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Abstract. We report on the analysis of multisite time-series photometry of the pulsating pre-white dwarf (GW Vir star)
PG 1707+427, obtained by the Whole Earth Telescope collaboration. This is the last of the known GW Vir stars without
surrounding nebulae to be resolved by multisite data. Successful resolution of the pulsation spectrum resulted from the com-
bination of high signal-to-noise observations with a large telescope and wide coverage in longitude with smaller telescopes.
We find a series of 8 pulsation frequencies (along with two nonlinear combination frequencies), and identify 7 of them as part
of a sequence of � = 1 modes, with a common period spacing of 23.0 s. This spacing implies that the mass of PG 1707+427
is 0.57 M�. Preliminary model fits suggest that the mass determined via asteroseismology is consistent with the mass determined
from spectroscopy combined with evolutionary tracks.
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1. Introduction

The surfaces of most stars heat up relatively quickly following
their departure from the asymptotic giant branch (AGB). Most
of the time, such a process eventually leads to a hot, hydrogen-
rich white dwarf which then gradually cools along the white

dwarf cooling track. Occasionally, however, the life of a star
following the AGB phase can be much more interesting. In the
case where a star leaves the AGB at a late phase within the
helium shell thermal pulse cycle, it can undergo a thermal pulse
while near the top of the white dwarf cooling track. In that case,
with only about 10−3 M� of hydrogen in its envelope, the final
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thermal pulse briefly returns the star to the AGB. During this
and subsequent evolution, the remaining hydrogen is removed
through mass loss and nuclear burning.

This scenario, proposed by Iben et al. (1983) and Iben
(1984) and known colloquially as the “born-again” AGB phase,
could be responsible for the origin of the PG 1159 spectral class
of hot white dwarfs that show extreme hydrogen depletion and
enhancement of atmospheric carbon and oxygen. This mecha-
nism for producing such objects has been explored computa-
tionally by Iben & MacDonald (1995) and others. Subsequent
theoretical work revealed that other channels could be respon-
sible for the production of PG 1159 stars (e.g. Herwig 2001;
Werner 2001, and references therein). Evidence that C/O rich
central stars of planetary nebulae ([WC] central stars, which
could be precursors to the naked PG 1159 stars) do not follow
a single evolutionary path is presented by Górny & Tylenda
(2000) and De Marco (2002). Lawlor & MacDonald (2003) ad-
dress the connection between rapidly-evolving post-AGB stars
such as Sakurai’s Object and the PG 1159 stars, including de-
tailed evolutionary models through the late (and very late) ther-
mal pulse phases.

Two avenues for further observational study may help
clarify our understanding the origin of PG 1159 stars, and
hydrogen-deficient central stars. First, optical and UV spec-
troscopy, always of utility in astrophysics, can help in deter-
mining trace element abundances that can be markers for late
mixing in post-AGB stars as well as s-process nucleosynthe-
sis tracers (Lawlor & MacDonald 2003; Herwig 2001). A sec-
ond avenue is to probe the subsurface layers of relevant stars
through asteroseismology of the GW Vir stars. There are sev-
eral members of the GW Virginis class of pulsating stars, in-
cluding four PG 1159 stars, HS 2324+3944, and 10 pulsating
PN central stars. Of these, however, only a subset show rich-
enough pulsation spectra for analysis that might reveal sub-
surface composition transition zones. Of the “naked” GW Vir
stars (those without nebulae), the clear champion here, though,
is PG 1159-035 itself. Asteroseismic analysis of Whole Earth
Telescope (WET) data on this star (Winget et al. 1991) by
Kawaler & Bradley (1994) revealed a composition transition
from He:C:O to all C:O at a depth of ≈2 × 10−3 M� below the
surface. This is entirely consistent with the generic born-again
scenario.

Two of the pulsating WC central stars have been studied
with extensive multisite campaigns. Asteroseismic results for
NGC 1501 (Bond et al. 1996) suggest a low mass for the star
(M ≈ 0.55 M�), which is the lowest mass determined for any
white dwarf through asteroseismology. While a more detailed
seismic model has not been published, the mode density may
allow more information to be extracted from the data. On the
other hand, the pulsating central star RX J2117+341 shows
a rich mode structure; Vauclair et al. (2002) analyzed several
WET runs, along with additional data, revealing many modes
and determining the mass as 0.56 M�. The mass determina-
tions for these two stars is based on the identified period spac-
ing and uses the scaling between period spacing and mass of
Kawaler & Bradley (1994) (see O’Brien 2000 for a correc-
tion). One must keep in mind that that relation was derived for
the naked GW Vir stars that are at much lower luminosities.

Their relatively low asteroseismic masses could be artifacts of
a modest breakdown in the relation for high luminosity ob-
jects. Detailed asteroseismic modeling of RX J2117+341 could
reveal its internal structure in sufficient detail for comparison
with PG 1159-035 – such an analysis is underway.

In addition to the adiabatic constraints on the structure and
properties of these stars, it is becoming clear that the driving
mechanism responsible for the observed pulsations can provide
a partially independent probe of the composition of the subsur-
face layers. Soon after the discovery of pulsating PG 1159 stars,
Starrfield et al. (1983, 1984, 1985) identified the cyclic ion-
ization of carbon and oxygen as a possible excitation mecha-
nism. Later work (i.e. Gautschy 1997; Bradley & Dziembowski
1996) placed constraints on the possible surface and subsurface
helium and C/O abundances based on vibrational instability ar-
guments. More recently, Cox (2003) explored the importance
of iron ionization on pulsation driving. Quirion et al. (2004)
have also revisited this interesting question.

Within the realm where stellar models are available for full
asteroseismic modeling, we need to obtain sufficient data on
other members of the naked GW Vir pulsators. To confront
evolutionary scenarios with more representative data, it is im-
portant to complete the survey of the pulsation properties of
the naked GW Vir stars. Aside from PG 1707+427, signif-
icant results have been published for all others in its class.
(PG 0122+200, O’Brien et al. 1998 and Vauclair et al. 2001;
PG 2131+066, Kawaler et al. 1995; Reed et al. 2000). In each
of those cases, the mode density is not high enough for detailed
asteroseismic analysis at present.

O’Brien (1998, 2000) attempts to use the existing ensemble
of pulsation properties to explore the evolutionary patterns of
the naked GW Vir stars. The trends noted by O’Brien (1998,
2000) can be further tested by a more complete analysis of
PG 1707+427. Should the star show a distinguishing pulsation
mode structure, it is also possible that we can constrain its in-
ternal composition profile. To that end, we have extracted data
on PG 1707+427 from the Whole Earth Telescope archives,
and present a fresh analysis of those data in this paper.

PG 1707+427 was discovered to be a pulsator by Bond &
Grauer (1984). It is in most respects a garden-variety PG 1159
star, with Teff = 85 000 K and log g = 7.5 (Dreizler & Heber
1998). It shows a dominant pair of periodicities at about 447 s,
with the harmonic of the larger pulsation, and the sum of the
two largest, present in the Fourier transform. Other modes are
present at lower amplitude, ranging from 900 s to about 300 s.
A single run at the CFHT at high signal-to-noise allowed
Fontaine et al. (1991) to show that there are additional low-
amplitude pulsation modes in PG 1707+427. They published a
preliminary determination of the mean period spacing as well –
the period spacing we find revises this upwards with more accu-
rate period determinations for those modes. An intensive multi-
year observing effort was presented by Grauer et al. (1992) in
an attempt to measure dP/dt; unfortunately, they showed that
the amplitudes and phases of the main pulsation modes were
not stable on long (season-to-season) time scales.

Despite it being one of the faintest of the known pulsating
GW Virginis stars (V = 16.7, B = 16.1), the WET attempted to
obtain global time-series data on PG 1707+427 in May 1991.
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Past analysis of these data were frustrated by the relatively poor
coverage, and the small number of telescopes with sufficiently
large aperture. However, in the intervening time, our data re-
duction and analysis tools have matured considerably. By com-
bining data from the WET network of modest signal-to-noise
with data from the CFHT at much higher signal-to-noise ob-
tained during the WET run, we are able to fully resolve the pul-
sation spectrum. This paper presents a fresh analysis of these
data – we have been able to extract a significant number of
independent pulsation modes from the data and to derive the
mean period spacing. This new value, coupled with the lumi-
nosity and effective temperature of PG 1707+427 follows the
trends identified by O’Brien (1998, 2000).

The remainder of this paper is structured as follows. In
Sect. 2, we outline our observations. Section 3 describes the
time series analysis and period identifications. We discuss the
pulsation spectrum and compare with theoretical expectations
using a preliminary stellar model fit to PG 1707+427 in Sect. 4.
Section 5 presents our conclusions in terms of the evolutionary
history of the hydrogen deficient hot white dwarfs.

2. High speed photometry

The WET run in May 1991 (Xcov6) included PG 1707+427.
Another target, GD 154, shared priority with PG 1707+427 for
this WET run; for details on the GD 154 results see Pfeiffer
et al. (1996). As PG 1701+427 is a faint star, and telescope
time was shared between it and GD 154, the only useful data
we obtained was using telescopes with apertures in excess
of 1 m. The observing runs, dates, times, and observatories
are listed in Table 1. In all, we obtained over 132 h of data
on PG 1707+427, with 120 h during the 12 days of the main
campaign (12−24 May 1991). The average night’s data from a
single site was 6.3 h.

All sites used photoelectric photometers, with either 5, 10,
or 20 s individual integrations (depending on the site and lo-
cal observing conditions). Three-channel photometers (unfil-
tered) were used at the KPNO 1.3 m and the CFHT, while
two-channel photometers were used at McDonald and at the
INT 2.5 m. All photometers were of similar design, as dis-
cussed in Nather et al. (1990) and Kleinman et al. (1996).

As is usual for WET observations, the raw data consist of
“photon” counts for the target, and a nearby comparison star,
observed through small apertures in the focal plane. For two-
channel observations, the observers occasionally (and aperiod-
ically) moved the telescope to an adjacent area of blank sky for
sky count measurements. In the case of three-channel photome-
ters, the third channel monitors the sky continuously, with cross
calibration of the channels performed once during the night.
Data from all sites were reduced, as described in Nather et al.
(1990), by transforming the raw light curves through sky sub-
traction and extinction correction.

The reduced light curves show fractional intensity varia-
tion as a function of time. The light curve from the main data
set is shown in Fig. 1. The relatively short runs from the CFHT,
coupled with the sparse longitude coverage, limited our cover-
age of the 24 h diurnal cycle; it was not at the usual high duty
cycle that we have come to expect for WET campaigns. Still,

Table 1. Observations of PG 1707+427.

Run Date Start time Length Telescope

UT h

a294 1991.05.12 4:08:00 7.02 KPNO 1.3 m

a295 1991.05.13 5:35:00 5.28 KPNO 1.3 m

a296 1991.05.14 4:19:00 6.98 KPNO 1.3 m

a297 1991.05.15 3:54:00 7.25 KPNO 1.3 m

ren-0100 1991.05.16 3:45:00 6.52 McDonald 2.1 m

int-0002 1991.05.16 21:53:00 7.59 INT 2.5 m

ren-0101 1991.05.17 3:50:00 6.60 McDonald 2.1 m

int-0003 1991.05.17 21:23:30 8.02 INT 2.5 m

ren-0102 1991.05.18 3:32:40 6.87 McDonald 2.1 m

int-0004 1991.05.18 22:00:30 7.42 INT 2.5 m

ren-0103 1991.05.19 3:32:50 6.83 McDonald 2.1 m

int-0005 1991.05.19 21:28:00 7.96 INT 2.5 m

ren-0104 1991.05.20 3:20:40 7.02 McDonald 2.1 m

cfh-002 1991.05.20 9:55:53 4.71 CFHT 3.5 m

int-0006 1991.05.20 21:36:30 7.87 INT 2.5 m

cfh-003 1991.05.21 10:32:28 4.04 CFHT 3.5 m

ren-0106 1991.05.23 8:16:40 2.11 McDonald 2.1 m

cfh-009 1991.05.24 11:53:45 2.83 CFHT 3.5 m

a305 1991.06.15 4:15:00 6.36 KPNO 1.3 m

a306 1991.06.16 3:58:00 6.75 KPNO 1.3 m

a307 1991.06.17 4:19:00 6.27 KPNO 1.3 m

while the resulting 1 cycle/day aliases complicate the analysis,
we show in the next section that we can now fully decode the
pulsation spectrum of the star.

3. The pulsation spectrum of PG 1707+427

3.1. Direct identification of pulsation frequencies

Using the light curves described in the previous section, we
computed the Fourier transform (FT) to deduce the periodici-
ties present in PG 1707+427. Figure 2 zooms in on the main
features of the FT of PG 1707+427, along with its window
function. In this figure, we indicate the more obvious real fre-
quencies (as distinguished from window features) present in
the data. Clearly, though, the 1 cycle/day aliasing could be ob-
scuring additional periodicities.

Identification of the peaks within the FT is clear for
most of the groups shown in Fig. 2 except for the features
around 1340 µHz. In this region, prior investigations frequently
cite peaks at 1329 µHz and 1350 µHz. In the FT of the
WET data, this region shows many peaks, along with a jum-
ble of 1 c/d aliases.

Our identification of two real frequencies in this region
takes advantage of a 17 h stretch of data from three sites (runs
int-0005, ren-0104, and cfh-002 in Table 1). The length of this
run provides a nominal frequency resolution of 16 µHz, and
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Fig. 1. Light curve of PG 1707+427 for the main campaign data in
Table 1. Dates on the right side of the panel are in May 1991.

allows us to resolve the structures around 1350 µHz. The FT
of this subset of the data is shown in the left-hand column
of Fig. 3. With this core run, we can clearly identify the prin-
cipal periodicity at 1341 µHz; prewhitening reveals a second
peak close to 1377 µHz.

This figure also shows this region of the FT of the entire
WET data set before, during, and after prewhitening by the se-
lected peaks, along with simulations of the region (using the
same procedure as we used to produce the window function
in Fig. 2 but with multiple periodicities). Again, after removal
of the largest peak at 1340.8 µHz, the next-highest peak in the
region is the 1377.3 µHz peak. Removal of that second peak
leaves additional peaks at levels that are consistent with noise
in this region.

Table 2 lists the frequencies, amplitudes, and phases of the
main peaks seen in the FT of the WET data on PG 1707+427.
The column labeled “Rank” relates to the relative amplitudes
of the peaks. For all peaks listed in Table 2, the values of
the parameters were determined using a simultaneous nonlin-
ear least-squares fit to the lightcurve, with three parameters for
each periodicity (frequency, amplitude, and time of first max-
imum or, equivalently, phase). The uncertainties listed in the
table are the formal least-squares estimates of the errors; in
practice, the true uncertainty (1σ) is probably somewhat larger.

In Table 2, we identify 7 independent pulsations
(ranks 1−7). In addition to these, there are two peaks
near 4465 µHz. These peaks result from nonlinearities asso-
ciated with the two largest-amplitude peaks. The first harmonic

of the 2236.2 µHz mode appears at 4472.5 µHz, and the sum of
the frequencies of the 2236.2 µHz and 2227.4 µHz modes ap-
pears at 4463.5 µHz. These combination frequencies are exact,
within the statistical uncertainties of the frequency determina-
tions. Peaks ranked 8−10 are discussed in the next section.

3.2. Low amplitude modes recovered with CFHT

After prewhitening by the seven primary frequencies, the FT
of the core WET data still shows several peaks that appear
to be higher than the nearby noise levels. Figure 4 shows
this prewhitening process. The top panel is the FT of the
WET data with the positions of the seven primary frequencies
marked. The middle panel shows the FT after removal of those
seven peaks, with the next three largest peaks with frequen-
cies above 1000 µHz marked. A least-squares fit easily deter-
mines their amplitudes, frequencies, and phases, allowing their
removal as shown in the bottom panel of Fig. 4. The result of
the least-squares fit is given in Table 2 by the lines marked with
asterisks in the Rank column. The noise level in this region of
the FT lies at about 1 mma.

Are these also real periodicities in the star, or are they
caused by noise?

To answer this question, we appeal to data from the largest
telescope in this network, the 3.5 m CFH Telescope. Data from
the CFHT had the highest signal-to-noise. Therefore, we could
expect that lower amplitude modes would be more clearly dis-
cerned in FTs of the CFHT data alone. Unfortunately, we only
had three relatively short runs from CFHT available, as given
in Table 1. Two of these were on consecutive nights (cfh-002
and cfh-003) while the third was obtained three nights later.
Therefore, since the window function of the entire CFHT data
set would be extremely complex, we chose to analyze the first
two, contiguous, nights with their simpler window function.

Indeed the FT of those two runs, as shown in the top
panel of Fig. 5, shows a noise level that is about a factor of
two smaller than for the whole WET data set. The disadvan-
tage is that the single-site data show large 1 cycle/day aliases.
However, for the seven largest modes, we can appeal to the
results shown in Table 2 to identify the correct peaks in the
CFHT subset. Those peaks are indicated in the top panel of
Fig. 5. Using Table 2 as our guide, we prewhiten the CFHT
subset by the top seven frequencies in Table 2 (with phases and
amplitudes determined using just the CFHT data) to produce
the middle panel of Fig. 5.

The middle panel clearly shows several peaks that are well
above the noise level. Comparison with Fig. 4 shows that the
three peaks marked in that figure are also present in the CFHT
subset. The window function of the WET data is much cleaner
than for the CFHT subset. Therefore, we selected the proper
peak from the alias pattern and performed a least-squares fit to
the CFHT data including those three peaks, the seven original
peaks, and a peak seen only in the CFHT data at 1040 µHz.
Removal of those four peaks produces a prewhitened FT that
is shown as the bottom panel of Fig. 5. The remaining features
could be noise or might represent even smaller-amplitude pul-
sations of PG 1707+427.
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-50 0 50

Fig. 2. The main features of the Fourier transform of
PG 1707+427 for the main campaign data in Table 1
– that is, the data from May 1991. Also shown is the
Fourier transform of a single-frequency sinusoid to il-
lustrate the spectral window for these data. Obvious
(and some not-so-obvious) real frequencies are indi-
cated in each panel.

We note that at all stages in the analysis of the CFHT data,
the 1 c/d window pattern obscures the true peaks. Examination
of the top panel of Fig. 5 shows this for the peaks near 1100,
1340, and 2417 µHz. The central panels of Figs. 4 and 5 are
compared in Fig. 6 – again revealing that the single site data
suffer from severe 1 c/d aliasing, despite their much higher
signal-to-noise.

Finally, we compare the results of a nonlinear least-squares
fit to these 12−13 frequencies using the WET data (Table 2)
and, separately, the data from the CFHT subset (Table 3). The
three modes revealed here, at 1475, 1864, and 2023 µHz, have
the same frequencies (within the uncertainties) in the two data
sets. We further note that redoing Fig. 4 excluding the CFHT
data produces results that are nearly identical to that shown
in the figure. We are therefore convinced that the three low-
amplitude modes indicated in Fig. 6 are indeed periodicities in
the star.

Curiously, there is a peak present in the CFHT data
at 1039.90 µHz that is not present in any of the other data from
other sites. This peak is particularly puzzling in that it has an
amplitude of 2.6 mmag within the CFHT data and should have
shown up in data from other sites. However, we only find this

peak in the data from CFHT; it is present within all three indi-
vidual runs from that telescope. It is not present in the complete
data set, however, and so we cannot be sure if that is the correct
frequency, or if it is off by a cycle/day or more.

This exercise reveals low-amplitude modes with secure
identifications distinguishing them from aliases. This has been
achieved by taking advantage of the relatively clean window
function of the WET data (despite lower signal-to-noise) com-
bined with the high signal-to-noise identification of peaks in
large telescope data (despite the poor FT window). We could
not have achieved this without having a large telescope in com-
bination with supporting data from smaller telescopes in a net-
worked observation. Using the single site, large telescope data
alone resulted in detection of low-amplitude modes, but the
highest peaks within the alias pattern of those modes were
never the true periodicities. Identification of the correct peri-
odicity within the alias pattern required supporting data from
telescopes at other longitudes.

We note that given the large difference in collecting area
(and therefore signal-to-noise) between the telescopes involved
in this run, that the CFHT data should carry significantly
higher weight. We explored using weights in the computation
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All WETmid-WET segment Synthetic

Fig. 3. Enlargement of the region of the FT surrounding the peaks at 1341 and 1377 µHz. The panel on the left shows the FT of the longest
contiguous stretch of WET data (approximately 18 h); the central panel shows the FT of the entire WET data set; and, for comparison, simulated
data using the frequencies, amplitudes, and phases in Table 1 to simulate noise-free data with the same time sampling. The top panels show
the FT; the center panels show the FT after the 1341 µHz peak has been removed, and the bottom panels show the FT after removing the peak
at 1341 µHz and 1377 µHz. This represents our simplest solution for this region of the FT; other choices of pairs of peaks let to much less
satisfactory matches with synthetic data.

Table 2. Independent pulsation frequencies identified in the combined WET data set. Formal 1σ least squares errors are quoted. Peaks with
ranks containing (*) are discussed in the text.

Frequency Period Amplitude Tmax Rank

[µHz] [s] [mma] ± 0.16 [s]

1100.085 ± 0.040 909.029 ± 0.033 2.81 816 ± 21 6

1340.834 ± 0.026 745.815 ± 0.014 4.43 327 ± 11 4

1377.262 ± 0.060 726.044 ± 0.031 1.90 377 ± 25 7

1475.181 ± 0.078 677.883 ± 0.036 1.45 315 ± 31 10 (*)

1864.207 ± 0.078 536.421 ± 0.022 1.46 455 ± 24 9 (*)

2022.590 ± 0.073 494.416 ± 0.018 1.55 324 ± 21 8 (*)

2227.383 ± 0.010 448.957 ± 0.002 11.74 436 ± 3 2

2236.219 ± 0.007 447.183 ± 0.001 17.17 101 ± 2 1

2416.972 ± 0.036 413.741 ± 0.006 3.14 383 ± 9 5

2988.451 ± 0.016 334.622 ± 0.002 7.28 87 ± 3 3

4463.536 ± 0.045 224.038 ± 0.002 2.54 149 ± 6 ( f1 + f2) − 0.043

4472.502 ± 0.076 223.589 ± 0.004 1.56 127 ± 10 (2 × f1)+0.08
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2 Fig. 4. Fourier transform of the central part of the
WET data. The top panel shows the FT of the orig-
inal data, with peaks identified by vertical lines.
In the middle panel, we have prewhitened the data
by the indicated peaks (in the time domain), and
show the FT of the residuals. Three additional
peaks are evident – and appear at much higher
signal-to-noise in Fig. 5. The bottom panel shows
the FT of the data with all 10 peaks removed.

of the FTs of the entire data set to try to reduce the overall noise
in the FT while retaining the advantage of multiple longitude
coverage (Dind et al. 2003). Results of that exercise revealed
the same frequencies as we find using the procedures described
in this subsection; this is in accord with the findings of Handler
(2003) about use of large and small telescopes together within
a WET-style campaign.

Finally, we used the frequency identifications obtained
above to do a least-squares fit to all of the data obtained during
the 1991 campaign (i.e. all runs in Table 1). With the three runs
obtained in June 1991, the frequency precision of the identified
modes was greatly improved. The results of this final fit are
shown in Table 4.

4. Analysis of the pulsation spectrum
of PG 1707+427

4.1. The strange case of the 9 µHz split of the main
mode

The periods we see in PG 1707+427 are typical of the naked
GW Vir stars; the star shows roughly the same number of peaks
as seen in the other naked GW Vir stars. One point, though, is
that the range of periods is larger than average, with periods
ranging from below 400 s to over 900 s; we will address the
implications of this in a later section.

PG 1707+427 is dominated by two large-amplitude modes
with periods of 447.2 and 449.0 s. These are too close in pe-
riod to be consecutive radial overtones of the same � – typical
period spacings seen in the other GW Vir stars are about 21 s

for � = 1 modes and 12 s for � = 2 modes. A more natural
assumption is that these two modes are modes with the same
value of n and �, but different m – that is, they are two modes
of a rotationally split multiplet. Their frequency difference
is 8.86 µHz, which corresponds to a rotation period of 0.65 days
(for δm = 1) or 1.30 days (for δm = 2) if � = 1. These rota-
tion periods are within the range seen for other GW Vir stars
that show rotational splittings (i.e. PG 2131+066, NGC 1501,
PG 1159-035, and RX J2117+3412).

However, unlike most other GW Vir stars, this splitting
is seen only once over the entire frequency range. No other
modes show any splitting of this size. Furthermore, while other
GW Vir stars show rotationally split triplets (and PG 1159-035
itself shows several � = 2 quintuplets), PG 1707+427 shows
only this pair of modes – a doublet. Despite our best attempts
at analysis of the highest signal-to-noise data within our runs,
we found no evidence for a third peak in the range from 440 s
to 455 s that could complete the triplet or indicate a quintuplet.
We have no ready explanation for this singular behavior, and
the possibility remains that the two peaks are not components
of a rotational multiplet with the same � and n.

Further adding to the story is the pair of peaks near the har-
monic of the dominant mode. As we show in the frequency
tables, within the least-squares uncertainties, the harmonic of
the dominant mode (the 447.2 s peak) is present in the data.
Nearby, but at lower frequency, is another peak with a fre-
quency that is the exact sum of the frequencies of the 447.2 s
mode and the 449.0 s peak. No other nonlinear combination
peaks are present in the Fourier transforms.
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Fig. 6. Comparison of a segment of the FT of PG 1707+427 using data from the two highest S/N runs (cfh-002 and cfh-003, top) and the core
of the WET data. The associated windows are shown (on the same frequency scale in the right panels. The vertical lines show the frequencies
seen in the WET data, repeated in both panels. While the S/N of the CFHT data is much better than the WET as a whole, the 1 c/d aliases
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the WET data.
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Table 3. Pulsation frequencies identified in the combined data from cfh-002 and cfh-003, with aliases broken using the whole WET campaign
when available. Formal 1 σ least squares errors are quoted.

Frequency Period Amplitude Tmax Rank

[µHz] [s] [mma] [s]

1039.90 ± 0.49 961.63 ± 0.46 2.61 ± 0.35 598 ± 31

1100.47 ± 0.54 908.71 ± 0.45 2.42 ± 0.36 371 ± 32 6

1340.87 ± 0.33 745.78 ± 0.18 4.49 ± 0.43 366 ± 16 4

1377.82 ± 0.58 725.78 ± 0.30 2.63 ± 0.36 253 ± 27 7

1474.03 ± 0.82 678.41 ± 0.38 1.62 ± 0.36 486 ± 37

1864.06 ± 0.72 536.46 ± 0.21 1.91 ± 0.35 306 ± 25

2022.40 ± 1.30 494.45 ± 0.32 0.99 ± 0.36 180 ± 43

2227.59 ± 0.39 448.92 ± 0.08 12.65 ± 1.02 122 ± 7 2

2236.25 ± 0.28 447.18 ± 0.06 17.41 ± 1.02 125 ± 5 1

2417.00 ± 0.52 413.74 ± 0.09 2.49 ± 0.36 395 ± 14 5

2988.46 ± 0.18 334.62 ± 0.02 7.29 ± 0.43 93 ± 4 3

4464.3 ± 1.9 224.00 ± 0.09 2.28 ± 0.36 165 ± 20 ( f1 + f2)+0.46

4472.5 ± 2.1 223.59 ± 0.11 2.08 ± 0.36 125 ± 10 (2 × f1)

Table 4. Pulsation frequencies identified in all data from the WET run described in the text, including data from three runs one month later.
Formal 1σ least squares errors are quoted.

Frequency Period Amplitude Tmax Rank

[µHz] [s] [mma] ± 0.15 [s]

1100.045 ± 0.008 909.053 ± 0.006 3.05 771 ± 10 6

1340.877 ± 0.005 745.781 ± 0.003 4.44 367 ± 6 4

1377.374 ± 0.012 726.019 ± 0.006 2.00 253 ± 12 7

1475.157 ± 0.018 677.894 ± 0.008 1.31 295 ± 17

1864.250 ± 0.017 536.409 ± 0.005 1.42 484 ± 13

2022.704 ± 0.012 494.388 ± 0.003 1.89 394 ± 9

2227.373 ± 0.002 448.9593 ± 0.0004 11.46 430 ± 1 2

2236.232 ± 0.001 447.1808 ± 0.0002 16.91 109 ± 1 1

2416.955 ± 0.007 413.744 ± 0.001 3.26 374 ± 4 5

2988.451 ± 0.003 334.6215 ± 0.0004 7.17 87 ± 2 3

4463.601 ± 0.009 224.0344 ± 0.0005 2.54 166 ± 3 ( f1 + f2) − 0.004

4472.477 ± 0.016 223.5898 ± 0.0008 1.47 119 ± 5 (2 × f1)+0.013

4.2. Period spacings in PG 1707+427

Assuming that the two main periodicities share the same n
and �, and the highest frequency peaks are nonlinear combina-
tion frequencies, we looked at all of the remaining independent
periodicities to try to find the systematics expected of g-modes.
In particular, we searched for a minimum period difference,
as for high order (n > �) g-modes, modes should be approxi-
mately equally spaced in period with increasing n. Even if some
of the modes are missing, the sequence can still be identified by
searching for integral multiples of a common period spacing.

Two methods are commonly used to do this search – both
involve assuming the existence of a relation of the form:

Pn,� =
Πo√
�(� + 1)

× (n + constant)

where Πo is a constant that depends on the structure of the star.
The first method employs a Komogorov–Smirnov (K–S) test of
the likelihood that the periods are drawn from a distribution that
follows that rule above (i.e. Kawaler 1988). The second looks
at the inverse variance (IV) of the data from such a model as a
function of the Πo (O’Donoghue 1994).
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Table 5. Observed periods compared with an asymptotic model with fixed period spacing of 23.008 s.

∆n Pmodel Pstar Pstar − Pmodel ∆P/23.008 Comments

0 332.9 334.6 1.7 0.07

3 401.9 403.2: 1.3 0.06 residual peak in CFHT data

(3) 401.9 413.7 11.8 0.51 � = 2?

5 448.0 447.2 −0.8 −0.03 one component of doublet

5 448.0 449.0 1.0 0.04 one component of doublet

7 494.0 494.4 0.4 0.02

9 540.0 536.4 −3.6 −0.16

13 632.0 632.5: 0.5 0.02 residual peak in CFHT data

15 678.0 677.9 −0.1 −0.004

17 724.0 726.0 2.0 0.09

18 747.0 745.8 −1.2 −0.05

25 908.1 909.0 0.9 0.04
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Fig. 7. Two statistical tests of the significance of the common period
spacing seen in the periods of PG 1707+427. For both tests, we used
all of the independent periods in Table 4 except for the 413.7 s period.
The top panel shows the results of a Kolmogorov–Smirnov test, and
the bottom panel shows the inverse variance of the periods compared
to a constant period spacing model.

Using all of the independent periods in Table 4, both the
K–S test and the IV test show a weak indication of a period
spacing of 23.3 s. However, we also found that one of the pe-
riods in Table 4 was responsible for most of the χ2 of the fit:
the period at 413.7 s. Excluding just that period from the K–S
and IV tests resulted in a very significant “signal” at 23.0 s for
the mean period spacing. Figure 7 shows the results of these
two tests using all of the periods except the 413.7 s period.

The best value for the period spacing was determined by
a least-squares regression to the above equation using the set

of periods indicated in Fig. 7. This yielded a value of Πo =

23.008 ± 0.002 s and a constant of 332.9 ± 0.4 s. In Table 5,
we list the observed periods and compare them with the model
above and a fixed period spacing of 23.008 s. Clearly, each
mode (except for the 413.7 s mode) is comfortably close to that
predicted by this simple model. We see the largest departure in
the mode with a period of 536.4 s, which is still within 4 s of
the model. In more realistic simulations, the period spacings
can vary by a significant fraction of the mean period spacing
as the result of resonant mode trapping. With this in mind, the
concordance between the observed periods and those of a con-
stant spacing model is very strong.

In addition to the periods from our data that we con-
sider well-determined, two additional periods are included in
Table 5. These are the two highest remaining peaks on the
power spectrum between 1500 and 3000 µHz in the high signal-
to-noise data (from the CFHT) in the bottom panel of Fig. 5.
The two regions are near 1580 µHz and 2500 µHz. We picked
the highest peak within the forest of aliases in each thicket
to obtain the periods used in the table. In both cases, these
low-amplitude modes fit the predictions of the constant pe-
riod spacing model to a remarkable degree, and we include
them in Table 5. While our identification of true periodicities
in bands could be off by a cycle/day, the period difference be-
tween aliases in these two groups is at most 2 s for the peak
near 403 s, and 5 s for the peak near 632 s. Therefore we are
optimistic that these two modes are real as well, and could be
used in seismic modeling.

We note that the failure of finding a fit to the above period
spacing model when including the 413.7 s mode suggests that it
has a different value of � from the other modes. Given the broad
mass constraints on Πo, the 23 s mean period spacing requires
� = 1. Therefore, it is likely that the 413.7 s mode is � = 2
(or perhaps even higher). The fact that the period difference
between it and the nearest secure mode is nearly 1.5 times the
mean period spacing might suggest that the overall period spac-
ing for the star is 11.5 s (marginally consistent with all modes
being � = 2) but this is not supported by the Kolmogorov-
Smirnov or inverse variance tests shown in Fig. 7.
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Another mode that turned up in our analysis, the
1039.90 µHz peak seen in the CFHT data, has a period
of 961.6 s. At this low frequency, the 1 cycle/day alias un-
certainty corresponds to a period change of 10.6 s, and given
the fact that this mode appears only in the CFHT data, the
period could therefore be 10.6 s higher or lower as well (i.e.
951.0 s or 972.4 s). The nearest periods expected from a con-
stant period spacing model are at 953.8 s and 976.7 s. So, if
the true frequency is 1 cycle/day higher than the peak in the
CFHT data, the model value lies within 2.8 s. Alternatively,
the frequency difference between a mode at 953.8 s and the
observed period of 961.6 s is 8.5 µHz – which very nearly the
same as the spitting of the dominant periodicites of 2227.4 µHz
and 2236.2 µHz. Since this mode was seen only from one site,
and given the uncertainties inherent in the above stretch to fit
the model, we make no further claims about that mode.

Finally, we note that Fontaine et al. (1991) found a differ-
ent period spacing for PG 1707+427 based on a single night
of high signal-to-noise data from CFHT. The value they ob-
tained was 18.37 s, using 8 peaks in their data (including the
discrepant mode near 413 s). Comparing our data (with a much
higher frequency resolution) with the earlier result, we find that
the five shortest period modes in Fontaine et al. (1991) are
essentially the same as what we have found. However, their
three longest period modes differ considerably from what we
find. This is simply the result of the limited frequency resolu-
tion of a single night’s run. Fontaine et al. (1991) used a sin-
gle 4 h run; thus the peaks in the power spectrum have a width
of about 70 µHz. In the 650−920 s period range, we now know
that at least four modes are present, with two of the frequency
spacings of 37 µHz and 100 µHz. Even least-squares fitting of
individual peaks would only improve this accuracy to a preci-
sion of about 7 µHz (=0.1/4 h). This results in an uncertainty
in the period of 3.5 s at 700 s, and 5.6 s at 900 s. Thus, in hind-
sight, it is easy to understand why the resulting period list in
Fontaine et al. (1991) looks very different than the current list
for long-period modes... and why that work suggested a differ-
ent period spacing.

4.3. Comparison with standard evolutionary models

Before considering the asteroseismic constraints, the bulk
properties of PG 1707+427 can be determined solely through
spectroscopy. For hot stars like this, however, the constraints
on log g are very weak. Dreizler & Heber (1998) fit models
with only two choices for log g of 7.0 and 7.5 for such stars, and
assign PG 1707+427 a gravity of 7.5, with an uncertainty of
something less than 0.5. The effective temperature of 85 000 K
has a 10% uncertainty.

Coupling these to representative evolutionary tracks,
Dreizler & Heber (1998) derive a mass for PG 1707+427
of 0.54 M�. Determining the mass of the star from spec-
troscopy alone is complicated by the large uncertainty in log g.
Simply put, that translates into an uncertainty in log (L/L�)
of 0.5, or a factor of three, for a fixed mass. The spectroscopic
mass determination uses log g and Teff to select the mass from
white dwarf evolutionary tracks. This large uncertainty in log g

or equivalently log (L/L�) encompasses evolutionary tracks of
masses ranging from below 0.5 M� to above 0.7 M� at that
effective temperature!

Using our determination of ∆Π of 23.0 s, and realizing
that this period spacing depends primarily on the mass of the
star (Kawaler & Bradley 1994), we use Eq. (2) of O’Brien
(2000) (which includes a correction to the sign error on the
luminosity term in the equation within Kawaler & Bradley
1994) to make an initial estimate of the mass of PG 1707+427
of 0.565 M�. Using that mass we then obtain a luminosity
of 23 L� for log g = 7.5. Allowing for the spectroscopic un-
certainty in log (L/L�), we then note that even though the mass
of a GW Vir model with a given period spacing increases
with decreasing luminosity, the luminosity dependence is very
weak. Therefore, the uncertainty in the asteroseismic mass for
PG 1707+427 resulting from the possible luminosity range is
only that the true mass of PG 1707+427 could be up to 5%
higher than this value.

5. Conclusions

With this paper, we complete an initial survey of the pulsa-
tion frequencies in the pulsating PG 1159 stars. PG 1707+427
shows at least seven independent pulsation frequencies. Most
of the modes are low-amplitude (less than 3 mma), and a few
are seen only in data of high signal-to-noise. The largest am-
plitude mode has a companion (the second largest amplitude)
only 9 µHz away that could be evidence for rotational splitting.
The two highest-frequency modes are linear combinations of
those two large-amplitude modes.

All but one of the independent pulsation frequencies are
closely fit by a model with a uniform period spacing of 23 s.
One mode does not fit this pattern, and could be a mode
with � = 2. This uniform period spacing implies an astero-
seismic mass of 0.57 M�.

For the four naked stars, the asteroseismic masses that
are consistent within the (large) uncertainties of spectroscopic
mass. PG 1707+427 is remarkable, however, in that it is the
lowest-mass of the sample, and also shows the largest period
spacing. In Table 6, we include our result with others previ-
ously quoted by O’Brien (2000) and others.

One of the trends that O’Brien (2000) noted was that, at
the time, the mean period spacing was roughly the same for
all of the GW Vir stars. He attributed that to a correlation
between the luminosity of the star and the mass. That is, the
lower luminosity GW Vir stars, which would have longer pe-
riods for a given mass (and therefore larger period spacings),
actually have somewhat larger masses than their hotter more
luminous analogs. Their larger mass therefore reduces the pe-
riods, returning the mean period spacing towards the magi-
cal 21.5 s. PG 1707+427, in some sense, confirms this trend. It
has a period spacing that is significantly longer than the other
GW Vir stars, and a lower luminosity – all of which point to-
wards its having a lower mass than either PG 2131+066 or
PG 0122+200.

Another trend noted by O’Brien (2000) is that pulsators
show a “mean period” that decreases with decreasing lumi-
nosity. PG 1707+427 follows that trend, but given its lower
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Table 6. Properties of pulsating hot white dwarfs.

Star Teff [kK] log g log (L/L�) Mspec/M� ∆Π Mpuls/M� References

NGC 1501 135 ± [6.2] [3.70] 22.3 ± 0.3 0.55 ± 0.03 1 (spec), 2 (puls)

RX J2117+341 170 ± 10 6.0 ± 0.3 4.05+0.23
−0.32 0.7 ± 0.2(?) 21.48 ± 0.04 0.56 ± 0.03 3 (spec),4 (puls)

PG 1159-035 140 ± 6.0 7.0 ± 0.3 2.7 ± 0.4 0.54 ± 0.1 21.5 ± 0.1 0.59 ± 0.01 5 (spec), 6 (puls)

PG 2131+066 95 ± 5.0 7.5 ± 0.3 1.6 ± 0.3 0.55 ± 0.1 21.6 ± 0.4 0.61 ± 0.02 5 (spec), 7 (puls)

PG 1707+427 85 ± 4.5 7.5 ± 0.3 1.4 ± 0.3 0.54 ± 0.1 23.0 ± 0.3 0.57 ± 0.02 5 (spec), 8 (puls)

PG 0122+200 80 ± 4.0 7.5 ± 0.3 1.3 ± 0.3 0.53 ± 0.1 21.1 ± 0.4 0.69 ± 0.04 5 (spec), 9 (puls)

Reference: 1: Koesterke & Hamann (1997); 2: Bond et al. (1996); 3: Rauch & Werner (1997); 4: Vauclair et al. (2002);
5: Dreizler & Heber (1998); 6: Kawaler & Bradley (1994); 7: Reed et al. (2000); 8: this work; 9: O’Brien (2000).

mass than PG 0122+200 (for example) it should not. In try-
ing to identify the factors that determine the instability region
along pre-white dwarf evolutionary tracks, O’Brien (2000) sug-
gested a very narrow strip surrounding the locus of places
where the period spacing is about 21.5 s. Our finding here is
that PG 1707+427 has a period spacing of 23 s, and therefore
extends the “red edge” of O’Brien’s locus towards lower Teff .

As O’Brien (2000) states, though, the discovery of a rela-
tively low-mass pulsator on the cool end of the naked GW Vir
region implies that longer periods should be present than in, for
example, PG 0122+200 or PG 2131+066. The longest period
seen in PG 0122+200 is at about 610 s (O’Brien et al. 1998).
PG 2131+066 pulsates with periods only as long as 508 s
(Kawaler et al. 1995). The fact that PG 1707+427 shows sev-
eral periods near 750 s, and one at slightly above 900 s, is
therefore of interest as well. O’Brien (2000) uses energy ar-
guments from Hansen et al. (1985) to compute the maximum
available period as a function of mass and Teff; for 0.57 M�
and Teff = 85 kK, this calculation reveals that the maximum
periods are to be expected at about 860 s. This is entirely con-
sistent with what we see in PG 1707+427.

Hence, our identification of the 23 s period spacing in
PG 1707+427, and therefore our determination of its mass, ex-
tends the expected region of instability of the GW Vir stars
over what O’Brien (2000) suggested. But, the observed longer-
period modes that the star shows are still consistent with the
systematics of the evolution of the driving region in the naked
GW Vir stars. With this in mind, several areas of further inves-
tigation of the phenomena of hydrogen-poor hot white dwarfs
can take advantage of the asteroseismic constraints. First, new
models that can explain the systematics of the instability region
need to address the trends of periods with luminosity (or effec-
tive temperature) and mass. Since we have only used the mean
period spacing in this first analysis, a second avenue to explore
is more detailed modeling of the interior of the GW Vir stars
(including the pulsating central stars of planetary nebulae). The
departures from equal period spacing seen in PG 1707+427
(and the other pulsators) are trying to tell us something about
the internal structure of these stars – with the completion of our
assay of the class, it is time to listen to the music of asteroseis-
mology to finally decode their origins.
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