of pressure by 5y>é?, and add the
two equations, for finding

f 01 By (U J PoCo 2 divy (pu)

~

: ] +(-u”)- [%ﬁn]wan/sw =0.
2 wall /SW

The second volumic integral can be integrated, which gives
f 0y By (U) — J ool i
Q o0

22 A 1. n A —~
+ J /’02002 (p—p") [A u- n] +(@—-1u%)- [“Opn]wan/sw =0.
le) Po wall/SW

The boundary flux on walls is given by (14b). Moreover, on the wall boundary, we have 4 -n = 0.
This means that on the wall boundary

1

A A2 A~ ~A2A~A2 /1~ A~

—poco” pu-n+ py éo” (b —p*) Au-n] + U - [Fopn]
~N A2 A~ N A2 A A~ pOA wall

= — /0@ P n+ poé’ (P+ &Gh-n)l-n

= (0@’ (8- n)® >0,

whereas for the inlet/outlet, the boundary flux (14c) can be written as

1 1 o A A
1. —U-n 711() n-+ — — Db
~d-n | = . ™ 5 (D—D)
im e me ) |
= — — (@ n—U,-n)|n
op SW 5 P 5Pt b
then
PPN 1 . ~
—poco” pu n+p02002(p—ﬁoc) [Au n + (U —1%) - [Fopn]
Lo SW R
2,2 Co

()
)
(=]
()
<y | —
o
()

N A2 A ~N2A~2 A~
= —poCo~ pu-n -+ pg~Co (p—ﬁoo)<

. \2p 200 2
+@-0°) 025+ 25+ 2 @-n-1, -n)
2 2 2
~ ~3 ~
C ~ C ~
=B -+ G @ n)’ 20



We finally find
0, ( B <U>) <0,
Q
which ends the proof. O

We now prove a second lemma

Lemma 2. If (p, 1) is the solution of the wave system (13), and if we consider the Hodge-Helmholtz
decomposition (15) of U, then Ug is constant.

Proof. By integrating by parts in (39) the integral involving the divergence, we find the following
variational formulation

Find ¢ € H'(Q) Vge H'(Q) f Vxg - Vxp = J U-Vyeg— f gty - n. (41)
Q Q o0
Taking the derivative in time gives

Ve Q) [ Vag o0 (Vap) = | 208 Vag = - | @V Vs
Q Q Q
which leads to
Vg e H'(Q) f Vg (08, + FOVP) = 0.
Q
As 0:U, + Ko VD is the gradient of d-¢ + Kop, this means that
0-0y + Ko Vxp = 0,
so that 0,ug = 0. O

We can now prove Proposition 2. Considering Lemma 1, it is clear that the pressure at infinity
is uniform, equal to p,, and that the velocity at infinity is divergence free, so that U, is 0 at infinity.
Then, following Lemma 2, Uiy is constant, so that the limit of Ui at infinite time is equal to Ug (0).

B.3 Discrete decomposition on triangular meshes

In this section, Proposition 5 is proven.
Let u;, € R?Neens, We first remark that the variational formulation in the continuous case (39)
can be transformed, by using the Green formula on the last integral of the right hand side as

Find p e H'(Q) VYge H'(Q) vag-vxwz—f gub-n-i-fvxg-u. (42)
Q o0 Q

This suggests to define ¢y, and so P} [uy] = Vi, as the solution of the following discrete variational
problem

Find pp € Wy, Vgp € Wy Zf Vxgn * Vxon = ZJ uy, - Vg — Z Jghub -n. (43)
K JK K YK fE€Fwall/sw Y

We will now prove that u}f :=uy — Vop, € Zp, and later we will prove that all element of Z; can

be written as the curl of an element of V. For all g5, € W}, we have

Z fghub‘n:ZJ (un — Ven) - Van
fe€Fwal/sw f K VK

— ZJ u;ll’ “Van
K K

:ZJ divx(u}%gh) —Zf ghdivx(uf)
K VK K VK

=ZJ ghu;f'n

S [t 3 oo

feFim U feFwal/sw f
S RPA TS FRD YN N PR RVEEY S S P
feFim VF feFme VF fEF wall/sw Y
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As u}f is piecewise constant, {{ u}f ‘n }} is constant along the face, which means that on all interior

Jf{{lﬁf'n}} [gn ]

L[[gh]L

which is 0 since gy, is in Wj. Then, u}f € Zj and the application

faces f € Fint,

is proportional to

L: Wy x Zj —> R*Ncens

(@h,uﬁf) — Vo, + UZ)

is surjective. Moreover, since any ¢ € W}, is completely and uniquely determined by its value at
the #F independent face midpoint of the mesh, we have dim(W}) = #F. Using the definition of
Zh, we get that dim(Zh) = 2NCells - #]:Wﬁ]]/sw - #]:int = 2NCells - #]: and then,

dim(W},) + dim(Z,) = 2Ncels,

so that the application L is bijective and the decomposition is unique.
We now prove that Z, = V x V}})O”“dary where

V}looundary = {’(ﬂh eV, | J- ’lph =0 and Vf € ]:wall/SWa (V X ’l/)h) ‘N = Uy nf}-
Q

It is easy to prove that the application

G- V}looundary N Zh
Yn —> V X 9,

is well defined and injective. Since any vy, € V}, is completely and uniquely determined by its value
at the S independent nodes of the mesh, we have dim(V},) = S + r where r is the number of holes
of the mesh. Since #Fyail/sw = Swall/sw Where Syai/sw is the number of nodes on the boundary,
we have

dim(v}?oundary) =S+r— Swall/SW —1=8n+r—1

where Syt is the number of interior nodes. Since S + Ngens = #F + 1 — r [28, Lemma 2.1] and
since 3Ncels = 2#Fint + #Fwan/sw (because we consider a triangular mesh), we get

Ncens = 2# Fint + #Fwan/sw — 2Ncens
= 2(#F — Ncelis) — #Fwall/sw
=2(S +7r —1) = #Fan/sw
=2(r—1)+ S+ Sint,

so that
St +7—1= Ngens — (S +7—1)
= Ncens — (#F — Ncels)
= 2Nges — #7F,

and dim(V,"*"*Y) = dim(Zy,).

B.4 Long time behaviour of the discrete wave system with Godunov’
scheme on triangular meshes

We prove Proposition 6. Assume that U = (), 1)) is such that p) = p, and Py [ﬁ%] = 0. Using
Proposition 5, we have @) = PY¥ [0)] € Z,. Then, using (19) with stabilization (25) and the
definition of Zp, (29), we get for all j € Vin(4),

~ ~0 0
D(ny) (U0 -u%) =2 PiP —0 and A(n;)U% = A(n;;)U°
J 7 ) 2 ((uj _ ui) . nij) n;; J i J i
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for all j € Vyan(i),

1
0 ——=nj

~ 0
. _Po jT U;
Rol;; 200nijnij

(A(nij) — QA*(nij)Pwan(nij)) Uy =

1
50
—=Uu; - Njj
—~~0 pO 20
Kopi Nij + 2U; - My

tn, )

Il
o
s 2

)
B

ij
_ A0< P )
(G — 69) - njj) ny,
=0,
so that (19) becomes
Ul -yl 1 ~
— i Y |Ty]A(ng)UY = 0.
ot Qilievey T

Since 3y ITi;ni; = 0, we get that U} = UY.
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