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Nonparametric drift estimation from diffusions with correlated brownian motions
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Abstract

In the present paper, we consider that N diffusion processes X',..., X" are observed on [0, T'], where T is fixed and
N grows to infinity. Contrary to most of the recent works, we no longer assume that the processes are independent.
The dependency is modeled through correlations between the Brownian motions driving the diffusion processes. A
nonparametric estimator of the drift function, which does not use the knowledge of the correlation matrix, is proposed
and studied. Its integrated mean squared risk is bounded and an adaptive procedure is proposed. Few theoretical tools
to handle this kind of dependency are available, and this makes our results new. Numerical experiments show that the
procedure works in practice.
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1. Introduction

We start by describing our model. Consider the diffusion process X = (X;)s[0,7], defined by

X;=xo+ f b(Xs)ds + f o(X,)dBg ;t€[0,T], (1)
0 0

where xg € R, B = (By)s[o,r] is a Brownian motion, b : R — R is a Lipschitz continuous function, and o : R — R is
a bounded Lipschitz continuous function. Now, let B', ..., BY be N € N/{0} copies of B such that

E(B\B) = Rix(s A1) ; Vik € {1,..., N}, V5,1 € [0,T], 2

where R = (R; ;)i is a correlation matrix. Note that, thanks to the (stochastic) integration by parts formula, the depen-
dence condition (2)) on B', ..., BN implies that, for every i,k € {1,...,N}, d(B', B), = R;;dt, with R;; = 1. Finally,
consider X' := I(xo, B') for every i € {1,...,N}, where 7(.) is the It map associated to Equation . In the present
paper, we consider that these N diffusion processes X L .., XN are observed on [0, T], where T is fixed and N Zrows
to infinity, and our aim is to estimate nonparametrically the drift function b(.).

In the case of independent Brownian motions, that is R = Iy (the N X N identity matrix), projection least squares
estimator have been studied in Comte and Genon-Catalot 7] for continuous time observations, in Denis el al. [[14]] for
discrete time (with small step) observations with a classification purpose in the parametric setting, and in Denis et al.
[L5] in the nonparametric context, for instance. Marie and Rosier [20] propose a kernel based Nadaraya-Watson esti-
mator of the drift function b, with bandwidth selection relying on the Penalization Comparison to Overfitting (PCO)
criterion recently introduced by Lacour er al. [[18]. Still in the case R = Iy, Comte and Marie [12] investigate the
properties of the projection least squares estimator of the drift when B is a fractional Brownian motion.

Dependency is often encountered in recent works in the context of stochastic systems of N interacting particles, with
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recent nonparametric drift estimators proposals in Della Maestra and Hoffmann [13]], Belomestny ez al. [3] or Comte
and Genon-Catalot [9]. These kinds of models are related to physics. We rather have in mind economic or financial
models. For instance, in Duellmann et al. [16], the authors consider a portfolio of N homogenous firms such that the
asset value X} at time 7 of the i-th firm is modeled by Merton’s model (see [21]) dX| = pX}dt + oX;dB; with X} = Xo,
which corresponds to (I)) with b(x) = px and o-(x) = ox. Intending to capture the dependency between the firms, they
also assume that dB! = \VpdW, + /1 — pdW!, where W is a common systematic risk factor, W' is a firm-specific risk
factor and p € [0, 1]. This corresponds to a particular matrix R, precisely R;x = p for i # k (and R;; = 1), so that one
single parameter p represents the so-called asset correlation. This model has been considered in e.g. Bush ez al. [4]],
for the more mathematical purpose of studying the limit of the empirical distribution of the X’s (see also references
therein). Our extension from specific geometric Brownian motion to general nonparametric diffusion (I), and from
one single correlation parameter to a general matrix representation, is therefore standard in both respects. This context
has nevertheless never been considered before up to our knowledge. Let us emphasize that our aim is not to estimate
R, but to exhibit conditions on it such that b(.) can be estimated with performance near of the independent setting.

In our framework, T is fixed, and N is large. Our results are nonasymptotic, but the idea is that N grows to in-
finity. We fix a subset / of R and build a collection of projection least squares estimators of b; = b1l; where [ is
compact or not. The estimators are defined by their coefficients on an orthonormal basis of L*(D), @1y« s Pm, TESUIL-
ing from a standard least squares computation. Precisely, we consider the estimator of the drift function » minimizing
the objective function yy(7)

(N B roo

T () = ;( fo T(X\)ds -2 fo r(xg)dx;) 3)

i

on the m-dimensional function space S,, = span{¢y, . .., ¢,}. The first part of yy(7) involves a quantity

N T
1 .
Il = = > f (X)’ds,
NUUNT &,

which is considered as the squared empirical norm of the function 7. These estimators are the same as in Comte and
Genon-Catalot [[7], but their study is made significantly more difficult by the dependency context. We do not have at
our disposal any coupling method nor any transformation leading to a simpler system; in particular, applying R~'/? to
the system does not bring any simplification because of a ”widespreading” of the components of the process. Tropp’s
deviation inequalities used in the independent context (see Tropp [24]], Matrix Chernov Inequality, Theorem 1.1 and
Matrix Bernstein Inequality, Theorem 1.4), which allow to consider the empirical norm and its expectation (an integral
norm, thus) as equivalent with high probability, no longer apply. Martingale properties still are useful, and we turn to
Azuma’s matrix deviation inequality (see Tropp [24], Theorem 7.1), which however requires to set sparsity conditions
on R (see Assumption[3)). This equivalence property between empirical and weighted integral norms is the key of the
rigorous study of the risk of the drift estimator, and the correlation matrix is therefore at the heart of the proofs.

The plan of the paper is the following. A first parametric example motivates the model and the way of estimating
a drift parameter in Section[2] The general nonparametric drift estimator is defined in Section [3|and a risk bound on
a fixed projection space is proved. Adaptive estimation is studied in Section [ and the whole procedure is illustrated
through simulations in Section[5} Lastly, proofs are gathered in Section [f]

2. Preliminary motivation and example in the parametric framework

This preliminary section deals with the geometric model described in the introduction, in the parametric frame-
work, in order to motivate our investigations. Similarly to Duellmann et al. [16]], consider N risky assets of same
nature and of prices processes X L .., XN observed on the time interval [0, T']. Since these assets are of same nature,
to model their prices by dX! = uXidt + o X'dB! with u € R and o > 0 not depending on i € {1,..., N} is realistic, but
it is also very realistic to consider that B!, ..., BY may be dependent, through the correlation matrix described above.
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Let us compute the quadratic risk of the least squares estimator Oy of § = u — o2 /2 in this special case. Since we can
write that X} = xoexp(Y;) with Y] = 6t + oB; forevery i € {1,...,N}and ¢ € [0, T], we set

N
5N:%ZY}=H+%ZBQ.

Then,
— 0'2 af
By~ 0F) = <oz | D EGBHP) + > E(BLBY)
i=1 ik
o2 o? o? 1
= — 4 — Ri =—1+ = Ri .
NT * N°T ; TNT|TN Z#; .

This means that the rate of convergence of EN is of order
1 1
Vi=—+—= > R
N N? ; H

We note that if R;; = p for all i # k, then the estimator is not consistent. This would be the same if all the coefficients
of R were positive and only bounded by a constant p > 0. However, if we set a sparsity condition by saying that R
is block-diagonal with blocks of size (less than) kg, and if we assume that all nonzero coeflicients are equal to (or
bounded by) p, then ;. Rix < kopN. So, kop is the loss in risk due to dependency, while the rate remains O(1/N).
Referring to the firms model of Duellmann et al. [16] and Bush et al.[4], this means for instance that for a large N,
dependent firms have to be grouped as several independent sets aggregated in the global model.

Another way to model the dependency with few parameters is to assume that
dB = VadW' + V1 - adW'™!,

where W', ..., WN*! are independent Brownian motions and a € [0, 1]. This is a way of saying that each firm is
correlated to the following one in the list. In that case,

Rijy1 =R =+va(l-a), Ry;=1 Ry =0forlk—il>1;
and then
1 1
V=—|1+2[1-=]+a(l -2a)
N N
has order O(1/N). Note that this matrix is sparse in the sense of Assumption [3|below.

Our purpose is to show that, at least for some special dependence schemes on B!, ..., B, the variance term of the
projection (nonparametric) least squares estimator of b(.) introduced in the following section is at most of order

1 1
—|1+ = Rixl].
N[ 2 ,,k|]

i#k

It is noteworthy that the estimator ’67N is the maximum likelihood estimator (MLE) when X!, ..., X" are independent,
while the MLE in our dependent setting would involve — and thus require the complete knowledge of — the matrix R
(more specifically, its inverse). In the present strategy, the knowledge of R is not required, which is interesting and
may justify a loss of efficiency.



3. A projection least squares estimator of the drift function

3.1. The objective function
Set Ny := [NT] + 1 and let fr be the density function defined by

1 T
fr(x) = T f ps(x0, x)ds ; Vx € R,
0

where pg(xo,.) is the density with respect to Lebesgue’s measure of the probability distribution of X for every
s € (0,T]. Let us consider the projection space S,, := span{gy, ..., ¢n}, Where ¢y, ..., ¢y, are continuous func-
tions from / into R such that (¢, . .., ¢, ) is an orthonormal family in L*(I,dx),and I c Risa non-empty interval.
We recall now that the objective function 7 € S,, — yn(7) is defined by , where m € {1,...,Nr}. We choose a
contrast which is the same as in the independent case. Note that for the nonparametric estimation of the drift function
from N observed paths, even in the independent case, least squares and maximum likelihood strategies do not match.
Indeed, the likelihood would involve weights o-(X?)~2 inside all integrals. In the dependent case, there would also be
the matrix R~ to take into account. Even if both o7(.) and R can be considered as known, it is interesting not to need
them to compute the drift estimator. In particular, the step to discrete time high frequency data is then much simpler.
Since the strategy works in the independent case, we can hope that if the correlations are not too strong, then the
strategy remains relevant.

Remark. For any 7 € S,,,,

E(yn(7))

T T
! f E(r(X,) - b(X)P)ds - f E(b(X,)2)ds
T Jo T Jo

f () = b)) fr (x)dx — f b fr ()dx.

00

Then, the more 7 is close to b, the smaller E(yy(7)). For this reason, the estimator of » minimizing yy(.) is studied in
this paper.

3.2. The projection least squares estimator and some related matrices

In this section, m is a fixed integer in {1, ..., N7}. We consider the estimator
by := arg min yy(7) @)
€S,
of b, if it exists and is unique. Since S,, = span{¢y, ..., ¢}, there exist m square integrable random Variablesa ers ,’9\,,,
such that

m
bm = Z 9]'(,0]'.
J=1

Then,
- 1 (& (T . . T o
Vw(bm>=(ﬁ2[zzeg fo @ /(X})e(X)ds =2 fo wJ»(X‘Y)dXS])
=1\ =1 jetl, )
Let
_ 1 & T 4 .
‘I’m = (WZL ‘pj(Xq)‘p(’(Xv)dS '
i=1 Jlefl,....m}
and
—~ 1 & T o
X = (W ' f(; ‘f’j(X;)dXi-]
i=1 Jetl,...,m}



Therefore, by and if {I\’m is invertible, necessarily
6m = (’él’ cee ’5m)* = @;nlim’

where M* denotes the transpose of the matrix M.

Remarks:

1. We can write ¥,, = (@), 0eIn) je» where

LS (7 oot
(@) = WZ] fo o(XD(X))ds

for every measurable functions ¢ and ¢ from R into itself.
2. The following useful decomposition holds: X,, = ((b, ¢ j>N)j- + E,,, where

_ 1 & T
E, =|— X i(X))dB:
[NT;_IO‘ O-( 3)901( s)d 3)

Let us introduce the two following deterministic matrices related to the previous random ones:

*
Jetl,...,m}

e ¥, =EW,) = (@), e) 1) - Where (...}, is the scalar product in L2(/, fr(x)dx).
e ¥, = NTEE,E;).

Note that under the following assumption, Comte and Genon-Catalot established in [7] (see Lemma 1) that ¥, is
invertible.

Assumption 1. The ¢;’s satisfy the three following conditions:

1. (@1, ...,n) is an orthonormal family of L>(I, dx).
2. The ¢;’s are bounded, continuously derivable, and have bounded derivatives.
3. There exist xy, ..., Xy, € I such that det[(¢;(x¢)); ] # 0.

Let us conclude this section with the following suitable bound on the trace of ‘P;,l/ Z‘I’m,(,‘l’,_nl/ 2. To that aim, we define
the following quantity associated with the basis:

Lim):=1vV

sup ) ¢ ,~<x>2] .

xel =

Lemma 1. Under Assumption for o belonging to L*(R, fr(x)dx) but possibly unbounded,

1
trace(¥,, "W o ¥, %) < @Lm)I¥,, llop [1 2 |Ri,k|) )
i#k
with

= f o (x)’ fr(x)dx.

00

If in addition o is bounded, then

1
-1/2 -12 2 E )
trace(V,, “Wno¥,, '*) < mllolly (1 + N |R,,k|]. (6)

i#k



The two previous bounds on the trace compete. In some contexts, they can have the same order m. This occurs if both
following conditions hold (this setting is referred to as "compact setting” below):

e [is acompact set and L(m) = m, as in the case of a trigonometric basis.
e fris lower bounded on I by f; > 0. Indeed, then II‘I’,‘n1 llop < 1/ 1o (see [Z]).

However, the bound (@) is not relevant for a non compactly supported basis. For instance, for the Hermite basis
described below, L(m) is of order +/m, but ||‘I‘;n1||0p is increasing with m and can be checked to be numerically very
large. So, for the Hermite basis, the second bound (6) must be preferred if o~ is bounded, and is used in the sequel.
Finally, note that N~! ik IRi x| can be replaced by [|R||op in the bounds and (@) and it holds that

N

1

~ | 2 Rix| < IRlep.
ik=1

Therefore, if the coeflicients of the matrix R are nonnegative, as in the examples of Section |2| or in the simulation
Section then N~! ik IRikl is better than [|R]]op.

3.3. Risk bound on the projection least squares estimator

This section deals, for a given model m, with a risk bound on the truncated estimator

by = bml;{m >

where

N . NT
A i= {L<m><n‘1',;‘nop VD < ‘T(”)log<—NT>}

with

|
- ,>12
(P = 56t v pr2y P

On the event Xm, "17,,, is invertible because

L(m) .log(NT) S

inf{sp(‘¥,n)} > o) NT

O,

and then Zm is well-defined. Consider

ITy:={ie{2,...,N}:Jke{l,...,i— 1} such that R;; # 0}.
In the sequel, m fulfills the following assumption, related to the stability condition introduced in Cohen et al. [5] and
also used in Comte and Genon-Catalot [[7]. Due to dependency, it has to be reinforced by undesirable squares.

co(p) NT

Assumption 2. [L(m)(I[¥;, llop V DI* < > ToaNT)

Note that in the so-called compact setting defined above, this condition reduces to

m < NT ’
~ \ log(NT)

which is similar to the constraint obtained in Baraud [[I]] (see the condition N, < K=" v/n/ log(n)? in his Theorem 1.1).
However, this last condition can be improved in the independent case.

Moreover, a sparsity condition has to be set on |7 |, and this is again in order to handle dependency.
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Assumption 3. There exists a deterministic constant @q > 0, not depending on m and N, such that

16
Iyl < @N2 >,
Remarks:
1. The dependence condition (2) on B',..., BN ensures that

Iy={ie{l,...,N}: B'is not independent of 7;_;},

where 7o := F and F; := o(B', ..., B) for every i € {1,...,N}. This is crucial in the proof of Theorem
2. The condition on |7 y| in Assumption [3|can be understood as a sparsity type condition on the correlation matrix
R. Clearly under Assumption 3] for N large enough,

W ap)
NP21og(NT)P/2 = N©
Note that, p is also involved in Assumption 2]through ¢z (p). Assumption [3|]suggests to take p as large as possi-

ble. So, the larger p, the larger 7y, but the smaller the authorized choices of m. In other words, p needs to be
chosen large, but not that much.

with  q(p) = - (7

Note also that for Theorem I} the constraint p > 12 may be lightened into p > 4 and Assumption [3]into

Tyl < @i,
Howeyver, Theorem@]is more demanding.

Examples:

1. Assume that N € gN* with g € N*, and that R is the block matrix defined by

Ry 0)

R = .

0) Ry

q

where Ry, ..., Ry, are N/q correlation matrices of size g X g. For instance, if the number of R;’s not equal to I
is of order lower than N'/2-%/7then the matrix R fulfills Assumption For g =2,

_(1 »pi ;
Ri_(Pi 1) with p; € [-1,1]

for every i € {1,...,N/2}. In this special case, R fulfills Assumption if and only if the number of non-zero
pi’s is of order lower than N'/2-6/7,
2. Assume that N € 2N* and that R = I + Q, where

o ©O o
Q:={O) O ©Of,
o O O
Q is a correlation matrix of size r X r, and r € {1,..., N/2}. If r = r(N) is of order lower than N'/>7/P then the
matrix R fulfills Assumption
Note that R is a Toeplitz matrix when
0 0 0 - - 0
q 0 O
0= 2 9 - - R with ¢y,...,q-€[-1,1].
. q1 0 0
g - @ @ 0



Theorem 1. Under Assumptions I} 2] and 3] there exists a deterministic constant qq > 0, not depending on m and N,
such that

™ 2 : 2 mm 1
E(lbm = billy) < Pelg,,l,”T = billy, + NT (1 N ; IRkl |+ N

As usual for a nonparametric estimator, the risk bound involves a bias term

. 2
min ||t —-b
min |7~ by

and a variance term of order m/(NT) if
1 &
= ) R4l

is bounded by a constant which does not depend on N. The last term is of order 1/N and gathers all negligible
quantities. The larger m, the better the approximation of b; in S,, and the smaller the bias. On the opposite, the
variance increases with m. This is why a compromise must be done, either theoretically as in Section 2.4 of Comte
and Genon-Catalot [7]] from which consistency follows, or by a model selection procedure, as described hereafter.

4. Model selection
Throughout this section, (¢, ..., ¢y,) and the R;;’s fulfill the following additional assumptions.
Assumption 4. The (,D}S satisfy the two following (additional) conditions:
1. There exists a deterministic constant ¢, > 1, not depending on N, such that for everym € {1, ..., N},
m

Lm)=1v [supz (,Dj(x)z] < cim.

xel =

2. Foreverym,m’ € {1,...,N7}, if m>m’, then S,y C S,,.
Remark. Note that Assumption[d](2) is fulfilled when
Sl = Sy + span{g1} s Yme {1,...,Nr}. ®)
For instance, the spaces generated by the trigonometric basis or by the Hermite basis, both defined in Section 3] satisfy
@®).

Assumption 5. There exists a deterministic constant g > 0, not depending on N, such that

[IRllop < 13l

Examples (continued). Since R is a symmetric matrix, there exist an orthogonal matrix P and a diagonal matrix D
such that R = PDP*. Then,
”R”op = ”D”op = Ssup |].
Aesp(R)
So, the matrix R fulfills Assumption [5]if and only if there exists a constant m > 0, not depending on N, such that
|[4] < m for every A € sp(R). Moreover, note that since R = PDP*,

N
Iy= {ie {2,...,Ny: ke (l,....i— 1} such that " Dy, P P, ;eo}.

r=1



1. (continued) Assume that g = 2. For every 4 € R,
¥ ¥
det(R — AI) = ]—[ det(R; — AI) = ]_[(1 — A= p)(1 = A+ py),
i=1 i=1
and then
sp(R) = {lipi;i= 1,..., }
So, the matrix R fulfills Assumption 5}

IRllop = max |1 +p;f < 2.
ie(1,.N/2}

,,,,,

More generally, assume that ¢ > 2. Since
N
q
det(R — AI) = H det(R; — AI) ; VA € R,

i=1

then

N
sp(R) = | sp(Ry).
i=1
So, the matrix R fulfills Assumption 5}

IRllop = sup |4 = max sup |y = max |[IRillop
Aesp(R) i{l,....N/q} Aesp(Ry) i{l,....N/q}
g .
< max Z R;? <
S el N/ql[kg_l[ ’]“] S

2. (continued) Let us show that R fulfills Assumption [5]if and only if

sup{|1] ; 4 € R such that det((1 —/1)21, —0*Q) = 0} is bounded by a constant which doesn’t depend on N. (9)

For any 4 € R,

) _|la-a 0 L5 (@ ©

det(R— Aly) = o (-1 with Q= ( 0 (0)) € My(R)
= det((1 - Iy - 0 x0).
Moreover,
== (00 (0)
leading to
— = 1=, - 0" 0
det((1-V°Iy -0 xQ) = ‘ ( )(0) Q0 (1 _;))zlg_r
= 1=V det((1 - )1, - Q°Q).

So,

det(R — ALy) = (1 — DN det((1 - )*L, — 0*0),

9



and then R fulfills Assumption [5if and only if Q fulfills (9). Finally, for instance, assume that

q 0)
0= with gi,...,q, € [-1,1].
0) qr

So,
det((1 — )1, - Q)

[ Ja-21-gp-a+aq,
i=1

det((1 - 2°L, — Q*Q)

and then Q fulfills @I) because ¢, ...,q, € [-1,1].

Let us consider
— . 2
m = arg min {—||b,|[y + pen(m)},
mEMN

where

pen(m) = ceu NT[‘ +—Z|R,k|] Vme (1. Nr)

ccat > 0 is a deterministic constant to calibrate,

- NT
My = {m €L Nrd 2 [GmI¥, lop v DI < dr(p)——rms g(NT)}

and
1

P STy

Consider also the theoretical counterpart

b NT —
My = {m e{l,....Nr} : [gm(I¥;, lop v DI < 7(p) } of My

4 1og(NT)

Theorem 2. Under Assumptions[l|[3| Hland[3] there exist deterministic constants ko, @ > 0, not depending on N, such
that ¢., > ko and

™ 2 . . 2
Edllbz - billy) < @ min {?Elén lir = billy, + [1 + = Z Ilel]}

z#k

It follows from Theorem that the adaptive estimator Zﬁ automatically reaches a squared bias-variance compromise
on the collection My.

Remark. Note that the constant « is given at the end of the proof of Lemma 5]

5. Numerical experiments

In this section, we study the influence of dependency on the performance of the adaptive estimator. We consider
two bases:

e The cosine basis on I = [a, b], defined by ¢;(x) := (b —a)™ 11, (x), ¢;(x) := (2/(b — a))'/* cos(mj(x —a)/(b -
a))1,p)(x) for j > 2. The interval [a, b] is chosen different for each model. The basis is orthonormal and fulfills
S () < 2m.

10



e The Hermite basis on / = R, defined from the Hermite polynomials H; and given by
jed e -2/2 i)
Hj(x) = (-D’e E(e ), @j(x) = cj1Hjo1(x)e . ¢ = (2 J! ﬁ) .
The sequence (¢;) >0 is an orthonormal bounded basis of L2(R, dx) with lo;j(0)] < 1/x4 (see Indritz [I7]). It

is proved in Comte and Lacour [I1]] (see Lemma 1) that L(m) < K /m for some constant K.

We experiment five models, where I is the chosen domain of representation for the Hermite basis, and the basis
support for the cosine basis:

1. Hyperbolic diffusion, b(x) = —6x and o(x) = ¥y V1 + x2, with # = 2 and y = V1/2, I; = [-0.9,0.8].
2. Hyperbolic tangent of an Ornstein-Uhlenbeck process,

2 r ¥ Y 2
by(x)=(1-x )(—Eatanh(x) - Zx), o (x) = 5(1 -x7), r=2, y=2, L =[-0.9,009].

3. Exponential of an Ornstein-Ulhenbeck process,

r Y y
by(x) = x —Elog(er) + <) o3(x) = §x+, r=1, y=2, I =[0442].

4. X, = G((&) with dé, = a(&)dt + dW,, a(x) = —0x/ V1 + c2x2, G1(x) = asinh(c&), § = 3, ¢c = 2, I =
[-1.15,1.15], leading to

2 sinh(x) c
b =—|6 , = .
4(x) ( 3 Cosh(x)) o’ Y= oo
5. X; = Gy(&;) with £ as previously and G,(x) = asinh(x — 5) + asinh(x + 5), leading to

1 1
VI +(HX) - 5) ’ VI +HE) +52

7 1 ’
bs(x) = Gy(H(x))a(H(x)) + EGZ (H(x)), os(x) =
where 6 = 1, ¢ = 10 (in the definition of @), Is = [-4,4] and

H(x) = G, (%) =

[(49 + cosh(x)) sinh(x)® + 100(1 — cosh(v)] "

V2 sinh(x)

Models 1, 4, 5 are simulated by Euler scheme with step A, directly for X in example 1 or for £ in examples 4 and 5,
with transformations G| and G in a second stage. The underlying Ornstein-Uhlenbeck processes in models 2 and 3
are generated by exact autoregressive scheme with step A. Details can be found in Comte and Genon-Catalot [8] for
examples 1, 2, 3 and in Comte al al. [10] for examples 4 and 5. The dependency is contained in the Toeplitz variance
matri R(p) := (ol ‘)1@', j<n for different values of p. The choice p = 0 corresponds to the independent case, and we
also experiment p = 0.5 (mild dependency) and p = 0.9 (strong correlations). Assumption[3]is not fulfilled but we can
consider that the coefficients are in fact null when |i — j| is large enough. The orders of some quantities related to R(p)
are given in Table and clearly, 3, R(0); /N and [|[R(p)l|op are very close. The penalty term is computed as in Comte
and Genon-Catalot [7], by an empirical version which directly takes dependence into account without requiring any
information on R: moo— .
pen(m) := ko ¥, Wnollop  With W = (), 000N it

and k = 2 for both bases. Then, the model m is chosen as the minimizer of —IIIZ;mIIIZv + pen(m) for m < 10 (resp.
m < 20) for the Hermite basis, except in example 5, where we set m < 15 because otherwise the selected dimension
was systematically the maximal one (resp. for the cosine basis), such that

m||[¥;) ||(1)1/,4 < NT (empirical collection of models).

'"This matrix is indeed a correlation matrix as it is the variance of a stationary AR(1) process, X; = pX;—| + &, for i.i.d. centered &;’s.

11



Fig. 1: Example 3. True functions in bold red and beam of 25 estimated drift b3 with Hermite (left) and cosine (right) bases, p = 0.5. The
MISEXx100 are 0.12, 0.33 and the mean of selected dimensions are 8.4, 4.3.

Fig. 2: Example 4. True functions in bold red and beam of 25 estimated drift b4 with Hermite (left) and cosine (right) bases, p = 0.5. The
MISEXx100 are 0.36, 0.26 and the mean of selected dimensions are 4.4, 6.0.

Fig. 3: Example 5. True functions in bold red and beam of 25 estimated drift b5 with Hermite basis for p = 0 (left) and p = 0.9 (right). The
MISEX100 are 0.87, 1.67 and the mean of selected dimensions are 12.5 in both cases.

12



| p=0 p=05 p=09
NTY R | 1 2.96 172
[IR(0)lop 1 2.99 17.9

Table 1: Order of different quantities associated to the matrix R(p).

We present illustrations of the estimation procedure obtained from simulated paths in Figures [I] 2] 3] for examples 3,
4 and 5. Figures [I] and 2] allow the comparison of the results obtained for Hermite (left pictures) and cosine (right
pictures) bases, for p = 0.5. Figure[3|shows the difference of estimation in the Hermite basis when p = 0 (left picture)
and when p = 0.9 (right picture). The scenario is the same in the three figures: N = 200 and 7 = 100 (with 1000
observations with step A = 0.1 for each path). The MISE over the 25 repetitions are given, together with the mean of
the selected dimensions. We can see that the examples are quite different, and that the estimation method works in a
convincing way, even for strong dependency (p = 0.9).

We also illustrate on the scenario N = 100 and 7 = 100 (with 1000 observations with step A = 0.1) for each path,
which was a middle scenario in Comte and Genon-Catalot [7], the influence of the value of p on the MISE computed
over 200 repetitions: the results are given in Table[2] We see that the MISE increases when p increases, slightly from
p = 0top = 0.5 and much more importantly from p = 0.5 to p = 0.9. On the contrary, the selected dimensions for
each basis are rather unchanged in these different cases. This suggests that bias and variance increase simultaneously
and proportionally. The Hermite basis gives lower MISEs for examples 1 to 3, and the cosine basis wins for examples
4 and 5.

p=0 p=0.5 p=09
Ex. Hermite Cosine Hermite Cosine Hermite Cosine
Ex.1 MISE | 0.1 1(().08) 0.80(0,24) 0.1 3(0_10) 0.83(0429) 0.63(0,54) 1.38(6,29)
Dim 6.2(0,8) 6.2(1_5) 6.1(()_5) 6.2(1.5) 6.3(1.1) 6.3(1_2)
Ex.2 MISE 0.78(0_18) 0.95(0,19) 0.78(0,18) 0-94(0.18) 1 .02(0_47) 1. 18(0,49)
Dim 6.1(0'5) 10.3(1.9) 6.1(0'5) 10.4(2.0) 6.1(0'5) 10.3(2.0)
Ex.3 MISE 0-22(0416) 0.34(0_11) 0-21(0.16) 0.37(0.14) 0.44(0_41) 0.55(0_43)
Dim 7.8(0_7) 4.1 0.4) 7.7(0,7) 4.1 0.4) 7.8(0_8) 4-2(0.6)
Ex.4 MISE | 041013 0.350.15 | 0.460021) 0.390.18) | 1.060066) 1.020.60)
Dim 4-4(0.8) 5. 1(1_4) 4.4(0'3) 5.2(1.3) 4.9(1_3) 5.6(1_5)
Ex.5 MISE 1-55(0.85) 1'49(0.61) 1.81(0,97) 1.58(0,62) 4.14(4,22) 3.15(3,55)
Dim 11.2(1 3 6.3(0.8) 11.4(1 4 6.2(0.6) 11.5(1.5) 6.3(0.8)

Table 2: 100 MISE (with 100 Std in parenthesis) and mean selected dimensions (with StD in parenthesis) for the examples 1 to 5, N = 100 and
T = 100, for Hermite and cosine bases and 3 values of p (0 for independence, p = 0.9 for strong dependency).

Acknowledgments
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6. Proofs

6.1. Proof of Lemma
First of all, let us show that the symmetric matrix ¥, is nonnegative. Indeed, for every y € R"™,

* 1 Y ’ i i i !
Yoy = m DV HE(( fo cr(XSwXS)dBS)( fo a(xf>¢g<Xf§>dB§))

m
jl=1 i

N T 2 m
1 i i 17i :
= w7E [Z fo a(xs)ry(xs)st] >0 with 7,():= ,Z: ;0.
On the one hand, since ¥, is a nonnegative matrix, since d{(B!, B%), = R; i dt for every i,k € {1,...,N}, and by the

stochastic integration by parts formula,

m N T 2
- - 1 - i i i
trace(¥,, Wr) < ¥ loptrace(¥e) = W lop ) B (Z f cr(Xs)soxxs)st]
=1 i=1 Y0
1 m N T ) )
- e ) Y [ RuB (e ettt s
=1 k=10
1 ~ m 00
S [N+Z|R,-,k|]2 f (2P (x) fr(x)dx
i#k j=1 Y=

< c1||‘1'm‘||opL(m>[1+%Zmi,u] wih o= [ R

i#k o

On the other hand, assume now that ¢ is bounded. Again, since d(B', BX), = R;xdt for every i,k € {1,..., N}, and by
the stochastic integration by parts formula, for every y € R™,

N T 2
* 1 i i i
y \I’m,O'y = W]E (;L\ O-(XX)T,\’(Xs)dBS)
< hislyg TE X, 1,(Xs))d
< 7 +N;' wl] | B0 n(X)hds
1 0 S ’
< [1+NZ|RM|] f o(x)’ [ij(x)] fr(xdx
ik - j=1
1
< ||o||i[1+NZ|Ri,k|]||‘I'1"/2y||§,m~ (10)
i#k

Thus, since W, » is nonnegative, and by Inequality (T0),

trace('V,, 2 W, . ¥, %) < ml, 20 P llop
=m - sup{y" Wy ; y € R™ and €L/ *Vlom = 1)

1
2
< mloll, (1 2 |Rl-,k|].
i#k
6.2. Proof of Theorem([]]
The proof of Theorem [T]relies on the two following lemmas.
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Lemma 2. There exists a deterministic constant @ > 0, not depending on m and N, such that

2
1
1+ v Z |Ri,k|]

i#k

7|12 1
Q=4 sup I ”év -11< =5,
res, |7l 2

Under Assumptions|[l| 2| and[3] there exists a deterministic constant > 0, not depending on m and N, such that

mL(m)?

E(E,E.f) < @

T

Lemma 3. Consider the event

PQ) < B gnd PAS) < 2

NG TONSS
6.2.1. Steps of the proof
First of all,
Bw =iy = b3 A5, + lIbw — bilR 1,
= U1+U2+U3 (11)
where U := |13 15 ,

Uz = |lbwm = bilR A5 o, and  Us = liby — bl 15 g -
Let us find suitable bounds on E(U,), E(U,) and E(U3).
e Bound on E(U;). By Cauchy-Schwarz’s inequality,

_ 1 (T 1z
E(U)) < E<||bz||;‘v>”2P(Afn)”2<JE(7 f bl(Xr)4dl‘) P(AS)! 2
0

o 1/2
< qPAS)'? < 0o with c1=( f b,(x)4fT(x)dx) < 0.

—00

¢ Bound on E(U;). Let Ily,,(.) be the orthogonal projection from L2, fr(x)dx) onto S,, with respect to the
empirical scalar product (., .)y. Then,

16 = i3, = 1o = Ty (b1 + min by — 7|y (12)

m

As in the proof of Comte and Genon-Catalot [[7], Proposition 2.1, on Q,,,
1B = T bDIF = E;, ¥, B,y < 2E,, ¥, 'E,,.
So,

E(libm = v IR, oo,

N

zE(Z[’Em]j[Em]ﬂ';‘ Ui f)]
Jil=1

2
= = N9, G.0¥.'(,6) = —trace(¥; P,
WT 20 Yot OO = FrtaceCe )

2
= Wtraee(‘l’;}/z‘l’m,(r‘l’;l/z).

Then, by Equality (I2) and Lemmal[T]

. 2 _ ~
EU) < E (?E%I,: lbr — T||12v) + ﬁtrace(‘l’m'/z‘l’,,w\yml/2)

2m 1
. 2 2
< minllby = 7lff, + el (1 2 |Rl-,k|].

T i#k
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e Bound on E(Us3). By the definition of the event A, and by Lemma

Elbm — TymDINIE no) = EIEYEDNL o]

AnNQG,
< B, lloplE; Enllz 1)
a(p) NT =T 201)2 172
< . E(E;E, ) *PQ,
Lo TogvT) EUEREA ) PP@;)
1/2 1
< e 3 Rl [P
log(NT) N — ’

where ¢; > 0 is a deterministic constant not depending on m and N. Then,

E(Us) < E(libn - Mym®bDIR 1z, 0q0) + EABARAR o)

12
(m 1
1+ I Z IRl
i+k

log(NT)

PQ)'? + ¢ P(QE)2.

So,

™ 2 : 2
E(lbm = billy) < g}g{:llbz—fllﬁ

2m. o, AImPQ) 1 — .
— |1+ = R; P(AC )2 + P(QE N,
3l + e AT { +N;| ,k|]+c1< (A2 + P(QE)' %)

Therefore, by Lemma [3] there exists a deterministic constant ¢3 > 0, not depending on m and N, such that

{

—~ 2 . 2 3m 1 3
Edlbm — billy) < min lbr — Iy, + NT [1 N ;; |Ri,k|] N

6.2.2. Proof of Lemma
By Jensen’s inequality, by Burkholder-Davis-Gundy’s inequality, and since d(B', B*), = R;dt for every i,k €
{1,..., N}, there exists a deterministic constant ¢; > 0, not depending on m and N, such that

m m N T 2
E(E,EL) < mY EE.()) <~ ZE[< f a<X§>¢j<X§>dB§>]
Jj=1 =1 i=1 VO T

N4T4
20m &
< apr D ED) + EAD).
j=1
where
D= f T(XPpi(XIYds and Aji= ) Ry f (X (XD (X ) (X )ds
i=1 Y0 i#k 0
for every j € {1,...,m}. On the one hand, by Jensen’s inequality,

m m N T
VEH < N1 Y)Y [ Eeohie s
=1 0

J=1 =1

T 00
< N2TL(m)? f E(o(X,)"ds = N*T*L(m)* f o(x)* fr(x)dx.
0

—00

16



On the other hand, by Jensen’s inequality and Cauchy-Schwarz’s inequality,

DE@A) < [Z M]ZZM f E(or (XY (X0 o (XY (X))
J=1 ik j=1 i%k
< [ZMJ Z f E(o(X,) ¢ (X )ds
i#k
<7 {Z |R,k|] L(m)? f o ()" fr(xdx.
i+k o
Therefore,
T 2
E(E,E," < NszmL(m) ( ;m,u]
with

0 =2q f o (0)* fr(x)dx.
6.2.3. Proof of Lemma[3]

Let (¢}, ...,py,) be the orthonormal family of L2, fr(x)dx) derived from (¢, ..
method. Consider also the matrix N
am = Z am(Xi),

i

1]
—_

where

—~ 1 T
G,() = NT ( f %(w(t))w(w(t))dt) VY e Q.

JiCetl,....m}

The random matrix Gm(xi) has the same eigenvalues as N "‘I‘,;l/ 2‘I’m(X ’)‘I’;,,l/ 2, where
—~ 1 T
¥, ) = (7 f soj(w(t))w(lﬁ(t))dt) sV e Q.
0 JLell,...,m}
Moreover, for every ¢ € Q, by Jensen’s and Cauchy-Schwarz’s inequalities,

2
1T
sup | fo [Z ¢j(tﬁ(t))soc(lﬁ(t))xj)dt}

[Ixll2,m=1 =1

7 o Zf ey )’ [Z so,(wa))xj] dr

L &
% sup fo [leg,-(wa»xj] dt < L(m)”.

[Ixll2m=1

[N]

N

Notations:

e The semidefinite order on symmetric matrices is denoted by <

o Ey():=E()and E;(.) := E(.|F;) forevery i € {1,...,N}.

17
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First of all, note that -
G — Tllop < My + Ry,

where

MN = and RN =

N
D (Gu(X) = Ei 1 (G(X'))
i=1

N
DB (Gu(X)) - N7'D)
i=1

op op

The proof of Lemma [3]is dissected in four steps. Step 1 deals with a suitable bound on P(My > 6/2), § > 0, step 2
with a suitable bound on P(Ry > 6/2),

(5, lop < I, = ¥, lop} © %,

is established in step 3, and the conclusion comes in step 4.

Step 1. For any ¢ > 0, let us establish a suitable bound on P(My > §). For every i € {1,..., N}, since
Gu(X') 1= Gp(X) = Ei 1 (Gu(X))

is a symmetric matrix, by Jensen’s inequality and by Inequality (I3),

(~Gu(X))’ = Gu(XP < Anar[Gn(X'PIL ~
= IGu(X) = Eiy(Gu(X))IIZ, I

I\

2 — . — .
ﬁ(||‘1':n”2‘1'm<xv‘l':,,”2||§p +E (19, 2, (XD, I 0T

I\

2 = . = i -
37 MmOl + By (OIS, 5,1 < A7
with 4
A7 = LY, lop v DIPL
So, by Azuma’s inequality for matrix martingales (see Tropp [24], Theorem 7.1),

ul ~ . 62
IED[/lmax (Z Gm(Xl)) > 6] < mexp (—@)

i=1

and
N —~ . N —_ i 62
P _Amin m X' =P /lmax - le < -5 5 |
[ 338009] 0] s 3 o] < mew -7
where
af 4
2= Y A2 = <[ ey v DI
7= 2] = ULl v D)
i= op
This leads to

P(My>6) = P

N —_—
Z G.(XH > (5]
i=1 op
N _ N _
=P [max {Amax (Z Gm(Xl)] s —Amin (Z Gm(X")]} > 6)
i=1

i=1

N

52N ]

62
2 25 ]=2 B
’"exp( 8(72) me"p[ 32ALOM ¥, Tlop v D
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Step 2. For any 6 > 0, let us establish a suitable bound on P(Ry > 9). First of all, let us recall that
Iy={ie{l,...,N}: B is not independent of F;_,}.

Foreveryi e {l,...,N}\Zy, since (¢, ... PN,) is an orthonormal family of L2, fr(x)dx),

. ~ [
Ei1(Gn(X)) = E(GuX) = (— f E(%(Xz)w(xz))dt)
NT Jy i
1 _ _ 1
N((QDJ', O )je = ﬁl'
Then,
Ry =) (Bt (Gu(X) = N7'T)
i€ly op
By Markov’s inequality and Jensen’s inequality (usual and conditional),
ERY) _ 1InP"! G (xi ~IyP
PRy>0) < —of <o ; E(IE1(G(X) = N™'DIfp)
iely
Il = -
< EAG, 00 - NG
_ Il -1/2y -1/2 P
= S B E, 0w, ~ 115
NINP PR 2P\ I yIP - »
< W[E(”\Pm(x)”op)n‘ym llop + 11 < SPND [Lm)([¥,, llop V DI”.

Step 3. Now, consider .
O = (I, lop < IV} — ¥, llop)-

Note that 1 1
I, =¥, lop = ¥, (G, =D, llop < NIG;, = Tllopll'E;, Hlop-

Moreover, as established in Stewart and Sun [23]], for every A, B € M,(R), if A is invertible and ||A"B||op < 1, then
M := A + B is invertible, and

_ _ [IBllopIA~"]12
M = A gy < —— 2.
1 = IA"Bllop
On Q,,, by applying this result to A = Iand B = G,, — I, A + B = G,,, is invertible and
- am - I
IG,," —Tllop < NG Ty
1 =G = Lllop

Therefore,

0, C (G, =Tl > 1} € QU (@, N {IG;, = Tllop > 1})

c QU {HGm ~Tllop < 5 and ”A—”‘)" > 1} =Q.
21— Gy —Tllop

Step 4 (conclusion). For any ¢ > 0, the two previous steps leads to

P(IGw —Tlop > 6) < IP’({MN > S} v {RN g é})

2
_ B 6N
S P TR L ) (¥ oy v DI
22p|] [P _
+ L L, oy v 1P (14)
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As established in the beginning of the proof of Comte and Genon-Catalot [[7], Proposition 2.1,

1 —~ 1
Q= <z =14lGn -1 <so-
{f:g[l)” 2} {” ||0p 2}

Then, by Inequality (T4), by Assumptions 2]and[3|(leading to (7)), and since p > 12,

lI7liy

2
eI,

log(NT) 2% (cr(p)T)P? [Znl?
PQ) < 2 - .
2 meXp( 256cT(p)T) 2072 NP2 log(NT)PP2
14
< of "y |7 ] < a(l+ qp)
N2 T NP log(NT)PP2 No

where ¢; > 0 is a deterministic constant not depending on m and N. Moreover, on Kf,', and by Assumption

NT
log(NT)’

cr(p)
2 log(NT)

[L(m)(I¥;, llop V DI < and  Lm)([¥, lop V 1) > cr(p)

The first inequality implies that

ce(p) NT co(p) NT
R S d Lm) < R S
2 Togvy) M LW S T O T

L), lop <

and then the second one leads to

cr(p) <LI¥; Ny < L)Y, = ¥ lop + 195, lop)

NT
log(NT)
cr (p) NT

2 log(NT)

< LI, =¥ llop +

Therefore, by step 3,

~c cr(p) NT -1 -1
P(AS < P . <L V-
(%) ( v < LI =,
I o al + )
< RO o < I~ ) < P < LT,

6.3. Proof of Theorem|2]

Let us consider the events

Qy = m Q, and ZEy:={MycC //V(\N c M),

where

M = {m ef{l,....Nr} : [gm(I¥;, lop v DI < 4bT(p)10g(—NT)}.

Moreover, recall that

_ ) -1 2 _dr(p)  NT .
My = {m €f{l,....Nr}: [em([¥, llop V D]” < 2 TogNT) N

and

My = {m e {l,....Nr}: [Em(¥,, llop v DI < bT(mlog(—NT)}.

The proof of Theorem 2]relies on the two following lemmas.
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Lemma 4. Under Assumptions [I| [3| and |} there exists a deterministic constant @ > 0, not depending on m and N,

such that @
PEL) < N

Lemma S. Consider the empirical process

N T
1 , . .
vy () = N7 § f o(X)r(X))dB. ;1€ S;U---USy,.
=1 Y0

Under Assumptions |Z| and | there exist deterministic constants kg, @ > 0, not depending on N, such that ¢.s > ko

2

and, for every m € My,
E — p(m, 1= < —=
([ngsm vl — p(m m)]+ _NOQNI NT

where, for every m’ € My,

Bt = {1 € Sy ¢ el = 1) and plomm’y o= S0 2V LS gy

2= AT € S < Il = m,m') = —= - v il |-

o V. fT p NT N — ,k

6.3.1. Steps of the proof
First of all,
libm — billy = b7 — bil3 1=, + bz — bil} 1=,
(15)

= U+ U,.

Let us find suitable bounds on E(U;) and E(U,).
e Bound on E(U)). By the definition of /’V(\N and by Lemma
= EIE, ¥, Ep)lz]

E(libs — Myz(b)l31z;)
< (15 lloplEy, En, 11=;)

m

NT —~
< N NV BB B P 2R(EC )2
w/ T(p)log(NT) (IEy, En, ) "P(EY)

CIN 1 —c\1/2
1+ — R; P(ES
log(NT)[ N;;l ”‘|] (i

where ¢; > 0 is a deterministic constant not depending on N. Then,
EU) < Kbz - Myabnlly1z:) + E(lbI3 A=)

aN 1 —en1)2 —e 12
1+ — R« | P(ES + o P(ES
log(NT)[ w2 ,k|] E)" + PE)

with "
& = ( f b/(x)4fr(x)dx)

00

So, by Lemma 3] there exists a deterministic constant ¢3 > 0, not depending on N, such that

3 1
EU) < 2|1+=) |Rull.
(Uy) N[+N;| ,k|]
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e Bound on E(U,). Note that
Us = libm - bilBdz,ng, + libm — bl 1zy00,
=: U2,1 + Uz,z.
On the one hand, by Lemma 3] there exists a deterministic constant ¢4 > 0, not depending on N, such that
¢ ¢4
PEN QY < D) B@) < -
meMy,

Then, as for E(U,), there exists a deterministic constant ¢s > 0, not depending on N, such that

E(Us)) < [1 D |R,k|]

t#k

On the other hand,
(@) = yn() = I = blly = lIr = bl = 2vn(’ = 1)

for every 7,77 € 8; U - - - U Sy,. Moreover, since

m = arg min {~[[b,|} + pen(m)} = arg min {yy(B,) + pen(m)},
meMy meMy

for every m € MN, _ _
yn(bz) + pen(im) < yn(by) + pen(m). (16)

On the event Zy = {My C My C My}, Inequality 1| remains true for every m € My. Then, on Ey, for any
m € My, since S, + Sz C S,y under Assumption {4}

libs = billy, < Nibw = billy + 2vn(bs — by) + pen(m) — pen(in)
— 1 ~ —~
< Mlbw = billy + glibg = bl

|

Since ||.||§T Lo, <2lLlIF1a, on Sy U--- U Smaxm), and since 8p(m,m) < pen(m) + pen(m), on Ey N Qy,

2

sup |va(7)l
€85

- p(m, %)] + pen(m) + 8p(m, m) — pen(im).

+

2
”bm - b1||N 3||bm b1||12v + 4pen(m) + 16({ sup [vw(DI| — p(m, ﬁ)] .
TEB,,,m
& +
So, by Lemmal[5]
EUs,) < min (EGIB, - bil21=.) + dpen(m)) + 08
2,2 X meMy m HINLEN p NT

< (¢ min { inf b 1+—
< 6m€MN{T1€ 7 = bl + ( Z;‘ m]}

where ¢ > 0 is a deterministic constant not depending on N.
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6.3.2. Proof of Lemma
Note that . .
Ey = My ¢ My} U {My ¢ My}

The proof of Lemma@ is dissected in three steps. Step 1 deals with a bound on P(My ¢ /T/(\N), step 2 with a bound
on P(||¥,, — Wullop > 6), 6 > 0, and step 3 with a bound on P(My ¢ M3).

Step 1. On {My ¢ M\N}, there exists m € {1,..., Ny} such that

_ or(p) NT =_
2 1 2 r\p 2 1 2
¥ v 1] < — d v v D _
[cm([¥,, llop V D] 2 TogNT) and  [c;m(|¥,, llop V DI” > T(P)log(NT)
The first inequality is equivalent to
D NT D NT
om (¥, 115, < ) NT g 2P VT
¢ P 4 log(NT) ¢ 4 log(NT)
and then the second one leads to
r 4 2i@-1)2 4 20@-1 —12 —1;2
2P < IR, < 2RI, I + 19y
—~_ _ o7 (p) NT
< 28m - R 2 .
e ¥ =¥olloo + == v
So,
— or(p)  NT 4 211 12
. < v'-v
{MN ¢ MN} C U { 4 log(NT) ccpm ” m m “op
meMy
c | o < 19, -t € | ) €,
meMy meMy

and, since d7(p)/4 < ¢r(p)/2, by Lemma[3]

— ¢
BMy ¢ My) < ) P@) < 5
meMy

where ¢; > 0 is a deterministic constant not depending on N.

Step 2. First of all, note that _
”‘I’m - \I’m”op < MN +RN’

where

1 1
My = v and Ry := N

N
D W (X = By (B (X))
i=1

N
D (B (T (X)) — E(F, (X))
i=1

op op

On the one hand, for any § > 0, let us establish a suitable bound on P(My > 6). For every i € {1,..., N}, since
¥, (X') = %(%(X") — Ei i (Fn(X))
is a symmetric matrix, by Jensen’s inequality and by Inequality (13),
(- (X)) = X X Amax[Pu(XV L = %u‘f'm(xﬁ — Bt (Pu(X))I2T

2 - . —
< 1z IEnGOIG, + Ea (I (XDl < A7
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with

A2 4L(m)2
P = L
So, by Azuma’s inequality for matrix martingales (see Tropp [24], Theorem 7.1),

g
e a0 o)

&N
< 2m eXp —W .

P(My >06) = P( ~m(Xi)

On the other hand, let us establish a suitable bound on P(Ry > ¢). By the definition of 1y,

1 — — .
W= | 2 Bt (X)) ~ ECF(X))

iely

op

Then, by Markov’s inequality and Jensen’s inequality (usual and conditional),

ERY) _ Iyl o

PRy >0 < =5 < Tnp D EIEAMEK) ~ O
NP — -
< SRTER,00 - ER, (0l < - Loy

Therefore,

BEy — Yol > 0) < B({b1y > g} U Ry > g})

6N 220\ T y|P
128L(m)? SPNP

< 2mexp (— L(m)?.

Step 3. On {M\N ¢ M}, there exists m € {1, ..., Nr} such that

[2m(I¥;, llop V DT < 07(p) and  [;m([¥; lop V DI > 407(p)

T
log(NT) log(NT)"
The first inequality is equivalent to

NT NT
2 1 4. 2
\P < D d g D _
I ||0p T(P) log(NT) and ¢ m r(p) log(NT)

and then the second one leads to

NT 4. 2 —12 4. 2 -1 w-112 w112
W)y < I < 2, - 1)

< 2wy - TR + ZDT(mlOg(—;T).
Moreover, for every m € {1,...,Nr},
1, =¥, op > 11, lop)
c {n@m‘/z‘rm‘?m”z Ay > %} c {n@m Wl > %n@m‘nog}
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by interchanging ¥,, and ¥,, in the proof of Comte and Genon-Catalot [6], Proposition 4.(ii). So,

My e My} | {2c1m2||‘f';1||§p < 207(p)

&m2<or(p)NT/ log(NT)

- m | log(NT)
C U ”‘I’m - Tm”op > = =
m? <o (pNT/ 1og(NT){ 2 \or(pNT

and, by the previous step, Assumptions@andE[, and since p > 12,

T —
— <2 -
log(NT) ¢ P

P(My ¢ M) < > (Zm exp (—

m2<or(p)NT/ log(NT)

N _ m*1og(NT)
512L(m)?>  dr(p)NT

+ 2P\ InP dr(p)PA(NT)P
NP mP log(NT)P/2

L(m)? )

1 log(NT
< (2mexp[—_5]2 - ;g( T))
m><dr(pNT/ log(NT) ¢ or(p)
AL dr(py TR o,
Nri2 log(NT)r2 ¢
2m 23 cip ap) ¢
/2 /2 _2
S Z (N1+p/2 N© bT(p)p TP < N

tm2<or(p)NT/ log(NT)
where ¢; > 0 is a deterministic constant not depending on N.

6.3.3. Proof of Lemmal3]
The proof of Lemma[3]is dissected in two steps.

Step 1. Consider 7 € §; U - - - U Sy, and the martingale (My(7);)se[0.r7 defined by
My(7); = Zf o(X)T(X)dB ; ¥t € [0, T].
i=1 Y0

Note that vy(7) = My(t)7/(NT). Since d{B', B*), = R, ;dt for every i,k € {1, ..., N},
N T . )
Moy = Y R [ orCgcxar
0

ik=1

T
= f (T(XHT(XD)); X R x ((X)r(X!))idt
0

T
< IIRllop f o XX <ianR vl
0
N

T
< IRlopllerl, f (Zr(X:f)dt:NT||R||OP||a||ZO||r||2N.
0

i=1
Then, by Assumption [5] and Bernstein’s inequality for local martingales (see Revuz and Yor [22], p. 153), for any
gv>0,
Pon() 2 & lltlly <v*) < P(My(1)7 > NTe,(My(0)r < NTU[IRlloplierllZ,)
NT&?
20203
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Since this bound remains true by replacing 7 by —,

P(vy()l = & lltly, <vH) = Pon@) = &ty < v?) +Pon(=1) > &ty < v?)

5 ( NT&? )
X -]
P\ 2002

N

Step 2. By using the bound of step 1 and by following the pattern of the proof of Baraud ef al. [2l], Proposition 6.1,
the purpose of this step is to find a suitable bound on

2
E

TEBm,m’

ﬂ sup |[vn(DI| — p(m, m’)] IENQQN] sm,m’ € My.

+

Consider 0y € (0, 1) and let (6,,),en- be the real sequence defined by
0, :=0027" ;Vn e N*.

Since S,y 1s a vector subspace of L2, fr(x)dx) of dimension mVm’, by Lorentz et al. [19], Chapter 15, Proposition
1.3, for any n € N, there exists 7, C B,,,» such that |T,,| < (3 /8,)™"" and, for any 7 € By,

Elfn € Tn : ”T - f;l”fT < 5n-

In particular, note that
T=fo+ Y (o= fur).
n=1

Then, for any sequence (A,),cy of elements of (0, co) such that A = ), Ay < 00,

2

[EXSIS

= {H(fn>n€N e[z v+ > owt = fil > A}
n=0

n=1

sup |vn(7)|
TeBm,m’

c {EI(fn)nGN € 1—[ Tn : |VN(fO)| > AO or [Ell’l eN*: |VN(fn - fn—1)| > An]}
n=0

c [Jtwl>adul ) [ =l > A

foeTo n=1 (fo-1./n)€T,

with T,, = T,,_; X T, for every n € N*. Moreover, || f0||§-r <1,
fo = foell}, <202, +26% = 262 ;Vn e N,

and |||} 1o, < 3/2”.”)2(7_101\, on S U+ U Spaxms)- So, by step 1,

P[{[ sup [vn(7)l
T€B,

2
> Az}mEN mQN]

NTA?
S el )
3[11oll%, llollser

Jfo€To
= NTA2
20,2, exp[—3||f = o ]
n=1 (fy1.f)eT, n = Jn=11lg, 07l
< 2exp N7, Jr2y e[ em- ]
S eXp 0 — + CXp n—1 + n—" T———— 5
Sloir) T4 157262 llolot
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with i, = log(|T,|) for every n € N. Now, let us take A such that

NTA(% , ]
0 — - =—(mvm +x) with x>0,
3llolsr
which leads to "
R[leal e
Ao = ”;gf" mvm +x+hy| ,

and for every n € N*, let us take A, such that

NTA?

P + Iy — ——
T 15282 JlolRor

=—-(mvm +x+n),

which leads to

15/2(5,%_1 llor||2x
n - NT

1/2
(me’+x+n+hn_1+hn)] .

For this appropriate sequence (A,),eN,

P({[ sup |va(7)l
T€B,,

by Inequality (T7), and

< 2e X V) [1 + Z e‘"] < 3.2e Fe V)

n=1

2
>A2}OENHQN

2
K] |teal 5
A < ”;9‘“ (mvm +x)"+h>+ \/;Z Suctlmvm' + 0% + (n+ hy_y + h,,)l/z]]
n=1
3||or|? 3l|or||2 3|lor|f?
< —”;\J;!wré(l)(m vm +x)+ lg!wré(z) < ”;!wr(é(l) +6P)m v m' + x)
with
5« ’
s =21+ \/j Sut ]|
2 Z::‘ :
5O 3 12
and 6@ =2|n/* + \/;nz:; -1 (n +Nr (2 log (%) +(2n - 1)log(2))) ]
because
, 3 3
hpy +h, < (mvm')|log + log| —
6n—1 611
3
< Nr|2log 5 +(2n—-1)log(2)].
0
Then,
2
Ko , Ko —x_—(mvnt')
P(| sup vyl - (m,m’) > —x| < 3.2 %™
[ by caln” NT
with

Ko = 3l +6@) and Ry =1+ Z IRi4l.
ik
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So, by taking ¢.y = ko > ko/Ry and y = kox/(NT),

Therefore,

2
P(| sup ()| = pm,m’) > y| < 3.2¢NTV/ko=mvn'),
€8,
2 00 2
E sup [va (D) —P(m,mf) = f P [ sup vy (1) _p(m’m/) >y dy
B + 0 T€Bm
< 3 5 ef(m\/m’)
X .2K() NT .

A union-bound allows to conclude.
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