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Convergence of the Fully Discrete Incremental Projection Scheme for Incompressible
Flows

T. Gallouét, R. Herbin, J. C. Latché and D. Maltese

Communicated by E. Feireisl

Abstract. The present paper addresses the convergence of a first-order in time incremental projection scheme for the time-
dependent incompressible Navier—Stokes equations to a weak solution. We prove the convergence of the approximate so-
lutions obtained by a semi-discrete scheme and a fully discrete scheme using a staggered finite volume scheme on non
uniform rectangular meshes. Some first a priori estimates on the approximate solutions yield their existence. Compactness
arguments, relying on these estimates, together with some estimates on the translates of the discrete time derivatives, are
then developed to obtain convergence (up to the extraction of a subsequence), when the time step tends to zero in the
semi-discrete scheme and when the space and time steps tend to zero in the fully discrete scheme; the approximate solutions
are thus shown to converge to a limit function which is then shown to be a weak solution to the continuous problem by
passing to the limit in these schemes.

Mathematics Subject Classification. 35Q30, 65M08, 656N12, 76M12.

Keywords. Incompressible Navier—Stokes equations, Projection scheme, Staggered finite volumes, MAC scheme, Analysis,
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1. Introduction

The incompressible Navier—Stokes equations for a homogeneous fluid read:
ou+ (u-Vu—Au+Vp=fin (0,T) x £, (1a)
divu =01in (0,7) x Q, (1b)
where the density and the viscosity are set to one for the sake of simplicity, and where

T > 0, and Q is a connected, open and bounded subset of R?, )
d € {2,3}, with a Lipschitz boundary 9f2.

The variables uw and p are respectively the velocity and the pressure in the flow, and Egs. (1a) and
(1b) respectively enforce the momentum conservation and the incompressibility of the flow. This system
is supplemented with the boundary condition

u=0on (0,T) x 09, (3)
and the initial condition
u(0) = up in Q. (4)

The function ug is the initial datum for the velocity and the function f is the source term. Throughout
the paper, we shall assume that

f e L?((0,7) x Q)¢ and ug € E(Q), (5)
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where E(Q) is the subset of H{(2)? of divergence-free functions, defined by
E(Q) = {u € H}(Q)? such that divu = 0}. (6)

Let us also introduce the subset of L2(Q)? of divergence-free functions

V(Q) = {u € L*(Q)¢ such that / w-VEdx =0 for any € € H(Q)}. (7)
Q
Note that in fact, the initial condition is assumed to be in E () for the sake of simplicity. It could be
considered in L?(Q)? only by projecting it on V' (Q), see Remark 2.2.
Let us define the weak solutions of Problem (1)—(4) in the sense of Leray [17].

Definition 1.1. (Weak solution) Under the assumptions (2) and (5), a function w € L%(0,7; E(Q)) N
L>(0,T; L?(2)9) is a weak solution of the problem (1)-(4) if

//u 8tvdwdt—|—// uvdwdt—i—//Vu Vv dx dt

/uo v(0, )d:c+/ f-udedt (8)
Q 0o Jo
for any v in V(Q) = {w € C*(Q x [0,7))%, divw =0 in Q x (0,7)}.

The first projection method to solve the system (1) was designed over 50 years ago, and is known as
the Chorin-Temam algorithm [4,23,24]. It consists in a prediction step based on a linearized momentum
equation without the pressure gradient, and a pressure correction step that enforces the divergence-free
constraint. This method and its variants are now often referred to (following [13]) as non incremental
projection schemes, in opposition to the incremental projection schemes that were obtained by adding
the old pressure gradient in the prediction step (see [12] for a first-order in time scheme and [25] for a
second-order in time scheme). These latter schemes are indeed incremental in the sense that the correction
step may now be seen as solving an equation on the time increment of the pressure. They seem to be
much more efficient from a computational point of view [13] and have been the object of several error
analyses, under some regularity assumptions on the solution of the continuous problem and in the semi
discrete setting, see [13] and references therein.

The non incremental schemes have been the object of some analyses in the fully discrete setting. In [1]
some error estimates are derived for a non incremental scheme with a discretization by the finite element,
under some regularity assumptions on the exact solution. In [15], the approximate solutions of a fully
discrete non incremental scheme with a uniform staggered discretization are shown to converge to a weak
solution under the condition that h < §t3~ where h and §t are respectively the mesh size and the time
step and 0 < a < 2.

However, to our knowledge, up to now, no proof of convergence exists for the fully discrete incremental
projection schemes, even though they are the most used in practice. The purpose of the present work
is therefore to fill this gap and to show the convergence of the incremental projection method with a
discretization by a staggered finite volume scheme based on a (non uniform) Marker-And-Cell (MAC)
grid, without any regularity assumption on the exact solution.

The Marker-And-Cell scheme, introduced in the middle of the sixties (see [14]), is one of the most
popular methods (see e.g. [19] and [26]) for the approximation of the Navier—Stokes equations in the
engineering framework, because of its simplicity, its efficiency and its remarkable mathematical properties.
Although originally presented as a finite difference scheme on uniform meshes, the MAC scheme used
in this paper is in fact a finite volume scheme and as such can be used on non uniform meshes. The
convergence analysis of the staggered finite volume scheme on the MAC mesh using a fully implicit time
scheme may be found in [11], and we shall use several tools developed therein. We also refer to this latter
paper for some more references on the MAC scheme.

The paper is organized as follows. Section 2 deals with the convergence analysis for the semi-discrete
projection algorithm. The fully discrete scheme is analysed in Sect. 3; we only give the main ingredients
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of the staggered space discretization that we use, and which is often referred to as the MAC scheme. To
avoid a lengthy description, the precise definitions of the now classical discrete MAC operators are to be
found in [11]. In the appendix, we give some useful technical lemmas. Before starting the analysis of the
semi-discrete and fully discrete schemes, we wish to recall, for the sake of clarity, that:

e In a Banach space E equipped with a norm || - ||g, a sequence (u,)nen C E is said to converge
tou € E if |ju, —ullp — 0 as n — +o0, while it is said to weakly converge to v € E if for any
continuous linear form T € E’, one has T'(u,) — T'(u) as n — +o0.

o A sequence (T))neny C F' is said to x-weakly converge to T € E’ if for any u € E, one has
T.(u) — T(u) as n — +oc.

o If £ = LP(Q), where 1 < p < 400 and ) is an open set of R%, the space E’ is identified to LI(2),
q=p/(p—1).

e For T >0 and E = L*((0,T), L*(Q2)), the space L>=((0,T), L*()) is identified with E’.

2. Analysis of the Time Semi-Discrete Incremental Projection Scheme

We cousider a partition of the time interval [0, 7], which we suppose uniform to alleviate the notations,
so that the assumptions read:

T
N>1, §tN:N, R = ndty for n € [0, NJ. (9)

2.1. The Time Semi-Discrete Scheme

Under the assumptions (9), the usual first-order time semi-discrete incremental projection scheme (see
[21]) reads:

Initialization:
Let uly = up € E(Q) and p% = 0. (10a)
Solve for0<n <N —1:

Prediction step:

1
m(f/}vﬂ —ul) + (uly - V)ayt + Vph — Aayt = fitt in Q, (10b)
@yt =0 on 9Q. (10c)
Correction step:
1 - .
E(“?/ﬂ —ay™) + VR —pk) =01in Q, (10d)
divey™ =0 in Q and wy™ - =0 on 09, (10e)
/ putt dz =0, (10f)
Q

where m stands for the outward normal unit vector to the boundary 9Q and fa'™ € L*(Q)? is defined
by
IR
() = —/ f(t,x) dt, for a.e. x € Q.
OtN Jn
Let us briefly account for the existence of a solution at each step of this algorithm.

noindent Prediction Step—A weak form of Egs. (10b)—(10c¢) reads
Find @’ € Hy(Q)? such that for any ¢ € Hj(Q)4 N L>®(Q)%,
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1
—/ T <pda:—|—/(uN V)t t,od:n—i—/VN"+1 Ve dx
otn Q

1
:7/U’X]'dew+/ dlvcpdaz—i—/ Farl. o de. (11)
Q

otn

The correction step (see below) enforces that, at the previous iteration, uly € V(§2), where V() is the
space of L?-divergence-free functions defined by (7) and p%, € H'(Q) N L3(Q), where L(12) is the set of

zero mean value L? functions; the existence and the uniqueness of u"+1 is then a consequence of Lemma

jé'.olérection Step—Applying the divergence operator to (10d), a weak form of Egs. (10d)—(10e) reads
Find pv™' € H'(Q) such that ¢\ = pit — pl € H(Q) satisfies : (12a)
/QVM’\’,'H Ve dx = . ayt -V de, for any ¢ € H'(Q), (12b)
Set it =yt — 5tNV¢z+1. (12c)

If (pit!, with) satisfies (12), then [, ui™ - Vi do = 0 for any ¢ € H'(Q), so that uly"" € V/(Q). The
existence of (ultt, p™) € V(Q) x Hl(Q) satisfying (12) is then a consequence of the decomposition
result of Lemma A.2 given in the appendix. Indeed, this correction step is the decomposition stated in
Lemma A.2 applied to the predicted velocity @" . Note that p"‘"1 is uniquely defined thanks to (10f).
We may thus state the following existence result and define the approximate solutions obtained by

the projection scheme (10).
Definition 2.1 (Approzimate solutions, semi-discrete case). Under the assumptions (2),(5) and (9). There
exists a unique (ay, uly, P )nep,ny C Hy () x V(Q) x H () N L§(Q) satisfying (10). We then define
the functions uy : (0,7) — V(Q) and ay : (0,T) — HE ()4 by

N—

,_.

L g @Oul,  an(t) =Y L ey (ay™, (13)
n=0 —
where (@ )nei,ng and (u}),eq1,n7 are the solution to (10), where 14 denotes the indicator function of
a given set A.

Remark 2.1. (On the boundary conditions) The original homogeneous Dirichlet boundary conditions (3)
of the strong formulation (1) is imposed on the weak solution through the functional space Hg ().
Note that this condition is only imposed on the predicted velocity in the algorithm (10). Indeed, the
corrected velocity does not satisfy the full Dirichlet condition (3) but only the no slip condition imposed
by (10e). The compactness of the sequence of predicted velocities (ty)n>1 together with the convergence
of (uy — un)n>1 towards zero in L? as the time step tends to zero will be the mean to prove that the
Dirichlet boundary condition is finally satisfied on the limit of the numerical approximations. Note also
that there is no need for a boundary condition on the pressure in the correction step. In fact, it can be
inferred from (12) that the incremental pressure 1" +1 = pnt1l — p" satisfies a Poisson equation on §2 with
a Neumann boundary condition on the boundary. We refer to [20] for an interesting discussion on these
boundary conditions.

Remark 2.2. (On the initial condition) In fact, the existence of a solution (see Lemma A.1) only requires
the initial velocity uQ; to be in V/(£2), so that the assumption on the initial condition ug € E(Q2) can
be relaxed to ug € L?(Q)? by taking u® = Py ()uo as the orthogonal projection of ug onto the closed
subspace V(Q) of L2(Q)4, also known as the Leray projector. In this case, u%; can be computed as
u’ = ug — V1 where ¢p € H(f2) is a solution (unique, up to a constant) of the following problem (see

Lemma A.2)
¢ e HY(Q),

) Birkhauser
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/V¢~V<p da::/u0~V<p da, for any ¢ € H'(Q).
Q Q

Remark 2.3. (A useful identity) The following identity, obtained by summing (10b) at step n and (10d)
at step n — 1, will be used in the proof of convergence.

1 ~n ~ 1N n ~ N 70 - ~ 1
E(UN—Fl —ay) + (uly - V)ayt + V(2p —py ) — Aayt
= futt vn e [1,N —1]. (15)
Theorem 2.1 (Convergence of the semi-discrete in time projection algorithm). Under the assumptions

(2), (5), (9), let un and Gy be the solution of the projection algorithm (10) as given in Definition 2.1.
Then there exists u € L*(0,T; E(2)) N L>(0,T; L*()%) such that up to a subsequence,

e the sequence (un)n>1 converges to w in L*(0,T; L*(Q)?) and weakly in L*(0,T; H}(Q)%),
e the sequence (un)n>1 converges to w in L*(0,T; L*(Q)¢) and x-weakly in L>(0,T; L*()%).

Moreover the function w is a weak solution to (1) in the sense of Definition 1.1.

Proof. Here are the main steps of the proof; each step is detailed in one of the following paragraphs.

e Step 1: first estimates and weak convergence (detailed in Sect. 2.2). By Lemma 2.2 below, we get
that there exists C, depending only on |Qf, [[ugl|12(q)« and || f[|2((0,1)x )¢, such that the sequences
(un)n>1 and (un)n>1 defined by (13) satisty

sup lan |l p2(0,r;mt )2y < C1 and  sup [lun||p~(o,r;22()4) < C1, (16)
N>1 N>1
||'LLN — ﬂNHL?(O,T;LQ(Q)d) < Cl \/(5tN for any N > 1. (17)

Owing to (16), there exist some subsequences, still denoted by (un)n>1 and (@y)n>1, that converge
respectively xweakly in L>(0,T; L*(Q)?) and weakly in L2(0,T; H}(Q)%). Thanks to (17), the
subsequences (uy)n>1 and (@y)n>1 converge to the same limit @ weakly in L?(0,T; L?(2)?). It
follows that w € L>(0,T; L?(Q)%) N L2(0, T; H}(Q)4); passing to the limit in (10e) then yields that
w € L0, T; L2(Q)4) N L2(0,T; E()).

There remains to show that @ is a weak solution in the sense of Definition 1.1 and in particular that
u satisfies (8). Unfortunately, the weak convergence is not sufficient to pass to the limit in the scheme,
because of the nonlinear convection term. Hence we first need to get some compactness on one of the
subsequences (since, by (17), their difference tends to 0 in the L? norm).

o Step 2: compactness and convergence in L* (detailed in Sect. 2.3). This is the tricky part of the proof.
Since the sequence (@x)y>1 is bounded in L?(0,T; H}(2)?), some estimates on the discrete time
derivative would be sufficient to obtain the convergence in L?(0,T; L?(Q)9) by a Kolmogorov-like
theorem. A difficulty to obtain this estimate arises from the presence of the pressure gradient in Eq.
(10b), which needs to be “killed” by multiplying this latter equation by a divergence-free function.
This function ¢ should also be regular enough so that the nonlinear divergence term makes sense:
hence we choose @ € Wy ?(Q2)? such that dive = 0, and define the following semi-norm on L2(€2)%:

w1 = sup{/ﬂw -v de, ve W(Q), ||v||W(},3(Q)d <1}, (18a)
with W (Q) = {p € W, ()¢ : / @-VEdx =0,Y¢ € HY(Q)}. (18b)

Q
Estimates on the L%(| - |.1) semi-norm of the time translates of the predicted velocity uy are
then obtained from the semi-discrete momentum equation (10b): see Lemma 2.3. Note that this

is only an intermediate result; indeed, in order to gain compactness, we need an estimate on the
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time translates of the predicted velocity in the L?(L?) norm. The idea is then to first introduce the
following semi-norm on L2(£2)4.

V|0 = sup{/ﬂ’v ~p da, p e V(Q), ||(p||L2(Q)d =1} = ||73V(Q)v||L2(Q)d, (19)

where Py (o) is the Leray projector (i.e. the orthogonal projection operator onto the space V() of
L? divergence-free functions defined by (7). Then, thanks to a Lions-like lemma (Lemma 2.4 below),
we get that

Ve > 0, 1. > 0, Yw € H(}(Q)d, HP‘/(Q)wHLQ(Q)d < ‘C:Hw”Hé(Q)d + Cs|’UJ|*71. (20)

In order to show that the L?(L?) norm of the time translates of @y tends to 0, we remark that if
v € V(2), then |v|. o = [|v||12(q)e and conclude thanks to (17), see Lemma 2.5.

e Step 3: convergence towards the weak solution (detailed in Sect. 2.4). Owing to a Kolmogorov-
type theorem (see e.g. [9, Corollary 4.41]), the estimates of steps 1 and 2 yield that there exist
subsequences, still denoted by (ux)n>1 and (@y)n>1, that converge to @ in L2(0,T; L*(Q)9).

In Sect. 2.4, we pass to the limit in the scheme to obtain that @ satisfies (8); therefore @ is a weak
solution to (1) in the sense of Definition 1.1.

O

Remark 2.4. (Uniqueness and convergence of the whole sequence) In the case where uniqueness of the
solution is known, the whole sequence converges; this is for instance the case in the two dimensional
setting [17], see e.g. [3, Chapter 5, Sect. 1.3] for more discussions on this subject.

2.2. Proof of Step 1: Energy Estimates and Weak Convergence

Lemma 2.2 (Energy estimates). Under the assumptions (2), (5) and (9), the functions uy and @y defined
by (13) satisfy (16) and (17), with Cy depending only on [, |luo| r2(q)e and || FllL2(0,1)x0)¢-

Proof. Noting that @ satisfies (11) and using Lemma A.1 with o = %7 we have for n € [0, N — 1]

1 ~n+1
Wty ey 17200 — ||“NHL2(Q)d + o5 25t

/QVpN ant! dac—i-||un+1HH1 (@) </fn+1 it da. (21)

[y iyt U%Hiz(md

Re-ordering relation (10d) such that the terms of n-th and (n+1)-th time level are respectively on the
left and right hand sides, squaring it, integrating over {2, multiplying by 5% and owing to u}i,“ e V(Q),
we get that for n € [0, N — 1]

1
26t

1

otn ~n12
MH"N ||L2(Q)d

||“n+l||L2 @t T 5 HVPnHHL?(Q)d =

6tN an
HVPN||L2(Q)d _/Q VR da.

Summing this latter relation with (21) yields for n € [0, N — 1]
1 n (StN n
S5 (||uN“||L2<Q — uklBa@ye) + 22 (108 13200 — 903 13200 )

a3~ wk ag d+||~"+1uH1<md |t da.

We then get Relations (16) by summing over the time steps, using the Cauchy—Schwarz and Poincaré
inequalities. U
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2.3. Proof of Step 2: Compactness and L? Convergence

Following Step 2 of the sketch of proof of Theorem 2.1, we start by the following lemma.

Lemma 2.3 (A first estimate on the time translates). Under the Assumptions (2), (5) and (9), there
exists Co only depending on [Q, ||uollp2()e and || Fll12(0,)xq)e such that for any N > 1 and for any
€(0,7),

T—1
/ iy (t+7) —an(t)2, dt < Cot(T + ty),
0
where | - |41 is the semi-norm defined by (18).

Proof. Let N > 2 and 7 € (0,T) (for N = 1 the quantity we have to estimate is zero). Let (X , )ne[1,n-1]
be the family of measurable functions defined for n € [1, N — 1] and t € R by X} ,(t) = Lz _74m1(t),
then

N—
an(t+7)—ay(t Z aytt —a), vt e (0,T — 7). (22)
Owing to (15),
N—-1 N—-1
N(tE+7) = an(t) = 6t > xR, (8) AaRT = bty Y X (O(ug - V)artt
n=1 n=1
N—-1
—otn ZXNT Vpy —pi )+ 0ty Y xR OFT
n=1

Let ¢ € W(Q) (defined in (18)) and A(t) = / (an(t+7) —un(t)) - ¢ da, so that
Q
At) = Ad(t) + Ac(t) + Ap(t) + Ap(t) with
—1
Z X3 6tN/ Vay: Ve de,
n=1 Q
N-1

A = 3 X (03t [ (@7 D) da
n=1 Q
N-1

Ap(t) = D xn-(t )5tN/(2pN Py dive de,
n=1
N—-1

Ap(t) = > Xn.( 5tN/ ISR
n=1

By Holder’s inequality,
N-—
Aa(t) < 1Y llllwa s o Z ()8t | ant ] g (e (23)

Since Hg () C L°(9), using Hélder’s inequality with exponents 2, 6 and 3, (3 +
the bounds (16) we obtain

&+ 3+ =1), thanks to

=

—1
Act) < 37 i (08t 2 a5 oy @l oy

n=1

T Birkhauser
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N-—1
< Ci1Co |l aye Y Xk Ot I|EN " 3 e, (24)

n=1
where Cs 1 depending only on || is such that

[l Ls(ya < Coallvll gy, for any v € Hy(Q)".

Since dive = 0, clearly A,(t) = 0. Next, we note that
N-1
Ap () < Copl QY @l D X (Ot 3 p20ye, (25)

n=1

where Cs 2 depending only on || is such that
lell@)e < Coallpllys e for any o € Wy (@)%,
Summing Egs. (23), (24), (25), we obtain

N-1
) < Cllellwraqa D X Ot (1ay gy + I1FV 22 (0)e)
n=1
where C' = ||/ 4 02’2|Q|1/6 + C1C4 1. This implies
N-1
an(t+7) = an (Bl < C Y Xk 0t (a5 Tz + 155 22@)0):
n=1
Since Ziv;ll XN (t)0ty < 7+ 6ty for any ¢ € (0,7 — 7) we then obtain
N—
a(t + ) —a(t)]Z, <2C°%(7 + dty) Z &)ty ([an" 77y eye + 1FN 172 ())-

Noting that fOT_T X7 (t) dt <7 for any n € [1, N — 1] yields

T—1
[t n) - axp, @
0
N-1 T—1
<203 +8t) 3 St 15 g + 155 ) | xR (0)

n=1
<2C%(7 + &N)T(”UN”L? o,7:H} () T ||f||L2 (0.m)xe) < CoT (T + dty),
which gives the expected result. O

The following lemma is a generalization of a lemma due to J.-L. Lions [18], written for norms on
Banach spaces, to the semi-norms which we use here.

Lemma 2.4 (Lions-like, semi-discrete case). Let Q be an open bounded connected subset of RY with a
Lipschitz boundary. Then (20) holds.

Proof. Let ¢ > 0; let us show by contradiction that there exists C. > 0 such that for any w € H} ()4
(w0 = [Py @wll20)e < ellwl| gy + Celwli.

Suppose that this is not so, then there exists ¢ > 0 and a sequence (w,,),>o of functions of Hg(Q)¢ such
that

IPv @ wnllz2)a > ellwnllgi@)e + nlwals
By a homogeneity argument, we may choose [Py ) wnl[z2(q)e = 1; it then follows from the latter

inequality that the sequence (w,,),>o is bounded in Hg(Q)? and that |wy,|.1 — 0 as n — +oo. This
implies that as n — +oo, up to a subsequence, (w,),>o converges in L2(Q)% to w € H(Q)?. The

) Birkhauser
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continuity of the Leray projection Py (o) implies that Py (g yw, — Py o)w in L?(2)% and in particular
[Py (@ wl|2(q)a = 1. By definition of |w,|.,1 we have for any ¢ € W (1)

/ w, - pdr < |wn|*71 |‘10HW01’3(Q)"'
Q

We then obtain
/QPV(Q)wn ~pde = /Qw" i dz < fwalsall@llysg)a-

Passing to the limit in this inequality yields that
/ Py@w - dz =0, for any ¢ € W(Q).
Q

By the density Lemma A.4, we get that Py (q)yw = 0, which contradicts the fact that ||Py (q)w|| 120y = 1.
O

Lemma 2.5 (L? estimate on the time translates). Under assumptions (2), (5) and (9), the sequence
(un)N>1 satisfies

T—1

; lan(t+71)— ﬁN(t)||2L2(Q)d dt — 0 as 7 — 0, uniformly with respect to N, (26)

and is therefore relatively compact in L*(0,T; L*(Q)%).

Proof. By the triangle inequality,

T—1
/ i (£ + 7) — oy ()2 dt < 2(An (7) + By (7)), with
’ T—71
Aw(r) = / (n — un)(t+7) — (@ — wn) ()3 dt,

T—1
By(r) = / lu(t+7) — un(B)]3 d.

For any fixed N € N, Ay(7) — 0 as 7 — 0, and thanks to (17), this convergence is uniform with respect
to N. Let us then show that By(7) — 0 as 7 — 0 uniformly with respect to N.
Since un(t) € V(Q) for any ¢ € (0,T) we have for any ¢ € (0,7 — 1)

lun(t+7) — un(®)llz@e =  sup / (un(t+7)— un() v da
vEV (Q) Q
HUHL2(Q)d:1

< |l(uy — @) (t+7) — (uy — @n) ()] zgeye + sup /(aN(t 1) —an (1)) - v da,
veV(Q) JQ
|\UHL2(Q)4:1

so that

T—T1
Bu(r) < 24x(7) + 2 / (¢ + ) — i (]2 dt.
0

Let £ > 0; thanks to Lemma 2.4, there exists C: > 0 such that for any N > 1 and for any ¢t € (0,7 — 7),
lun(t+7) —an(t)]«o0 < ellan(t+7) = an @)y @) + Celan (t+7) — un(b)ls 1,

and in particular for any N > 1 and 7 € (0,7,
T—1 T—1
/0 [y (t+7) —an(t)|?, dt < 252/0 [an (t +7) — an ()] o dt

T—1
+203/ (¢ + ) — an ()], dt.
0
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Thus, owing to Lemmas 2.2 and 2.3, for any N > 1 and 7 € (0,7,
T—71 T—71
/ [y (t+7) —an(t)2, dt <8Cy + 205/ iy (t+7) —an(t)?, dt.
0 0

Step 2. Thanks to Lemma we have for any N > 1 and 7 € (0,7)

T—1
/ iy (t+7) —an(t)|2, dt < Cot(T + ty)
0

which gives for any N > 1 and 7 € (0,7
T—1
/ [y (t+7) — an(t)|2 o dt < 8CTe* +2C2Cor (T + Sty),
0

and therefore, for any N > 1 and 7 € (0,7,
By (1) < 2AN(7) + 16CFe? + 4C2Co1 (T + Oty).

Now let ¢ > 0 be given, and let:

e 79 > 0 such that for any 7 € (0,79), 2An(7) < ¢ for any N > 1;

e ¢ > (0 such that 16(71252 <

e 75 > 0 such that for any 7 € (0,7) and N > 1, 4C2Ca7(7 + 6ty) < C.

We then obtain that By (7) < 3¢ for any 7 € (0, min(7p,79)) and N > 1 which implies that By (1) — 0
as 7 — 0, uniformly with respect to N. The proof of (26) is thus complete. The relative compactness of

the sequences @y and uy follows by a Kolmogorov-like theorem (see e.g. [9, Corollary 4.40]) and (17).
O

Remark 2.5 The estimate (26). implies the existence of a subsequence still denoted by (@y)n>1 that
converges to 4 in L?(0,7;L?(2)?) and the estimate (17) implies that (uy)n>1 converges to @ in
L2(0,T; L2(Q)%).

2.4. Proof of Step 3: Convergence to a Weak Solution

By Lemma 2.5, up to a subsequence, the sequence of predicted velocities (@) n>1 converges to some limit
@ € L2(0,T; L*(2)%), and owing to (17), so does the sequence (ux) y>1. There remains to check that u is a
weak solution to (1) in the sense of Definition 1.1. This is a result that we call “Lax-Wendroff consistency”,
following the famous paper [16] see e.g. [7]: assuming that the approximate solutions converge boundedly
to a limit, this limit is a weak solution to the continuous problem.

Lemma 2.6. (Lax—Wendroff consistency of the semi-discrete scheme) Under the assumptions (2), (5) and
(9), let (an)n>1 C L2(0,T; HE ()Y and (un)n>1 C L(0,T; L2(Q)?) be sequences of solutions to the
semi-discrete scheme (10) (see Definition 2.1). Let w € L?(0,T; H(Q)?) N L>(0,T; L*(Q)?) such that
ay — @ weakly in L2(0,T; H}(Q)?) and uy — @ weakly in L?(0,T; L*(Q)?) as N — +oo. Then the
function w is a weak solution to (1) in the sense of Definition 1.1.

Proof. Let ¢ € C([0,T) x Q)% such that divey = 0 in (0,7) x Q. Let (¢%)nefo,n] be the sequence

of functions of E(Q) defined by ¢} (z) = @(t},x), for any & € €, and let ¢y : (0,7) — E(Q) and
fn :(0,T) — L?(Q)¢ be defined by

N-1 N-1
en(t) = Z ]l(tgb,ty\',+1](t)90rzi;+1» Fnt) = Z ]l(t%,tyl](t)fnj\'rﬂ'
n=0 n=0
The regularity of f and ¢ implies that:
I fx — Fllzzco0.myx)2 — 0,
len — elle(o,m)xa)e — 0, as N — +oo.
IVeon — Vol o) xayixs — 0,
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Multiplying (10b) by 5tN<p§i,+17 integrating over (), observing that uN = Pv (o) s Y for any n €
[0, N — 1] and summing over n € [0, N — 1] yields

Z/ (uitt —uly) -t dar;+/ /uN V)ay - oy de dt
Q

+/ /VﬁN:VgoN d:cdt:/ /fN-goN de dt. (27)
0 Ja 0o Jo

Since ¢ = 0 in Q, the first term of the left hand side reads

Z\/(; n+1—'U,N rL-‘rl dm__Z/uN n+1—‘PN) dm—/ﬂuo‘P(Q) dm

Therefore, by the regularity of ¢ and owing to the convergence of (uy)n>1 to @ in L2(0,T; L2(Q)4), we
obtain

. n+1 _ TL+1 — _
NEIEOO;/ uy) de = / /u Opp d /uo ©(0,-) de. (28)

The weak convergence of the sequence (Viy)n>1 in L2(0, T; L?(£2)?*?), the convergence of the sequence
(un)n>1 in L2(0,T; L2(92)%), the convergence of the sequence (¢ )n>1 in L((0,T) x Q)% yield that

lim / /uN Jan - py de dt = / /u V)u - ¢ de dt. (29)
N —+o00

The weak convergence of the sequence (Vayn)y>1 in L2(0,T; L?()?*9)

sequence (Vg )n>1 in L2(0,T; L2 (2)?*4) imply that

T T
Nlin+1 / / Vay : Ve de dt = / / Vu: Ve de dt. (30)

The convergence of the sequences (fy)n>1 and (py)n>1 in L2(0,T; L2(Q)9) then yields that

NEIEOO/ /fN py de dt = / /f @ dz dt. (31)

Owing to (28)—(31) and passing to the limit in (27) gives the expected result. O

and the convergence of the

3. Analysis of the Fully Discrete Projection Scheme

Our purpose is now to adapt the proof of convergence of the semi-discrete case to the fully discrete case.
We choose as an example of space discretization a staggered discretization on a (possibly non uniform)
rectangular grid in R?. The resulting scheme, often referred to as a MAC scheme, was analysed in [11] for
a time-implicit scheme. The idea here is to prove its convergence for the incremental projection scheme.
We consider the following assumptions on  and on the time-space discretization, indexed by N (in the
convergence analysis, the time and space steps will tend to 0 as N tends to +00).

Q) is an open, bounded, connected subset of R?, constructed as

. . — .
a union of rectangular domains: Q = U;_;Q; with 1 <7 < 400 and
where for ¢ € [1,r], ©; is a closed rectangle (if d = 2) or rectangular

parallelepiped (if d = 3) whose faces are orthogonal to the vectors of

the canonical basis {e® i =1,...,d} of R% (32a)

T Birkhauser
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T
T>0,N>1, (%N:N’ % =ndty for n € [0, NJ. (32b)
For N > 1, Dy = (Mn,EnN) is a MAC discretization in the sense of
[11, Definition 2.1], with My (resp. Ex) the set of cells (resp. faces). (32¢)

We denote by hy = maxgenm, diamK the space step and recall that the regularity parameter of the
mesh is defined by
v —maxd 170 s ce® o e iieTLdl Q%
N—max{|a/|,oe , 0 € ,2736[[,]},1#3}7 (33)
with | - | the Lebesgue measure on R%, d = 1,2 or 3.

Note that at this step, we are considering one integer N only, that is only one (uniform in time)
discretization oty = % and one discretization mesh Dy, which is also indexed by N. This might seem
strange, but the index N is in fact used in the convergence analysis for which a sequence (D, 0tn)n>1
will be considered, with hy,dty — 0 as N — +o0.

We refer to [11] for the precise definition ot the discrete spaces and operators. The approximate
pressure belongs to the set Ly () of functions that are piecewise constant on the so called primal cells K
of the (primal) mesh My that is Ly = {ZKGMN pr 1 with (pr)kem, € RMY}. Denoting by Ex(K)
the set of faces of a given cell K € My, and by 0 = K|L an interface between two neighbouring cells K
and L, a dual cell D, with o € Ey N En(K) is defined by

D — [xx,x] X 0, for 0 = K|L C Q,
7 [k, Tk 00| X 0, for o C 0.

where i denotes the mass center of K and xx so the orthogonal projection of xx on 9. We thus
define d = 2 or 3 dual meshes of the primal mesh.

3.1. The Fully Discrete Scheme

The space discretization of the time-discrete scheme (10) reads:

Initialization:
1
(U, )im1,2,3 With ufy, = > 7|/ u,i(s) ds 1p,,i=1,2,3, (34a)
; ; ol
JGEJ(\})
P’ =0.
Solve for 0 <n < N —1,
Prediction step
1 ~n n ~n n ~ M n :
y(uj\;kl — UN) + CN('UJN+1)'U/N — ANUN+1+ VNpN = Jy\?+1 m Q, (34b)
N
(@t )e = 0, Vo € Eox. (34c¢)
Correction step :
1 n ~n n :
E(UN+1 —ay) + V(" - pk) =0in Q, (34d)
divyu™ = 0in Q, (34e)
(u11</'+1)0' = O» Vo € gexta (34f)
> K| pitt =o. (34g)
KeM
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In this algorithm, the terms Chy ( N}(ﬁ u'l, —ANuN , VpR and dlvNuN are the MAC discretization of
the terms (uf - V)an™, Aat, Vp and diva’y™ in the algorithm (10) and are defined in [11, Sect. 2].
n (34b), the vector function f”Jrl is defined by its components (fN i )ze[[l 4] Where f”+1 is the piecewise
constant function from (0,7) x € to R? defined by

tn+1

Tt (x) = D, (5tN/ / f(t,z) dt de, for a.e. ¢ € Dy,0 € EY )mt
tn

The function f"+1 thus belongs to Hy = ¢ H ](\?), where H ](\?) is the set of functions that are piecewise
constant on the dual cells D, with o € 51(\}), and 51(\;) denotes the set of faces of the mesh that are
i . i . (1)
orthogonal to e that is HJ(V) = {Eoesﬁ) uelp, with (ug)ge£%> € Ré~ 1.
First remark that the discrete no slip boundary conditions (34c¢) and (34f) are equivalent to requiring
that @™ and wy™ both belong to the space Hy () = H?Zl H](\;)O(Q) with H](V)0 {v € H](V)7 v(z) =

0 for a.e. ¢ € D, for any o € 5,3(1)1;} We define En(Q2) = {v € Hy(2) : divv = 0} (see [11, Sect. 2] for
the definition of the discrete MAC divergence divy ). Thanks to the discrete duality of the divergence and
gradient operators [11, Lemma 2.4], the space En(£2) may also be defined as En(Q) = {v € Hx(Q) :
Jov - Vyw dz =0, Vw € Ly(Q)}. We denote by Pg, : L*(Q)* — L?(Q)? the orthogonal projection in
L?(9)? onto the space En(f2). Note that since ug € E(2), we also have u%, € Ey(Q).

Let us briefly account for the existence of a solution at each step of this algorithm.
Prediction Step—The existence of the predicted velocity follows from Lemma B.1.
Correction Step—A weak form of the correction step (34d) which computes a divergence-free velocity
and an associated pressure reads

R =R = e In(@), [ uRH de =0, (350)

/ Vwaﬂ - Vg dx = 5tN/ f/]t,ﬂ -Vng dz, for any ¢ € Ly(Q), (35Db)
Q

witt = antt — va"“. (35c¢)

Note that if (p}t,*l,uﬁ,ﬂ) satisfies (35), then [, uN -Vnq dx = 0 for any ¢ € Ly(2), so that u"t! €
En(Q).
We may then define the approximate solutions as follows.

Definition 3.1 (Approzimate solutions, discrete case). Under the assumptions (5) and (32), there exists
a unique (@, uy, PN )nepi,n] € Hyo(Q) x Ex(Q) x Ly () satisfying (34). The approximate corrected
and predicted velocities may thus be defined by uy : (0,7) — En(2) and @ : (0,7) — Hpy 0(92) defined
by

N-1
Z Ly, onn (), un(t) = Z ]l(t%7t}”v+1](t)a7zif+1~ (36)
n=0

n=0

Remark 3.1. (On the boundary conditions) The original homogeneous Dirichlet boundary conditions (3)
of the strong formulation (1) is not imposed by the space Hy ¢(£2), which only imposes the no slip
condition. However, it is imposed on the predicted velocity in (34c) by the definition of the discrete
Laplace operator, see (8)—(10) in [11, Sect. 2]. As in the semi-discrete case, it is not imposed in the
correction step (34g)—(34d).

Note also that, as in the semi-discrete case, there is no need for a boundary condition on the pressure
in the correction step. In fact, it can be inferred from (35) that the incremental pressure 1)1 = pnt1 —pn
satisfies a discrete Poisson equation on 2 with a Neumann boundary condition on the boundary.

T Birkhauser



63 Page 14 of 26 T. Gallouét et al. JMFM

Remark 3.2. (On the initial condition) If the initial condition ug € E(Q) is relaxed to ug € L*(Q)¢ as in
Remark 2.2, the discrete initial condition should be taken as u® = Pg, ug, where Pg, is the orthogonal
projector in L%(Q)) onto En ().

Remark 3.53. (A useful identity, fully discrete case) As in the semi-discrete case, summing (34b) at the
n-th time step and (34d) at the (n — 1)-th time step, we get the discrete equivalence of (15), that will be
used twice in the course of the proof of convergence.

1
Sty
—Ayayt = et ne [1,N - 1] (37)

——(ay" —ay) + Cy(ay ™ )u" + Vn(2pk — pi )

Let us now state the convergence of the algorithm (34) as the time step dty and the mesh step hy
tend to 0 (or N = % — +00); the proof of this result is the object of the following sections.

Theorem 3.1 (Convergence of the fully discrete projection algorithm). Under the assumptions (5), let
(0ty, Dn) be a sequence of time space discretizations satisfying (32), such that hy — 0 as N — 400 and
such that the mesh reqularity parameter Oy defined by (33) remains bounded, that is

30> 0:0y <0,YN >1. (38)
Letuy : (0,T) — En(Q) anday : (0,T) — Hn o(2) be the approzimate predicted and corrected velocities
defined by the scheme (34) and Definition 3.1. Then there exists u € L*(0,T; E(Q)) N L>(0,T; L?(2)%)
such that up to a subsequence,
o uy — w in L2(0,T; L?(2)%) as N — +oo,
e Vnuay — Va weakly in L*((0,T) x Q)¥*4,
o uy — u in L2(0,T; L*(Q)9) and x-weakly in L>=(0,T; L?>(Q)?) as N — +oc.

Moreover the function w is a weak solution to (1) in the sense of Definition 1.1.

Proof. We give here the main steps of the proof, which follows that of the semi-discrete case; these steps
are detailed in the following paragraphs.
e Step 1: first estimates and weak convergence (detailed in Sect. 3.2). Let us define, for ¢ € N*, a
discrete W,*4(Q2)%norm for the discrete velocity fields. For v € Hy () with values (v,)oeg let

— q q
DD STl S S ST ()

=1 = olo’ &l = 16655;{.05( D,)

int

lvll3

From the energy estimates of Lemma 3.2 below, we get that the approximate velocities (an)n>1
and (un)n>1 given in Definition 3.1 satisfy

sup |l anl 220,78 y.o(2)) < Cs, (40)
N>1
sup [lun||pe<(o,m;r2(0)e) < Cs, (41)
N>1
||uN — ﬁN||L2(0,T;L2(Q)d) S 03\/ 5tN for any N Z 1, (42)
where
N—1
01172070 w0y = D, O 10" 2

n=0
0l 0.7: 22000y = max{ 0"+ 2 aya, n € [0, N = 1]},

and || - [|1,2,n is the discrete Hj norm defined by (39) with ¢ = 2.
In particular, (42) yields that

uy — @y — 0in L2(0,T; L*(Q)?) as N — +oo. (43)
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Owing to (40)—(41), there exist subsequences still denoted by (un)n>1 and (@y)ny>1 that converge
respectively x-weakly in L>(0, T; L?(2)%) and weakly in L2(0,T; L?(Q)%). By (43), the subsequences
(un)n>1 and (@ )y>1 converge to the same limit @ weakly in L2(0,T; L?(Q2)%). From the bound
(40), a classical regularity result (see e.g. [8, Remark 14.1]) yields that @ € L2(0, T; H} (Q)?). Passing
to the limit in the mass equation (e.g. by a straightforward adaptation of the first step of the proof
of [11, Theorem 3.13)), it follows that @ € L°°(0,T; L*(Q)4) N L(0, T; E(Q)).

There remains to show that w is a weak solution in the sense of Definition 1.1 and in particular that w
satisfies (8). The weak convergence is not sufficient to pass to the limit in the scheme, because of the
nonlinear convection term, so that we first need to get some compactness on one of the subsequences
(@n)n>1 or (un)nN>1 (since, by (42), their difference tends to 0 in the L? norm).

o Step 2: compactness and convergence in L* (detailed in Sect. 3.3). We adapt Step 2 of the convergence
proof of the semi-discrete case. Using the bound (40) on the sequence (@n)n>1, some estimates
on the time translates of the sequence (%y)n>1 would be sufficient to obtain the convergence in
L2(0,T; L?(2)%) by a Kolmogorov-like theorem. As in the semi-discrete case, a difficulty arises from
the presence of the (discrete) pressure gradient in Eq. (34b); we get rid of it by multiplying this
latter equation by a discrete divergence-free function. Let us then define the discrete equivalent of
the semi-norm (18) on Hy () by:

|lwli1,n = sup{/ w-vde, ve EnQ), |[v]|isny <1} (44)
Q

Estimates on the L?(| - |.,1,n5) semi-norm of the time translates of the predicted velocity @y are
then obtained from the discrete momentum equation (34b): see Lemma 3.3. Again, this is only an
intermediate result since we seek an estimate on the time translates of the predicted velocity in
the L?(L?) norm. So next, as in the semi-discrete case, we introduce the discrete equivalent of the
semi-norm (19) on Hy o(92) by:

Vw € Hy (), |wlio,n = |PEyw] 120
= sup{/ w-vde, ve Ey(Q), |[v|qe =1} (45)
)

(recall that Pg, is the orthogonal projection operator onto En(2)). Then, thanks to a discrete
equivalent of the Lions-like lemma 2.4 (see Lemma 3.4 below), we get

for any € > 0, there exists C; > 0, there exists N, > 1, for any N > N,
for any w < HN,()(Q), ||7)ENwHL2(Q)d < €||'IUH1,27N + CE|’UJ|*71,N. (46)

From this latter inequality, using Lemma 3.3 below on the time translates of ux for the L*(] - |« 1)
semi-norm and the bound (40), we get that the time translates of @y for the L2(| |, 0,5) semi-norm
also tend to 0 as N — +oo. In order to show that the L?(L?) norm of the time translates of wx
tend to 0, we remark that if v € Ex(€2), then |v|. 0 n = [|v[|12(q) and conclude thanks to (42), see
Lemma 3.6).

e Step 3: convergence towards the weak solution (detailed in Sect. 3.4) Owing to a discrete Aubin-
Simon-type theorem [9, Théoréme 4.53], the estimates of steps 1 and 2 yield that there exist subse-
quences, still denoted by (un)n>1 and (@x)n>1, that converge to @ in L2(0,T; L?(2)?). By Lemma
3.7 below, passing to the limit in the scheme (34) yields that @ satisfies (8) and, since we have al-
ready shown that @ € L>(0,7T; L%(Q)?) N L2(0,T; E(R)), it follows that @ is a weak solution to
(1).

(]

Remark 3.4. (Uniqueness and convergence of the whole sequence) If the solution of the continuous prob-
lem is unique, then the whole sequence converges.
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3.2. Proof of Step 1: Energy Estimates and Weak Convergence

We first obtain a discrete equivalent of the L?(0,T; Hi(2)9) and L>(0,T; L*(Q)?) estimates for the
predicted and corrected velocities.

Lemma 3.2 (Energy estimates). Under the assumptions (5) and (32), let (U}, w}y, PR )nefo,n] C Hn,0(92)
x En () x Ly () be the solution to problem (34). The following estimate holds for n € [0, N — 1]:

1 n n
Wiy (”uNJrlHi?(Q)d - HUN||2Lz(Q)d)
oty " n
+ 2% (VP 2 g — IRl )
1 - - 7 -
g I = e+ 3 o < [ £ da (47)

Consequently, there exists Cs depending only on Q, ||uol|r2()e and ||f||p2(q)e such that the estimates
(40)—(42) hold.

Proof. By Lemma B.1 with oo = we have for n € [0, N — 1]

1
St ?
1 1 1
~n+1 ~n+1
Wty [[wi ||L2(sz)d* ||UNHL2(Q +27||un

+H~n+1||1,2,N_/Qde1VNuN d$</fn+l NnH dx.

- U’Ji/”%mz)d

Re-ordering relation (34d) such that the terms of n-th and (n + 1)-th time level are respectively on the
left and right hand sides, squaring it, integrating over 2, multiplying by ‘”N and owing to (34e) and to
the discrete duality property of the MAC scheme [11, Lemma 2. 4] we get

1 Oty

” ~n+1
20ty

s llur 1720y + - HVanHHL?(Q)d = 172 ()

6tN o

IR ey — [ pelivyas da.

Q
Summing this latter relation with the previous relation yields for n € [0, N — 1]
n+1)2 n |12 ‘%N n+1

2Win (||UN ||L2(Q)d - HUNHLz(Q)d) (||VNP HL2(Q ||VNPN||L2(Q )

1 . - -
g T = by + 5 o < [ £ a3 da

We then get the relation (47) using the Cauchy-Schwarz inequality and the discrete Poincaré estimate
[8, Lemma 9.1] after summing over the time steps. O
3.3. Estimates on the Time Translates and Compactness
Lemma 3.3 (A first estimate on the time translates). Under the assumptions (5), let (d0tn,Dy) be a se-
quence of time space discretizations satisfying (32), and let uy : (0,T) — En(2) and uy : (0,T) —

Hy () be defined by Definition 3.1. There exists Cy > 0 only depending on |, |luollp20ya,
I FllL2(0,1) <0y and On in a non decreasing way, such that, for any N > 1 and for any 7 € (0,7T),

T—1
/ |ﬁN(t + T) - ﬁN(t)ﬁyl,N dt < 047'(7' + 5tN).
0
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N-1
Proof. Fort € (0,T —71), un(t+7)—an(t) = XN .- (t) (@ —aly), with X}, defined by (22). From
n=1
(37), we thus get that
N—1 N—1
an(t+7)—un(t) = 6tNZX?\,)T(t)ANu — 0ty ZXNT )ON (@™ uly
n=1 n=1
N-1
—0ty ZX VN (2pK — PN ) + 0t D X (N
n=1

Let ¢ € En(©) and let

A(t) = Q(~N(t+7) — ﬂN(t)) cp dex
= Aq(t) + Ac(t) + A, (t) + Ay (t) with

N—-1
Aa(t) = ) Xn,(t)dty ANU"Jrl ¢ de,
n=1
N—-1
Act) == xR .( 6tN/ Cy(an Hu®y - dx
n=1
N-1
A(0) = 32 X O3ty [ (208 =i do.
n=1

—1
Ap(t) = Z 5tN/ s

Let us reproduce at the fully discrete level the computations done for each of these terms in the proof
of Lemma 2.3.
By Holder’s inequality with exponents 2, 6 and 3, we get that
N—1
Aq(t) < |9

()0ty ||y 11,2, (48)

n=1
and that there exists Cy 1 > 0 such that (see e.g. [11, Lemma 3.5] for similar computations)

N-1
Ac(t) < Cua ) X (00t uf |l p2(yal| @R | o (e

n=1

By the discrete Sobolev inequality [8, Lemma 9.1], there exists Cy o depending only on 2| and 0y in a
nondecreasing way such that (see [8, Lemma 3.5])

||v||L6(Q)d < Cys|lv|li2.n, for any v € Hy o(2).

Therefore, thanks to (41) we have

N—-1
Ac(t) < C5CanCaallellisn > Xir- ()t ay"

n=1

(49)

Again invoking the discrete Sobolev inequality, there exists Cy4 3 only depending on |2 and 6 in a
nondecreasing way, such that

[v]ls(@ye < Casllvllis,n, for any v € Hy o($).
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Consequently,
N-1
Agp(t) < CaslQV N @llian D X 00t Fu (e (50)
n=1
Thanks to the fact that ¢ € Ex(Q2) and to the discrete duality property stated in [11, Lemma 2.4],
Ap(t) =0.
Summing Egs. (48), (50), (49) we obtain
N-1
A@t) < Cllellsn > Xty ([ay 1.2, N L2@)e)
n=1
where C = |Q[1/6 + Oy 3|Q|Y/¢ + C3C41Cy 2. This implies
N-1
an(t+7) = an()en <C Y xR O8N ([@ft 1oy + 153 2 @)
n=1

Using the fact that Zn 1 Xn, )0ty <7+ 6ty for any t € (0,7 — 7) we then obtain

2

a(t+7) —a(t)Z, n < 2C%(7 + dty) Z (®)otn (a1 2. + 1PN 122 ()0)-

Using the fact that fOT_T XN, (t) dt <7 for any n € [1, N — 1] we obtain

T—1
[ttt r) — @
0

N-1 T—1
< 20%(r + 6ty) Z Sty (laf 13 2N+l nHHLZ(Q)d)/O XN, (t) di
n=1
<2C%(1 + 6tn)T(lan (72 0,151y 0 (0) T I1F T2 0,7y x02)a) < CoT(7 + Jtw)
which gives the expected result. O

For v = (vi)ieq1,q] € WHL(Q)?) we define Pyv as the vector function with piecewise constant com-

ponents: the i-th component of 75N'v is constant on each dual cell D,, o € £, and equal to the mean
value of v; on the face o. By [11, Lemma 3.7], Py is a Fortin operator in the sense that it preserves the
divergence; in particular,

v e E(Q) = Pyv € Ex(Q).

Lemma 3.4 (Lions-like, fully discrete version). Under the assumptions (32a), let (Dn)n>1 be a sequence
of grids of Q satisfying (32¢) and (38), and such that hy — 0 as N — +o00. Then (46) holds.

Proof. Let € > 0; let us show by contradiction that there exists C. > 0 and N, > 1 depending on ¢ such
that for any N > N, and for any w € Hy ()

#1,N-
Suppose that this is not so, then
Je >0 Yn e N,VM € N,IN > M and Jwy € Hy ()
PEywN 2200y = [N |+ 0,8 > €llwn]1,2,8 + N|wnl|s1,n, for any N > 1.
This in turn implies that (with Ny = 0)
de >0 Vn>1,3N,, > N,,_1 + 1 and Jwy, € Hy ()

|PExywN, [[L2()e > €llwn, (12,5, + No|wny,

#,1, Ny +
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By a homogeneity argument, we may choose ||Pg,wy,, HLZ(Q)d = 1; observing that N,, — 400 as n —
+00, it then follows from the latter inequality that the sequence (||wn, ||l1,2,n, )N, >1 is bounded and
that |wp, |«1,n, — 0 as n — 4o0. Hence there exists a subsequence still denoted by (wx,, )n>1 that
converges in L?(Q)? to a function w € H(Q)?, see e.g. [6, Theorem 3.1]. Lemma 3.5 given below
then yields that Pgywy, — Py ow in L*(Q)% and in particular ||Py o wl|r2@g)e = 1. (Recall that
Py () : L2()? — L*(Q)? is the orthogonal projection in L?(Q2)? onto the space V/(Q2).)

For any ¢ € W(Q), we have Py, (¢) € Ex(Q). Since wy, — Pey, wy, L Ey, and by definition of
|wn,, |«,1,n, it follows that

/ PEy, WN, PN,L / wy, - 7)N ®)

(@)1, -

By the W14 stability of the operator PNn stated in [10, Theorem 1], there exists Cs only depending on
|| and on €, in a nondecreasing way, such that

= 1,3
1PN, pll1,3,n, < C5||90HW01‘3(Q)L1’ for any ¢ € Wy (Q)d,
and therefore
/ Peywn, - P ( / wy, - Pn, () dz < Cslwn, «1,3, @l s gya-
Passing to the limit in this inequality yields that

/ Py@w - ¢ dz =0, for any ¢ € W(Q).
Q

By the density Lemma A.4, we obtain that Py (o)w = 0 which contradicts the fact that || Py )w|| 12 =
1. [l

Lemma 3.5. Under the assumptions of Lemma 3.4, let (vn)n>1 be a sequence of functions such that
vy € Hyo(Q) for any N > 1 and (vn)n>1 converges to v in L2(Q)4. Then the sequence (PEyUN)N>1
converges to Py yv in L2(9)%.

Proof. Using the fact that (vy)n>1 is bounded in L?(Q)? we obtain that the sequence (PEyUN)N>1 1S
bounded in L?(Q)9. Hence there exists a subsequence still denoted by (Pgyvn)ny>1 that converges to a
function ¥ weakly in L?(€Q)?. Thanks to the discrete duality property stated in [11, Lemma 2.4], we have,
for any ¢ € C°(RY),

/ PeyUN - VNﬁNap dx =0, for any N > 1.
Q

The discrete gradient Vy is consistent in the sense of [11, Lemme 2.3] and therefore there exists
Cs € Ry depending only on €2, ¢ and on fy in a nondecreasing way, such that

‘/ Peyvn - Vo da| < Cehn||PeyvN||L2(0)e, for any N > 1.
Q

Passing to the limit in the previous identity gives
/ ¥ -V da =0, for any p € CZ(RY).
Q

We then obtain that © € V(£2). Since P preserves the divergence [11, Lemma 3.7], the following identity
holds for any ¢ € V(Q) N CL(Q)4

/vN~f3ngo dx:/’PEN'uN-ﬁNcp de, for any N > 1.
Q Q
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Using the weak convergence of the sequence (Pg, )n>1 in L?(2)? and the convergence of the sequence
(Pnw)n>1 in L2(9)? we obtain

/'u-goda::/f;-godzcforanygoeV(Q)ﬂC’cl(Rd)d.
Q 0

By Lemma A.4 we then get that v = Py (q)v and that the sequence (Pg,vN)n>1 converges to Py (q)v
weakly in L?(Q)%. We can write

||73EN1;NH2LQ(Q),1 = / vy - Pgyvn de, for any N > 1.
Q

Using the convergence of the sequence (vx)y>1 to v in L?()? and the weak convergence of the sequence
(PExvN)N>1 t0 Py (o)v in L?(Q2)? we obtain

NEIEOO IPexvN T2 000 = /Qv - Py (v dz = [Py )0 72(q)-

The weak convergence of the sequence (Ppyvn)n>1 to Py () in L?(2)? and the convergence of the
sequence (||[Peyvn|lr2@)e)n>1 to [Py )vllL2(o)e give the expected result. O

As in Lemma 2.5, we can therefore obtain an estimate on the time translates for the L2(0, T; L?(Q)%)
norm, and, as a consequence, the L?(0,T’; L* (Q)d) convergence of the predicted velocities.

Lemma 3.6. Under the assumptions of Theorem 3.1, the sequence (n)n>1 Satisfies
T—1
/ H'ITLN(t+7')7’lTLN(t)H%2(Q)d dt - 0 as T — 0, (51)
0

uniformly with respect to N, and is therefore relatively compact in L*(0,T; L?(2)%).

Proof. We follow the proof of Lemma 2.5. By the triangle inequality,

T—1
/ lan(t+71)— &N(t)”% dt <2(An(7) 4+ Bn (7)), with
’ T—1
Ay(r) = / |(n — ) (t+7) — (@ — un)(®)]3 dt,

T—1
By(r) = / (£ 4 7) — un (B)]3 dt.

For any N, Ay(7) — 0 as 7 — 0, but owing to (43), we get that Ay (7) — 0 as 7 — 0, uniformly with
respect to N. Let us prove that this is also the case for By(7) — 0.
Since upn(t) € Ex(Q) for any ¢t € (0,7) we have for any ¢t € (0,7 — 1)

lun(t+7) —un(t)| L2 = sup / (un(t+7) —un(t)) v de
veEEN(Q) Q
”vHL2(gz)d:1

< (uy —an)(t+7) — (uny — an) (1) 2(0)
+ 7JGSElj.Vp(Q) /Q(’ELN(t + T) — ’leN(t)) v diB,

”v”L2(Q)d:1

so that

T—7
B () < 2Ax(r) + 2/ g (t 4+ 7) — e (£)2 g .
0
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Now thanks to Lemma 3.4, for any € > 0, there exists C. > 0 and N, > 1 such that for any N > N,
and for any t € (0,7 —7)
lan(t+7) = an(t)|son <cllun(t+7) —un(t)
+CE|ﬂN(t + T) — &N(t)|*,1,N7

l1,2,8

In particular for any N > N, and for any
T—1 T—1
[t n) —ax@R oy de <22 [ fantrn) - an(olax de
0 0

T—1
+2C§/ [an(t+7) = an ()], y dt.
0
Therefore, owing to Lemmas 3.2 and 3.3, for any N > N, and for any 7 € (0,7)

T—T1
/ lan(t +7) — <8C3e? 4 2C2
0

Hence, for any N > N, and for any 7 € (0,7),
BN(T) < 2AN(T) + 160362 + 4082047'(7' + (StN).
Let ¢ > 0 be given, and let:
e 70 > 0 such that for any 7 € (0,79), 24N (7) < ¢ for any N > 1.
e ¢ > 0 such that 16C2e% < (,
e 75 > 0 such that 2C2C,7(7 + dty) < ¢ for any 7 € (0,7) and N > 1.
We then obtain that By (7) < 3¢ for any 7 € (0, min(7g, 7)) and N > N.. Using the fact that By(7) — 0

as 7 — 0 for any N > 1 we obtain that By(7) — 0 as 7 — 0, uniformly with respect to N. The proof of
Lemma 3.6 is thus complete. |

3.4. Convergence Towards the Weak Solution

We have proven that the approximate velocities (i )n>1 and (ux)y>1 converge in L2(0,T; L?(Q)%), up
to a subsequence, to a common limit @ € L?(0,T; H(Q)?), there remains to show, as in the semi-discrete
case, that @ is a weak solution to (1) in the sense of Definition 1.1.

Lemma 3.7 (Lax—Wendroff consistency of the discrete scheme). Under the assumptions (5), let (dty, Dn)
be a sequence of time space discretizations satisfying (32), such that hy — 0 as N — 400 and let uy :
(0,T) — Ex(R2) and un : (0,T) — Hp () be the approzimate predicted and corrected velocities defined
by the scheme (34) and Definition 3.1. Assume that there exists w € L*(0,T; H}(Q)%) N L>°(0,T; L*(Q)4)
such that uy — @ in L*(0,T; L*(Q)9) and ay — @ weakly in L*(0,T; L*(Q)%) as N — +oo, and that
the sequence (| an|L2(0,1:H y.o())) N>1 is bounded. Then the function w is a weak solution to (1) in the
sense of Definition 1.1.

Proof. Let ¢ € C®(Q x [0,T))%, such that divey = 0 in Q x (0,7). By [11, Lemma 3.7], we have

divy Pne(-,t%) = 0. Multiplying (34b) by dtx’y with @% = Pye(th, ) € En(Q), integrating over
Q, summing over n € [0, N — 1] and observing that uﬁ,ﬂ = PEy '&R,H for any n € [0, N — 1] yields

N-1 N-1
Z /(u’ﬁ,+1 —uly) -t da dt + Z (5tN/ Cy(ay™u - ot de
n=0 7/ n=0 2
N-1 N—-1
— Z (5tN/ Anaytt - itt de = Z (5tN/ Ittt de. (52)
n=0 2 n=0 Q
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Using the fact that ¢ = 0 in Q, the first term of the left hand side reads

Z/ n+1 n—‘rl de dt
:*Z/“N ”’Llfcp’]i,)dwdtf/ﬂuoj\,wo?vd:c.

n=0
The regularity of ¢ implies that

n+1

Jim Z W Ly o) () = D in L¥((0,T) x 2)°.

Using the weak convergence of the sequence (un)n>1 in L2(0,7T; L?(2)), the uniform convergence of
the sequences (Py(¢(0,-)))n>1 and (Pyug)n>1 along with (42), we obtain

T
NEIEOCZ/ L) et de dt = //Qﬁ - Opp dae dt — /uo ~(+,0) de. (53)

0 Q

Finally, the proof that

T
Nlirilm Z 5tN/ ANunH ?V+1 dx :/0 /QV'ZL : Ve dx dt, (54)
1 1 r
i nz:: St @l - o dp — / /Q(a V)i da dt, (55)

and

. n+1 n+1
Gl Z&N/ de dt = / /f o dz dt. (56)

follows the proof of the convergence of the equivalent terms in the proof of [11, Theorem 4.3]. Using
(53)—(56) and passing to the limit in (52) gives the expected result. O

Declarations
Conflict of interest The authors declare that they have no conflict of interest.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article
under a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the
accepted manuscript version of this article is solely governed by the terms of such publishing agreement
and applicable law.

Appendix A: Some Technical Lemmas

Lemma A.1 (Existence and estimate for the linearized equation). Let £ be an open bounded connected
subset of R® with Lipschitz boundary. Let a > 0, w € V(Q) and T : H} () — R linear continuous. There
exists a unique i € HE () such that for any v € H(2) N L ()

a/@fwdzc—l—/ﬂ(u~va)vda:—l—/QVﬂ-Vvdac:T(v) (57)
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Moreover u satisfies
allalZaq) + a7y o) < T(@). (58)

Proof. Step 1. Existence of a solution — Using Lemma A .4 there exists a sequence (u,)n>0 of functions
of V() N CL(Q)4 converging to u in L?(2)4. Consider the following problem:

Find @, € Hg(Q) such that for any v € Hj ()
a/ Unpv de + / (U, - Viy)v de +/ Vi, - Vo de = T (v). (59)
Q Q Q

By the Lax-Milgram theorem, there exists a unique ,, € Hg(£2) to this problem; indeed, the left hand-side
of (59) is a bilinear continuous and coercive form on H} () x H{(£2) because

/(un -Vv)v dx = 0, for any v € Hg(Q). (60)
Q
Moreover the right hand side in (59) is a linear continuous form on H{ (€2). Setting v = 4, in (59), owing
to (60), we get

]2y + lin g3y = T(in) for any n > 0. (61)

Therefore, since T : H}(2) — R is linear continuous, the sequence (@, ),>0 is bounded in H{(£2) and
converges, up to a subsequence, to @ € H(Q2) in L?*(Q) and weakly in H}(Q2). The convergence in L?((2)
of the sequence (@, )n>0 gives

lim Upv da = / @w de, for any v € Hi(Q) N L>=(Q).
Q Q

n—-—+o00

The weak convergence in H{ (£2) of the sequence (i, )n>0 gives

lim / Vi, - Vo de = / Vi - Vv dz, for any v € Hy () N L>(Q).
Q Q

n—-+o0o

The convergence in L?(£2) of the sequence (u,),>0 and the weak convergence in Hg () of the sequence
(Tn)n>0 glves

lirf (up - Vg )v de = / (w- Vi) de, for any € Hg(Q)NL>®(Q).
Passing to the limit in (59) with v € H}(Q) N L% () gives (57); hence
all57 (qy < lim inf [y

Passing to the limit (61) gives (58) which concludes the proof of existence of a solution.
Step 2. Uniqueness of a solution — Let @ € H}(Q) such that for any v € H}(Q) N L>(Q),

a/ﬁvdaz—l—/(u-vql)vdw—&—/Vﬁ-VvdzzO.
Q Q Q

For any k € N, let T;, : R — R be a truncation function defined by Ty (x) = max(min(z, k), 0) for any
z € R; then Ty (a) € Hg(Q) NL>(Q) and VT(@) = T{ocacry Vi ae. in Q [22, Lemme 1.1]. Thus, we
may take v = T (u) as test function:

Wk N,a/ i Ty (i) da + / (w - Vit) Th (i) dar +/ Locacny|Vall? dz = 0.
Q Q Q
Since, for any s € R, (Tk(s))k>0 converges to max(s,0) as k — 400 and |Tj(s)| < |s|, we obtain

lim | @ Ty(@) das:/ 1{a>0y0° da.
k—>OO Q Q
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Observing that for any s € R, (T}(s))r>0 converges to 1g, (s) and |T}(s)| < 1, we obtain

klim /]1{0<71<k}||va||2 d:n:/]l{ﬁ>o}|\VﬂH2 dz.
—0o0 JO Q

Let F} be the primitive of the function T} such that Fj(0) = 0. Since F} is Lipschitz-continuous, we
obtain that Fj (@) € H}(Q) and VFy(a) = Ty(@)Va. Furthermore, u € V() so that

/(u V)T, (i) da — / w- VFL (@) de = 0,
Q Q

We then obtain
[ (@@ + IVl 520 dw =0,

so that @ < 0 a.e. in €.
A similar reasoning with Ry : R — R defined by Rj(s) = min(max(—£k, s),0) instead of T}, yields

[ @i+ [9*)1 oy da =
Q
so that @ > 0 a.e. in Q. Finally, @ = 0 a.e. in © and the solution of (57) is unique. g

Let us now give the decomposition result which was used for the proof of existence of a solution to
the correction step (12).

Lemma A.2 (Decomposition of L? vector fields). Let  be an open bounded connected subset of RY with
Lipschitz boundary. Then for any w € L*(Q)¢ there exists a unique (v,) € V() x HY(Q) N L3(Q) such
that w = v + Vi a.e. in ).

Proof. Let w € L?(Q)¢ and let 1 be the unique solution to the problem
¥ e H'(Q) N L§(Q),
/ Vi -V dx = / w - VE dax, for any & € H(Q) N LE(Q).
Q Q
Now set v = w — V); clearly fﬂ v - V¢ de =0 so that v € V(Q), which proves the theorem. O

The following lemma gives a characterisation of the gradient which is used in the proof of Lemma 2.4.
Its proof is a simple consequence of a result of M. E. Bogovskii [2]; we refer to the very clear presentation
of [5] on this subject.

Lemma A.3 (Characterization of the gradient). Let Q be an open bounded connected subset of R with
Lipschitz boundary. Let f € L*(Q)? such that fQ f-pdx =0 for all p € C®(Q)? such that divep = 0 in
Q. Then there exists ¢ € L*() such that f = V¢ a.e. in Q.

Proof. We recall that L3(Q) = {q € L*(Q) such that [, ¢(z) de = 0}. A classical result [2] gives the
existence of an linear continuous operator B : L3(Q) — HE(Q)? such that div(B(q)) = ¢ a.e. in Q.
Furthermore B(p) € C2(Q)? for any p € C(Q) N L2(Q).

For q € L3(Q) we set T(q) = [, f - B(q) de. The mapping T is a linear continuous form on L3(£2).
There exists £ € LZ(Q) such that

T(q) = /Qf -B(q) de = /Qﬁq de, for any q € L3(9).

Taking now ¢ € C(Q)4, one has dive € C°(Q) N L2(Q) so that ¢ — B(dive) € C°(2)? and div(ep —
B(dive)) = 0 in Q. Then, the hypothesis on f gives [, f - (¢ — B(dive)) dz = 0 which leads to

/Qf'cpda::/ﬂf~B(divcp) dmz/ﬁ{divcp de,

and we conclude V& = f (that is the distribution V¢ is the function f). O
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A consequence of this lemma is the following interesting per se density result.

Lemma A.4. (Density of divergence-free functions) Let Q be an open bounded connected subset of R,
d =2 or 3, with Lipschitz boundary. Let V(Q) = {p € C*(Q)? dive =0 in Q}. The closure of V(Q)
in L2(Q)? is V(Q).

Proof. Equipped with the L?(€2)%norm, the space V() is a Hilbert space. In order to prove this density
result, we prove that, in this Hilbert space, V(Q2)* = {0}. Let v € V() and assume v € V(Q)*. Then,
Lemma A.3 gives the existence of £ € L?(Q) such that v = V¢ (and then £ € H(Q)). Since v € V (),
ones deduces for 1 € H*(Q)

/QV§-V1/de:/QU~V1/Jda::O.

In particular this gives fQ V¢-VE de = 0 and then v = V¢ = 0. This proves that V() is dense in V' (2).
O

Appendix B: Some Discrete Technical Lemmas

Lemma B.1 (Existence and estimate, discrete linearized equation). Under assumptions (32a) and (32c),
let >0, ue ENQ) and g € Hy. There exists a unique @ € Hy o(2) such that

at+ Cn(t)u — Ayu =g. (62)

Moreover w satisfies
s oys + Nl < [ g+ da. (63)

Proof. We remark that Problem (62) is equivalent to the following problem
Find u € Hy o(€2) such that for any v € Hy o(2)

/ozﬂ-vdm—l—/CN(ﬁ)u-vdm+/—ANu~vda::/g~'vd:1: (64)
Q Q Q Q

where, owing to Lemma [11, Lemma 3.6], the bilinear form of the right hand side is coercive on Hp o(£2) x
Hy (). The existence and uniqueness of the solution @ € Hpy ¢(f2) then follows by Lax-Milgram
theorem. We take v = @ in (62) and using [11, Lemma 3.6], we obtain

il + @l o < [ g+ do
which gives the expected result. O

The following lemma is the discrete version of lemma A.2; it was used for the proof of existence of a
solution to the correction step (35).

Lemma B.2 (Decomposition of Hy () vector fields). Under assumptions (32a) and (32¢), for any w €
Hy () there exists (v,1)) € En(Q) x Ly () such that w = v + Vnt¢ a.e. in Q.

Proof. Let w € Hy ¢(£); since the bilinear form (p,q) — [, VNp- Vg de is coercive on Ly (€2) NL§(Q)
(see [8, Lemma 9.2]), there exists a unique solution 1 to the problem

¥ € Ly(Q) N LE(RQ),
/va-vNé dw=/w-st de, for any € € Ly (Q) N L3(Q),
Q Q

so that w = v + Vy1 with v € Eyx(Q). O
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