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First order Mean Field Games on networks

YVES AcHDOU* PAaoLA MANNUccH! CLaubpio MARcHI f NICOLETTA TCHOU §

June 21, 2022
Abstract

We study deterministic mean field games in which the state space is a network.
FEach agent controls its velocity; in particular, when it occupies a vertex, it can enter
in any edge incident to the vertex. The cost is continuous in each closed edge but
not necessarily globally in the network. We shall follow the Lagrangian approach
studying relaxed equilibria which describe the game in terms of a probability measure
on admissible trajectories. The first main result of this paper establishes the existence
of a relaxed equilibrium. The proof requires the existence of optimal trajectories and
a closed graph property for the map which associates to each point of the network the
set of optimal trajectories starting from that point.

Each relaxed equilibrium gives rise to a cost for the agents and consequently to a value
function. The second main result of this paper is to prove that such a value function
solves an Hamilton-Jacobi problem on the network.

Keywords: deterministic mean field games, networks, state constraints, Lagrangian for-
mulation, first order Hamilton-Jacobi equations on networks.
2010 AMS Subject classification: 35F50, 35Q91, 35R02, 49K 20, 491.25, 49N80, 91A16.

1 Introduction

The theory of mean field games (MFGs) has been investigated more and more since the
pioneering works [19, 20, 21] of Lasry and Lions. Its purpose is to study the asymptotic
behaviour of differential games, either deterministic or stochastic, as the number of players
tends to infinity. It is well known that, when the dynamics are deterministic, the math-
ematical modeling of the MFG reveals a system of PDEs coupling a continuity equation
for the density of the distribution of states (forward in time) and a Hamilton-Jacobi (HJ)
equation for the optimal value of a representative agent (backward in time); see [14]. The
major part of the literature on deterministic MFG addresses situations when the dynam-
ics of each player is strongly controllable and the players are not constrained to remain
in a given set. Nevertheless, under a strong controllability assumption, following ideas
contained in [9, 10, 15], Cannarsa et al. in [11, 12, 13] study some models in which the
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agents are constrained to remain in a given compact set , where © is a regular bounded
open domain of the Euclidean space. In this setting, the distribution of states can become
singular so they introduce a relaxed notion of equilibrium, which is defined in a Lagrangian
setting rather than with PDEs: the evolution of the game is described in terms of prob-
ability measures defined on a set of admissible trajectories instead as a time-dependent
measures on the set of states. In the same vein, Mazanti and Santambrogio [23] obtain
the existence of MFG equilibria for minimal time MFGs; in their problem, each agent
aims to exit a given closed subset of a general compact metric space in minimal time
with a bounded speed. (For some generalizations in the Euclidean setting, see also [16]).
Moreover, in [3], Achdou et al. prove the existence of a relaxed equilibrium in the case of
deterministic MFG with control on the acceleration with state constraints; in this case,
the strong controllability condition does not hold and the Hamiltonian fails to be convex
or coercive.

The aim of the present paper is to prove similar results for MFGs where the state

space is a network. A network is a rather irregular set made of edges and vertices; here
we will focus on the model case of a junction where N half-lines are glued at a point, for
instance the origin, but we remark that all the results hold also for a general network with a
finite number of vertices and of edges. We assume that the agents control their velocity; in
particular, when an agent is in the junction, it can choose either to enter in any edge or to
remain in the junction. Moreover, the costs (running and terminal) can change from edge
to edge and other costs can appear for the times when the trajectories stay in the origin.
All the costs depend on the distribution of agents in a nonlocal, regularizing, manner.
If the time evolution of the distribution of the players is known, then each agent has to
solve an optimal problem with finite time horizon, a quadratic cost on the velocity and a
bounded cost which is continuous in the state inside each edge but not in the vertices.
The study of deterministic control problem on junctions, networks or stratified sets is
rather recent (see [2, 18, 17, 8, 22, 25]) and this topics still displays a lot of interesting
open problems. Let us recall that the aforementioned paper [23] on minimal time MFGs
also applies to networks. In the recent preprint [5] Gomes et al. study a class of stationary
MFG on networks that can be reformulated in terms of Wardrop equilibria.
The results of the present paper are the first step of a more general research project on
deterministic MFGs on networks which we intend to pursue. In the first part of this
paper we study the well posedness of the optimal control problem on networks (without
dependence on the distribution of states): we establish that, for each initial state, there
exists an optimal trajectory and that the map which associates to each point the set of
optimal trajectories starting from that point fulfills a closed graph property. We recall
the definition of the associated HJ problem on the network and of generalized viscosity
solution. We prove that the value function of our optimal control problem is a generalized
viscosity solution. From the point of view of the optimal control, the HJ at the junction
is motivated by two features of the problem. When it is in the junction, the agent may
remain there or enter in some edge (in particular, it can move only in the directions
pointing inward some edge and it cannot move in the opposite direction) and it has to
consider also a cost that appears only at the junction.

The second part deals with equilibria for MFG constrained in a network. The
main result of this paper is the existence of such a MFG equilibrium; the proof relies
on the Kakutani’s fixed point theorem and on a closed graph property. With such an
equilibrium at hand, the costs for the agents are well defined so we can introduce the
value function. Using the results obtained in the first part, we obtain that this value



function is a generalized viscosity solution to the associated HJ problem.

Our work is a first attempt to prove the existence of a MFG equilibrium in the
model case of a junction with costs depending separately on the control (velocity) and on
the state, which may change from edge to edge and with another cost for the sole vertex.

We point out that in this article we have no formulation of the distribution of the
states of the agents in terms of a differential equation. Let us just observe that, in our
setting, singular measures (as Dirac measures) may appear; see Example 3.1 below.

In a forthcoming paper we will prove similar results for optimal control problems
(and MFGs) where the agents are constrained to remain in a network and control only
their acceleration, also in the case when the control set is bounded.

This paper is organized as follows. In the rest of this section we introduce the
geometry of a junction and some notations. Section 2 is devoted to optimal control problem
on the junction; in particular, we establish the existence of an optimal trajectory for every
starting point, a closed graph property for the map that associates to each point the set of
optimal trajectories and some properties of the value function (mainly, that it solves a HJ
problem on the junction). Section 3 concerns deterministic MFGs on the junction; taking
advantage of the results of previous section, we prove the existence of a MFG equilibrium
and that the value function of the associated optimal control problem solves a HJ problem.

1.1 Notations

The geometry of a junction. We shall adopt the notations of the paper [4]. We focus
on the model case of a junction in R? with N (N > 1) semi-infinite straight edges, denoted
by (Ji)i=1,..n. The edge J; is the closed half-line R*e;. The vectors e; are two by two
distinct unit vectors in R%. The half-lines J; are glued at the origin O to form the junction

Gg:

The geodetic distance d(z,y) between two points z,y of G is

d(z,y) = |z —y| if z,y belong to the same edge J;
Y= |z| + |y| if z,y belong to different edges J; and J;.

If ¢ is a function on J;, with a small abuse of notations, we still denote ¢ the function
RT > Z +— o(Te;) defined on RT.

Gradient of a function. We denote C''(G) the set of continuous functions ¢ € C(G)
such that, for every i = 1,..., N their restriction to the edge J;, ¢, belongs to CHR*);
moreover, for ¢ € C1(G), we set

Dgle' if z € J;\ {O}
1.1 Dol(x) = i ‘
(1.1) o(z) { (Dle,...,DngN) if x = O;

note that Dp(z) is 1-dimensional when the point x is “inside” some edge while it is N-
dimensional when the point x coincides with the vertex O. In a similar manner, we denote
CY(G x [0,T)) the set of continuous functions ¢ € C(G x [0,T]) such that their restriction
to each edge |, <[o,r) belongs to C(J; x [0,T)).



2 The optimal control problem

For T" > 0, we consider optimal control problems with horizon 7" which have different
running costs in the edges and at the vertex. We are going to describe the assumptions
on the dynamics and costs in each edge J;. The sets of controls are denoted by A;
and the system is driven by a dynamics f; and the running cost is given by ?;. For
the sake of simplicity, we shall focus our study on the case where the agent chooses
directly its velocity and the cost depend separately on the control, namely: f; = « and
Gi(z,t,a) = £i(x,t) + ||? /2. However, let us stress that all our calculations may be easily
extended to more general settings such as: networks (instead of a simple junction), running
costs which are strongly convex and coercive in the control and depend separately on the
control and dynamics strongly controllable, at most linear with respect to the control and
with unbounded velocity. Our main assumptions are as follows

[HO] For ¢« = 0,..., N, in order to avoid confusion among the control sets, we set A; =
{i} x R; hence, the sets A; are disjoint. We set A := Uz']io A;. For a = (i,a) € A, we
denote |a| = |a|. We identify a and ae; so, with some abuse of notations, we shall

write ae; instead of (i,a) and viceversa.

We set f; : J; x A; — R, with fi(z,a) = a for a = (i,a) and we will use the
notation Fj(z) for the set {fi(z,a)e;,a € A;} = Re; for x € J; (i =1,...,N) and
Fo(0) = {0}

[H1] For ¢ = 1,..., N, the functions ¢; : J; x [0,7] — R are continuous and bounded
functions. We introduce /¢, : [0,7] — R continuous and bounded.
For ¢ = 1,..., N, the functions ¢; : J; — R are continuous and bounded functions.
Let g. be a fixed number.

We now provide a general version of Filippov implicit function lemma, which will
be useful to prove Theorem 2.2 below. For the proof, we refer the reader to [24].

Theorem 2.1 Let I be an interval of R and v : I — R x R? be a measurable function.
Let A be a metric space. Let K be a closed subset of R* x A and ¥ : K — R% x R? be
continuous. Assume that v(I) C Y(K), then there is a measurable function ® : I — K
with

Vod(t)=~(t) fora.a tel.

Let us introduce the set
(2.1) M ={(z,a); x€gG, acA;ifzxe J\{O}, anda € A if z =0}

and note that it is closed; moreover, since the sets A; are disjoint, for each (x,a) € M
there exist a unique ¢ € {1,..., N} and a unique a € R such that (z,a) = (z, (i,a)). We
also define the function f on M by

fi(z,a)e; if x € J;\{O},
V(x,a) € M, f(z,a) =1 fi(O,a)e; ifx=0and a € A;, i #0,
0 ifz =0 and a € Ap.

The function f is continuous on M because the sets A; are disjoint. Let F(z) be defined
by

= | Fi(x) if x € J;\{O}
Fla) = { UN,F(0)  ifx=0.



For z € G, the set of admissible curves starting from x is
(22)  Yeo= {yx e W([0,T);G) - Z””Eé)) < Pllt), - orae t=0 } .

Theorem 2.2 Assume [HO] and [H1]. Then
1. For any x € G, Y, o is nonempty.

2. For any x € G, for any y, € Yy, there exists a measurable function ® : [0,T] — M,
O = (¢1, p2) such that

b2 = (i, ¢2), with ¢o € R, when ¢1 € J; \ {O}
(Y2 (5),92(8)) = (91(3), f(#1(5), 2(5))), for a.e. s,

which means in particular that y, is a continuous representation of ¢1

3. Almost everywhere in [0,T],

N
Uo(s) = Y Ly (s)esnfon2(s)e:.

i=1
4. Almost everywhere on {s : y»(s) = O}, f(O, ¢2(s)) = 0.

Proof. The proof of point 1 is easy, because 0 € F (x) for every z € G.
The proof of point 2 is a consequence of Theorem 2.1, with K = M, I = [0,T], v(s) =
(Y2(5),92(5)) and ¥(z,a) = (z, f(z,a)).

From point 2, we deduce

N
P2 (5) = D Ly (s)esnfond2(s)ei + 1y, (=03 (O, d2(s)),

=1

and from Stampacchia’s theorem, f(O, ¢2(s)) = 0 almost everywhere in {s : y,(s) = O}.
This yields points 3 and 4. O

Remark 2.1 It is worth noticing that in Theorem 2.2, a solution y, can be associated
with several control laws ¢o which may be different even on sets with positive measure.
Actually, for a.e. s € {s € [0,T] | yz(s) € J; \ {O}}, the control ¢o(s) is uniquely defined
as ¢2(s) = yz(s) and belongs to Re; (for i = 1,...,N). On the other hand, for a.e.
s€{s€[0,T] | yz(s) = O}, by Stampacchia theorem, the control ¢2(s) is null and it can
be arbitrarily chosen in any A;, fori=0,...,N.

For any x € G and t1,t2 € [0,T] with t; < t2, we introduce the set of admissible
trajectories (namely, couples of controls and curves) on the interval [t1,t2] which start
from z at ¢7:

(2.3)

Ti, p,l2] = yal(s) =z + / F e (r), al(r))dr

(yx’a) € LZ([tl’tQLM) D Yr € W172([t17§2];g)’
in [t,t9] (°



for simplicity, when ty = T', we just write I'y, [z] instead of I'y, 7[x] and, when ¢, =T and
t1 = 0, we drop the subscript: I'[z] = I'g r[z]. Moreover, we define the set of all admissible
trajectories starting at time ¢t = 0 as follows:

(2.4) = [ I'[a]

zeg

Remark 2.2 The concatenation of two admissible trajectories is still an admissible tra-
jectory. In other words, for 0 < t; <ty <t3 <T and x € G, if (y1,01) € T', 1,[x] and
(y2, a2) € T'y, 15 [y1(t2)], the trajectory (g, &) defined by

y

_ ) wnl(s) for s € [t1,to] ) ooa(s) for s € [t1, 2]
(8):= { y2(s) for s € [ta, t3] and a(s) = { as(s) for s € [ta, t3]

belongs to T'y, 1,[z].

The cost functional. The cost associated to the trajectory (y,a) € I'¢[x] is

T[N
(2.5)  Ji(z; (Yo, ) :/t lz Ci(Y2(7), 7)1y, (r)es\qor + 40(7)1;/1(7):0] dr
=1

T 2
+ [ gy
where (recall that g, and ¢, are introduced in assumption (Hi))

lo(t) = min{l.(7), min ¢;(O,7)}

i=1,...,

(2.6) 9W) = > i lyes\(oy +min{g., min gi(0)}1y=0
2 S

For brevity, we introduce

N

(2.7) L(z,t) == li(z,)lesn01 + loW)le—o  V(z,t) €G x [0,T]
=1

so to write

ja(7)?

A@%@F[meww 2>mw@m»

Remark 2.3 Using the same arguments, we can also tackle the case of a cost of the form

Ji(z; (Yo, @) —/ [Zf Ye(7), 7)1y (r )eJ\{0}+Zf (0, 7)1y, (r)= O,a(T)GAi] dr

=0

+/T| d + 9(y(T))

where Lo(O,T) = L,(T).



The value function. The value function of the optimal control problem is

2.8 )= inf  Ji(z; (y, ).

(2.8) u(z,t) ek t(z; (y, @)

We denote

(2.9) TP z] = {(y, @) € Ty[z] : Ji(z; (y,a)) = " af?ehrl o Ji(z; (9,a))}

and, for simplicity, when ¢ = 0 we drop the subscript: T°P*[z] = T'0P"[z].

Remark 2.4 The optimal controls are uniformly bounded in L? and the value function u
is bounded. Indeed, by the boundedness of the costs £; and of g, testing the cost with the
trajectory given by the control a = 0, we deduce that there exists a constant C' such that,
for every (y,a) € F?pt[w], there holds |||l < C. Again by the boundedness of the costs,
we deduce that u is bounded.

Remark 2.5 The restriction of an optimal trajectory is still an optimal trajectory: for
(y,a) € T{™'[x], (Y ) € F?pt [y(t)] for every t 6_[t,T]. Indeed, assume by con-
tradiction that there exists a trajectory (y,a) € I‘t?pt[y(t)] such that Ji(y(t); (g, @) <
Ji(y(@®); (g «py))- Then, by Remark 2.2, the concatenation (§, &) of (y, o) with (g, @),
defined by

N ) for s € [t,t] ) oals) for s € [t,1]
g(s) = { y(s)  forsel[t,T] ’ a(s) = { a(s)  forselt,T]

belongs to T'y[z] and consequently there holds

_ : _ [t jou(7)] BN (e .
u(z,t) = Jt(f,(yaa))—/t L{y(r),7) + — dr + Je(y(); (Y )

t alF)2
> [ (Lo + P8 ar s a0 .00 = )

2

which contradicts the optimality of (y, ).

2.1 Existence of optimal trajectory

Let us now establish that for every starting point (x,t) € G x [0, T there exists an optimal
trajectory.

Proposition 2.1 For each point (z,t) € G x [0,T], there exists an optimal trajectory,
namely there exists (yz, o) € Ti[z] such that u(z,t) = Ji(z; (yz,«)). In particular,
TP ] £ 0.

Proof. Fix (z,t) € G x[0,T] and consider a minimizing sequence (y", a™) € I';[x], namely

such that u(z,t) = limy,— oo Jie(z; (¥, a™)). By Remark 2.4, there exists a constant C,
independent of n, such that

(2.10) /tT |O‘n(27)|2 dr < C.




Moreover, from

s N
(2.11) v =+ [ Y Lgrmenona”(dedr,
=1

we infer that the curves y” are uniformly bounded and uniformly 1/2-Holder continuous.

Possibly passing to subsequences (that we still denote by o™ and y™), there exist a
a € L2([t, T;R?Y) and a curve y, € CY/2([t, T];R?) such that: 3N, Liyn(yes\jop @™ (-)ei
converge to a in the weak topology of L?([t,T];R?) and vy, uniformly converge to y,. In
particular, letting n — oo in (2.11), we obtain

(2.12) v € WY2([t, T];RY)  with gy (s) — a:—i—/ fdreg.

We now claim

(2.13) (Y, ) € T'y[z].

In order to prove this property, it suffices to prove that « is an admissible control namely
that (y.(s),a(s)) belongs to M for a.e. s € (t,T). To this end, we split our arguments
according to the fact that y,(s) coincides or not with O.

Consider s € (t,T) such that y,(s) € J; \ {O} for some ¢ = 1,..., N. Since the y" are
uniformly 1/2-Holder continuous and uniformly converge to y,, we deduce that, for e > 0
sufficiently small and for any n sufficiently large, there holds

y*(r) € J; \ {0} V1 € (s—e,s+¢).

In particular, for n sufficiently large, o™ (7) = a@"(7)e; for 7 € (s—¢, s+¢). Letting n — oo,
we conclude that «(7) is parallel to e; for 7 € (s — e, s+ ¢).
Consider s € E := {s € (t,T) : yz(s) = O}. By (2.12), from Stampacchia’s theorem, we
get « = 0 a.e. in s € E. So, for instance, we can write &« = Oe; in E without modifying
the curve y,. Hence, our claim (2.13) is completely proved.

Let us now prove that (y,,a) is an optimal trajectory namely that there holds

(2.14) w(@,t) = Ju(; (ya, ).

Indeed, we have

(2.15) u(x,t) = lim VtT‘ o(r)l* dr +ZI

n—o0

where

L = / Zfi(y"(ﬂaT)ly"<7>eJi\{0}1yz<T>eJi\{0}dT

b= / Zﬁ Lyn(nes{orly.(r )eg\JidT
T N

I; = /t Zfi(y”(T)aT)lyn(f)e‘]i\{o}lyw(T):OdT
i=1
T

_[4 = go(T)].yn(T):OdT

I, = g(y"(1)).



We shall study separately the contributions in the right hand side of (2.15). By standard
theory, the convergence in the weak topology of L?([t, T]; R?%) entails

T 2 T n 2
16 J T
t

n—oo Ji 2

In I, the uniform convergence of y¥™ to y, as n — oo and the continuity of ¢; ensure that,
for each i, there holds
Gy (), Ty (ryesn oLy (esnfoy = lie(7), TV Ly, (nesnfoy  asn — 0o;

since the ¢;’s are bounded, the dominated convergence theorem yields

T N
(2.17) I — /t Zﬁi(yx(T), 7)1y, (mes\{oydT as n — oo.
i=1

In I, again the uniform convergence of y” to y, and the continuity of ¢; ensure that the
integrand tends to zero as n — oo; again by the dominated convergence theorem, we infer:

(2.18) I, =0 as m — 0.

Let us now consider the term I5 and we split our arguments according to the fact that
y2(T) coincides or not coincides with O. If y,(T') € J; \ {O} for some i € {1,..., N} then,
the uniform convergence of y" to y, and the continuity of g; entail g(y" (7)) = gi(y"(T)) —
9i(y(T)) = g(y.(T)) as n — oo. If y,(T) = O, again by the uniform convergence of y"
to y; and by the definition of g in (2.6), for any ¢ > 0, we get g(y"(T")) > g(O) — e =
9(yz(T)) — € for n sufficiently large. In both cases, we obtain

(2.19) liminf I5 > g(y2(T))-

On the other hand, we observe

T[N
Is+1, = /t [Z Ci(y" (1), T)Lyn(myesnjoy T Lo(T)lyn(ry=0 | 1y, (r)=0dT
T
+ . 60(7—)1y”(7):01y1(7)7&0d7-

We note 1,n()—ol,, ()20 — 0 a.e. as n — oo; hence, by the dominated convergence
theorem, we obtain

T
/ Co(T)1yn(r)=01y, (r)20dT — 0 asn — oco.
t

Assume for the moment, that

T[N
(2.20) lirginf ; [Z Ez(yn(T), T)ly"(T)EJi\{O} + KO(T)]-y”(T):O lyx(,r):odT

=1

T
> /t lo(T) 1, (7)=Od7'~



Replacing the relations (2.16)-(2.20) in (2.15), we obtain

N

T alr 2
U(%t)Z/t [' (2)| > iy (1), 7)1y, (myesn oy + Lo(T) 1y, (m=0 | dT + g(y=(T))
=1

which is equivalent to our statement (2.14).

It remains to prove inequality (2.20). To this end, we note that the set E is compact.
Consider any € > 0. Since y" uniformly converge to y., there holds [|y" — Y|z (g) < € for
n sufficiently large. Hence, by the continuity of ¢;, we have that, for n sufficiently large,
there holds

Lyt (r),T) > Lo(T) —e VT €EE

which easily implies inequality (2.20). O

2.2 Closed graph property

In this subsection, we establish that T'°P'[z], defined in (2.9), verifies the closed graph
property.

Proposition 2.2 Fiz x € G and a sequence {zp}nen with x, € G and x, — x asn — co.
Consider (yn,an) € TPz, for any n € N. Assume that, as n — 0o, y, uniformly
converge to a curve y. Then, the curve y belongs to Yy o (defined in (2.2)). Moreover,
there exists a measurable function o such that (y,«) belongs to T°P[z], defined in (2.9).

To this end, we first establish a result on the approximation of admissible trajectories
whose proof is postponed at the end of this subsection.

Lemma 2.1 Fiz x € G and (y,«) € T'[z]; consider a sequence {x,}nen of points x, € G
such that 6y, := d(xyn,x) — 0 as n — oo. Then, there exists a sequence {(Yn, ) tnen such
that, for any n € N, (yn, an) € T'[zy],

() supord@a()y() <8+ ooV with  yu(T) = y(T)
221) (i) o3 < ol + 6, (1420
(i) lim Jo(was (yn, o)) = Jola: (4, ).

Proof of Proposition 2.2. Consider x, z,, (y,a) and y as in the statement. We have to
prove that there exists a control « such that

i) (y,a) belongs to I'[z], namely it is admissible for z,
ii) (y,«) is optimal for Jy, namely: Jo(z, (y,«)) < Jo(z, (§,&)) for every (§,4) € T'[x].

Fix any (9, &) € I'[z]. Lemma 2.1 ensures that there exists a sequence {(9n, &) }nen such
that (g, &n) € I'[zy] and

9n — ¥ uniformly in [0, 7] as n — oo, lanll2 < [|&ll2 4+ on(1),
(2.22) limsup Jo(2: (G- @) < Joa: (5. 0))
n x

where 0, (1) is a sequence such that lim,, 0,(1) = 0. On the other hand, the optimality of
(Yn, ) yields

(2.23) Jo(Tn; (Yns oan)) < Jo(wn; (Jn, Gn))-

10



From the last relations we deduce that Jo(xy; (yn,n)) are uniformly bounded and, in
particular that there exists a constant C, independent of n, such that ftT lan(T)2dr < C.
Hence, repeating the same arguments as those in the proof of Proposition 2.1 (in partic-
ular, those of (2.13)), we deduce that {a;,}nen converges to some control « in the weak
topology of L2([0,T],R?) and (y,a) € I'[z]. Hence, the proof of point (i) is achieved.
Performing the lim inf,, in (2.23) and using (2.22), we also deduce Jy(z, (y, o)) < Jo(z, (9, &)).
By the arbitrariness of (¢, &) € I'[z], the proof of point (i) is achieved. O

Proof of Lemma 2.1. Without any loss of generality (possibly passing to a subsequence
that we still denote {z,}), we assume that, for n sufficiently large, all the points = and z,
belong to the same edge (for simplicity, say the first one Ji); indeed, for x = O, we
can argue edge by edge using the fact that the edges incident in O are finite. We write:
x = Tey, Ty = Tpey for T, T, € RT. We note d,, = d(x,x,) = |T — T,|. We now introduce
a control «;, such that the corresponding curve y,, is admissible (namely, it remains in the
network). To this end, we introduce the control

for s € [0, 0]

—e1 ifz, >z

{ e1 if 7, < 7
an(s) =
T_L(;na ((3 - 5n)T—L5n) for s € (0n,T]

(note that here the structure A; = {i} x R plays a crucial role) and we denote y,, the curve
starting from the point z,, and obeying to the control «a,,, namely

yn(S) = xp + /ts an(7) dT.

We observe that, for s € [0, d,] we have

Un(8) = zp + (& — x)d(x, 2,) " Ls;

in particular, y,(d,) = x. For s € [0,,T], by definition of a,, and a change of variable, we
get

T

s T T (5=6n) 775,
yn(s) = m+/6nT_5noz<(7'—5n)T_5n> dT—:E~|—/O a(r)dr
T

(2.24) =y ((s — (5n)T — 5n) ;

in particular, (y,, ;) is an admissible trajectory with

(2.25) yn(T) = y(T).

Note that y,, is the trajectory that starts in x,, moves with speed 1 towards z, reaches
the point x at time 0,, (clearly, in this time interval it always remains in the edge e;) and,
from time §,, follows the trajectory y with a time rescaling such that y,(T") = y(T).

Let us now estimate d(y(s), yn(s)). For s € [0, d,], we have

d(y(s),yn(s)) < d(yn(s),z) +d(y(s), =) < (6n — ) + /OS a(r)| dr
< (O —s)+ [lall2vs

11



where the last inequality is due to Holder inequality.
For s € [0y, T, by (2.24), we have

dws) ) = (v (e-tgg)) < [ jawlar

s—én)m
< lall2vén

The last two inequalities easily imply the bound in (2.21)-(7).
Let us now prove the bound in (2.21)-(i7). By definition of «,,, we have

2 ® 2 T 2 r T 2
lanl = 5”+/5n <T6n> a<(7—5n)T6n> dr=d,+ [ gsa(n?ar

0
= G+l + 2l
n

which easily implies the bound of (2.21)-(ii).
We now prove (2.21)-(7ii). Relation (2.25) entails: g(y,(T")) = g(y(T")); hence, there
holds

4
=1
where
N
L = / [Zfz Yn (T yn(-,—)ej \{O} +lo(T ) o (1)=0 dr
Qo — ||
I — |||22||||2
T[N
Iy = /5 [Z Ci(yn(7), 7)1y, (Hesnfor T+ 60(7)1yn(r):o] dr
n Li=1
T[N
I4 = _/0 [Z e’t (y(T)a T)]-y(T)EJi\{O} + EO(T)]‘y(T):O‘| dr.
=1

By the boundedness of ¢;, for K = SV ||€illce + |44 ]|s0, we have

| < K6,.

u (. llalB
LI <—11 .
A <+T_%

Moreover, taking advantage of relation (2.24) and our choice of «,,, we have

B r2e) s

+€O(T>1y((T—5n)ﬁ):O dT.

Relation (2.21)-(ii) entails

12



Moreover, by a change of variable in the last integral, we obtain

T[N T-56,
I3 = /O [Z l; (y(ﬁ), T £+ 5n> 1y)es\{O}
=1

T — 6, on
+4o < T E+ 5n> 1y(§)—0} <1 — T) dg.

Therefore, let G; a bounded subset of G such that y(s) belongs to G, for all s € [0,T]; let
w be a common modulus of continuity of the ¢; in G;. Last relation and definition of I
yield

T —
I3 + 14| < /O (N+1)w (6nTT£) d§ + 6, (N + 1)K < (N + 1)Tw(y).

Replacing all these estimates in (2.26) and passing to the lim sup, we accomplish the proof
of (iii). O

2.3 Properties of the value function

We can now establish some useful properties of the value function: the dynamic program-
ming principle and the continuity of u. Let us underline that the structure of our control
set (in particular, that a = 0 belongs to every A;) plays a crucial role.

Proposition 2.3 (Dynamic programming principle) Assume [HO] and [H1]. For
any (z,t) € G x [0,T] and t € [t, T, there holds

£ a(7))?
(2.27) u(z,t) =  inf {u(y(t),t) + /tt <L(y(7'),7') + H;’) dT} )

(y7a)ert,f[m]
Proof. (i). For any (y,«) € T't[z], there holds

la(7)?

Ji(z, (y,)) = /tt (L(y(T),T) + ) dr + Ji(y(t), W @)
t a(7)]? N
zt[<L@wwﬂ+'g”>dT+wmwﬁ

where (Y71, @|z.77) 1 the restriction of the trajectory (y, @) in the interval [t, T]. Passing
to the infumum over (y,«) € T'[z], we achieve relation (2.27) with the “=" replaced
with “>7.

We now prove the other inequality. Consider (y,a) € I'ygz]. For (y,&) € TP [y(%)]
(whose existence is ensured by Proposition 2.1), we have

Ja(7)?

u@@ﬁ+l%ﬂﬂﬁﬂ+ ; )mzhw@@DZM%ﬂ

where (7, @) is the concatenation of the trajectory (y,«) on [t,t] and of the trajectory
(g, @) on [t, T]; we recall from Remark 2.2 that (§,a) € I'y[z]. Passing to the infimum over

(y, @) € T¢]y(t)], we accomplish the proof. O



We can now establish the continuity of u.

Proposition 2.4 (Continuity of the value function) Assume [HO] and [H1]. Then,
the function u is continuous in G x [0,T).

Proof. Consider (z1,t1), (x2,t2) € Gx[0,T1), withT1 < T and § := d(x1,22) < (T'—T1)/2.
Without any loss of generality, we can assume that both x1 and z2 belong to the same
edge, say er. Consider (ys,a2) € T{P'[zo]. Consider the trajectory that starts in z; at
time ¢; and obeying to the control

{ €1 if$1§$2

e if 2y > 2 for s € [t1,t1 + 0]

ai(s) =

T—to T—to _ (5+t1_t2) .
Tor 252 (T 258 Tt =3 for s € (t1 +9,T7;
hence, the corresponding curve is

Ty + 5 (s — 1) for s € [t1,t1 + 9)
y1(s) = { T2 . . I fors=1t1+6
t _ —
22+ Jj 4 7= oy 2 (T—tltiéT - rhs ) dr for s € [t1 +6,T].

We observe that, for s € [t; + J,T], there holds

T—to T(6+t1—t2)

T 585 T T—%,-% T — 1ty T+t — tg))
= d et —
yi(s) = a2 + . az(§)) d€ = y2 (T—t1 L S—
and we deduce that (y1,a1) € I'y, (x1) with y1(T") = y2(T"). We also estimate
T/ T—ty \? T—t T(6+t1 —t2)\ |?
2 2 2 1— 12
=9 - - d
levtllzze, ) 1, <T - 5> @2 (T— th—0 T—t—o > T
= 0+ m”aQHB (t2,T)
to + 1)
(2.28) = 5+ |lealZ2,m + ﬁHaQHLZ (t2,T)"
1
We now estimate (recall y1(T") = y2(T))
4
Iy (215 (y1, 1)) = Jiy (w25 (Y2, 02)) = > I
i=1

where

H 2”L2(t \T)

o ||
L= 9 L)l = e
Is= [} s Ln(r),r)dr  Ii=— [ L(ya(7),7) dr.

By the boundedness of the running cost and (2.28), for some constant K, there hold:
|I;| < K6 and

) N ||042H%2(t2,T) t1 —ta] +6
2 2 T-T

12| <
Moreover, we have
_ (T T—t T(5+t1—t2)
I3 —ft1+6L(y2 (T e i e 62) T) dr
T s T—t1—6 T(5+t1—t2)
= Ttltg ftQ ( )’ Tiltg §+ T 1t2 2 d&.
y2(8) £+

_ T—t1— 5f T—t1—6
— Tt to Y T—to

5+t1 t2
T—to dE
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where the last equality is due to the same arguments used in the proof of Lemma 2.1. We
deduce

‘I3+I4| — t2Tt1tz5ft2 ( ( ),TTt1t25§+ 5+t1 tg)) dé.
+ I (L (u2(6), Tr0¢ + T(‘”fltz t?’) L(y2(6),6)] de|

to—t1|+90 to—t 4
< B g 4 (N + 1w (L2 or)

where w is a modulus of continuity as the one in proof of Lemma 2.1. In conclusion, we
have ~
[Tty (215 (Y1, 1)) = Jiy (225 (92, 02))| < K ([t — 1] +0) + @(|t2 — 1] +0)

for suitable constant K (depending only on 77) and a suitable modulus of continuity @
(depending on T1, |z1| and |z3|). By the optimality of (y2, a2), we deduce

Iy (215 (Y1, 01)) < Jiy (w25 (y2, a2)) + K (Jt2 — t1] + 6) + &([t2 — t1] + 6)
’LL(CL’Q,tQ) + K(|t2 — t1| + 6) —{—(:)(|t2 — t1| + 5)

u(zy,t1) <
<

Reversing the role of (z1,¢1) and (x2,t2), we get
u(z,t1) — u(zz, t2)| < K([t2 = ta] +6) + & ([t2 — ta] +9)

which is equivalent to the statement. g

Remark 2.6 Observe that, when the running costs £; are 0-Holder continuous with respect
to time, the same arguments of the previous proof establish that the value function is 6-
Holder continuous.

Let us also establish the next property for future reference which is not used in the rest
of this paper.

Lemma 2.2 Fiz (z,t) € G x [0,T) and (y,a) € T'i[z]; consider a sequence {(xn,tn) tnen,
such that (xpn,t,) € G % [0,T), 6, := d(xn, ) + |[t, —t| = 0 as n — oo. Then, there exists
a sequence {(Yn, On) tnen, such that (yn,an) € Ty, (4]

@) s dn():y0) <0t ltn =+ lalovBr (M) = u()
(229) (i) 3 < llal+o, (1+42)
(id)  lim i, (2 (s @) = (33 (9, ),

Proof of Lemma 2.2. We adapt the arguments of the proof of Lemma 2.1; it suffices to
consider that all the points z,, and x belong to the edge e; and the two cases where all
the t,,’s are smaller o greater than t. Set 6, = d(xy,x).

Case: t, <t,Vn € N. We introduce the control

0 for s € [tp, 1]
el ifz, <=z
an(s) = { ey if an S 7 } for s € [t,t + 5n]

TTt:tén TTt t5 -, T_ftr_én) for s € (t + on, T
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and we denote y, the corresponding curve starting from x,, at time t,; clearly, (y,, a,) €
Iy, [xn]. We have

Tn, for s € [ty, 1]
Yn(s) ={ Tn+(x— )0 (s — 1) for s € [t,t + dy,]
y (ST_T:&” — 6, T_g’_(sn) for s € [t + 6, T].

By the same arguments as before, we obtain the bounds in (2.29)-(¢) and (ii). Moreover,
we have

Jtn($n§ (ym an)) - Jt(x§ (yv a)) = ZIz

where, for ¢ = 1,...,4, the I;’s are analogous to the corresponding ones in (2.26) while
I5 = fttn L(xy,0,7)dr. By the boundedness of the costs ¢;, for a suitable constant K, we
have |I5| < K|t — t,|. For the same calculations as in the proof of Lemma 2.1, we obtain
the statement.

Case: t,, > t, Vn € N. Note: ¢t + 0/, = t,, + 0,. We introduce the control

T A
el %f In ST for s € [tn,t+ 0]
an(3> — —61 lf .CI}n > x

T_th_t% « (s T_th_t% —on T_f_5%> for s e (t+4.,T)

and we denote y,, the corresponding curve starting from x,, at time t,; clearly, (yn, an) €
Iy, [zn]. We have

(s) = T+ (7 —2,)00 (s — 1) for s € [t,t + 4]
Yn(s) = y (STEF__t(sn - 5"T—?—6n) for s € [t+ 4!, T].
For the same calculations as in the proof of Lemma 2.1, we obtain the statement. O

2.4 Hamilton-Jacobi problem

We now introduce Hamilton-Jacobi operators on the network and the corresponding def-
inition of viscosity solution and we prove that the value function solves the HJ problem.
We shall following the approach by Imbert and Monneau [17].

HJ operators and HJ problem on the junction. We introduce the Hamilton-Jacobi
operator associated to the optimal control problem: the Hamiltonian has a different for-
mulation according to the fact that the point coincides or not coincides with the junc-
tion O. We also need to introduce the relaxed controls as in [2]. We set: for x € J; with
i=1,...,N,

FLi(z,t) :=c0{(a,a®/2) : a € R}, FL;(2,t):= FLi(x,t) N {((,€) € R? : (>0}

where “co” stands for the convex hull, while, for x = O we also introduce

N
FL(O,t) :== | J FL; (O, 1).
=1

16



We easily get

FLi(z,t) ={(¢.€) €R® : £>¢%/2}, FL;(x,t) :={((,§) €R® : (>0,&>¢%/2}

We can now introduce our Hamilton-Jacobi operators as: for any = € J; (i =1,...,N),
te[0,T,peR, p=(p1,...,pn) €ERY
H’L(xvt7ﬁ) = sup {_154_5_61(377”}
(g,f)GFLi(l‘,t)
Hi\ (l’,t,ﬁ) = sup {—ﬁ(—g—fl(l',t)}
(COEFL, (w,)
P— I P . ‘\ .
Holt.p) = max{~0.(0), max {~(0.0)}, max {H}(O.t.0)}}

—  max {—Eo(t), max {H’ (O,t,pi)}} .

i=1,...,

By elementary calculus (see also [2, Remark 4.1] for a similar argument), we have

(et B) — ) _ ke, |
Hi(z,t,p) = supq—pa— — —¥lij(x,t) p = — —li(z,t) Vz e J;

a€R 2 2

BE_p0,t) ifp<0
2.30)H,* (O, t,p) = —ap— (0.0 —|a2/2r = { 2 —G0.t) ifp<
(230H (0.t.5) = max(-ap—4(0.1)  [af/2) {_W,t) =0
We introduce our Hamilton-Jacobi problem

—Opu + Hi(l’,t, D’LL) =0 if x € J; \ {O}

(2.31) —0wu+ Ho(t, Du) =0 ife=0

u(T,z) = g(x) on G

(recall that Du is introduced in (1.1) and it is 1-dimensional if z € J; \ {O} while it is
N-dimensional when z = O).

Definition of viscosity solution. We introduce the definition of viscosity solution for
the HJ problem (2.31) as follows.

Definition 2.1 We say that a function u € C(G x [0,T]) is a subsolution (resp., super-
solution) of problem (2.31) if it fulfills: w(T,-) < g(-) (resp., uw(T,-) > g(-)) and, for every
function ¢ € C1(G x [0,T]) touching u from above (resp., below) at (z,t) € G x [0,T], we

have
—Op(x,t) + Hi(z,t,Dp) <0 (resp., >0) ifve J;\ {0}
—0wp + Ho(t,Dp) <0 (resp., >0) ifz=0.

We say that a function u € C(G x [0,T]) is a solution of problem (2.31) if it is both a

subsolution and a supersolution of the problem.

Main result. We can now establish the main result of this section, namely that the
value function is a viscosity solution to the HJ problem.

Theorem 2.3 Assume [HO] and [H1]. Then, the value function u defined in (2.8) is a
solution to problem (2.31).

17



Proof. We shall borrow some arguments of the proof of [17, Theorem 6.4]. Clearly, by
standard theory on viscosity solutions, it suffices to prove that u is a supersolution and a
subsolution on the junction O.

Step 1: u is a supersolution at O. Let ¢ € C1(Gx][0,T]) be a function touch-
ing u from below at (O, ), for some t € (0,T); wlog, since u is bounded, we can assume

that u — ¢ attains a global minimum at (O, t), namely, p(z,t) < u(z,t) V(x,t) € G x [0,T]

and ¢(O,t) = u(O,t). Let (y,a) € T';[O] be an optimal trajectory for u(O,t). The
Dynamic Programming Principle in Proposition 3.2-(i) and Remark 2.5 ensure

s a(r)|? -
uw(O,t) = u(y(s), s) —i—/{ L(y(r),7)+ | (2)| ] dr  Vselt,T].
which entails
s a(r))? -
o))~ 0.0+ [ |1+ 2O ar <o v

By the same arguments of [17, Theorem 6.4 (proof)], we deduce

(2.32) /t )

with the convention Dp(7,y(7)) - a(r) = 0 for a.e. 7 € {T € [t,T] : y(r) = O} = Ty
which makes sense because the Stampacchia theorem yields a(7) = 0 for a.e. 7 € Tp.
Recall from Remark 2.4 the uniform bound of the optimal control in L? so there holds

ja(r)?

Op(y(), 7) + Dp(y(7), 7) - a(7) + L(y(7), 7) +

] dr <0 VseltT]

d(y(7).0) < [ la(s)lds < C(r— 92 vre B.T)
hence, by the regularity of ¢, there exists a constant K such that
(2.33)  |(y(r),7) — (O, )| < K(r =YY% Vrelt,T]  for ¢ = ¢, 8, De.
It is expedient to introduce the sets of times
T5 ={r € (t,s) : y(r) =0}, T2 ={r€(ts) : y(r) € J;\{0O}} fori=1,...,N.

Note that 73 is a closed set while the 7;*’s are open sets with (£,s) = N T, so rela-
tion (2.32) can be written as

N
(2.34) Z/S E(r)dr <0 Vsel[tT)]
1=0" "4
where )
€(r) = Buply(r), 1) + Deply(r),7) -a(r) + Liy(r), ) + 12D

We shall deal with the contributions of ¢ = 0 and separately with the ones of i =1,..., N
in (2.34).

Consider ¢ = 0. For a.e. 7 € 75 there hold: o = 0 (again by Stampacchia theorem) and
L(y(7),7) = Lo(7). Hence, we have

) ar = /T [060(0.,7) + Lo (r)] dr > [r [0i(0,1) + Lo(D)] dr — (s — Du(s — )
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where the inequality is due to (2.33) and to the continuity of /o and w is a modulus of
continuity which depends on the constant K of (2.33) and on the modulus of continuity
of p. Moreover, we observe that the definition of Hp guarantees

lo(t) > —Ho(t, p) vp e RV,

By the last two relations, we deduce

(235) [ &r)dr = [T (0(0.1) ~ Holf. De(7. 0))) = (s — (s = ).

Consider now i € {1,...,N}; recall that, for a.e. 7 € T, the control a has the form
a(t) = a(r)e; with a(r) € R. By relation (2.33), Remark 2.4 and the continuity of ¢,
there exists a modulus of continuity w such that

_ . a(r)P
[Lemar = [ |owetwr)n) + Doy (o). )am) + tly(r)r) + 20 | dr
7;5 «Tis

a(r)|? -
(2.36) > /7’3 latgo(O, t) + Do, (0, t)a(r) + 4:(0,t) + |(2)| dr — (s — t)w(s —t).

i

Exploiting the convexity of the set F'L;, by the same arguments as those in [17, eq.(6.22)]
(as a matter of facts, in this case it is enough to use Jensen inequality), we infer that there

exists ((;,&) € FL;i(O,t) such that

J1s D11, (0, )a(r) dT = Dy 1,(0, 1) [ a(T) dT = [T Do) 1,0, 1)¢;
Js a(7)?/2dr = |T?|&:.

Moreover, note that the curve y(-) occupies the vertex O at time ¢ and during the inter-
val (t,s) may enter, and exit, many edges. However, if y(s) € J; \ {O} for s € (t1,t2) and
y(t1) = y(t2) = O (namely, it occupies the vertex at times ¢, and to and is inside edge J;
in (t1,t2)), then, there holds
to
/ a(t)dr =0

t1

and consequently

_ ] oy(s) if y(s) € J;
[ff a(r)dr = { 0

otherwise

which implies: ¢; > 0. We deduce

a(r)|? — —
//ﬁs [DQpUi(O,E)C_Y(T) + KZ(O,E) + |(2)|‘| dr = |7;S‘ [DQO‘Ji(O,t)Ci + Ei(O,t) + 51}

2 _‘7?|Hz'\ (O’ E’ D<,0|Ji(0, 7?))

Replacing last inequality in (2.36), we obtain

| emrar = 1771 [00(0.8) = H; (0.8, D41,(0.0)] = (s = (s — D)

> |7 [0e(0, 1) = Ho(t, Dp(O,1))] — (s — tlw(s — ).
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Replacing last inequality and relation (2.35) in (2.34), we achieve

N
(N+1)(s —tuw(s—t) > <Z |7f> | [010(0,1) — Ho(t, Dp(O, t))]
=0
> (5 - 7?) [at§0(07 E) - HO(Ea D@(Ov E))]

where the last relation is due to (f,s) = UL T with 7 N T;* = 0 for i # j. Dividing last
relation by (s —t) and letting s — ¢+, we conclude

which is equivalent to our statement.
Step 2: u is a subsolution at O. Let ¢ € C*(G x [0,T]) be a function touch-
ing u from above at (O, t), for some ¢ € (0,T), namely, p(z,t) > u(x,t) V(z,t) € G x[0,T]

and ¢(0O,t) = u(O,t). The Dynamic Programming Principle in Proposition 2.3 ensures,
for any s € (¢,T) and any (y, ) € I'; [O]:

s alT 2
u(0.0) < uly(s),9) + [ (L@(T), n+ ’(2)') ar:
we deduce that, for any s € (£, T) and any (y, a) € I'; ;[O], there holds
s alr 2
(2.37) Ply().9) = 20,0 + [ <L(y(7‘),7‘) + H;’) dr > 0.

Note that relation (2.37) can be written as: for any s € (t,7) and any (y, ) € Iz [O],
there holds

NN Jo(7)[?
(2:38) P(y(s).s) — (0, 1) + Z/S (L(y(T),T) + = ) dr >0
i=0" "4

where, for i € {0,..., N}, the sets 7;® as defined as in the previous step (and depend on
the trajectory (y,«)). We now split our arguments choosing arbitrarily some trajectories
(y, ) € I'g;[O] whose curve y(-) remains in O or enters in some edge J;.

Case (a): the curve y remains in O. For any s € (t,T], consider the trajectory (y,a) €
I'; [O] with a(-) = 0; clearly, y(-) = O and (t,s) = 7. Relation (2.38) becomes

£(0,5) — p(0,8) + / " lo(F)dr > 0.

By the continuity of /o with respect to ¢, for some modulus of continuity w, we deduce

0(0,5) — p(O,t) + (s — t)lo(t) > —(s — H)w(s — ).

Dividing the previous relation by (s — ), letting s — ¢* and taking into account the
regularity of ¢, we infer

(2.39) 810(0, 1) + Lo(T) > 0.

Case (b): the curve y enters in an edge J;. Fix i € {1,...,N}. For any m € N\ {0}, fix
a € (0,m). For any s € (t,T], consider the trajectory (y,a) € I'; ([O] with a(7) = ae; for
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T € (¢, 8); clearly, a(r) € A; and y(7) € J;\{O} for 7 € (¢, s) and consequently (¢, s) = T;°.
(Note that here the unboudedness of J; is not essential; indeed, if J; has length [;, then it
is enough to choose s <t +1;/a). By the same arguments of Step 1 (see equation (2.32)),
inequality (2.38) can be written as

r

As in Step 1, taking into account Remark 2.4, estimate (2.33) and the uniform continuity
of ¢; in any neighbourhood of O, we get

S
J
for some suitable modulus of continuity w. Dividing the previous inequality by (s —t) and
letting s — ¢, we obtain

=2

dup(y(r),7) + Dipyy, (y(r), T)a + Li(y(7),7) + 5| dr 20 Vs € [£.T].

=2
0up(0, 1) + Depy,(0,D)a + £:(0,8) + 5

dr > —(s —t)w(s —t) Vset,T)

=2
d1p(0,1) + Dy 1, (O, t)a + £;(O, 1) + % > 0.

By the arbitrariness of a € (0, m), we deduce
i, ~ ~al
Op(O,t) — sup _DSO|Ji(O,t)& —4;(O,t) —— 3 >0
ac(0,m)

and, by arbitrariness of m, also
_ _ g2
dyp(0,t) — sup { —Dep;1.(O, t)a — £;(0,1) — — v > 0.
a>0

By equation (2.30), we get

81?90(07 t) - Hi\ (07 Ea D@lJZ (07 E)) > 0.

By arbitrariness of i in the last relation and by inequality (2.39), we conclude

9p(0,t) —max {max {—E*(t), ax, {—4:(0, t)}} , max {Hi\ (2,t, Dy, (O, t))}} >0

i=1,...,

which is equivalent to our statement. o

3 Mean Field Games equilibrium

This section concerns the MFG problem. Taking advantage of the results established in
Section 2, we prove that there exists a MFG equilibrium and that the value function of
the associated optimal control problem is a viscosity solution to a HJ problem.

3.1 Setting and notations

Probability sets and evaluation map. Let P(G) denote the set of probability mea-
sures on G endowed with the narrow topology. For t € [0, 7], the evaluation map e; : I' — G
is defined by e;(yz, @) = y»(t). For any p € P(I') and t € [0, T, define the Borel probability
measure mH(t) on G by m#(t) = esfu.
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Costs. We introduce the running cost and the terminal cost dependent on the distribu-
tion of the population. We consider costs L; € C(P(G);C(G x [0,T])), fori =1,..., N,
and L, € C(P(G);C(]0,T]). Similarly, let G; : P(G) — C(G), i = 1,...,N, and
G+« : P(G) — R be continuous functions. L;[m](-,-) and G;[m](-) denote the images of
m € P(G) by L; and respectively by G; and analogously for L, and G.,.

We assume

(HMFG) szaX< sup [|L«[m][[ree, max  sup |[|Lilm]|[r, sup [[Gi[m]]|Le,
meP(G) =L N mep(g) meP(G)

~max  sup [|Gi[m]||r= | € RT.
i=1,....,N meP(G)

For simplicity of notations, for x € G and ¢ € [0, T], we shall write

L[m](x,t) = ZL l’t xGJ\{O}+LO[ ]( )190:0

(3.1)  Glml) = ZG 1) 1yes (o} + min{Glm], wmin  Gi[m](0)H,0

yeees

where

Lo[m](7) = min{L.[m](7), min L;[m](O,7)}.

i=1,..,

Admissible curves. We introduce the sets of admissible curves

(3.2) Telr]:={y € Yapo : d(y(s),0) < C, Vs €[0,T], |lglla < C}, T¢:= U Lolz]
x€G

and we endow ['¢ with the topology of uniform convergence. Note that a curve is the sole
Yy € Yy(0),0 While a trajectory is formed by the couple (y,a) € T

Lemma 3.1 For every positive constant C, the set fc is compact.

Proof. Fix C' > 0 and consider a sequence {y, }nen, with y, € I'c. Possibly passing to a
subsequence (that we still denote y,,), the sequence {9, }, converges in the weak topology
of L2([0,T],RY) to some o € L2([0,T],RY), with |||z < C. Then, {y,}n is uniformly
convergent to some curve y € C([0,7],G). Clearly, « = y. Moreover, arguing as in the
proof of Proposition 2.1 we obtain that the curve y is admissible, namely y € Y (g) 0, and
consequently that y belongs to I'c. O

The set P(I'c) and the associated costs. Let P(I'c) denote the set of probability
measures on I'c endowed with the narrow topology. For t € [0,T], the evaluation map
e; : ¢ — G is defined by e;(y) = y(t). For any p € P(I'¢) and t € [0,7)], define the
Borel probability measure m#(t) on G by m*(t) = e;u. Clearly, supp(m#(t)) C {x € G :
d(z,0) < C}. Tt is possible to prove that, if u € P(I'¢), then the map t — m#(t) belongs
to CY2([0,T], P(G)); see Lemma 3.4 below. Hence, for all (y,a) € T, the functions t —
Fi;[m*(t)](y(t)) are continuous and bounded by the constant K introduced in (HMF&).
With € P(T¢) and (y, a) € T[z] we associate the cost

la(7)?

T
(33 e = [ (L[m“m](y(mw ;

) dr + Gm"(T)](y(T))-
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Remark 3.1 We recall from Theorem 2.2 and Remark 2.1 that for each y € fc[x] there
exists a € L*([0,T],R?) such that (y,a) € T[z]. Such a control « is unique for a.e.
te{te|0,T]:y(t) # O} and it is not unique in {t € [0,T] : y(t) = O}. However, the
associated cost is independent of the choice of this control, namely: for any y € f‘c[:c],
there holds

JH(w; (y, n)) = (@ (y,02)) Yy, ), (y, a2) € Tla].

For every y € T'¢[z], we define v, the control such that (y, o) € T[x] and o, (t) =0 € Ay
for a.e. t € {t € [0,T] : y(t) = O}. Note that this control is uniquely defined up to a set
of null measure.

Optimal trajectories. Fix u € P(I'¢); for any z € G, let us set

(3-4) THoPt[z] = {(%a) €lz] : JM(z;(y,0)) = _min J¥(z; (1, &))}
(y,0)€l[z]

where J* is defined in (3.3). Proposition 2.1 entails that for each y € P(I'¢) and z € G,
the set T*°Pt[z] of optimal trajectories starting from z is not empty.

Remark 3.2 By our assumption (HMFG), there exists a positive constant C such that:

for every u € P(T¢), € G and (y,a) € THOPx], there holds ||all2 < é’ In particular,
if mo € P(G) has compact support, (eventually increasing the constant C), for every u €
P(c), x € supp(mg) and (y,a) € THOPYz], there holds y € T a[z].

The set P,,,(Tc). We assume
(H)TFG) mo € P(9) has compact support.

Let Ppn, (T'¢) denote the set of measures pu € P(T'¢) such that egfin = mg. Clearly, Pp,, (T'c)
may be empty; however, we have the following result

Lemma 3.2 Under assumptions (HMYS) and (HYWG), for C sufficiently large, Py (Tc)
1s mot empty.

Proof. We argue adapting the arguments of [11, Remark 3.2]. For C > C (where C
is the constant introduced in Remark 3.2), we consider the map: j : supp(mg) — Te,
J(x)(t) = x for any t € [0,T]. We denote mg = Mg|supp(me) the restriction of mg on its
support. We observe eg#(j#mmg) = mg so (j#10) € Pme(Lc). a

We show an example where the distribution of agents may develop a singularity.

Example 3.1 In a junction with two edges, consider the costs: Li[m] = —1, La[m] =1,
L.m] = =1 and G;[m] = 0 (i = x,1,2) for every m € P(G). Assume that the initial
distribution of agents is uniform on [0,1/2]e; U[0,1/2]es. Fiz z € (0,1/2]; let (y, ) be an
optimal trajectory starting at Teg at timet = 0. If we prove that (y, o) must reach O before
time tz = 5% /4 and stops there, then we have that the distribution of agents develops a
singularity in the vertex O immediately after time t = 0.
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First of all, if the optimal trajectory (y, ) arrives in O it cannot leave O, otherwise taking
to :=inf{t € [0,T];y(t) = O} AT, the trajectory (g, &), with

[ alt) iftelot
a(t) = { 0 ifte (tO,OT]

does better than (y, ).
Moreover the optimal trajectory must reach O before time tz, if © < 4T/5. Indeed, for to
defined as before, there holds

Jo(zeg; (y, ) > =T + 2ty.

On the other hand, for the trajectory (y«(:), as(:)) with a.(s) = { 862 gz E E% le] )

the cost is

Tol@es; (ger ) = =T+ .

So for ty > 5z /4 we get a contradiction.

We deduce that, for any t > 0, the distribution of players displays a singularity c(t)oo (0o
is the Dirac delta in O) with c(t) > (4t/5) A (1/2). In particular, for t > 5/8, we have
c>1/2.

Analogously, for L1 = Lo =1 and L, = —1, a Dirac delta immediately appears in O and
after the time 5/8, the whole population is concentrated in O.

Example 3.2 For another example of development of singular measures, see [1] which
studies a problem arising in macroeconomics. In that case the singularity appears on the
boundary of the domain.

3.2 MFG equilibrium

Fix p € Pmo(fg); for any z € G, let us set

(35) DAl - {y € Fele] + (e (non)) = _min (s (7 a»}
y,a)€lx

where J# is defined in (3.3) and ¢, is a control such that (y, ) € I'[z] (see Remark 3.1).

Definition 3.1 The probability measure i € Py (Lc) is a constrained mean field game
equilibrium associated with the initial distribution mq if

(3.6) supp(p) ¢ | TE™'[a].
zesupp(mo)

Theorem 3.1 Assume (Hp), (HYFC) and in (HYYC); consider C > C (where C is the
constant introduced in Remark 3.2). Then, there exists a constrained mean field game
equilibrium p1 € Py (Le).

The proof of the previous theorem is postponed to subsection 3.5.
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3.3 Preliminary results

Lemma 3.3 Let a sequence of probability measures {{in}neN, fin € P(T¢c), be narrowly
convergent to i € P(I'¢) as n — oo. For all t € [0,T)], the sequence {m*"(t)}neN is
narrowly convergent to m*(t).

Proof. Adapting the arguments of [3, Lemma 3.1], we have that, for all f € CP(G;R),
there holds

[ s@me @) = [ ) > [ O = [ am o).

Lemma 3.4 There holds

sup  Wass (m*(t), m*(s)) < C|t — s|% Vt,s € [0,T].
neP(To)

Proof. Consider any u € P(I¢). For any t,s € [0,T], there holds

o [ @) ldmt (1)~ dm(9)(x) = sup [ 1665(0) ~ 9lu())] ()
¢ JG ¢ Jl'c

< /F () — y(s)|duy) < [t — 5| |l

where the supremum is performed over all the continuous 1-Lipschitz function. Owing to
the definition of ' in (3.2) and to the arbitrariness of u € P(I'¢), last relation entails
the statement. a

It is useful to recall the disintegration theorem:

Theorem 3.2 Let X and Y be Radon metric spaces, m : X — Y be a Borel map, p be
a probability measure on X. Set v = whu. There exists a v-almost everywhere uniquely
defined Borel measurable family of probability measures (jy)yey on X such that

py(X\ 7 Y(y)) =0, for v-almost all y €Y,

and for every Borel function f: X — [0, +0o0],

[ s@dut) = [ ([ f@du@) o) = [ ([T_l(y)f(fv)duy(x)>dV(y)-

Recall that (py)yey is a Borel family of probability measures if for any Borel subset B of
X,Y 3y py(B) is a Borel function from 'Y to [0, 1].

3.4 A closed graph property

Throughout this subsection, we assume C > C, where C is the constant introduced in
Remark 3.2. We first establish a closed graph property for the map T4 [z].
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Proposition 3.1 Consider pi € Py, (L) and x € supp(myg). Consider also a sequence of
probability measures {fn }nen, with pn, € Pm, (f‘c), narrowly convergent to | as n — 0o
and a sequence of points {xy}nen, with x, € G and x, — = as n — 0o. Let {yp}nen be a
sequence of curves such that y, € F“”’Opt [zn] and y, uniformly converge to some curve y
as n — oo. Then, y belongs to F“ 0Pt [x], namely any trajectory (y,ay) is an optimal
trajectory for J*. In other words, the multivalued map (x, p) = f%,Opt [x] fulfills the closed
graph property.

Proof of Proposition 3.1. We borrow some arguments from the proof of Proposition 2.2
so we shall only detail the main novelties. We have to prove that

(i) yeTolz], (i7) (y,cy) is optimal for J¥.

By the definition of T'¢, the controls vy, are uniformly bounded in L?. Arguing as in the
proof of Proposition 2.2, we deduce that, possibly passing to a subsequence (that we still
denote ay, ), the sequence {a, },, converges in the weak topology of L?((0,T), R%) to some
control ay, with [lay|2 < C, that (y,ay) € T[z] and y € T¢[z]. The proof of point (i) is
accomplished.

In order to prove (ii), it suffices to prove

J'u(x; (y7 ay)) S Jﬂ(x’ (y7 CAV)) v(ﬁv d) € F[.T,']
Fix any (g,&) € I'[z]. Lemma 2.1 ensures that there exists a sequence {g, &) }nen such
that (Qna 8 ) [:En]» Qn(T) = g(T) and
On — ¢ uniformly in [0, 7] as n — oo, lénll2 < ||é&l]2 + 0n(1),

where 0,(1) is a sequence such that lim,, 0,,(1) = 0. Since y,, € fé”’Opt [z], we have

(3'7) Ju"@ﬂ?(ﬂm“%)) < Jun(wn;(@m@n))-

We now study separately the two sides of previous inequality. For the right hand side
of (3.7), the construction and the properties of (g, &) entail

4
T (@n; (s ) < T (@3(§,8)) + D L
i=1
where, for §,, = d(z,x,),
= Jor LIt (7)) (1), 7)dr 1 - w < on(1)
I = [y, Llm# (7)|(ga(7), )T Ta=—[¢ L )I(@(7), 7)dr.

By the boundedness of L, we have lim,_o, I = 0. Moreover, arguing as in the proof of
Lemma 2.1, we have

_ T[N On — 0y,
b= [ ()]0 778

s i ()
- fal (T (0550 ()




and consequently, o o
Is+ 1y =1Is+ I+ I7 + I3

where

I = =% Jf L[me (TPeg+0,
Io = fy (B[ (Tge+a) ] (9(6), T+ 0a)

L [m“ (Tne + 539 9(6), T + 6, ) dg

L = ﬁé [ (T2 + 0| (9(6), T7€ + 8) = Lm#(©)] (9(6), T52n€ + 60) ) de
I = J7 (LIm#(©)] (99, T3 + 6n) — L [m#(€)] (9(€), &(9),€) ) de.

(9(€), Tt + 60 ) dg
¢

The boundedness of L entails: |I5| = 0,(1). Owing to Lemma 3.3 and to our assumptions
on L;’s, we have that L;[m#"(s)] uniformly converges to L;[m"(s)] as n — oo, for every
i€{0,...,N} and s € [0,T]. Hence, by the dominated convergence theorem, we deduce:
|Is] = on(1). Moreover, by Lemma 3.4, again our assumptions on L;’s and dominated
convergence theorem, we infer: |I7| = 0,(1). Finally, since ¢ is a bounded curve and L;[m]
are continuous, we also get: |Ig| = 0,(1).

In summary, there holds

(3.8) lim sup J*" (2y; (Un, Gn)) < JH(x; (9, &)).

n

For the left hand side of (3.7), we borrow some arguments of the proof of Proposition 2.1.
By definition of cost (3.3), there holds

T
(3.9) J“"(xn;(ymayn)) = /0 ‘ yn dT+ZI

where

A T N
L = / ZLi[m“"(T)](yn(T),T)1yn<r>eJi\{0}1y<f>eJi\{0}dT
_f2 = / ZL [mHn (T (7'),7’)1yn(r)eJi\{O}1y(T)€g\JidT
Iy = /0 ZLi[m""(f)](yn(r),T)lyn<7>eJi\{0}1y<T>:OdT
=1
T

i = [ Lol (](r)1,m-0dr
Iy = Clm™ ()(un(T)).

By standard theory, the convergence in the weak topology of L2([t, T]; R?) entails

T 2 T 2
/ L(T” dr < lim inf |n (7)] dr.
0 2 2

n—o0 0

Let us recall from Lemma 3.3 that, for each ¢ € [0, 7], the map P(L'¢) 3 p — m#(t) € P(G)
is continuous; hence, by our assumption, for every ¢ € {1,...,N}, L;[m*~(¢)](-,-) and
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Gi[m#(T)](-) converge uniformly respectively to L;[m*(¢)](-,-) and to G;[mH*(T)](:) as
n — 00. Therefore, owing to dominated convergence theorem, we deduce

I — / ZLi[m“(T)](y(T),T)ly(T)GJi\{O}dT and Iy — 0, asmn— oo.
0 =1

By the same arguments of the proof of Proposition 2.1 and the definition of G[m] in (3.1),
we obtain
liminf I5 > G[m*(T)](y(T)).

n—oo

Furthermore, we have
I3+ 1y = /0 [Z Li[m# ()| (yn(7), 7)1y, (r)es\{o} T Lo[m! (#®)|(T)1y, (=0 | Lyr)=0dT
i=1
T
+ /0 Lo[m* (0](r)1y, (r)—01y(r)20dT.
Again the dominated convergence theorem ensures
T
/ Lo[m* ()|(T)1,, (r)=01y(r)20dT — 0 as n — oo.
0

Moreover, Fatou’s Lemma and the boundedness of L; yield

lim inf

T
n—oo 0

N
lz Li[m* (7)](yn(7), 7)1y, (r)e0:\ {0}
=1

T
+Lo[m“"(7')](7')1yn(ﬂ:0} 1y(r—o0dT 2/0 Lo[m'u(T)](T)].y(T)zodT.

Replacing all these relations in (3.9), we conclude

o Tla@P <~
llnn_l>£f JHr (.CCn; (ym ayn)) > /O 2 + Z L [m (7)] (y(T)7 T)ly(T)GJi\{O}
=1

+L0[m“(7—)](7—)1y(7)20] dr + Glm*(T)](y(T))
(3.10) = JMx:(y, ay)).
In conclusion, relations (3.7), (3.8) and (3.10) entail
s (y, o)) < JH(5(9, @));
by the arbitrariness of (§,4&) € I'lx], we get J*(;(y,y)) = ming a)erz) J*(z; (7, &))

which is equivalent to (i

3.5 Proof of Theorem 3.1

This subsection is entirely devoted to the proof of Theorem 3.1. To this end, we follow
the arguments of [11].

Let us first recall some notations. For every p € Py, (T'¢), let J# be the associated cost
as in (3.3); for any x € G, let f“é’om [x] be the set of optimal curves starting from z for
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the cost J* as in (3.4). Proposition 2.1 ensures: T'4°P"[2] # ) for every « € G. Tt is worth
to recall from Lemma 3.1 that the set I'¢ is compact; by Prokhorov theorem [7, Theorem
5.1.3], also P(T¢) is compact.

We introduce the multivalued map E : Py, (o) = Py (Cc) as

(3.11) E(u) = {t € Ppy(Tc) = supp iz C THP 2] mg —ae. z € G}

where {fi;}zcg is the family of Borel probability measures on Py,,(I'c) obtained applying
the disintegration Theorem 3.2 with p, X, Y and 7 replaced respectively by fi, Pp, (fc),
G and eg (so, clearly, v coincides with mg). In order to achieve the statement, it suffices to
prove that the map FE admits a fixed point. Let us assume for the moment the following
properties

(i) for every p € Pm,(Tc), the set E(u) is not empty and convex
(ii) the map F fulfills the closed graph property.

Then, Kakutani fixed point theorem ensures that the map E admits a fixed point. It
remains to prove the above properties.

(i). From Proposition 2.1 and Proposition 2.2, we recall that f‘é’om [x] # 0 for every z € G
and that the map fg’om[-} fulfills the closed graph property. Therefore, the result [6,
Theorem 8.1.4] guarantees that the map f“é’om[-] has a Borel measurable selection that we
denote: x — y# for every z € G. We introduce a measure /i on Lc as follows:

i(B) = / 6,4 (B)mo(dz) ¥ Borel B C I'c,
vt

where §,x(+) is the Dirac delta-function centered in y4. Note that ji, = d,u for me-a.e.
x € G. Hence, fi belongs to E(pu).

Let us now prove that E(u) is convex. Fix p!,u? € E(u) and A\ € [0,1]. By easy
calculation, one obtains Au' + (1 — A)u? € P, (T'c). On the other hand, for i = 1,2,
since u' € E(u), by the disintegration theorem 3.2, there exist a Borel measurable family
{1t} zeg of probability measures (which is mg-a.e. uniquely defined and “disintegrate” i’
with respect to mg) and a set A; C G such that mg(A;) = 0 and supp pf, € TP [2] for
every x € G\ A;. Therefore, the measure Ap' + (1 — \)p? can be disintegrated as follows:
for each Borel function f on I'c, we have

/f F Ot + (1= Np?) (dy) = /

g

([ 70t + (1= ) (@) ) moda)
with mg(A; U Ay) =0 and
supp (Mig + (1 = Apz) CTEP 2] Vo € G\ (AU Ay).

Hence, At + (1 — A\)pu? belongs to E(u), namely E(p) is convex.

(ii). Consider a sequence { i, }nen of probability measures g, € Pm, () which narrowly
converges to some p € P, (Tc) as n — oo. Consider also a sequence {fi, }nen, with
fin € E(py) for any n € N, which narrowly converges to some i € Py, (L) as n — oo.
Our aim is to prove that f belongs to E(u).

By the disintegration theorem, there exists a mg-a.e. uniquely defined Borel measurable
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family of measures {/i; }zeg on I'c and A C G such that: mo(A) = 0, ji(Tc\eg ' ({2})) =0
for every x € G\ A and

/fc fy)i(dy) = /g </fcm f (y)ﬂx(dy)> mo(dx).

Consider z € G\ A and § € supp fi,. The Kuratowski theorem ([7, Proposition 5.1.8])
ensures that there exists a sequence {yy, }nen, with v, € supp fi, which converges to g in
the topology of T'c.. Let z, = eg(y,). Since fi, € E(juy), there holds: y, € fé"")pt[a:n].
By Proposition 3.1, we infer § € f“é’om [z]. By the arbitrariness of § € supp i, we obtain
supp fi; C T#°P'[2] and consequently, by the arbitrariness of = € G\ A, that i belongs
to E(u). O

3.6 Mild solutions

Theorem 3.1 ensures the existence of a MFG equilibrium p € Pp,,(I"). For simplicity of
notations, we write

(3.12) l;(x,t) = Lijm*®)|(z,t)  and  gi(z) = Gy[m*(T)|(x)  Y(z,t) € G x [0, T]

and we shall use the abridged notation of L as in (2.7). By Lemma 3.4, these functions ¢;
fulfills assumption (Hp). Note also that these costs ¢; are the ones payed by the agents in
our MFG. We can consider the value function naturally associated to this equilibrium pu:
(3.13) w(z,t) = inf  JH(x; (Ye, @)

(Ya,0) €Tt [2]
where J}' is the cost defined in (3.3). The purpose of this section is to establish several
properties of the value function using the results of Section 2.

As preliminary step, invoking Proposition 2.3, Proposition 2.4, Remark 2.6 and
Lemma 3.4, we have that the value function verifies the following properties.

Proposition 3.2 The value function u defined in (3.13) fulfills the following properties

(i) (Dynamic programming principle)

t alF)2
u(z,t) =~ inf {U(yx(t)at)Jr/t (L(yz(7)77)+| (2)| )dT}

(yx ,OZ)EFL{[Z’}

B { (Ya ) € LQ([taﬂaM) : Yz € Wl’Q([t’ _];g)v } .

(7i) the value function is continuous in G x [0,T).

Applying Theorem 2.3, we can now prove that u solves the HJ problem associated with
the costs ¢;.

Theorem 3.3 The value function u defined in (3.13) is a solution to problem (2.31) with
the costs ¢; defined in (3.12) and g = G[m*(T')].
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Remark 3.3 Under classical monotonicity assumptions for L and G, see e.g. [11, The-
orem 4.1 and Remark 4.1], the mild solution is unique.
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