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UNCONDITIONALLY STABLE SMALL STENCIL ENRICHED MULTIPLE
POINT FLUX APPROXIMATIONS OF HETEROGENEOUS DIFFUSION
PROBLEMS ON GENERAL MESHES

JULIEN COATLEVEN *f

Abstract. We derive new multiple point flux approximations (MPFA) for the finite volume approximation
of heterogeneous and anisotropic diffusion problems on general meshes, in dimension 2 and 3. The resulting
methods are unconditionally stable while preserving the small stencil typical of MPFA finite volumes. The
key idea is to solve local variational problems with a well designed stabilization term from which we deduce
conservative flux instead of directly prescribing a flux formula and solving the usual flux continuity equations.
The boundary conditions of our local variational problems are handled through additional cell-centered
unknowns, leading to an overall scheme with the same number of unknowns than first-order discontinuous
Galerkin methods. Convergence results follow from well established frameworks, while numerical experiments
illustrate the good behavior of the method.

INTRODUCTION

Diffusion problems occur in many scientific fields such as biology, plasma physics, hydrodynamics, reservoir
simulation, etc.. As a consequence, they are probably the most widely studied problems of numerical analysis,
and the literature concerning their discretization is tremendous and increasing without end. The most classical
approaches to handle diffusion problems are of course the celebrated finite difference, finite element and finite
volume methods.

Classical Lagrange finite element methods and their historical variations allow a robust discretization of diffusion
on grids with simple cell geometries (mostly simplices and quadrilaterals/hexahedrons, although some finite
elements on slightly more general cell types such as pyramids do exist). One of the most ancient extensions of
finite elements able to cope with almost any grids are certainly discontinous Galerkin methods (see [13, 29] for
a review). More recently mimetic finite differences [16, 15, 25]) or the virtual element method ([23]), even more
closely related to classical finite elements, have been proposed as ways to handle complex cell geometries: their
success is reflected by the tremendous devoted literature that has appeared in a remarkably short amount of
time. They have been extended to most classical problems such as linear ([24, 22]) and non-linear ([26]) elasticity,
Stokes’ problem ([27]), parabolic problems ([48]), etc.. However successful, those methods are not necessarily
the most natural choice for complex flow simulations. Non-linear phenomenons inducing degeneracies are not
easy to handle with such formulations, while high-order (or built-in discontinuities in the case of discontinuous
Galerkin methods) can induce oscillations or overshoots that cause many troubles when coupling for instance
the flow with chemistry.

For those reasons, and also partly for historical reasons, lowest order finite volume methods remain extremely
popular in the industry for flow simulations or reservoir engineering. Relatively easy to implement, even in a
high performance computing (HPC) context, they allow to solve coupled non linear physical models on the same
mesh, while preserving relevant physical properties such as local mass conservation. Undoubtedly and despite
its well documented flaws, the most popular finite volume method still remains the two-point flux approximation
(TPFA), which leads to compact-stencil, cell-centered, conservative and coercive schemes. Unfortunately, the
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range of mesh satisfying its required orthogonality condition to maintain the method’s consistency is relatively
small, in particular in presence of anisotropy and strong heterogeneities (see [39]). For this reason, there has
always been a strong interest in developing alternative finite volume approaches for general meshes. Quite
recently, many finite volume schemes involving additional unknowns have been introduced. Without trying to
be exhaustive, let us mention the hybrid finite volume schemes ([40, 41]) and the related mixed finite volumes
[34] relying on additional face unknowns, or the vertex based gradient schemes [42, 47] and conservative first
order VEM ([20]). We refer the reader to [33] for a relatively recent review. Notice that those methods
are closely linked to mimetic finite differences, see [35]. The face based methods have been in some sense
generalized through the hybrid high order method (see [32]), which shares many features with virtual element
methods. Unsurprisingly, it has also been extended to most classical problems: linear ([31]) and non -linear
([14]) elasticity, fractured porous media flow ([17]), etc.. Despite the many merits of those approaches, one of
their main drawback for porous media flow for instance is that their additional unknowns are located on mesh
cells boundaries, i.e. on the surfaces of discontinuities of media properties. This leads to some sophisticated
handling of those discontinuities (see [44, 43]), considerably complexifying their implementation compared to
cell-centered approaches, as well as increasing the stiffness of the linear systems to be solved. Moreover they
are not easy to implement in legacy software and even more if a correct handling of discontinuities is required,
leading to very intrusive modifications of existing code. Those are probably the main reasons why cell-centered
approaches are still favored for instance in many popular industrial porous media flow software.

Consequently, there is still an active literature on cell-centered approximations in general and more specifically
on multiple-point flux approximations (MPFA), which are the most natural and maybe oldest extension of
the TPFA. The first communications about MPFA methods seem to be [1] and [38]. The key idea is to
solve local problems using intermediate unknowns (in general located on mesh cell boundaries) that express
flux continuity, and then use those unknowns to derive consistent flux expressions valid for general grids (see
(2, 3, 4]). The iconic MPFA method is the so-called MPFA-O method, where the local problems are defined on
the set of cells surrounding each vertex, thus forming the “O”. Alternative constructions using local domains
with different shapes have been developed, the so-called L-, U-, Z- and G- methods (see [7, 45, 6, 9])). Those
MPFA methods possess many favorable features: they have a finite volume flux-based formulation, they are
cell-centered methods, their stencil is relatively compact, and they are consistent on very general grids. Their
only apparent drawback is the fact that the resulting linear system is non-symmetric, preventing the use of some
specialized linear solvers. However, as was both observed in practice and later understood theoretically ([8, 5]),
they are not unconditionally stable, and do fail on too distorted meshes or in presence of too much anisotropy.
Consequently there have also been several alternative attempts to develop unconditionally stable cell-centered
schemes, in general using a variational formulation. However, they either lack a clear flux formulation ([19])
or possess a too large stencil making their parallel implementation impractical (see [11, 46]), or both. In fact,
looking at those attempts we can infer that using some additional unknowns seems to be quite unavoidable to
obtain a stable scheme while maintaining a compact stencil ([19, 11]).

Designing an unconditionally stable, small stencil, cell-centered finite volume method that remains consistent
on general meshes is thus still an open problem. In the present paper, we propose new MPFA methods in
dimension 2 and 3 that possess all those desired features, at the predictable expense of using additional but
cell-centered unknowns. Let us nevertheless mention that our objective here is very practical and consists
in offering an alternative to modern finite volume methods that is easier to include in existing cell-centered
software. To do so, the key idea to enforce the usual flux continuity is to solve local variational problems using
our additional unknowns internal to cells and then deducing the flux formula, instead of prescribing an analytic
formula for the flux and then solving the flux continuity equations. Because of those additional unknowns,
the resulting schemes have the same number of degrees of freedom than first-order discontinuous Galerkin
methods. The idea of using additional cell unknowns for MPFA is not new (see [18]), however they were used
as intermediate unknowns to directly enforce flux continuity, and not in the resulting global linear system.
Our additional unknowns should thus be compared to the additional face or vertex unknowns of modern finite
volume methods ([40, 41, 32, 42, 47]), with the major difference that ours are associated with cells recovering
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the “built-in” handling of discontinuities of traditional finite volume methods. In the same way, using local
variational problems has also already been tried (see [8]), but without our additional cell unknowns. This
combination of approaches will be the key to obtain the desired properties of the resulting MPFA and is, at
least to the author’s knowledge, completely new as are the resulting schemes.

The paper will be organized as follows: in a first section, we introduce our many notations describing general
meshes, describe our model problem and recall what are the main features of MPFA methods using an abstract
formulation, emphasizing the underlying mesh partitioning into a submesh. We in particular provide practical
examples of mesh partitioning that do not require any complex meshing algorithm and that apply on most
meshes encountered in industrial applications. The second section is the heart of the paper: we describe the
derivation of our new MPFA methods by solving local variational problems on the subdomains defined by our
mesh partitioning. Thanks to the variational formulation of the problem, in the third section we can link
our MPFA method with general convergence analysis frameworks, providing convergence results in a rather
automatic way. Finally in the fourth section we exhibit numerical results on canonical tests cases of the
literature, illustrating the good behavior of the method.

1 MEsH DESCRIPTION, MODEL PROBLEM AND ABSTRACT MULTIPLE POINT FLUX
APPROXIMATIONS

1.1 Mesh description

From now on, we assume that the domain 2 is a bounded generalized polyhedral (i.e. with potentially non
planar faces) included in R%, d = 2 or 3, and 0Q = Q\(2 denotes its boundary. A mesh on Q, denoted by M, is
defined as a set M = (T, F,SF) where:

. T is a finite family of connected open disjoint subsets of €2 (the cells of the mesh), such that Q = U7 K.
For any K € T, we denote by |K| the d-dimensional Lebesgue measure of K, by hx the diameter of K,
by xx the center of mass of K.

. F is a finite family of disjoint subsets of € (the faces of the mesh), such that for any K € T there exists
a subset Fg of F such that 0K = Uger, 0. Then, for any o € F, we denote by T, = {K € T | 0 € Fi}
(the neighbours of ¢), and assume that either 7, has exactly one element, and then o < 09 (the set of
these faces is denoted Feyt), or T, has exactly two elements (the set of these faces is denoted F;,:). For
all K € T and all 0 € Fg, we denote by nk , the unit normal vector to o outward to K, by |o| its d — 1
dimensional Lebesgue measure and by «, its center of mass.

. SF is a finite family of disjoint subsets of Q (the subfaces of the mesh) such that, for all ( € SF, ¢ is
an open connected subset included in an hyperplane of RY, whose strictly positive (d — 1)-dimensional
Lebesgue measure is denoted |¢|. We assume that for any face o € F, there exists a subset SF, of SF
such that o = UQES}} . For any ¢ € SF, we denote @, the center of mass of ¢, while for any K € T¢, we
denote mg ¢ the unit normal vector to ¢ outward to K. For any K € T we denote SFx = Uger, SFo,
and we of course denote SF.,; = Uaefm SF, and SFip = | SF,.

0€Fint

Notice that we do not have assumed that faces are planar in dimension 3: our definition is very permissive and
corresponds to the most common practical situations (see figure 1). Further notice that as we in fact already
done, some of the above notations describing mesh connectivity will be extended in the natural way in the
remaining of the paper without any further mention: for instance, given a subface ¢ € SF, the set 7, will
denote the cells of whom ( is a subface, i.e. such that ( € SF, for some o € Fk.
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Lo

Figure 1: Example of face o in dimension 2 (left) and 3 (right): full circles are the vertices of o, the empty
circle is @, dashed lines represent a planar decomposition for face ¢ in dimension 3

1.2 Model problem

Our model problem will be the most classical diffusion problem:
—div (AVT) = f in Q, (1)

complemented with homogeneous Dirichlet boundary conditions:
@ = 0 on 052, (2)

where 0Q = Q\( is the boundary of the domain €2, under the additional hypothesis that f € L?(f2) and that
A is a measurable function from 2 to My(R), the set of d x d matrices, and such that for almost every (a.e.)
x € Q, A(x) is symmetric, positive definite and there exists two strictly positive real numbers Ay, A* such that
for every & e R%:

MIES < A@)E € < Vg2, 3)

1.3 Abstract multiple point flux approximation

1.3.1 General formulation

We are now going to give a very general definition of multiple point flux approximations, in order to be able
to precisely describe what are the desired consistency and stability properties. If the notations and definitions
introduced here will serve as a guideline to describe our unconditionally stable MPFA, notice that apart from
the additional cell unknowns most of this subsection is completely classical, and of course no true originality is
claimed here. Our enriched set of degrees of freedom for cell-centered methods is given by

X7 = {((vK)keT, (VK)KeTs (Vo )oeFon) | vk ER, Vg eR? VK eT and v, €R Vo€ Fopr}, (4)

where we denote by convention with a bold capital letter any element V+ of X4. The boundary face values
V%ﬁct = (Vg )oer.,, are introduced to handle boundary conditions, which is classically done with a single unknown
per face in many commercial simulators. In the case of homogeneous Dirichlet boundary conditions, this
naturally leads to defining the space

Xro={V5reXr |V =0}. (5)

For each cell K € T, the unknowns V g € R? associated with each cell are our additional unknowns compared
to classical MPFA methods, hence the name “enriched” for our new MPFA methods.
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In general, multiple point flux approximation will also involve a set of intermediate degrees of freedom X"
whose elements denoted V" do not appear in the final formulation. In practice the intermediate unknowns
U™ are always computed by solving intermediate problems, allowing to express the components of U™ as
functions of the components of U, in general using only those elements of U7 that are geometrically located
immediately around the considered component of U™. For instance, in dimension 2 for the MPFA-O scheme
each intermediate unknown is associated to a subface ( surrounding an internal vertex s, and is expressed as a
function of the cell unknowns surrounding the vertex. We sum up all the possible choices by assuming that we
are given an operator I'™ : X7 —> X such that the solution to the MPFA approximation has to satisfy the
relation:

U'L’n _ Izn(UT) (6)

Along with the precise expression of the flux, the choice of operator I'™ fully defines the MPFA method. To
simplify many expressions in the following, we will transfer the boundary conditions to the subfaces using the
set X of intermediate unknowns associated to exterior subfaces

X = {V = (v¢)cesFuns | Ve ER V(€ SFeut}, (7)
and a transfer operator I°” : X7 — X defined by setting:
U =I'US") = ue=1LUF") =uy Vo€ Feur, VCESF,, (8)

and assuming that we always have X" < X"  As for inhomogeneous boundary conditions, this would lead
to an approximation of order h, this choice might seem peculiar, however we do so to fully match what is a
common practice: in legacy software the boundary conditions data is not given on subfaces, but on full faces.
Using those notations, the MPFA methods we are interested in take the general form

> FroUr,U™) = |K|fx VEKEeT,

CeESFK
UUZO VO’Efea:ta (9)
Uk =GgUr) VKeT,

Uin _ I”’(UT),

where for all K € T fg is in general chosen to be equal to fx = ﬁ SK f and the “gradient” operator G is

in principle an approximation of the solution gradient Gk (U7) ~ Vu|x. The flux functions are constructed in
such a way that they satisfy the following conservation properties:

3 FroUr, U™ =0 V(e SFi, (10)
KeTe

and are in principle an approximation of the solution’s flux:
Frc(Ur,U™) ~ —f AV - ng.
¢

Notice that with a slight abuse of notations the effective flux can be defined as depending only on the desired
“cell-centered” unknowns U 1, as we can write:

Fro(Ur) = Fr o (Ur, I"™(UT)). (11)

This is the usual form under which the flux is used in practice, using only the “cell-centered” unknowns.
Completely defining a MPFA method can thus be sum up as choosing operators I'" and G = (Gk)ker, as
well as an expression for the flux (Fi ¢)keT cesrx-
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Remark 1.1. The mappings I°“* that we have used to describe boundary conditions are obviously not the
only possible choice for inhomogeneous Dirichlet boundary conditions. The most natural alternative, if one
enjoys a sufficiently precise description of boundary conditions through some function g € C°(09) is to use
I = g(x¢), or classical integral alternatives for g € H/2(09Q). Another alternative that would be more practical
for existing software would be to construct the I as barycentric interpolators from the available boundary data
and thus from the (u,)ser. Notice that this might increase the stencil of boundary cells with boundary faces
from surrounding cells.

1.3.2 Submeshes and intermediate unknowns

To fix ideas on the set of intermediate unknowns X and as it will correspond to our needs, we introduce a
submesh based on the subfaces of the original mesh and on an additional set ZF of internal faces, defined as
follows:

. IF is a finite family of disjoint subsets of Q such that, for all ( € ZF, ¢ is an open connected subset
included in a hyperplane of R?, whose strictly positive (d — 1)-dimensional Lebesgue measure is denoted
|¢]. We assume that for any ( € ZF, there exists exactly one K € T such that C c K, and we denote
Tc = {K}. For any ¢ € ZF, we denote x, the center of mass of ¢, while for any K € 7, we denote
IFk ={CeIF| KeT}.

Then, SM = (ST,{SF,ZF},{SF,ZF}) is a mesh in the sense of section 1.1, whose faces are all planar and
such that the set of faces and subfaces are identical. Notice that by construction, we have:

IF = U IFk.
KeT

We assume that there exists a partition of ST into Np subsets, indexed by the elements p of a partitioning set
P of size Np, and such that for any K € T there exists a subset Py of P defining a partitioning of cell K:

K=|J K, foralKeT,

PEPK

where K, € ST for all p € Pk, and that

ST=|JST, where ST,={K,eST|KeT,} and T,={KeT|pePx}.

peP

The exact choice of the subcells K, will define the local domains D, = [ J ke, Kp on which the MPFA inter-
mediate problems will be solved. They however have to fulfill a few requirements: denoting for any K € T and
any p € Px

Frp=IFrpuSFryp and SFr,={CeSFx|(ciK,} and ZIFk,={CecIFk|(ciK,},
we assume that for any K € 7 and p € P, we have

0K, n K = U (c U ¢ and 0K,\(0K,nJK) = U (c U ¢,

CGS]'-K,p CeSFK CEI]:K-,Z) CeELFK
as well as
0D, c U Clu U ¢ where D, = U K.
CeTFk,KeT, CESFK NS Fent,KET, KeT,
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Notice that as a consequence of the definition of cells and faces in section 1.1, for any K € T all the K, with
p € Pk being disjoint we get that for any K € T and any ¢ € SFk there exists a unique p € Pk such that
¢ © 0K,. Finally for any p € P we of course denote:

Fp = U Frp and  SF, = U SFgp and  IF, = U L7y
KeT, KeTp KeTp

Finally, notice that as a consequence of the above definitions for any ¢ € ZF there exists exactly two elements
p1 and ps in P such that ( € ZFk ,, N IZFk p,, and we denote Py = {p1, p2}.

In other words, those abstract requirements simply mean that all the cells K € 7T of the original mesh are
divided into subcells with one subcell K, for each p € Pk, the boundary of K, being composed of elements of
SFk (i.e. subfaces of cell K) for its part included in dK, the remaining part being composed of elements of
IFxk (i.e. subfaces internal to cell K). We give examples in the next subsection to both make things clearer
and provide practical ways of obtaining a good submesh in many situations that do not even require resorting
to a mesh generator.

Our new MPFA methods will use the following set of intermediate internal unknowns:

X" = {Vm = ((UK,p,g’)KeT,pePK,C'eI}'K,pv (UC>CES-7:) | Uk pe' € R VKeT, VpePk, V( €LFky

and vc e R V (e SF}, (12)

where in each cell K the unknowns vy , ~ are unknowns associated to the barycenters @ of the internal

subfaces of cell K. As the notation suggests, we associate to each internal subface C/ € ZFk two values, one
for each side of ¢, allowing jumps inside the cell K but not on its boundary. This should be compared to
discontinuous Galerkin methods, for which jumps are allowed on the boundary of the cell but not inside.

1.4 Examples of partitioning for meshes with star-shaped cells

Given a mesh M = (T, F,SF), let us denote V the set of vertices of the mesh and & the set of edges of the
mesh . For all s € V, we denote SF, the set {¢ € SF | s € ¢}, and T; the set of cells {K € T | s € K}. For all
K €T, the set Vi stands for {s € V | K € T,}, while for all ( € SF, the set V. stands for {s € V | { € SF;}. For
all e € £ there exists a set V. of exactly two vertices such that € = Conv((xs)sey,) (where Conv denotes the
convex hull of a set of points). In dimension 2, we have F = £ while in dimension 3, for any ¢ € SF, there exists
a subset & of £ such that d¢ = Ueeg € and we have & = UcesrE¢. For any s € V, the geometrical position of
the vertex will be denoted x, while for any e € £, we denote by x. its center of mass.

In this subsection, we assume that for any K € T, K is star-shaped with respect to k.

1.4.1 Face and subface based partitioning

In the case of a mesh with star-shaped cells, the simplest and probably most natural choices of partitioning sets
consist in using either the faces P = F or the subfaces P = SF. For those two cases, we respectively define for
any K € T

K, = Conv(xg,0) forany ce Fx and K= Conv(xzk,() forany (e SFk.
In other words, in dimension two K, (respectively K) is the simplex formed by xx and the vertices of o

(respectively of (), i.e. Ky = Conv(xk, (xs)sey,) (respectively K¢ = Conv(xk, (Ts)sev,)). In dimension three
their structure is more involved, and K, (respectively K.) is the generalized polyhedron delimited by o and the
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triangles formed by xx and the edges of o (respectively (). More precisely, we have in the case of faces P = F
and P = Fg forall K € T:

0K,y =0 U U Zl,

(elFk.»
where
IFke = U Conv(xzg,zs) ifd=2 and ZIFg,= U Conv(zk, (xs)sey,) ifd=3,
SEV, eel,
and similarly in the case of subfaces P = SF and Px = SFk for all K € T:
oKc=Cu |J ¢,
C,EI]:K,C
where
IFr,c = U Conv(xg,xs) ifd=2 and IFg¢= U Conv(xk, (Xs)sey,) if d=3.
SEVC GEEC
L
K

Figure 2: Example of domain D, in dimension 2 (left) and half domain D, in dimension 3 (right): empty circles
are face centers, grey circles are the location of the unknowns of the local variational problem

1.4.2 O-shape partitioning

Assume that for any o € F, o is star-shaped with respect to x,, and (see figure 3) that for any subface ¢ € SF,
in dimension 2 there exists a vertex s € V, such that { = {(0,s) = Conv(x,,xs) while in dimension 3 (see
figure 3) there exists an edge e € &, and a vertex s € V, n V. such that { = ((0,¢,5) = Conv(z,, T, xs).
For future reference, we say that such a mesh has simplicial half-edge based subfaces. Half-edge based subfaces
can be defined for meshes resulting from deformations obtained by moving vertices of polytops which are very
common in industrial applications. Then, for any K € 7 and any ( € SFk, the set K, is naturally defined as

K¢ = Conv(zy, (x5)sev, ), i.e. the simplex formed by the vertices of ( and xf, such that we get:

K- |J K.
CeSFk
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C(ev 86,1) = C(O’, Se,1

C(ea 86,0) = C(U, Se,0

Figure 3: Example of face decomposition in dimension 2 (left) and 3 (right)

The O-shaped partitioning, clearly corresponding to the classical MPFA-O method, consists in choosing P =V
with Px = Vi for all K € T on a mesh with simplicial half-edge based subfaces. For any vertex s € V, and any
K e Tg, we set:
K= |J K with ok,= [(J Cuv |J ¢
CESFKNSF; CeSFK,s C'e[]—"K,S

Recalling that Dy is given by: o o

D, = |J K., (13)

KeTs

we see on figure 4 that the internal faces of Dy are precisely the subfaces ( € SF;, that is to say the subfaces
on which we want to construct our half flux. We also recognize on figure 4 the “O” shape of domain Dy in
dimension 2 (its generalization to dimension 3 while easy to construct in practice is unfortunately quite hard
to draw).

Remark 1.2. The partitioning P and associated subcells K, can be fairly more general than the examples
presented above in the case of meshes with a star-shaped cells. First, even in the case of meshes with simplicial
half-edge based subfaces it is clear that we could replace the O domains by domains looking like any of the
classical MPFA domains (i.e. the L, U, G or Z domains). It is also clear that there are ways to combine those
domains and still fulfill the partitioning requirements. For very complex cells however, one will have to use a
mesh generator to obtain the submesh and thus the partitioning. We do believe that most industrial software
use simple enough cells to allow using one or a combination of the approaches that we have detailed.

2 DERIVATION OF STABLE MULTI-POINT FLUX APPROXIMATIONS

The principle of most classical MPFA methods and in particular the MPFA-O method (see [2, 3, 4, 1]) is
to solve on the local domain D), a local problem involving functions w that are affine in each K, € 7, (i.e.
w|k, € P1(K}p)), such that w(xk) = ux for K € 7, , and such that the trace of AVw is continuous across the
subfaces SF, included in D, i.e.:

> AkVw-ngc=0 VY(eSF, (14)
KeTp,nTe
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Figure 4: Example of domain around an internal vertex in dimension 2 for the O-shaped partitioning: empty
circles are face centers, grey circles are the location of the intermediate unknowns of the local problem

along with some extra continuity conditions inside D, or on its boundary to close the system (in particular
in the case of the L-method, see [7]). Then, the flux F  are simply defined as —|(|[AxVw - nk . Here,
we will follow a closely related but nevertheless different approach. On each domain D, we will solve a local
variational problem whose governing idea is the following: if w is defined on D,, and satisfies the requirements
of the MPFA-O method, then as A is assumed constant on each K € T we get

—div(AkVw) =0 in K, for all K € 7, (15)

as its gradient is constant in each K € T, which combined with (14) implies that div(AxVw) = 0 in all D,.
To derive our multiple-point flux, we will solve a local variational problem that is roughly speaking a discrete
counterpart of (15) on D,,. The solution to this local problem will define the mappings I, while the flux Fi ¢
will simply be taken as equal to the flux of the local variational problems.

Consequently, the starting point of this section will consists in describing the local variational problems on each
D,,. Then, after providing details on the obtained flux formula, we will explain how to construct the mappings
G in a way ensuring the stability of the method. To do so, we will choose the Gi’s such that we can
reinterpret the local variational problems as parts of a global discrete variational formulation. After providing
some implementations details, we conclude this section by establishing stability using the global variational
formulation. The principles of the enriched MPFA method are in fact independent of the choice of partitioning
set P. The main difficulty is in fact due to notations: we have tried (and probably failed) to reduce notational
cumbersomeness by using abstract notations for the intermediate unknowns internal to cells, allowing us to deal
with dimension 2 and 3 at the same time, for any choice of partitioning set P.

10
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2.1 The local variational problem on D,
For any p € P, the set of degrees of freedom involved in the local variational problem on D), is given by:
Xp = {Vp = ((UK, VK)KeTpa (Ucr)oe}‘pn}‘mv (UC)CeSfpv (”K,p,g’)Ken,c’elfK,p)}~ (16)

As we consider a fixed p € P in all this subsection and as an internal subface belongs to only one cell K, to
simplify the notation we momentarily denote v/ instead of vy , -, and thus

Xy = {Vy = (0, Vi) ke, ()aer, e (0 e, ) |- thy

but it is important to keep in mind that they correspond to different values from one subcell to another, in
particular when going back to the global problem. Any element V', of X, is subdivided into two sets of degrees
of freedom V', = (V,, V"), where

V7_p = ((UK; VK)KE’Y;, (UU)UE}—pm}-e:ct) = ((vKa VK)KE'Tpa V%t)’
are the local “cell-centered” unknowns and

V;n = (Ug,)q/e]: = (V;xt, (Ug)(es]-'pmemw (U(’)(’GIFP) )
P

the intermediate unknowns. For any ¢ € SF.;+ as the operator I was initially defined as operating on the full
set of unknowns V7, with a slight abuse of notations we denote

L (VED) = (IEUVE))cesFynsFune with  IEHVE) =v,  if (€ SF, nSF, and o€ Fou.
Given U7, we denote
X,(Ur,) = {Vp €X,|Vy =Ur, and V' = I;””t(Vfr:t)}. (18)

Finally let us introduce the hybrid reconstruction (see [40, 41]) operator Ik , : X, —> P1(R) on K,:

ey (W,)(@) = wic + Vil p(W,) (@ —ax0)  with VI, (W,) = Y &ﬁﬁwc wR)
CeEFK.p p

with ng , ¢ the outgoing normal for K, along its planar boundary part (. We denote:

01 = sup sup sup max (th|C| |Kp|_1,h}i\(|_1 |Kp|> ,
KeT pePk CEFK,p

and
0r = sup sup card(Fk,) and 6Op = sup card(Pk),
KeT pePk KeT
the quality parameters of the subcells, where hp, is of course the diameter of the subcell K. Still following
the ideas of the MPFA-O method but in a variational fashion, we will to seek an approximation of a function

w € H'(D,) roughly speaking satisfying the following discrete counterpart of (15) on D, with Neumann
boundary conditions:

> J AgVuVo— J AxUg -np,u=0 forallve H(D,) n Hj(Q). (19)
KpeD, VEKp KpeD, YOKpndDpnQ2

11
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Consequently, our local variational problem consists in finding W, € X,(U,) such that

0=ap,(Wp, V) = ag(Wp, V)= Z Z ICIAkW K - ngpcve YV Vpe Xp(0), (20)
KeT, CELFK,p
where
ag(Wpa V) = Z K| A VI, (W) - VI, (V) + sk (Wp, Vi), (21)
KeT,

and where the stabilization bilinear form is given by

skp(Wp, V) = Z A?{,p,( (we — Uk p(Wp)(@c)) (ve — ik p(Vp)(2¢))
CeEFK,p

+)\}<7P(WK — VHKJ,(WP)) (Vg — VHK7p(Vp)), (22)
where denoting for some 0 < w < 1,0 <~y <1 and vy; > 0:
Yol Ky
(14 p) (dezfx,p |C|hK,p)

Ape = (L=w)Arngpc - nrpe +w|[Akllz  and vk p, =

/\9(71374 and )\}(,p are given by:

-1 .
0 _ —2 1,0 -1 . po | (I+p) [Axnkpc 'nK,p,CWK, , if ( € ZFk p,
/\K7P~,C = )‘K,p;dKP'hK,p + /\K,p,Clth,P with /\K,p,C - ‘ 0 o otherwise,

and

)‘}(717 = Z YK ¢ [ Hp| + )‘kib(’,lp‘thm with )‘,;é}p,g =(1+p (HAK||2'7K,p,u + |AknK p ¢ .nK7P~,C‘,y;(71p7M) :
CETF K p

The second term of our discrete variational formulation (20):
=30 D) KIARWk ngpcvc=— >, ), J AgWgk -ngpcve,
KeT, CeZFk p KeT, (eTFk V¢

expresses in fact Neumann boundary conditions on the boundary of D, under variational form for the local
problem on D,. The coeflicients )\?5;4 are introduced to compensate for this term and ensure stability. The
precise choice we have made for them looks quite complex and arbitrary at this point but will become completely
obvious in the stability proof. For reasons that will also appear obvious later on when we will define operator
G, parameter p can take only the two values 0 and 1, the case u = 1 corresponding to a symmetric method.

The following lemma establishes the stability properties of the local discrete variational problem (20):

Lemma 2.1. For any V, € X,,, we have:

|KPHVHK,10(VP)|2 < 0704 Z ‘Kp‘hf_(?ph% — k| (23)
CeEFK,p

Moreover there exists 3 > 0 depending only on Ay, A\*, 07 and Oy such that for any V, € X,

ag(Vp, Vyp) = ’72 Z Z |Kp|h1_(?p|vC - ”KP .
KeT, CeFKk,p

12
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Proof. Using Cauchy-Schwarz inequality, we get

|Kp||VHK7p(Vp)|2< Z h%(,p‘C|2|Kp|_2 Z |Kp|h;(?p‘vc_UK|2 )
CE]'—K‘D (E}—K,p

and we get the first result as card(Fg ) < 0. Obviously, as A}(,p >0 and )\‘;(’SD’C > 0 we have

ag(vp’ V) = 2 |Kp| Ak Vg p(V) - Vg, (V) + 2 )\K1p1<|KP|h’I_(?p lve — HK,p(Vp)(w<)|2
KeT, CeEFK,p

Then, using
p

—b)? >
(a—0) T+,

a® —pb® VY(a,b)eR? Vp> —1,

we see that, for all p > —1
- 2 P — 2 2
|Kp|hK?p lve = i p(Vp) ()™ = 1 +p|Kp|hK?p lve — vk |” = plKp| VI, (Vp)|™

leading to, using Ay < |Agpc] < A*:

A
2 P — 2
a;g(vpv Vp) = Z (A = OFpA*)| K| [VIg (V)™ + 1 _T_ Z |Kp|hK?p lve — vk |” |,
KeT, P ceFi,
2
and the result immediately follows with p = 92% and 70 = (,F;‘ki”;)%. O

Immediately, noticing that for U7, = 0 the linear problem (20) reduces to: find W, € X,,(0) such that
ag(va Vp) =0 VV,e X;D(O)v

we deduce from lemma 2.1 that the local variational problem (20) admits a unique solution, denoted W, (U T,) =
U, I;)”(UTP)), defining the mappings I¢ : Xpq — R:

I(U7,) = Uk pc(UT, ) KeT, ceFr, = Wy (UT,).

2.1.1 Flux formulation

To define our discrete flux, let us first rewrite the bilinear form a,. We get, after a straightforward computation:

AW, V)= S S S A (e —wi) g )+ 3OS ST DS (we — wie) (v — i)

KeTp CeFkp ('eFk p KeTp CeFkp ('eFk p

d d
+ 3N SNk Wi VE = T DT STBE, (Wi (v — vk) + Vi (we — wi)),
KeT, CELFk p i=1 KeT, (eFK,pi=1

13
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where

e T
A, = WAKHK,M M T Yk SKpYK G
p

_ (Gl ¢ _ 0
Skp = SKp)ccern, Skp=0ccMkpo

’ ’ ‘

¢ ¢ ¢
Yr ¢ = Wicp)eri, Yipe =9 — IKpan’p’C (2 — k),

I¢[1¢) [

’
¢¢ _ 1 . i,¢ _ y1
Pip = Ao K 2 ore T TR Brp = AT

with 54’( is the Kronecker symbol. For any K € 7, and any ¢ € Fg ,, a flux function associated to ¢ is then
defined by setting

U ’ d . .
Fi (W, = )] <A§(:§(wK —we) + DS (wie — wg./)> + ) B Wi, (24)

CIEJ:K,p i=1

in order to obtain, for all V', € X,(0), recalling that vg =0, Vx =0and W =Ug forall Ke T :

ap(Wp, V) = — 2 Z Fg(’p(wp)z)g— 2 Z ICIAKU K - mge v = 0. (25)

KeT, (eFk,p KeT, CELFK,p

Thus, taking one degree of freedom equal to one and the others equal to zero problem (20) is equivalent to find
I'(U7,) such that:

Z F[CQP(UE]’I;”(UTP)) =0 forall (e SF,nSF,
KeT¢

U7, = ]gwt(U%'t) for all ¢ € SF, N SFeut,

FICQP(UE,I;TL(UE)) =— Z I(AkUk ny, o foral K eT,andall (€ZIFk,,
CETFK,p

which is a convenient form for solving the local variational problem in practice. This is also a much more usual
form for MPFA local problems: those are formally flux continuity equations. Thus, the flux through the subface
¢ € Fip for the global unknown U is naturally defined by setting:

Fi (Ur) = Fy (U7, I3 (UT,)), (27)

and in particular the flux corresponding to subfaces ( € SFx n SF, appearing in the natural formulation (9)
of our new MPFA method are given by:

Fio(Ur) = Fg ,(UT) = Fg (U7, I'(UT,))- (28)
This is of course the form under which the flux are used in practice.
Remark 2.2. By construction, notice that for any subface ¢ € Fk p:
Fy (U7r) =Fg (U, IJ(UT,)) = —[(|Ax VIIk (U7, I (U7,)) - ek pc—
<l

5 e (v = MU I W) o)) (S = emmnc (ag — ) +
¢ eFK,p

14
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C in
Z )\K7P|K|| UK 7VHK7P(U7};7I[) (UTp))) MK pCs (29)
CG}—KP

which formally reveals the reasons why those formula correspond to consistent flux. Indeed, if ¢ € Py (K),
and if one takes ug = ¢(xk), Ux = Vo(xk), uc = p(x¢), then as the operator Ilx , is exact on first order
polynomials we clearly get:

Fi (U7) = —[C|AK Vo g pc.

Our flux are thus exact on first order polynomials and it is a classical exercise to deduce their consistency.

2.1.2 The operator G+ of the enriched MPFA method

To fully define our new MPFA method, it remains to define operator G7. To this end, we will sum the local
variational problems (20) over p € P, which forces us to go back to notation vg p ¢ for subfaces ¢ interior to cell
K, ie.:

V= ((vk, VK)KkeT,, (Vo)aeFynFunss (Vp)cesr,, (Vi p.c)KeT, celFx.,) -

Summing over p € P and rearranging the sums, we immediately get:

Zap (W5, V) Z Z |Kp|Ax VI, (W) - VIIg 5 (V) + Z Z skp(Wp, V)
peP KeT pePk KeT pePk

_Z Z Z ICIAKW i - g p c VK p.c

KeT pePk CeELFk,p

which is a bilinear form on the space Xo = X7, x X", Using our parameter pu € {0,1} introduced in our
stability coefficient to enforce symmetry if desired, we slightly modify the above expression to finally define a
global bilinear form aj, by setting for all (W, V') e Xy x X :

= Z Z [ Kp| A VIg (W) - Vg p (V) + Z Z sK.p(Wp, V)

KeT pePk KeT pePk
=200 DL KARWr mkpcvokpe—p Y, D, O, ARV K - mk e pc- (30)
KeT pePk CELFK,p KeT pePk CeELFK,p

We see that aj, is indeed symmetric if ¢4 = 1, and is non-symmetric if 4 = 0 although more natural starting
from the local variational problems. As (30) is clearly a discrete counterpart of the bilinear form induced by
model problem (1)-(2), we naturally consider the global variational formulation find U € X, such that

an(U,V)=1p(V) YVeX, with (V)= )] |K|fxvk. (31)
KeT

It is now easy to establish the following equivalence result:

Theorem 2.3. For any p € {0,1}, solving (31) is equivalent to solving the generic MPFA problem (9) with
operators I'™ and (Fk ¢)keT cesFx given by the local problems (26) and with operator G defined by:

Gr(UT) = 3 Z M pVIk (U7, IPUT)) + 10 Y, [ kpc(UT,) ARk pe | (32)
pE'PK CEI]:K,p
where \§ = 2P Akp > 0.

15
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Proof. The proof is in fact elementary and simply consists in correctly choosing test f;unctions toAmake the local
problems appear. For any p € P and any V,, € X,(0), let V € X; be such that V=V, V,y =0 forall

p # p. Using such a V, we immediately see that a, (W, V) =0forallp € P, p # p, as well as lh(V) =0 and
“n Y, D D ARV nkpcwipc =0,

KeT pePk CELFK,p
as Vg = 0 for all K € 7. Thus we clearly have, if U is solution of (31):

an(U, V) =ap(Up, V) = Z |Kp|Ag VI, (W) - VIIg p (V) + 2 skp(Wp, V)
KeT, KeT,

- Z 2 ICIARW i - nk pcvipe =0 ¥V Ve X,(0),
KeT, CceTFx.,

implying that U, is the unique solution to the local variational problem (26) and thus U, = (U7,,I,(U,)).
Next, for some K € T and some 1 < i < d, taking V- = 1 in the global variational formulation and all others
degrees of freedom of V' equal to zero, we get:

D XUk = Vg, (Up) e) —pn >0 D1 [CARnk ¢ - €itigpc =0,

pGPK pE'PK CGI]:K,;,

and thus we do obtain Uk = Gg (U ), with Gk defined by (32). Finally, we have by construction:
an(U, V)= ap(Up. V)= D7 D1 Y, ARV K - mcpctinng

peP KeT pePk C€LFk p
=20 20 20 Fr,Up) vk —vkp) = Do D) AUk - mcp cvrepe
peP KeT, CeEFK,p KeT, CELFK,p

Y, Y Y ARV i cunp

KETPE'PK CEI]“KJ)
Taking vg = 1 for some K € T and all others degrees of freedom of V' equal to zero, we deduce from (31) that:
pEPK QG]:K P

However as we know that U, is solution of the local flux continuity problem:

2 X FrpUn= 2 2 Fi,Un+ 2 X Fi,Us

PEPK CEFK,p PEPK CESFK p PEPK CELF K p
— ¢
=2 X FiUn= 2 ) KlAkUk
pEPK CES]:K P pEPK CEI]:K P

But we clearly have:

- Z Z |C|AKUK'"K,p,g” == Z I AU - Z ngpc | =0,
PEPK CELFk,p CelFk pePr | CELFk p
and we thus recover:
Yo DL Fr,Up) = D) Frc(Uy) = |K|fx.
pEpK CGS]:K p CES}-K

Thus, we have established that a solution of (31) is indeed solution of the generic MPFA problem (9) with the
announced choices for operators I'™ and (F ) keT pepy and G. As we have in fact covered all the possibilities
for the test function V' it is immediate to see that the converse holds true, which concludes the proof. O
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In practice, it is useful to notice that multiplying equation Uy = Gk (U7) by A% we get:

0=AUk - A¢Gr(Ur) = > Gip(Ur),
pePK

where

Grp(UT) = Mg, Uk = Vg (U7, I UT)) = Y, [CHkpc(Ur)AGnk e, (33)
CELF K p

which was in fact the expression from which we have deduced the precise form of G (U7) in the above proof.
Computing each G ,(U7) instead of G k(U ) will indeed lead to a much easier implementation of the method,
as we can handle them in flux-like assembling loops (see subsection 2.2).

Finally, let us observe that the stencil of the cell equations 3.5, Fx,¢(UT, U™) = |K|fx andUg = Gx(UT)
for cell K simply correspond to the cell unknowns of cell belonging to Upep, 7p. This implies that for the face
and subface based subdomains, the stencil of the resulting enriched MPFA methods for a given cell K consists
in the cells that are immediate neighbours through faces of cell K, or in other words it leads to the same stencil
as the TPFA scheme. For the O shaped domains, the corresponding enriched MPFA has this time the same
stencil has the MPFAO scheme, i.e. neighbours through vertices. In any case the enriched MPFA methods do
have a compact stencil as claimed in the introduction.

Remark 2.4. The final formulation is very reminiscent of incomplete interior penalty (IIP) discontinuous
Galerkin method for p = 0 and symmetric interior penalty (SIP) discontinuous Galerkin method for y = 1 (see
[28, 29]). Indeed, roughly speaking we recognize in (30) the four terms of SIP dG methods: the symmetric
bilinear form on gradients, the two flux terms on some boundaries, and a stabilization part. However, a closer
look makes it obvious that there are also many differences: our boundary flux terms are not on the boundary of
the cell, but on some internal boundaries (in this sense, it could also be compared to a discontinuous Galerkin
method on the submesh SM rather that on the mesh itself, but for which jumps are not allowed only on faces
interior to the cells of the original mesh). The stabilization term does not involve jumps on the boundaries of the
cell as we enforce trace continuity on subfaces, but rather two different ways of expressing consistency. Finally
we do not use the gradient unknowns to approximate the diffusion operators, for which gradient reconstructions
based on subfaces unknowns are preferred. We only resort to the gradient unknowns to enforce flux continuity
in the interior of the cells of the original mesh. Nevertheless it is interesting to notice the formal resemblance (in
particular to establish convergence) as well as the fact that once the intermediate unknowns are eliminated, our
new MPFA methods has the same number (d 4+ 1) of degrees of freedom per cell than first order discontinuous
Galerkin methods on the original mesh M (and not on the submesh SM).

2.2 Implementation details

The implementation of the enriched MPFA methods follows the usual lines of the MPFA methods. In a
sequential setting, the most efficient assembling procedure should loop over the partitioning set P to solve the
local problems once and use their solution to update the cell equations for cells K € 7,. In a shared memory
setting, an alternative (with storage) would consist in again looping over the set P to compute the local flux
operators and gradient operator contributions, but instead of immediately updating the cell equations postpone
it to a second loop over cells (see algorithm 1). In this way, no concurrent write access to cell equations is
needed, the only concurrency being potential simultaneous but non locking read access to the stored flux and
gradient operators (without storage, this second version implies recomputing the flux and gradient operators
several times to avoid locking write access).

2.3 Stability of the enriched MPFA methods

So far, we have only established the well-posedness of the local problems. Fortunately, we have also derived
an equivalent global variational formulation from which it is easy to deduce the stability of the overall MPFA
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Algorithm 1 Pseudo code for assembling the enriched MPFA methods

Initialization:
for pe P do
Compute the local domain D, and its geometric properties.
for K €7, do
Compute the local flux Flg(’p for ( € Fgp using (24).
end for
Solve the local variational problem under flux form (26) and deduce the operators I ;,".
Compute the local “cell-centered” flux (Fk ¢)keT, cesFx, using formula (28) : Fg(Ur) =

FIC(,]?(U,Tp i ;,”(Un )) and the gradient operator contributions (G'x,p)ke7, using (33), and store them.
end for
Assembly loop:
for K €T do
for p e Px do
Get the “cell-centered” flux (Fk ¢)re7, cesFx, and the gradient operator contributions (G ) ke7, and
add their contributions to the cell equations ..z, Fr.c(U7,U™) = |K|fx and Ux = Gx(U7).
end for
end for
for o € Four do
Enforce the Dirichlet boundary conditions u, = 0
end for

method. To this end, we define the scalar product

W, V)xi= D>, > D IKphl (wipe — w) (v pe — vi)+
KeT pePk Ce€Fk,p

DD K (Wi = Vg (W) - (Vi = Vg, (V) ¥ (W, V) e Xg x Xo,
KeT pePk
and the associated semi-norm

VIii= D D D IKhGlvkpe — vkl + Y. Y K|V = VIIg o (V))]? Ve X,

KeT pePk CeFKk,p KeT pePk

which is clearly a norm on X . Notice that we have made a slight abuse of notations for subfaces ( € SF by
denoting vk p ¢ = v¢ if ( € SFg N §F,, allowing more compact notations. Establishing stability now roughly
speaking consists in noticing that we have correctly chosen the values of /\‘;50

. p.c and A‘;(’)lp)c to compensate for
the boundary terms, leading to:

Theorem 2.5. There exists C, > 0 and v, > 0 independent on h but depending on d, Ay, A\*, 07, 01 and Op
such that such that for any (W,V) e Xy x Xo:

an(W,V) < ColWix1|Vix1 and an(V,V)=7|V|x,. (34)

Proof. We have by definition:

an(V,V) = Z Z |Kp|Ax VI p (V) - VIIg p (V) + Z Z sKkp(Vp, V)
KeT pePk KeT pePk
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—(1 + ,Lt) Z Z Z |C|AKVK ‘MK pcVKpe =11 +To + T3,
KeT pePk CelFk,p

with obvious notations. Using }, .p | celFx, MKpC = > nkpc = 0 for any ¢ € IFk, we get

pe73<

Z Z Z ICIAk VK -nkp e (vk + V- (2 —xK)) = 0.
KETPEPK CEI]'—K,;)

The last term T3 thus rewrites:

Ty=—1+p) Y, > D KAV nxpc (0kpe — vk — Vi - (@ — Tk))
KGTpE'PK CGI'FK,Z)

=—(1+p) Y D> D KAV nkpcRipc(V),

KeT pePk CeIFk . p

where we have denoted
Ricp,c(V) = vrpc = vr = VI p(V) - (¢ —2x) = (Vi = Vg, (V) - (2¢ — 2K).
To establish stability, we need to estimate 13 carefully. We get for v, , > 0:

—[C[AkV i s p Ricp (V) = =7 pulClhx p (’Y;_(,lp,uh}%pMKVK : nK,p,gRK,p,g(V)\)

i puhiplC] (h—2 2

> 5 Ko Vi o AT p =i p el Ricp,c (V)2 + Ak Vi - VK|) :
Then
AV - V| <2Ax(Vk — VIg (V) - (Vk = VIk (V)] + 2[Ax VI, (V) - VIIg (V)]
and

IRk pc(V)I? <2k pe — vk — Vg, (V) - (x¢ — 2k)° + 2h% |V k — VIIk (V)]
finally lead to:

AV & -1k p cRicp.c (V) 2 =i h Pl AR R ¢ - i ] [0 pc — vk = VITE (V) - (¢ — 2250) |

—hi Vol AR K p ¢ - Mk p ¢ [V i — VT, (V)P
—hip YK pulCl 1Ak (VK = VI p(V)) - (Vk = VI, (V)| = Y ppuhiplCl [AK VI (V) - VIIK (V).
We finally obtain:

Tz —(+p) ), > D) <7K,1p,,L|ChKTp|AK"K,p,< nxpcl Vkpe — K = VI (V) - (2¢ — 2k)
KeT pePk CelFk p

+[¢lh p <7K,p,u|\/\xl|2 F Vip INETK p '"K,p,d) |V — Vg, (V)
+I¢ e pYE | AR VI p (V) - VHK,p(V)> :
Recalling that:

1 .
A0 (14 ) [Axmnrgpc - nK,p,<|F)/K7p7“ it (e IFkp,
fope 0 otherwise,
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and
1 _
Nitb e = (14 1) (IIAxcllovpn + Mmoo nicpchich,)

we see that the two first terms are precisely the opposite of the additional terms involving )\‘;{lp ¢ in the stabi-
lization form s,. Then proceeding as in the proof of lemma 2.1, we see that

_ 2 14 _ 2 2
Kyl hi, e = Tk p (V) ()| = leplhK?p lve — vk |” = plKp| VLK p (V)]

leads to, as Ay < Agp e <A™

I+ 15 > Z Z ( 1+N'YK,p, ( Z C|hK7:D>AKVHK,p(Vp)'VHKW(VP)"'

KeT pePk CEI]'-K,;;
A
—card(Fiep)oN K| [ViTicp (Vo) + 720 3 Kylhid o = vl
CEFK,p

71 A Ky ||V K — VHK,;D(VP)|2>7

and consequently, for any 0 < vo < 1:

ZEDNDY ((70|Kp|(1+u)71<,p,u< > |<|hx,p)>AKVHK,p<V>-VHK,p<V>+
KeT pePxk CelFk,p

o Agp _ 2
(1 =70) A = 07pA") [Kp| [VILE (Vi)™ + 7 j;p DK, [k pe — VK]
CeFK,p

+71)‘*‘KPHVK - VHK,;D(VP>|2>7

and the coercivity result immediately follows with

1—70)A
p= L=70)A 9:;,2 * and 4 =min (mA*,

(1 —7)A;
Or* + (1 — ’yo)/\*

as
'YO|Kp|

(1+p) (delﬂw |<|hK,p) .

To establish boundedness, recall that by definition:

= Z Z |Kp|Ax Vg p (W) - VIIg 5 (V) + Z Z skp(Wp, V)

YK,p,u =

KeT pePxk KeT pePk
=0 > D KARW K mkpcvkpc— i Y, D) O, ARV -k cwipe
KeT pePk CeIFk,p KeT pePk CeIFk,p

=T, +T5 + 15+ Ty.

The treatment of the two boundary terms being identical we only detail the first one. Again, as by construction,
we have:

2 Z [CIAKW i -1 pcvr =0,

peEPK (EI]:K,p
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using Cauchy-Schwarz inequality and the definition of 61 we can write:

22 X AWk nicpcvkpg

KeT pePk CelFk p

1/2 1/2

<oN* [ D) Y D KWk DD D KR vk — vk

KeT pePk CelFk p KeT pePk (el Fk,p
Next, we have for any ¢ € Fi p:
_ 2 - 2 - 2
|Kp|hK?p Wk p¢ — Mk p(Vp)(@)]” < Q‘Kp‘hx?p VK pc = vK|"+ 2|Kp|h1{?p [VIlkp(Vyp) - (xc — k)|

_ 2 2
< 2|Kplhid, ok p.c — vr | + 21K | [VITKp (V)[

Yol K|
(1+p) (de]ﬁw |C\hK,p)

Yobg!
20

< VEpp <00 for Yk =

we see that

Mipcl SA* and Mg <AXNOnfryp " and N o <200 (v + 20770 1)

and thus using again Cauchy-Schwarz inequality we get that for some C > 0 independent on h

h+T<C 2 Z ‘Kp‘ |VHK,p(Wp)| |VHK7P(VP)| + |Kp| Wk — VHK,p(Wp)D (VK- VHK,;D(VP)D

KeT pePk
1/2
2 — 2
+ Z | Kp| [V »(W)|” + |KP|hK?p (WK p¢ — WK| X
CE}—K,Z)
1/2
2 — 2
Z [Kp| VK p (Vp)]™ + |Kp|hK?p lvip.c — VKl )
CEFK,p

from which the first result immediately follows using Cauchy-Schwarz inequality and the bound on VIIg ,. O

Being able to obtain this result is the reason why we have chosen to define operator G+ through a global
variational formulation. This is probably the major result of the present paper, as it provides existence and
uniqueness of solution to the discrete problem (31) and as we will see that thanks to it the convergence theory
is now very classical, up to some technicalities.

3 CONVERGENCE RESULTS
In the following, we will need to assume the following mesh regularity:

(MR) There exists 6y > 0 and a matching simplicial submesh SST of SM such that for any T € SST,
Ophr < rp where rp is the inradius of T', and for any K € T, any p € P and any T € SST such that
Tc K, thKﬁU < hr.
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Assumption (MR) is slightly stronger than the usual mesh regularity assumption, in the sense that we do not
require a matching simplicial submesh of the mesh M but of the submesh SM: from this point of view, SM
is the true mesh on which one should perform the numerical analysis. From [29], we know that for meshes
satisfying (MR) 0 and 6y; are bounded by a function of d and 6,4. The same holds for p for the examples of
sets P of section 1.4.

Due do the importance of diffusion problems in applications and also because it is a kind of standard model
problem for developing new numerical schemes, there exists a tremendous number of proofs and frameworks,
more or less abstract, that provide convergence results for multiple point flux approximations. Without trying
to be exhaustive, at the very least let us mention the classical two-point flux finite volume theory (see [39]),
the theory of discontinuous Galerkin methods (see [29]), theory devoted to MPFA (see [8, 9]) and more general
non-conforming methods (see [10, 30]), or the gradient discretization method (see [36]), the later being one of
the widest and most recent abstract generalization of the previously mentioned approaches.

Because of the jumps allowed along internal subfaces ¢ € ZF and the additional boundary terms in the variational
formulation, some of the elements of our method do not immediately coincide with those frameworks. Indeed,
we need to show that our additional boundary terms do correspond to consistent terms that go to zero when h
goes to zero, and that our discrete gradients are “limit conforming” (or equivalently “weakly consistent”). We
do so thanks to the following two lemmas:

Lemma 3.1 (Consistency of boundary terms). For any (W,V') e Xy x X, we have:

Z Z Z ICIARW i - g p VK poc| < On AW 1 x x
KeT pePk CeLFk,p

1/2
DD X K ke — i = VI (V) - (@ — 2x) P + K[V = Vg, (V)
KeT pePk CELFK,p
Proof. As we have already seen in the proof of theorem 2.5, we have:
DD D KIAkWk -k cvkpc
KeT pePk CeLFk,p
= Z Z Z (W K 'AﬂnK,pA,C (VK pc —vx — Vg (V) - (¢ — TK))
KeT pePk CELFK,p
=20 2 D KWk ARnk,c (Vi = Vg, (V) - (¢ — zx),
KeT pePk CeLFk ,p
and the result immediately follows by using Cauchy-Schwarz inequality. O

Lemma 3.2 (Limit conformity (or weak consistency) of the discrete gradients). Let (Mp)nen be a family of
meshes indexed by h € H where H is a bounded at most coutable subset of RT such that 0 € H and there exists
0 > 0 such that max(0r,,01,,0m0,,0M,,0p,) <0 for all h e H. Let us denote

. K
H?’;L(Uh)|K = UK and VT;L(UhNK = Z MVHKW(U;L) - Z ||I<;-|UK7P7CnK7P7C VKe 77“

pGPK ‘K| CEI]:K,I)

the piecewise constant function and weakly consistent gradient reconstructions. Then if Uy satisfies:

(i) Up € Xpo for all he H,
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(ii) My, (Up) — u weakly in L*(Q) when h — 0,
(iii) there exists C > 0 independent on h such that |U|1 x, < C for allheH,
then we HY(Q) and V7, (Up) — Vu weakly in L*(Q)? when h — 0.

Proof. Let us start by extending Il (U}) and V7, (Uy) by 0 outside of 2, and denote those extensions respec-
tively I, (Up) and V7, (Up,). By virtue of lemma 2.1 and the fact that:

D0 > Klukpenkpe= Y, D) Kk —ur)ngp

pGPK CEI]:Kp pGPK CEI]:KJ,
1/2 1/2
< ¢|R Pyl p.c — uxc|®
= K.p K,plYK,p.¢ K
PEPK CEIFK pEPK CEIFK

1/2

< 9“‘9;-‘/2|Kp|1/2 Z Z |Kp|h;(?p‘ul<,p,( —ugl® )
pE'PK CEIFK,p

where we have once again used X, cp, | cerr., PEKpC = 2 nkp¢c = 0, we know that H%’]’h(Uh)HLQ(Q)d is

pE'PC
bounded and thus up to a subsequence there exists G € L?(R?)? such that V7, (U}) — G weakly in L?(R%)4

when i — 0 and that II7, (Uj) — % weakly in L2(R%) when h — 0, where & denotes the extension by zero of u
outside (2. Then notice that, for any ® € CZ(R%)4:

f Iy, (Uy)divd = )’ ZJ ug div ®,
R K,

KeTy, pePk

which leads to:

N , : 1
‘[dHTh(Uh) div®d = Z Z Z |§|qu)< MK pC with q>< = KJ P.
R ¢

KeTy, pePk CEFK,p

Then, recall that for any p € Pk and any ¢ € SFk,, we have denoted ug p ¢ = u¢ with uc = 0 for any ( € SFeqt

thus
D020 D Klukpc®cnipe= Y, Klucde- | D] > nipc | =0,
KeTh pEPk (ESF K ,p CESFint KeTe pePk | (ESF K p
since
Z Z NKpc = Z Z ngpc = 0.
KeT; pePk | CESFk,p KeTe pePrx nP¢
Denoting ®x = ﬁ §; @, this leads to:
J Il (U}) div® =
]Rd
DD DT Kk —ukp)®mrpc+ Do Y, Y, [Clukpc®e nkpe
KeThn pePk CeFk,p KeTh pePk (el Fk,p

= 2 X X el wrep )P macpc

KeThn pePk (eFK,p
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+ 20 D O Kk —ukp )@= Pk) nrpc+ Y Y, Yo KClukpc®enp

KeTh pePk CEFK,p KeTy, pePk CEIFK
== >0 DK VeUn) @+ D) Y D [lukpc®xnkpe
KeTy, pePk KeTy, pePk CEIFK p

+ 20 2 D [l = k) (@ = Pr)

KeTi pePx (€Fk p

+ 0 2 D ke —ur)(@¢ = Pk) K pc

KeThn pePi CeIFK p

=- ] f V7, (Up) - @5 + T1 + T,
KeTn K
with obvious notations and as Y yer, Xep,c 2icerry, [CIUK(®c — Px) - mgpc = 0. Using the fact that [ —
D x| < Cphg for some Cp > 0 independent on h, the bound on the remaining terms T; and T» are classical, as
we have using Cauchy-Schwarz inequality:

1/2 1/2
ITh| < Cah 2 Z 2 IClhx p 2 Z Z CIht lur — uk pcl? ;
KeTn pePr (eFK,p KeTn pePk (eFK,p
and
1/2 1/2
Tl <Col | Y >, X Klhiy D0 D 2 lnluk —urpc |
KeTn pePk CeIFk,p KeTy, pePk CEIFK

and thus |T3| < Ca0°04%0n,1Q/Y2|U 1 x, for i € {1,2}, which directly leads to V7, (Us) — V@ weakly in
L?(R)? when h — 0. Thus G = Vi, which implies % € H!(R?) and consequently u € Hg (). O

The remaining necessary properties to establish convergence are the stability of the method, which we already
have, as well as the strong consistency of the gradient and the stabilization term. As we have used the hybrid
gradient in our local variational problems, establishing the consistency of VIl , is completely classical, which in
turns immediately imply the strong consistency of the stabilization, boundary terms and of the weakly consistent
gradient V7, using of course for v regular enough Vi = Vo(zx) and vk ¢ = v(z¢) for the additional degrees
of freedom of our enriched MPFA, thanks to either lemma 3.1 or

Z ||[§|’U(:13<)TLK7P7C =0.

peEPK ‘ CEIJ“K,p

Combining those classical results with the fact that we have established the desired properties for our unusual
terms, using one’s favorite option among the many available frameworks (and in particular such as [10] or [30]
for the non-symmetric case) it is now a classical matter to obtain the following convergence results for our stable
MPFA (SMPFA) method:

Proposition 3.3. Let d = 2 or 3, and assume that the meshes satisfy (MR). Then, we have:

(i) Let (Mp)nen be a family of meshes indexed by h € H where H is a bounded at most countable subset of
R* such that 0 € H and there exists § > 0 such that § > 0 such that maz(0, 07, ,0m,,0m,,0p,) < 0 for
all h € H. Then if Uy, denotes the solution of the multiple point flur approximation associated to mesh
My, we have when h — 0

7, (Un)=l|L2) — 0 and  |[V7,(Un) = V|2 — 0 and  ||G7, (Un) = V|2 — 0,
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where the piecewise constant function and gradient reconstructions are given for all K € Ty, by:

| K¢l

II7, (Up)|lxk =ux and Vg, (Up)lx = Z ]

PeEPK

VHK,((Uh) and GT,,(Uh)|K = GK(Uh)

(ii) If A € WH2(Q) and w € H}(Q) n H2(Y), then there exists C,, > 0 depending on u, 2, Ay, \*, 07, 07,
O, 0p but independent on h such that:

I+ (U) — ﬂ||L2(Q) <Cuh  and ||V7(U) - VU||L2(Q)(1 <Cuh and ||Gr(U) - Vﬂ||L2(Q)d < Cyh.

Notice that the convergence and error estimates for G5 (U) are in fact obtained a posteriori thanks to the fact

D1 D AkplVi = VI (V)] < an(V, V),
KeT pePk

and proceeding in the same way than for establishing the strong convergence of V(U). We thus know that
our new MPFA methods will have the desired convergence behavior. Let us also mention that up to some
additional (mainly technical) hypothesis, it is feasible to obtain superconvergence of the L? reconstruction for
the symmetric version p = 1, i.e. |[Ily, (Un) — @l|r2(0) < Cyuh?® using the classical Aubin-Nitsche’s duality
argument (see [37, 29]). As the global formulation for the non-symmetric version (p = 0) is formally very close
to the ITP discontinuous Galerkin method, we expect that super-convergence can be lost for the non-symmetric
version in specific cases (see [49]).

4 NUMERICAL EXPERIMENTS

In this section, we test our stable MPFA method (SMPFA) on the classical set of test cases used for instance
in [20]. We consider six SMPFA schemes: the SMPFA schemes based on faces in symmetric (SMPFA-FS)
and non-symmetric (SMPFA-FN) versions, the SMPFA schemes based on subfaces in symmetric (SMPFA-SS)
and non-symmetric versions (SMPFA-SN), and the SMPFA schemes using the O-shaped domain in symmetric
(SMPFA-OS) and non-symmetric (SMPFA-ON) versions. Notice that in dimension two, in practice we use faces
as subfaces (F = SF) and the schemes based on subfaces and faces are identical, thus we will only display
results for (SMPFA-F). All the SMPFA schemes are used with w = 0.5, 7o = 0.9 and ; = 0.01. We compare
the SMPFA schemes to other unconditionally stable finite volume approaches: the hybrid finite volume scheme
([40, 41]), the original VAG scheme of [42] as well as the naturally stable variant VAGRT based on a tetrahedral
subdivision of cells of [47], and the conservative first order VEM called virtual volumes (VVM) of [20]. Finally,
we also consider the classical conditionally stable MPFA-O method ([1]). For simplicity, the L? convergence
results that will be plotted correspond to /> ket [ K|(u( k) — ux)? where u is the exact solution. Apart from
the MPFAO scheme, all other finite volume methods used here require additional unknowns, corresponding to
of course our additional cell unknowns for our SMPFA schemes, mesh faces for the hybrid scheme, and to mesh
vertices for all the other ones. Thus, a fair comparison cannot rely only on classical convergence curves against
h, as the different methods use different sets of unknowns. We consequently also display convergence curves in
terms of the total number of unknowns.

4.1 Numerical results in dimension 2

We consider the domain © =]0,1[x]0, 1[ which is subdivided into four areas, denoted D;, i = 1..4, and we
use a sequence of meshes fitting this partition (see figure 5). On this domain, we consider the three tests
cases of [7] and [46], that allow to study the behavior of the method in presence of strong heterogeneity and
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Figure 5: Domain subdivision and example of mesh

Figure 6: Isolines of solutions for ConvTest!, ConvTest2 and ConvTest3

for low regularity solutions. The first test case (named ConvTestl, see figure 6) is such that A, b, = A ld and
Ay p, = A2ld. A solution of —div(AVu) = 0 is then given by :

BEs cos(a(f — 7/3)) for 6 € [0, 27/3], -
Bre cos(a(4n/3 —0))  for 0 € [27/3, 2], (35)
with a = (3/m) arctan+/1 + 2/k and 8 = cos(an/3)/cos(2an/3), and Kk = A\1/Ay = 0.1.

the second test case (named ConvTest2, see figure 6), is given by

For the same tensor,

r®sin(a(d — 7/3)) for 6 € [0, 27/3], (36)
Bresin(a(4n/3 —0))  for 0 € [27/3, 2],

with o = (3/7) arctan /1 + 2k and 8 = 1/(2cos(an/3)), and £ = A1/A2. Finally, for A,

Ap, =4

D

= A‘D3 = \Id and

, = A2ld, the third test case (named ConvTest3, see figure 6) is given by u(r,0) = —u(r,6 — ) and
r* cos(a(f — 7/3))

Bresin(a(bm/6 — 6))

for 6 € [0,27/3],

(37)
for 0 € [2m/3, 7],
with o = (6/7) arctan (1/4/1 + 2x) and 8 = cos(aw/3)/sin(an/6), and £ = A1/A2 = 30. The solutions of
convTestl, ConvTest2 and ConvTest3 have the respective approximate regularities H229, H'™ and H'?*, as
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a ~ 1.29 for ConvTestl, a ~ 0.79 for ConvTest2 and o ~ 0.24 for ConvTest3. From the results displayed
in figures 10, 11 and 12, we deduce the approximate convergence orders of table 1. Apart for the SMPFA-
ON scheme, all are in agreement with the optimal order of min(2,2«) which is 2 for the ConvTest, 1.58
for ConvTest2 and 0.48 for ConvTest3. The SMPFA-ON scheme does not superconverge for ConvTest! and
ConvTest2 , which is probably the effect of the non-symmetry. Also notice that its symmetric version SMPFA-
OS outperforms all other schemes on the low regular ConvTest5.

Table 1: Approximate orders of convergence for ConvTestl, ConvTest2 and ConvTest3

ConvTestl ConvTest?2 ConvTest3

SMPFA-FS 1.99 1.72 0.53
SMPFA-FN 2.02 1.51 0.47
SMPFA-OS 1.75 1.60 0.86
SMPFA-ON 1.05 0.88 0.45
MPFAO 2.06 1.56 0.45
Hybrid 1.97 1.55 0.39
VAG 1.98 1.52 0.53
VAGRT 2.07 1.53 0.54
VVM 1.97 1.59 0.50

Then, to assess the behavior of the method in presence of anisotropy and on distorted mesh, still on =
10,1[x]0, 1[, we consider

€

w(z,y) = sin(rz)sin(ry) A = ( .Y ) (38)

with € = 1072, which will be named ConvTest4. We consider five types of mesh sequences. The first one is a
sequence of Delaunay meshes (2dDelaunay), while the second one (2dDualDelaunay) is obtained by considering
the dual meshes of the first sequence. The third one (2dVoronoi) is the sequence of Voronoi meshes associated
to the same sequence of Delaunay meshes. The fourth sequence (2dKershawBozx) is a sequence of Kershaw
meshes of the unit square, and finally the fifth one (2dCheckerBoardBox) is a sequence of checkerboard meshes
of the unit square. These two sequences have only quadrangular cells which are distorted for the sequence
2dKershawBoz, while the sequence 2dCheckerBoardBoz allows to test the behavior of the method in presence
of non conformities.
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Figure 7: Example of meshes for the 2dDelaunay, 2dDualDelaunay and 2dVoronoi mesh sequences
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Figure 8: Example of meshes for the 2dKershawBox and 2dCheckerBoardBoxr mesh sequences

Table 2: Approximate orders of convergence for ConvTest)
2dDelaunay  2dDualDelaunay  2dVoronoi 2dKershawBoxr  2dCheckerBoardBox

SMPFA-FS 1.93 2.13 2.04 1.92 2.06
SMPFA-FN 1.93 2.10 2.04 1.91 2.06
SMPFA-OS 2.06 2.09 2.00 1.35 2.04
SMPFA-ON 2.03 2.03 1.97 1.65 2.04
MPFAO - - 1.84 1.94 2.04
Hybrid 1.93 2.17 2.02 1.91 2.33
VAG 2.02 2.19 2.04 1.52 1.99
VAGRT 2.02 2.08 1.98 1.66 1.94
VVM 2.03 2.24 2.14 1.79 2.01

The convergence curves are displayed on the five figures 13-14-15-16-17, each one corresponding to one of the
mesh sequences, while the approximate convergence orders are given in table 4.1. Notice that the MPFAO
scheme exhibits instabilities for the 2dDelaunay and 2dDualDelaunay mesh sequences. All the other schemes
converge on all the mesh sequences with the expected convergence order. Nevertheless notice that on the
2dDelaunay mesh sequence, the error constant of the Hybrid scheme is quite high, most probably because of
some non-alignment of the gradients on this anisotropic test case for this very specific mesh sequence: indeed, on
simplicies the classical stabilization terms cannot compensate for those alignments problems. Naturally the same
holds for the SMPFA-FS and SMPFA-FN for which the subproblems will share the same deficiencies. Numerical
experiments reveals that adding extra stabilization terms (under the form |Ky|h% Vi ,(U)Vk ,(V)) improves
the convergence of both the Hybrid and SMPFA-F schemes on this mesh sequence. For the 2dKershawBox
mesh sequence that do not really satisfy (MR), we can see some effect of the mesh irregularity: the convergence
is slower for all schemes, and in particular for the SMPFA-OS, SMPFA-ON, VAG and VAGRT schemes. For
the SMPFA-O schemes, the reason is most likely the fact that the subcells K, become highly distorted, thus
01 grows which increases the contribution to the error of the stabilization terms. On this mesh sequence,
the SMPFA-F versions are clearly a better option than the SMPFA-O, contrary to what happened for the
2dDelaunay mesh sequence. Concerning the three other mesh sequences, all the stable finite volume schemes
perform comparably, the “best” scheme not being the same for every mesh sequence.

Figures 13-14-15-16-17 also reveals the evolution of the L? error with the total number of unknowns. First, it
reminds that apart for the MPFAO scheme, the number of unknowns for a given scheme is highly dependent
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on the geometry of the cells: the Hybrid scheme for instance has much less unknowns on simplices (where it is
also less good) than on Voronoi cells. The main point is to notice that the more complex the cells, the better
the number of unknowns of the SMPFA scheme will compare with other approaches. Moreover in general for a
given number of unknowns the L? error of the SMPFA schemes are competitive when compared with the other
finite volume schemes. Nevertheless, we must mention that for the VAG, VAGRT, VVM and Hybrid schemes,
the cell unknowns can be eliminated from the linear system through static condensation. We have not at this
stage worked on a way to reduce the size of the final linear systems for the SMPFA schemes, hybridization
techniques (see [12, 21]) probably being the right approach.

Finally, let us mention that when the non-symmetric versions of the SMPFA scheme superconverge, they always
outperform their symmetric counterpart, as should be expected: indeed, the symmetric version adds an extra
stabilization term that increases the overall approximation error.

4.2 Numerical results in dimension 3

We now perform a few experiments in dimension 3. To assess the behavior of the method in presence of
anisotropy and on distorted mesh, we consider

e 00
u(z,y) = sin(mwx)sin(ny)sin(nz) A=10 € 0 , (39)
0 0 1.0
with € = 1072, We test this solution on a Cartesian mesh sequence of the unit cube (named 3dBoz), a

checkerboard mesh sequence (8dCheckerBoardBoz), a randomly perturbed cartesian mesh 3dRandomBoz, as
well as the distorted mesh sequence 3dSweep displayed on figure 4.2. Meshes of these last sequence are obtained
by mapping a polygonal mesh of the unit square in the zy plane to a non planar surface. For the last two
sequences, the planar subfaces are obtained by splitting the non planar into triangles based on the face’s
barycenter.

Figure 9: Example of meshes for the 3dSweep and 3dBoxRandom mesh sequences

The results are presented on figures 18-19-20-21, with the corresponding approximate convergence orders in
table 3. The observations are roughly speaking the same than in dimension 2. The main point is the fact that
the face and subface based SMPFA schemes are no longer the same in dimension 3: on our examples, because
the subface based local domains D¢ are more distorted for the 8dSweep and 3dRandomBoz sequences that their
face based counterparts D, , we see that the face based versions outperform the subface based ones.
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Table 3: Approximate orders of convergence for ConvTests
3dBox  3dCheckerBoardBox — 3dSweep  3dRandomBox

SMPFA-FS 2.00 2.10 2.33 2.18
SMPFA-FN 1.99 2.04 2.31 2.25
SMPFA-SS 2.00 2.10 1.64 1.86
SMPFA-SN 1.99 2.04 1.96 2.11
SMPFA-OS 1.86 1.97 2.00 2.34
SMPFA-ON 1.95 1.99 2.22 2.20
MPFAO 1.96 1.76 - -
Hybrid 2.00 2.29 2.47 1.63
VAG 1.90 1.95 2.05 2.25
VAGRT 2.00 1.59 2.08 2.48
VVM 1.94 1.93 2.25 2.50
2dTilted mesh, ConvTestl 2dTilted mesh, ConvTest1
T T T T T T
N -~ SMPFAFS
= b —5- SMPFAFN
- —e— SMPFAOS
S —e— SMPFAON
<2 | —s— MPFAO
—— Hybrid
—— VAG
—a— VAGRT
- —— VVM
| | | | | |
-3 -2 -1 0 2,000 4,000 6,000
log h Nb — unknowns

Figure 10: Convergence curves for ConvTestl

CONCLUSION

We have presented a family of enriched multiple point flux approximation leading to fully cell-centered finite
volume schemes using additional cell unknowns. Both symmetric and non-symmetric versions were introduced,
and the unconditional stability of the methods was established for general meshes. The convergence theory
follows from established frameworks, and numerical results were exhibited to emphasize the good behavior
of the approach on challenging tests cases. On going works concern the extension of the method to linear
elasticity as well as increasing the stability of the face-based version on simplicies. Future work will concern the
application of the SMPFA to porous media flow.
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2dTilted mesh, ConvTest2 2dTilted mesh, ConvTest2
—4 1 T T J-4 1 T T -
~ O * —= SMPFAFS
= & SMPFAFN
o —eo— SMPFAOS
S —&~ SMPFAON
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—— Hybrid
—— VAG
—o- VAGRT
—10 |- N —+— VVM
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-3 -2 -1 0 2,000 4,000 6,000
log h Nb — unknowns
Figure 11: Convergence curves for ConvTest2
2dTilted mesh, ConvTest3 2dTilted mesh, ConvTest3
—2
-3 N
™ —m— SMPFAFS
= —&- SMPFAFN
=4 B —e— SMPFAOS
= —o— SMPFAON
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Figure 12: Convergence curves for ConvTest3
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