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ARITHMETIC SUBGROUPS OF CHEVALLEY GROUP SCHEMES

OVER FUNCTION FIELDS I: QUOTIENTS OF THE BRUHAT-TITS

BUILDING BY tP u-ARITHMETIC SUBGROUPS

Claudio Bravo 1 2 Benoit Loisel 3 4

Abstract. Let G be a reductive Chevalley group scheme (de�ned over Z). Let C be
a smooth, projective, geometrically integral curve over a �eld F. Let P be a closed
point on C. Let A be the ring of functions that are regular outside tP u. The fraction
�eld k of A has a discrete valuation ν � νP : k� Ñ Z associated to P . In this work,
we study the action of the group GpAq of A-points of G on the Bruhat-Tits building
X � X pG, k, νP q in order to describe the structure of the orbit space GpAqzX . We
obtain that this orbit space is the �gluing� of a closed connected CW-complex with
some sector chambers. The latter are parametrized by a set depending on the Picard
group of C ∖ tP u and on the rank of G. Moreover, we observe that any rational
sector face whose tip is a special vertex contains a subsector face that embeds into
this orbit space.
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1. Introduction

In Lie theory, symmetric spaces are useful to study arithmetic groups via their action.
In order to study reductive groups over local or global �elds, Tits introduced certain
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complexes, called buildings, that are analogous to the symmetric spaces associated to
reductive groups over R. More precisely, to any Henselian discretely valued �eld K
and any reductive K-group G, Bruhat and Tits associated a polysimplicial complex
X � X pG,Kq, called the Bruhat-Tits building of G over K (c.f. [BT72] and [BT84]).
When G is a reductive group of semisimple rank 1, for instance when G � SL2, the
associated building is actually a semi-homogeneous tree. Buildings allow us to study
subgroups of the group of K-points of a reductive group scheme.

Let C be a smooth, projective, geometrically integral curve over a �eld F. The function
�eld k of C is a separable extension of Fpxq, where x P k is transcendental over F. Hence,
it follows from [Sti09, I.1.5, p.6] that the closure F̃ of F in k is a �nite extension of F. In
all that follows, without loss of generality, we assume that F̃ � F, i.e. F is algebraically
closed in k. Let P be a closed point on C, and let A be the ring of functions of C that
are regular outside tP u. Let ν � νP : k� Ñ Z be the discrete valuation de�ned from P ,
and let us denote by K � kP the completion of k with respect to the valuation ν.

In [Ser03], Serre describes the structure of the orbit space for the action of SL2pAq
on its Bruhat-Tits tree X pSL2,Kq.

Theorem 1.1. [Ser03, Ch. II, �2, Th. 9] The quotient graph SL2pAqzX pSL2,Kq is the
union of a connected graph of �nite diameter, and a family of rays trpσqu called cusps,
such that:

 the vertex set of Z X rpσq consists only in a single element and the edge set of
Z X rpσq is empty;

 one has rpσq X rpσ1q � H if σ � σ1.

Such a family of rays rpσq can be indexed by elements σ in PicpAq.

Theorem 1.1 has some interesting consequences on the involved groups. For instance,
by using Theorem 1.1 and the Bass-Serre theory (c.f. [Ser03, Ch. I, �5]), Serre describes
the structure of groups of the form SL2pAq as an amalgamated product of simpler
subgroups (c.f. [Ser03, Ch. II, �2, Th. 10]). Then, Serre applies this description on
groups in order to study its homology and cohomology groups with coe�cient in certain
modules (c.f. [Ser03, Ch. II, �2.8]). For instance, Serre obtains that HipSL2pAq,Qq �
0, for all i ¡ 1 and H1pSL2pAq,Qq is a �nite dimensional Q-vector space. Another
interesting application of Theorem 1.1 is the description of the conjugacy classes U of
maximal unipotent subgroups of certain subgroups G of SL2pAq, as principal congruence
subgroups. In the same way, Serre describes the relative homology groups of G modulo
U in terms of its Euler-Poincaré characteristic (c.f. [Ser03, Ch. II, �2.9]).

In a building of arbitrary rank, one can consider that a sector chamber (c.f. �3.5.2)
has a role analogous as a ray in a rank 1 building. When C � P1

F, P � 8 and G is
a split simply connected semisimple k-group, Soulé describes, in [Sou79], the topology
and combinatorics of the corresponding orbit space as follows:

Theorem 1.2. [Sou79, �1, Th. 1] Let G be a split simply connected semisimple k-group.
Then GpFrtsqzX pG,Fppt�1qqq is isomorphic to a sector chamber of X pG,Fppt�1qqq.

In the same article, Soulé describes GpFrtsq as an amalgamated sum of certain well-
known subgroups of GpFrtsq (c.f. [Sou79, �2, Th. 3]). Moreover, analyzing the preceding
action, Soulé obtains some results on the homology groupsHpGpFrtsq, ℓq, for some �elds
ℓ of suitable characteristic. More speci�cally, Soulé obtains an homotopy-invariance
property of the homology group of GpFq (c.f. [Sou79, �3, Th. 5]). In [Mar09], Margaux
extends this work of Soulé to the case of an isotrivial simply connected semisimple k-
group, that is a group G splitting over an extension of the form ℓ � Ek, where E{F is
a �nite extension.

Let S be a �nite set of closed places of C. Let us denote by OS the ring of functions
that are regular outside S. In particular, we have that OtP u � A. Let G be a k-
isotropic and non-commutative algebraic group. Choose a particular realization Greal of
G as an algebraic k-set of some a�ne space. Given this realization, we de�ne G as the
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group of OS-points of Greal. The group G is called an S-arithmetic subgroup of Gpkq.
The S-arithmetic group G depends on the chosen realization of G, and any two such
choices lead to commensurable S-arithmetic subgroups. Let X pG,Sq be �nite product
of buildings

±
PPS X pG, kP q.

A general result on rational cohomology, due to Harder in [Har77], is the fol-
lowing: given a split simply connected semisimple group scheme G, we have that
HupGpOSq,Qq � 0 for u R t0, tsu, where t is the rank of G and s � CardpSq. Moreover,
Harder also describes the dimension of the non-trivial cohomology groups in terms of
representations of the group

±
P 1PS GpkP 1q. In the proof, one of the main arguments

is the interpretation of the action of GpOSq on X pG,Sq in terms of the reduction the-
ory, which mainly consists in the description of a fundamental domain for the action
of Gpkq on subgroups of the group of the adelic points GpASq of G. More speci�cally,
Harder uses this fact in order to describe a covering of the orbit space GpOSqzX pG,Sq
in terms of some spaces indexed by GpOSq-conjugacy classes of parabolic subgroups of
Gpkq (c.f. [Har77, Lemma 1.4.6]).

Heuristically, the translation of the Harder's reduction theory into the language of
quotient of buildings proceeds via �pretending� that the building X pG,Sq can be identi-
�ed with the orbit space GpASq{GpOSq (c.f. [BKW13, �12]). Using this idea, Bux, Köhl
and Witzel [BKW13] study the action of G on X pG,Sq. They describe some �niteness
properties of the orbit space by exhibiting the following cover of X pG,Sq:

Theorem 1.3. [BKW13, Prop 13.6] Assume that F is �nite. Let G be a k-isotropic
and non-commutative algebraic group. Let G and X pG,Sq as above. Then, there exists
a constant κ and �nitely many sector chambers Q1, � � � , Qs of X pG,Sq such that:

 the G-translates of the κ-neighborhood of
�s
i�1Qi cover X pG,Sq, and

 for i � j, the G-orbits of Qi and Qj are disjoint.

Bux, Köhl and Witzel in [BKW13, Prop 13.8] use the preceding result in order to
prove that G is a lattice in the automorphism group of X pG,Sq.

In the present work, one goal is to determine the quantity s in Theorem 1.3 (see
Th. 2.5). Another objective is to understand what becomes the κ-neighborhood of a
sector chamber Qi in the quotient of the building by GpAq (see Th. 2.4).

Roughly speaking, the �rst part of the article (cf. � 5-� 6) is devoted to develop an
alternative method than the one de�ned from reduction theory, in order to describe a
fundamental domain for the action of an arithmetic subgroup. This method focuses in
the structure of the root group datum of G. More speci�cally, in order to obtain it, we
study in � 5 subsets Ψ containing the highest root of G. We show that suitable subsets
Ψ de�ne commutative unipotent subgroups UΨ with a linear action of a Borel of G. In
� 6, given an arbitrary Dedekind domain A0, we bound the group of A0-points of UΨ

by a �nite sum of fractional ideals of A0.
In the second part of this work (cf. � 7-� 9), we apply the aforementioned general

results on the integral points of unipotent subgroups to the case of A0 � OtP u. More
speci�cally, using a method analogous to that of the Mason's approach in [Mas01], we
prove that, under suitable assumptions, any (rational) sector face of X has a subset
which injects in the quotient GpAqzX . Then, by controlling the neighborhood relation
of sector chambers, we describe the orbit space GpAqzX in terms of a gluing of some
�sector chambers� and a remaining complex, extending Theorem 1.1 and Theorem 1.2
to the context of general Chevalley groups over general rings of the form A � OtP u.
This description precises Theorem 1.3, since we do not only obtain a covering of a
fundamental domain, but also a description of such a fundamental domain. We also get
a precise control on the images in the orbit space of a particular set of sector chambers.
They constitute all the �sector chambers� that appear in the orbit space when F is �nite.
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Contrary to some works of Serre [Ser03] and Stuhler [Stu80], this method does not
rely on the language of vector bundles but on the language of Euclidean buildings and
arithmetic groups.

2. Main results

Let C be an arbitrary smooth, projective, geometrically integral curve de�ned over
a �eld F. As in � 1, let OtP u be the ring of functions of C that are regular outside a
closed point P . For simplicity, we denote it by A � OtP u. Let K be the completion
of k � FpCq de�ned from the discrete valuation induced by P . Let Gk be an arbitrary
split reductive linear algebraic group over k. By splitness, Gk can be realized as the
scalar extension to k of a Chevalley group scheme G over Z (c.f. � 3.2).

We denote by X the Euclidean Bruhat-Tits building of G over K. It appears to be
useful to not consider the complete system of apartments of the Bruhat-Tits building of
G overK, but an incomplete subsystem of apartments arising from the �eld k of rational
functions over C. Let us denote by Xk the Bruhat-Tits building (c.f. � 3.3). We call it
the �rational� building of G over k. It will be useful to work with certain conical cells
of the building, called sector chambers whose faces are called sector faces (see �3.5.3).
More speci�cally, we will focus on the Gpkq-translates of a �standard� sector chamber.
These Gpkq-translates are called the �rational� sector chambers (see �3.5.3).

We consider the action of the tP u-arithmetic subgroup GpAq on the rational building
Xk. In this work, we want to get a better understanding of the geometry of the orbit
space GpAqzXk. More precisely, we �nd suitable sector faces that embed in this quotient
space. The proof along �7, consists in �nding, successively, suitable subsector faces of a
given sector face having suitable properties with respect to the action of GpAq. Among
this section, we �rstly obtain the following result that, heuristically, means that, far
enough, the orbit space GpAqzXk does not branch.

Theorem 2.1. Given a rational sector chamber Q, there exists a subsector chamber Q1

such that for any y P Q1, the 1-neighborhood of y in Xk is covered by the GpAq-orbits of
the 1-neighborhood of y in Q.

For rational sector faces, a more technical result is given in Proposition 7.13. The
main idea of the proof of Theorem 2.1 consists in �nding unipotent elements provide
enough foldings, at each y P Q1, of the rational building onto the sector chamber Q.
These unipotent elements are obtained by applying the Riemann-Roch Theorem in the
Dedekind ring A using parametrization of the root subgroups of G. Choosing suitable
subsector faces of the sector faces given by Theorem 2.1, it provides the central result:

Theorem 2.2. Let Q be a rational sector face of Xk. Assume that one of the following
cases is satis�ed:

 G � SLn or GLn, for some n P N;
 Q is a sector chamber;
 F is a �nite �eld.

Then, there exists a subsector face Q1 of Q which is embedded in GpAqzXk.
A more technical statement is given in Corollary 7.24. Note that, in particular,

Theorem 2.2 describes the images in the quotient of the sector chambers introduced in
Theorem 1.3 in the context where F is �nite.

The proof of this theorem consists in �nding a suitable invariant. This invariant
consists in associating to each special vertex x a family of �nite dimensional F-vector
spaces whose dimensions characterize the coordinates of x in a given apartment. In
order to construct such vector spaces, we �rstly prove that:

Proposition 2.3. Let k be a �eld of characteristic di�erent from 2 and 3. Let G be a
split reductive k-group scheme. Let B be a Borel subgroup of G and let U be a closed
commutative unipotent subgroup of G normalized by B. Then Upkq is a k-vector space
and the action by conjugation of Bpkq onto Upkq is k-linear.
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For a more general statement that includes the cases of characteristic 2 and 3, see
Proposition 5.8. It fact, suitable parabolic subgroups also acts linearly onto such commu-
tative unipotent subgroups (see Corollary 5.10). Secondly, in �6, we study the intersec-
tion with such well-chosen commutative unipotent subgroups of the pointwise stabilizer
of sector faces, denoted by MΨphq, for some parameters h and Ψ. Using the fact that
A is a Dedekind domain, one can bound the commutative groups MΨphq between some
suitable direct products of fractional A-ideals (see Proposition 6.5 and Proposition 6.8).
Using the bounds of these commutative groups, one can de�ne �nite dimensional vector
spaces VΨphq (see Lemma 7.18). The linearity, given by Proposition 2.3, of the action
of a suitable parabolic subgroup associated to a sector face will ensure the invariance of
the dimension the F-vector space VΨphq.

In �8, describing the image in the quotient of the neighboring faces of vertices in the
sector faces given by Theorem 2.2, we obtain the following theorem that describes the
orbit space GpAqzXk.

Theorem 2.4. There exists a set of k-sector faces tQi,Θ : Θ � ∆, i P IΘu of the Bruhat-
Tits building Xk, called cuspidal rational sector faces, parametrized by the set of types
of sector faces Θ � ∆ and some sets IΘ such that:

 the GpAq-orbits of two di�erent cuspidal rational sector chambers Qi,H, for i P
IH, do not intersect;

 the orbit space GpAqzXk can be realized as a connected CW-complex obtained as
the attaching space of CW-complexes isomorphic to the closure Qi,H (i P IH) of
the cuspidal sector chambers and a closed connected CW-complex Z along some
well-chosen subspaces;

 Moreover, when G is SLn or GLn, or when F is �nite, any cuspidal sector face
(non necessarily a sector chamber) embeds in GpAqzXk, and any two of these
cuspidal sector faces with same type Θ � ∆ have visual boundaries in the same
GpAq-orbit whenever they have two points in the same GpAq-orbit.

Theorem 2.4 generalizes Theorem 1.1 to higher dimensions and Theorem 1.2 to an
arbitrary Dedekind domain of the form OtP u. This theorem summarizes some results
of � 8. Indeed, Theorem 8.3 and Theorem 8.5 provide a more precise description of the
orbit space.

There may be a connection of this quotient with moduli stack of vector bundles and
their Hecke correspondence, when G � GLn.

The proof of Theorem 2.2 and Theorem 2.4 are totally independent from Theorem 1.3.
Moreover, Theorem 2.2 precises Theorem 1.3 since it interprets its covering in the orbit
space GpAqzX . We also precise the set of cuspidal rational sector chambers in the
quotient through the following results.

Theorem 2.5. There exists a one-to-one correspondence between the set of cuspidal
rational sector chambers and kerpH1

ét
pSpecpAq,Tqq Ñ H1

ét
pSpecpAq,Gqq. Moreover, if

G is semisimple and simply connected, the image of the preceding correspondence is
isomorphic to PicpAqt, where t � rkpGq is the dimension of T. In particular, this
implies that the number of sector chambers in Theorem 1.3, for S � tP u as above, is
exactly Card

�
PicpAqt

�
.

In [BL23], we apply Theorem 2.2 in order to characterize the conjugacy classes of
maximal unipotent subgroups of an S-arithmetic group of Gpkq, i.e. the subgroups of
Gpkq that are commensurable with GpOSq. For any �nite subset of places S, the num-
ber of conjugacy classes of maximal unipotent subgroups of the S-arithmetic subgroup
GpOSq is given in [BL23] thanks to an analogous theorem to that of Theorem 2.5.

By using Theorem 2.4 and the theory of small categories without loops, which gener-
alizes Bass-Serre theory in higher dimension, a description of the structure of the con-
sidered arithmetic groups as amalgamated sums of groups is given in [BL22, � 11]. This
is a work in progress. These results have natural consequences on the (co)homology of
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these groups, as in the work of Soulé [Sou79, �3, Th. 5], Harder [Har77] and Serre [Ser03,
Ch. II, �2.8].

3. Notation on reductive group schemes and their Bruhat-Tits buildings

Let C be a smooth, projective, geometrically integral curve de�ned over a �eld F.
Let k be the function �eld of C and let K � kP be its completion with respect to the
discrete valuation map νP de�ned from a closed point P of C. We denote by O the ring
of integers of K and we �x a uniformizer π P O X k.

In this section, we introduce and recall some classical de�nitions and notations used
along the paper. We denote respectively by Ga and Gm the additive and the multiplica-
tive group scheme.

Along the paper, we will have to use some canonical embeddings of Bruhat-Tits
buildings, that are functorial with respect to �eld extensions or group embeddings.
These functorial properties are introduced in � 3.7. Thus, we recall, in � 3.3, some
elements of construction of the a�ne Bruhat-Tits building X pG, ℓq associated to the
datum of any discretely valued �eld pℓ, νq and any reductive split ℓ-group G. Typically,
ℓ{k will be a univalent extension such as ℓ � k, ℓ � K � kP or an algebraic extension of
degree rℓ : ks   8. To take in account the �eld extensions, we introduce some de�nitions
on rational combinatorial structures in � 3.4.

The visual boundary of a building will be an important tool to understand the quotient
space GpAqzX pG,Kq. We introduce it in � 3.6. It is naturally linked with the spherical
building structure deduced from the Borel-Tits structure results [BT65], introducing
faces called vector faces whose we recall the de�nition in 3.5.2.

3.1. Notation on Weyl Groups. Along this paper we adopt the following notation on
Weyl groups. A character of G is an element of XpGq � Homk�grouppG,Gmq. Choose
an arbitrary maximal k-torus T of G. Since G is k-split, T isomorphic to Gt

m for some
t P Z¥0. Let Φ � ΦpG,Tq � XpTq be the set of roots of G with respect to T.

Let B be a Borel subgroup containing T. Since B is a solvable group, the set of
unipotent elements U of B is a subgroup. Moreover, since G is a split k-group, there
exists a k-isomorphism between B and the semi-direct product T
U [Bor91, 10.6(4)].
From a Borel subgroup, we de�ne a subset of positive roots Φ� � ΦpT,Bq as in [Bor91,
20.4]. This induces a basis of simple roots ∆ � ∆pBq [Bou81, VI.1.6] of G relatively to
the Borel k-subgroup B.

For any α P Φ � ΦpG,Tq, let Uα be the T-stable unipotent subgroup of G de�ned
from this. Since G splits over k, every unipotent group Uα is isomorphic to Ga via a
k-isomorphism θα : Ga Ñ Uα called an épinglage [Bor91, 18.6]. We de�ne U� � xUα :
α P Φ�y (resp. U� � xUα : α P Φ�y). By construction, U� is the unipotent radical of
B.

Let N � NGpTq be the normalizer of T in G. We denote byW sph the �nite algebraic
quotient N{T. Since G is assumed to be k-split, W sph is a constant k-group so that,
for any extension ℓ{k, we identify W sph with the group of rational points Npℓq{Tpℓq
[Bor91, 21.4]. It identi�es with the Weyl group of the root system Φ � ΦpG,Tq via an
action wsph : Npkq Ñ W pΦq satisfying Uwsphpnqpαq � nUαn

�1 for any α P ΦpG,Tq and

any n P Npkq [Bor91, 14.7]. Moreover, the group W sph is the group generated by the
set of re�ections rα induced by α P Φ (c.f. [Bor91, 14.7]).

Let X�pTq � Homk�grpGm,Tq be the Z-module of cocharacter of T. Recall that
there is a perfect dual pairing x�, �y : X�pTq � XpTq Ñ Z [Bor91, 8.11]. This pairing
extends naturally over R into a perfect dual pairing between the �nite dimensional R-
vector space V1 � X�pTq bZ R and its dual V �

1 � XpTq bZ R. Using the valuation
ν � νP , we have a group homomorphism ρ : TpKq Ñ V1 [BT84, 4.2.3] given by

xρptq, χy � �ν
�
χptq

�
, @t P TpKq, @χ P XpTq.
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We denote by TbpKq its kernel. Let V0 � tv P V1, xv, αy � 0 @α P Φu and V � V1{V0.
Hence, for any root α P Φ, the map x�, αy : V1 Ñ R induces a linear map V Ñ R and
we denote by αpvq the value of this map at v P V . Let A be any R-a�ne space over V .
One can de�ne an action by a�ne transformations w : NpKq Ñ V � GLpV q � AffpAq
extending wsph as in [Lan96, 1.6]. The a�ne Weyl group W aff is the image of w. Since
the kernel of w is TbpKq, the action w induces an isomorphism NpKq{TbpKq � W aff .
This group decomposes as W aff � Λ
W sph, where Λ is a free abelian group.

3.2. Chevalley group schemes over Z. Let S � SpecpZq. According to [DG70b,
Exp. XXV, Cor. 1.3], there exists a reductive S-group scheme GZ that is a Z-form of
G, i.e. GZ bS k � G. There exists a maximal torus TZ � DSpMq de�ned over Z
(c.f. [DG70b, Exp. XXV, 2.2]). It follows from [DG70c, Exp. IX, Def. 1.3] that, in
fact, we have TZ � DSpMq � Gt

m,Z by local considerations. So, for G, we pick the
scalar extension T � TZ bS k as maximal split torus. With respect to this torus, the
root groups Uα for α P ΦpG,Tq are de�ned over Z and there exists a Chevalley system
(i.e. a family of épinglages that are compatible to each other with respect to the group
structure of G) such that the épinglages θα : Ga,S Ñ Uα for α P ΦpG,Tq are de�ned
over Z [DG70b, Exp. XXV, 2.6]. There exists an injective homomorphism of S-groups
ρ : GZ Ñ SLn,Z (c.f. [BT72, 9.1.19(c)]).

The Chevalley group scheme GZ provides, for any ring R, an abstract group GZpRq
that we denote GpRq for simplicity.

Remark 3.1. If G is semisimple, then V0 � 0 according to [Spr98, 8.1.8(ii)]. Moreover,
we know that TZ �

�
Gm,SpecZ

�t
by [DG70b, Exp. XXII, 4.3.8] whenever G is simply

connected, where t denotes the rank of G. In this case, one can easily check from the
de�nition and the dual pairing that TbpKq � TpOq.

Let A be the vector space V seen as an a�ne space. Consider the ground �eld F � A
and let NF be the normalizer of TF � TZbF in GF � GZbF. For α P Φ, de�ne mα �
θαp1qθ�αp�1qθαp1q P NpFq. Let NpFqsph be the abstract subgroup of NpFq generated
by the mα. Let T1 � pµ2pFqqt be the �nite subgroup of t-copies of µ1pFq contained in
TpFq �

�
GmpFq

�t
. We have that wsphpmαq � rα for α P Φ. Moreover, for any α, β P Φ,

there exists a sign ε P t�1u such that mαmβmα � mrαpβq

�
rαpβq

�_
pεq according to

[DG70b, Exp. XXIII, 6.1], where
�
rαpβq

�_
P X�pTq denotes the coroot associated to

rαpβq. Hence the natural group homomorphism NpFqsph Ñ W sph is surjective with
kernel contained in T1. In particular, the group NpFqsph is �nite. For each w P W sph,
we denote by nw a chosen representative of w in NpFqsph and, for each for α P Φ, we
denote by nα � nrα . We denote this subset of representatives by N sph � tnw : w P
W sphu � GpFq.

3.3. A�ne Bruhat-Tits buildings of split reductive groups. Let pℓ, νq be a dis-
cretely valued �eld and G be a split reductive ℓ-group. We denote by Xℓ � X pG, ℓq its
Bruhat-Tits building. Formally, it is a set X of points together with a collection Aℓ of
subsets A � X called apartments. Any apartment is an R-a�ne space on a R-vector
space isomorphic to V that is tessellated with respect to the re�ections of the groupW aff

(c.f. [AB08, �1.4]). Inside an apartment, the hyperplane of �xed points of a re�ection in
W aff is called a wall. A polysimplex (resp. maximal, resp. minimal) of this tessellation
is called a face (resp. chamber, resp. vertex).

Let A0 be an a�ne space over V , together with an action of w : Npℓq Ñ W aff on it,
as de�ned in � 3.1. Let v0 P A0 be the vertex �xed by the subgroup 0�W sph of W aff .
We realize roots α P Φ as linear maps by setting αpxq :� αpx�v0q for any point x P A0.
For any point x P A0 and any root α P Φ, we apply [BT72, �7] to the valuation of the
root group datum de�ned in [BT84, 4.2.3], in order to de�ne

Uα,xpℓq �
 
u P Uαpℓq : ν

�
θ�1
α puq

�
¥ �αpxq

(
.
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For any non-empty subset Ω � A0 we can write Uα,Ωpℓq �
�
xPΩUα,xpℓq (see [BT72,

7.1.1]). We de�ne the unipotent group of Ω over ℓ as 5

UΩpℓq � xUα,Ωpℓq : α P Φy .

The Bruhat-Tits building of pG, ℓq is the cellular complex de�ned by gluing of multiple
copies of A:

X pG, ℓq � Gpℓq � A{ ∽,
with respect to the equivalence relation pg, xq ∽ ph, yq if and only if there is n P Npℓq
such that y � wpnqpxq and g�1hn P Uxpℓq as de�ned in [BT72, 7.1.2]. For any g P Gpℓq,
the map ιg : A0 Ñ X pG, ℓq given by x ÞÑ pg, xq{ ∽ is injective and we identify A0 with
its image via ιe where e denotes the identity element of Gpℓq as in [BT72, 7.1.2]. The
apartment A0 � X is called the standard apartment associated to T. Thus, we formally
see g �A as an a�ne space over the vector space g �V corresponding to the torus gTg�1.

Note that the R-a�ne space A0 only depends on T but its tessellation depends on
the valued �eld pℓ, νq and the ℓ-group G.

3.4. Combinatorial structure and rationality questions in buildings. All the
previous de�nitions and characterizations hold, in particular, when ℓ is the global �eld
k, its completion K with respect to the valuation ν � νP or a suitable extension of k.

Assume that ℓ{k is a univalent extension (see de�nition in [BT84, 1.6]) and thatG is a
split reductive k-group. We build such an extension in Lemma 7.1. ThenGℓ :� Gbk ℓ is
a split reductive ℓ-group. There is a natural building embedding ι : X pG, kq Ñ X pG, ℓq
given by [BT72, 9.1.19 (a)].

The collection Aℓ of ℓ-apartments is given by the subsets g � A0, for g P Gpℓq. For
instance, the buildings Xk � X pG, kq and XK � X pG,Kq have the same polysimplicial
structure but not the same collections Ak and AK of apartments (we detail this in
Lemma 4.2). In other words, X pG,Kq is the building Xk equipped with the complete
apartment system [Rou77, 2.3.7]. In fact, by rational conjugacy of maximal split tori,
there is a natural one-to-one correspondence between the set of ℓ-apartment and the set
of maximal ℓ-split tori.

In this context, a maximal k-split torusT induces a maximal ℓ-split torusTℓ :� Tbkℓ
of Gℓ and, therefore, the apartment A0 of X pG, kq associated to T naturally identi�es
via ιpA0q � A0 with the apartment of X pG, ℓq associated to Tℓ. Thus any root α P Φ
induces a linear map on A0.

We call an ℓ-wall of A0, an hyperplane of the form Hα,r � tx P A0, αpxq � ru for
r P νpℓ�q. The ℓ-walls provides the tessellation of the apartment of X pGℓ, ℓq according
to [BT72, 6.2.22, 9.1.19(b)]. For x P A0, we denote

Φx,ℓ � tα P Φ, Dr P νpℓ�q, Hα,r is an ℓ-wallu.

This is the subroot system6 of Φ [BT72, 6.4.10] of the local spherical building at x.
We call an ℓ-half apartment a half-space of A0 of the form Dα,r � tx P A0, αpxq ¥ ru

for r P νpℓ�q. A subset Ω � A0 is said to be ℓ-enclosed if it is the intersection of ℓ-half
apartment. The ℓ-enclosure of a subset Ω � A0 is the intersection of ℓ-half apartments
that contain Ω, as de�ned in [BT72, 7.4.11]. We denote it by clℓpΩq the ℓ-enclosure of
Ω.

The set of ℓ-half apartments Σ induces an equivalence relation on the set of points of
A0 given by

x � y ðñ clℓptxuq � clℓptyuq.

The equivalence classes are called the ℓ-faces. A ℓ-face with maximal dimension is called
an ℓ-chamber. A ℓ-face with codimension 1 is called an ℓ-panel. An ℓ-face with minimal

5Note that, despite the notations, this does not de�ne an algebraic group Uα,Ω, nor UΩ, but only a
collection of topological groups.

6More generally, Φx is the set of roots α P Φ such that αpxq P Γ1α where Γ1α denotes the set of values
de�ning the walls directed by the root α. Here Γ1α � νpℓ�q because we assume that G is split.
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dimension is a single point. It is called an ℓ-vertex. A vertex x is called ℓ-special if
Φx,ℓ � Φ. The ℓ-enclosure of an ℓ-chamber is called an ℓ-alcove.

If A � g � A0 is another ℓ-apartment and Ω � A, we say that Ω is an ℓ-vertex (resp.
panel, alcove, wall, half-apartment) if so is g�1 � Ω � A0. The enclosure of Ω is then
g �clpg�1 �Ωq that is the intersection of ℓ-half apartments of A. For simplicity, if ℓ � k, we
omit the �k-� in the following and we will say vertex, panel, alcove, wall, half-apartment,
apartment instead of k-vertex, k-panel, etc.

Note that, if Ω is a subset of some apartment A, then the enclosure clpΩq is closed
for the real topology and that, if Ω is a face of X , then the enclosure clpΩq is equal to
the closure Ω of Ω in X for the real topology.

3.5. Spherical building: vector faces and sector faces.

3.5.1. Spherical building structure. For α P Φ, de�ne the closed half-space Dα :�
α�1pR�q � V . There is an equivalence relation on V de�ned by

x � y ðñ p@α P Φ, x P Dα ô y P Dαq .

A vector face is an equivalence class for this relation. A vector chamber D of V is a
connected component of the space V ∖

�
αPΦ kerprαq. The action wsph of the spherical

Weyl group W sph on V is transitive on the set of vector chambers [AB08, 1.69]. We say
that D is a vector face of the apartment g � V if g�1 �D is a vector face of V . From the
BN-pair

�
Bpℓq,Npℓq

�
, one can de�ne a (vectorial) building of pG, ℓq (see [Rou09, Cor.

10.6]) whose faces are the vector faces on which Gpkq acts strongly transitively.

3.5.2. Standard vector faces. Let ∆ � ∆pBq be the basis of the root system Φ �
ΦpG,Tq associated to the Borel subgroup B, as in section 3.1.

We de�ne a standard vector chamber D0 � V associated to pT,Bq by

D0 � tx P V, αpxq ¡ 0,@α P ∆u.

We denote by WΘ the subgroup of the Weyl group W pΦq � W sph generated by the
re�ections rα for α P Θ. For any Θ � ∆, we denote by ΘK � tx P V, αpxq � 0 @α P Θu.
Note that ΘK is the subspace of invariants of V with respect to the groupWΘ, i.e. ΘK �
V WΘ � tx P V, wpxq � x, @w PWΘu. We de�ne

Φ0
Θ � tα P Φ, α P VectRpΘqu

the subset of Φ consisting in linear combination of elements in Θ. According to [Bou81,
VI.1.7, Cor.4 of Prop.20], it is a root system with basis Θ and, by de�nition, its Weyl
group7 is WΘ.

We denote by Φ�
Θ � Φ� ∖ Φ0

Θ and Φ�
Θ � Φ� ∖ Φ0

Θ so that Φ � Φ�
Θ \ Φ0

Θ \ Φ�
Θ. We

de�ne the standard vector face of type Θ � ∆ by:

DΘ
0 � tx P V, αpxq ¡ 0 @α P ∆∖Θ and αpxq � 0 @α P Θu

� tx P V, αpxq ¡ 0 @α P Φ�
Θ and αpxq � 0 @α P Φ0

Θu.

Note that the notation is natural because D0 � DH
0 and the closure DΘ

0 of DΘ
0 is the

subset of invariants of the closure D0 of D0 with respect to WΘ, i.e. DΘ
0 � D0 X V WΘ .

7Because G is assumed to be split, Φ is reduced. But we could extend this de�nition to an arbitrary
non reduced root system Φ by considering the sub-root system of non-divisible roots, which the same
Weyl group [Bou81, VI.1.4 Prop.13(i)].
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3.5.3. Sector faces and sector chambers. We say that a subset Q � Qpx,Dq is an ℓ-
sector face of X pG, ℓq if there is an ℓ-apartment A � g �A0, for some g P Gpℓq, a vector
face D of g � V and a point x of A such that Q � x � D (it is called a conical cell in
[AB08]). The point x � xpQq is called the tip of Qpx,Dq and the vector face D � DpQq
is called the direction of Qpx,Dq. Note that the tip of an ℓ-sector face is not necessarily
a vertex of Xℓ. We denote by Qpx,Dq the closure in A of Qpx,Dq.

If D is a vector chamber, then Qpx,Dq is called an ℓ-sector chamber. We denote
by Q0 � Qpv0, D0q � A0 and we call it the standard ℓ-sector chamber of Xℓ. Let L
be the completion of ℓ with respect to ν. Note that every ℓ-sector chamber is an L-
sector chamber but there may exist L-sector chambers of X pG, ℓq that are not ℓ-sector
chambers: i.e. contained in the set of points X pG, ℓq but not in any ℓ-apartment of
X pG, ℓq. We denote by SecpXℓq the set of ℓ-sector chambers of Xℓ.

3.6. Visual boundary. On the set of rays of an Euclidean building X , we de�ne an
equivalence relation corresponding to parallelism, as in [AB08, 11.70]. We denote by
B8X the set of equivalence classes, which is called the visual boundary of X . Note
that, if X is not equipped with a complete system of apartments, the de�nition of ray is
restricted to those contained in some apartment. This induces an equivalence relation
on the set of sector faces by

Q � Q1 if and only if DpQq � DpQ1q,

For a subset Q of Xk and, in particular, a sector face, we denote by B8Q the
set of equivalence classes of geodesic rays contained in Q. We call it the visual
boundary of Q. Note that, for sector faces, the above equivalence relation becomes
Q � Q1 if and only if B8Q � B8Q

1. We deduce from [AB08, 11.75] that there is a 1 to
1 correspondence B8Q Ø DpQq between the visual boundaries of sector faces and the
vector faces. Thus, for an arbitrary vector face D, one can denote by B8D :� B8Qpx,Dq
which does not depend on the tip x of Qpx,Dq.

Thus, visual boundaries of sector faces form a partition on B8X and the visual bound-
aries of apartments form a system of apartments which equips B8X of a structure of
building whenever the system of apartment is �good� [AB08, �11.8.4]. For instance,
B8X pG,Kq is a spherical building since X pG,Kq is equipped with a complete system
of apartments.

3.7. Functorial embeddings of the Bruhat-Tits buildings. Let G be a connected
reductive k-group and ρ : G Ñ SLn,k be a closed embedding. Let Xk � X pG, kq
and X 1 � X pSLn, kq be respectively the Bruhat-Tits building of pG, kq and pSLn, kq.
By [BT84, 4.2.12], the Euclidean building Xk � X pG, kq is isometric to X pρpGq, kq.
Moreover, by [Lan00, 2.2.1], there exists a ρpGpKqq-equivariant closed immersion
jK : X pρpGq,Kq ãÑ X 1

K , mapping the standard apartment A0 of X into the standard
apartment A1

0 of X 1 and multiplying the distances by a �xed constant (depending on ρ).
In fact, because the buildings Xk and XK (resp. X 1 and X 1

K) only di�er by their system
of apartment, and since A0 and A1

0 are k-apartments, there is a ρ
�
Gpkq

�
-equivariant

closed embedding j : X
�
ρpGq, k

�
Ñ X 1 sending A0 onto A1

0. If we furthermore assume
that GZ is a Z-Chevalley group scheme and that ρ embeds the maximal torus T of G
into a maximal torus of SLn over Z, then there is such a map j that sends the special
vertex v0 P A0 � X onto the special vertex v10 P A1

0 � X 1 [BT72, 9.1.19(c)], by a descent
of the valuation.

4. The action of Gpkq on Xk
In all that follows, given a group Γ acting on a set X and a subset Y � X, we denote

by StabΓpY q the setwise stabilizer subgroup in Γ of Y , and by FixΓpY q the pointwise
stabilizer subgroup in Γ of Y .

The goal of this work is to study some properties of the abstract group GpAq, where
A � OtP u is as de�ned in � 2. In order to use the Borel-Tits theory, it is more convenient
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to work with Gpkq � GpAq where k is the fraction �eld of A. The Bruhat-Tits buildings
are built from the completion K of k with respect to the valuation νP and properties
of the action of GpKq on XK are well-known. In this section, we recall some properties
of this action that remain true for Gpkq acting on Xk even if the valued �eld pk, νP q is
not complete.

At �rst, in order to work on Xk which is not equipped with a complete system of
apartment in general, we introduce a subset of k-sectors built from the standard sector
and from a subset of Gpkq that covers the set of points of the building Xk.

Lemma 4.1. Let X be an a�ne building with a complete system of apartments and A
be a given apartment of X . Let x P X be any point and x0 be a point of A. Then there
exists a sector chamber Q of A with tip x0 and an apartment A1 that contains x and Q.

Proof. Let A1 be an apartment of X that contains both x and x0 (existence is given by
axiom (A3) of a�ne buildings [Par00, Def. 1.1]). There is a sector chamber Q1 of A1

with tip x0 so that x P Q1.
Consider the spherical building germx0pX q of germs of sector faces at x0 as de�ned in

[Par00, 1.3.3]. The spherical building germx0pX q can be endowed with a W sph-distance
δ : Cx0�Cx0 ÑW sph [AB08, 4.81] where Cx0 denotes the set of germs of sector chambers
at x0 that are the chambers of germx0pX q.

Fix a set of generators S of the spherical Coxeter group W sph so that
�
W sph, S

�
is a

Coxeter system and recall that there is a length map ℓ : W sph Ñ Z¥0 with respect to
S. Let C0 � Cx0 be the set of germs of sector chambers of A at x0. Consider a germ of
sector chamber D P C0 that realizes the maximum of the map D ÞÑ ℓpδpD,D1qq over C0
where D1 denotes the germ at x0 of the sector chamber Q1. Denote by w0 the unique
element having maximal length ℓpw0q � ℓ0 [AB08, 2.19].

Suppose by contradiction that ℓpδpD,D1qq   ℓ0. Then δpD,D1q � w0 and there exists
s P S such that ℓpsδpD,D1qq � 1� ℓpδpD,D1qq since ℓpδpD,D1qq is not maximal. The
set germx0pAq of germs at x0 of sector faces of A is an apartment of germx0pX q [Par00,
1.3.3]. In the apartment germx0pAq, there exists a germ of sector chamber D1 P C0
such that s � δpD1, Dq [AB08, 4.84]. Hence ℓpδpD1, D1qq � ℓpsδpD,D1qq ¡ ℓpδpD,D1qq
[AB08, 5.1 (WD2)]. This contradicts the maximality assumption.

Thus, δpD,D1q � w0. By [Par00, Cor. 1.11(GG)], there is an apartment of germxpX q
containing both D and D1. In this apartment, the germs D and D1 are opposite since
δpD,D1q � w0. Let Q be a sector chamber of A with germ at x0 equal to D. Then Q
and Q1 are opposite sector chambers by de�nition. Thus, by property (CO) of a�ne
buildings with a complete system of apartments [Par00, Prop. 1.12(CO)], there exists
an apartment A1 containing Q and Q1. But since x is in Q1, we get that x P A1. □

Unipotents groups UΩpKq are very useful to analyze the action of GpKq on XK , since
these groups act transitively on the set of apartments containing Ω � X (c.f. [Lan96,
9.7]). Indeed, for Ω � Q0 we have that UΩpKq is equal to a subgroup of U�pKq,
because Uα,ΩpKq � t0u, if α P Φ�. It follows from [DG70b, Exp.XXV 2.5] that, using
the épinglages θα, there exists an isomorphism of Z-schemes betweenU� and

±
αPΦ� Uα.

Since Gapkq is dense in GapKq, we can deduce that U�pkq is dense in U�pKq. From
this density, we get that the points of the respective buildings X pG, kq and X pG,Kq
are the same whereas the system of apartments may be di�erent (whenever there exists
a maximal K-split torus that is not de�ned over k). More precisely, we obtain all the
points of XK translating a single k-sector as follows:

Lemma 4.2. Let k be a discretely valued �eld with completion K and G be a split
reductive k-group. Denote respectively by XK � X pG,Kq (resp. Xk � X pG, kq) the
Bruhat-Tits building associated to G over K (resp. k). Fix a maximal split torus T
of G, a Borel subgroup B containing T with unipotent radical U� and let Q0 be the
standard k-sector chamber de�ned in �3, associated to pB,Tq. Then the points of Xk
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and XK are the same and there exists a subset N sph in NGpTqpkq of representatives
8

of W sph such that this set is

N sphU�pkqN sph � Q0.

Proof. Let x P XK be any point. Let v0 be the tip of Q0. Let A1 be a K-apartment and
Q1 � A0 a K-sector that satisfy Lemma 4.1 applied to A0, v0 and x in XK (the system of
apartments of XK is complete since K is complete [Rou77, 2.3.7]). Let N sph � NpFq �
Npkq be the lift of W sph as de�ned in section 3.2. Since Q0 and Q1 have the same tip,
by transitivity of the action of W sph on the Coxeter complex, there exists w1 P W sph

such that Q0 � nw1 �Q
1. Since A0 and nw1 �A1 contain Q0, by [Lan96, Cor. 9.7], there is

u P UQ0pKq � U�pKq satisfying x1 � punw1q �x P A0. We know that the stabilizer of x1

in U�pKq is an open subgroup [Lan96, 12.12(ii)] and that U�pKq acts continuously on
XK . Hence, by density of U�pkq in U�pKq, we can deduce that there exists u1 P U�pkq
such that x1 � pu1nw1q � x. Since x1 belongs to some closure of a sector chamber of A0

with tip x0, we can deduce that pnwu1nw1q � x P Q0, for some w PW sph. □

We recall the following classical result relating the standard parabolic subgroups and
the standard vector chambers thanks to the spherical Bruhat decomposition.

Lemma 4.3. Let B be a Borel subgroup of G inducing a basis ∆ of Φ. Consider the
action of Gpkq on its spherical building. Let Θ � ∆. The stabilizer in Gpkq of the
standard vector face DΘ

0 of type Θ is the group PΘpkq of rational points of the standard
parabolic subgroup associated to Θ.

Proof. Consider the spherical Bruhat decompositionGpkq � BpkqN sphBpkq where N sph

is a lift in Npkq of the spherical Weyl group W sph � Npkq{Tpkq. According to [AB08,
�6.2.4], the stabilizer of DΘ

0 is the standard parabolic subgroup associated to this Bruhat
decomposition, that is

StabGpkqpD
Θ
0 q � BpkqNΘBpkq

where NΘ � N sph is a lift of WΘ. It is precisely the rational points of the standard
parabolic subgroup PΘ [Bor91, 21.16]. □

The strong transitive action of Gpkq on its spherical building induces, in particular,
a transitive action on the k-vector chambers. We will make a strong use of the subset
H � tn�1u, n P N sph, u P U�pkqu, which is not a subgroup in general. The following
lemma explains how any k-vector face can be built from H and the standard vector
faces.

Lemma 4.4. For any k-vector face D there exists n P N sph, u P U�pkq and Θ � ∆
such that u �D � n �DΘ

0 .

Proof. Let D be a k-vector chamber. Since Gpkq acts strongly transitively on its spher-
ical building (c.f. �3.5.1), there is g P Gpkq such that D � g �D0. Hence, by the spher-
ical Bruhat decomposition (c.f. [Bor91, 21.15]), g can be written as g � u�1nwb with
u P U�pkq, w P W sph and b P Bpkq. Since b P StabGpkqpD0q according to Lemma 4.3,
we deduce that D � u�1nw �D0, whence the result follows with Θ � H.

Now, let rD be a k-vector face. It is the face of some k-vector chamber D. Thus, we
have shown that there exists u P U�pkq and n P N sph such that u �D � n �D0. Thus
n�1u � rD is a face of D0, whence there exists Θ � ∆ such that n�1u � rD � DΘ

0 . □

We consider the visual boundary of Xk as introduced in �3.6. Note that two sector
chambers Q and Q1 are equivalent if, and only if, QXQ1 contains a common subsector
chamber of X or, equivalently, if Q and Q1 de�ne the same chamber B8Q in the spherical
building at in�nity B8pX q (c.f. [AB08, 11.77]).

We denote by B8 SecpXkq the set of visual boundaries of k-sector chambers.
8Typically, N sph will be the system of representative of W sph in NpFq introduced in �3.2.
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Lemma 4.5. Let x, y P A0 be two special vertices. Then x and y are in the same
Gpkq-orbit if, and only if, they are in the same Tpkq-orbit.

Proof. Assume that x and y are in the same Gpkq-orbit. Let g P Gpkq be such that
y � g � x. Then, by de�nition of the building, there exists n P Npkq such that y � n � x
and g�1n P Uxpkq. Let Ny � StabNpkqpyq. Since y is special, we know that wsphpNyq �

W sph. Thus Npkq � Ny � Tpkq. Write n � n1t with n1 P Ny and t P Tpkq. Then
pn1q�1 � y � y � pn1q�1n � x � t � x. The converse is immediate. □

Lemma 4.6. Let Q and Q1 be two k-sector chambers of Xk whose tips x and x1 are
special k-vertices. Then, there exists g P Gpkq such that g � Q � Q1 if, and only if, x
and x1 are in the same Gpkq-orbit. In particular, Gpkq acts transitively on B8 SecpXkq.

Proof. The necessary condition is clear. Now, suppose that the tips x and x1 of Q and
Q1 are in the same Gpkq-orbit and let A,A1 be two apartments of Xk satisfying A � Q,
A1 � Q1. By transitivity of the action of Gpkq on the k-apartments of Xk, there exists
g1 P Gpkq satisfying g1 � A � A1. Then, we can assume, without loss of generality, that
A1 � A0.

Since W sph acts transitively on the set of vector chambers of A0 we have that this
group acts also transitively on the set of directions of sectors in A0. Hence, there exists
w PW sph such that the directions of pnwg1q �Q and of Q1 are equals, whence they have
a common subsector. Observe that the tips of pnwg1q � Q and Q1 are special k-vertices
and in the same Gpkq-orbit. Thus, by Lemma 4.5, there is an element t P Tpkq such
that ptnwg1q �Q � Q1. The result follows by taking g � tnwg

1 P Gpkq. □

Lemma 4.7. The set B8pSecpXkqq of visual boundaries of k-sectors of Xk is in bijection
with the quotient Gpkq{Bpkq, which equals the k-rational points pG{Bqpkq of the Borel
variety G{B.

Proof. We have to �nd a bijective function between B8pSecpXkqq and the quotient set
Gpkq{Bpkq. From the correspondence between vector chambers and visual boundaries
of sector chambers (see �3.6), we identify B8pQ0q with D0 � DH

0 . By Lemma 4.3, we
deduce that StabGpkqpB8pQ0qq � StabGpkqpD

H
0 q � Bpkq. It follows from the Lemma 4.6,

that every element B8pQq P B8pSecpXkqq can be written as g�B8pQ0q, for some g P Gpkq.
Hence, we have StabGpkqpB8pQqq � gBpkqg�1. Let ϕ : B8pSecpXkqq Ñ Gpkq{Bpkq be
the function de�ned by B8pQq ÞÑ g, where StabGpkqpB8pQqq � gBpkqg�1. Note that
the previous function is well de�ned and injective since NGpBqpkq � Bpkq (c.f. [Bor91,
Prop. 21.13]). Obviously the function ϕ is surjective and then we get a bijective function
between B8pSecpXkqq and the set Gpkq{Bpkq. Finally we claim that

Gpkq{Bpkq � pG{Bqpkq.

Indeed, consider the quotient exact sequence of k-algebraic varieties

0Ñ B ÝÑ G ÝÑ G{BÑ 0.

It follows from [DG70a, �4, 4.6] that there exists a long exact sequence

(1) t0u Ñ Bpkq Ñ Gpkq Ñ G{Bpkq Ñ H1
étpSpecpkq,Bq.

On the other hand, by [DG70b, Exp. XXVI, Cor. 2.3], we have H1
étpSpecpkq,Bq �

H1
étpSpecpkq,Tq. But, by hypothesis T � Gt

m. So, it follows from the Hilbert 90's that

H1
étpSpecpkq,Bq � H1

étpSpecpkq,Tq � H1
étpSpecpkq,Gt

mq � 0,

whence, from the exact sequence (1), we get Gpkq{Bpkq � pG{Bqpkq. Then, we result
follows. □
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5. Commutative unipotent subgroups normalized by standard parabolic

subgroups

In this section, we assume that k is a ring and that S is a scheme (typically, S � SpecZ
in subsection 5.3). We consider a split reductive smooth a�ne S-group scheme G
together with a Killing couple pT,Bq, i.e. a maximal split torus T � DSpMq � Gr

m,Z,
where M is a �nitely generated free Z-module, contained in a Borel subgroup B. The
existence of such couple is given in [DG70b, Exp. XXII, 5.5.1]). Let Φ be the root
system of G associated to T and Φ� be the subset of positive roots associated to B
(see [DG70b, Exp. XXII, 5.5.5(iii)]).

Let Ψ � Φ� be a subset. Recall that Ψ is said to be closed (see [Bou81, Chap. VI,
�1.7]) if

(C0) @α, β P Ψ, α� β P Φñ α� β P Ψ.

Let ∆ be the corresponding basis to B and let Θ � ∆. In this section, we want
to provide a �large enough� smooth connected commutative unipotent subgroup UΨ

normalized by the standard parabolic subgroup PΘ such that PΘ acts linearly by con-
jugation onUΨ. We cannot apply in our context the calculations in [DG70b, Exp. XXII,
�5.5] because the ordering given by [DG70b, exp XXI, 3.5.6] may not be compatible with
the commutativity condition or the �large enough� condition.

We consider the following conditions on Ψ � Φ�:

(C1) @α P Φ�, @β P Ψ, α� β P Φñ α� β P Ψ;
(C2) @β, γ P Ψ, β � γ R Φ;

These conditions are related. For instance, if Ψ closed and is a linearly independent
family of VectRpΦq, then it satis�es (C2). In this section, we �rstly discuss the relation
between these conditions and properties on groups, then we construct subset satisfying
these conditions and we conclude by providing a consequence of these conditions, which
is large enough with respect to some generating condition.

Iterating the conditions (C1) and (C2), we get that:

Lemma 5.1. The condition (C1) is equivalent to

(C1') @α P Φ�, @β P Ψ, @r, s P N, rα� sβ P Φñ rα� sβ P Ψ.

The condition (C2) is equivalent to

(C2') @β, γ P Ψ, @r, s P N, rβ � sγ R Φ.

If Ψ � Φ� satis�es condition (C2), then the condition (C1) is equivalent to

(C1�) @α P Φ�, @β P Ψ, @r, s P N, rα� sβ P Φñ rα� sβ P Ψ and s � 1.

Proof. Obviously, (C1�) ñ (C1') ñ (C1) and (C2') ñ (C2).
Conversely, we assume that Ψ satis�es (C1) (resp. (C2), resp. (C1) and (C2)) and

we prove (C1') (resp. (C2'), resp. (C1�)). We proceed by induction on r � s ¥ 2. Let
α P Φ� and β P Ψ. Basis is obvious since r � s � 1 whenever r, s P N, r � s ¥ 2. If
r � s ¡ 2 and rα � sβ P Φ, then pr � 1qα � sβ P Φ or rα � ps � 1qβ P Φ according to
[Bou81, Chap. VI, �1.6, Prop. 19].

In the case α P Ψ and Ψ satis�es (C2), by induction assumption on (C2'), we get a
contradiction so that rα� sβ R Φ. Whence we deduce (C2) ñ (C2').

If pr�1qα�sβ P Φ, then pr�1qα�sβ P Ψ (resp. and s � 1) by induction assumption

on (C1') (resp. on (C1�)). Thus
�
pr� 1qα� sβ

	
�α P Ψ by condition (C1). Otherwise

rα � ps � 1qβ P Φ� and β P Ψ. Thus
�
rα � ps � 1qβ

	
� β P Ψ by condition (C1).

Whence we deduce (C1) ñ (C1').
Moreover, if s ¡ 1, then rα� ps� 1qβ P Ψ by induction assumption on (C1'). Thus�
rα�ps� 1qβ

	
�β R Φ under condition (C2). This is a contradiction with rα� sβ P Φ

so that s � 1 whenever (C2) is satis�ed. Whence we deduce (C1) and (C2)ñ (C1�). □
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5.1. Associated closed subset of positive roots. Recall that it follows from [DG70b,
Exp. XXII, 5.6.5] that, for any closed subset Ψ, there is a unique smooth closed S-
subgroup with connected and unipotent �bers, denoted by UΨ, which is normalized by
T and with suitable action of T on its Lie algebra. Moreover, for any given ordering on
elements of Ψ � Φ�, there is an isomorphism of schemes

(2) ψ �
¹
αPΨ

θα : pGa,kq
Ψ Ñ UΨ.

The combinatorial properties on Ψ correspond to the following in terms of root groups:

Proposition 5.2. If Ψ � Φ� satis�es (C1), then Ψ is closed and B normalizes UΨ.
If Ψ satis�es (C2), then Ψ is closed and UΨ is commutative.

Proof. (C1) or (C2) ñ (C0) is obvious.
Assume that Ψ satis�es (C1). For any α P Φ�, using commutation relations given

by [DG70b, Exp. XXII, 5.5.2] and isomorphism (2), the subgroup Uα normalizes UΨ.
Hence B normalizes UΨ since B is generated by T and the Uα for α P Φ� according
to [DG70b, Exp. XXII, 5.5.1].

Assume that Ψ satis�es (C2'). Then the commutativity of UΨ is an immediate
consequence of [DG70b, Exp. XXII, 5.5.4] and isomorphism (2). □

Conversely, suppose that k is a �eld and S � Specpkq. Consider a smooth connected
unipotent subgroup U. If U is normalized by T, we know by [BT65, 3.4] that U � UΨ

where Ψ is a quasi-closed unipotent subset of Φ (see de�nition in [BT65, 3.8]). In fact,
Ψ is closed whenever charpkq R t2, 3u by [BT65, 2.5] and, under these assumptions, we
get a converse for Proposition 5.2.

Proposition 5.3. Assume that k is a �eld of characteristic di�erent from 2 and 3. Let
G be a smooth a�ne split reductive k-group. Let T be a maximal split k-torus of G.

(1) For any smooth a�ne connected unipotent k-group U normalized by T, there
exists a Borel subgroup B containing T with associated positive roots Φ� and a closed
subset Ψ � Φ� such that U � UΨ � B.

(2) Moreover, if U is normalized by B, then Ψ satis�es condition (C1).
(3) If U is commutative, then Ψ satis�es condition (C2).

Proof. (1) is an immediate consequence of [BT65, 3.4] and remark in [BT65, 2.5].
(2) If B normalizes U, then so does Uα for any α P Φ�. Thus by [BT65, 2.5, 3.4]

again, we have that pα, βq � Ψ for any α P Φ� and any β P Ψ.
(3) If U is commutative, then for any α, β P Ψ, we have that

�
Uα,Uβ

�
� Upα,βq is

trivial. Thus pα, βq � H and therefore α� β R Φ. □

In order to provide counter-examples, we introduce the structure constants in the
following commutation relations (see [DG70b, Exp. XXIII, 6.4]).

For α, β P Φ, there are elements cr,sα,β P Z such that we have the commutation relation:

(3)
�
θαpxq, θβpyq

�
�

¹
r,sPN

rα�sβPΦ

θrα�sβ

�
cr,sα,βx

rys
	

Example 5.4 (Counter-examples in characteristic 2 and 3). Consider G � Spp4q (of
type B2) with root system Φ � t�α,�β,�pα � βq,�p2α � βqu where ∆ � tα, βu is a
basis with α short and β long. We have that�

θαpxq, θα�βpyq
�
� θ2α�β

�
2xy

�
.

If charpkq � 2, then Ψ � tα, α � βu is then quasi-closed unipotent and UΨ is commu-
tative but Ψ does not satis�es (C2).

Consider a split reductive k-group G of type G2 with a maximal split k-torus T. Let
Φ be the root system relatively to T and let ∆ � tα, βu be a basis of Φ with α short
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and β long. Consider Ψ � t2α � β, 3α � 2βu. Any element in U3α�2β commutes with
any element in U� since 3α� 2β is the highest root and, for 2α� β, we have that�

θαpxq, θ2α�βpyq
�
� θ3α�β

�
3xy

�
,�

θα�βpxq, θ2α�βpyq
�
� θ3α�2β

�
� 3xy

�
.

Thus, if charpkq � 3, we have that UΨ is commutative and normalized by the Borel
subgroup associated to ∆. The closed subset Ψ satis�es the condition (C2) but not the
condition (C1).

5.2. Construction of such subset of roots.

Lemma 5.5. Let Φ be an irreducible root system and let ∆ be a basis of Φ. Denote by
Φ� the subset of positive roots and by h P Φ the highest root with respect to the basis ∆.
For any Θ � ∆, de�ne ΨpΘq �

�
h�VectRpΘq

�
X Φ.

If Θ � ∆, then ΨpΘq is a non-empty subset of Φ� that satis�es conditions (C1), (C2)
and it is stabilized by the natural action of WΘ. Moreover, there exists α P ∆∖Θ such
that ΨpΘY tαuq � ΨpΘq.

Proof. Consider any Θ � ∆. Note that WΘ is generated by the sα for α P Θ. Let
x P ΨpΘq. Then sαpxq � x� xx, αyα belongs to sαpΦq � Φ where xx, αy P R. Whence,
by de�nition of ΨpΘq, we deduce sα

�
ΨpΘq

�
� ΨpΘq for any α P Θ. Thus ΨpΘq is

stabilized by WΘ.
For any element x P VectRpΦq, write x �

°
αP∆ n

α
xα with coordinates nαx P R in the

basis ∆. Recall that if x P Φ, then the coordinates are either all non-negative, or all
non-positive and that the highest root h satis�es nαh ¥ nαx for any x P Φ and any α P ∆
[Bou81, VI.1.7 Cor.3 and VI.1.8 Prop.25].

Let β P ∆ ∖ Θ. Then for any x P ΨpΘq we have that nβx � nβh ¥ 1. In particular,

ΨpΘq � Φ�. Moreover, if x, y P ΦpΘq, then nβx�y � nβx � nβy � 2nβh ¡ nαh . Whence
x� y R ΨpΘq. Thus ΨpΘq satis�es (C2).

Let x P Φ� and y P ΨpΘq such that x � y P Φ. For any β P ∆ ∖ Θ, we have that
nβh ¥ nβx�y � nβx � nβy ¥ nβx � nβh. Then n

β
x � 0 for all β, whence x P VectRpΘq. Thus

x� y P
�
ΨpΘq �VectRpΘq

�
X Φ � ΨpΘq. Hence ΨpΘq satis�es condition (C1).

Finally, suppose by contradiction that ΨpΘq � ΨpΘ Y tαuq for all the α P ∆ ∖ Θ.
Then ΨpΘq would be stabilized by sα PW for any α P ∆, thus by the whole Weyl group
W � W∆. But h P ΨpΘq, sh P W and shphq � �h R Φ�, which is a contradiction with
a previous property of ΨpΘq. □

Proposition 5.6. Let Φ be a root system and ∆ be a basis of Φ. For any Θ � ∆, there
exists a sequence of subsets ΨΘ

i of Φ� for 0 ¤ i ¤ dimpΘKq such that:

 for any i, the subset ΨΘ
i satis�es conditions (C1), (C2) and is stabilized by the

natural action of WΘ;

 the sequence of R-vector spaces Vect
�
ΨΘ
i |ΘK

	
is a complete �ag of pΘKq�;

 for any i ¥ 1 and z P
�
ΘYΨΘ

i�1

�K
, the map α P ΨΘ

i ∖ ΨΘ
i�1 ÞÑ αpzq P R has a

constant sign (either positive, negative or zero).

Proof. We �rstly treat the case of an irreducible root system Φ with basis ∆. De�ne
Θ1 � Θ. Let m :� Cardp∆ ∖ Θq. According to Lemma 5.5, there is a sequence of
pairwise distinct simple roots α2, . . . , αm P Θ ∖ ∆ such that ΨpΘiq � ΨpΘi�1q for
any 1 ¤ i   m where Θi � Θ Y tα2, . . . , αiu. Set ΨΘ

i � ΨpΘiq. Then, according to
Lemma 5.5, the subset ΨΘ

i satis�es (C1), (C2) and it is stabilized by WΘi , therefore by
WΘ.

Let h be the highest root with respect to ∆. Then, ΨΘ
1 |ΘK � th|ΘKu is a nonzero

single point since α|ΘK � 0 for any α P Θ and h R SpanZpΘq. By construc-
tion, VectR

�
ΨΘ
i |ΘK

�
� VectR

�
h|ΘK , α2|ΘK , . . . , αi|ΘK

�
for any 1   i ¤ m. Since

the family th, α2, . . . , αmu Y Θ is a generating family of VectpΦq, we deduce that
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th|ΘK , α2|ΘK , . . . , αm|ΘKu is a generating family of pΘKq�, hence a basis because of car-
dinality. We conclude that the family VectR

�
ΨΘ
i |ΘK

�
, with 1 ¤ i ¤ m, forms a complete

�ag.
Finally, let z P

�
ΘYΨΘ

i�1

�K
and let α, α1 P ΨΘ

i . Write respectively

α � h�
¸

βPΘi�1

nβαβ �mαi � γ �mαi and α
1 � h�

¸
βPΘi�1

n1
β
αβ �m1αi � γ1 �m1αi

with nβα, n1
β
α,m,m

1 P Z¥0 for any β P Θi�1. By construction and because the restriction
to ΘK gives a complete �ag, for any 0 ¤ i ¤ m, we have that VectR

�
ΨΘ
i Y Θ

�
�

VectR
�
thu Y Θi

�
. Then γ, γ1 P VectR

�
thu Y Θi�1

�
� VectpΨΘ

i�1 Y Θq. If, moreover,
α, α1 R ΨΘ

i�1, we deduce that m,m
1 ¡ 0. Thus αpzq � �mαipzq and α1pzq � �m1αipzq

both have the sign of �αipzq. Then, the result follows for irreducible root systems.
Now, consider a general root system Φ with basis ∆ and denote by pΦj ,∆jq1¤j¤t its

irreducible components with Vj � VectpΦjq
�. For 1 ¤ j ¤ t, let Θj :� Θ X∆j and let

mj :� Cardp∆j � Θjq. Note that ΘK �
À

1¤j¤tpΘ
K
j X Vjq. For 1 ¤ j ¤ t, if Θj � ∆j

(i.e. mj � 0), then ΘK
j X Vj � 0 and we can omit this factor. Otherwise mj ¡ 0 and we

obtained an increasing sequence of subsets Ψ
Θj

i � Φ�
j for 1 ¤ i ¤ mj which are (C1),

(C2) and stabilized byWΘ. By an elementary proof, for j1 � j2, the subset Ψ
Θj1
i1

YΨ
Θj2
i2

also is (C1), (C2) and stabilized by WΘ. Thus it su�ces to de�ne the concatenation of

the Ψ
Θj

i by:

@1 ¤ j ¤ t, @

j�1̧

k�1

mk   i ¤

j̧

k�1

mk, Ψ
Θ
i :�

�� ¤
1¤k j

ΨΘk
mk

�YΨ
Θj

i�
°j�1

k�1mk

This sequence provides successively a complete �ag on each direct factor ΘK
j XVj whence

the result follows. □

5.3. k-linear action of Bpkq. Recall that any subset of positive roots Φ� with basis
∆ is a poset with the following ordering: β   γ if there exists m P N and simple roots
α1, . . . , αm P ∆ such that @1 ¤ i ¤ m, β�α1�� � ��αi P Φ� and γ � β�α1�� � ��αm.
We will use it several times. Since Φ� is a poset, for any subset Ψ � Φ�, there is a
numbering Ψ � tα1, . . . , αmu such that:

(C3) αi   αj ñ i ¡ j

Lemma 5.7. Let Ψ � Φ� satisfying conditions (C1) and (C2). Write Ψ � tα1, . . . , αmu
with a numbering satisfying (C3). Then, for any 1 ¤ ℓ ¤ m, the subset Ψℓ �
tα1, . . . , αℓu satis�es conditions (C1) and (C2).

Proof. The condition (C2) is automatically satis�ed for any subset of Ψ. Let ℓ P J1,mK.
If α P Φ� and β P Ψk are such that β1 � α � β P Φ, then β1 P Ψ by (C1) and β1 ¡ β.
Hence there are i, j P J1,mK such that β � αi and β1 � αj . By condition (C3), we have
that i ¡ j so that β1 � αj P Ψℓ. Thus condition (C1) is satis�ed for Ψℓ. □

Proposition 5.8. Let G, B, T as before and assume that S � SpecpZq. Let Ψ � Φ� be
a subset satisfying conditions (C1) and (C2). Let tα1, . . . , αmu � Ψ be a numbering of Ψ
satisfying condition (C3) and extends it to a numbering tα1, . . . , αMu � Φ� of positive
roots (without further conditions on tαm�1, . . . , αMu). Then, there exist polynomials
Pi,j P ZrX1, . . . , XM s for i, j P J1,mK, depending on the choice of the numbering such
that:

 for any v �
±m
i�1 θαipyαiq P UΨ and any u �

±M
i�1 θαipxαiq P U�, we have

uvu�1 �
m¹
j�1

θαj

�
m̧

i�1

Pi,j pxα1 , . . . , xαM q yαi

�
where xα, yβ P Ga for α P Φ� and β P Ψ,
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 if i   j, then Pi,j � 0,
 if i � j, then Pi,j � 1.

Proof. Let UΨ �
±
βPΨUβ . It is a commutative subgroup normalized by B according

to Proposition 5.2.
Let α P Φ� and β P Ψ. Let x, y P Ga. Then, using condition (C1�) given by

Lemma 5.1, the commutation relation (3) becomes

(4) rθαpxq, θβpyqs �
¹
rPN

rα�βPΦ

θrα�β

�
cr,1α,βx

ry
	
.

We prove, for i, j P J1,mK, by induction on the integer N ¥ 0 such that xαN�1 �
� � � � xαM � 0, the existence of polynomials Pi,j;N P ZrX1, . . . , XN s satisfying:

 for any 1 ¤ ℓ ¤ N , Pi,j;N pX1, . . . , Xℓ, 0, . . . , 0q � Pi,j;ℓ,
 and for any v �

±m
i�1 θαipyαiq P UΨ and any u �

±N
i�1 θαipxαiq P U�, we have

uvu�1 �
m¹
j�1

θαj

�
m̧

i�1

Pi,j;N pxα1 , . . . , xαM q yαi

�
where xα, yβ P Ga for α P Φ� and β P Ψ.

Basis: when N � 0, we immediately have uvu�1 � v and therefore:

@i, j P J1,mK, Pi,j;0 �
"

1 if i � j,
0 otherwise.

Induction step: assume N ¥ 1 and write u � θαN pxαN q � � � θα1pxα1q. Let u0 �
θαN�1pxαN�1q � � � θα1pxα1q so that u � θαN pxαN qu0. Then, by the inductive assumption,
there exist polynomials Pi,j;N�1 P ZrX1, . . . , XN�1s such that

u0vu
�1
0 �

m¹
j�1

θαj

�
m̧

i�1

Pi,j;N�1

�
xα1 , . . . , xαN�1

�
yαi

�
,

Pi,j;N�1 � 1 for i � j and Pi,j;N�1 � 0 for i   j. Hence

uvu�1 �
m¹
j�1

θαN pxαN qθαj

�
m̧

i�1

Pi,j;N�1

�
xα1 , . . . , xαN�1

�
yαi

�
θαN pxαN q

�1.

Let j P J1,mK. If αN � αj R Φ, then

θαN pxαN qθαj

�
m̧

i�1

Pi,j;N�1

�
xα1 , . . . , xαN�1

�
yαi

�
θαN pxα1q

�1

� θαj

�
m̧

i�1

Pi,j;N�1

�
xα1 , . . . , xαN�1

�
yαi

�
.

Otherwise, αN � αj P Φ and, according to Lemma 5.1 and commutation relations (4),
we have

θαN pxαN qθαj

�
m̧

i�1

Pi,j;N�1

�
xα1 , . . . , xαN�1

�
yαi

�
θαN pxαN q

�1 ����� ¹
rPN

rαN�αjPΨ

θrαN�αj

�
m̧

i�1

cr,1αN ,αj
Pi,j;N�1

�
xα1 , . . . , xαN�1

�
xrαN

yαi

����
� θαj

�
m̧

i�1

Pi,j;N�1

�
xα1 , . . . , xαN�1

�
yαi

�
.
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Thus, since UΨ is a commutative group scheme, we get the desired formula by setting:

Pi,j;N :� Pi,j;N�1 �
¸

rPN, ℓPJ1,mK
αj�rαN�αℓPΨ

cr,1αN ,αℓ
Pi,ℓ,N�1X

r
N .

Moreover if i � j and αℓ :� αj � rαN P Ψ, then αℓ   αj . Thus i   ℓ by condition (C3)
and Pi,j;N � Pi,j;N�1 � 1. If i   j and αj � rαN P Ψ, then there exists ℓ P J1,mK
such that αj � rαN � αℓ   αj . Thus i   j   ℓ by condition (C3) and Pi,j;N � 0 since
Pi,ℓ,N�1 � 0 for all such ℓ. □

Corollary 5.9. Assume that Ψ � Φ� satis�es conditions (C1) and (C2). Then the
subgroup UΨpkq is naturally isomorphic to a free k-module of �nite rank on which the
action by conjugation of Bpkq is k-linear.

Proof. Write Ψ � tα1, . . . , αmu with a numbering satisfying (C3) and extend the num-
bering in Φ� � tα1, . . . , αMu. The k-module structure on UΨpkq is given by the iso-
morphism

ψ �
m¹
i�1

θαi : k
m Ñ UΨpkq

Let b P Bpkq. Since UΨpkq is normalized by Bpkq, there is a natural map fb : UΨpkq Ñ
UΨpkq given by fbpxq � bxb�1.

Let x �
±m
j�1 θαipxiq P UΨpkq and λ P k. Let us write b � t � u, where u �±M

j�1 θαj pyjq P U�pkq and t P Tpkq. Then by Proposition 5.8 applied to Ψ, we have

fbpxq �bxb
�1 � t

m¹
j�1

θαj

�
m̧

i�1

Pi,jpy1, . . . , yM qxi

�
t�1,

�
m¹
j�1

θαj

�
αjptq

� m̧

i�1

Pi,jpy1, . . . , yM qxi
�	
.

So, we get that

λ � fbpxq �
m¹
j�1

θαj

�
λαjptq

� m̧

i�1

Pi,jpy1, . . . , yM qxi

	

,

�
m¹
j�1

θαj

�
αjptq

� m̧

i�1

Pi,jpy1, . . . , yM qλxi

	

,

�fb

� m¹
j�1

θαj pλxjq
	
,

�fbpλ � xq.

Hence fb is k-linear for every b P Bpkq. □

Corollary 5.10. Let Θ � ∆ be any proper subset and let PΘ be the standard parabolic
subgroup containing B associated to Θ. Assume that Ψ � Φ� satis�es conditions (C1)
and (C2) and that WΘpΨq � Ψ. Then the action by conjugation of PΘpkq on UΨpkq is
k-linear.

Proof. According to [Bor91, 14.18], there is a subgroup WΘ of the Weyl group such
that Ppkq admits the Bruhat decomposition Ppkq � BpkqWΘBpkq. Moreover, WΘ is
by de�nition spanned by the re�ections sα for α P Θ. Let nα P Npkq be elements lifting
the sα. Since Bpkq acts k-linearly on UΨpkq by Corollary 5.9, it su�ces to prove that
each nα acts k-linearly on UΨpkq.

Since
�
θα
�
αPΨ

is a Chevalley system, one can write nα � tαmα where tα P Tpkq and

mαθβpxqm
�1
α � θsαpβqp�xq, @x P Ga
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for any β P Φ [BT84, 3.2.2]. Hence, for any u �
±
βPΨ θβpxβq P UΨpkq, we have that

nαun
�1
α �

¹
βPΨ

θsαpβq
�
� sαpβqptαqxβ

�
�

¹
βPsαpΨq

θβ
�
� βptαqxsαpβq

�
where the ordering of the product does not matter by commutativity of UΨ, as con-
sequence of (C2). Thus, by WΘ-stability of Ψ, we deduce that nα acts k-linearly on
UΨpkq. Whence the result follows for PΘ. □

5.4. Re�nement for Borel subgroups. In the case where Θ � H, i.e. PΘ � B is a
Borel subgroup, one can pick smaller subsets ΨH

i satisfying conditions of Proposition 5.6
so that, moreover, ΨH

rkpGq forms an adapted basis to the complete �ag. In other words,

here we show that ΨH
i is a linearly independent subset of roots for every i.

Proposition 5.11. Let Φ be a root system and Φ� a choice of positive roots in Φ. There
is a subset Ψ � Φ� that satis�es conditions (C1), (C2) and that is a basis of VectRpΦq.

The strategy is to enlarge the ΨH
i from the highest root by subtracting a di�erent

simple root to some root of ΨΘ
i at each step, and check that the conditions (C1) and (C2)

are satis�ed at each step.

Proof. Let Φ1,Φ2 be two root systems with positive roots Φ�
1 ,Φ

�
2 . If Ψ1 � Φ�

1 and
Ψ2 � Φ�

2 satisfy the conditions (C1), (C2) and are bases of VectRpΦ1q and VectRpΦ2q

respectively, then the union Ψ1\Ψ2 also satisfy the conditions in Φ�
1 \Φ�

2 �
�
Φ1\Φ2

��
.

Hence, without loss of generalities, we assume that Φ is irreducible. Moreover, up to
considering the subroot system of non-multipliable roots, we assume, without loss of
generalities, that Φ is reduced.

Let∆ be the basis of Φ. Recall that any positive root α P Φ� is a linear combination of
elements in ∆ with non-negative integer coe�cients [Bou81, VI.1.6 Thm. 3]. We proceed
in a case by case consideration, using the classi�cation [Bou81, VI.�4] and realisation
of positive roots of irreducible root systems. For each case, we provide an example of
a subset Ψ satisfying the conditions. We detail why the conditions are satis�ed only in
the cases Dℓ and Eℓ, which are the most technical cases. Other cases work in the same
way.
Type Aℓ (ℓ ¥ 1, see [Bou81, Planche I]): Write Dynp∆q:

α1 αℓ

Then

Φ� �

$&% ¸
i¤k¤j

αk : 1 ¤ i ¤ j ¤ ℓ

,.- .

De�ne βi � αi � � � � � αℓ for 1 ¤ i ¤ ℓ. Then Ψ � tβ1, . . . , βℓu answers to the lemma.
Type Bℓ (ℓ ¥ 2, see [Bou81, Planche II]): Write Dynp∆q:

α1 αℓ�1 αℓ

Then

Φ� �

$&% ¸
i¤k¤j

αk : 1 ¤ i ¤ j ¤ ℓ

,.-\

$&% ¸
i¤k¤j�1

αk �
¸

j¤k¤ℓ

2αk : 1 ¤ i   j ¤ ℓ

,.- .

De�ne βi � pα1 � � � � � αℓq �
¸

i¤k¤ℓ

αk for 2 ¤ i ¤ ℓ� 1. Then Ψ � tβ1, . . . , βℓu answers

to the lemma.
Type Cℓ (ℓ ¥ 3 since B2 � C2, see [Bou81, Planche III]): Write Dynp∆q:

α1 αℓ�1 αℓ
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Then

Φ� �

$&% ¸
i¤k¤j

αk : 1 ¤ i ¤ j ¤ ℓ

,.-\

$&% ¸
i¤k¤ℓ

αk �
¸

j¤k¤ℓ�1

αk : 1 ¤ i ¤ j ¤ ℓ� 1

,.- .

De�ne βi � pα1 � � � � � αℓq �
¸

i¤k¤ℓ�1

αk for 1 ¤ i ¤ ℓ. Then Ψ � tβ1, . . . , βℓu answers

to the lemma.
Type Dℓ (ℓ ¥ 4, see [Bou81, Planche IV]): Write Dynp∆q:

α1 α2 αℓ�3 αℓ�2

αℓ�1

αℓ

Then

Φ� �

#
j̧

k�i

αk : 1 ¤ i ¤ j ¤ ℓ and pi, jq � pℓ� 1, ℓq

+

\

#
αℓ �

ℓ�2̧

k�i

αk : 1 ¤ i ¤ ℓ� 2

+

\

$&%αℓ � αℓ�1 � 2
ℓ�2̧

k�j

αk �

j�1̧

k�i

αk : 1 ¤ i   j ¤ ℓ� 2

,.- .

De�ne

 β1 � α1 � � � � � αℓ�1,
 βi � pα1 � � � � � αℓq �

¸
i¤k¤ℓ�2

αk for 2 ¤ i ¤ ℓ� 1,

 βℓ � α1 � � � � � αℓ�2 � αℓ.

Consider Ψ � tβ1, . . . , βℓu. For any i, j, we have βi � βj R Φ since βi � βj � 2α1 � . . .
and there is not a root in Φ with coe�cient 2 in α1. Hence condition (C2) is satis�ed.

Let V � VectRpΨq. We have αℓ � βℓ�1 � β1 and αℓ�1 � βℓ�1 � βℓ. Moreover,
βi�βi�1 � αi for 2 ¤ i ¤ ℓ�2. Thus tα2, . . . , αℓu � V . Hence α1 � β1�α2�� � ��αℓ�1 P
V . Therefore V � VectRp∆q whence Ψ is a basis of VectRpΦq.

If α� β1 P Φ, write α �
°ℓ
i�1 niαi with ni P Z¥0. Necessarily, nℓ � 1 and nℓ�1 � 0.

If α � αℓ, then α � β1 � βℓ�1 P Ψ. Otherwise, α � αℓ �
°ℓ�2
k�i for some 1 ¤ i ¤ ℓ � 2.

Hence α � β1 � αℓ � αℓ�1 � 2
°ℓ�2
k�i αk �

°i�1
k�1 αk � βi P Ψ. Therefore, condition (C1)

is satis�ed for β1.
If α � βℓ P Φ, write α �

°ℓ
i�1 niαi with ni P Z¥0. Necessarily, nℓ � 0 � n1 and

nℓ�1 � 1. Hence α �
°ℓ�1
k�i αk for some 2 ¤ i ¤ ℓ � 1. Thus α � βℓ � αℓ � αℓ�1 �

2
°ℓ�2
k�i αi �

°i�1
k�1 αk � βi P Ψ. Therefore, condition (C1) is satis�ed for βℓ.

If α� βi P Φ for some 2 ¤ i ¤ ℓ� 1, write α �
°ℓ
i�1 niαi with ni P Z¥0. Necessarily,

n1 � nℓ�1 � nℓ � 0 and ni � ni�1 � � � � � nℓ�1 � 0. Hence α �
°j1

k�i1 αk with 2 ¤ i1 ¤

j1   i. Thus α�βi � αℓ�αℓ�1� 2
°ℓ�2
k�i αi�

°i�1
k�j1�1 αk� 2

°j1

k�i1 αk�
°i1�1
k�1 αk P Φ�.

Necessarily, j1 � i�1 and α�βi � βi1 P Ψ. Therefore, condition (C1) is satis�ed for βi.
Type E6 (see [Bou81, Planche V]): Write Dynp∆q:

α1

α2

α3 α4 α5 α6



QUOTIENTS OF THE BRUHAT-TITS BUILDING BY tP u-ARITHMETIC SUBGROUPS 22

Denote by n1n2n3n4n5n6 the root
°6
i�1 niαi P Φ�. Then the roots of Φ� having a

coe�cient ni ¡ 1 for some i are

t011210, 111211, 011211, 112210, 111211, 011221,

112211, 111221, 112221, 112321, 122321u.

One can take Ψ � t011221, 112211, 111221, 112221, 112321, 122321u. Condition (C1) is
satis�ed because there are all the roots having at least 2 coe�cients greater or equal to 2
and a non-zero coe�cient n6 in α6. Condition (C2) is satis�ed considering the coe�cient
in α4. The generating condition comes from the di�erences α1 � 111221�011221, α2 �
122321� 112321, α3 � 112221� 111221, α4 � 112321� 112221, α5 � 112221� 112211.
Hence Ψ, being of cardinality ℓ � 6, answers to the lemma.
Type E7 (see [Bou81, Planche VI]): Write Dynp∆q:

α1

α2

α3 α4 α5 α6 α7

Denote by n1n2n3n4n5n6n7 the root
°7
i�1 niαi P Φ�. Then the roots of Φ� having a

coe�cient ni ¡ 1 for some i are

t0112111, 1112111, 0112211, 1122111, 1112211, 0112221, 1122211, 1112221, 1122221,

1123211, 1123221, 1223211, 1123321, 1223221, 1223321, 1224321, 1234321, 2234321u.

One can take

Ψ � t1223211, 1123321, 1223221, 1223321, 1224321, 1234321, 2234321u.

Condition (C1) is satis�ed because there are all the roots having coe�cient in α4 greater
or equal to 3 and coe�cient in α2 greater or equal to 2, together with the root 1123321.
Condition (C2) is satis�ed considering the coe�cient in α4. The subset Ψ is generating
because of the di�erences α1 � 2234321 � 1234321, α2 � 1223321 � 1123321, α3 �
1234321� 1224321, α4 � 1224321� 1223321, α5 � 1223321� 1223221, α6 � 1223221�
1223211. Hence Ψ, being of cardinality ℓ � 7, answers to the lemma.
Type E8 (see (10) of [Bou81, VI.�4]): Write Dynp∆q:

α1

α2

α3 α4 α5 α6 α7 α8

Denote by n1n2n3n4n5n6n7n8 the root
°8
i�1 niαi P Φ�. Consider the subset Ψ of Φ�

consisting in roots such that n4 ¥ 5. One can take

Ψ � t23354321, 22454321, 23454321, 23464321, 23465321, 23465421, 23465431, 23465432u.

Condition (C1) is satis�ed because there are all the roots such that
°8
i�1 ni ¥ 23

and having coe�cient n4 in α4 greater or equal to 5. Condition (C2) is satis�ed con-
sidering the coe�cient in α4. The generating condition comes from the di�erences
α8 � 23465432 � 23465431, α7 � 23465431 � 23465421, α6 � 23465421 � 23465321,
α5 � 23465321 � 23464321, α4 � 23464321 � 23454321, α3 � 23454321 � 23354321,
α2 � 23454321� 22454321. Hence Ψ, being of cardinality ℓ � 8, answers to the lemma.
Type F4, (see [Bou81, Planche VIII]): Write Dynp∆q:

α1 α2 α3 α4

Denote by n1n2n3n4 the root
°4
i�1 niαi P Φ�. Consider the subset Ψ of Φ� consisting

in roots such that n3 ¥ 3. Consider

Ψ � t1232, 1242, 1342, 2342u.



QUOTIENTS OF THE BRUHAT-TITS BUILDING BY tP u-ARITHMETIC SUBGROUPS 23

Hence Ψ answers to the lemma.
Type G2, (see [Bou81, Planche IX]): Write Dynp∆q:

α1 α2

Then
Φ� � tα1, α2, α1 � α2, 2α1 � α2, 3α1 � α2, 3α1 � 2α2u .

Hence Ψ � t3α1 � α2, 3α1 � 2α2u answers to the lemma. □

Corollary 5.12. Let Φ be a root system with positive roots Φ�. Let V � VectRpΦq and

denote by m its dimension. There exists a sequence of subsets ΨH
i of Φ� for 0 ¤ i ¤ m

such that for any i, the subset ΨH
i satis�es conditions (C1), (C2), is linearly independent

in V and the family Vi :� VectRpΨ
H
i q, for 0 ¤ i ¤ m, is a complete �ag of V .

Proof. Let ΨH
m be the subset of Φ� given by Proposition 5.11. Pick a numbering on

ΨH
m � tα1, . . . , αmu satisfying (C3). Then, for any i P J1,mK, we know by Lemma 5.7

that ΨH
i :� tα1, . . . , αiu also satis�es conditions (C1) and (C2). Moreover, it spans a

complete �ag by cardinality and linear independence. □

6. Stabilizer of points in the Borel variety: integral points and some

of their unipotent subgroups

In this section, we assume that A is an integral domain, that k is its fraction �eld
and that G is a split Chevalley group scheme over Z. In subsections 6.2 and 6.3, we
will furthermore assume that the domain A is Dedekind and, in subsection 6.2, that
G � SLn or GLn. We denote by ρ : GÑ SLn,Z a closed embedding of smooth Z-group
schemes. We recall the following classical lemma which provides two point of views
on the arithmetic group GpAq: either the A-integral points of a group scheme, or the
matrices with entries in A via ρ.

Lemma 6.1. We have ρ
�
GpAq

�
� ρ

�
Gpkq

�
X SLnpAq.

Proof. Obviously, ρ
�
GpAq

�
� ρ

�
Gpkq

�
X SLnpAq.

Since ρ : G Ñ SLn,Z is faithful, it corresponds to a surjective homomorphism ρ� P
HomZ�alg

�
ZrSLns,ZrGs

�
[BT84, 1.4.5]. Let g P Gpkq � HomZ�algpZrGs, kq and let h �

g�ρ� P SLnpkq. Suppose that ρpgq � g�ρ� P SLnpAq. Then g
�
ZrGs

�
� g�ρ�

�
ZrSLns

�
�

A. Thus g P GpAq, whence the converse inclusion ρ
�
Gpkq

�
X SLnpAq � ρ

�
GpAq

�
follows. □

Let B, U� � G and N sph � GpAq as de�ned in � 3.2. The group GpAq naturally acts
on the Borel variety pG{Bqpkq and we would like to understand stabilizer in GpAq of a
point D P pG{Bqpkq (identi�ed with a k-vector chamber). We have seen in Lemma 4.4
there are elements u P U�pkq and n P N sph such that u �D � n �D0. We introduce the
subset

(5) H :� tn�1u : n P N sph, u P U�pkqu � Gpkq,

so that for any k-vector chamber D, there is h P H such that h �D � D0. Thus

StabGpAqpDq � h�1 StabhGpAqh�1pD0qh

By Lemma 4.3, we deduce that

StabGpAqpDq � h�1
�
hGpAqh�1 XBpkq

	
h

Thus, the group StabGpAqpDq is solvable and its unipotent part is contained in GpAq X

h�1U�pkqh. We study some commutative subgroup of this group or, equivalently, of
hGpAqh�1 XU�pkq.
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Let Ψ � Φ� be a closed subset satisfying (C2) so that UΨ �
±
αPΨUα is a commu-

tative subgroup of U�. There is a natural isomorphism of group schemes:

ψ �
¹
αPΨ

θα :
�
Ga

�Ψ
Ñ UΨ

More generally, for such a subset Ψ and an arbitrary element h P Gpkq, we de�ne a
subgroup of the k-vector space kΨ by:

(6) MΨphq :� ψ�1
�
UΨpkq X hGpAqh�1

	
.

In particular, when Ψ � tαu is a root, it de�nes a subgroup9 of the additive group k
by

(7) Mαphq :� θ�1
α

�
Uαpkq X hGpAqh�1

	
.

If we take h � n�1
w u P H with w PW sph and u P U�pkq, then

nwθα
�
Mαphq

�
n�1
w � nwUαpkqn

�1
w X uGpAqu�1 � Uβpkq X uGpAqu�1

where β � wpαq P Φ since nwUαn
�1
w � Uβ . Thus we extend the de�nition by setting:

(8) Mβpuq :� θ�1
β

�
Uβpkq X uGpAqu�1

�
for any β P Φ and any u P U�pkq.

The goal of this section is to provide some A-modules which bound the subgroups
MΨphq. More speci�cally, in this section, on one hand, we prove that, for β P Φ and
u P U�pkq, the group Mβpuq always contains a non-zero A-ideal, denoted by Jβpuq in
Proposition 6.5. On the other hand, we prove that, for suitable subsets Ψ � Φ�, there
are non-zero fractional A-ideals qΨ,αphq for h P H and α P Ψ such that

MΨphq �
à
αPΨ

qΨ,αphq.

Example 6.2. Here we exhibit the preceding ideals Jαphq and qΨ,αphq in the context
where G � SL2. Let pB,Tq be the pair of upper triangular and diagonals matrices.
Then, the unipotent subgroup de�ned from to the unique root α P Φ� is exactly the set
of unipotent upper triangular matrices. Also, recall that W sph � tid, wu in this context.
In particular, this implies that Ψ � Φ� � tαu, whence the unique relevant ideals are
Jαphq and qαphq :� qΨ,αphq, for h P H. Also, recall that pG{Bqpkq � P1pkq in this
context. Thus, to �x an element x P P1pkq is equivalent to �x a k-vector chamber in
X pG, kq. Moreover, the canonical vector chamber D0 corresponds with 8 P P1pkq via
the preceding identi�cation. To start, let x � 8, for which we can consider h � id.
Thus

StabGpAqpxq � GpAq XBpkq � BpAq �

"�
a c
0 b



: a, b P F�, ab � 1, c P A

*
.

In particular, we get that Mαphq � qαphq � Jαphq � A in this case.
Now, assume that x P k. Then, we can consider

h � nwθαpxq �

�
0 �1
1 0


�
1 �x
0 1



�

�
0 �1
1 �x



.

When x P F, it follows from [Mas01, Lemma 3.2] and Proposition 7.6 that StabGpAqpxq �

h�1BpAqh. So, also in this case, we conclude Mαphq � qαphq � Jαphq � A.
Finally, assume that x P k ∖ F. Then, it follows from [Mas01, Lemma 3.4] and

Proposition 7.6 that

StabGpAqpxq �

"�
a� xc pb� aqx� x2c
c b� xc



:

a, b P F�, ab � 1,
c P AXAx�1 X ppb� aqx�1 �Ax�2q

*
.

9It follows from a straightforward calculation, using Proposition 5.8, that when n � 1, i.e. h � u P
U�pkq, then MΨpuq is an A-module and Mαpuq is a fractional A-ideal.
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Thus, we obtain

GpAq X h�1U�pkqh �

"�
1� xc �x2c
c 1� xc



: c P AXAx�1 XAx�2

*
,

� h�1

"�
1 c
0 1



: c P AXAx�1 XAx�2

*
h.

In particular, we conclude that Mαphq � qαphq � Jαphq � AXAx�1 XAx�2.

Example 6.3. In this example, we provide a set MΨphq that is not a product of frac-
tional A-ideals. Let G � SL3 and let A � Frts. Let pB,Tq be the pair of upper
triangular and diagonal matrices in G. Then, the set of positive roots Φ� � ΦpB,Tq�

of SL3 equals tα, β, α�βu, when each root de�nes exactly one of the following unipotent
subgroups:

Uα �

#�
1 z 0
0 1 0
0 0 1

�
: z P A1

+
, Uβ �

#�
1 0 0
0 1 z
0 0 1

�
: z P A1

+
,

Uα�β �

#�
1 0 z
0 1 0
0 0 1

�
: z P A1

+
.

Consider the subset Ψ � tα � β, αu and the subgroup UΨ �
!�

1 x z
0 1 0
0 0 1

	
: x, z P A1

)
.

Now, let us consider the element h � nwu, where

nw �

�
0 0 1
0 �1 0
1 0 0

�
P N sph, and u �

�
1 0 1{t
0 1 1{t
0 0 1

�
P Upkq�.

We claim that MΨphq is not equal to the product of two fractional ideals. Indeed, it is
easy to check that

hUΨh
�1 �

$&
%

�
�
1� z{t �x{t 1{t � px{t� z{tq
z{t 1� x{t 1{t � px{t� z{tq
z �x 1� x{t� z{t

�
: x, z P A1

,.
- .

Thus, we deduce that hUΨh
�1 P GpFrtsq if and only if x, z, x{t � z{t P tFrts. Set

qα � qα�β � tFrts. Then, we have that

MΨphq �
 
px, zq P qα � qα�β : x� z P t2Frts

(
,

� tptx0, tz0q P qα � qα�β : x0 � z0 P tFrtsu .
Now, note that for each tx0 P qα, we have that z0 :� x0 satis�es ptx0, tz0q P MΨphq.
Then, we obtain παpMΨphqq � qα. Analogously, we deduce πα�βpMΨphqq � qα�β . But
ptpt� 1q, t2q P qα � qα�β ∖MΨphq. Thus, the claim follows.

6.1. Lower bound.

Lemma 6.4. Let
�
Piptq

�
1¤i¤r

� krts be a �nite family of polynomials satisfying Pip0q �

0, for all i P J1, rK. Let
�
Ii
�
1¤i¤r

be a �nite family of non-zero (resp. fractional) A-ideal.

Set M � ty P k : Pipyq P Ii, @i P J1, rKu. Then, there exists a non-zero (resp. fractional)
A-ideal J of A contained in M .

Proof. Without loss of generality, we can assume that every Pi is non-zero. Thus, each
polynomial Piptq can be written as the quotient of a polynomial Qiptq � a1,it � � � � �

adpiq,it
dpiq P Arts by a non-zero element bi P A∖ t0u. For each i P J1, rK, we set Ji � biIi.

Then, we get y PM if and only if Qipyq P Ji, for all i P J1, rK. In particular, we have that
J �

�r
i�1 Ji is contained in M . Since A is assumed to an integral domain, J is non-zero

as �nite intersection of non-zero fractional A-ideals. Thus the result follows. □

Proposition 6.5. For every α P Φ and every h P Gpkq, there exists a non-zero ideal
Jαphq of A such that Jαphq �Mαphq.
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Proof. For 1 ¤ i, j ¤ n, denote by πi,j : SLn,Z Ñ A1
Z the canonical Z-morphism of

projection onto the pi, jq-coordinate. Consider the composite Z-morphism:

f i,jα :� πi,j � ρ � θα : Ga,Z Ñ A1
Z.

It corresponds to a ring morphism
�
f i,jα

��
: Zrts Ñ Zrts. Let us de�ne

Qi,jptq :�
�
f i,jα

��
ptq � δi,j P Zrts.

Thus, for any y P k, we have that ρ � θαpyq � In �
�
Qi,jpyq

�
1¤i,j¤n

P SLnpkq where

Qi,jp0q � 0 since ρ � θαp0q � In. Hence there are matrices
�
Ni

�
1¤i¤d

P MnpZq for
d � maxtdegpQi,jq, 1 ¤ i, j ¤ nu such that

ρ � θαpyq � In �
ḑ

i�1

yiNi @y P Ga.

Set U � ρphq P SLnpkq and V � U�1 � ρph�1q P SLnpkq. Then

ρph�1θαpyqhq � In �
ḑ

i�1

yiV NiU

Let
�
Pi,j

�
1¤i,j¤n

be the family of polynomials in tkrts such that

ḑ

i�1

yiV NiU �
�
Pi,jpyq

�
1¤i,j¤n

Applying Lemma 6.4 to the family
�
Pi,j

�
1¤i,j¤n

and ideals Ii,j � A, we get an A-ideal
J such that y P J ñ Pi,jpyq P A. Thus, by setting Jαphq � J , we get that

ρ
�
h�1θαpJqh

�
� SLnpkq XMnpAq X ρ

�
Gpkq

�
� SLnpAq X ρ

�
Gpkq

�
� ρ

�
GpAq

�
.

Since ρ is faithful, we deduce that

θα
�
Jαphq

�
� hGpAqh�1 XUαpkq � θα

�
Mαphq

�
whence the result follows since θα is an isomorphism. □

6.2. Upper bound for SLn and GLn. Let n P N. In this subsection only, we assume
that G � SLn or GLn over Z and we consider its usual matrix realization. Let T � G
be the maximal k-torus consisting in diagonal matrices. Recall that roots of G with
respect to T are the characters χi,j : TÑ Gm P ΦpG,Tq given by

χi,jp

���d1 . . .
dn

��q � did
�1
j

for i � j. Let B (resp. U) be the closed solvable (resp. unipotent) subgroup scheme of
G consisting in upper triangular matrices. Denote by Ei,j the matrix with coe�cient 1
at position pi, jq and 0 elsewhere. Then the group scheme homomorphism ei,j : Ga Ñ G
given by ei,jpxq � In� xEi,j parametrizes the root group Ui,j of G with respect to χi,j .
Recall that, for any ordering of tpi, jq : 1 ¤ i   j ¤ nu, there is an isomorphism of
k-varieties:

ϕ : A
npn�1q

2
k Ñ Uk

pxi,jq1¤i j¤n Ñ
±

1¤i j¤n ei,jpxi,jq
.

Lemma 6.6. Assume that G � GLn or SLn. Let A be a Dedekind domain and k be its
fraction �eld. For any h P Gpkq. There are non-zero fractional A-ideals

�
Ji,jphq

�
1¤i j¤n

(that does not depend on the ordering of the product) such that¹
1¤i j¤n

ei,jpxi,jq P hGpAqh
�1 ñ @1 ¤ i   j ¤ n, xi,j P Ji,jphq
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Proof. Recall that, in a Dedekind domain, a �nite sum and product of non-zero fractional
ideals is also a non-zero fractional ideal (c.f. [Lan94, �6]). We use this fact along the
proof. In the following, given fractional A-ideals Ii,j for 1 ¤ i, j ¤ n, we denote by�
Ii,j

�n
i,j�1

the subset of matrices in Mnpkq whose coe�cient at entry pi, jq is contained

in Ii,j . Let us write h �
�
hi,j

�n
i,j�1

and h�1 �
�
h1i,j

�n
i,j�1

Then, an elementary calculation
shows that

hGpAq � hMnpAq � pI 1i,jq
n
i,j�1,

where, for any pi, jq, the ideal I 1i,j �
°n
ℓ�1 hi,ℓA is a non-zero fractional A-ideal as �nite

sum of fractional A-ideals with at least one non-zero since there is ℓ such that hi,ℓ � 0
because h P Gpkq. Thus, an analogous elementary calculation shows that

(9) hGpAqh�1 �
�
I 1i,j

�n
i,j�1

h�1 �
�
Ii,j

�n
i,j�1

,

where, for any pi, jq, the ideal Ii,j �
°n
ℓ�1ph

1
ℓ,jqI

1
i,ℓ is a non-zero fractional A-ideal as

�nite sum of fractional A-ideals with at least one non-zero. Since for i   j and i1   j1

we have Ei,jEi1,j1 equals Ei,j1 with i   j1, if j � i1, and 0 otherwise, a straightforward
matrix calculation gives that

(10)
¹

1¤i j¤n

pIn�xi,jEi,jq � In�
¸

1¤i j¤n

�
xi,j �

¸
2¤s¤j�i

i�ℓ0 ��� ℓs�j

�
εℓ0,...,ℓs

s¹
t�1

xℓt�1,ℓt

�	
Ei,j

where each εℓ0,...,ℓs P t0, 1u depends on the ordering of the factors pIn � xi,jEi,jq in the
product. Hence Inclusion (9) and Equation (10) give that

(11)
¹

1¤i j¤n

pIn � xi,jEi,jq P gGpAqg
�1 ñ

�
@1 ¤ i   j ¤ n,

�
xi,j �

¸
2¤s¤j�i

i�ℓ0 ��� ℓs�j

�
εℓ0,...,ℓs

s¹
t�1

xℓt�1,ℓt

�	
P Ii,j



.

We de�ne, by induction on r :� j � i for 1 ¤ i   j ¤ n, fractional A-ideals by

Ji,j :� Ii,j �
� ¸

2¤s¤j�i
i�ℓ0 ��� ℓs�j

s¹
t�1

Jℓt�1,ℓt

	
By induction on r � j � i, we obtain that Ji,j is a non-zero fractional A-ideal as �nite
sum and product of such fractional A-ideals. With this de�nition of Ji,j , the result then
follows from (11). □

6.3. Upper bound: general case.

Lemma 6.7. Let A be a Dedekind domain and let k be its fraction �eld. Let J be a
non-zero fractional A-ideal and P P krts a non-constant monomial. There is a non-zero
fractional A-ideal q such that for any x P k

P pxq P J ñ x P q.

Proof. Let us write P ptq � ztn, where n P N and z P k�. Since A is a Dedekind domain,
there exist s P N, non-trivial pairwise distinct prime ideals Pi and non-zero integers
ai P Zzt0u, for i P J1, sK, such that we can write J � pzq�1 � P a11 � � �P ass . See [Lan94,
Page 20] for details. For each i P J1, sK, set bi P Z such that rai{ns ¥ bi.

Let x P k be an element satisfying that P pxq � zxn P J . The latter condition is
equivalent to:

pzq � pxqn � pzxnq � J.
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In other words, we get that pxqn � J � pzq�1 � P a11 � � �P ass . Then, let us write pxq �
Qc11 � � �Q

cr
r , where r P N,

�
Qj

�
1¤j¤r

is a family of pairwise distinct non-trivial prime
ideals of A, and tcjurj�1 � Z∖ t0u is a set of non-zero integers. Therefore, we get that:

(12) Qnc11 � � �Qncrr � P a11 � � �P ass .

This implies that tP1, . . . , Psu � tQ1, . . . , Qru and, in particular, that s ¤ r. See [Lan94,
Page 21] for details. Thus, up to exchanging the numbering of these prime ideals, we can
assume that, for each i P J1, sK, we have Pi � Qi. Moreover, the inclusion (12) implies
that, for any i P J1, sK, we have ci ¥ ai{n, whence we deduce ci ¥ bi. In particular, we
obtain that

x P pxq � Qc11 � � �Q
cr
r � P c11 � � �P css � P b11 � � �P bss .

Thus, the result follows by taking q � P b11 � � �P bss which does not depend on x. □

The following proposition generalizes Lemma 6.6 under a suitable assumption on Ψ.

Proposition 6.8. Let A be a Dedekind domain and k be its fraction �eld. Let Ψ � Φ�

be a closed subset of roots satisfying condition (C2) which is a linearly independent family
in VectRpΦq. Let h P H and let MΨphq as de�ned by equation (6). There are non-zero
fractional A-ideals qΨ,αphq such that�

xα
�
αPΨ

PMΨphq ñ @α P Ψ, xα P qΨ,αphq.

Proof. At �rst we provide a suitable faithful linear representation ofGk which is a closed
embedding. Let χij , Tn, Un, Eij , eij and Uij be de�ned as in the beginning of �6.2.
Recall that, for any ordering of tpi, jq : 1 ¤ i   j ¤ nu, there is an isomorphism of
k-varieties:

ϕ : A
npn�1q

2
k Ñ Un

pzi,jq1¤i j¤n Ñ
±

1¤i j¤n ei,jpzi,jq
.

Let pB,Tq be a Killing couple of G. By conjugacy over a �eld of Borel subgroups,
there is an element τ1 P SLnpkq such that τ1ρ

�
B
�
τ�1
1 � Tn [Bor91, 20.9]. Let T1 be

a maximal k-torus of Tn containing the k-torus τ1ρ
�
T
�
τ�1
1 By conjugacy over a �eld

k of Levi factors [Bor91, 20.5], there is an element τ2 P Unpkq � RupTnqpkq such that
τ2T1τ

�1
2 � Dn. Thus, we deduce a faithful linear representation over k which is a closed

embedding:
ρ1 : Gk Ñ SLn,k

g ÞÑ τρpgqτ�1

where τ � τ2τ1 P Gpkq so that ρ1pBq � Tn and ρ1pTq � Dn.
Write Ψ � tα1, . . . , αmu form P N. Since Ψ satis�es (C2) the morphism ψ �

±m
i�1 θαi

is an isomorphism of k-group schemes
�
Ga

�m
Ñ UΨ. This isomorphism For 1 ¤ i  

j ¤ n, we can de�ne morphisms fi,j of k-varieties, from Amk to A1
k, by composing:�

Ga,k

�m ψ
ÝÑ UΨ

ρ1ÝÑ Un
ϕ�1

ÝÝÑ A
npn�1q

2
k

πi,j
ÝÝÑ A1

k,

where πi,j is the canonical projection onto the coordinate pi, jq. Let f�i,j : krts Ñ

krX1, . . . , Xms be the k-algebra homomorphism associated to fi,j , and let

ri,jpX1, . . . , Xmq � f�i,jptq P krX1, . . . , Xms.

Thus, there are polynomials ri,j P krX1, . . . , Xms such that for any px1, . . . , xmq P�
Ga,k

�m
, we have that

(13) ρ1 � ψpx1, . . . , xmq �
¹

1¤i j¤n

ei,j
�
ri,jpx1, . . . , xmq

�
.

First claim: The ri,j are, in fact, monomials.
For i P J1,mK, since θαi parametrizes a root group, we have, for any t P T and xi P Ga,

that
t � θαipxiq � t

�1 � θα
�
αiptqxi

�
.
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Applying ρ1 to these equalities, we get that

@t P T, ρ1ptq � ρ1 � ψpx1, . . . , xmq � ρ1ptq
�1 � ρ1 � ψ

�
α1ptqx1, . . . , αmptqxm

�
.

Hence, for the given ordering of positive roots of SLn, we have on the one hand that for
any t P T¹
1¤i j¤n

ρ1ptq � ei,j
�
ri,jpx1, . . . , xmq

�
�ρ1ptq

�1 �
¹

1¤i j¤n

ei,j

�
ri,j

�
α1ptqx1, . . . , αmptqxm

�	
,

and on the other hand, since ρ1ptq P Dn, that for any t P T¹
1¤i j¤n

ρ1ptq � ei,j
�
ri,jpx1, . . . , xmq

�
� ρ1ptq

�1 �
¹

1¤i j¤n

ei,j

�
χi,j

�
ρ1ptq

�
ri,j

�
x1, . . . , xm

�	
.

Hence, the isomorphism ϕ provides the equalities

χi,j � ρ1ptq � ri,jpx1, . . . , xmq � ri,j
�
α1ptqx1, . . . , αmptqxm

�
for any 1 ¤ i   j ¤ n, any px1, . . . , xmq P

�
Ga,k

�m
and any t P T.

Fix 1 ¤ i   j ¤ n. Write the polynomial

ri,j �
¸

ℓ�pℓ1,...,ℓmqPZm
¥0

aℓX
ℓ1
1 � � �Xℓm

m P krX1, . . . , Xms

Then the polynomial identity¸
ℓPZm

¥0

χi,j � ρ1ptqaℓx
ℓ1
1 � � �x

ℓm
m �

¸
ℓPZm

¥0

aℓα1ptq
ℓ1 � � �αmptq

ℓmxℓ11 � � �x
ℓm
m

for any px1, . . . , xmq P
�
Ga,k

�m
and t P T allows us to identify the coe�cients

(14) aℓ � χi,j � ρ1ptq � aℓ � α1ptq
ℓ1 � � �αmptq

ℓm

for any t P T and any ℓ � pℓ1, . . . , ℓmq P Zm¥0.
Suppose that aℓ � 0. Since equation (14) holds for any t P T and χi,j �ρ : TÑ Gm,k

is a character on T, we deduce the equation in the module of characters X�pTq (with
additive notation):

χi,j � ρ1 � ℓ1α1 � � � � � ℓmαm
Since Ψ is a linearly independent family, the elements ℓ1, . . . , ℓm are uniquely deter-
mined. Hence ri,j is a monomial whence the �rst claim follows.
Second claim: For any ℓ P J1,mK, there is an index piℓ, jℓq and a non-constant

monomial Rℓ P krts such that riℓ,jℓpx1, . . . , xmq � Rℓpxℓq.
Let ℓ P J1,mK. For 1 ¤ i   j ¤ n, de�ne Ri,j,ℓptq � ri,jp0, . . . , 0, t, 0, . . . , 0q P krts

where the non-zero coe�cient is at coordinate ℓ. By the �rst claim, Ri,j,ℓ is a monomial
and there is a k-group schemes homomorphism

ρ1 � θαℓ
: Ga,k Ñ Un

x ÞÑ
±

1¤i j¤n ei,j
�
Ri,j,ℓpxq

�
deduced from Equation (13). Since it is non-constant by composition of closed em-
bedding, there is an index piℓ, jℓq such that Riℓ,jℓ,ℓ is non-constant. But since riℓ,jℓ P
krX1, . . . , Xms is a monomial, we deduce that

riℓ,jℓpX1, . . . , Xmq � riℓ,jℓp0, . . . , Xℓ, . . . , 0q � Riℓ,jℓ,ℓpXℓq,

whence the second claim follows.
As a consequence, we deduce from equations (6) and (13) that

px1, . . . , xmq PMΨphq ñρ1 � ψpx1, . . . , xmq P ρ1phqρ1
�
GpAq

�
ρ1ph

�1q

ñ
¹

1¤i j¤n

ei,j
�
ri,jpx1, . . . , xmq

�
P ρ1phqτSLnpAqτ

�1ρ1phq
�1
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Applying Lemma 6.6 with g � ρ1phqτ P SLnpkq, we get that there are non-zero fractional
A-ideals

�
Ji,j

�
1¤i j¤n

such that

px1, . . . , xmq PMΨphq ñ ri,jpx1, . . . , xmq P Ji,j .

Applying Lemma 6.7, for each ℓ P J1,mK, to the monomial riℓ,jℓ given by the second
claim and to the non-zero fractional A-ideal Jiℓ,jℓ , we deduce that there are non-zero
fractional A-ideals

�
qℓ
�
1¤ℓ¤m

such that

px1, . . . , xmq PMΨphq ñ xℓ P qℓ, @ℓ P J1,mK.

We conclude by setting qΨ,αℓ
phq :� qℓ for 1 ¤ ℓ ¤ m. □

7. Image of sector faces in GpAqzXk
In order to describe the images of sector faces in the quotient space GpAqzXk, we will

consider di�erent foldings via some elements of root groups.
7.1. Specialization of vertices and scalar extension.

Along this section, in order to have enough foldings via unipotent elements, we have to
introduce several well-chosen coverings D Ñ C, their associated ring extensions B{A and
�eld extensions ℓ{k, and their associated embeddings of buildings Xk Ñ Xℓ. In return,
it will provide information of the action of GpAq on Xk by considering the action of
GpBq over Xℓ. Thus, we start by introducing the following arithmetical result that we
extensively use along this section.

Lemma 7.1. Let C be a smooth projective curve over F and let A be the ring of functions
on C that are regular outside tP u. Let e be a positive integer. Then, there exist a �nite
extension E{F, a smooth projective curve D de�ned over E, a cover ϕ : D Ñ C, and a
unique closed point P 1 of D over P such that:

 the ring B of functions on D that are regular outside tP 1u is an extension of A,
 the �eld ℓ � FracpBq is an extension of k of degree e, which is totally rami�ed
at P and

 E is contained in the algebraic closure F̃ of F in k.

Proof. Let πP P OP be a local uniformizing parameter. Since k is dense in the com-
pletion K � kP we can assume that πP belongs to k. Set ppxq � xe � πP . This is an
Eisenstein polynomial at P , whence it is irreducible over K, and then also over k. Thus,
the rupture �eld ℓ of ppxq is an extension of k of degree e. Moreover, ℓ is a function
�eld, since it is a �nite extension of k (c.f. [Sti09, 3.1.1]). Hence, there exists a �nite
extension E of F, and a smooth projective curve D de�ned over E, such that ℓ � EpDq.
Moreover, since k � ℓ, there exists a branched covering ϕ : D Ñ C. Recall that, at each
point Q of C we have that

e � rℓ : ks �
¸
Q1{Q

epℓQ1{kQqfpℓQ1{kQq,

where Q1 is a point over Q, epℓQ1{kQq is the local rami�cation index at Q1, and fpℓQ1{kQq
is the local inertia degree at Q1. This identity shows that there exists a unique point P 1

of D over P , and that ℓP 1 is a totally rami�ed extension of kP .
Set E � EpCq. Then, E is a function �eld satisfying that k � E � ℓ. Note that

rE : ks ¤ rE : Fs, with the equality whenever k is purely transcendental over F. Since
there exists exactly one point P 1 in D over P , we get that there exists precisely one
point P 2 of E over P . Moreover, it follows from [Sti09, Theo. 3.6.3, �3.6] that E is
an unrami�ed extension of k at each closed point. In particular, this is unrami�ed at
P 2 over P . Thus, we have that fpEP 2{kP q � rE : ks. So, since fpEP 2{kP q divides
fpℓP 1{kP q � 1, we get that rE : ks � 1. This implies that E � k, whence E � k. So,
since each element of E is algebraic over the ground �eld F of k, we �nally conclude that
E � F̃.
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�
v

v0



Figure 1. Continuous lines represent the walls in the a�ne building Xk
of Sp4 over k. Here, dotted lines describe the new walls in the a�ne
building Xℓ of Sp4 over ℓ, for e � 2. Note that v R Sp4pkq � v0, while
v P Sp4pℓq � v0.

Now, let B be the integral closure of A in ℓ. Recall that A can be characterized as
the ring of functions of C with a positive valuation at each closed point di�erent from
P . Then B is the ring of functions of D with a positive valuation at each closed point
di�erent from P 1. This implies that B contains only functions that are regular outside
tP 1u. Hence, the result follows. □

De�nition 7.2. A point of a building X pG, kq is called a k-center if it is the arithmetic
mean of the vertices of a k-face of X pG, kq as points in a real a�ne space.

For instance, k-vertices and middle of k-edges are k-centers.

Lemma 7.3. There exists a �nite extension ℓ of k, which is totally rami�ed at P ,
such that all the k-centers (e.g. k-vertices) of X pG, kq are in the same Gpℓq-orbit. In
particular, k-centers are special ℓ-vertices (see Figure 1).

Proof. Because the valuation νP is discrete, the set of k-vertices V0,k :� vertpA0, kq forms
a full lattice in the �nite dimensional R-vector space A0. By construction, NGpTqpkq is
the stabilizer of A0 in Gpkq [Lan96, 13.8] and the subgroup Tpkq acts by translations
on A0, stabilizes V0,k and the set of these translations forms a sublattice Λ0,k of V0,k
[Lan96, 1.3,1.4]. Moreover, for any k-face F with dF vertices, the k-center of F is
contained in 1

dF
V0,k as arithmetic mean of dF points. Let V1,k �

1
N V0,k be the lattice

spanned by the k-centers of the k-faces of A0, where N is the least common multiple
of the dF . We observe that Λ0,k is a cocompact sublattice of V1,k. Thus, there is a
positive integer e P N such that V1,k becomes a sublattice of 1

eΛ0,k. Let D be a curve
de�ned over a �nite extension E{F, as in Lemma 7.1, and let B{A be the corresponding
ring extension. Let ℓ � FracpBq be the fraction �eld of B. Since there exists a unique
closed point P 1 of D over P , we get that there exists a unique discrete valuation νP 1 on ℓ
extending νP on k. Moreover, since the local rami�cation index is epℓP 1{kP q � e, we have
that νP 1pℓ�q �

1
eνP pk

�q. Considering the canonical embedding X pG, kq ãÑ X pG, ℓq as
de�ned in � 3.4, we claim that the k-centers of X pG, kq are in a single Gpℓq-orbit in
X pG, ℓq. Indeed, Gpkq acts transitively on the set of k-apartments and any k-vertex
is contained in some k-apartment by de�nition. Since Gpkq is a subgroup of Gpℓq, it
su�ces to prove it for k-centers of the standard k-apartment A0,k. By construction of the
Bruhat-Tits building and the action of Gpℓq on it, the group Tpℓq acts by translations
on the standard ℓ-apartment A0,ℓ and the set of translations is precisely Λ0,ℓ �

1
eΛ0,k

[BT84, 5.1.22]. Thus, all k-centers of the image of A0,k in A0,ℓ are in the same Tpℓq-orbit,
whence all k-centers of the image of X pG, kq in X pG, ℓq are in the same Gpℓq-orbit. □
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7.2. Stabilizers of �far enough� points.

Lemma 7.4. Let Φ be a root system with basis ∆ and let Θ � ∆. Let Ψ � Φ�
Θ be a

subset of positive roots.

(1) For any family of �xed real numbers pnαqαPΨ and any w0 P A0, there exists a
subsector face Qpw1, D

Θ
0 q � Qpw0, D

Θ
0 q, such that αpvq :� xv, αy ¡ nα, for any

point v P Qpw1, D
Θ
0 q and any α P Ψ.

(2) Moreover, if w0 is a special vertex, for any such w1 P Qpw0, D
Θ
0 q, there is a

special vertex w2 P Qpw1, D
Θ
0 q such that cl

�
Qpw2, D

Θ
0 q

�
� Qpw1, D

Θ
0 q.

Recall that, for a subset Ω of an apartment A, clpΩq denotes the enclosure of Ω as
de�ned in �3.4.

Proof. (1) We know that for any α P Φ� there are non-negative integers tbα,βuβP∆ such
that α �

°
βP∆ bα,ββ. For α P Ψ � Φ�

Θ, we de�ne a positive integer

cα :�
¸

βP∆∖Θ
bα,β�0

bα,β ¥ 1.

For β P ∆, we de�ne

mβ � max

"
nα � xw0, αy

cα
: α P Ψ and bα,β ¡ 0

*
.

Then, for β P ∆∖Θ, set n�β ¡ maxpmβ, 0q and, for β P Θ, set n�β � 0. Since ∆ is a basis

of V �, there exists a unique v� P ΘK � V such that xv�, βy � n�β , for any β P ∆. Note

that v� P DΘ
0 by de�nition. Consider w1 � w0 � v

� P Qpw0, D
Θ
0 q. For any α P Ψ � Φ�

Θ,
for any point v P Qpw1, D

Θ
0 q, since v � w1 P D

Θ
0 , we have that xv � w1, αy ¡ 0. Thus

xv, αy ¡ xw1, αy � xw0, αy �
¸
βP∆

bα,βxv
�, βy � xw0, αy �

¸
βP∆∖Θ
bα,β�0

bα,βn
�
β.

Since n�β ¡
nα�xw0,αy

cα
for any β P ∆∖Θ such that bα,β � 0, we therefore have that

xv, αy ¡ xw0, αy �
¸

βP∆∖Θ
bα,β�0

bα,β

�
nα � xw0, αy

cα



� nα.

(2) Without loss of generalities, assume that the walls of A0 are the kernels of the
a�ne roots α� k for α P Φ and k P Z. Assume that w0 is a special vertex and let w1 be
any point such that xw1, αy ¥ nα, @α P Ψ. Applying the above construction with the
family pxw1, αyqαPΦ�Θ

and considering that the numbers n�β satisfying n�β ¡ maxpmβ, 0q

are non-negative integers for β P Θ, it provides a vector v�2 such that xv�2 , βy � n�β , for

any β P ∆. Set w2 � w0 � v�2 so that xα,w2y ¡ xα,w1y, for any α P Φ�
Θ. We have

that xw0, βy P Z, for every β P Φ, by de�nition of a special vertex. Hence, for any
α �

°
βP∆ bα,ββ P Φ�, we have that xw2, αy �

°
βP∆ bα,β

�
xw0, βy � n�β

�
P Z. Thus,

w2 P Qpw1, D
Θ
0 q also is a special vertex. Hence, the closure of Qpw2, D

Θ
0 q is enclosed,

whence any point v P cl
�
Qpw2, D

Θ
0

�
satis�es xv, βy ¥ xw2, βy ¡ xw1, βy, for any β P Φ�

Θ.
Thus v P Qpw1, D

Θ
0 q. □

Lemma 7.5. Let Φ be a root system with basis ∆ and let Θ � ∆. Let Qpx,DΘ
0 q be

a sector face of A0 with an arbitrary tip x P A0. There exists a �nite subset Ω of
cl
�
Qpx,DΘ

0 q
�
consisting of special vertices such that any special vertex of cl

�
Qpx,DΘ

0 q
�

belongs to cl
�
Qpω,DΘ

0 q
�
� Qpω,DΘ

0 q, for some ω P Ω.

Proof. Let pϖαqαP∆ be the basis of fundamental coweight associated to the basis ∆.
In this basis, the set of special vertices in A0 is the lattice Λ �

À
αP∆ Zϖα and,
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from the de�nition given in �3.5.2, the vector face DΘ
0 can be written as DΘ

0 � °
αP∆∖Θ xαϖα, @α P ∆∖Θ, xα ¡ 0

(
. 10

Denote by Λ1 :� Λ X cl
�
Qpx,DΘ

0 q
�
the set of special vertices of the enclosure of

Qpx,DΘ
0 q. Note that cl

�
Qpω,DΘ

0 q
�
� cl

�
Qpx,DΘ

0 q
�
for any ω P Λ1. Consider the

subset Ω of special vertices of cl
�
Qpx,DΘ

0 q
�
that are not contained in any enclosed

sector face directed by DΘ
0 whose tip is a special vertex of cl

�
Qpx,DΘ

0 q
�
, in which they

are not the tip, in other words:

Ω :�
 
ω P Λ1, @ω1 P Λ1 ∖ tωu, ω R Qpω1, DΘ

0 q
(
.

First claim: For any ω1 P Λ1, there exists ω P Ω such that ω1 P Qpω,DΘ
0 q.

We can de�ne a sequence ω1m such that ω10 :� ω1 and ω1m P Qpω1m�1, D
Θ
0 q. Indeed,

for any ω1m P Λ1, we have either ω1m�1 :� ω1m P Ω or there exists ω1m�1 P Λ1 such that
ω1m�1 P Λ1 ∖ tω1mu and ω

1
m P Qpω1m�1, D

Θ
0 q. Therefore, this de�nes a sequence pω1mqm

by induction. For any α P ∆, we have that αpω1m�1q ¤ αpω1mq since ω
1
m P Qpω1m�1, D

Θ
0 q.

Each coordinate is lower bounded by αpω1mq ¥ αpxq � 1 since ω1m P cl
�
Qpx,DΘ

0 q
�
,

whence it is eventually constant since αpω1mq P Z. Since ∆ is �nite, the sequence ω1m
also is eventually constant, whence eventually belongs to Ω by construction. Hence, for
any ω10 P Λ1, there is m P N such that ω10 P Qpω

1
m, D

Θ
0 q and ω :� ω1m P Ω.

Second claim: Ω is �nite.
Suppose by contradiction that Ω is in�nite and let pωnqnPN be a sequence of pairwise

distinct special vertices in Ω.
For any α P Θ, we have that αpxq � 1 ¤ αpωnq ¤ αpxq � 1, whence αpωnq can

take �nitely many values. Hence, there exists an extraction φ0 such that
�
ωφ0pnq

�
n
is

constant in the coordinate α, for every α P Θ.
Let ∆ ∖ Θ � tα1, . . . , αmu. For any 1 ¤ i ¤ m, we have that @n P N, αipωnq ¥

αpxq � 1 since ωn P cl
�
Qpx,DΘ

0 q
�
. One can extract recursively non-decreasing sub-

sequences. Hence, there are extractions φ1, . . . , φm such that for any 1 ¤ i ¤ m
the sequence αi

�
ωφ0�����φmpnq

�
is non-decreasing. Hence, by de�nition, we have that

@n P N, ωφ0�����φmpnq P Q
�
ωφ0�����φmp0q, D

Θ
0

�
, which contradicts ωφ0�����φmp1q P Ω since

the elements of this sequence are assumed to be pairwise distinct. Whence the claim
follows. □

The �rst main result of this section claims that, �far enough�, for the action of GpAq
on Xk, the stabilizer of a point coincides with the stabilizer of a sector face.

Proposition 7.6. Let x be any point of Xk, and let Qpx,Dq be a k-sector face of Xk.
There exists a subsector face Qpy1, Dq � Qpx,Dq such that for any point v P Qpy1, Dq:

(15) StabGpAqpvq � FixGpAq

�
Qpv,Dq

�
.

Proof. If D � 0, there is nothing to prove. Thus, we assume in the following that D � 0.
We consider a �nite rami�ed extension ℓ{k as given by Lemma 7.3 and we denote by L
the completion of ℓ with respect to ωP .

We �rstly assume that x is a k-vertex. Let v0 be the standard vertex in X pG, Lq so
that x P Gpℓq �v0. Then, it follows from Lemma 4.6 that there exists τ P Gpℓq such that
τ �Qpx,Dq � Qpv0, D

Θ
0 q � A0 for some standard vector face DΘ

0 with Θ � ∆. For any
point z P Qpx,Dq, extending the notation in the standard apartment of [BT72, 7.4.4], we
denote by pPz :� StabGpLqpzq the stabilizer of z and by pPz�D :� FixGpLq

�
Qpz,Dq

�
the

pointwise stabilizers of the subsector face Qpz,Dq for the action of GpLq on X pG, Lq.
We want to show that

(16) Dy1 P Qpx,Dq, @z P Qpy1, Dq, pPz XGpAq � pPz�D XGpAq.

10Note that we focus on special vertices. According to [Bou81, Chap.VI,�2.2, Cor. of Prop. 5], the
lattice of (non necessarily special) vertices would be

à
αP∆

Zϖα
nα

where the highest root of Φ is
¸
αP∆

nαα

with nα some positive integers.
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Up to translating by τ , statement (16) is equivalent to show that

(17) Dw0 P Qpv0, D
Θ
0 q, @w P Qpw0, D

Θ
0 q, pPw X τGpAqτ�1 � pPw�DΘ

0
X τGpAqτ�1.

For any w P Qpv0, D
Θ
0 q � A0 and any z P Qpw,DΘ

0 q, z � w, we denote by rw, zq the
half-line with origin w and direction z � w and, for z � w, we denote rw, zq � twu by
convention. We denote by pPrw,zq the pointwise stabilizer in GpLq of rw, zq. We have
that Qpw,DΘ

0 q �
�
zPQpw,DΘ

0 q
rw, zq, whencepPw�DΘ

0
�

£
zPQpw,D0

Θq

pPrw,zq
according to [BT72, 7.1.11]. Because pPw�D � pPw, we are reduced to prove that

(18) Dw0 P Qpv0, D
Θ
0 q, @w P Qpw0, D

Θ
0 q, @z P Qpw,D

Θ
0 q,pPw X τGpAqτ�1 � pPrw,zq X τGpAqτ�1.

Now, using a building embedding, we show that it is enough to verify Identity (18)
in the context where G � SLn and Θ � ∆. Indeed, let τ0 � ρpτq P ρpGpℓqq. The GpLq-
equivariant immersion j : XL ãÑ X pSLn, Lq introduced in �3.7 sends the standard vertex
v0 P vertpA0q onto the standard vertex v10 P X pSLn, Lq and embeds the closure Qpv0, D0q
of the standard sector chamber of XL into the closure Qpv10, D

1
0q of the standard sector

chamber of X pSLn, Lq. Denote by Φ1 the canonical root system of SLn and by ∆1 the
canonical basis of Φ1. Since jpv0q � v10 and j

�
Qpv0, D

Θ
0 q

�
� j

�
Qpv0, D0q

�
� Qpv10, D

1
0q,

the enclosure of j
�
Qpv0, D0q

�
is a closed sector face of Qpv10, D

1
0q. In other words, there

is a subset of simple roots Θ1 � ∆1 such that cl
�
j
�
Qpv0, D

Θ
0 q

�	
� Qpv10, D

Θ1
0 q. More

precisely, Θ1 �
!
α P ∆1, α

�
j
�
Qpv0, D

Θ
0 q

�	
� t0u

)
. Assume that Identity (18) holds for

B, SLn, τ0 and Θ1, that is

(19) Dw10 P Qpv
1
0, D

Θ1

0 q, @w
1 P Qpw10, D

Θ1

0 q, @z
1 P Qpw1, DΘ1

0 q,pPw1 X τ0SLnpBqτ
�1
0 � pPrw1,z1q X τ0SLnpBqτ

�1
0 .

We claim that the intersection j
�
Qpv0, D

Θ
0 q

�
XQpw10, D

Θ1
0 q is nonempty. Indeed, recall

that the standard vertex v10 satis�es αpv10q � 0, @α P Φ1, so that j
�
Qpv0, D

Θ
0 q

�
is seen

as a non-empty convex cone with tip v10 � 0 in A1
0 � Rn�1. By de�nition of Θ1, for any

α P ∆1∖Θ1, there exists δα P j
�
Qpv0, D

Θ
0 q

�
such that αpδαq ¡ 0. Since δα P Qpv10, D

Θ1
0 q,

we also have that βpδαq ¥ 0 for any β P ∆1 ∖ Θ1, and βpδαq � 0 for any β P Θ1. Let
δ �

°
αPΘ1 δα. Then, αpδq ¡ 0, for all α P ∆1 ∖Θ1 and αpδq � 0, for all α P Θ1. Hence,

there exists t P R such that αptδq ¥ αpw10q, for all α P ∆1 ∖ Θ1 and αptδq � 0, for all
α P Θ1. Thus tδ P Qpw10, D

Θ1
0 q by de�nition. Moreover, tδ P j

�
Qpv0, D

Θ
0 q

�
as positive

linear combination of such elements in a convex cone. Hence there exists w0 P Qpv0, D
Θ
0 q

such that jpw0q � tδ P Qpw10, D
Θ1
0 q. Whence the claim follows.

Thus, for any w P Qpw0, D
Θ
0 q and any z P Qpw,DΘ

0 q, we have that

jpwq P j
�
Qpw0, D

Θ
0 q

�
� Q

�
jpw0q, D

Θ1

0

�
� Qpw10, D

Θ1

0 q,

and
jpzq P j

�
Qpw,DΘ

0 q
�
� Q

�
jpwq, DΘ1

0

�
.

Moreover, jprw, zqq � rjpwq, jpzqq whencepPjpwq X τ0SLnpBqτ
�1
0 � pPjprw,zqq X τ0SLnpBqτ

�1
0 .

Thus, if we intersect the previous inclusion with τ0ρpGpAqqτ
�1
0 we obtainpPjpwq X ρpτGpAqτ�1q � pPjprw,zqq X ρpτGpAqτ�1q.
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Since the immersion j : XL ãÑ X pSLn, Lq is GpLq-equivariant, we have thatpPjpwq X ρpGpLqq � ρp pPwq and pPjprw,zqq X ρpGpLqq � ρp pPrw,zqq. We conclude thatpPw X τGpAqτ�1 � pPrw,zq X τGpAqτ�1. Thus, Identity (19) implies Identity (18). In
particular, we are reduced to prove (19).

By abuse of notation, let us denote by ν the valuation map on L induced by P 1.
We assume that we are in the situation with G � SLn and any Θ1 � ∆1 � Φ1. Let
w1 P Qpv10, D

Θ1
0 q be any point. The stabilizer in GpLq of the point w1 P A0 is, with the

notation11 of [BT72, 10.2.8]:

(20) pPw1 �  
g � pgijq

n
i,j�1 P SLnpLq : νpgijq � paj � aiqpw

1q ¥ 0, 1 ¤ i, j ¤ n
(
,

where paiq1¤i¤n is the canonical basis of Rn seen as linear forms on A0 � Rn�1 so that
Φ1 � tαij :� aj � ai, 1 ¤ i, j ¤ n and i � ju and ∆1 � tαi i�1, 1 ¤ i ¤ n � 1u. Let
z1 P Qpw1, DΘ1

0 q and g � pgijq
n
i,j�1 P

pPrw1,z1q. Denote by δ :� z1 � w1 the direction of the

half-line rw1, z1q. We have δ P DΘ1
0 so that$&%
αpδq ¥ 0 for α P Φ1�

Θ1 ,

αpδq � 0 for α P Φ10
Θ1 ,

αpδq ¤ 0 for α P Φ1�
Θ1 .

For any t P R¥0, consider z1t � w1 � tδ P rw1, z1q. Because g P pPrw1,z1q � pPz1t , we have, by
Equality (20), that:

νpgijq ¥ pai � ajqpw
1q � tpai � ajqpδq, @1 ¤ i, j ¤ n, i � j,@t P R¥0

For 1 ¤ i, j ¤ n, i � j, we deduce that:"
gij � 0 if paj � aiqpδq   0,

νpgijq ¥ pai � ajqpw
1q if paj � aiqpδq ¥ 0.

Conversely, Equality (20) immediately gives that any such g � pgijq satis�es g P pPz1t for
all t ¥ 0, whence g P pPrw1,z1q. Hence we get that:
(21)pPrw1,z1q � "

pgijq
n
i,j�1 P SLnpLq :

gij � 0, if paj � aiqpδq   0
νpgijq � paj � aiqpw

1q ¥ 0, if paj � aiqpδq ¥ 0

*
.

Now, let I � pIijq1¤i,j¤n be a family of proper fractional B-ideals. We denote by
MnpIq the A-module of matrices whose pi, jq-coe�cient is Iij , for any i, j P t1, � � � , nu.
Then, we have that the group τ0SLnpAqτ

�1
0 � τ0SLnpBqτ

�1
0 is contained in MnpIq, for

some family of fractional ideals I. In particular, the set

Π :�
 
νpgijq : gij � 0 and g � pgijq

n
i,j�1 P τ0SLnpAqτ

�1
0

(
�

¤
1¤i,j¤n

ν
�
Iij ∖ t0u

�
�

1

N
Z

is upper bounded since so are each ν
�
Ii,j ∖ t0u

�
.

Since Π is an upper bounded set, it follows from Lemma 7.4(1) that there exists
w10 P Qpv

1
0, D

Θ1
0 q such that for any α � αij P Φ1�

Θ1 we have maxpΠq�αijpw
1
0q   0. Thus,

for any g P pPw1 X τ0SLnpAqτ
�1
0 such that gij � 0, we have νpgijq � αijpw

1
0q   0. Hence

@w1 P Qpw10, D
Θ1

0 q, νpgijq � αijpw
1q   αijpw

1q � αijpw
1
0q ¤ 0

because αij P Φ1�
Θ1 and w1 � w10 P DΘ1

0 . Thus, Equality (20) implies that gij � 0

for any point w1 P Qpw10, D
Θ1
0 q, any negative root αij � aj � ai P Φ1�

Θ1 , and any
g P pPw1 X τ0SLnpAqτ

�1
0 . Hence, Equality (21) gives that any such g satis�es g P pPrw1,z1q

for any z1 P Qpw1, DΘ1
0 q. Therefore, we conclude that Statement (19) holds. Hence,

11We are in the case with E � t0u and δpgq � 0 because g P SLn has determinant 1.
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Statement (16) holds when x is a k-vertex.

Secondly, assume that x is a special ℓ-vertex. Applying the previous situation re-
placing ℓ{k by some extension ℓ1{ℓ given by Lemma 7.1, we deduce that there exists a
subsector Qpy1, Dq such that for any point v P Qpy1, Dq, we have that

StabGpBqpvq � FixGpBq

�
Qpv,Dq

�
.

Hence, the proposition remains true for special ℓ-vertices by intersecting the previous
equality with GpAq, which is a subgroup of GpBq.

Finally, assume that x P X pG, kq is any point. Let A be a k-apartment containing
the sector face Qpx,Dq and note that the enclosure clk

�
Qpx,Dq

�
is contained in A by

de�nition. By Lemma 7.5, there is a �nite subset Ω of special ℓ-vertices such that any
special ℓ-vertex and, in particular, any k-center, of clk

�
Qpx,Dq

�
is contained in some

Qpω,Dq for ω P Ω.
For any point z P A, we denote by zc the k-center of the k-face containing z. Because

the k-centers span a maximal rank lattice of A, hence cocompact, there is a positive
real number η1 such that @z P A, dpz, zcq ¤ η1. Because Ω is �nite, there is a positive
real number η2 such that @ω P Ω, dpx, ωq   η2. Let V � VectpDq be the R-vector
subspace of A spanned by D. Let C 1 be the closed ball centered at 0 of radius η1 � η2
in V . For ω P Ω, denote by y1ω the y1 given by Statement (16) applied to Qpω,Dq. By
construction of V , there is a subsector face Qpyω, Dq � Qpy1ω, Dq such that Qpyω, Dq �
C 1 � Qpy1ω, Dq. Denote by xω :� x � yω � ω. Then xω � x � yω � ω P D because
yω P Qpy

1
ω, Dq � Qpω,Dq. Hence xω P Qpx,Dq. Thus, there is a point y1 P Qpx,Dq

such that Qpy1, Dq �
�
ωPΩQpxω, Dq as �nite intersection of subsector faces of Qpx,Dq.

Let z P Qpy1, Dq. The group Pz stabilizes the k-face of z. Hence, it �xes the k-center
zc of the face containing z, whence pPz � pPzc . Let ω P Ω be such that zc P Qpω,Dq. Let
y :� yω�z�xω. Then y P Qpyω, Dq since z�y1 P D and y1�xω P D. Moreover, we have
zc�y � pzc�ωq�pω�yωq�pyω�yq P V and zc�y � zc�yω�xω�z � pzc�zq�px�ωq,
so that dpzc, yq ¤ dpzc, zq � dpx, ωq ¤ η1 � η2. Thus zc � y P C 1 and y P Qpyω, Dq
provides zc P y � C 1 � Qpyω, Dq � C 1 � Qpy1ω, Dq. Thus, by (16) with zc P Qpy1ω, Dq,
we have that pPzc XGpAq � pPQpzc,Dq XGpAq. Hence pPz XGpAq �xes z Y Qpzc, Dq so
that it �xes the closed convex hull of z Y Qpzc, Dq which contains Qpz,Dq. Therefore,pPz XGpAq � pPz�D XGpAq. Whence the result follows. □

7.3. Foldings along a subsector face. Let J be a non-zero fractional A-ideal. See
it as a line bundle, associated to a divisor DJ , on the a�ne curve SpecpAq � C ∖ tP u.
We write degpJq � degpDJq. Normalize νP so that νP pk�q � Z and let π P OP be a
uniformizer. Let m P Z¥0. De�ne Jrms as the vector bundle Lp�DJ �mP q associated
to the divisor �DJ �mP . Equivalently, Jrms :� tx P J : νP pxq ¥ �mu � J X π�mO.
This set is always a �nite dimensional F-vector space (c.f. [Sti09, �1, Prop. 1.4.9]). We
denote by g the genus of C and by d the degree of P . Then, by the Riemann-Roch
Theorem (c.f. [Sti09, �1, Thm. 1.5.17]) the �nite-dimensional vector space Jrms satis�es

dimFpJrmsq � degp�DJ �mP q � 1� g,

whenever degp�DJ �mP q ¥ 2g � 1. Hence, since

degp�DJ �mP q � �degpJq �m degpP q,

we �nally get,

(22) dimFpJ Xπ
�mOq � �degpJq�md�1� g, whenever md ¥ degpJq�2g�1.

Notation 7.7. Let x P Xk be a point. Let Φx � Φx,k be the sub-root system of Φ
associated to x as de�ned in �3.4. We de�ne the star of x in Xk as the subcomplex
Xkpxq of Xk whose faces F are the k-faces of Xk containing x in their closure:

Xkpxq �
 
F is a k-face of Xk, x P F

(
.



QUOTIENTS OF THE BRUHAT-TITS BUILDING BY tP u-ARITHMETIC SUBGROUPS 37

By abuse of notation, we also denote by Xkpxq the set of points z P Xk such that there
is a k-face F P Xk such that z P F . The complex Xkpxq is a spherical building of type
Φx whose the set of its chambers is

Rkpxq :�
 
C is a k-alcove of Xk, x P C

(
,

and the set of its apartments is

Akpxq � tAX Xkpxq, A is a k-apartment of Xku .
See [BT84, 4.6.33], we give details of these facts in the proof of Proposition 7.10. If F
is a k-face and x P F is a generic point, we de�ne XkpF q � Xkpxq and RkpF q � Rkpxq.

De�nition 7.8. Let A be a k-apartment containing x and V be a vector space so that
x� V is an a�ne subspace of A. We de�ne the star directed by V of x by:

Xkpx, V q �
 
z P Xkpxq, DA1 k-apartment, A1 � z Y px� V q

(
.

Note that, if V � 0, then Xkpx, V q � Xkpxq; and that, if x� V � A, then Xkpx, V q �
Xkpxq X A. We denote by

Rkpx, V q � Rkpxq X Xkpx, V q
and by

Akpx, V q �
 
A1 X Xkpx, V q, A1 is a k-apartment containing x� V

(
.

The star directed by V of x is not a classical de�nition coming from Bruhat-Tits
theory. We introduce it since it appears to be useful in the following.

In the following, we will focus on the case where V is the vector subspace of an
apartment spanned by the direction of some sector face. Roughly speaking, Xkpx, V Θ

0 q
will be the subset of the spherical building Xkpxq obtained by folding the standard
apartment with respect to its a�ne subspace px�ΘKq for some Θ � ∆. Hence Xkpx, V Θ

0 q
becomes a spherical building of type Φ0

Θ X Φx, with Weyl group contained in WΘ.

Lemma 7.9. Let Φ be a root system and let ∆ be a basis of Φ and denote by Φ� the
positive roots. Let Φ1 be a sub-root system of Φ and let ∆1 be the basis of Φ1 such that
the positive roots associated to ∆1 in Φ1 are Φ� XΦ1. For any Θ � ∆, there is a unique
Θ1 � ∆1 such that Φ1 X Φ0

Θ � pΦ1q0Θ1 . Moreover Θ1 is a basis of this sub-root system.

Proof. Let Θ1 � ∆1 X Φ0
Θ. By construction pΦ1q0Θ1 is a root system with basis Θ1. For

β P Φ1 X Φ�, write β �
°
αP∆ nαpβqα �

°
α1P∆1 n1α1pβqα

1 where the nαpβq and n1α1pβq
are non-negative integers uniquely determined by the bases ∆ and ∆1. For α1 P ∆1, if
@α P ∆∖Θ, nαpα

1q � 0, then α1 P Φ0
Θ X∆1 � Θ1.

If β P pΦ1q0Θ1 , then β P VectpΘ1q � VectpΘq since Θ1 � Φ0
Θ. Thus β P Φ1 X Φ0

Θ.
If β P pΦ�XΦ1q∖pΦ1q0Θ1 , then there exists α

1 P ∆1∖Θ1 such that n1α1pγq ¡ 0. Since α1 P
∆1∖Θ1, there is α P ∆∖Θ such that nαpα1q ¡ 0. Thus nαpβq �

°
α1P∆1 n1α1pβqnαpα

1q ¡ 0.
Hence β R Φ0

Θ. Replacing β by �β, which changes all the signs, we get that the same
holds for β P pΦ� X Φ1q∖ pΦ1q0Θ1 . Hence Φ1 X Φ0

Θ � pΦ1q0Θ1 . □

By de�nition, the group Gpkq acts transitively on the set of k-apartments of Xk.
Thus, in order to describe Xkpx, V q, we can assume without loss of generalities that
x�V is an a�ne subspace of the standard apartment A0. Because the star of a point is
a spherical building, we get, using the corresponding BN-pair, the following description
of the star of a point directed by an a�ne subspace of some apartment.

Proposition 7.10. Let ∆ � Φ be a basis and x P A0.

(1) Xkpxq together with the collection of apartments Akpxq is a spherical building of
type Φx on which the group Uxpkq acts strongly transitively;
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(2) for any Θ � ∆, the set Xkpx, V Θ
0 q together with the collection of apartment

Akpx, V
Θ
0 q is naturally equipped with a spherical building structure of type Φ0

ΘX
Φx (which is a root system by Lemma 7.9) on which the group Ux�V Θ

0
pkq acts

strongly transitively;

Note that (1) is the particular case of (2) where Θ � ∆.

Proof. Using [BT72, 6.4.23], one can de�ne12 subgroups Px and P �
x ofGpKq that satis�es

the following properties:

 P �
x �xes Xkpxq;

 for any α P Φ, we have Px � Uα,xpKq;
 the quotient group Gx � Px{P

�
x admits a root group datum

�
T x, pUαqαPΦx

�
of

type Φx;
 by construction, Gx is generated by the Uα.

Denote by µ : Px Ñ Gx the canonical projection. By construction, Uα � µ pUα,xpKqq
for any α P Φx. By de�nition of Uα,xpKq, of P �

x and by the writing in [BT72, 6.4.9], we
have that:

(23) µ
�
Uα,xpKq

�
� θα

�
tx P K, νP pxq ¥ �αpxqu

�
{θα

�
tx P K, νP pxq ¡ �αpxqu

�
In particular, µ pUα,xpKqq is trivial for any α P Φ∖Φx. The existence of the root group
datum of type Φx of Gx induces a spherical building structure on the star Xkpxq of x
together with a strongly transitive action of Gx on this building. Its apartments are
the intersection of K-apartments of XK with Xkpxq (see [BT84, 4.6.35]). Because K
is the completion of k and the both have same residue �eld, we deduce from (23) and
isomorphism θα : Ga Ñ Uα that µ

�
Uα,xpKq

�
� µ

�
Uα,xpkq

�
for any α P Φ. Hence

Akpxq is, in fact, the set of apartments of Xkpxq since Gx acts transitively on it and is
generated by the µ

�
Uα,xpkq

�
. Since Gx acts strongly transitively on Xkpxq, we deduce

that Px acts strongly transitively on the spherical building Xkpxq via µ. Since Uxpkq
is, by de�nition, generated by the Uα,xpkq for α P Φ, the group Uxpkq acts strongly
transitively on Xkpxq via µ.

Let Ax :� A0XXkpxq P Akpxq, and let Ωx,Θ :� cl
�
x�V Θ

0

�
XXkpxq � Ax. Denote by

Gx,Θ � µ
�
Ux�V Θ

0
pKq

�
� Gx and by Nx,Θ � µ

�
NpKq XUx�V Θ

0
pKq

�
, so that Nx,Θ �

NxXGx,Θ is the setwise stabilizer in Nx of Ωx,Θ. Indeed, Ux�V Θ
0
pKq pointwise stabilizes

x � V Θ
0 in XK [Lan96, 9.3], whence it setwise stabilizes its enclosure and, Nx setwise

stabilizes Xkpxq.
By de�nition, if α P Φ0

Θ, then Uα,x�V Θ
0
pKq � Uα,xpKq; and Uα,x�V Θ

0
pKq is trivial

otherwise. Whence by [BT72, 6.4.9], we have

Ux�V Θ
0
pKq �

�� ¹
αPΦ0

ΘXΦ�

Uα,xpKq

��� ¹
αPΦ0

ΘXΦ�

Uα,xpKq

�Nx�V Θ
0

where Nx�V Θ
0
� NpKq X Ux�V Θ

0
pKq according to [Lan96, 8.9(iv)]. Hence the group

Gx,Θ admits a generating root group datum
�
T x,

�
Uα

�
αPΦxXΦ0

Θ

	
inducing the BN-pair�

Bx,Θ, Nx,Θ

�
of type Φ0

Θ XΦx where Bx,Θ � T x �
�±

αPΦ0
ΘXΦ�x

Uα

	
for any ordering on

the product [Rou09, Prop. 10.5].
According to [Lan96, 9.7(i)], the group Ux�V Θ

0
pKq acts transitively on the set of K-

apartments of XK containing x � V Θ
0 . Hence, since the group Gx,Θ � µ

�
Ux�V Θ

0
pKq

�
is generated by the Uα � µ

�
Uα,xpkq

�
for α P Φ0

Θ X Φx, it acts transitively on the set
Akpx, V

Θ
0 q of intersections of a k-apartment containing x� V Θ

0 with Xkpxq. Hence, the
action of Gx on Xkpxq induces an action of the group Gx,Θ on the subset Xkpx, V Θ

0 q.

12Precisely, we take f � fx, we take X� � X to be the pointwise stabilizer of Xkpxq in TpKq, so
that the group Px � X �UxpKq and P�

x correspond respectively to X �Uf and X� �U�
f and f� � fΩw .
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The set of points of Xkpx, V Θ
0 q �xed by T x � Bx,Θ XNx,Θ is

tz P Xkpx, V Θ
0 q, @t P T x, t � z � zu � Ax X Xkpx, V Θ

0 q � Ax.

Since Ax is the apartment of the spherical building Xkpxq corresponding to T x � Bx X
Nx, we know that the pointwise stabilizer of Ax in Gx is T x. Hence, the pointwise
stabilizer of Ax in Gx,Θ is T x.

Let Cx,Θ be the set of points in Xkpx, V Θ
0 q �xed by Bx,Θ. Then Cx,Θ � Ax since it is

�xed by T x. For any α P Φ0
Θ X Φ�

x , the root group Uα �xes exactly an half-apartment
of Ax that we denote by Dα,x � tz P Ax, �αpzq ¥ �αpxqu. Hence

(24) Cx,Θ �
£

αPΦ0
ΘXΦ�x

Dα,x � tz P Ax, @α P Φ0
Θ X Φ�

x , �αpzq ¥ �αpxqu.

Let g P Gx,Θ be a element pointwise stabilizing Cx,Θ. Then, there exists g̃ P
UCx,Θ

pKq such that g � µpg̃q. Write it g̃ � nu�u� with n P NpKq X UCx,Θ
pKq,

u� P
±
αPΦ0

ΘXΦ�x
Uα,Cx,Θ

pKq and u� P
±
αPΦ0

ΘXΦ�x
Uα,Cx,Θ

pKq. Then, by de�nition,

µ
�
Uα,Cx,Θ

pKq
�
is trivial, for any α P Φ0

Θ XΦ�
x . Thus µpu

�q is trivial and µpu�q P Bx,Θ

�xes Cx,Θ. Hence µpnq P Nx,Θ �xes Cx,Θ which is the Weyl chamber of Ax with respect
to the Weyl group Nx,Θ{T x, whence µpnq P T x. Hence Bx,Θ is the pointwise stabilizer
in Gx,Θ of Cx,Θ.

As a consequence, the BN-pair
�
Bx,Θ, Nx,Θ

�
induces a spherical building structure of

type Φ0
Θ XΦx on Xkpx, V Θ

0 q whose the set of apartments is Akpx, V
Θ
0 q � Gx,Θ �Ax and

the set of chambers is Gx,Θ �Cx,Θ. Since Gx,Θ is generated by the Uα � µ
�
Uα,x�V Θ

0
pkq

�
and Ux�V Θ

0
pkq is generated by the Uα,x�V Θ

0
pkq, we get the result via µ. □

Proposition 7.11. Let x P Xk be any point. Let A be a k-apartment containing x and
V be the vector space spanned by some vector face D of A so that x � V is the a�ne
subspace of A spanned by the sector face Qpx,Dq. Then, the star Xkpx, V q directed by
V of x is naturally equipped with a structure of spherical building and the intersection
of its chambers is

Ωpx, V q :� clpx� V q X Xkpxq.
Moreover, for any k-apartment A1 containing Ωpx, V q and any vector space V 1 spanned

by some vector face D1 such that x�V 1 is the a�ne subspace of A1 spanned by Qpx,D1q
such that px � V 1q X Xkpxq � px � V q X Xkpxq, the spherical buildings Xkpx, V q and
Xkpx, V 1q are the same.

Proof. Because Gpkq acts transitively on the set of k-apartments of Xk by de�nition,
we can assume without loss of generalities that A � A0. By de�nition, every apartment
containing x� V contains its enclosure. Because the Weyl group induces a subgroup of
Npkq � Gpkq, we can assume without loss of generalities that V � V Θ

0 for some Θ � ∆.
We keep the notation introduced in the proof of Proposition 7.10. Since, by the

writing (24), Cx,Θ is the intersection with Ax of some half-apartments Dα,x that contain
x�V Θ

0 , we get that Cx,Θ � clpx�V Θ
0 qXAx. For any g P Gx,Θ, since g �xes px�V

Θ
0 qXAx,

we get that g�Cx,Θ also contains clpx�V Θ
0 qXAx. Thus the intersection of these chambers

contains clpx� V Θ
0 q XAx.

Conversely, the intersection of the chambers g �Cx,Θ, for g P Gx,Θ, is contained in the
intersection of the n � Cx,Θ, for n P Nx,Θ, which is tz P Ax, @α P Φ0

Θ X Φx, �αpzq �
�αpxqu as intersection of the Weyl chambers of Ax, which is precisely clpx� V Θ

0 q XAx
thanks to a straightforward calculation.

According to [BT72, 6.4.9] again, one can write

UΩpx,V Θ
0 qpKq �

� ¹
αPΦ�

UΩpx,V Θ
0 qpKq

�� ¹
αPΦ�

UΩpx,V Θ
0 qpKq

�
NΩpx,V Θ

0 q
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where NΩpx,V Θ
0 q � NpKq XUΩpx,V Θ

0 qpKq. Observe that, by de�nition, µ
�
NΩpx,V Θ

0 q

�
�

µ
�
Nx�V Θ

0

�
� Nx�V Θ

0
is the stabilizer in Nx of Ωpx, V Θ

0 q. For any α P Φ, if α R

Φx X ΦΘ
0 , we have that µ

�
Uα,Ωpx,V Θ

0 qpKq
�
is trivial and, if α P Φx X ΦΘ

0 , we have

µ
�
Uα,Ωpx,V Θ

0 qpKq
�
� Uα. Hence µ

�
UΩpx,V Θ

0 qpKq
�
� µ

�
Ux�V Θ

0
pKq

�
� Gx,Θ.

As a consequence, for any k-apartment A1 containing Ωpx, V Θ
0 q and any vector space

V 1 so that x� V 1 is an a�ne subspace of A1 such that px� V 1q X Xkpxq � px� V Θ
0 q X

Xkpxq, we have that Ωpx, V Θ
0 q � Ωpx, V 1q and, therefore, Xkpx, V Θ

0 q � Gx,Θ � Ax �
µ
�
UΩpx,V Θ

0 qpKq
�
�Ax � Xkpx, V 1q. □

Notation 7.12. Given a k-sector face Qpv,Dq with tip v and directionD of the building
Xk, we denote by Cpv,Dq the maximal k-face of the enclosure of the germ at v of the
k-sector face Qpv,Dq.

Proposition 7.13. Let Qpx,Dq be any k-sector face of Xk. There exists a subsector
face Qpy2, Dq � Qpx,Dq and a k-apartment A containing Qpy2, Dq such that for any
point v P Qpy2, Dq:

(1) the stabilizer of v in GpAq �xes Qpv,Dq;
(2) if V is the vector space such that v�V is the a�ne subspace spanned by Qpv,Dq

in A, then the StabGpAqpvq-orbits of elements in Xkpv, V q cover Xkpvq;
(3) for any face F P Xkpvq, if for any g P StabGpAqpvq, we have g � F � F , then

Rk

�
Cpv,Dq

�
XRkpF q � H

Moreover, there is h P H such that h �Qpy2, Dq � h � A � A0.

Proof. According to Proposition 7.6, it su�ces to �nd a subsector face of Qpy1, Dq
satisfying statements (2) and (3). In order to provide it, we extend the ideas of Soulé,
exposed in [Sou79, 1.2], to our context. Using Lemma 4.4, we consider n P N sph,
Θ � ∆ and u P U�pkq such that u � D � n � DΘ

0 . We denote by h � n�1u P H
where H is de�ned as in Formula (5). Let A � h�1 � A0 � u�1 � A0. Then, there is
a subsector Qpy11, Dq of Qpy1, Dq such that Qpy11, Dq � A and h � Qpy11, Dq � A0. Let
V Θ
0 � VectpDΘ

0 q � A0 and let V � h�1 � V Θ
0 so that y11 � V is the a�ne subspace of A

spanned by Qpy11, Dq. Let v P Qpy
1
1, Dq and set w � h � v P A0. Then Xkpwq � h �Xkpvq

and Xkpw, V Θ
0 q � h � Xkpv, V q. Hence

StabGpAqpvq � Xkpv, V q � Xkpvq,
is equivalent to �

hGpAqh�1 X StabGpKqpwq
�
� Xkpw, V Θ

0 q � Xkpwq.
Thus, we are reduced to work inside the standard apartment A0 in which it su�ces to
prove that for any h P H, any Θ � ∆ and any w0 P A0, there exists a subsector face
Qpy12, D

Θ
0 q � Qpw0, D

Θ
0 q such that

(25)
�
hGpAqh�1 X StabGpKqpwq

�
� Xkpw, V Θ

0 q � Xkpwq,
for any point w P Qpy12, D0q.

For any root α P Φ, we �x a non-zero A-ideal Jαphq �Mαphq given by Proposition 6.5.
It follows from Lemma 7.4(1) that there exists a subsector Qpy12, D

Θ
0 q of Qpw0, D

Θ
0 q

such that for any w P Qpy12, D
Θ
0 q and any α P Φ�

Θ, we have�
αpwq � 1

�
d ¥ deg

�
Jαphq

�
� 2g � 1,

and then, we deduce from the Riemann-Roch identity (22) that the equality:

(26) dimF
�
Jαphq X π�mO

�
� m degpP q � deg

�
Jαphq

�
� 1� g,

holds for any m P N such that m ¥ αpwq � 1.
Consider any point w of Qpy12, D

Θ
0 q and denote by Aw � A0XXkpwq. By de�nition of

buildings, for any point z P Xkpwq, there is a k-apartment Az of Xk containing both z
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and the k-face Cpw,DΘ
0 q. According to [Lan96, 9.7(i)], we know that UCpw,DΘ

0 q
pKq acts

transitively on the set of K-apartments of XK containing Cpw,DΘ
0 q. Hence, there is an

element g P UCpw,DΘ
0 q
pKq such that g �Az � A0. Since g �w � w and z P Xkpwq, we also

have that g � z P g � Xkpwq � Xkpwq. Hence g � z P Aw.
According to [BT72, 6.4.9], one can write

UCpw,DΘ
0 q
pKq � NCpw,DΘ

0 q

� ¹
αPΦ�

Uα,Cpw,DΘ
0 q
pKq

�� ¹
αPΦ�

Uα,Cpw,DΘ
0 q
pKq

�
,

for any ordering on each of both products of root groups, where NCpw,DΘ
0 q
� NpKq X

UCpw,DΘ
0 q
pKq is the subgroup of element of NpKq pointwise stabilizing Cpw,DΘ

0 q ac-

cording to [Lan96, 8.9(iv)]. In particular, decomposing Φ� � pΦ0
ΘXΦ�q \Φ�

Θ, one can
write g � ng�g0g� with

n PNCpw,DΘ
0 q
, g� P

� ¹
αPΦ�

Uα,Cpw,DΘ
0 q
pKq

�
,

g0 P

�� ¹
αPΦ0

ΘXΦ�

Uα,Cpw,DΘ
0 q
pKq

�, g� P

�� ¹
αPΦ�Θ

Uα,Cpw,DΘ
0 q
pKq

�.
Let µ : UwpKq Ñ Gw be the quotient morphism de�ned as in proof of Proposi-

tion 7.10. Because NpKq stabilizes A0, we have that n P NCpw,DΘ
0 q

stabilizes A0XXkpwq,

whence µpnq � Aw � Aw. For α P Φ�
Θ, the group µ

�
Uα,Cpw,DΘ

0 q
pKq

	
is trivial, whence

µpg�q P
�±

αPΦ0
ΘXΦ� Uα

	
. For α P Φ ∖ Φw, the group µ

�
Uα,Cpw,DΘ

0 q
pKq

�
is trivial,

whence µpnq, µpg0q, µpg�q P Gw,Θ with the notation of the proof of Proposition 7.10.
Thus

g� � z � µpg�q � z P Gw,Θ �Aw � Xkpw, V Θ
0 q.

Thus, in order to deduce Equality (25), it su�ces to prove that any such g� satis�es
µpg�q P µ

�
hGpAqh�1 X StabGpKqpwq

�
. In particular, because µ

�
Uα,Cpw,DΘ

0 q
pKq

�
is

trivial whenever α P Φ∖ Φw, it su�ces to prove that:

(27) µ pUα,wpKqq � Uα � µ
�
hGpAqh�1 XUwpKq

�
@α P Φw X Φ�

Θ.

Let α P Φw X Φ�
Θ. By de�nition of Φw, we have that npα,wq :� αpwq P Γ1α where Γ1α

is the set of values associated to α. Because G is split, we have Γ1α � Z with the usual
normalization νP pk�q � Z. Thus, it follows from the isomorphism θα : Ga

�
Ñ Uα, the

de�nitions of Uα,wpKq, of Φw and of µ that

µ
�
Uα,wpKq

�
� θα

�
π�npw,αqO

�
{θα

�
π�npw,αq�1O

�
� UαpFpP qq,

where FpP q is the residue �eld of K and π is a uniformizer. Note that since h P Gpkq,
we have that

hGpAqh�1 XUα,wpKq � hGpAqh�1 XUαpkq XUα,wpKq � θα

�
Mαphq X π�npw,αqO

	
.

Hence, since Mαphq � Jαphq and UwpKq � Uα,wpKq, we have

µ
�
hGpAqh�1 XUwpKq

	
� µ

�
θα

�
Jαphq X π�npw,αqO

	

.

But

µ

�
θα

�
Jαphq X π�npw,αqO

	

� θα

�
Jαphq X π�npw,αqO

	
{θα

�
Jαphq X π�npw,αq�1O

	
.

The latter is equal to θα
�
π�npw,αqO

	
{θα

�
π�npw,αq�1O

	
if and only if we have

(28) dimF

�
pJαphq X π�npw,αqOq{pJαphq X π�npw,αq�1Oq

	
� degpP q.
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Applying Equality (26) tom � npw,αq and tom � npw,αq�1, we deduce Equality (28).
Hence, we deduce Equality (27) for any α P Φw X Φ�

Θ and this concludes the proof of
statement ((2)).

Consider the BN-pair pBw, Nwq introduced in the proof of Proposition 7.10 and denote
by Cfw P Rkpwq the standard chamber of the spherical building Xkpwq associated to this
BN-pair.

Let C P Rkpw, V
Θ
0 q and note that Cfw P Rkpw, V

Θ
0 q. In the spherical building

Xkpw, V Θ
0 q, the k-chambers C and Cfw of Xk are contained, as subsets, in some chambers

of the spherical building Xkpw, V Θ
0 q. Hence there is an apartment of this spherical build-

ing containing both C and Cfw. Thus, by de�nition of the set of apartments Akpw, V
Θ
0 q

of the building Xkpw, V Θ
0 q, there is a k-apartment A containing C, Cfw and w � V Θ

0 .
Because the apartment A0 contains C

f
w and w�V Θ

0 , by [Lan96, 13.7(i)], there exists an
element g P U

Cf
wYpw�V Θ

0 q
pKq such that g �A � A0. Hence g �C P A0XRkpwq � Nw �C

f
w.

Moreover g stabilizes Cfw whence, by uniqueness of the writings of Bw �
±
αPΦ�w

Uα �Tw
and [BT72, 6.4.9(iii)]

µ
�
Uw�V Θ

0
pKq

	
�

�� ¹
αPΦΘ

0 XΦ�w

Uα

��� ¹
αPΦΘ

0 XΦ�w

Uα

�µ�Uw�V Θ
0
pKq XNpKq

	
,

we get

µpgq P Bw X µ
�
Uw�V Θ

0
pKq

	
�

�� ¹
αPΦ0

ΘXΦ�w

Uα

�� Tw.
Thus, we have that

(29) Rkpw, V
0
Θq �

�� ¹
αPΦ0

ΘXΦ�w

Uα

�Nw � C
f
w.

Analogously, using the same arguments, we get that µ
�
UCpw,DΘ

0 q
pKq

	
acts transitively

on Rk

�
Cpw, V 0

Θq
�
, whence we also have that

(30) Rk

�
Cpw,DΘ

0 q
�
�

�� ¹
αPΦ0

ΘXΦ�w

Uα

�NCpw,DΘ
0 q
� Cfw,

where NCpw,DΘ
0 q

denotes the subgroup of Nw preserving Cpw,DΘ
0 q.

Suppose that F P Xkpw, V Θ
0 q is a k-face such that RkpF q X Rk

�
Cpw,DΘ

0 q
�
� H.

According to Equation (29), there is u P
±
αPΦ0

ΘXΦ�w
Uα such that u � F � Aw. By

Equation (30), we also have that u �Rk

�
Cpw,DΘ

0 q
�
� Rk

�
Cpw,DΘ

0 q
�
. Thus Rkpu �F qX

Rk

�
Cpw,DΘ

0 q
�
� u �

�
RkpF q XRk

�
Cpw,DΘ

0 q
�	

� H. In particular, the convex sets of

chambers A0 XRk

�
Cpw,DΘ

0 q
�
and A0 XRk

�
u � F

�
of the apartment Aw � A0 X Xkpwq

does not intersect. Hence, in the spherical building Xkpwq of type Φw, there is a wall
associated to some root β P Φ�

w separating those sets.
We claim that β R Φ0

Θ. Indeed, if β were in Φ0
Θ, then the re�ection with respect to

β of the Weyl group Nw{Tw would �x w � V Θ
0 � Cpw,DΘ

0 q. Thus, there would be an
element nβ P NCpw,DΘ

0 q
lifting sβ . We would have two chambers nβ � C

f
w and Cfw both

in Rk

�
Cpw,DΘ

0 q
�
and separated by the wall with respect to β, which is a contradiction

with the de�nition of β. Thus β P Φ�
w ∖ Φ0

Θ � Φ�
Θ X Φw.

In the a�ne apartment A0, the wall with respect to β containing w is the a�ne
subspace tz P A0, βpzq � βpwqu. Because βpCfwq ¡ βpwq, we have that βpCq   βpwq
for any C P Rkpu�F qXA0. Hence βpu�F q   βpwq by the same argument as before. Thus,



QUOTIENTS OF THE BRUHAT-TITS BUILDING BY tP u-ARITHMETIC SUBGROUPS 43

there exists uβ P Uβ � µ
�
Uw,βpKq

�
that does not �x u�F . Indeed, the set of points �xed

by any element of Uw,βpKq with valuation �βpwq is exactly tz P A0, βpzq ¥ βpwqu for
β P Φw [BT72, 7.4.5].

Thus, we have shown that there exists a root β P Φ�
Θ X Φw, an element uβ P Uβ and

an element u P
±
αPΦ0

ΘXΦ�w
Uα such that uβu � F � u � F . For any α P Φ0

Θ X Φ�
w , the

root group Uα normalizes the group
±
γPΦ�ΘXΦw

Uγ (by axioms of a root group datum

[BT72, 6.1.1(DR2)]). Hence u�1uβu P
±
γPΦ�ΘXΦw

Uγ . But since Uγ � µ
�
UγpKq X

StabGpAqpwq
�
for any γ P Φ�

Θ X Φw according to (27), we deduce that there is g P
StabGpAqpwq such that µpgq � u�1uβu. Hence g�F � u�1uβu�F � F . Thus StabGpAqpwq
does not stabilizes F .

As a consequence, if F is stabilized by StabGpAqpwq, we get that F � Xkpw, V Θ
0 q

by (2) and, in that case, we have shown that RkpF qXRk

�
Cpw,DΘ

0 q
�
� H. Whence the

result of (3) follows. □

Corollary 7.14. Let Θ � ∆. Let Qpx,Dq be a k-sector face such that D P Gpkq �DΘ
0 .

Let y2 as in Proposition 7.13 and let z P Qpy2, Dq be an point. Recall that Xkpzq is a
spherical building of type Φz (see Proposition 7.10). Let ∆z be the basis of Φz induced
by ∆ and let Θz � ∆z so that Φz XΦ0

Θ � pΦzq
0
Θz

(see Lemma 7.9). Consider the action
of StabGpAqpzq on the set of faces of Xkpzq. Then the set of faces setwise stabilized by
this action (i.e. F such that g � F � F @g P StabGpAqpzq) contains a unique face of type
Θz, which is Cpz,Dq.

Proof. According to Proposition 7.13(1), the subset Qpz,Dq X Xkpzq is �xed by
StabGpAqpzq, whence cl

�
Qpz,Dq

�
X Xkpzq is setwise stabilized by StabGpAqpzq. Thus

the maximal k-face Cpz,Dq of cl
�
Qpz,Dq

�
XXkpzq is setwise stabilized, which is of type

Θz by construction.
Let F be a k-face contained in Xkpzq which is setwise stabilized by StabGpAqpzq.

According to Proposition 7.13(3), there is a k-chamber C P Rk

�
Cpz,Dq

�
such that F is

a k-face of C. Suppose that F is of type Θz. Thus inside the spherical building Xkpzq
of type Φz, since Cpz,Dq is a k-face of C of type Θz, we get that F � Cpz,Dq, by
uniqueness of a face with given type of a chamber. Hence F � Cpz,Dq is the unique
face of Xkpzq of type Θz which is stabilized by StabGpAqpzq. □

Corollary 7.15. Let Q � Qpx,Dq and Q1 � Qpx1, D1q be two k-sector faces in Xk
such that D,D1 P Gpkq �DΘ

0 , for some Θ � ∆. Let Qpy2, Dq � Qpx,Dq and Qpy12, Dq �
Qpx1, D1q be the subsectors given by Proposition 7.13. For any two points z P Qpy2, Dq �
Q, z1 P Qpy12, D

1q � Q1, and any g P GpAq:

g � z � z1 ñ g � Cpz,Dq � Cpz1, D1q.

Proof. Let z P Qpy2, Dq, z1 P Qpy12, D
1q and g P GpAq be such that g � z � z1. By

de�nition, we have that g � Xkpzq � Xkpz1q whence the spherical buildings Xkpzq and
Xkpz1q have the same type Φz � Φz1 . Then, according to Corollary 7.14, the k-face
Cpz,Dq (resp. Cpz1, D1q) is the unique face of type Θz stabilized by the group StabGpAqpzq
(resp. StabGpAqpz

1q), in the spherical building Xkpzq (resp. Xkpz1q). Thus, g � Cpz,Dq �
Cpz1, g �Dq is a k-face which is a face of g � Xkpzq � Xkpz1q. It is of type Θz � Θz1 , by
Lemma 7.9, since g � D P Gpkq � DΘ

0 and Φz � Φz1 . This face g � Cpz,Dq is stabilized
by the group g StabGpAqpzqg

�1 � StabGpAqpz
1q whence, by uniqueness, we get that

g � Cpz,Dq � Cpz1, D1q. □

Notation 7.16. For any Θ � ∆, denote by SecΘk the set of k-sector faces whose the
direction D belongs to Gpkq � DΘ

0 . We denote by sp-SecΘk the k-sector faces in SecΘk
whose the tip is a special vertex.

For instance, Sec∆k is the set of points and sp-Sec∆k is the set of special k-vertices.
The set of rational sector chambers is SecHk � SecpXkq.
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We now recursively apply Corollary 7.15 in order to prove that, inside a small enough
subsector face of a given k-sector face Qpx,Dq, if any two vertices are in the same GpAq-
orbit, the action of a certain element of GpAq onto the subsector stabilizes its visual
boundary. More precisely,

Proposition 7.17. For any Θ � ∆, there exists a map tΘ : sp-SecΘk Ñ sp-Sec∆k
such that for any sector faces Qpx,Dq, Qpx1, D1q P SecΘk whose tips x, x1 are special
vertices, the two subsector faces Q

�
y3, Dq � Qpx,Dq and Qpy13, D

1q � Qpx1, D1q with

y3 � tΘ
�
Qpx,Dq

�
and y13 � tΘ

�
Qpx1, D1q

�
satisfy that, for any v P Qpy3, Dq, any

w P Qpy13, D
1q and any g P GpAq:

w � g � v ñ D1 � g �D.

In fact, one can omit the �special vertices� assumption making a use of rami�ed
extensions. See Corollary 7.24 for a more general statement.

Proof. Given a k-sector face Qpx,Dq, there exists a point y2px,Dq P Xk such that
Q
�
y2px,Dq, D

�
� Qpx,Dq satis�es the conditions of Proposition 7.13. According

to Lemma 7.4(2), whenever x is special, there exists a special vertex y3px,Dq P

Q
�
y2px,Dq, D

�
such that clk

�
Q
�
y3px,Dq, D

�	
� Q

�
y2px,Dq, D

�
� Qpx,Dq. Hence,

we can de�ne a special k-vertex by tΘ
�
Qpx,Dq

�
:� y3px,Dq P XkpDq. This de�nes a

map tΘ : sp-SecΘk Ñ sp-Sec∆k .
Consider Qpx,Dq and Qpx1, D1q P sp-SecΘk and denote by y3 :� tΘ

�
Qpx,Dq

�
and by

y13 :� tΘ
�
Qpx1, D1q

�
. We introduce some notation for this proof. Let A be an apartment

of Xk that containsQpy3, Dq and let T1 be the maximal k-torus ofGk :� Gbk associated
to A. Denote by Φ1 � ΦpGk, T1q the root system of Gk associated to T1. There is a
vector chamber rD so that D is a face of rD and a basis ∆1 � ∆p rDq of Φ1 associated torD. Denote by Φ�

1 the subset of positive roots of Φ1 associated to ∆1. Let ΘD � ∆1 the
subset of simple roots associated to D, i.e.

D � tx P A : @α P ∆1 ∖ΘD, αpxq ¡ 0 and @α P ΘD, αpxq � 0 u.

As in section 3.5.2, introduce Φ0
D � tα P Φ : α P VectRpΘDqu, Φ

�
D � Φ�

1 ∖ Φ0
D and

Φ�
D � Φ�

1 ∖ Φ0
D so that Φ1 � Φ�

D \ Φ0
D \ Φ�

D. We identify the roots of Φ1 with linear
forms on A so that, for all v P Qpy3, Dq, we have:

(31) Qpv,Dq � tz P A : @α P ∆1 ∖ΘD, αpzq ¥ αpvq and @α P ΘD, αpzq � αpvqu.

If D � D1 � 0 (i.e. Θ � ∆), there is nothing to prove. Thus, in the following, we assume
that D � 0, i.e. ΘD � ∆1.

For any point v P Qpy3, Dq, we de�ne recursively subsets Ωnpv,Dq by:

 Ω0pv,Dq :� tvu and Ω1pv,Dq :� cl
�
Cpv,Dq

�
;

 Ωn�1pv,Dq :�
¤

wPΩnpv,Dq

cl
�
Cpw,Dq

�
.

The sequence
�
Ωnpv,Dq

�
nPN is increasing and we set Ω8pv,Dq :�

�
nPNΩnpv,Dq. We

divide the proof in �ve steps, where the �rst two steps study the subsets Ω8pv,Dq.
First claim: For every point v P cl

�
Qpy3, Dq

�
, we have cl

�
Cpv,Dq

�
� cl

�
Qpy3, Dq

�
.

Let v P cl
�
Qpy3, Dq

�
be an arbitrary point. By de�nition 7.12, cl

�
Cpv,Dq

�
is the

enclosure of the germ at v of the k-sector face Qpv,Dq. This enclosure is contained in
the enclosure of the germ at v of Qpy3, Dq, which is contained in cl

�
Qpy3, Dq

�
. Thus,

cl
�
Cpv,Dq

�
is contained in cl

�
Qpy3, Dq

�
, whence the claim follows.

Second claim: For the enclosure of Ω8pv,Dq, we have the inclusions

Qpv,Dq � cl
�
Qpv,Dq

�
� cl

�
Ω8pv,Dq

�
� cl

�
Qpy3, Dq

�
.

We start by proving the last inclusion. By induction, we prove that Ωnpv,Dq �
cl
�
Qpy3, Dq

�
. Indeed, Ω0pv,Dq � tvu � Qpy3, Dq � cl

�
Qpy3, Dq

�
by de�nition. More-

over, if Ωnpv,Dq � cl
�
Qpy3, Dq

�
, then for every w P Ωnpv,Dq, we have by �rst claim that



QUOTIENTS OF THE BRUHAT-TITS BUILDING BY tP u-ARITHMETIC SUBGROUPS 45

cl
�
Cpw,Dq

�
� cl

�
Qpy3, Dq

�
. Therefore Ωn�1pv,Dq � cl

�
Qpy3, Dq

�
. Thus Ω8pv,Dq ��

nPNΩnpv,Dq � cl
�
Qpy3, Dq

�
. Hence, we get cl

�
Ω8pv,Dq

�
� cl

�
Qpy3, Dq

�
.

In order to prove that cl
�
Qpv,Dq

�
� cl

�
Ω8pv,Dq

�
, we consider the quantity

ε � min
αPΦ�D

�
inf

w0Pvert
�
cl
�
Qpv,Dq

�� � sup tαpwq � αpw0q, w P Cpw0, Dqu
	


.

Since any k-face Cpw0, Dq is a bounded open subset of A we have that ε   8. Moreover,
since A contains a �nite number of k-faces up to isomorphism

inf
w0Pvert

�
cl
�
Qpv,Dq

�� � sup tαpwq � αpw0q, w P Cpw0, Dqu
	
¡ 0,

whence ε ¡ 0 by �niteness of Φ�
D. We prove by induction that

(32) @n P N, @α P Φ�
D, Dw P vert

�
cl
�
Ωnpv,Dq

��
, αpwq � αpvq ¥ nε

For n � 0, it is obvious. Induction step: Let α P Φ�
D and n P N. Assume that

Dw P vert
�
Ωn�1pv,Dq

�
, αpwq � αpvq ¥ pn � 1qε. Since cl

�
Cpw,Dq

�
� Cpw,Dq is a

polytope in an Euclidean space, the supremum

sup
 
αpw1q � αpwq, w1 P Cpw,Dq

(
� max

 
αpw1q � αpwq, w1 P cl

�
Cpw,Dq

�(
is a maximum reached at some vertex wα P cl

�
Cpw,Dq

�
. Since w P vert

�
Ωn�1pv,Dq

�
,

we have by de�nition that wα P Ωnpv,Dq. By de�nition of ε, we get that αpwαq�αpwq ¥
ε. Thus

αpwαq � αpvq � αpwαq � αpwq � αpwq � αpvq ¥ ε� pn� 1qε � nε.

It concludes the induction and proves property (32).
For α P Φ1 and λ P R, denote by Dpα, λq � tw P A, αpwq ¥ λu the half-space of A

with boundary in the hyperplane Hpα, λq � kerpα� λq. For α P Φ�
D, the property (32)

applied to �α P Φ�
D gives that

@n P N, Dw P Ω8pv,Dq, αpwq ¤ αpvq � nε

Thus, there is no half-apartment of the form Dpα, λq, with α P Φ�
D, which contains

Ω8pv,Dq. For α P Φ0
DYΦ�

D, we prove that, if Dpα, λq contains Ω8pv,Dq, then Dpα, λq
contains Qpv,Dq. Indeed, since v P Ω8pv,Dq, ifDpα, λq contains Ω8pv,Dq, then αpvq ¥
λ. Moreover, since α P Φ0

D Y Φ�
D, it follows from Equation (31) that αpzq ¥ αpvq,

for all z P Qpv,Dq, with equality for all z exactly when α P Φ0
D. Hence, we get

αpzq ¥ αpvq ¥ λ, whence we deduce that Dpα, λq contains Qpv,Dq. Thus, by de�nition
of the enclosure, we conclude that cl

�
Ω8pvq

�
� cl

�
Qpv,Dq

�
. This proves the second

claim.
Third claim: The visual boundary of cl

�
Qpy3, Dq

�
equals B8Qpy3, Dq � B8D.

Recall that visual equivalence on geodesical rays is introduced in 3.6. Obviously,
B8 cl

�
Qpy3, Dq

�
� B8Qpy3, Dq.

Conversely, by de�nition Qpy3, Dq �
�
αPΦ0

D
Hpα, λαqX

�
αPΦ�D

Dpα, λαq, where λα �

αpy3q P R. Then, by de�nition of the enclosure, we obtain that

cl
�
Qpy3, Dq

�
�

£
αPΦ0

DYΦ�D

Dpα, bαq

where bα � maxtµ P Γα, µ ¤ λαu (with Γα � Z since G is split). Let r be a geodesical
ray in cl

�
Qpy3, Dq

�
, which is contained in some k-apartment. For any point w P r and

any α P Φ0
D, we have that bα ¤ αpwq ¤ �b�α. This implies that the linear form α

is bounded whence constant on r. Let us �x a point w0 P r. Then, r is in the same
parallelism class as r�w0�y3, which is contained in Qpy3, Dq, whence the result follows.
Fourth claim: For any vertices v P Qpy3, Dq, w P Qpy13, D

1q, any g P GpAq such
that w � g � v, and any n P N, we have g � Ωnpv,Dq � Ωnpw,D

1q.
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We prove the fourth claim by induction on n. For n � 1, since v is a point of Qpy3, Dq
and w is a point of Qpy13, D

1q, Corollary 7.15 shows that g � Cpv,Dq � Cpw,D1q, whence
g � Ω1pv,Dq � Ω1pw,D

1q by taking the enclosure.
Now, suppose n ¥ 2 and g�Ωn�1pv,Dq � Ωn�1pw,D

1q. Let ω P Ωnpv,Dq be any point.
Then, by de�nition, there is a point ν P Ωn�1pv,Dq such that ω P cl

�
Cpν,Dq

�
. Since

ν P Ω8pv,Dq � cl
�
Qpy3, Dq

�
� Qpy2, Dq, we deduce that ν is an point of Qpy2, Dq.

Moreover, since g � ν P Ωn�1pw,D
1q � cl

�
Qpy13, D

1q
�
� Qpy12, D

1q, the point g � ν is a
point in Qpy12, D

1q. Thus, by Corollary 7.15, we have that g �ω P g �Cpν,Dq � Cpg �ν,D1q.
Since ν P Ωn�1pv,Dq, we have that g � ν P Ωn�1pw,D

1q by induction assumption. Thus
g � ω P Ωnpw,D

1q by de�nition. Hence, we have shown that g � Ωnpv,Dq � Ωnpw,D
1q.

Since v � g�1 � w with g�1 P GpAq, we deduce the converse inclusion, which concludes
the induction step.
End of the proof: Let v P Qpy3, Dq, w P Qpy13, D

1q be two points and g P GpAq be
such that g � v � w. Then, the fourth claim gives that g �Ω8pv,Dq � Ω8pw,D

1q. Since
the action of GpAq preserves the simplicial structure, we have that g � cl

�
Ω8pv,Dq

�
�

cl
�
Ω8pw,D

1q
�
. Since, by de�nition and the third claim, we have that B8Qpv,Dq �

B8 cl
�
Qpy3, Dq

�
� B8D and B8Qpw,D1q � B8 cl

�
Qpy13, D

1q
�
� B8D

1, the second
claim gives that B8 cl

�
Ω8pv,Dq

�
� B8D and B8 cl

�
Ω8pw,D

1q
�
� B8D

1, whence
g � B8D � B8D

1. Thus, by the correspondence between vector chambers and their
visual boundaries (c.f. �3.6), we deduce that g �D � D1. □

7.4. GpAq-orbits of special vertices of subsector faces. As stated in � 6.3, there
are various cases in which one can upper bound the abstract group MΨphq by a suitable
A-module but, because of non-commutativity of UΨpkq, we cannot upper bound this
group for an arbitrary Chevalley group and an arbitrary ground �eld F. Thus, we do
the following assumption in order to provide some �nite dimensional properties on some
F-vector spaces:
Lemma 7.18. Let Ψ � Φ� be a closed subset of positive roots and let h P Gpkq. Assume
one of the following cases is satis�ed:

(case I) G � SLn or GLn for some n P N,
(case II) Ψ is linearly independent in VectRpΦq and h P H � tn�1u, n P N sph, u P

U�pkqu as de�ned in � 6, Equation (5),
(case III) F is a �nite �eld.

Then, for any family z �
�
zα
�
αPΨ

of values zα P R, the F-vector space spanned by!�
xα

�
αPΨ

PMΨphq : νpxαq ¥ zα, @α P Ψ
)
,

in the k-vector space kΨ �
�
Gapkq

�Ψ
� ψ�1

�
UΨpkq

�
is �nite dimensional over F.

Notation 7.19. For any family z �
�
zα
�
αPΨ

of values zα P R, we denote by VΨphqrzs
the F-vector space spanned by

!�
xα

�
αPΨ

P MΨphq : νpxαq ¥ zα, @α P Ψ
)
, as given by

Lemma 7.18.

Proof. Let π P k be a uniformizer of the complete discretely valued ring O. For any
α P Ψ, denote by mα P Z the integer such that tx P O, νpxq ¥ zαu � πmαO.

In the (case I), consider the non-zero fractional A-ideals Ji,jphq de�ned by Lemma 6.6.
For α � αi,j P Ψ, denote by qαphq � Ji,jphq. In the (case II), for α P Ψ, denote by
qαphq � qΨ,αphq the non-zero fractional A-ideals given by Proposition 6.8. Then, in
both cases,

MΨphq �
à
αPΨ

qαphq.

Since F � AXO, we have that any intersection of a fractional A-ideal with a fractional
O-ideal is an F-vector space. Thus, we deduce that

VΨphqrzs �
à
αPΨ

�
qαphq X πmαO

�
.
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Moreover, since each F-vector space q X πmO is �nite dimensional (c.f.[Sti09, �1,
Prop. 1.4.9]), we deduce that

À
αPΨ

�
qαphqXπ

mαO
�
is also a �nite dimensional F-vector

space. Hence, so is VΨphqrzs as subspace.
Now, assume that F is a �nite �eld (case III). As in [Mas01, Lemma 1.1], we know

that νP pxq ¤ 0, for all x P A. Then, for each x P A, the open ball centered at x of radius
r   1 does not intersect A. This proves that the ring A is a discrete subset of the local
�eld K for the νP -topology. Hence, the topological group GpAq is a discrete subgroup
of GpKq. Thus, we get that UΨpkqXhGpAqh

�1 is a discrete subgroup of UΨpKq. Since
the isomorphism ψ : KΨ Ñ UΨpKq is naturally a homeomorphism, the group MΨphq
is a discrete subgroup of KΨ. As intersection of the discrete subset MΨphq with the

compact subset
À

αPΨ π
mαO of KΨ, the set

!�
xα

�
αPΨ

PMΨphq : νpxαq ¥ zα, @α P Ψ
)

is �nite. Hence it spans a �nite dimensional F-vector space of kΨ. □

Proposition 7.20. Let Q � Qpx,Dq be a k-sector face of Xk. Assume that x is a
special k-vertex and that one of the following cases is satis�ed:

(case I) G � SLn or GLn for some n P N;
(case II) Q is a sector chamber;
(case III) F is a �nite �eld.

Then there exists a subsector face Qpy3, Dq such that any two di�erent special k-vertices
v, w P Qpy3, Dq are not GpAq-equivalent.

Proof. We get, as in the proof of Proposition 7.13 that there are a subset Θ � ∆,
elements u P U�pkq and n P N sph such that the element h � n�1u P Gpkq satis�es
h � D � DΘ

0 . Let y3 � tΘ
�
Qpx,Dq

�
be the special k-vertex given by Proposition 7.17.

De�ne y13 � h � y3 P A0.
Let v, w P Qpy3, Dq be two arbitrary k-special vertices, and set v1 � h � v, w1 �

h � w P Qpy13, D
Θ
0 q. Assume that there exists g P GpAq such that g � v � w. We want to

prove that v � w. By Proposition 7.17, we have g �D � D. Equivalently, the element
b � hgh�1 satis�es b � DΘ

0 � DΘ
0 . Hence, it follows from Lemma 4.3 that b P PΘpkq.

Note that by de�nition

(33) g StabGpkqpvq g
�1 � StabGpkqpwq.

Moreover, b � v1 � hg � v � h � w � w1. Hence, we get that

(34) b StabGpkqpv
1q b�1 � StabGpkqpw

1q.

Consider the subgroup Gh � hGpAqh�1 � Gpkq. Since b P Gh, we deduce by intersect-
ing both sides of Equality (34) with Gh, that

(35) b StabGhpv1q b�1 � StabGhpw1q.

Let
�
ΨΘ
i

�
1¤i¤m

be the family of subsets of Φ� given by Proposition 5.6 when Θ � H,
or by Corollary 5.12 when Θ � H, and pick a family pβiq1¤i¤m of positive roots such
that βi P ΨΘ

i ∖ ΨΘ
i�1 (with ΨΘ

0 � H). We prove by induction on i P J1,mK that
βipv

1q � βipw
1q.

Intersecting both sides of the Equality (35) with the subgroup UΨΘ
i
pkq, we get

b StabGhpv1q b�1 XUΨΘ
i
pkq � StabGhpw1q XUΨΘ

i
pkq.

Since ΨΘ
i isWΘ-stable, and satis�es (C1) and (C2), applying Corollary 5.10, we get that

UΨΘ
i
is normalized by PΘ. Hence

(36) b
�
StabGhpv1q XUΨΘ

i
pkq

�
b�1 � StabGhpw1q XUΨΘ

i
pkq.
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Denote by ψi �
±
αPΨΘ

i
θα : kΨ

Θ
i Ñ UΨΘ

i
pkq the natural group isomorphism deduced

from the épinglage. For any special vertex z P Qpy13, D
Θ
0 q, we consider the group

Mirzs :�ψ
�1
i

�
StabGhpzq XUΨΘ

i
pkq

	
�ψ�1

i

�
Gh XUΨΘ

i
pkq

�
X ψ�1

i

�
StabGpKqpzq XUΨΘ

i
pkq

�
� kΨ

Θ
i ,(37)

and we analyse separately the both sides of the latter intersection. On the one hand,
by de�nition given by (6), we have that

Gh XUΨΘ
i
pkq � ψi

�
MΨΘ

i
phq

�
.

On the other hand, since z is a special vertex, for each α P ΨΘ
i we have that αpzq P Z.

Thus, it follows from [BT72, 6.4.9], applied to G which is split, that

StabGpKqpzq XUΨΘ
i
pkq �

¹
αPΨΘ

i

Uα,zpkq �
¹
αPΨΘ

i

θα
�
π�αpzqO

�
� ψi

�� à
αPΨΘ

i

π�αpzqO

�,
where π P k is a uniformizer of O. Thus Equation (37) becomes

(38) Mirzs �MΨΘ
i
phq X

à
αPΨΘ

i

π�αpzqO.

If Q is a sector chamber (case II), then Θ � H, whence ΨH
i is linearly in dependant

according to Corollary 5.12. Hence, in any of the cases (case I), (case II) or (case III),
we deduce by Lemma 7.18 that

Virzs :� VΨΘ
i

��
� αpzq

�
αPΨΘ

i

�
� VectF

�
Mirzs

�
,

is a �nite dimensional F-vector space. De�ne
Vβi :� ψi � θ

�1
βi

�
Jβiphq

�
,

where Jβiphq is one of the non-zero A-ideals considered in Riemann-Roch identity (26)
(this is possible because Φz � Φ since z is special, whence βi P Φ�

z ). In particular, Vβi
is an F-vector space contained in the subset MΨΘ

i
phq. Thus, since Vβi � MΨΘ

i
phq, we

get that

Vβi X
� à
αPΨΘ

i

π�αpzqO
�
� Vβi XMΨΘ

i
phq X

� à
αPΨΘ

i

π�αpzqO
�

� Vβi X Virzs � Vβi X
� à
αPΨΘ

i

π�αpzqO
�
.

Hence we get that

(39) Virzs X Vβi � Vβi X
� à
αPΨΘ

i

π�αpzqO
�
� ψi � θ

�1
βi

�
Jβiphq X π�βipzqO

�
.

According to Corollary 5.10 applied to ΨΘ
i , we obtain a k-linear automorphism fb :

kΨ
Θ
i Ñ kΨ

Θ
i such that

ψi � fb � ψ
�1
i : x ÞÑ bxb�1.

Thus, using Equality (36), it induces an F-linear isomorphism

Virw
1s � VectF

�
Mirw

1s
	
� VectF

�
fb
�
Mirv

1s
�	
� fb

�
Virv

1s
�
� Virv

1s.

Up to exchanging v1 and w1, we can assume without loss of generality that βipv1q ¤
βipw

1q so that π�βipv
1qO � π�βipw

1qO.

By construction, the family
�
pβiq|ΘK

	
1¤i¤m

is a basis which is adapted to the com-

plete �agVectR
��

ΨΘ
i

�
|ΘK

	
. Moreover, by induction assumption βjpv1q � βjpw

1q for each

j   i. In particular, since DΘ
0 � ΘK, we have that αpv1q � αpw1q for any α P ΨΘ

i�1. Since
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z1 � v1 � w1 P
�
ΘYΨΘ

i�1

�K
, we deduce by Proposition 5.6 that for any α P ΨΘ

i ∖ΨΘ
i�1,

the sign of αpz1q is the same as that of βipz1q. As a consequence, we have αpv1q ¤ αpw1q
for any α P ΨΘ

i .
Hence, Equation (38) gives that Mirv

1s � Mirw
1s and therefore Virv1s is a subspace

of Virw1s. Since they have the same dimension over F, we deduce that Virv1s � Virw
1s.

Hence, Equality (39) applied to v1 and to w1 gives that

dimF Jβiphq
�
βipv

1q
�
� dimF Virv

1s X Vβi � dimF Virw
1s X Vβi � dimF Jβiphq

�
βipw

1q
�
,

since ψ�1
i �θβi is an injective k-linear endomorphism. As a consequence, because v1, w1 P

Qpy13, D
Θ
0 q, the Riemann-Roch Equality (26) gives that βipv1q � βipw

1q, whence we
conclude the induction.

Therefore, we deduce that βipv1q � βipw
1q for every i P J1,mK. Because

�
ΨΘ
m

�
ΘK

is a
generating set of pΘKq�, we deduce that v1 � w1 and therefore v � w, which concludes
the proof. □

7.5. GpAq-orbits of arbitrary points.

Lemma 7.21. Let A P Mm,npZq. There exists an integer dA P N, depending on A,
such that for any b P pZqn, the vertices of the polytope Pb :� tz P Rn, Az ¤ bu belongs

to
�

1
dA

Z
	n

.

Proof. De�ne d P N as the lowest common multiple of the determinants of submatrices
of rank n of A. Note that d � 0 is well-de�ned by assumption on the rank equal to
n of the considered submatrices, and that d � 1 whenever A is not of rank n. Let
b P pZqn. Let y P Pb be any vertex (if there exists). Then, there is a submatrix A1 of A
of rank n and a corresponding submatrix b1 of b so that A1y � b1. Thus y1 � pA1q�1b1 �

1
detpA1q CompA

1qJb1 P
�
1
dZ

�n
since detpA1q|d. Whence the result follows. □

Let Φ be a root system with Weyl group W � W pΦq and let A0 be the Coxeter
complex associated to Φ whose walls are the hyperplanes associated to the a�ne forms
α � ℓ for α P Φ and ℓ P Z. Let ∆ be a basis of Φ and W � be the �nite Weyl
group associated to Φ. Denote by ϖα the fundamental coweight associated to α P ∆.
Let AffpA0q � GLpA0q 
 A0 be the a�ne group the real a�ne space A0. Then, the
subgroup of AffpA0q preserving the tiling of A0 is �W �W 


À
αP∆ Zϖα

13.

Proposition 7.22. Let V � Rn be a �nite dimensional vector space and let Φ � V �

be a root system of rank n, with basis ∆ and Weyl group W � GLnpZq. Denote by A0

the a�ne Coxeter complex structure on V associated to Φ and let �W � W 
 Zn be the
a�ne subgroup of GLpV q 
 V preserving the Coxeter complex structure.

There exists a positive integer e P N (only depending on Φ) such that for any rg P �W
and any point x P V �xed by rg, there exists z P V such that the translation τz by z
commutes with rg and τz � x � x� z P clpxq X

�
1
eZ

�n
� Rn.

Proof. Let VQ � Qn and let pϖ1, . . . , ϖnq be its canonical basis of fundamental
coweights. Let w PW and consider the eigenspace Vwp1q � kerpw� idq in VQ. Since W
is a �nite group, w P GLnpZq is semisimple over Q, whence there exists a w-stable com-
plementary subspace V 1

wp1q of Vwp1q in VQ. Since w� id is invertible over V 1
wp1q � Qm,

there is a positive integer tw so that pw�idq�1
V 1w
�

�
ui,j

�
1¤i,j¤m

P GLmpQq has coe�cients

in 1
tw
Z.

Let pe1, . . . , enq be an adapted basis to the decomposition VQ � V 1
wp1q ` Vwp1q so

that pe1, . . . , emq is a basis of V 1
wp1q and pem�1, . . . , enq is a basis of Vwp1q (which are

eigenvectors). There exist positive integers rw, sw P N and rational coe�cients λi,j P 1
rw

Z
and µi,j P 1

sw
Z so that ϖi �

°n
j�1 λi,jej and ej �

°n
i�1 µi,jϖi. De�ne cw � rwswtw P N.

13In general, the a�ne Weyl group W aff � W 

À

αP∆ Zα_ is a proper subgroup of �W .



QUOTIENTS OF THE BRUHAT-TITS BUILDING BY tP u-ARITHMETIC SUBGROUPS 50

We claim that for any y P ZnXV 1
wp1q, we have that pw� idq�1pyq P

�
1
cw
Z
	n

. Indeed,

write y �
°n
i�1 yiϖi �

°
1¤i¤n
1¤j¤m

yiλi,jej . Then

pw � idq�1pyq �
¸

1¤i¤n
1¤j¤m
1¤k¤m

yiλi,juk,jek �
¸

1¤i¤n
1¤j¤m
1¤k¤m
1¤ℓ¤n

yiλi,juk,jµℓ,kϖℓ

where yiλi,juk,jµℓ,k P
1

rwswtw
Z � 1

cw
Z.

Let rg P �W and let x P V � VQ b R be a �xed point of rg � pw, vq with w P W and
v P Zn. Write x � x1�x

1 and v � v1�v
1 with x1, v1 P Vwp1qbR and x1, v1 P V 1

wp1qbR.
Then rg �x � wpxq�v � x, whence wpx1q�x1 � �v1 and wpx1q�x1 � �v1. Thus v1 � 0
and x1 � pw � idq�1

V 1w
p�v1q.

By construction x1 P
�

1
cw
Z
	n

. For α P Φ, de�ne bα � tαpxqu � αpx1q P 1
cw
Z. Since

the roots α P Φ are linear forms with coe�cients in Z, the cwbα belongs to Z and
w P GLnpZq, the polytope
P :�

�
x1 � V1pwq b R

�
X clpxq

�
 
x1 � z, z P V1pwq b R, and @α P Φ, αpx1 � zq ¥ tαpxqu

(
�x1 � tz P Rn, pw � idqpzq ¥ 0 and pid�wqpzq ¥ 0 and @α P Φ, cwαpzq ¥ cwbαu

is de�ned by inequalities with coe�cients in Z. Hence, according to Lemma 7.21, there
is an integer dw which only depends on w P W and Φ, but not on v1, such that the

vertices of P belongs to
�

1
dw

Z
	n

.

De�ne e :� lcmpdw, w P W q and let y P clpxq be any vertex of P . Then y P
�
1
eZ

�n
.

De�ne z � y � x P Vwp1q b R and τz the translation by z, so that τzpxq � y P
clpxq X

�
1
eZ

�n
. Then z is a �xed point of w so that τz commutes with rg. Whence the

result follows for the integer e P N, only depending on Φ. □

Corollary 7.23. Let Q � Qpx,Dq be a k-sector face of Xk whose tip x is an arbitrary
point (not necessarily a vertex). Assume that G � SLn or GLn, or that Q is a sector
chamber, or that F is �nite. Then, there exists a subsector face Qpy4, Dq such that any
two di�erent points v, w P Qpy4, Dq are not GpAq-equivalent.

Proof. Consider the positive integer e P N given by Proposition 7.22 applied to the root
system Φ. Let D Ñ C (resp. B{A, ℓ{k, etc.) be a �nite extension of degree e rami�ed
at P as given by Lemma 7.1.

We prove this corollary in 3 steps: �rstly, x, v, w are assumed to be ℓ-vertices and x
is furthermore assumed to be special; secondly x is assumed to be a special ℓ-vertex and
v, w are any points in the sector face; �nally, x, v, w are in the general consideration of
the statement.
First step: Assume that x P Xk is a special ℓ-vertex.
Let ℓ1{ℓ be a �eld extension given by Lemma 7.3, and B1{B the corresponding ring

extension. Let i : Xℓ Ñ Xℓ1 be the canonical Gpℓq-equivariant embedding as introduced
in section 3.4. Note that since G is split, one can identify the standard apartment of
Xℓ1 with that of Xℓ [BT72, 9.1.19(b)] and the ℓ-walls are sent onto some ℓ1-walls by
i. Hence, the vertices of Xℓ identi�es via i with the ℓ-vertices of Xℓ1 . In particular,
the standard vertex x0 � ipx0q is an ℓ-vertex of Xℓ1 . Thus, by assumption on ℓ1{ℓ,
the ℓ-vertex x, identi�ed with ipxq, is in the Gpℓ1q-orbit of the standard special vertex
ipx0q of Xℓ1 because both are ℓ-vertices. Since G is split, the root systems of Gℓ and
Gℓ1 are the same, whence Qpx,Dq identi�es with an ℓ1-sector face in Xℓ1 . According to
Proposition 7.20, there is a point y3 of Qpx,Dq such that any special ℓ1-vertices v, w of
the subsector face Qpy3, Dq are not GpB1q-equivalent, therefore not GpBq-equivalent,
whence not GpAq-equivalent. In particular, this proves the corollary for ℓ-vertices of
ℓ-sector faces whose tip is a special ℓ-vertex.
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According to Lemma 7.4(2), since x is a special ℓ-vertex, there exists a special k-vertex
y4 such that clℓ

�
Qpy4, Dq

�
� Qpy3, Dq.

Second step: Assume that v, w are any two points of Qpy4, Dq that are GpAq-
equivalent and write w � g � v with g P GpAq.

Let Fv � clℓpvq and Fw � clℓpwq be the ℓ-enclosure of the points v and w respectively
(that are closure of ℓ-faces). These enclosure of faces are contained in Qpy3, Dq. Be-
cause the action of GpAq preserves the simplicial structure of Xℓ, we have that g sends
the ℓ-vertices of Fw � Qpy3, Dq onto the ℓ-vertices of Fv � Qpy3, Dq. Hence g �xes
these vertices according to the previous step of the proof, whence g �xes Fw � Fv. In
particular, w � v.
Third step: Assume that x is any point of Xk.
Let h � n�1u P H (with u P U�pkq and n P N sph) so that D � h�1 � DΘ

0 and
A :� h�1 � A0 is a k-apartment containing Qpy2, Dq as given by Proposition 7.13.

According to Lemma 7.5, there is a �nite subset Ω consisting of special ℓ-vertices such
that any special ℓ-vertex of clk

�
Qpx,Dq

�
belongs to clk

�
Qpω,Dq

�
for some ω P Ω.

For any ω P Ω, there is a point y4pωq, given by second step, such that any two points
v, w P Q

�
y4pωq, D

�
are not GpAq-equivalent. Let T1 be the K-torus associated to A as

in the proof of Proposition 7.17, and let ΘD be the simple roots in a basis ∆D de�ning
the vector face D. Let y4pxq be the point of Qpx,Dq � A de�ned so that#

@α P ΘD, α
�
y4pxq

�
� max

!
α
�
y4pωq

�
� 1, ω P Ω

)
;

@α P ∆D ∖ΘD, α
�
y4pxq

�
� αpxq.

Let z be any special ℓ-vertex of clk
�
Q
�
y4pxq, D

�	
. Then z P clk

�
Q
�
x,D

�	
and, by

de�nition of Ω, there is ω P Ω such that z P clk
�
Qpω,Dq

�
. Moreover, for any α P ΘD,

we have that
αpzq ¡ α

�
y4pxq

�
� 1 ¥ y4pωq.

Hence z P Q
�
y4pωq, D

�
.

Let v, w P Q
�
y4pxq, D

�
and g P GpAq so that g � v � w. Let v0 � h � v and w0 �

h � w P A0. Let g0 � hgh�1 so that w0 � g0 � v0. Let Fv, Fw be the k-faces containing
v and w respectively. Let zv be any k-vertex of Fv. Since the action of GpAq preserves
the k-structure, zw :� g � zv is a k-vertex of Fw. These two vertices zv, zw are special
ℓ-vertices, hence they belongs to some Q

�
y4pωvq, D

�
and Q

�
y4pωwq, D

�
respectively, for

some ωv, ωw P Ω. Therefore, by Proposition 7.17 applied with these two special ℓ-vertices
zv, zw in the suitable subsector faces Q

�
y4pωvq, D

�
and Q

�
y4pωwq, D

�
, we deduce that

g �D � D so that g0 �DΘ
0 � DΘ

0 , whence g0 P PΘpkq by Lemma 4.3.
Applying [BT72, 7.4.8] to g0, there exists n P NpKq such that @z P A0 X g�1

0 A0, g0 �

z � n � z. Hence n�1g0 �xes A0 X g�1
0 A0 which contains a subsector face of the form

Qpy0, D
Θ
0 q. Hence n�1g0 �D

Θ
0 � DΘ

0 and g0 �DΘ
0 � DΘ

0 , whence n P NpKq X PΘpKq.
Thus, n P NΘTpKq has image rg P WΘ 


À
αP∆ Zϖα in the a�ne group AffpA0q, and

@z P A0 X g�1
0 A0, g0 � z � rg � z � n � z. In particular, for any z P clk

�
Cpv0, D

Θ
0 q

�
, we

have that rg � z � g0 � z.
Decompose A0 � V Θ

0 ` V ∆∖Θ
0 . In the basis of fundamental coweights, V Θ

0 �À
αP∆∖ΘRϖα. Write v0 � vΘ � v̂, w0 � wΘ � ŵ where vΘ, wΘ P V

Θ
0 and v̂, ŵ P V ∆∖Θ

0 .
Write rg � rw
pτΘ�τ̂q with rw PWΘ, τΘ P V Θ

0 and τ̂ P V ∆∖Θ
0 . Write vΘ �

°
αP∆∖Θ zαϖα

and de�ne v1Θ �
°
αP∆∖Θrzαsϖα P

À
αP∆∖Θ Zϖα. Then z � v1Θ � vΘ P DΘ

0 is �xed byrw so that the translation by z commutes with rg. De�ne w10 :� w0 � z P Qpw0, D
Θ
0 q and

v1 :� v0 � z � v̂ � v10, so that w10 � rg � v10 since τz commutes with rg.
Note that αpv0q � αpw0q for all α P Θ since v0, w0 P Q

�
h � y4pxq, D

Θ
0

�
. Then, we have

that αpw10q � αpw0q � αpzq � αpv0q � αpzq � αpv10q for all α P Θ. Thus v̂ � ŵ. Let
ŵΘ � rw 
 τ̂ . Then rg � v10 � w10 gives ŵΘ � v

1
0 � w10, whence ŵΘ � v̂ � ŵ. Hence v̂ is a

�xed point of ŵΘ and therefore v10 is a �xed points of ŵΘ. By Proposition 7.22, there is
ẑ P V0 such that the translation τẑ by ẑ commutes with ŵΘ, whence it commutes with
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rg, and such that v10� ẑ P clkpv
1
0q X

À
αP∆

�
1
eZϖα

�
. Note that, by de�nition of ℓ, the setÀ

αP∆

�
1
eZϖα

�
is that of special ℓ-vertices of A0.

De�ne v20 � v10 � ẑ P clkpv
1
0q � clk

�
Qpv0, D

Θ
0 q

�
and w20 � rg � v20 . Note that v20 is a

special ℓ-vertex, whence so is w20. Since g0 �Qpv0, D
Θ
0 q � Qpw0, D

Θ
0 q and it preserves the

simplicial k-structure, we have that g0 � clkpv10q � clkpw
1
0q � A0. Hence v20 P A0 X g

�1
0 A0

so that g0 � v20 � rg � v20 � w20.
Since h�1v10 P Q

�
y4pxq, D

�
, there is ω P Ω such that h�1 � v20 , P Q

�
y4pωq, D

�
as

being a special ℓ-vertex contained in clk

�
Q
�
y4pxq, D

�	
. Since rg P WΘ 
 V0, we have,

for any α P ∆D ∖ ΘD that αpωq � αph�1 � v20q � αph�1 � w20q. Furthermore, because
h�1 �w10 P Q

�
y4pxq, D

�
and h�1 �w20 P clkpw

1
0q, for any α P ΘD we have that αph�1 �w20q ¥

max
 
α
�
y4pωq

�
, ω P Ω

(
by de�nition of y4pxq. Hence h�1 � w20 P Q

�
y4pωq, D

�
.

Hence, according to �rst step applied with the special vertices h�1 � v20 , h
�1 � w20 P

Q
�
y4pωq, D

�
, we have that h�1 � v20 � h�1 � w20. The translation rτ :� τzτẑ commutes

with rg, hence rτ � v0 � v20 � w20 � rg � v20 � rgrτ � v0 � rτrg � v0 � rτ � w0.

Therefore v0 � w0, whence v � w. □

Note that, in third step of the proof, the set Ω depends on ℓ, x,D but not on g, v, w.
Thus, we can summarize this section in the following result:

Corollary 7.24. For any Θ � ∆, one can de�ne a map tΘ : SecΘk Ñ Sec∆k by Qpx,Dq ÞÑ
y4pxq that satis�es:

 for any sector faces Qpx,Dq, Qpx1, D1q P SecΘk , the two subsector faces
Q
�
y4, Dq � Qpx,Dq and Qpy14, D

1q � Qpx1, D1q with y4 � tΘ
�
Qpx,Dq

�
and

y14 � tΘ
�
Qpx1, D1q

�
satisfy that, for any v P Qpy4, Dq, any w P Qpy14, D

1q and
any g P GpAq:

(40) w � g � v ñ D1 � g �D;

 for any sector face Qpx,Dq P SecΘk , the subsector face Q
�
y4, Dq � Qpx,Dq with

y4 � tΘ
�
Qpx,Dq

�
satisfy that, for any v, w P Qpy4, Dq and any g P GpAq:

(41) w � g � v ñ w � v.

8. Structure of the quotient of the Bruhat-Tits building by GpAq

Let pr : X Ñ GpAqzX be the canonical projection. In this section, we describe the
topological structure of prpXkq. We start this section by describing the image of certain
k-sector chambers in the quotient space prpXkq. In order to do this, let us introduce the
following concept.

De�nition 8.1. We de�ne a cuspidal rational sector chamber of Xk as a k-sector cham-
ber Q � X , such that:

(Cusp1) for any vertex y P Q, any k-face of Xkpyq isGpAq-equivalent to a k-face contained
in Xkpyq XQ,

(Cusp2) any two di�erent points in Q belong to di�erent GpAq-orbits.

The following result describes the image in the quotient prpXkq of any cuspidal rational
sector chamber.

Lemma 8.2. Let Q be a cuspidal rational sector chamber of Xk. Then, its image
prpQq � prpXkq is topologically and combinatorially isomorphic to Q.

Proof. Let us write Q � Qpx,Dq, for certain point x P Xk and certain vector chamber
D of Xk.

We claim that, given a k-face F in the complex-theoretical union

XkpQq :�
¤
tXkpvq : v P vertpQqu,
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there exists a unique k-face F 1 in Q such that F and F 1 belong to the same GpAq-orbit.
Indeed, by de�nition of XkpQq, there exists a vertex v of Q such that F � Xkpvq. It
follows from Property (Cusp1) that there exists g P GpAq such that g � F � Xkpvq XQ.
Therefore, given a k-face F in XkpQq, there exists at least one k-face F 1 in Q that
belongs to the GpAq-orbit of F . Moreover, applying Property (Cusp2), we deduce that
the preceding k-face F 1 � Q is unique. Thus, the claim follows.

Let v be a vertex of Q. It follows from the preceding claim that the image of the star
Xkpvq in the quotient prpXkq is isomorphic to XkpvqXQ. In particular, the neighboring
vertices of prpvq in prpXkq are exactly the vertices prpwq, with w P vertpXkpvqXQq. This
implies that prpQq is combinatorially isomorphic to Q. Moreover, since for any vertex
v P Q, the image of the star Xkpvq in the quotient prpXkq is isomorphic to XkpvqXQ, the
projection p : Q Ñ prpQq is a local homeomorphism. Since Property (Cusp2) implies
that the restriction p of pr to Q is bijective, we deduce that p is an homeomorphism,
which concludes the proof. □

On the set of cuspidal rational sector chambers, we de�ne an equivalence relation by
setting:

(42) Q �GpAq Q
1 if and only if Dg P GpAq : g � B8Q � B8Q

1.

Let us �x a system of representatives CH for the preceding equivalence relation.
Note that, from the de�nition of �GpAq, we know that any subsector chamber Q1 of

a given chamber Q satis�es Q1 �GpAq Q. Then, up to replacing the elements of CH by
their subsector chambers given by Corollary 7.24, we assume that, for any Q,Q1 P CH,
we have that

(43) @v P Q, @w P Q1, g � v � w ñ g � B8pQq � B8pQ
1q.

Thus, it follows from Property (Cusp2), Property (43) and the de�nition of �GpAq

that, for any Q,Q1 P CH, with Q � Q1, we have prpQq X prpQ1q � H. It follows from
Proposition 7.13 and Corollary 7.23 that given an arbitrary k-sector chamber, it contains
a subsector chamber that is a cuspidal rational sector chamber. Since B8Q � B8Q

1

implies Q �GpAq Q
1, we have that the GpAq-orbits of the visual boundaries of chambers

in CH cover all the chambers in B8pXkq.
In order to describes the topological structure of prpXkq, in the next result, we intro-

duce some sets CΘ consisting of k-sector faces of type Θ, for Θ � ∆.

Theorem 8.3. There exists a family pCΘqΘ�∆ of sets CΘ � tQi,Θ : i P IΘu consisting
of k-sector faces of type Θ of Xk and there exists a subspace Y of Xk such that

(1) for each i P IΘ, there exists x P Xk and D P Gpkq � DΘ
0 such that Qi,Θ equals

Qpx,Dq,
(2) the set CH is a system of representatives for the equivalence relation de�ned on

the set of cuspidal rational sector chambers by Equation (42). In particular, any
two di�erent sector chambers in CH do not intersect.

(3) given a non-empty set Θ � ∆, for each pair of indices i, j P IΘ, if GpAq �Qi,ΘX
GpAq �Qj,Θ � H, then GpAq � B8pQi,Θq XGpAq � B8pQj,Θq � H,

(4) each sector chamber in CH embeds in the quotient space prpXkq � GpAqzXk,
(5) the quotient space prpXkq is a CW-complex obtained as the attaching space of

the images prpQi,Θq � prpXkq of the closures Qi,Θ of all the k-sector faces Qi,Θ
and the image prpYq of Y along certain subsets.

Moreover, when G � SLn or GLn or F is �nite, we have that any sector face in any CΘ

embeds in prpXkq.

Proof. Note that Statement (2) de�nes the set CH. Moreover, note that Statement (4)
directly follows Lemma 8.2. When Θ is not empty, we de�ne the sets CΘ by induction
on the cardinality of Θ. Firstly, assume that Θ has just one element. We denote by C0

Θ
the set of k-sector faces Qpx,Dq in Xk ∖

�
tg �Qi,H : i P IH, g P GpAqu whose direction
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D belong to Gpkq�DΘ
0 . Given a k-sector face Q � Qpx,Dq P C0

Θ there exists a subsector
face of Qpy4, Dq � Q that satis�es the Statements (1), (2) and (3) of Proposition 7.13,
Equation (40) in Corollary 7.24, and without two di�erent points in the same GpAq-
orbit when G � SLn or GLn or F is �nite, as Corollary 7.23 shows. We denote C1

Θ the
set of all the aforementioned k-subsector faces. Then, we de�ne CΘ as a representative
set of C1

Θ by the equivalence relation

(44) Q �� Q1 if and only if Dg P GpAq : g �Q � Q1,

Assume that we have de�ned CΘ1 , for each set Θ1 such that CardpΘ1q ¤ n � 1. Then,
we are able to de�ne CΘ, for each set Θ with n elements. Indeed, let us denote by C0

Θ
the set of k-sector faces Qpx,Dq contained in

Xk ∖
¤ 

g �Qi,Θ1 : i P IΘ1 ,CardpΘ
1q ¤ n� 1, g P GpAq

(
,

whose direction D belongs to Gpkq �DΘ
0 . As in the case of cardinality one, recall that,

given a k-sector face Q � Qpx,Dq P C0
Θ there exists a subsector face of Qpy4, Dq � Q

that satis�es the Statements (1), (2) and (3) of Proposition 7.13, Equation (40) in
Corollary 7.24, and without two di�erent points in the same GpAq-orbit when G � SLn
or GLn or F is �nite, as Corollary 7.23 shows. We denote C1

Θ the set of such k-subsector
faces. Then, we de�ne CΘ as a representative set for the equivalence relation de�ned
in C1

Θ by Equation (44). Thus, by induction, we have de�ned all the sets CΘ, with
Θ � ∆. Thus, Statement (1) follows by de�nition. Moreover, Statement (3) directly
follows from Corollary 7.24.

Now, we de�ne Y as the space Xk ∖
�
tg �Qi,Θ : i P IΘ,Θ � ∆, g P GpAqu. Let us

denote by prpQi,Θq and prpYq the image in prpXkq of Qi,Θ, with Qi,Θ P CΘ, and Y,
respectively. Since Xk � Y Y

� 
g �Qi,Θ : i P IΘ,Θ � ∆, g P GpAq

(
, we have

prpXkq � prpYq Y
¤ 

prpQi,Θq : i P IΘ,Θ � ∆
(
.

whence Statement (5) follows. □

The following result describes the intersection between certain cuspidal rational sector
chambers.

Lemma 8.4. Let Q and Q1 be two rational sector chambers contained in a system of
representatives for the equivalence relation de�ned in Equation (42). If QX g �Q1 � H,
for some g P GpAq, then Q � Q1 and g P StabGpAqpB8pQqq.

Proof. Let w be a point in QX g �Q1.
We claim that QX g �Q1 � H. If w P Q, then the claim follows. In any other case, w

belongs to Q∖Q. Since g �Q1 is open, there exists an open ball O � g �Q1 containing
w. Since w P Q ∖ Q and O is open, the intersection O X Q is not empty, whence the
claim follows.

Let w1 be a point in Q X g � Q1. Since w1 P Q and g�1 � w1 P Q1 belong to the same
GpAq-orbit, it follows from Equation (43) that B8pQq � g�1 � B8pQ

1q. Moreover, since
Q,Q1 P CH, we deduce that Q � Q1, whence g P StabGpAqpB8pQqq. □

Theorem 8.5. There exists a system of representatives C � tQi : i P IHu for the
equivalence relation on the cuspidal rational sector chambers de�ned in Equation (42),
and a closed connected subspace Z of X such that:

(a) the quotient space prpXkq is the union of Z and of the prpQiq � prpXkq, for
i P IH,

(b) any Qi is contained in a cuspidal rational sector chamber, in particular,
(c) prpQiq is topologically and combinatorially isomorphic to Qi,
(d) for each point x P Qi, we have StabGpAqpxq � FixGpAq

�
x� B8pQiq

�
,

(e) for each i � j, prpQiq X prpQjq � H,

(f) the intersection of Z with any prpQiq is connected.
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Proof. Let CH � tQi,H : i P IHu be given by Theorem 8.3(2). It follows from Proposi-
tion 7.6 that, up to replacing some Qi,H by subsection if needed, we can assume that
for each point x P Qi,H we have StabGpAqpxq � FixGpAq

�
x� B8pQiq

�
.

Let us de�ne C :� tQi : i P IHu as a set of sector chambers satisfying Qi � Qi,H, for
all i P IH (c.f. Lemma 7.4). Then, Statements (b) and (d) are satis�ed. Since Qi,H does
not have two di�erent points in the same GpAq-orbit, the same holds for Qi. Moreover,
since prpQi,Hq is topologically and combinatorially isomorphic to Qi,H, Statement (c)
follows. Now, assume, by contradiction, that prpQiq X prpQjq � H. Then, there exists
x1 P Qi, x2 P Qj and g1, g2 P GpAq such that g1 � x1 � g2 � x2. Since x1 P Qi,H and
x2 P Qj,H we deduce from Corollary 7.24 that pg�1

2 g1q � B8pQi,Hq � B8pQj,Hq. Then,
by de�nition of CH, we deduce that i � j. Thus, Statement (e) follows.

In that follows we de�ne Z, we prove that it is closed connected and we check State-
ments (a) and (f).
First step: Let us denote by Y 1 the space Xk ∖

�
tg � Qi : i P IH, g P GpAqu. We

claim that Y 1 is closed, GpAq-stable and that Qi X Y 1 is a stared space.
Since the sector chambers in Xk are open, the space Y 1 is closed. Moreover, note

that, since the union of the sector chambers g � Qi, for i P IH and g P GpAq, is the
union of a certain number of GpAq-orbits of sector chambers, we have that Y 1 is GpAq-
stable. For each i P IH, let us write Qi as Qpxi, Diq. Note that Qi X Y 1 is contained in
Qi X pX ∖Qi,Hq � Qi ∖Qi.

Now, we prove that Qi X Y 1 is a stared space. Let y be a point in Qi X Y 1 and let
rxi, ys � tty � p1� tqxi : t P r0, 1su be the geodesic path joining y with xi. We have to
prove that rxi, ys is contained in Qi X Y 1. Assume, by contradiction, that rxi, ys is not
contained in Qi X Y 1. Then, since rxi, ys � Qpxi, Diq, there exists a point w P rxi, ys
that is not contained in Y 1. In other words, there exists a point w that is contained
in g � Qj , for some g P GpAq and some j P IH. Thus, it follows from Lemma 8.4 that
Qi � Qj and g P StabGpAqpDiq. In particular g �Qj � Qpz,Diq, for some point z P Xk,
and then w P Qpz,Diq. If w � y, then y P Qpz,Diq, which contradicts the choice of y.
Otherwise, since w P rxi, ys, there is λ ¡ 0 such that y � w � λpy � xiq P Ai, where
Ai is an apartment containing Qpxi, Diq. Since y � xi P Di, we have that y � w P Di,
whence y P Qpw,Diq. Therefore, in an apartment containing Qpz,Diq � Qpw,Diq, we
have that y P Qpz,Diq since w P Qpz,Diq. We deduce that y R Y 1, which contradicts
the choice of y. Thus, we conclude that Qi X Y 1 is stared.
Second step: Let us de�ne Z 1 as the image of Y 1 in prpXkq. We claim that Z 1 is

closed and that Z 1 X prpQiq is connected.
Since pr : Xk Ñ GpAqzXk is an open continuous map, it follows from the �rst step

that prpY 1cq is an open set of prpX q. Since pr is surjective, we have that prpY 1qc �
prpY 1cq. Now, let y P prpY 1cq. Then y � prpxq, where x R Y 1. If y � prpzq, with
z P Y 1, then x and z belong to the same GpAq-orbit. Then, since Y 1 is GpAq-stable, we
deduce that x, z P Y 1, which is impossible. Thus y P prpY 1qc, whence we conclude that
prpY 1qc � prpY 1cq. Hence, we get that Z 1 � prpY 1q is a closed set of prpX q.

Now, we prove that, for any i P IH, we have that the intersection Z 1 X prpQiq �

prpY 1q X prpQiq is connected. Note that y P prpY 1q X prpQiq exactly when y � prpxq,
where x � g1 � x1 and x � g2 � x2, for some x1 P Y 1, x2 P Qi and g1, g2 P GpAq. Since
prpg�1

1 � xq � prpxq, up to replacing x by another representative, we assume that g1 is
trivial. Thus, we get that

prpY 1q X prpQiq � pr
� ¤
gPGpAq

Y 1 X g �Qi
�
�

¤
gPGpAq

pr
�
Y 1 X g �Qi

�
.

Since Y 1 is GpAq-invariant, we have that

pr
�
Y 1 X g �Qi

�
� pr

�
g�1 � Y 1 XQi

�
� pr

�
Y 1 XQi

�
,
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which implies that prpY 1qX prpQiq � pr
�
Y 1XQi

�
. Then, since pr is continuous and the

�rst step shows that Y 1 XQi is connected, we have that pr
�
Y 1 XQi

�
is also connected.

This proves that Z 1 X prpQiq is connected.
Third step: For any i P IH, we claim that Z 1 X

�
prpQiqq∖ prpQiqq

�
� H.

First, assume that Y 1 X pQi ∖ Qiq is empty. Then Qi ∖ Qi � Y 1c. Let xi be the tip
of Qi, which is contained in Qi ∖ Qi. Then xi P g � Qj , for some g P GpAq and some
j P IH. In particular Qi X g �Qj � H. Hence, it follows from Lemma 8.4 that Qi � Qj .
Thus, we get that xi P g � Qi. In other words xi � g � yi, for some yi P Qi. Since Qi
does not have two di�erent points in the same GpAq-orbit and xi � yi, we obtain a
contradiction. Thus, we conclude that Y 1 X pQi ∖Qiq is not empty.

Now, let x P Y 1 X pQi ∖ Qiq. Then, we have that prpxq belongs to Z 1 X�
prpQiq∖ prpQiq

�
. Indeed, prpxq P Z 1 X prpQiq. Moreover, if prpxq P prpQiq, then

x is in the same GpAq-orbit as that of a point y P Qi, whence x � y, since Qi does
not have two di�erent points in the same GpAq-orbit. This contradicts the choice of
x. Thus, the element prpxq belongs to Z 1 X

�
prpQiq∖ prpQiq

�
. In particular, it is not

empty.
Fourth step: Set Z :� Z 1 Y

�
tprpQiq∖ prpQiq : i P IHu. We claim that Z satis�es

Statements (a) and (f).
Firstly, we check Statement (a). Since X � Y 1Y

�
tg �Qi : i P IH, g P GpAqu, we have

that

(45) prpX q � Z 1 Y
¤
tprpQiq : i P IHu.

In particular, we deduce that prpX q � Z Y
�
tprpQiq : i P IHu, since Z 1 � Z.

Secondly, we prove Statement (f). For each i P IH, we have that

prpQiq X Z � prpQiq X
�
Z 1 Y

¤
tprpQjq∖ prpQjq : j P IHu

	
.

Then

prpQiq X Z �
�
prpQiq X Z 1

�
Y
�¤

tprpQiq X
�
prpQjq∖ prpQjq

�
: j P IHu

	
,

which equals
�
prpQiq X Z 1

�
Y
�
prpQiq∖ prpQiq

�
, since prpQjq X prpQiq � H if i � j.

Note that
�
prpQiq X Z 1

�
X
�
prpQiq∖ prpQiq

�
equals Z 1X

�
prpQiq∖ prpQiq

�
. In particu-

lar, the third step shows that
�
prpQiq X Z 1

�
X
�
prpQiq∖ prpQiq

�
is not empty. Therefore,

since
�
prpQiq X Z 1

�
and

�
prpQiq∖ prpQiq

�
are connected, Statement (f) follows.

Fifth step: The space Z is closed and connected.
First, we check that Z is connected. Since X is connected and pr is continuous, we

have that prpX q is connected. Note that the closure Q of any sector chamber Q can be
retracted onto its boundary, i.e. on Q∖Q. Hence, the space W obtaining by retracting
each prpQiq � Qi onto its boundary is connected. Applying this retraction in each term
of the union in Equation (45), we obtain that

W �
�
Z 1 ∖

¤
tZ 1 X prpQjq : j P IHu

	
Y
¤
tprpQjq∖ prpQjq : j P IHu.

Let W1 � pZ 1 ∖
�
tZ 1 X prpQjq : j P IHuq and W2 �

�
tprpQjq ∖ prpQjq : j P IHu.

Recall that, by second step, any space Z 1 X prpQiq is connected. Moreover, note that
W X

�
Z 1 X prpQiq

�
equals the union of

W1 X
�
Z 1 X prpQiq

�
�

�
Z 1 X prpQiq

�
∖
¤
tZ 1 X prpQjq : j P IHu

with

W2 X
�
Z 1 X prpQiq

�
�

¤
t
�
Z 1 X prpQiq

�
X
�
prpQjq∖ prpQjq

�
: j P IHu.

Then, since prpQiq X prpQjq � H, if i � j, we have that

W1 X
�
Z 1 X prpQiq

�
� Z 1 X

�
prpQiq∖ prpQiq

�
�W2 X

�
Z 1 X prpQiq

�
.
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Thus, we conclude that W X
�
Z 1 X prpQiq

�
� Z 1 X

�
prpQiq∖ prpQiq

�
. In particular,

the third step implies that W X
�
Z 1 X prpQiq

�
is not empty. Hence, since W and

each Z 1 X prpQiq are connected, we conclude that W Y
�
tZ 1 X prpQiq : i P IHu is

connected. But, by de�nition W Y
�
tZ 1 X prpQiq : i P IHu equals the union of W1 �

pZ 1 ∖
�
tZ 1 X prpQjq : j P IHuq with

�
tZ 1XprpQiq : i P IHu and withW2 �

�
tprpQjq∖

prpQjq : j P IHu. Therefore, since

Z 1 �
�
Z 1 ∖

¤
tZ 1 X prpQjq : j P IHu

	
Y
¤
tZ 1 X prpQiq : i P IHu,

we conclude that

Z � Z 1 Y
¤
tprpQiq∖ prpQiq : i P IHu �W Y

¤
tZ 1 X prpQiq : i P IHu,

is connected.
We �nally prove that Z is closed. Since the second step shows that Z 1 is closed, we just

need to prove that Q :�
�
tprpQiq∖prpQiq : i P IHu is closed. Let pxnq8n�1 be a sequence

in Q that converges to x P prpX q. In particular pxnq8n�1 is a Cauchy sequence. Then,
since prpQiq � prpQi,Hq, where prpQi,Hq is open, and since prpQi,Hq X prpQj,Hq � H,
if i � j, we have that there exists i P IH and N P Z¥0 such that xn P prpQiq∖ prpQiq,
for all n ¥ N . Since prpQiq∖ prpQiq � Qi ∖Qi, which is a complete space, we deduce
that x P prpQiq∖ prpQiq � Q. Thus, we conclude that Z is closed. □

Remark 8.6. Note that, in Theorem 8.5, the subset Y 1 � Xk that we considered to
build Z 1 and Z is not necessarily connected, even if so is Z.

Furthermore, the connected set Z contains subsets that can be lifted in non-zero
sector faces: it is far to deserve �nite or compact properties. In Theorem 8.3, despite
it is not stated, one can expect that Y is, in fact, �nite whenever F is �nite and, up to
replacing the Qi,Θ for i P IΘ by Qj,Θ�Cj for some well-chosen �nite CW-complexes Cj ,
one can expect to reduce the set of parameters i P IΘ by some �nite set of parameters
j P JΘ.

9. Number of orbits of cuspidal rational sector faces

In the previous section, we introduce an equivalence relation on the set of cuspidal
rational sector chambers (c.f. Equation (42)). We also �x a set CH of representatives for
this equivalence relation. In this section, we describe CH thanks to the étale cohomology.
Indeed, we show that CH is parametrized by the double coset GpAqzGpkq{Bpkq, which
is in bijection with PicpAqt, when Gk is semisimple and simply connected. In order
to establish this correspondence, we start by a general approach, studying the family
of double cosets of the form GpAqzGpkq{PΘpkq, where PΘ is the standard parabolic
subgroup de�ned from Θ � ∆.

9.1. Double cosets of the form GpAqzGpkq{PΘpkq. Recall that, according to
[DG70b, Exp. XXVI, Prop. 1.6], any standard parabolic subgroup PΘ admits a Levi
decomposition, i.e. it can be written as the semi-direct product of a reductive group LΘ

and its unipotent radical UΘ.

Proposition 9.1. Let h : H1
ét

�
SpecpAq,LΘ

�
Ñ H1

ét

�
SpecpAq,G

�
be the map de�ned

from the natural exact sequence 1 Ñ LΘ Ñ G Ñ G{LΘ Ñ 1. There exists a bijective
map from GpAqzGpkq{PΘpkq to kerphq.

Proof. Firstly, we show that pG{PΘqpAq � pG{PΘqpkq by using a classical argument
via the valuative criterion for properness and patching (c.f. [Liu02, Prop. 1.6, �4]) Set
x P pG{PΘqpkq. By the valuative criterion of properness, for any prime ideal P 1 of A
there exists a unique element xP 1 P pG{PΘqpAP 1q such that x � RespxP 1q. Since the
functor of points hV of V � G{PΘ is faithfully �at, we can suppose that xP 1 P V pAfP 1 q
where fP 1 R P 1. Moreover, SpecpAq can be covered by a �nite set tSpecpAfP 1

i

quni�1.

Hence, by a patching argument, we �nd x P V pAq such that xP 1i � Respxq, and then
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x � Respxq. This element is unique by local considerations. Thus, we conclude the
claim.

Now, let us consider the exact sequence of algebraic varieties

1Ñ PΘ
ι
ÝÑ G

p
ÝÑ G{PΘ Ñ 1.

It follows from [DG70a, �4, 4.6] that there exists a long exact sequence

1Ñ PΘpAq Ñ GpAq Ñ pG{PΘqpAq Ñ H1
ét

�
SpecpAq,PΘ

�
ÝÑ H1

ét

�
SpecpAq,G

�
.

Moreover, it follows from [DG70b, Exp. XXVI, Cor. 2.3] that

H1
fppf

�
SpecpAq,PΘ

�
� H1

fppf

�
SpecpAq,LΘ

�
.

But, since PΘ and LΘ are both smooth over SpecpAq, we have that

H1
fppf

�
SpecpAq,PΘ

�
� H1

ét

�
SpecpAq,PΘ

�
, H1

fppf

�
SpecpAq,LΘ

�
� H1

ét

�
SpecpAq,LΘ

�
.

This implies that H1
ét

�
SpecpAq,PΘ

�
� H1

ét

�
SpecpAq,LΘ

�
. Thus, there exists a long

exact sequence

1Ñ PΘpAq Ñ GpAq Ñ pG{PΘqpkq Ñ H1
ét

�
SpecpAq,LΘ

�
Ñ H1

ét

�
SpecpAq,G

�
.

This implies that

ker
�
H1
étpSpecpAq,LΘq Ñ H1

étpSpecpAq,Gq
�
� GpAqzpG{PΘqpkq.

According to [BT65, 4.13(a)], pG{PΘqpkq � Gpkq{PΘpkq, whence the result follows. □

Corollary 9.2. Assume that the split reductive k-group Gk is semisimple and simply
connected. Denote by t its semisimple rank which is the dimension of its maximal split
torus T. Then, there is a one-to-one correspondence between GpAqzGpkq{Bpkq and
PicpAqt.

Proof. Note that, when Θ � H, we have PΘ � B, whence LΘ � T. Consider the map
h0 : H

1
ét

�
SpecpAq,T

�
Ñ H1

ét

�
SpecpAq,G

�
de�ned from the exact sequence of k-varieties

1 Ñ T Ñ G Ñ G{T Ñ 1. Then, it follows from Proposition 9.1 that there is a
one-to-one correspondence between GpAqzGpkq{Bpkq and kerph0q.

Since T is split over Z, we have that T � Gt
m,Z. It follows from Hilbert's Theorem 90

(c.f. [Mil80, Ch. III, Prop. 4.9]) that

H1
Zar

�
SpecpAq,Gm

�
� H1

ét

�
SpecpAq,Gm

�
� PicpAq.

Thus, we get that

H1
Zar

�
SpecpAq,T

�
� H1

ét

�
SpecpAq,T

�
� PicpAqt.

Since h0
�
H1
ZarpSpecpAq,Tq

�
� H1

Zar

�
SpecpAq,G

�
and H1

Zar

�
SpecpAq,T

�
equals

H1
ét

�
SpecpAq,T

�
, we get that

kerph0q � ker
�
H1
Zar

�
SpecpAq,T

�
Ñ H1

Zar

�
SpecpAq,G

��
.

Moreover, since Gk is a simply connected semisimple k-group scheme, according
to [Har67, Th. 2.2.1 and Cor. 2.3.2], H1

ZarpSpecpAq,Gq is trivial, for any integral
model G of Gk. We conclude that

kerph0q � H1
Zar

�
SpecpAq,T

�
� PicpAqt,

whence the result follows. □

Corollary 9.3. Assume that F is �nite. Then, for each Θ � ∆, the kernel of the map
hΘ : H1

ét
pSpecpAq,LΘq Ñ H1

ét
pSpecpAq,Gq is �nite.

Proof. Assume that F is �nite. Then, it follows from Weyl Theorem (c.f. [Ser03, Ch.
II, �2.2]) that PicpAq is �nite. Hence, Corollary 9.2 shows that GpAqzGpkq{Bpkq is
�nite. Moreover, since, for each Θ � ∆, we have Bpkq � PΘpkq, we deduce that
GpAqzGpkq{PΘpkq is �nite. Thus, the result follows from Proposition 9.1. □
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9.2. Number of non-equivalent cuspidal rational sector chambers. In this sec-
tion we count the number of orbits of cuspidal rational sector chambers de�ned by
Equation (42). In other words, we count the cardinality of CH, or equivalently the
cardinality of C given by Theorem 8.5, or IH given by Theorem 8.3.

Proposition 9.4. The set B8CH :� tB8Q, Q P CHu is a set of representatives of
the GpAq-orbits of the set of chambers of the spherical building at in�nity B8pXkq. In
particular, there exists a one-to-one correspondence between CH and the double coset
GpAqzGpkq{Bpkq.

Proof. Let C1
H be the set of cuspidal rational sector chambers in Xk. By de�nition, there

are one-to-one correspondence between the sets CH, C1
H{ �GpAq and B8CH (c.f. Equa-

tion (42)). It follows from Proposition 7.13 and Corollary 7.23 that given an arbitrary
k-sector chamber, it contains a subsector chamber that is a cuspidal rational sector
chamber. This implies that B8pC1

Hq covers all the chambers in B8pXkq, whence the �rst
statement follows.

Now, since Lemma 4.7 shows that the set of chambers B8 SecpXkq in B8pXkq is in
one-to-one correspondence with Gpkq{Bpkq, we conclude that there exists a bijection
between CH and the double coset GpAqzGpkq{Bpkq. □

Corollary 9.5. There exists a bijective map between CH and the kernel of the map
h : H1

ét
pSpecpAq,Tq Ñ H1

ét
pSpecpAq,Gq.

Proof. It is an immediate consequence of Proposition 9.4 and Proposition 9.1. □

Corollary 9.6. Assume that Gk is semisimple and simply connected.

(1) There exists a one-to-one correspondence between the set CH and PicpAqt.
(2) In particular, CH is �nite whenever F is a �nite �eld.

Proof. The �rst statement directly follows from Corollary 9.2 and Corollary 9.5. If F
is �nite, then PicpAq is �nite according to Weyl Theorem (c.f. [Ser03, Ch. II, �2.2]).
Therefore, the number CardpCHq � Card

�
PicpAq

�t
of cuspidal rational sector chambers

is �nite. □

Remark 9.7. Note that, when Θ � H, the double coset GpAqzGpkq{PΘpkq does not
count the number of sector facesQi,Θ in Theorem 8.3. Indeed, in rank t ¥ 2, there always
exists in�nitely many sector faces (that are not sector chambers) whose the points are
pairwise non-equivalent but with the same visual boundary (for instance a family of
sector faces contained in a given cuspidal sector chamber). This shows that, using the
cohomological approach via double cosets, the unique context where we can count the
non-equivalent cuspidal rational sector faces of a given type Θ is for sector chambers,
which involves the use of the minimal parabolic subgroups, i.e. Borel subgroups.
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