Square-free pairs n? +n+1, n? +n + 2

S. I. Dimitrov

Abstract

In this paper we prove that there exist infinitely many square-free pairs of the
form n? +n+1, n2 +n+2. We also establish an asymptotic formula for the number
of such square-free pairs when n does not exceed given sufficiently large positive
number. A key point in our proof is the application of bijective correspondence
between the number of representations of number by binary quadratic form and the
incongruent solutions of quadratic congruence.
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1 Notations

Let X be a sufficiently large positive number. The letter £ denotes an arbitrary small
positive number, not the same in all appearances. As usual [t] and {t} denote the integer
part, respectively, the fractional part of ¢. Further p(n) is Mobius’ function and 7(n)
denotes the number of positive divisors of n. Instead of m = n (mod k) we write for
simplicity m = n (k). The relation f(z) < g(z) means that f(z) = O(g(x)). Moreover
(m,n) is the greatest common divisor of m and n. The letter p always denotes a prime
number. We write e(t)=exp(2mit) and ¢(t) = {t} — 1/2. For 2,y € R we write z = y (1)
when © —y € Z. For any n and ¢ such that (n,q) = 1 we denote by 7, the inverse of n
modulo ¢q. By G(q, m,n) we shall denote the Gauss sum

Glamm) =3 () 1)

=1
By K(r, h) we shall denote the incomplete Kloosterman sum

K(rh)= > e(@) : (2)

alz<f
(z,r)=1
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where

h,r €Z, hr#0, 0<f—a<2r|

We also define
Mar, g2) = Z L, (3)

1<n<gqyqg
n24+n+1=0 (q1)
n24n+2=0 (q3)

PO = S0 1207 +n+1) p2(n® +n+2). (4)

1<n<X

2 Introduction and statement of the result

We say that an integer n € N is square-free if for any prime p | n, one has p? { n.
Information on the distribution of square-free numbers was given in 1885 by Gegenbauer
[10]. He proved the following asymptotic formula

S (n) = %XHQ(X%). (5)
n<X

Gegenbauer’s argument is very simple, but despite the passage of 138 years the exponent

1/2 appearing above has never been improved. The reminder term in (5) depends on the

real part of the zeroes of the Riemann zeta function ((s). For this reason any reduction

in the exponent 1/2 would require the Riemann Hypothesis to be true. In 1932 Carlitz [5]

showed that there exist infinitely many pairs of consecutive square-free numbers. More

precisely he proved the asymptotic formula

ZuQ(n)MQ(n+1) :H (1—%)X—|—O(X§+E) : (6)
n<X p
Afterwards the reminder term of (6) was sharpened several times. Another interesting
problem we know in number theory is square-free and consecutive square-free numbers
of a special form. In this connection we first mention the theorems of Cao and Zhai [3],
[4], concerning the study of square-free numbers of the form [n¢]. In 2020 the author
(6] showed that there exist infinitely many consecutive square-free numbers of the form

22 +y? 4+ 1, 22 + y? + 2. More precisely we proved that the asymptotic formula

Z W22y ) (a2 P+ 2) = H <1 A1) +)\(1,p2)> Lo (H§+s> (7)

4
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holds. Here
Ma,g)= > L

1<z,y<q192
224y241=0(q1)
22424220 (q2)
Subsequently the articles of B. Chen [1], Chen and Wang [2], the author [7], Fan and Zhai
9], Jing and Liu [13] and Zhou and Ding [16] continue the study of the representation of
infinitely many square-free numbers by polynomials. Recently [8] the author showed that
there exist infinitely many square-free numbers of the form n? +n + 1. More precisely we

established the asymptotic formula

Z ,u2(n2+n—|—1):cX+O<X%+a) :

1<n<X
Ap?) )
p2

Mg)= Y 1.

1<n<gq
n2+4+n+1=0 (q)

where

c:l;[(l—

and

Motivated by these investigations we prove the following theorem.

Theorem 1. For the sum I'(X) defined by (4) the asymptotic formula

T(X)=0X +0O <X%+E> 8)
holds. Here ) )
0_:1;[(1_A<p,1>;A(1,p)> . ()

From Theorem 1 it follows that there exist infinitely many consecutive square-free
numbers of the form n? +n + 1, n? 4+ n + 2, where n runs over naturals.

3 Lemmas

Lemma 1. Let (q1,q2) = 1. Then for the Gauss sum denoted by (1) we have

G(Q1Q27 miqs + Maqy, ”) = G(Qh mlqu n) G(Qz, sz%a ”) .



Proof. See ([11], Theorem 5.1). O

Lemma 2. For any M > 2, we have

HOEEEY % +O(fult)),
1<m|<M

where fa(t) is a positive function of t which is infinitely many times differentiable and

periodic with period 1. It can be expanded into the Fourier series

Pty =3 bar(m)e(me).

with coefficients by (m) such that

log M
bM(m) < o8

for all m

and

> lbm(m)| < M

|m|>M1te

Here A > 0 s arbitrarily large and the constant in the < - symbol depends on A and €.
Proof. See ([15], Theorem 1). O
Lemma 3. Let A,B € Z\ {0} and (A,B) =1. Then

Ap| | B _ 1
5 "4 =ag )

Proof. The statement in the lemma is equivalent to

AAjp 4+ BBja =1 (|AB]). (10)
Bearing in mind (10) and (A4, B) = 1 we derive the system

‘ AAjp + BB =1 (|A])
AAjp+ BBja =1 (|B])

which is equivalent to the system

‘ BBy =1 (|A])
Adp =1 (B))

Since the latter system is satisfied this proves the lemma.



Lemma 4. For the sum denoted by (2) we have the estimate
K(r,h) < [r|2* (r,h)

Proof. Follows easily from A. Weil’s estimate for the Kloosterman sum. See ([12], Ch.
11, Corollary 11.12). O
Lemma 5. The function \(q1,qz2) defined by (3) is multiplicative, i.e. if

(192, g304) = (01, ¢2) = (g3,04) = 1 (11)
then

Mq192, 4391) = Mq153) A\ (g2, qa) -
Proof. On the one hand (1), (3), (11) and Lemma 1 imply

/\<Q1C]2> 613(14)

o1 Z Z e(hl(n2+n+1)> Z e(hQ(n2+n+2))

11929394 1<n<q14929394 1<h1<q192 N2 1<h2<q3q4 394

) 2 )

q14924344 1<h1<q1g2 q1G2 1<ha<gsaa 4344

X G(q192q394, h1q3q4 + haq1q2, h1g3qs + hoqi1G2)

1 h 2h
- Z € <_1> Z € (_2) G(q192, thz)Q,QZ, h1q3qs + hag192)

41929344 1<hi<a12 4192 \<ha<gsaa 4344

x G(q3qa, h2Q%Q§7 h1qsqs + haq1q2)

_ Z . (hl‘h + h2‘J1) Z . (2(h3Q4 + h4(13))

N9249394 5=, 4192 I <ha<as 4344
1<hg<qg 1<hg<qq

x G(q1q2, M@ G5 + haq1 G305, h1G2q3qs + haq1q3qs)
x G(q3qs, h3q1qaqs + haqi5qs, haqiq2qs + haq1g2q3)

__ 1 Z e(h1Q2+h2Q1) Z 6<2(hSQ4+h4Q3)>

N929394 5=, 4192 1<hs<as 4344
1<hg<qg 1<hyg<qy

X G(Ql; h1Q§Q§C]za h1q2q3q4 + h2Q1Q3CI4) G(Qm h2Q%Q§qz7 h1q2q3qa + h2Q1Q3Q4)
x G(gs, h3<ﬁngza h3q1G2q4 + haq19293) G(qa, h4Q%Q§Q§7 h3q192q4 + h4q1q2q3)

1 higa + hag
— Z 6(— G(QhhlnggCﬁ,M%%%)G(Q27h2Q%Q32,qz7h2CI1Q3Q4)

3% \hi<a 4192
1<hg<q2
2(h3qa + hags)
x Y e ( G (g3, hsqi 434, a1 24s) G (@, haqi G303, hadrgags) - (12)
L<ne<a. 4344
SN3%93
1<hy<qy



On the other hand (1), (3) and Lemma 1 yield

A(Qla Q3>/\(927 Q4)

Z Z (hln —I—n+1)) Z e(hg(n2+n+2)>

1<n<qigs 1<hi<q1 1<hs<gs 3

Z Z (th +m+1)) Z e<h4(m2+m+2)>

1<m<q2q4 1<h2<q2 1<ha<qa 4

1 Z . (h1QQ + hgql) Z . <2(h3614 + h4613)>

011929394 5=, 4142 1 <ha<as 4344
1<hg<q2 1<hg<qq

X G(q1q3, h1qs + haqu, higs + haqr) G(q2qa, haqs + haqe, hags + hago)

1 h h 2(h h
_ Z . ( 192 + 2Q1) Z . ( (hsqq + 4613)>
q192

N9249394 5=, |<hg<as 4344
1<hp<qa 1<hg<qy

x G(qi, h1q§, higs + hsq1) G(gs, h3¢]f, higs + hsq)
x G(q2, hagq}, haqs + haq2) G(qa, hads, hags + hago)

1 higa + h
= Z e (M) G(q1, a3, hgs) G(g2, hagy, haga)

%%%%

N1929394 5=, 2
1<hgo<qg
(hsqa + hag
X Z ( : v G(as, haai, haqr) G(qa, hads, hags) -
e q3q4

1<hg<qq

Using the substitution n — (g2q4), .17 we get

q193

q1
hMa3g3qin” + higagaqan
Glq1, MGG M g2430:) = Ze( 253 -

n=1
q1

higin® + higsn
—Z ( 145 L ):G(Q1,h1qg,h1<]3)-

Arguing in a similar way, we obtain

G(q2, haG 303, haq143q4) = G(qa, hadi, hags)
G(q3, haqi 303, haq142q4) = G(qs, haqi, haqr)
G(qu, haGi 305, haq1q2q3) = G(qu, hads, hugo) -

Summarizing (12) — (17) we complete the proof of the lemma.

The following lemma is the main weapon of the theorem.
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Lemma 6. Let n > 5. There exists a bijective function from the solution set of the
equation
Proy+2°=n, (r,y)=1, N, yecZ\{0} (18)

to the incongruent solutions modulo n of the congruence
Z24+z4+2=0(n). (19)

Proof. Let us denote by F' the set of ordered pairs (z,y) satisfying (18) and by F the set
of solutions of the congruence (19). Every residue class modulo n with representatives
satisfying (19) will be considered as one solution of (19).
Let (z,y) € F. By (18) we have that (n,y) = 1. Then there exists a unique residue
class z modulo n such that
zy = x (n). (20)

For this class we write
(2* 4+ 2+ 2)y = (29)° + (2y)y + 2° = 2” + zy + 24> = 0 (n).

The last congruence and (n,y) = 1 yield 22 + 2z +2 = 0(n) that is 2 € E. We define the
map
B:F—FE (21)

that associates to each pair (x,y) € F the residue class z = z7,, satisfying (20).
We will first prove that the map (21) is a injection. Let (x,y), (¢/,y’) € F that is

22 +ay+2y° =n

13/2 + x’y’ + 2y/2 =n ) (22)
(z,y) = (2',y) =1 (23)
and
(z,y) # (). (24)
Assume that
Blx,y) = B2, y). (25)
Hence there exists z € E such that
zy = x(n)
zy' =2’ (n) (26)
The system (26) yields
vy — 2’y =0(n) (27)



Since the discriminants of the quadratic equations in (22) must be nonnegative and n > 5

we derive

0<za < ,/87”

0<Jyl, |y < /%

We first consider the case
yy' > 0.

By (28) it follows

0<|zy| < 4v2n
0< |2y < 4v/2n

and bearing in mind (29) we obtain
—n<zy —r'y<n.

Now (27) and (30) lead to
xy —2'y=0

which together with (23) gives us

From (24) and (31) we get a contradiction.
Next we consider the case

yy < 0.

By (22), (28) and (32) we deduce
0<u< /2 O<x<\/ﬁn
. 0<lyl <3
O<|y|< 7 or 0<:E/§ /8771

0<2' <+n
/ o 0<y| <4/ /%2
0<y] <% Y17

and therefore

—2n <zy — 2y <2n.

Now (27), (32) and (34) imply
vy —2'y=n

or

vy —2'y=-—n

(28)

(29)

(32)



After multiplying the congruence (19) by yy" and using (26) we deduce
yy' + zyy’ + 29y = 0(n)

thus
xz' + 2y’ + 2yy =0 (n)

and
zx' + 2’y +2yy =0 (n).

On the other hand (33) yields

/ 2\/§n
0<ax <_\ﬁf
/ 2v2n

0 <[2yy| < V7

0 < |zy| < 22

ﬁﬁ
0 < |2y] < N

which together with (32) gives us

22 +2
I 0

< 2n
VT

lwx’ + zy’ + 2yy'| < |va’ + 29y | + |2y/| <

and
22 +2
el )

VT
Let (35) be true. Now (37) and (39) lead to three possibilities

lzx’ + o'y + 2yy'| < |xa’ + 29y | + |2'y| <

xx' +xy +2yy =0

or

xa' +xy + 2y =n

or

xx' +xy +2yy = —n.
On the one hand (23) and (41) imply x = £y’ and therefore

¥ +y =+2y.
From the last equation and (22) we derive

vy + 2’ = 2y

< 2n.

(37)

(38)



which contradicts (23). On the other hand (35) and (42) give us
xr' + 2y +2yy =0 (44)
which together with (23) yields 2’ = +y and therefore
r+y==+2y.

From the last equation and (22) we derive

'y £ ax’ = 27
which contradicts (23). Finally (35) and (43) lead to

xx' + 2’y + 2yy = —2n

which contradicts (40).
Let (36) be true. Now (38) and (40) lead to three possibilities

xa' + 2’y +2yy =0

or
xx' + 2y +2yy =n (45)

or
xa' + 2y +2yy = —n. (46)

The first equation coincides with (44). The equation (45) due to (36) coincides with (41).
The equation (46) due to (36) implies

xx' +xy + 2yy = —2n

which contradicts (39). The resulting contradictions show that the assumption (25) is not
true. This proves the injectivity of [.

It remains to show that the map (21) is a surjection. We note that according to (20)
the solutions (z,y) and (—z, —y) of 2 + zy + 2y* = n will produce the same z. That is
why if it happens that (z,y) is such a solution of 2 + xy + 2y? = n that z < 0 then we
replace (z,y) with (—z, —y) . In the proof, we will omit this consideration.

Let z € E. According to Dirichlet’s approximation theorem there exist integers a and

q such that
zZ a

<$, 1<g<vin,  (a,q) =1 (47)
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Put
r=zq—an. (48)

Therefore
r? +rq+2¢* = 22¢* — 2zqan + a*n® + (z2q —an)q + 2¢° = (P + 2 +2)¢* (n).  (49)

Now (19) and (49) imply

r? +rq+2¢* =0(n). (50)
By (47) and (48) we get
r| < Vn. (51)
Using (47) and (51) we deduce
0<7r®+rq+2¢° < 4n. (52)

From (50) and (52) it follows that 72 +rq+2¢*> = n, r*+rq+2¢* = 2n or r’+rq+2¢* = 3n.
Consider all cases.

Case 1
24+ rq+2¢°=n. (53)

From (48) and (53) we obtain

n = (zq —an)® + (2q — an)q + 2¢* = (2* + 2 + 2)¢* — ran — zqan — qan

and thus
ra+1=kq, (54)
where ) )
k:ﬂq—az—a. (55)
n

By (19) and (55) it follows that k& € Z and bearing in mind (54) we get
(rq) =1, (56)
On the other hand (53), (56) and n > 5 give us r # 0. Put
r=r, y=gq. (57)

From (53), (56) and (57) it follows that (z,y) € F. Also (48) and (57) yield (20).
Therefore 5(z,y) = z.

11



Case 2
r? +rq+2¢* = 2n. (58)

From (48) and (58) it follows that
2n = (2q — an)® + (z2q — an)q + 2¢* = (> + 2 + 2)¢* — ran — zqan — qan
and thus
ra+2=kq, (59)
where k is denoted by (55). From (59) we deduce

(r,q) <2. (60)

Now (58), (60) and n > 5 lead to r # 0.

Case 2.1
r=2ry, q=2q+1. (61)

By (58) and (61) we get
@ +aqro+2ri=n

which is equivalent to

(q+70)*> —71o(qg+1m0) +2r5 =mn. (62)
Put
r=q+ry, y=-rg. (63)
Now (60) and (61) imply
(¢ +70,m0) = 1. (64)

From (62), (63) and (64) we obtain that (z,y) € F. Further (48) and (63) give us
2(zy —x) = —(2* + 2+ 2)q + zan + an. (65)
Bearing in mind (19) and (65) we deduce
2(zy —x) =0(n). (66)

Case 2.1.1
To = 27”1 . (67)

Now (61), (62) and (67) assure us that n is odd. Hence (66) yields (20). Consequently
pla,y) = z.

12



Case 2.1.2
ro=2r +1.

From (61), (62), (63) and (68) it follows that n and x are even. Now (61) leads to

zg=r+an=0(2)

that is z is even. Thus

zy — x is even.
Case 2.1.2a
n=2ng, ngisodd.
Now (66), (69) and (70) imply (20). Therefore (z,y) = .
Case 2.1.2b

n=2"%ny, 1>1, neisodd.

By (19) and (71) we obtain
24z +2=0(02"1.

Assume that
zy—x =2, hisodd.

Now (18), (71), (72) and (73) give us consistently

(y2)® + (y2)y + 24> = 0 (2"),

(68)

(69)

(70)

2'h +2)* + 2'h +2)y + 22 =0 (2",
22n2 4 2" e 2 +ay 4+ 207 + 2 hy = 0 (251,
2hy = 0 (2111

From (63), (68) and (74) we get a contradiction. Consequently

zy—ax=0(2").

Now (66), (71) and (75) yield (20). Thus B(z,y) = z.
Case 2.2
r=2ro, q=2q-.

Bearing in mind (60) and (76) we get
(ro,qo) = 1.

13
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By (58) and (76) we find
4gp + 2qoro + 215 =n. (78)

Case 2.2.1
7“0:27"1, qO:2Q1+1 (79)

We write equation (78) in the form
¢* = q(qo +70) +2(go +70)* = 1. (80)

Put
r=-—q, Yy=4q+t7o- (81)
Now (76), (77) and (79) lead to

(=¢:r0+q) = 1. (82)

Taking into account (80) — (82) we conclude that (z,y) € F. Further (76) — (79) assure
us that 4 | n and 4 | r. Therefore

zg=r+an=0(4). (83)

From (76), (79) and (83) it follows that
z=2z. (84)

Using (48), (76), (81) and (84) we write
2(zy — ) = —(2* + 2 + 2)2¢0 — 2nza. (85)

By (19) and (85) we obtain (20). Consequently 5(z,y) = .
Case 2.2.2
7"0:27"1+1, QOZQQ1+1 (86)

We write equation (78) in the form

(2q0 +70)* — 70(2q0 + 70) + 2715 = 1. (87)
Put
T=2q+ry, Yy=-To. (88)
Now (77) and (86) imply
(2q0 + 10, —10) = 1. (89)
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From (87) — (89) we get (z,y) € F. Further (78) and (86) give us
n=0(4).
If we assume that (84) is true then (48), (76), (90) and (84) yield
2rg = 2q — an = 4zpqp — an = 0 (4)
which contradicts (86). This means that z is odd, that is
z4+1=2z.
Bearing in mind (48), (76) and (88) we deduce

20zy —x) = —(2* + 2+ 2)2q0 + an(z + 1).

From (19), (91) and (92) we establish (20). Therefore 5(z,y) = z.

Case 2.2.3
T0:2T’1+17 QOZQCh-

(91)

(92)

(93)

When z is even then Case 2.2.3 coincides with Case 2.2.1. When z is odd then Case 2.2.3

coincides with Case 2.2.2.

Case 2.3
7’:27"04—1, QZQQO+1

By (58) and (94) we obtain
¢* = q(qo+ro+1) +2(qo + 10+ 1)* = n.

Put
T=-¢, Yy=q+rot+l.

Now (60) and (94) assure us that

(—¢,q0+1r0+1)=1.

From (95) — (97) we conclude that (z,y) € F. Further (48) and (96) lead to

202y —z) = (22 + 2+ 2)q — zan.

Using (19) and (98) we establish that (66) holds.

(94)

(98)

Case 2.3.1 The numbers ry and go are of different parity. By (95) and (96) it follows

that n is odd. Hence (66) implies (20). Thus B(x,y) = z.
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Case 2.3.2 The numbers 7y and ¢y are of the same parity.

From (95) and (96) it follows that y is odd and n is even. Now (48) and (94) give us
that zq is odd. Therefore z is odd. Consequently zy — x is even. It remains to be seen
that when n has the shape (70) then Case 2.3.2 coincides with Case 2.1.2a and when n
has the form (71) then Case 2.3.2 coincides with Case 2.1.2b. Hence f(z,y) = z.

Case 3
r? +rq+2¢° = 3n. (99)

Direct verifications will prove that Case 3 is impossible.

Case 3.1
r = 37"0 , q= 3q0 . (100)

Now (99) and (100) yield
3(rg +rogo +2¢3) = n,

i.e. 3| n that contradicts (19) because the congruences
24+ 24+2=0(3)

has no solution.

Case 3.2
r=3rg, =3¢ +1. (101)

By (99) and (101) we get
3(3rg + 3roqo + 70 + 65 + 4q0) +2 = 0(3)

which is impossible.

Case 3.3
r=3ry, =3¢ +2. (102)

Using (99) and (102) we deduce
3(3rg + 3rogo + 2ro + 6¢5 + 8qo) +8 = 0(3)

which is a contradiction.

Case 3.4
r=3rg+1, ¢=3q. (103)

Now (99) and (103) give us
3(3rg + 3roqo + 210 + 6¢5 + qo) + 1= 0(3)
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which is impossible.

Case 3.5
r=3ro+1, qg=3qp+1.

From (99) and (104) it follows
3(37’(2) + 3roqo + 3o + 6q(2) +5q0) +4=0(3)

which is a contradiction.

Case 3.6
r=3rg+1, q=3q+2.

Now (99) and (105) lead to
3(3r2 + 3rogo + 470 + 62 + 9g0) + 11 = 0(3)

which is impossible.

Case 3.7
r=3ro+2, q=3q.

By (99) and (106) we obtain
3(3r2 + 3rogo + 470 + 3¢2 + 2q0) + 4 = 0(3)

which is a contradiction.

Case 3.8
T:3T0+2, q:3qo+1

Now (99) and (107) assure us that
3(3r2 + 3700 + 570 + 642 + 6g0) + 8 = 0(3)

which is impossible.

Case 3.9
r=3rg+2, q=3q+2.

From (99) and (108) we write
3(3r5 + 3rago + 670 + 645 + 10go) + 16 = 0(3)

which is a contradiction. This proves that § is a surjective map.
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For the benefit of the readers, we will give a second shorter proof of the surjectivity of
B. Note that this proof is valid only when the quadratic form has class number one. We

denote
flz,y) = 22 4 xy + 242 . (109)

For each root z of the congruence (19) we define the set
A, ={(z,y) €2’ |x—2zy=0(n)}. (110)

We choose a basis
(ah a2) — (n7 0) ) (bla b2> = (Z7 ]-) (]'1]')

of A,. Clearly, the vectors (111) are linearly independent elements of A,. Further, (110)
shows that the lattice determinant of A, is divisible by n, therefore (ay, as), (b1, by) form
a basis of this lattice. Bearing in mind (19), (109) and (110) we obtain

flar X +b01Y, a0 X +0Y) =ng(X,Y), (112)

where
224 z+2

g(X,Y)=nX*+ (22 +1)XY + Y2 (113)

A direct discriminant calculation shows that the discriminant of f and g is —7. From the
fact that there exists a unique class of binary quadratic forms with discriminant equal to
—T7 (see [14], Theorem 198), it follows that g is equivalent to f, that is

g(X,Y) = f(aX +bY,cX +dY), (114)

where a, b, c,d are integers with ad — bc = +1. Consider a, b, c,d to be fixed. Now let
(Xo, Yo) be the unique solution of the system

aX +bY =1
cX +dY =0 (115)

We construct a solution (x,y) of (18) of the form
(z,y) = Xo(a1, as) + Yo(b1,b2) = (nXo + 2Yp, Y) . (116)

If nXo+2Yy < 0, then replace (Xo, Yo) by (—Xo, —Yp) and note that (X, Yp) is the unique
solution of the system
aX +bY = -1

cX+dY =0 (117)
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Since ad — bc = 1 then X, Yy € Z. On the one hand a Xy + bYy = £1 leads to

(Xo,Yo) = 1. (118)
On the other hand (109), (113), (114), (115) and (117) give us
22+z+2

nXg + (22 +1)XoYo + Yy = 9(Xo,Yo) = f(£1,0) =1 (119)
and consequently
(n,Yy) =1. (120)
Now (116), (118) and (120) yield
(z,y) =1. (121)
By (112), (116) and (119) we derive
f(@,y) = ng(Xo,Yo) = n. (122)
Finally (109), (110), (121) and (122) imply that /5 is a surjection.
This completes the proof of the lemma. n

4 Proof of the theorem

Using (4) and the well-known identity

i) =Y n(d)

d?|n
we get
I'(X) = Z p(dr)pu(d) Z 1=T1(X)+ (X)), (123)
dq,do 1<n<X
(dy,dg)=1 n24n4+1=0(d?)
n2+4+n+2=0 (d%)
where
Ni(X)= > uld)u(d)S(X,d},d3), (124)
(a1 ot
dido>z
(dy,dg)=1
S(X,dLdy) = Y1, (126)

1<n<X
n24n+1=0 (d%)
n24n+2=0(d3)

VX <2< X, (127)
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where z is to be chosen later.

4.1 Estimation of I'i(X)

Assume that ¢ = d%, ¢o = d3, where d; and d, are square-free, (q1,¢q2) = 1 and
d1d2 S z. Define
Q(X7 q1, 42, n) = Z 1. (128)
m<X
m=n(g1q2)
Obviously
X
192

By (126) and (128) we obtain upon partitioning the sum (126) into residue classes modulo

192
E(Xv QI>Q2) = Z Q<X7 Q17qQ7n) . (130>

1<n<qiq2
n24+n+1=0 (q1)
n24n+2=0 (q2)

From (3), (130) and (129) we get

Al
2<X7 q1, qQ) =X (;IquQ) + O()\(qu q2>) : (131>
142

Taking into account (3) and that the number of solutions of the congruence
n4+n+l=alq)
is less than or equal to 7(¢q;) we deduce

Ma1: ¢2) < Mar, 1) < 7(q1) < 7(q1g2) - (132)
Now (131), (132) and the inequalities

T(1q2) < (q1g2)° < X°

imply

Algs,
142

Using (124), (127) and (133) we obtain

I(X) =X Z M(d1>ﬂ<d2)>‘(d%vd%)+O<ZX5)

dydg<z d%d%
(dy,dg)=1
dy)p(da)N(d7, d3
X — X Z 1( 1)M(d§;2( 1 d3) +(’)(ZX€), (134)
dydo>z 172
(d1,dg)=1

20



where

:u dl /\(d%v d2)
. (135)
Z d2d2
(1 d)=1
By (132) it follows
:u dl )\(d%, d2) (dldg)e T(n) e_1
< < <Lz 136
dlsz;z d2d2 d%; (didz)? ; n*-e (136)
(dy,dg)=1 (dq,dg)=1

It remains to see that the product (9) and the sum (135) coincide. From Lemma 5 and
(dy,dy) = 1 we have

A(di, dy) = M(di, DAL, d) . (137)
Now (135) and (137) yield
(AN, 1) S u(do) (1, &2
gy AL D S MBI D) f 4y, (139)
di=1 1 da=1 2
where
1 lf (dl,dQ) - 1,
do) =
fur(d2) {0 if (di,dy) > 1.

It is easy to see that the function
p(d2)A(1, d3)
d
is multiplicative with respect to dy and the series

Z MZd—g(lCF)fch( )

do=1

fa, (d2)

is absolutely convergent. Using the Euler product we write

3 B0 E) dQ);(l ) () =] (1 Ll 2))

da=1 pldy p

TEAARCY o

plds

From (138) and (139) we get
p(d)A(d?,1) A1, p?) H AL p%)\
ZTIPI<1_—2) (1_T>

> ;
T ( ) Z pu(dy) %( (1 B A(1,292))_1 _ (140)

21



It is easy to see that the function

p(dy)A(dT, 1) 11 <1 B A(17192))_1

3 p?

pld1
is multiplicative with respect to d; and the series

f: pu(di)A(di, 1) 11 (1 _ A(LPQ))I
di

2
di1=1 pld1 p

is absolutely convergent. Using again the Euler product from (3) and (140) we deduce

o= H (1 _ )‘(ZQPQ)) H (1 B A(z;;, 1) (1 B A(;ﬁ))—l)

p p

-11 (1 _ MDA A(1’292)) . (141)

2
> p

Summarizing (127), (134), (136) and (141) we establish

I'(X)=0X+0(2X°), (142)

where ¢ is given by the product (9).

4.2 Estimation of I'y(X)

Bearing in mind (125), (126) and splitting the range of d; and ds into dyadic subin-
tervals of the form Dy < dy < 2Dq, Dy < dy < 2Dy we obtain

Do(X) < (log X2 > Y o1, (143)

n<X D1<d;<2D; Dy <dy<2Dy
n24n+41=0(d?) n2+n+2=0(d3)

where .
5 <DiLD < VXX +2, D1D2>Z. (144)
On the one hand (143) implies
[h(X) < X%, (145)

where

Si=» Yy, 1. (146)

n<X Dj<d;<2D;
n24n4+1=0(d?)
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On the other hand (143) gives us
Fa(X) < X%, (147)

where

=y > L (148)

n<X Dg<dy<2Dy
n24n42=0(d3)

Estimation of ¥,
Arguing as in [?] we get

¥ < X”EDJ%. (149)
Estimation of X,
Define
Nd={neN:1<n<d, n*+n+2=0(d)}, (150)
N(d)={neN:1<n<d n*+n+2=0(d)}. (151)

From (148) and (151) we write

vy x vy s ()

D3<d2<2D3 neN’(d2) 7:"3();2) D2<d2<2D2 neN’(do
n X —n
- 3 (Fe(3) ()
Do<do<2D2 neN’ d2 2
< XYEDS 4 S+ 15 (152)

where

s= Y Y (;) (153)

D3<d2<2D3 neN’(dz)

M- >3 (g

Do<d2<2Do nGN’ d2

) . (154)

Arguing as in [?] we deduce
¥, < XDyt (155)
Further we consider the sum %4 defined by (154). Let Dy < Xz. The trivial estimation
leads to
Y Y dy< X (156)

Do<d2<2D>
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Let
Dy > Xz, (157)

We notice that all summands in the sum (148) for which 7 | dy are equal to zero because
the congruences
n*+n+2=0(49) (158)

has no solution. That’s why in the estimation of (148) we will consider that 7 1 ds.
Let f(z) = an2"™ + a,_12" ' + -+ + ap be a polynomial with integral coefficients and

ri,..., 7 be all solutions of the congruence

fl@)y=00(""). (159)

From the theory of the congruences we know that when p { f'(r;) for i = 1,... k then
the number of solutions of the congruence

flz)=0(p"). (160)

is also equal to k, that is, congruences (159) and (160) have an equal number of solutions.
Taking into account the above considerations, we derive that the congruences

n*+n+2=0(d3) (161)

and
n?+n+2=0/(ds) (162)

will have an equal number of solutions if we show that for arbitrary prime divisor p of ds
and arbitrary solution r of (162) we have that

pi2r+1.

We assume the opposite. Hence

ph —1
T =

5 (163)

where h € Z. Now (163) and
r?+r+2=0(p)

yield
p*h* +7=0(4p)

which means p = 7. But we have already excluded the case when 7 is a prime divisor of

dy. Therefore congruences (161) and (162) have an equal number of solutions. We note
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2
that the sum over n in (148) does not contain terms with n = %2 and n = d3. Moreover

for any n satisfying the congruence (161) and such that 1 <n < é the number d3 —n — 1
satisfies the same congruence. The same is true for the congruence (162). We also note
that if n = d3 —n — 1 then d3 | 7 which is impossible and if n = dy —n — 1 then dy = 7
which we excluded as an possibility. Using this facts and notations (150), (151) we denote

k= #N(dQ) = #Nl(d2) ) (164)

nl,...,nkEN(dQ), Tlll,...,n;CGN/(dz). (165)
Now (150), (151), (157), (164), (165) and dy > D5 give us

> (%)= 2 ()

neN’(dz) neN’(da
5 (X 1) nte g, + (3 —np— 1) 4+ (d3 — gy — 1)
neN’(d2) d2 2 d2
B Z <X 1) k(d%—1)
- 2 9 | 2
v ds 2 2d3
- (X 1) n1—|——|—nk/2+(d2—n1—l)—i——l—(dg—nk/g—l) (1 1)
= i —
neN (dz) dQ 2 da d2
X 1) ( 1 ) n
2
neN (dz) <d2 2 da neN (dz) d>
- 2T T T 2 5
neN (da) d dy 4 neN (ds) d 2
X X X —
-2 (a2 () =
neN(dy) \ 2 2 2 neN (ds) 2
From (154), (157) and (166) it follows
S < X2t 4|5, (167)

where
VX —n
Ss= > > v (d— : (168)
D2<d2<2D2 neN (dz) 2

Using (168) and Lemma 2 with

N|=

M=X (169)
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we obtain

VX-n
e<m< X
me ¥y (xS
D3<d2<2D3 neN (dz2) 1<|m|<M
:E4+257
where
O
N =
4 Z 2mim’
1<|m|<M
VXm
o ¥ () 3
D2<d2<2D2 neN(dz)
Vs= >, > fu

Dy<d2<2D3 neN (d2)

By (172), (173) and Lemma 2 we derive

)

+o00 \/y_n
SEUD D oD ST cE T
D2 <d2<2D2 neN (d2) m=—oc0 m=—o0o

|m|>M1+e

m|> M1+

O]

log M log M
< =160l + >
1<|m|<M1+e
logM _,. . logM
TR NS TR
1<m<M1i+e
logM .. logM
< Dy > 10l
1<m<M1+e
Now (170), (171) and (174) imply
- D2
U< X7 )
1<m<Mi+e
Define
F(d) = {(u,v)

According to Lemma 6 there exists a bijection

B F(d) — N(d)

26

Oml+ Y [bar(m)||O0]

Ol + D57 Y Jbar(m)]

curtuw + 207 =d, (w,v)=1, ueN, veZ\{0}}.

(172)

(173)

(174)

(175)

(176)



from F(d) to N(d) defined by (150) that associates to each couple (u,v) € F(d) the

element n € N(d) satisfying

Now (177) yields

Ny = Uy (d)

thus _
Ny _ V2 4 yv4202
d _uu2+uv+202 (1)
From (178) and Lemma 3 it follows
Nuw = u _ EM (1)
d v +u+202) v ’
Noyv U+ 2v Uy
=—— 5+ — (1)
d w(u? +uv+2v?)  w
Bearing in mind (172), (176), (179) and (180) we get
O, = my/X o
dg d2
D2<d2<2D2 ('LL v G.F(dg)
mv X mu MUy
- d c _v(u2—|—uv+202)+ v
D2<d2<2D2 2 (, v>ef<d2>
o<u<|v|
<m ) ( m(u + 2v) m@u)
6 —
2 2
D2<d2<2D2 ds v u(u? + uv + 202) u
0<|v|<u
mv X mu M|
O (e .
, , w2 +uv+ 202 v(u? + uv + 20?) v
Do <u®+uv+2v2<2D9
o<u<|v|
(u,v)=1
N Z mv'X N m(u + 2v) mu,
e —
, , u? +uv+ 202 u(u? 4 uv + 20?) u
Do <u®+uv+2v2<2D9
0<|v|<u
(u,v)=1
— @/ + @//

(177)

(178)

(179)

(180)

(181)

say. Consider ©/,. Let for any fixed y/£2 < |v| < /D, the interval [n(v),n2(v)] is a

solution with respect to u of the system

u? + uv + 20% < 2D,
u? 4+ uv + 202 > D,
0<u<|v
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glu) =€ w? +uww+ 202 v(u? 4 uo + 20?)

Denote
( my/X ma ) , (183)

Kom®) = 3 ¢ (%) . (184)

m (v)<u<t
(u,v)=1

By (181) — (184) and Abel’s summation formula we deduce

- XX e
VB <hl<vps "R
n2(v)
= D 9(n2(v)) Ko (n2(v)) — / Ky m(t) (%g(t}) dt
\/?S‘”K\/Di? n1(v)

<

S <1+m*/_> max  |Kyn(t)]. (185)
v? N1 (v)<t<n2(v)
VR <lvl<vDs

We are now in a good position to apply Lemma 4 because the sum defined by (184) is an

incomplete Kloosterman sum. We have

Kym(t) < 0|27 (v,m)? | (186)
From (185) and (186) we derive
mv X 1., 1
0 < Z (1+ . > lv[2* (v, m)?
D2 <Jv|<\/Ds
1 . _3
< X* <D24 +mX3D, ) NRRCROS (187)

0<v<v/Da

On the other hand
1

1 1 1
> vm§§§: Zl<<D2§:l2<<D§()<<X5D§. (188)
0<v<+/D llm <\0/(l) Ilm

The estimations (187) and (188) lead to

3 _1
0, < X* (D; +mX3D, ) . (189)
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Working in a similar way for ©7 from (181) we deduce
0" < X* (D§ + mX%D;i) . (190)
Now (181), (189) and (190) yield
0, < X <D2 + mX%D;i> . (191)
From (175) and (191) we write
Sy < X5(DpM 1 + D; + X%MD;i) . (192)
Using (144), (169) and (192) we obtain
S, < XD, (193)
Bearing in mind (144), (152), (155), (156), (167) and (193) we find
S, < XDy T (194)

Estimation of I'x(X)
Now (144), (145), (147), (149) and (194) imply

To(X) < X'Hezs (195)

4.3 The end of the proof

Summarizing (123), (142), (195) and choosing z = X5 we establish the asymptotic
formula (8). This completes the proof of Theorem 1.

References

[1] B. Chen, On the consecutive square-free values of the polynomials x3+- - -+xi+1, 23+
-+++ 22 + 2, Indian J. Pure Appl. Math., (2022), https://doi.org/10.1007/s13226-022-
00292-z.

2] G. Chen, W. Wang, On the r-free values of the polynomial z*>+y*+2*+k, Czechoslovak
Math. J., (2023), https://doi.org/10.21136/CM.J.2023.0394-22.

29



3] X. Cao, W. Zhai, The distribution of square-free numbers of the form [n€|, J. Théor.
Nombres Bordeaux, 10, (1998), 287 — 299.

[4] X. Cao, W. Zhai, The distribution of square-free numbers of the form [n°] (II), Acta
Math. Sinica (Chin. Ser.), 51, (2008), 1187 — 1194.

. Carlitz, On a problem in additive arithmetic 11, Quart. J. Math., 3, , —
5] L. Carlitz, O bl i additt ith c 1, Q J. Math., 3, (1932), 273
290.

[6] S. I. Dimitrov, On the number of pairs of positive integers x,y < H such that x* +
y> + 1, 2% + y* + 2 are square-free, Acta Arith., 194, 3, (2020), 281 — 294.

[7] S. 1. Dimitrov, Pairs of square-free values of the type n? + 1, n? + 2, Czechoslovak
Math. J., 71, 4, (2021), 991 — 1009.

8] S. 1. Dimitrov, Square-free values of n®> + n + 1, Georgian Math. J., (2023),
https://doi.org/10.1515/gmj-2023-2010.

9] H. Fan, W. Zhai, On the consecutive k-free values for certain class of polynomials, to
appear in Period. Math. Hungar., (2023).

[10] L. Gegenbauer, Asymptotische Gesetze der Zahlentheorie, Denkschriften Akad. Wiss.
Wien, 49, (1885), 37 — 80.

[11] L. K. Hua, Introduction to Number Theory, Springer, Berlin, (1982).

[12] H. Iwaniec, E. Kowalski, Analytic number theory, Colloquium Publications, 53, Am.
Math. Soc., (2004).

[13] M. Jing, H. Liu, Consecutive square-free numbers and square-free primitive roots, Int.
J. Number Theory, 18, (2022), 205 — 226.

[14] E. Landau, Elementary number theory, Chelsea Publishing Company, (1958).

[15] D. I. Tolev, On the exponential sum with squarefree numbers, Bull. Lond. Math. Soc.,
37, 6, (2005), 827 — 834.

16] G. Zhou, Y. Ding, On the square-free values of the polynomial x> + y* + 22 + k, J.
[ g
Number Theory, 236, (2022), 308 — 322.

30



S. I. Dimitrov

Faculty of Applied Mathematics and Informatics
Technical University of Sofia

Blvd. St.Kliment Ohridski 8

Sofia 1756, Bulgaria

e-mail: sdimitrov@tu-sofia.bg

Department of Bioinformatics and Mathematical Modelling
Institute of Biophysics and Biomedical Engineering
Bulgarian Academy of Sciences

Acad. G. Bonchev Str. Bl. 105, Sofia-1113, Bulgaria
e-mail: xyzstoyan@gmail.com

31



