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Abstract. The purpose of this paper is to improve the modeling of the mixing of chemical elements that occurs in stellar
radiation zones. In addition to the classical rotational mixing considered in our previous paper, which results of the combined
action of the thermally-driven meridional circulation and of the turbulence generated by the shear of differential rotation, we
include here the effect of an axisymmetric magnetic field in a self-consistent way. We treat the advection of the field by the
meridional circulation, its Ohmic diffusion, and the production of its toroidal component through the shear of differential
rotation. The Lorentz force is assumed not to exceed the centrifugal force; it acts on the baroclinic balance and therefore on the
meridional flow, and it has a strong impact on the transport of angular momentum. All variables and governing equations are
expanded in spherical or spherical vectorial functions, to arbitrary order: this yields a system of partial differential equations in
time and in the radial coordinate, which is ready to be implemented in a stellar structure code.
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1. Motivation

The need for improved stellar structure models, which go beyond the so-called standard model, is now well recognized. The
radiation zones can no longer be treated as motionless regions, where no mixing occurs, but one has to include physical processes
which lead to the transport of matter and angular momentum. So far the focus has been on the effect of rotation, which generates
a thermally driven meridional circulation; by advecting angular momentum, that circulation renders the rotation non-uniform and
prone to shear turbulence. This rotational mixing has been formulated by Zahn (1992) and Maeder & Zahn (1998), assuming that
the angular velocity varies much less in the horizontal than in the vertical direction (shellular rotation). For rapidly rotating stars,
models built along these lines are in much better agreement than standard models; this was first shown by Talon et al. (1997), and
confirmed by Maeder & Meynet (2000, 2001), who in addition refined the description for the mass loss by taking into account
the latitudinal variation of the wind.

However, these models fail to correctly reproduce the flat rotation profile observed in the solar radiative interior (Matias &
Zahn 1997). In solar-type stars, at least once they have been spun down through their magnetized wind, other physical processes
are therefore responsible for the transport of angular momentum, and the most plausible candidates are now being investigated.
One is the transport by internal gravity waves emitted at the base of the convection zones, associated with turbulence which
smoothes the differential rotation; this mechanism was described by Kumar et al. (1999), Talon et al. (2002) and applied by Talon
& Charbonnel (2003, 2004) to stars of various types. The other possibility is magnetic torquing, as advocated already by Mestel
(1953): he showed that even a very modest field could enforce rigid rotation. In the present paper we shall address the latter
effect, and examine how rotational mixing is affected by an axisymmetric field.

Moss (1974) was the first to map the thermally-driven meridional circulation in a star containing an axisymmetric poloidal
field; when rotation was added, it was assumed constant and uniform. Various generalizations of this work followed, by Mestel
& Moss (1977) and by Moss (1977, 1984, 1985, 1987). The a priori assumption of rigid rotation was relaxed by Tassoul &
Tassoul (1986), who claimed that no magnetic field could render the rotation nearly uniform in presence of meridional circula-
tion; however their treatment failed to correctly represent the generation of toroidal field through the shearing of poloidal field,
which provides the major feed-back in this problem. This was pointed out by Mestel et al. (1988), who carried out numerical
simulations that illustrated how a weak magnetic field could enforce nearly uniform rotation within a few Alfvén times; for sake
of simplification, both the poloidal field and the meridional circulation were taken as given, and constant in time.
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Recently Garaud (2002) treated the problem in a fully consistent way, and she applied it to the description of the solar
tachocline: she let the field adjust through Ohmic diffusion and be advected by the meridional circulation. However, due to
numerical limitations, her circulation was driven mainly through Ekman pumping, rather than through thermal diffusion; also,
only stationary solutions were constructed.

The purpose of the present paper is to model the time-dependent rotational mixing in presence of an axisymmetric magnetic
field, thus extending the results obtained by Mathis & Zahn (2004; from now on referred to as Paper I) in the purely hydrody-
namical case. To achieve this goal:

— we allow for a general axisymmetric magnetic field, including all its effects;

— we expand all variables in spherical harmonics, formally to unlimited order;

— we treat explicitely the departures from shellular rotation, in the linear approximation, in order to capture the tachocline(s);

— we filter out the short times, and keep only the time derivative in the heat equation and in that describing the transport of
angular momentum'.

In a forthcoming paper, we shall generalize the present work to a non-axisymmetric magnetic field.

2. Assumptions and expansions

We focus here our attention to magnetic fields of moderate strength, whose Alfvén speed V4 does not exceed the rotation
velocity RQ, but is larger than the meridional circulation velocity V. Thus the field will not affect much the hydrostatic balance
in the meridional plane, but it may play a major role in the transport of angular momentum, by tending to render the angular
velocity Q constant along the field lines of the poloidal field (Ferraro 1937). We also assume that the field does not vary on a
timescale which is shorter than the Alfvén time R/V,; thus we shall deal with fields of primordial origin, and exclude possible
dynamo fields produced in the adjacent convection zones, whose penetration would be damped anyway by skin effect (Garaud
1999).

Our treatment is not able to address the question whether the field is stable or not, because it is axisymmetric, and because
we do not resolve the Alfvén waves. We will have to rely on our intuition, guided by 3D simulations such as recently performed
by Braithwaite & Spruit (2004), to choose the magnetic configurations we implement in our code. As for instabilities which may
lead to a turbulent state, for instance the magneto-rotational instability when the equator rotates slower than the poles (Balbus &
Hawley 1994), their transport properties will have to be accounted for by a suitable parametrization, as was done previously in
the hydrodynamical case.

As in Paper I, we assume that the rotating star is only weakly two-dimensional, and this for two reasons. The first is that
the rotation rate and the magnetic field, which is taken axisymmetric, are sufficiently moderate to allow the centrifugal and the
Lorentz forces to be considered as perturbations compared to gravity. The second reason rests on the less justified hypothesis that
the shear instabilities due to the differential rotation give rise to turbulent motions which are strongly anisotropic due to the stable
stratification, with much stronger transport in the horizontal directions than in the vertical. In the radiation zones, we expect it to
smooth out the horizontal variations of angular velocity and of chemical composition, a property we shall use to discard certain
non-linear terms. Let us emphasize also that the influence of the magnetic field on such turbulence is not taken into account, as
seems to be allowed by the condition V5 < RQ.

Hence, we consider an axisymmetric star, and assume that the horizontal variations of all quantities are small and smooth
enough to allow their linearization and their expansion in a modest number of spherical harmonics. As reference surface, we
choose either the sphere or the isobar, and write all scalar quantities either as:

X(r,0) = Xo(r) + ) X(r)Py (cos ) M)
1

or

X(P,6) = X(P)+ ) Xi(P)P;(cos6), 2)
>0

where X,(r) and )?,(r) are related by (cf. Paper I, Sect. 2)

~ — dXo\ ~
Xi(r) = Xi(r) - (d—PE) Pi(r), 3)

with r being here the mean radius of an isobar.

" All waves are thus filtered out (acoustic, gravity, inertial, Alfvén); the equation for the transport of angular momentum (Eq. (44), below)
still formally allows for mixed Alfvén-inertial waves, but the timestep of the evolutionary calculation (which uses an implicit scheme) will in
general exceed the typical wave travel time, and suppress these waves.
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Likewise, we expand all axisymmetric vector fields using the method outlined by Rieutord (1987):

Me

u(r.0) = > {uh(IRY©) + v} (S)(O) + wp(NTI ()} 4)

Iy
=

The orthogonal axisymmetric vectorial spherical harmonics R? ), S? ), T? (6) are defined by:

R)0) = Y/ (0),, S)(6) = VsY[(6) and T)(6) = Vs A R} (6) (5)
where Yl0 (0) is the classical spherical harmonic with m = 0 (cf. Edmonds 1974) and Vs is the horizontal gradient
1
Vs =¢ e,——0,.
S 8969 te, s 93¢ (6)

Their detailed properties are given in Appendix A.
Using Egs. (A.1) and (A.6), u may be written explicitly on the usual vector basis in spherical coordinates:

Me

N,0 [uf) (r) P;(cosb)e, + vf) (r) 0P (cos B)ey — wf) (r) OgP; (cos 6’)'@]
[

I]
(=]

= Nyuy (e, + Z NP [uh () Py (cos )€, — vy (1) P} (cos )€y + w)y () P} (cos )2 | (7
I=1
e, ey and e, are the unit-vectors repectively in the r, 8 and ¢ directions.

This expansion of the vector fields allows us to separate explicitly the spatial coordinates (r, 8) in the vectorial partial differ-
ential equations which govern the problem: using this decomposition, we cast the problem into partial differential equations in ¢
and r only. This point is very important numerically, because the existing stellar evolution codes in which we have to introduce
the transport equations are all 1-dimensional, and also because we need to achieve much higher accuracy in the radial direction
than in the horizontal.

3. Axisymmetric magnetic field

We start with expansions and equations involving the magnetic field.

3.1. Definitions
The magnetic field, being divergenceless, is conveniently split in its poloidal and toroidal parts:
B(r,0) =Bp(r,0) + Br (,) = VAV A(ép(r,0)€,) + V A (61 (r,0)E,), ©))

where &p and &7 are respectively the poloidal and the toroidal magnetic stream-functions. Using the classical method introduced
by Bullard & Gellman (1954) for the spectral treatment of the geodynamo problem (see also James 1973, 1974 and Serebrianaya
1988), we get the following expansion in radial functions and in spherical harmonics which are defined in Sect. A.1.1:

&0 =Y §@Y O and &G0 =) X (YO, ©)
=1 =1

Since R) (6) = Y7 ()€, as we have seen in the previous section where we have defined R? (9),S? (6) , T? (6), the field may be
written as

Bp = Z VAVA(£R)(©) and Br= Z V A (bR (). (10)
=1 I=1

Next, we develop the curl operator as explained in the appendix (Egs. (A.32) and (A.33)) to obtain the following expansions for

the magnetic field:

&

B(r,0) = Bp (1,0) + Br (1,0) = Z{ I+ 1)r—2]R,°(6’)+

=1

lag’ G +i X—‘l) T 0)}- (11)
r rs0 ) r 1

=1

We proceed likewise for the current density j, which in the framework of magnetohydrodynamics is related with B through the
Maxwell-Ampere equation, neglecting the displacement current:

j(r,@):ﬂiOV/\B(r,e), (12)
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Ho being the magnetic permeability of vacuum.
Therefore, using expression (8) for the field, we get:

1 1
j=—VAB=—[VAVAVA(eE)+VAVA(Ere)], (13)
Mo Mo

which, using the relations (A.33) and (A.36), we can project again on R? 0), S? (@) and T ? (), and split into its poloidal and
toroidal parts:

1 1 1 ©
Jjp(r,0)= —VABr(r0)=—VAVA(EE)=—> [l<l+ =2 }RO © + ,XO]SO ©) (14)
Ho Ho Ho 43
. 1 1 - 1 §0 0
JT(r,e)z—V/\BP(r,e)z—v/\v/\v/\(gpe,)z——z T(0)}- (15)
Ho Ho Ho 4=
with A; being the Laplacian operator
2 1
Al =6r,r+ _8r_ l(l-'; ) (16)
r r

We are now ready to examine the aspects of transport and mixing in the radiation zones of rotating stars that are related to the
presence of an axisymmetric magnetic field. To achieve this, we shall proceed in three steps

— first, we introduce the Lorentz force;
— next, we derive the transport equation for B, which is the classical induction equation;
— finally, we take into account the energy losses due to Ohmic heating.

3.2. Lorentz force

The Lorentz force ¥ plays a crucial role in a rotating star, since it acts to render the angular velocity constant on the field lines
of the poloidal field Bp. In this section, we establish the formal expression of ¥ in terms of vectorial spherical harmonics.
Starting from the definition of the Lorentz force:

ﬁ(r,@):jw:[ﬂi(wm AB. (17)
0

we replace B by its expansions (11), and use the algebra ruling the vector product of two general axisymmetric vectors in
Appendix A, whereby we obtain the following formal projection:

Iz (r,6)

Xy p0(r)E + D {Xr a(rIPi(c0s 08, + Yir (1P| (c0s )& + Zr (r)P] (co0s O,

=1
X 0(r) - Z (1)
Rrea(n) ]R8(9)+Z{ v }T()(e)}

0 =1

X'TL';l(r)
0

l

«yﬁz( r)
NO

1

] SP(©6) +

}R?(@
(18)

In Appendix B, we give the explicit expressions for the radial functions X, (r), Y7 (r), L,y () in terms of the magnetic
stream-functions .fé and X(l), the normalization coefficient N,0 being given in (A.2).

As we have done previously for the magnetic field B and for the current j, we split the magnetic force into its poloidal and
toroidal parts:

JT A B+ jib A Br = X 6@ + ) (X 1Pi(cos 0), + Y 1P (cos )€

=1
R8(6’)+Z{[ e s°<9)}
(19)

. o . oo Z
Frr=jo ABr = ) Zy aP|(cos )&, = Z{ o ’] T°<9)} (20)
=1 =1 \t /

Frp

RO + yﬂ’

l
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As it was underlined by Mestel et al. (1988) and as we shall see in Sects. 4—6, this decomposition is very useful: the poloidal
Lorentz force ¥ p operates on the hydrostatic balance and thus contributes to the thermal imbalance, while the toroidal compo-
nent ¥t acts on the transport of angular momentum through its torque.

The expression of ¥ in the case where only the /={1, 2, 3} terms are kept in the expansion of B can be found in Appendix E.
One should note that if the expansion of B is terminated at mode /i,.x = N in Eq. (11), then the expansion of ¥ involves terms
up to Imax = 2N, due to selection rules (see Appendix B).

3.3. Induction equation
We now turn to the evolution of the magnetic field in stellar radiation zones, which is governed by the induction equation:
OB=VAVAB -VA(nl®VAB), (21)

where we have allowed for an anisotropic eddy diffusivity ||n||. We recall (cf. Paper I) that the macroscopic velocity field V is the
sum of a zonal flow U, = rsin Q (r, 6)e, and of a meridional flow U (r, 6):

V(r,0) = rsinfQ(r,0)e, + U (r,0). (22)

The latter can be split into a spherically symmetric part, which represents the contractions and dilatations of the star during its
evolution, plus the thermally-driven circulation

U (r0) =ie, + Un(r,0), (23)
the meridional flow being expanded in spherical functions:

dP;(cos6)__
— el

a0 (24)

Uy = Z [U,(r)P, (cosO)e, + Vi(r)

>0

The radial functions U,(r) and V() are related by the continuity equation, i.e. V - (0 Uy) = 0 in the anelastic approximation:

__1 4 , 2
Vi= s Dor ar (er'vi) 5)

We introduce the expanded form of the velocity field in the induction Eq. (21):
0B -V A (7 AB) =V A|(U, +Un)AB| -V A(I®V AB), (26)

and as before we project this equation on the vectorial spherical harmonics R? 9), S? @, T ? (6). The time derivative on the
left-hand side of Eq. (26) is readily derived (cf. Eq. (11)):

S 8i&, 1 %
&B = ; {{1(1 + 1)750} RY(6) + [;a,,,gg] SY6) + [ XO} T?(@)}. (27)

r

Then, using the algebra related to the R? 9), S? @, T ? (6) and the identity (A.32), the following expansion of the contrac-
tions/dilatations term is obtained:

00

VAGEAB) == {[l(l + 1);26@6] R} (0) +

=1

%a, (ra,g{))] S(6) +

~a, (fxé)] T (9)} : 28)

[
1a, [rnhAl (f—Om 50 0)
r r

1 1
O, (mdh) - ml (1 + 1)%} 79 (e)}, (29)

r

In the same way, we get for the dissipation term:

VAURI®VAB) = —Z{{nh;Az (l<1+ ) f—f)} R 0) +

=1

+

where we recall that A; is the Laplacian operator: A; = 9, + (2/r)0, — I(l + 1)/ r2.

The task is more difficult with the non-linear expressions describing the stretching and advection of the magnetic field:
VA [(Ll¢ A B] + V A [Uwm A B]. The first term corresponds to the generation of toroidal field trough the shearing of the poloidal
component by the differential rotation, while the second one represents the advection of the field by the meridional circulation.



658 S. Mathis and J.-P. Zahn: Transport and mixing in rotating stars. II.

The first step is to expand (U, + Uw) on the R? ), S? (0) and T? 9):
U, + Uy = Z {ub () RY 0) + v}, (1) 87 (6) + wh () T (0)]. (30)
1=0
From (24), we get immediately for the meridional part:

U (r) Vi(r)

U (r) = v and vj) (r) = N 31)
Next, we expand the rotation law as in Paper I:
Q0 = QM+ Q0,0 = Q)+ > Q)0 6) = Z Q; (1) Py (cos6), (32)

>0
where Q (r)= fo Q(r,0) sin’ 0de/ fo sin® #d@ the horizontal functions are given by Q; (6) = P;(cos6) — I, with
I = foﬂ Py (cos ) sin® 6dt9/f0’r sin® d6 = 6,9 — 16, Thus, we get:

Q) (1) = Q) = Riso & (1 = Qo () + 1 (1) 33)
QF (r) = Qi (r) for > 0.

Using the identity (A.9), we obtain the zonal flow U, = ;. wh (r) T} (6), where w), (r) is given by

wh(r) = r[iglﬂf_l(r) - C?gl QL (r )} (34)
Nl—l Nl+1

The expression of the w6 when we keep only the two first terms of the expansion (32), Qand Q; is given in (E.3).
It remains to project the vector product of the two axisymmetric vectors, (U, + Uy) and B, on the vector harmonics R? (R
S? (6) and T(l) (6). This task is accomplished in Sect. A.2.3; applying it to the advection term, we get:

((1/1¢+(L1M)/\B =

=1
= X ;(I‘)
_ Z{{ ’f{l’o ]R?(9)+

=1

nMg

[Xaqi(r)Pi(cos 0)€, + Y aai(r)P] (cos )&y + Zaai(r)P} (cos O)E, )

Yagi(M | o Zaai(N |0
O ]5(9) [ O }T(9)}

l l

(35)

where the radial functions Xaa. (), Yaay (r) and Zagy (r), which are explicit functions of Q, &, U, 56 and Xé, are given in
Appendix C. Finally, using once again Eq. (A.32), we obtain:

VA |(U, + U 7B = ; { I(ZN+,01) Zaas

11 1 (Xaqg
}R?(e)+[W;ar(rzAd;z)}S?<9)+[ ( =

NP
We are now ready to put in their final form the one-dimensional advection/diffusion equations respectively for the poloidal fé
and for the toroidal magnetic stream-functions )(6, by collecting the R? (0) and the T? (6) components of Egs. (27)—(29) and (36):

1
+ -0, (ryAd;z))] T} (e>}- (36)

gy 1 &
e VIOI'ZAd;I + nnrd - (37)

dy! 1 X
5 O Oxg = 5 [Xaaa + 0, (Y aaa)] + |0 (mdxt) = il + 1)r—§]- (38)

dr b

Note that these equations involve the Lagrangian time-derivative, which makes them suitable for their implementation in stellar
evolution codes. They are the equivalent in our formalism of the two classical equations for Bp = V A A, A = Ae, being the
potential vector, and Bt = Bre,:

1 , A Br , Br
OA + ~Uns - V (sA) = n(v A- —2) and  8,Br + sUy -V ( )+BTV Up = sBp - VQ + n(v Br - —) (39)

s s 52
where s = rsin § and 7 is taken isotropic and uniform (Campbell 1997; Mestel 1999).

Finally, we note that in the ideal case, in the absence of shear, meridional circulation and Ohmic diffusion, Egs. (37) and (38)

reduce to:
d¢, d (xo d d (B,
E_O da— =0 and thus to E( B,) = Ond—;—o. (40)

These equations express the Lagrangian flux conservation of respectively



S. Mathis and J.-P. Zahn: Transport and mixing in rotating stars. II. 659

— the magnetic field through the sphere of radius r, as the star expands or contracts;
— the toroidal field in a homothetic contraction or expansion where the density varies as 7~ (cf. Cowling 1957).

In Appendix E.1 we give the explicit expressions of Egs. (37) and (38) for the dipole, the quadrupole and the octupole (I =
{1, 2,3}), retaining the lowest order terms in the rotation law: Q(r,0) = Q(r) + Q, (r) Q> (0), and the associated meridional
circulation.

3.4. Ohmic heating
The last point we shall consider for completeness is Ohmic heating, which contributes somewhat to the thermal bal-

ance/imbalance. In the case of an anisotropic eddy-magnetic diffusivity, its input rate is given by

1
J 6 = /70[||n||®(VAB)]-(VAB), (41)

which reduces to the classical result J = j*/o, with o = 1/ (uo7) being the conductivity, when the diffusivity is isotropic.
The scalar product of two axisymmetric vectors is treated in Sect. A.2.3; applying the result to J, we get:

NIOEDINAGIICOR (42)

>0

where the radial functions J;(r), which are functions of the magnetic stream-functions fé and )(6, are given in Appendix D, and
in Appendix E for the special case where only the / = {1, 2, 3} modes are kept. Note again here that if the expansion of B is cut
at mode /,ox = Ny, in (11), then the expansion of J involves terms up to lyax = 2Np,.

We are now ready to introduce the Lorentz force in the equations governing the transport of momentum and of heat.

4. Transport of angular momentum
We start from the momentum equation
ploV+V-V)V]=-VP—-pVp+V ||| + I, (43)

where p is the density, ¢ the gravitational potential, ||7]| the turbulent stresses and ¥, the Lorentz force. We insert in it the
expression for the macroscopic velocity V given above in Egs. (22), (23), and take its azimuthal component, which yields an
advection/diffusion equation for the angular momentum density:

)
0 1
il 0 (pvvr46,Q) + ——0p (pvh sin® 9899) +I'g (1,6). (44)
sin 8

p% (r2 sin’ GQ) +V. (,or2 sin? HQ(HM) =—5 0

Note that here again we have introduced the Lagrangian time derivative, making use of the anelastic continuity equation. This
equation is of course identical to that given in Paper I (Eq. (14)), except for the magnetic torque I'g;. (,6) = rsinfe, - Fz (,6).
As in Zahn (1992), we assume that the effect of the turbulent stresses on the large scale flow is adequately described by an
anisotropic eddy viscosity, whose components are v, and vy, respectively in the vertical and horizontal directions. In the absence
of circulation, turbulence and magnetic field, we retrieve the Lagrangian conservation of angular momentum.

It remains to project this equation on spherical harmonics; the expansions of the meridional circulation and the angular
velocity were established in Paper I and they have been recalled above in Egs. (24), (32). We proceed likewise for the magnetic
torque:

T, (r,6) = rsin0F, = rsin6 Z Zy,4(NP} (cos b), (45)
=0

where ¥, is the azimuthal component of ¥ obtained from (18). Then, using the following property of the associated Legendre
functions:

d d
P,1 (cos@) = —@PI (cos 6) = sin Hd— P;(u) where u = cosé (46)
W)

and the expression for dP; (u)/du which is given in Eq. (A.45), we put I'g; in its final form:

. . £
Ty, (r,0) = Z I (r)sin® 0 Py (cos6) where T(r) = Z rZsu (r) Qk—4j— 1614 2j1 | (47)
=0 k=0 =0

E [x] is the integer part of x, and Z«; . is defined in Eq. (18) and spelled out in explicit form in Appendix B.
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4.1. Evolution equation for the angular mean angular velocity
Taking the horizontal average of Eq. (44) over an isobar and using the assumption that Q(r) > Q(r), we obtain the following
vertical advection/diffusion equation for the mean angular velocity Q:

d = 1 = 1 P
p3,(70Q) = 250, (or*QUa) + 0, (0nr*0,9) + T, (1), (48)

i T, (. 6) sin 6do

T, 3
fo sin” 6d6

where the mean Lorentz torque is  I'y ()=

1
= [Fo (r) - 512 (r)} : (49)

Note that only the / = 2 component of the circulation is able to advect a net amount of angular momentum; the higher order
components of Uy (for instance those induced in its tachocline by a differentially rotating convection zone) do not contribute to
the vertical transport of angular momentum, as was pointed out in Spiegel & Zahn (1992). The explicit form of Eq. (48), keeping
only the [ = {1, 2, 3} terms in the expansion of B (cf. Eq. (11)) is derived in Appendix E.2.1.

4.2. Evolution equation for the differential rotation in latitude

We establish the equation governing the horizontal transport of angular momentum by multiplying Eq. (48) through sin®  and
subtracting it from the original form Eq. (44):

d/ sy . 5, = 22, sin® @ = sin” @ ha
pa (r sin 6’!2) +V. (pr sin HQWM) + 572 o, (pr Q U2) = 3 o, (,Ovvr arQ)
1 . —~ ) _
+m69 (pVh S]Il3 9899) + Fﬁ - Sll’l2 GI‘ﬁ (5())

In the advection term we have again neglected the fluctuation ﬁ(r, 0) compared to the mean Q.
The next step is to replace Q(r, 6) by its expansion (32) in the horizontal functions Q;(6). For [ = 2, the equation separates
neatly into

d _ 1
p— (D) = 2pQr [2V = (V2] = 50, (prr*9,Q2) — 10pvQ + T (51)
dr r2

—
with V, = 14d (przUz) and o) = ldln(r Q)

S 2
6pr dr 2 dlnr (52)

It can be simplified by assuming that the turbulent transport is more efficient in the horizontal than in the vertical direction (i.e.
RS Vh)l

d _
p () - 20Qr [2V2 - aUs] = —10pvQ; + . (53)

In the asymptotic regime ¢ > 1> /vy, a stationary state is reached:

Vs = <1 2V — alUs] Q + L (54)
5 10p
where horizontal diffusion balances horizontal advection and the torque due to the Lorentz force.

For [>2 the situation is more intricate, because there are couplings between terms of different /, which prevent a clean
separation for each /. This is mainly due to the magnetic torque. Indeed, we recall that in the hydrodynamical case the hypothesis
of Spiegel & Zahn (1992) allows such separation (cf. Paper I, Sect. 3.2). Therefore, we choose here to stop the expansion of
the rotation law at €,. The explicit form of Eq. (53), keeping only the / = {1, 2, 3} terms in the expansion of B (cf. Eq. (11)) is
derived in Appendix E.2.1.

5. Structural properties of the differentially rotating magnetic star
5.1. Baroclinic relation

As in Paper I, we consider a non-uniform and a non-cylindrical rotation law, and add here a general axisymmetric magnetic
field. Then neither the centrifugal force nor the Lorentz force derive from a potential, and therefore the isobars and the surfaces
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of constant density in general do not coincide. In order to determine how the density varies on an isobar, we start from the
hydrostatic equation:

lVP =g=-Vo+Fc+ TL’P, (55)
P P

where ¢ is the gravitational potential and g the local effective gravity, which includes both the centrifugal force
Fec= %sz (r2 sin’ 9) and the meridional magnetic force ¥ , p. Taking the curl of this equation, we get

1 1 1 ) 5 Frp
-=SVoAVP=--VpAg= EV(Q) A V(rsin 6) +V/\( , (56)
P P P
which to first order reduces to
Vo' A . 2 1~ ¥
_YP ARG 0,9 cos Osin 6 — 3,(Q%) sin® 0] &, + V A ( ;’5"’) : (57)
with p’(r, 8) being the variation of the density on the isobar.
We now expand all terms in spherical harmonics. For the density fluctuation this is readily done:
P/ (0) = Y1 (r) Pi(cos ). (58)
>0
Then, differentiating the equation of state:
d dp dT d
—pza——6—+go—'u (59)
P P r H
we can write the modal amplitude of the density fluctuation as
Pl _ @, = oA - &Y. (60)
I
For the centrifugal force, we recall that
Q(r,0) = Q) + ), Qu(r) (Pi(cos ) ~ 1), ©61)
>0
which leads us to
Q(r,0) = [ﬁz -20 Z ol +20Q Z Q,Pi(cos 0) (62)
>0 >0
—2
keeping only the terms linear in ; (beside €2 ). Finally, we draw the expansion of the poloidal Lorentz force from (18):
Fre(1,0) = > {Xg a(IP(cOS OF + Y 1(1)P] (cos e} (63)

=1

It remains to insert these expansions in Eq. (57), noting that it projects itself only on the azimuthal vectorial spherical harmonics
T ? (0). Using the algebra related with these harmonics, we reach the following expression for the modal amplitudes of the relative
fluctuation of density on an isobar:

01 Xz, 1 Yy,
LN [D,(r) p X 1d (r?—l(r))} (64)
g () rdr\ p()
g is the horizontal average of the modulus of g and D; (r) has been derived in Paper I (Eq. (47)):
_ A0 52 re) 1 re) I 0 0 0
Di(r) = N {ra, [Q r - 2Q(r)92(r)12] 3_/\/36”2 + 2r; 3, (QMNQ(r) N |49 (-C2 8152 + D61,
= Q,(r)
+B) (=€, 81+ DY, 8151) | - 2901) ) 0 |G (=C2, 61 + DY, 61,002) = HY (—CO 6102 + D(;_la;,s)]}, (65)
>0 s

where all the numerical coefficients (AY, B?, C?, D?, G?, H?) are given in Appendix A.

This baroclinic Egs. (64)—(65) plays a key role in linking the density fluctuation on an isobar with the differential rotation and
the magnetic field. It allows us to close the system formed by the induction equation, that for the transport of angular momentum,
that for the transport of the chemical species and that for the transport of heat, which we shall establish in Sect. 6.
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5.2. Effective gravity and perturbed potential

It remains to examine how the redistribution of mass we just described modifies the local gravity. In the absence of magnetic

field, the perturbing force is just the centrifugal force ¢ = %QZV(r2 sin? ), whose r and 6 components are expanded as

Fe,(r,0) = ) aiOP(cost)  Feu(r,0) = = ) birdePilcoso), (66)
1 1

where a;(r) and b,(r) are given by:

al(r) = %r [52(7) - Zﬁ(r)Qz(V)Iz] (610 = 612)
+2rQ(r) Z Q,(r) [ ACYH(GY NS = HY (N 6162) = DY (G NO,y015e2 = HY, NYS, )}} (67)
s>0
by = 5r[@ 0 - 2000n] 51
+2rQ(r) Y Q}if(or ) {A9(=CY N 16152 + DY NYOL) + BY (—CO NO6, s + DY, N 56 402)) (68)
s>0 s
To this we have here to add the meridional components of the Lorentz force
Frer(n0) = > Xpy (N Pi(cos®)  Frpg=— ) Ygu(r)9oPi(cos6). (69)
1 l

In the expressions that we have derived in Paper I, it suffices then replace poa; by poa; + X, and pob; by pob; + Yz, to establish
the version including the effect of the magnetic field. Thus for the gravity perturbation along an isobar we now get (cf. Paper I,
Eq. (72))

9 dgo 1 Yga) 1 Xy d (¢

@ :—[ g0 r(b1+ ﬁ’l)+—(az+ ﬁl)]+—(ﬂ) (70)
7 dr g Po 90 Po dr{ go

The last term involves the fluctuation of the gravity field along the sphere, ?ﬁ;, which is obtained by integrating the Poisson
equation (cf. Paper I, Eq. (60)), modified along the same rules:

d
5 poar+ (Fpobl) + Xgp + — (hyﬁ ) (71)

rdr? ¢ r 0 go dr

— = ——

1 & I+ 1)~ 471G dpy—~ 4nG
(F 1) )

Let us recall that Sweet (1950) was the first to establish this result for the most general perturbing force.

6. Thermal imbalance and transport of heat
It remains to implement the magnetic field in the heat equation:

S . VS]:V-(XVT)+pe—V-Fh+j, (72)

T
PE o

where S is the entropy per unit mass, y the thermal conductivity, e the nuclear energy production rate per unit mass and Fy, the
flux carried in the horizontal direction by the anisotropic turbulence. Note that in a medium of varying composition, we have
to take into account the entropy of mixing (cf. Maeder & Zahn 1998). In the simplest case, applicable to main-sequence stars,
where the stellar material can be approximated by a mixture of hydrogen and helium with a fixed abundance of metals, it can be
expressed in terms of the mean molecular weight only; then we have

[d—T VWS s 0T d—“} 3
u

ds = ¢,
where V,q is the adiabatic gradient and @ is a function of the metal mass fraction and of y, the mean molecular weight.

The magnetic field manifests itself in the heat Eq. (72) through the Ohmic heating term .7, but also in the divergence of the
thermal flux, because it involves the divergence of the perturbing force. This force includes both the centrifugal force # ¢ and the
Lorentz force per unit volume, ¥ r p/po, and their divergence will again be expanded in spherical harmonics as

V-Fc=Tc+ ) foPi(cosd) and V- (?7’) Fr+ ) friPi(cost). (74)

>0 >0
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In Paper I (Eq. (85)) we gave the expressions of ?C and fé,; in terms of ¢; and b;:
— 1 ) ~ 1 ) bl
fe= 0 (rao) and fo, = =0 (Pa)+ 10+ H— (75)

As above in Sect. 5.2, it suffices to replace a; by X¢,,1/po and b; by Y,.1/po to obtain the equivalent expressions for the divergence
of the Lorentz force:

_ 1 X ~ 1 Xy Y,
Fr=—0 (rz—ﬁ’o) and  fr, = =0, (rz—ﬁ’l) S+ 1) 2L (76)
r Lo r Po rPo
This leads us to the modal form of the heat equation, which can be implemented directly into a stellar structure code:
=~ |d¥;  dlnu Ui(r) L(r) Ji(r)
TCy|— + @ A+ Ve — V)| = Ti(r) + , 77
b [ ; o N H, (Vaa )] M) (1) 7 (77
where 77 is given by:
¥ + f €+ €gav) | T £ + 7 f + f
7 = 2|1-1¢ J:L—( ga)@+fc” Jer _Te*TL oy, on,)
4rGp €m g 4rGp 4rGp
Pm | T I(l+ 1)Ht Dy,
O\ 20, (H10, 1= (1= 6 4 x0)¥) = (g + ) = == (142w
(€ + Egrav)
i {(Hr0, %) = (1 = 6+ X)W1 = (9 + xp)A)) + (feer = o5 + OV + (e + fep — DAY} (78)

€m

We recall that L is the luminosity, M the mass, T the horizontal average of the temperature, C, the specific heat at constant pres-
sure, and V the radiative gradient. We have also introduced the temperature scale-height Hy = |dr/ dln Tl, the thermal diffusivity
K = x/pC,, the horizontal eddy-diffusivity Dy and f. = €/ (E + Egra\,), with € and €,y being respectively the mean nuclear and
gravitational energy release rates, whereas ¢, and y,, are the logaritmic derivatives of € and of the radiative conductivity y with
respect to y, their derivatives with respect to T being noted as er and yt. Moreover, we have €, = L (r) /M (r) and p,, is the mean
density inside the considered level surface.

Three remarks before we conclude this section.

— First, we have noted previously that if the expansion of B is stopped at mode [,x = Ny, in (11), then the expansions of ¥
and of 9 must include all terms up to [, = 2Ny, due to selection rules. Therefore, keeping Q (r, 6) = Q r)+Q(r) 02 (0),
the expansion of the meridional flow will extend to lgs,,:max = max {4, 2Np}.

— Next, the relative importance of the terms contributed respectively by the magnetic force and by the centrifugal force depends
on the ratio (Va/Vq)* where V4 = B/ \Hopo is the Alfvén speed and Vo = RQ, R being the radius of the star. If the magnetic
field is weak enough, this ratio will be small except just below the surface because of the decay of the density. In this case, for
the implementation in existing stellar evolution codes of the equations related to the thermal imbalance and to the structural
properties of the star (cf. Sect. 5), we keep only the modes I = {2,4}, which allows to describe the tachocline(s) circulation
to first order (see Appendix E). However, in the case of a strong field higher order modes of the Lorentz force must be taken
into account.

— Finally, the ratio between the term representing the Ohmic heating, J; (r)/p, and the highest-order derivative term of V-(yVT)
in Eqs. (77) and (78), namely (L/M)(om/p)(r/3)d, (Hrd,¥)), is given by (7/K) (Va/Va)?. Therefore the Ohmic term can be
neglected since Va < RQ and n <« K.

In conclusion, the link between the circulation and its cause, namely the thermal imbalance due to the rotation, the magnetic
field and the chemical composition, is established through Eqgs. (77) and (78) where the temperature fluctuation on an isobar is
governed by an advection/diffusion equation from which we can derive the radial component of Uy;. These equations have been
established for a rotation law which depends on r and 6, and that allows us to treat simultaneously the bulk of the radiation zones
and the tachoclines in presence of a general axisymmetric magnetic field.

7. Boundary conditions

The system of equations is now complete: we have the induction equation, an advection/diffusion equation for the transport of
angular momentum (mean and fluctuating) including the action of the magnetic torque, another for the temperature (mean and
fluctuating), and the baroclinic relation which allows us to close the system. The equation for the transport of chemical species
(or alternatively for the transport of molecular weight) is unchanged. It thus remains to specify the boundaries conditions of this
system, to be applied on the limits of the radiation zone. To be specific, we consider a star with a radiation zone located between
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a convective core and an upper convection zone. We designate by r, and r; the respective radius of the base and of the top of that
radiative zone. Of course, in a solar-type main-sequence star we have r, = 0, whereas for a massive main sequence star r; = R.

The boundary conditions for the equations already present in the hydrodynamic case, which was examined in Paper I, are
unchanged, except those to be applied to the equation of angular momentum transport, since it includes the Lorentz torque. The
novelty here is the induction equation, which we have split in two equations, respectively for the poloidal and toroidal magnetic
stream-functions f(l) (Eq. (37)) and /\{6 (Eq. (38)). These equations are of second order in r, and therefore each of them requires
two boundary conditions. In principle they can be obtained by solving the induction equation, together with the equation of
momentum, etc. in each adjacent convective zone, but this represents a formidable task which is well beyond our scope here.
Instead, we make the following — simplifying but reasonable — hypothesis, valid only in the convection zone(s):

(i) we do not take into account the meridional velocity field. The only motion we retain is the zonal flow associated with the
differential rotation: U, = rsin 6 Qcyz (r, 6)e,, with Qcz(r, 6) being the angular velocity in the convection zone;

(il)) we put ny = nn = Nup Where nuyw is the magnetic eddy-diffusivity, which we assume constant inside the considered
convective region;

(iii) this eddy-diffusivity is high enough to allow for a stationary state (compared to the slow evolution in the radiation zone).

With these assumptions, the poloidal field is potential, and Eq. (37) reduces to:

%_I(HI)

I _ Q.
dr? r2 §=0 (79)

it admits the general solution:
B

& =Ar + = 80)
-

When applying it to a convective core where we must take the non-singular solution at the origin:

/)
r?—(lJrl)fé:O at r = r, (81)
r

which becomes .fé = 0if r, = 0. In the case of a convective envelope, surrounded by vacuum, we have

1
r% +1€)=0 atr=r. (82)
dr

With the same assumptions, the toroidal field obeys the simplified form of Eq. (38):

o 1a+1 S (Q 1
- 20 _K - )Xé _ 51 Qcz) where 8 (Qcz) = —— [Xady (Qcz) + 0, (rY aay (Qcz))] - (83)
r r Mturb NO

Xadar (Qcz) and Y a4y (Qcz) are derived using the previous multipolar solutions for fé (cf. Eq. (80)), expanding Q¢ in spherical
functions like Qc¢z (r, 6) = ;€ (r) P;(cos 8) where the €; are taken from the results of the inversion of helioseismological data
(Corbard et al. 2002), using (34) and Appendix C. Then, the solution of (83) inside a convection zone is derived using Green’s
functions:

1 1
20+ 1 Nturb

RexlCZ T
= [rm [rtsie art [T S0 ar (84)
r Rincz

where Riycz and Rexcz are respectively the radius at its base and at its top. Applying Eq. (84) to a convective core where
Rinicz = 0 and Rexicz = 10, WeE get:

1 1 -l B I+1
Q d tr=rp. 85
21+177lurbrb£ X781 (Qcz) dx atr=n (85)

I _
Xo =
Finally, for a convective envelope where Riycz = r; and Rexicz = R, we obtain:

11 R
rf”f xS, (Qcz) dx atr=r. (86)

In the case where S; (Q¢yz) is negligible, the previous results leads to:

Xo=0atr=r, andr=r, andthusto Br=0. (87)
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Fig. 1. Rotational mixing in stellar interiors with magnetic field: a highly non-linear problem (the action of the convection through penetration
and overshoot which enhance the mixing has been added).

It remains to write down the boundary conditions to be applied on the transport of angular momentum. Since the equation for the
mean angular velocity Q (48) is of second order in r, it requires two boundary conditions. They are obtained by evaluating the
budget of angular momentum in each adjacent convective zone:

dl 1, = dfr® 1, =
T [ f r“der} = §r4pQU2 ~Fa() atr=r, o [ f r“der} = —§r4pQU2 - Fa+Fe(r) atr=r. (88)
0 n

Fo is the (signed) flux of angular momentum which is lost at the surface by the stellar wind, and Fg(r) the flux carried by the
magnetic field through the considered surface:

I+ DI+DNY, _ - DINY,

-
QI+ D@+3) 0 T 2-nei+ ]} =

1 g , 3
Fo(r) = —#—Oﬁfo B, (r,6) B, (r,0)sin>0dg = Z—MZ{Z(H 1)N,0§{){

>0

Here again the perturbation 2, obeys an evolution equation which does not include any derivative in r, and therefore it needs no
boundary condition.

8. Conclusion

The work presented here is the continuation of Paper I (Mathis & Zahn 2004), where the star was assumed without magnetic
field. Here we allow for a magnetic field of moderate strength in the radiation zone(s), with an Alfvén speed not exceeding the
rotational velocity: (Va)? < (RQ)?. Such a field has little impact on the hydrostatic balance, since we also assume, as in Paper I,
that the centrifugal force is small compared to gravity: RQ? < ¢g. But it will compete with the centrifugal force in the baroclinic
balance (56), and therefore it will participate in governing the meridional flow. Moreover, such a field tends to enforce uniform
rotation along the field lines of the poloidal field (Ferraro’s law). The question then arises whether or not the poloidal field threads
into the convection zone(s), where such differential rotation is probably maintained through the turbulent motions, as observed
in the Sun. To answer that question one has to treat consistently the evolution of both angular velocity and magnetic field, with
special care for the dynamics in the tachocline(s), and for this reason we expanded them in spherical harmonics to arbitrary order.

The overall problem of rotational mixing in a magnetized star is highly non-linear, with multiple feed-backs, as illustrated by
the diagram displayed in Fig. 1. Mixing is achieved through the meridional circulation, which is due to the thermal imbalance
caused by the centrifugal force and by the Lorentz force (mainly through the baroclinic balance), and also through the turbulence
generated by the shear of differential rotation and possibly by the magnetic field. These motions modify both the rotation profile
and the magnetic field through large-scale advection and turbulent diffusion. As the star evolves, molecular gradients build up
through microscopic diffusion (including radiative levitation and gravitational settling), and through nuclear burning. Large-scale
advection turns them into horizontal gradients, which react on the meridional circulation and are smoothed by the turbulence.

The boundary conditions play a crucial role: in a non-magnetic star, the circulation is driven by the loss (or gain) of angular
momentum, as explained in Zahn (1992); in the absence of such loss, the circulation tends to vanish, as was shown by Busse
(1982). It remains to be seen whether this is still the case when angular momentum is transported mainly through magnetic
stresses, with the poloidal field anchored in the convection zone(s).

The main weakness of our modeling remains the description of the turbulence. As in Paper I, it is assumed to be anisotropic,
due to the stable stratification, and that it tends to smooth angular velocity and chemical composition on horizontal surfaces. The
action of magnetic field on such turbulence is not taken in account, which seems reasonable as long as the Alfvén speed does not
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exceed the rotational velocity. Moreover, we have deliberately ignored here the possibility of MHD instabilities generating their
own turbulence (Balbus & Hawley 1994; Spruit 1999).

From the technical point of view, we adopted here the formalism developed in Paper I and introduced the spherical vectorial
harmonics, which obey the Racah-Wigner angular momentum algebra widely used in quantum mechanics. This allowed us to
separate the colatitude 6 in the vectorial partial differential equations which govern the problem, and to reduce the problem to
solve coupled partial differential equations in 7 and r only. It is then straightforward to introduce these equations in existing stellar
structure codes, a task we have now undertaken.

Among the first applications we plan to model a solar-type star, to check whether a fossil magnetic field, which is able to
extract angular momentum from the radiative interior as the star spins down, yields a profile of angular velocity that is compatible
with the helioseismic data. Next we will undertake the modeling of magnetized massive stars, since they are progenitors of
neutron stars which are the seat of strong magnetic fields (Maeder & Meynet 2003, 2004; Heger et al. 2004).

Most of the appendix is dedicated to the algebra involving the spherical and vectorial spherical harmonics used in this paper.
The numerical values of the coupling coefficients given in the tables have been computed with Mathematica. In Appendix E, we
state the equations in a form ready to be implemented in a stellar structure code, when the magnetic field is expanded up to the
octupole (I = 3) and only the first term €, of the differential rotation is retained.
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Appendix A: Algebra related to the spherical harmonics
A.1. Scalar quantities
A.1.1. Definition and basic properties
The spherical harmonics are defined by:
Y6, ) = Nl”‘P‘l’"‘ (cos @) e,

where P'lm| (cos §) e is the associated Legendre function, and the normalization coefficient being

(m-+|m])

Nlm =(-1)2

2041 (1= |m)!|*
an (L+ m))!

They obey the orthogonality relation:

[ (@) v @010 = 61150

Q

where dQ = sin 8 df dy and where the complex conjugate spherical harmonic is given by:
(Y7 0.9) = 1" ¥, (6, 9).

Using these properties, every function f(6, ¢) can be expanded as:

o0 l
FO.0) = > Su¥'(0.¢) where [, = fg 16,9 (¥7 0.9) de.
1

=0 m=—

A.1.2. Special case of axisymmetric spherical harmonics

In that case we have:

Oforl/=0,

_ A0 0 _ A0 _
Y? (6, ) = NP (cos 0) and dgY, (6, ) = N} 0P (cos ) = { _NIOPII (cos @) forl> 0.

A.1.3. Linear differential and recursion relations

We recall that the spherical harmonics obey to the differential equation:

1 . m 1 2 ym m
00 (sin 606Y;" (6. )) + Mam 6,¢) = —L(L+1)Y" (6, ¢).

(A.1)

(A2)

(A.3)

(A4)

(AS5)

(A.6)

(A7)

In deriving the functions which are related to the centrifugal force in Sect. 5 (cf. Egs. (65), (67), (68)) we have used the following

recursion relations for m = 0:

l 0_ (I+1

cos OY () = A%Y? (6) + BYY? (/) where AV = ————— and B) = —u-——,
1O =AY @)+ B @) w Loyer+nei-1n NI+l
1 1
in0Y°(6) = C'8,Y" ,(6) — DV3Y?, () where C? = —————— and D) = ——_——
Sin0Y;(0) = 0112, (0) = Dy0g¥y, (6)  where € Jaisnai-n U T V@mehaien
cos 6’69Y10(6’) = E?aQY? (0) + FloangO (@)  where E? = L and on = ;
- * VRI+ D2I-T) VRI+3)2+ 1)
1 1
Sin 00, Y°(0) = GOY° (6) — K'Y (6) where G0 = ——2 D ppqpo- MDD
VRI+3)2I+ 1) VRI+ DH2I-T1)

The identities (A.9) and (A.10) have been deduced from the two others (A.8)—(A.11) with the help of (A.7).

(A.8)

(A9)

(A.10)

(A.11)
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A.1.4. Expansion of products of the spherical harmonics

Using the normalization and the orthogonality of spherical harmonics (cf. Egs. (A.3)—(A.5)) and their complex conjugate (cf.
Eq. (A.4)), we can write:

l]+lg
YO, 9) Y2 (0,9) = (=) N primeimrmymie: g, ) (A.12)
=l =D

where we define the integral I° 71”1’2’"12”" like in Edmonds (1968) or Varshalovich et al. (1975):

N ChH+DCL+DI+D) (I L 1\ L1
1,Mp, M __ mi my m _
Ill,lz,l - LYII 0, 9) le (0,9) Y;" (6, ) dQ = in mmyml0 00 (A.13)
with the 3j-Wigner coefficients which are related to the classical Clebsch-Gordan coefficients by:
_1 ll—lg—m
(11 l 1):( ) clm (A.14)
mp; mp, m m 151M,62,1M2
So finally, we get the following expansion for the product of two spherical harmonics:
l|+lz
YO0 0.0)= D clnm Xl 0.0) (A.15)
I=lh—b|
where the coefficient cf] iy, 18 E1VEN Y
! o memy  |CL+ DL+ DI+ D) (L b l L1
Sty = 1) \/ 4 mp my —(mp+mp) ]\ 0 00/ (A.16)

Then, using the initial definition of spherical harmonics (cf. Eqs. (A.1) and (A.2)), we deduce the expansion for the product of
two associated Legendre functions:

L+l
P} (cos ) P} (cos 6) = Z dlll’mlJZ’WQP;”‘J””2 (cos 6) (A.17)
1=l =D|

where

dl

l1,my,l,my

= (= D)ymm) (2] 4 1) \/(ll +m)! (L +mp)! (I = (my + m))! ( h b l )(11 ) l)' (A.18)

(i = m)! (= mp) (L + (my +mp))! \ i my —(my+ma) JLO 00
Note that the previous expression is symmetric; therefore

=d

Lyma,lymy

dl

l1,my,l,my

(A.19)

A.2. Vector fields
A.2.1. Definitions and basic properties
Following Rieutord (1987), we expand any vector field u(r, 6, ¢) in vectorial spherical harmonics as

(o9 l
u(r0,0)= > > {uh (IR0, ¢) + (NSO, 9) + wh, (DT}, )} (A.20)

=0 m=-1

where the vectorial spherical harmonics R} (0, ¢), 8" (0, @), T}" (0, ¢) are defined as:

R}'(0.¢) = Y] (0, pJer, S)'(6, ) = VsY["(6,¢) and T}'(0,¢) = Vs A R0, ¢), (A2l)

with the horizontal gradient Vs =¢ydy + e, 0y. (A.22)

sin @

These vector functions obey the following orthogonality relations:

f R"-S™dQ = f R" - TdQ = f S TdQ = 0, (A.23)
Q 1 2 Q 1 2 Q 1 2
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fg R - (R}") dQ = 6, 1,6,m and fg Sy (sp2) da = fg )" - (T72) dQ = 1y (1) + 1)81,1,6m,m,- (A.24)

The vector function u may also be projected on the classical spherical vectorial basis:

o0 !
u=Y ¥ {0 +
1=0 m=-1

e,,¢y and e, beeing the unit-vectors respectively in the r, 6 and ¢ directions. These expansions of vector fields allow us to separate
explicitly the angular variables 6 and ¢ in the vectorial partial differential equations which govern the problem. We thus reduce
the problem to solve partial differential equations in ¢ and r only, which are easy to implement in existing stellar structure codes.
Note that R}" (6, ¢) and S}" (0, ¢) represent the poloidal part, and T}" (6, ¢) the toroidal part of u.

oL (Y (0, ¢) + ()~ Y1 (6, 90)]?9 N [v21<r)?iY71(9, @) — ul, (Y6, so)]@}, (A25)
sin @ sin @

A.2.2. Expansions of differential operators

As stated in the previous section, the expansion of the vector fields in R} 0, ), S’l" (6, ¢) and e (6, ) allows us to separate
the variables in the vectorial partial differential equations which govern the problem. This will prove particularly useful when
dealing with magnetic field, and with the non-linear expressions where it is involved. We start by expanding the classical linear
vectorial operators: gradient, divergence, curl and Laplacian (scalar or vectorial).

Gradient:

Taking a scalar function f(r, 6, ¢) expanded in the ¥]" (6, ¢):

o 1
F0.9) = > > OV 0.9), (A.26)

=0 m=-1

it is straightforward to derive its gradient:

! /
Vi(r6,¢) = Z {c’t‘rf,f,RT(& ®)+ 7’"5’,"(9, <p)}- (A.27)

oo
1=0 m=—I
Divergence:

Taking a vector field # expanded as in (A.20), its divergence is given by:

V- u(r,6,¢) = Z Z [ I+ 1)—} Y™"(6, ¢), (A.28)

=0 m=-1

where whe note that, if u is divergence-free, such as the magnetic field B or the momentum density pZy in the anelastic
approximation, we have the following relation between u!, and v/, :

1 1
! 2.1
=—-9, ) A.29
U (7u) (429
Laplacian of a scalar function:

With these expressions for the gradient of a scalar quantity and for the divergence of a vector field, one can easily derive the
Laplacian of a scalar function. Using the well-known property V2 f = V - (Vf), we get:

o0 l

1
Vf=V-(Vf) = Z Z [ e (rfn) =10+ 1)%] YO0 = D D ALY, 9) (A.30)
1=0 m=-1 1=0 m=-1
where A; is the Laplacian operator:
2 Ia+1
A=dn,+ 20, - X : ). (A31)
r r

Curl:

This operator is found in the expression of the magnetic field in terms of a stream function, in that of the current density, etc.
If we take u expanded as in Eq. (A.20), we retrieve Rieutord’s (1987) result:

Lz

=0 m=—

w!
I+ 1)—’"} R0, ) +
r

1
l(’i,(rwin)} s, + |- Lo, (rvﬁ,,)] 0, <p)}. (A32)
r r r
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Taking this result, the expansion for the Laplacian of a vector field is derived. First, we have:

I
VAV Aw =Y Z { W+ ( 1o, (rvfn))] R0, ) + | ~o,u, - }ar,xrvﬁ,,)] S/(0.9) + [~Aul, | TV, @} (A33)
1=0 m=-1
and therefore
Vu = V(V-u)—V/\(V/\u)
)
= Z Z {[A,u -2 -1+ Dt )} RM6,¢) + | Al + 2”—’2"]57(9, @) + [ A, | TGO, ¢)} (A.34)
r
=0 m=

result which becomes in the case where u is divergence-free (cf. Eq. (A.29) ):

Viu = —V/\(V/\u)
1 A[(ruﬁn) ;
= Z Z A,(ru )| R0, 0) + | =0, [r SP'(0.¢) + |Awl, | T}'0.0) - (A.35)
el (+1)
Finally, using Eq. (A.32) once again, we get the “triple curl” operator:
(VAY u = i ZI" 10+ 1)A’wf“ R™(6,¢) + Ls (rawh,) S0, @) + [Arzh, | T)'(0. 0) (A.36)
u= L Lo r 1 0, - r\rAIW,, 1 W0, @ o 1 0, .
where:
1 !
& = —0,(0)) - 2, (A.37)
r r

which becomes in the case where u is divergence-free (cf. Eq. (A.29)):

(v/\)3u=i Zl:{

At 1
10+ 1)#] R}'0.) [—;a, (rA,wfﬂ)] 16, ) +
1=0 m=-1

1 "
0+ )A,A,(m )]T (o, go)} (A.38)
A.2.3. Products of axisymmetric vectorial spherical harmonics

Before we turn to the non-linear terms involving the magnetic field: the advection term in the induction equation and the Lorentz
force, we shall first perform the projections of the scalar product of two general axisymmetric vectors and of their vector product,
and derive the associated coupling coefficients.

Scalar product:

We take two general axisymmetric vectors X (r, 8) and X, (r, 6), which we expand as in Eq. (A.20):

{ X1(r,0) = I, {ﬂg (IR (6) + By (1S (6) + CL(NT (0) (A39)

Xa(r,0) = T {DEOR) (0) + E(1)SY, (6) + F2 (0T 9)},

and perform their scalar product. After some algebra involving the expansion of products of spherical harmonics (cf. Sect. A.1.4),
we obtain

X, (,60)- X5 (,60) = > Pex, x,1 (1) Py (cos ) (A.40)
=0

with the following expression for P (x,.x,).(r):

l|+lz
Pox,x(r) = Z ZNON0 [AG () D (] Z dl o o0+ [B“ (NEF (1) +Ch (NFy (] X}, (A41)
=0 L=0 J=1(11,0,15,0)
Here X;l’lzis defined in terms of the coupling coeflicients df - (A.18):
I+l 55
Xiw= D, |l D, [@i-4p-1-X] (A42)

J=1, 1Lk, 1) p=0
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with
E[ (/—21:7—1)—1 J

X = Z {[2 (=2p=1—4qg—1]-|6[(j-2p-1)-2g-1] —

q=0

[(i-2p-1)-2g-1]+2

[d;,o,[(j_zp_l)_zq_l]’05,,,]]} . (A43)

We have used the classical notation ¢;; for the usual Kronecker symbol, E[x] is the integer part of x and
I(ly,my, b, mp) = max (|ly = bo|, my + my).

r=1(2,0,[ (j—2p-1)-2¢-1].0)

Vector product:

We operate likewise for the vector product of two general axisymmetric vectors X (r, 6) and X (r, ), again expanded as in
Eq. (A.20). We reach the following result:

X(1,0) A Xa(r,6) = Xx,axy)0(r)e, + Z {X(XIAXZ);I(r)PI (cosO) e, + Y x,axa(r)P] (cos ) ey + Zx, ax,)2(r)P] (cos 9)2’}}
=1

- X(XIAXo)'I(r)] o {—y(xmxm(r)] o Zxinxi (M | o
= ———— R/ () + | —————|S, O+ | ————|T, (O, (A.44)
; {{ N/ N/ N
where we have also used the following property of the Legendre function (Gradshteyn & Ryzhik 1967):
E(5)
dp
P = D) G- D i) (A45)
du

The radial function X(x, rx,); (r) is given by:

X nxa(r) = ZZNONO {[camete - BynFem] X L) (A.46)

=0 L=

with the same coefficient X' lll, b derived above in (A.42). The two other radial functions Y (x, ax,). (r) and Zx, rx,): (r) are given by

0o 00 L+l L1+l

Yoxnxpa = Y S NN ChnDE®| D dl o= A OFED] D dl g, (A47)
11=0 =0 Jj=I(11,1,15,0) Jj=1(1,,0,15,1)

and
[} [} l]+lo l]+lo

Zoxinxoa() = D S NN [BeDE| D dl o8- [AOEXD] D dl o 00t (A48)
=0 ,=0 j=1(11,1,1,0) j=1(11,0,,1)

Appendix B: Lorentz force

In this section we shall project the Lorentz force,

ﬁ:j/\B:[i(V/\B)/\B, (B.1)
Ho

on spherical vectorial harmonics, and write the result in terms of the poloidal and the toroidal magnetic stream-functions, respec-
tively .fé and ,\/’0. We have just seen in Sect. A.2.3 how to expand the vector product of two axisymmetric vectors in the R?(G),
S?(Q), T?(G). We apply the method to (B.1), with (cf. Egs. (14) and (15))
1 (&)
X, (n0) = j(r,0) = — (VAB(,60) = > {AL IR (0) + BL(1)S) (6) + Co (NT} (0))
Ho izl

oo I 11
Z{[h(h + 1)’(—]R2<9>+ rxo]SO ) + —Az,[ ] T?,(e)} (B.2)
and (cf. Eq. (11))
X>(n0) = B(r,0) = ) {DE(R)(60) + ELNSO) + F(IT) (6]
h=1
e I 1
= Z{12(12+1)%}Rg(9)+[;ar§3}sg(9) X T?Z(G)} (B.3)
L=1
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Table B.1. Values of the X,’lJ2 coefficient involved in the r-component of the Lorentz force and in the Ohmic heating.

X121 L X?I b

L\ L 1 2 3 L\ L 1 2 3
26 18
1 -1 0 = 1 0 0 -5

923 108

2 0 = 0 2 0 e 0
26 478 1 28898
3 7 0 49 3 35 0 2695

Table B.2. Values of the dz 1,0 coeflicients involved in the 6- and in the ¢-components of the Lorentz force and in the Ohmic heating.

dll 1,0 d121,1,12,0 d?],l,lz,o
LN\NL 1 2 3 L\L 1 2 3 L\L 1 2 3
10 -f 0 10 - 10 Lo
3 9 1 2 1
2 2 0 -2 2 0 L oo 2 2 o0 &
30 & o0 3 4 0 2 30 L0
d;t 1,1,,0 d?] 1.0 dlél,l,lz,O
L\l 1 2 3 L\L 1 2 3 L\L 1 2 3
1 0o o 4 10 0 0 10 0 0
2 0 = 0 2 0 0 & 2 0 0 0
3 2 0 2 30 2 0 30 0 X
So, we have, using the definition of Sect. A.2.3:
Lo 1 X0 / &
.7[01 = m ll(ll + 1)r—3] Z)Oz = [12(12 + 1)}%}
B =L ;a,)(“g and & =[19,£;] (B.4)
Lo 1 ' L _ |x
a-gfaf®) 1w
Therefore, we get using Eqs. (A.44)—(A.46)—(A.48):
Fr(r,0) = X1(r,0) A Xa(r, 0)
= X70(r), + ) {Xya(P) (c0sO) 2, + Yy(r)P] (c0s )y + Ly ()P} (cos 0) 8,
I=1
F 10 Xy, z(r) ~Y7,.(r) Zy; z( )
= Ng RY®O) + Z{ “ RO (0) + /\;0 SV0) + | == 10 0) (B.5)
0 I=1 1 I 1

where the radial functions X (7), Y7, (r) and Ly, (r) are:

il (e 2 s

/Vo

]x;l 12} (B.6)

11 L+l

153
Xo

1 [ ) é:(l)l L+l )
Yyi = — ZZ 0 [[—A,l (7 Ll + 1) Dd] || 1)— = > d] g0t B
Jj=I(l1,1,1,,0) J=1(1,0,12,1)
L+l 11 1 L+ )
Zyu=— ZZN,‘?N,‘Q [[ ,XO] Ll + 1>—D DAl 0 [{zl(ll + ko H g]] > dl .00 -(BY)
ll 1 L= Jj=1(11,1,,0) Jj=1(11,0,1,1)

Explicit values for X ll] ,, (A.42) are given in Table B.1, and in Table B.2 for the coupling coefficients df] 150"

Appendix C: Advection term of the induction equation
We deal likewise with the advection term in the induction equation:

(U, + Unm) A B, (C.1)
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where U, (r, 0) = rsin 6 Q(r, H)e, and Uy represents the meridional flow, whose expansions are found in (30). Therefore

00

X, (n6) = Uy(r,0) + Un(r,0) = Y (AR ©) + BL(IS) ) + CL ()T (0))
11=0

00

= >l DR ©®) + o (D) 0) + w) () T)(0))
;=0

(C.2)
and (cf. Eq. (11))
X>(n0) = B(r,0) = ) {DER)6) + ELNSO) + F(NT) (6))
L=1
N fg RO Lo | qo Xf) 0
= Z 12(12+1)— R, (0) + ;6,50 S,O) +|—|T,©O);. (C.3)
L=1
So, we have, expliciting the velocity field:
1 1 Uy >
Ag =g = T D = b+ 1)‘%}
Bh=yh =V Q5 (r) = Qo (r) + 1, (r) h _[1g b
0 =% TN . where {Q? " = Q) forsl 20 and { &; = [;czrfo] (C.4)
Cl=up = [NU Q N’g*' Q;jﬂ} Fi = [X_}
Hence we get, using Eqgs. (A.44)-(A.46)—(A.48):
(U, 0) + Un(r,0)) A B(,0) = X1(r,6) A Xa(r,6)
= Z XAdl(r)P1 (Cosﬁ)e, +MAd1(r)P (COSH) €y +ZAd](V)P (COSG)@S‘,}
I=1
o [ [ Xaaa ()] o _«yAd;l(r)] 0 {ZAd;l(r)] 0
= R; (0 —1|S/ @ ——\T,();, C5
;{[ ]1<>+{ v AR v LU (C5)

where Xag1 (r), Yaq; (r) and Zagy (1):

Xad1 = —ZZN,?N,?{( [ rfé’]

0l

Xo

! ]X,l ,2}, (C.6)

L+l 173 L1+l
0 x/0 L | Xo j
Yaas = ZZN N ( {12(12 + 1)—“ Z T T Z dl o 8t (C.7)
e j=1(1,1,b,0) J=11,0.12,1)

01 j=1(1.1,1.,0) j=I(1,.0,b,1)

L+l L+l
ZAdJ:ZZN,?N};{[ lz(lz+1)—D > dl, ( [— D DU dl g } (C8)

Explicit values for Xlll ;, (A.42) are given in Table C.1, and in Tables C.2-C.4 for the coupling coefficients dfl Lb0"

Appendix D: Ohmic heating

For sake of completeness, we also calculate the Ohmic heating rate, which we shall express in terms of the magnetic stream
functions fé and /\{6. From Sect. 2.4, we get:

1
J = ﬂ—o[llnll®(V/\B)]-(V/\B), (D.1)
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Table C.1. Values of the X,’l b coeflicients which are involved in the r-component of the induction equation.

Xll] b X12| b X?] b
LNL 1 2 3 LNL 1 2 3 hNL 1 2 3
1 0o £ 0 1 -1 o % 1 0 -2 0
2 2 0 ¥ 2 0o £ 0 2 -3 0 %
3 0 ¥ 0 3 % = 3 0o % 0
4 B o0 4 0o 0 4 2 0 e

Table C.2. Values of the coupling coefficients which are involved in the 8- and in the ¢- components of the induction equation for / = 1.

dlll 1L,b.0 dlll 0.1
hNL 1 2 3 hNL 1 2 3
1 0 -1 o0 1 o 2 o
25 0 -y 2 5 0y
3 0 # o0 3 0 -z 0
4 0 0 N 4 0 0 -z

Table C.3. Values of the coefficients involved in the 6- and in the ¢- components of the induction equation for [ = 2

d12] 1.b.0 d12] 0.55.1
LNhL 1 2 3 L\NL 1 2 3
1 ;] 0 - 1 ;0 3
2 o 1 o0 2 0 Lo
35 0§ 3. -5 0§
4 0o ¥ o0 4 0 -5 0
Table C.4. Same as in Table C.3, but for [ = 3.
d13] 1.b.0 d13] 0.55.1
LNhL 1 2 3 LNkh 1 2 3
1 0 1 o 1 0 2 0
2 5 0 3 2 5 0 g
3 0 1+ 0 3 0 £ 0
4 5 0 5 4 -5 0 5

where we allow for different eddy-diffusivities (17, 17y) respectively in the horizontal and vertical direction. We apply again the
method of Sect. A.2.3, and identify the two vector functions which enter the scalar product:

1 (o)
Xi(rn6) = - [inll@(V A B 6)] = D HADR) 0 + B () S) @) +Cp (N T )
hL=1
00 Il
= Z{ 11(11+1) RO (9)+ la ]so ©+ D —A,,( HT?{ (9)}
=l Mo r Ho
(D.2)
and

X>(r,6) = VAB(,60) = > [DEOR), 0) + &5 (1) S), (0) + 72 (O T, (6)

hL=1
co Xlo 12

= > {[12(12 +h-3 —A,,( H T (9)} (D.3)
L=1

R) () +

1w4§W®+




S. Mathis and J.-P. Zahn: Transport and mixing in rotating stars. I., Online Material p 10

We thus obtain, using Egs. (A.40) and (A.41):
J (r,0) =X (r,0)- Xz (r,0) = ZJ? (r) Py (cos6)
1=0

with the following expression for J; (r):

00 0 1 I L+

NOAO Xo j
EE Ile{[ {l (11+1)—H12(12+1)r—2D > d] 0
h=11

=1 J=1(11,0,1,0)

PR

3 Ho
recalling that X' ll] ,, 18 given in (A.42), and in explicit form in Table B.1.

Appendix E: Equations to be implemented in stellar evolution codes

D.4)

(D.5)

In this section we shall give the equations ready to be implemented in a stellar structure code, with all coupling coefficients being
replaced by their explicit value, in the special case where only the dipole (I = 1), quadrupole (I = 2) and octupole (I = 3) are kept

in the magnetic field, and where the differental rotation is reduced to its first term (I = 2).

E.1. Induction equation

The linear terms of this equation readily separate into their poloidal and toroidal components, and they project on a single

multipole, whereas the advection term is the result of various couplings.

E.1.1. Equations for the dipole

The induction equation translates into two evolution equations for the magnetic stream functions:
1 1
% = 2\/§VZAd;1 + 1nrA (%) 2 2
g i where Ay = 0, + =0, — >
W0, ()b =2 3 1Xngn + 0, (WY aa)] + [ar (mdox) - 2nv,—2] r
and where the advective terms are given by:
Xagr = 32 [E Vi cigs - 87) + 23 (i - Bi73) - % (123 V3B + 228375 )|
Yaat = 5 [ 3@?1 C3)+ & (031)2 - A2FE) + —5‘(47’3]

Zag1 = 4i 38291 + AEL) - = (82@* +2AE}) + = (5341)3 + 35‘(483)]
with

A =220,

4 _ 2 1 2 3
Ay = 5VrUs D! = zii] D2 = [6% D} = [lzf—g

2 z
By 3\/2‘/2 de=[toe] e =]lo,&] and {&=|l9,8
Bg=§ﬁV4 7_-1_X_(l) 7:2_*’_5 7:3_X_3
Cl w] \/7 5 0o~ |r 0o~ |r o~ |r|

(.

2 [z

3

3y =2/
C I,UO 3 77‘92

E.1.2. Equations for the quadrupole

Likewise
dég n &
d_to =2 \/ngAd;Z + A2 (70 > 6
where Ay = 0,,+ -0, — —=
dyg Toor r?

2
T X
— O =2 \/g [Xagz + 0, (rY aa2)] + {a, (mdnx5) - 6nvr—3]

(E.1)

(E2)

(E.3)

(E4)



S. Mathis and J.-P. Zahn: Transport and mixing in rotating stars. II., Online Material p 11

and

3 3 239 93 113
0 et cle) S » St - i -1 G|

1

Yz = g [\/7(40090 CyDy) + ChD; - —ﬂzfo 2 \/— AFE + C*D*]
5

,r [7 (8505 - 5‘%82) +245 (5BiD% + mgag)].

All functions 3{5 . T(f have the same meaning as in (E.3).

E.1.3. Equations for the octupole

The result is similar for the octupole:

dél n &
d_to = 2\/;FZAd;3+77hrA3 (70 > 12
3 2 where A3 =0, + -0, — —
dyg 3 P X5 Ty r2
= 0 = 245 [Xaas + 0, (1Y aas)] + |, (mdnxs) - 121~ >
and

21(3 3/ 12 01 2 23 4 387041 1 3
XAd3_§;{Z\/;(COSO+BO7-'O)+12 2 (Gi& B?—')——\/—BTO 3630 IB%

1 3 7 NG
Yaaz = in [\/E(Céﬂé - 5‘(37—'01) + \/j(CSDS - 3{37-'03) \/_3{47—'0 - 5&(47-'*]

E.2. Mean equations
E.2.1. Mean rotation rate

We recall the transport equation for the mean angular momentum (48):

1 1
p (rZQ) (pr QUZ) =0 (pvvr 0 Q) + I‘¢£
where the mean magnetic torque is given by:

Iy = r(Zﬁ;I +Zgn + Zf[;s)

_ 1
I'¢g, =Ty — =I', with
Fr=lo=35l2 {FZ:Sr(Zﬁ;3+Zﬁ;5)

with

Zyi = - \E [3(8301 - ALEE) - (BL0% - AZEL)]| + % 2(830% - 788) - (8303 - )]

Zrs = - \/g 2(830) - ALEY) + (BLD3 - AZED)| + \g [(Baﬂé - ) + 5 (B0} - 5‘%66)]

1 5 2
Zrs = o3| (815 - i) + 2 (i) - )|

_ 1 3 2 1 20l 4 4 23 203 V7 3 403
Zaas = E[\/g (283D) - AZEY) + 7( BID) + ALEY) + 5 580@0—54080 + 7 (58105 - AE)| -

(E.5)

(E.6)

(E.7)

(E.8)

(E.9)

(E.10)
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The A, B}, Ch, D!, E and F with [ = {1, 2,3} are given by:

A= L[ A2 = L6k A = L1222
0~ /J_O ﬁ 0~ o r2 0~ o r2
111 2 _ L l 2 83 — i la 3
B(]) = /l_() |:;8rX(1):| BO o ra"/\/O] 0 wo | r X0
| 1 §2 1 3
R VT RN RN
Mo r Ho d Ho r
| , X (2) and ; 53 (E.11)
D(l) - r_(z) DO = k6r—2:| DO = Elzﬁ]
1 1 1 822 1652 8321863
& =|-0.4 0= |79% 0 r80
- 2 ’;
[4] X X
1 _ |Xo 2 _ |20 3 _ (20
-2 =] =[]
From (E.9), the final form of (E.8) is immediately derived:
d ,— — 1 —
pa(rZQ) = = za (or*QU,) + 0, (o 1*0,Q) + rZg.1. (E.12)

E.2.2. Mean chemical composition
We restate the mean transport equation for the concentration of chemical species, which remains unchanged by the introduction
of the magnetic field (Paper I, Eq. (B.2)):

pic_i+ rlza | pclUd'ﬁ] = 50, [Pp(Dy + Der)d,i| (E.13)

dr

E.3. System for =2
E.3.1. Meridional circulation

We split (77)—(78) in two first order equations as:

oo L(_P L, (E.14)
)= — — [=——=%8 .
Mg\pCyT ) Vaa =V

Fe+le (E+&n)|dm  foatfee Tetis 2Hr Dy,
B =2|1- — - =+ =" - S + o) + c’)ﬂ (1+—)‘P
. { 4rGp €m g 4rGp 47Gp (=0%2 + ¢A2) o S K]
€ + Egry M d¥, _dln
+u [Ao + (feer = fe5+ )2 + (febu + fop — @A) + 7 ?2 -C,T ( dtz rO— “Az)] (E.15)
and
Ay = Hr0,¥Y2 — (1 =6+ x1)¥2 — (¢ + x)Ao. (E.16)
The coefficients related respectively to the centrifugal force and to the Lorentz force are given by:
- ~ 1 by
= —a ,fer = 50, (Fax) +6—, E.17
fc= (Pao) . fea 2 (Pa2) + " (E.17)
_ 1 X ~ 1 X Y.,
fr=-0: (rz—ﬁ’o) and  frp= 0, (r2 ﬁ,2) +o—LL (E.18)
r Po r Po TPo
where
2 —
ap = grQZ
2 — 24 —
=—=rQQ + —rQQ E.19
ap 3" + Tl ( )

1 8
b2 = grQ + EFQQQ
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21 [~21 3 69 93
Xro = 3= { [(Ci&h - BiF0) + (Ciés - BiFs )| + i (Ch&) - BiFs ) + o (c3&s - 873 + o (C3& - 837-'03)} (E.20)

s = 3133 lched - 72 ched - )] - 3 et - i) 5 (ched - 75)
22 (cies - 570} (E21)

Yo = - {\@ [4(C30} - A7) - (o3~ )| + (o) — AR + 2 (CO0% — o3 + 2 (o} - ﬂgﬁ)} (E22)

The ﬂé, Bf), Cg, Df), 86 and 7"(; with [ = {1, 2, 3} are given in (E.11).

The relative fluctuation of the effective gravity is given in (70); we apply it here to [ = 2:

I dgo 1 Ygo) 1 X d (¢:
2__ [ﬂ—zr(bz + ﬁ’z) +— (az + ﬁ’z) +— (@) (E.23)
g dr gg Po 90 Po dr{ go

where 52 is solution of the Poisson equation (cf. Eq. (71)):

1 &, ~\ 6~ 4rGdpy—~ 41G d d
a2 (r¢2) - r—2¢2 - zd—ro(ﬁz = e [Poaz * 3 (rpob2) + Xgp0 + T (ryﬁ;z) . (E.24)
The Ohmic heating term is derived from (D.5):
_ b Inl _ (@lol 11 3B 13 52 3ol | A3 103, g3
T = = | AD - (B1&y + CoF )| + |3 - (ADy + AD;) + o (B3 + CiFy + BIEY + COF)
+2[SARDR + 31 (B8R + CF2)| + = | Dy + 22 (883 + CIF7) (E.25)
7 020 0©0 T Colo 3 [P0 T =7 (B0 T G0l .
where the A}, B), C}, Dy, &, and F with [ = {1,2, 3} are given by:
roul )
1 v {5 X0 2 v | Xo 3 _ 10X
A= 272} A= 6ﬁ} Ay = 2 [124]
3 1
M|l Y RN =153
BO - ,U_O _6rX0} BO - ,U_O _6rX0} 0 Ho Xo .
] 1 I 2 3 _Th 0
C(l) = @ —A] 20 C(z) = @ —Az 20 CO - |:_A3 (7)}
Ho r Ho r Ho
. )él , . Xé and . 12/\/(3) (E.26)
1 0 2 = —
DO = r_2:| DO = k6ﬁj| 0 kl r2
&l = [~a! &; = [lc’)rxﬁ] & = [—c’hxé]
| 2 5 &
R BN LY I P B | 73 = |- [ 2
r r
E.3.2. Baroclinic relation
We apply Eq. (64)to [ = 2:
(E27)

Xeo 1d ( Yy
¢A2—5\1’2=§[z)2+ fi‘z+——(r ?‘2)
g rp rdr 19

where D, = % [rarﬁz] + % [ra, (592)] + %5!22 and where Xy, » and Y, » have been given in (E.21)-(E.22).
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E.3.3. Horizontal fluctuation of the molecular weight
The evolution equation for the mean molecular weight (Paper I, Eq. (39)) is unchanged by the introduction of the magnetic field:

dA, dlng U, 6
—_— = A = —V, — —DyA,. E.28
dt dr 2 H, " 12 bk (E.28)

E.4. System for =4
E.4.1. Horizontal shear
We have:

d 2 ~ 1 2
Py (r Qz) - 20Qr [%a’ (pr UZ) - CVU2} = —10pv % + I (E.29)

where the expression for I'; has been given in Eq. (E.9).

E.4.2. Meridional circulation

In the same way as for [ = 2, we recast (77) and (78) in two first order equations as

L P 1
Uy = — | — B (E.30)
* Ma[ﬁcpr]vad—v *
where

fe+fr (E+Egmv) s featfra fe+fr 20Ht Dy,

75 = 2|1 -1¢TIL Ga JeatJra JCTIL sy, g ppy) 4+ B0 63{ (1+—)‘P
4 [ 4rGp €m g 4rGp 4rGp e 9 Y k)

(8 + Eor) T ¥, _dlng

+7m{5‘l4+(feer Jeb + )Wy + (Je€u + fep — ‘O)A“}J“Z ?_Cp (dt o= A4)]
and
Ay = Hr0, Y4 — (1 =0 + x1)¥14 — (¢ + x)A4. (E.31)

The coefficients related respectively to the centrifugal force and to the Lorentz force are given by:

—~ 1 b ~ 1 X Yg,.
Jea = =50, (Pas) +20= and fr4 = -0, (r2 ‘f‘"‘) 420272 (E.32)
r r r 0 rpo
where:
24 —
ag = —_FQQ2
2 (E.33)
b4 = E}’QQZ
and
_ 2109 [Briias 13 30l 31 27T (o0 g2y, 14449 3 03
Xgpu = 35712 \/; [(COSO - B,%; ) - (COSO - By% )] T (COSO - 307:0) 154 (COS 307'-0) (E.34)
Yo = {3 (3C30} - A + CLD} —3AUF5) + 3 (G} - 7B73) + 1 (G303 - A7)
We get the relative fluctuation of the effective gravity from (70):
7. dgo 1 Yga) 1 Xy d (¢.
i 22 £
g dr g5 PO 9o PO dr\go
where ¢4 obeys the Poisson equation:
1d , ~\ 20—~ 4nG dpy—~ 4nG d
i (ra) - F e poas + = (rpoba) + X + (ryﬁ. 4)| (cf.Eq. (71)). (E.36)
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We proceed as for [ = 2 to calculate the Ohmic heating:

1 3 3 18 4
52 = {33 |t e ion - st cis s )|« i - (ke i)
2 28898
+ o [9AD5 + o5 (B3& + CoF) } (E.37)

where the A}, B), C), Dy, &, and F with [ = {1,2, 3} have been given in the previous section in (E.26).

E.4.3. Baroclinic relation
We apply (64) to [ = 4. We get:

Xega 1d (| Yg.
(,DA4 - 0¥, = ; [D4 + ‘?‘4 + —-— (V ‘?‘4)
g rp rdr o

(E.38)

6 _ _
where D, = 35 [rﬁ, (QQZ) - ZQQZ] and where X,.4 and Y,..4 have been given in (E.34).

E.4.4. Horizontal fluctuation of the molecular weight

This equation is not affected by the introduction of the magnetic field:

dAs dIng Uy 20
—_ = Ay = —V, — —=DpAy4. E.39
dr dar YT H, M AT (.39

These equations are ready to be implemented in a stellar evolution code, together with the boundary conditions discussed in
Sect. 7.



