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EXISTENCE AND MULTIPLICITY FOR FRACTIONAL DIRICHLET PROBLEM WITH
p(x)-LAPLACIAN EQUATION AND NEHARI MANIFOLD

J. VANTERLER DA C. SOUSA *, D. S. OLIVEIRA AND RAVI P. AGARWAL

AsstrAcT. This paper is divided in two parts. In the first part, we prove the coercivity results and minimiza-
tion of the Euler energy functional, in addition to presenting a new extension of the Harnack inequality. In
the second part, we focus on the existence and multiplicity of a positive solutions for the fractional Dirichlet
problem involving the p (x)-Laplacian equation with nonnegative weight functions in HEPY (2, R) using

p(x)
the Nehari manifold approach and some variational techniques.

1. INTRODUCTION AND MOTIVATION

Over the last decade, the variable exponent Lebesgue spaces LP*) and the corresponding Sobolev
space WL.P(*) have been a subject of an active research area [1, 2, 3, 4, 5, 6, 7, 8]. The specific attention
according to such problems is due to their applications in mathematical physics. What has been noticed
is a growing interest in elliptic problems in Sobolev space W'-P*) using classical variational techniques.
Researchers such as Radulescu [11], Alves [5], Fan [1], Rabinowitz [12], Ambrosetti [13], Winkert
[14], Pucci [15], Motreanu [16], Papageorgiou [17], Bisci [18], Repovs [19], among other researchers,
have dedicated themselves to investigating cutting-edge problems using operators p(x)- Laplacian and
performing applications.

In 2006 Mihailescu [9] investigated the existence of solutions for a boundary value problem of the

type

—div(|Vu|PM2Vu) = f(x,u) inQ
u(x) =0 on 9Q

where Q ¢ RN (N > 3) is a bounded domain with smooth boundary, 1 < p(x) and p(x) € C(Q). For
more details see. Another interesting work on the existence of solutions involving p(x)-Laplacian was
investigated by Alves and Barreiro [5]. In 2015, Chabrowski and Fu [2], considered the existence of
solutions in Wé”’ ) () for the p(x)-Laplacian problems in the superlinear and sublinear cases using the
mountain pass theorem technique.

In 2007 Wu [10] investigated the multiplicity of solutions using in Nehari manifold for the elliptic
equation

-Apu = A9 2u+ g()|ul"?u  in Q

(L.1)
u(x) =0 on 9Q

where 1 < g < p <r < p*, Q ¢ RV is a bounded domain, 1 € R/{0}, and the weight functions
f.g € C(Q) are satisfying f* = max {+f,0} # 0and g* = max {+g,0} # 0. For more details, see [ 10].

On the other hand, in recent years increasing attention has been paid to the study of fractional
differential equations [20, 21, 22, 23]. Such equations are used to model phenomena in medicine, physics,
engineering, biology, among other areas (see for instance [20, 21, 22, 23, 24, 25] and the references
therein). Recently, fractional differential equation problems involving p-Laplacian have gained attention
from some researchers, in particular, involving the -Hilfer fractional operator [26, 27,29, 30, 32,33, 34].

In 2020, Sousa et al. [28] motivated by the y-Hilfer fractional operator introduce the space y/-fractional
and a variational structure. In this sense, we investigated the existence and nonexistence of weak solutions

2020 Mathematics Subject Classification. 26A33, 35B38,35D05,35J60,35J70,58E05.
* Correspondent author. J. Vanterler da C. Sousa.

Key words and phrases. Fractional differential equation, p (x)-Laplacian equation, variational methods, Nehari manifold,
multiple positive solutions.



2 J. VANTERLER DA C. SOUSA *, D. S. OLIVEIRA AND RAVI P. AGARWAL

for the fractional p-Laplacian via combination of the Nehari manifold and the application of fibration, of
the following problem

. . -2 .
o (Mo ve ] MDg ) = dlel e + el )
]gfﬁ—l);lﬁu (0) — I?(B—l);l//u (T)=0

(1.2)

For more details on the fractional problem Eq.(1.2), see the paper [28].

Before presenting the main problem to be addressed in this paper, we highlight the concepts of
fractional integral with respect to another function and the -Hilfer partial fractional derivative.

Let 0 = (91, 6,, ...,01\/), T = (Tl,Tz, ...,TN) and o = (al,(lz, ...,aN) where 0 < a1, a2, ...,any <1
with@; < T;,forall j € {1,2,...,N}, N e N. Alsoput Q=I) x L x---x1Iy = [01,T{] X [02,T2] x---X
[0n,TNn] where Ty, T5, ..., Ty and 61, 0,, ..., 0N positive constants. Consider also i (-) be an increasing
and positive monotone function on (61, 71), (62, T2), ..., (On,Tn), having a continuous derivative i’ (+)
on (61,711, (62,T5],...,(6n,Tn]. The ¥-Riemann-Liouville fractional partial integral of order @ of
N-variables u = (uy, us, ...,un) € L'(Q) denoted by IZ,’fj(), is defined by [35, 36, 37]

1% u(ry) = %a,) [ [ [ o enwe-utm=usds,

with ' (s) (0 ()= (s)) 57" = " (s) (Y ()= (s1)) ™17 (52) (W (x2) =9 (52)) 271 - () (¥ (xw) —
Y(sy))on-! where I'(aj) = I'(a)T (a2) - - -T'(an), u(s;) = u(sy)u(sz) ---u(sy),ds; = dsidsy - - - dsn,
forall j € {1,2,..., N}. Analogously, it is defined I‘T’,’)‘fj(-).

On the other hand, let u,yy € C"(Q) two functions such that ¢ is increasing and y'(x;) # 0 j €

{L,2,...,N}, x; € Q. The y-Hilfer fractional partial derivative of N-variables, denoted by HDg”fj fw(-)
of order @ and type 8 (0 < 8 < 1), is defined by [35, 36, 37]
DL u(xy) = - LM\ apa-are,
( )—I(-},xj (l/ll(.xj) axj Ig,xj M(XJ) (13)
with 0x; = 0x1,0x2---0xy and ¢/ (x;) = ' (x)¢’(x2) - -’ (xn), for all j € {1,2,...,N}. Analo-
gously it is defined D7 B l//( ).

Throughout this work, we will use the following notations Ig,w(,) = I;’fj(-), Ig’w(-) = IZ’;”](o),

HD(’/BI/’() HD“/Bl/’()andHDaﬁ‘//() HDaﬁ‘p()

The natural questlon arises whether it is poss1ble to extend the classical variable exponent case to
include the fractional one. Motivated by the above works, in the present paper, we consider the fractional
Dirichlet problem involving the p(x)-Laplacian equation given by

p(x)-2
HD“B'”(‘HD"/M DG ()| = 200 ul? ™2 + ()l in Q -

u(x) =0 on 9Q
where p,g,h € C(Q) such that 1 < g(x) < p(x) < h(x) < p%(x), p(x) = z_zgjj‘()x) if2 >
ap(x);ph(x) = 0 if 2 < p(x),1 < p~ :=ess glfp(x) <px) <pti=esssupp(x) <o0,1 < g~ <
XE€

xeQ
gt <p <pt<h <h',2>0¢€Rand a,b € C(Q) are nonnegative weight functions with
compact support in Q := [0,7] x [0,7] and MDDy +’ﬁ () and HD‘TY’B () are y-Hilfer fractional de-
rivative of order 1/p(x) < @ < 1 and type 0 < B < 1 given by Eq.(1.3). The fractional operator

. . p(x)-2 .
HD"’ﬁ‘w (|HD“”8’¢’u(x)| HD”"B’wu(x)) is a generalization of the operator

IV

Hp2 A ‘HD”B ‘”u(x)| HD"'B l//u(x)), in which p(x) = p > 1.

The corresponding Euler functional of our problem (1.4) is defined by

_ [ L |apasw [P /L ) _/L h(x)
E/l(u)—/gp(x) D, u dx -2 > ()a(x)|u|q dx Qh(x)b(x)|u| dx. (1.5)

We are now in a position to present the main contributions and consequences of our paper, which
becomes clearer in detail as follows:
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(1) One of the main results of the paper is to continue the study of this new class of y-fractional
spaces with variable exponents and nonlocal ¢ -Hilfer fractional operators;

(2) First, we present a broad class of fractional differential equations with p(x)-Laplacian of variable
exponents as detailed by Eq.(1.4);

(3) We prove some coercivity results and minimization of the Euler energy functional Eq.(1.5);

(4) We prove a new version of Harnack inequality for the y-Hilfer fractional operator. The Harnack
inequality is of paramount importance to guarantee the existence of positive solutions of Eq.(1.4);

(5) We establish the multiplicity results of positive solutions for Eq.(1.4) with nonnegative weight
functions;

(6) We prove that the fractional problem Eq.(1.4) has at least two positive solutions.

(7) A special case of fractional problems is that in the limit @ — 1, we get the classic case.

To investigate the main results as highlighted above, we use of the Nehari manifold technique.

The rest of the article is divided as follows: In Section 2, we present some important concepts and
results for use throughout the paper, in particular, we highlight the proof of an extension of the Harnack
inequality for the -Hilfer fractional operator. In Section 3, we investigate the main results of the paper,
i.e, we discuss the existence and multiplicity of positive solutions to Eq.(1.4) using the Nehari manifold
and the Harnack inequality.

2. MATHEMATICAL BACKGROUND - AUXILIARY RESULTS

In this section, we will give a brief presentation of the definitions and essential results for the
development of this paper.
We discussed our problem Eq.(1.4) in the variable exponent y-fractional space Hzg ;)l/'(Q), so we need

some theorems and basic properties in the spaces LP*) (Q) and Hz(f ;)w(Q).
Write,
L™ = {p e L™(Q),p” > l}.
For any p € LP™¥(Q), we denote the variable exponent Lebesgue (weight) space by [1, 6]
LPO(Q) = {u e U(Q): / Ju(x) [P P dx < oo},
Q

which is equipped with the norm, so-called Luxemburg norm

”I/t”p(x) = 1nf{6 >0: /
Q

and (Lp @), |-l o x)) becomes a Banach space, we call it as variable exponent Lebesgue space.

u(x) p(x)

dxsl}

Let c(x) be a measurable real valued function and u(x) > 0 for x € Q. Then the weight variable
exponent Lebesgue space Lf () () is defined by which is equipped with the norm [1, 6]

(x)
: u(x)
Null(p(x),exy) = inf {6 >0: / c(x) 5
Q

Definition 2.1. Ler 0 < & < 1,0 < B < 1 and p € C*(Q). The left-sided y-fractional derivative space
H*PY .= g@PY (Q) is defined as the closure of Cg’ () with the following norm

p(x) p(x)
p(x)
el s = inf{k >0: / ux) dr < 1},
p(x) Q

k
where HDng"BW(-) is the y-Hilfer fractional partial derivative with 0 < @ < 1 and type 0 < B < 1 (see
Eq.(1.3)), which is given by

p(x)

dxsl}.

k

HOAY = e Lr0(@) MDY e Lr) (@) u(@) =0 |-
@By . = : @By : —
The space Hp(x) (€2) is denoted by the closure of C;°(Q) in Hp(x) (Q). We will use HMHHZ’(‘:)'”(Q) =
|HDg+’ﬁ;¢ u foru € HQ’BW(Q) in the following discussion.
p(x) p(x)

Next, we will present the integration by parts of the y-Riemann-Liouville fractional integral and
y-Hilfer fractional derivative.
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Leta € (0,1), p € (1,00) and % + cl[ <l+a. Ifue Lg [0,T] and v € Li [0,T7], then the following
integration by parts [28, 29, 30]

b b
/ (Ig;”/v (x)) u (x) ' (x)dx = / v () L5 u (x) g’ (x) dx 2.1)
holds.
Let ¢() be an increasing and positive monotone function on [0, 7], having a continuous derivative
Y'(-)#00n (0,7). If0 <a < land 0 < B < 1, then [28, 29, 30]
/ ’ (HD"’B;’/’ u(t)) v(r)dt = / ’ u(t)y’ (1) ADPY 0 ) 4 (2.2)
a o a T Y'(1) '

for any u € AC! and 6 € C! satisfying the boundary conditions #(0) = u(T) = 0

Proposition 2.2. [28,29,30] Let0 < @ < 1,0 < B < land 1 < p(x) < oo. Assume that « > 1/p(x)
and the sequence {uy} converges weakly to u in Hdﬁ lp(Q R) i.e., up — u. Then up — u in C (Q,R),
ie., |lu—url|lo = 0as k — oo.

Proposition 2.3. [29, 30, 31] The conjugate space of LP?® (Q) is LP' ) (Q), where > (x) p(lx) =1.
Forany u € L™ (Q) and v € L?"¥)(Q), we have
1
M(X)V(x)dx' < (— + )ll oo VIl
‘/Q - (p) p(x) p'(x)
<

2leell p oy V1 pr () -
Proposition 2.4. [1, 6] Denote p(u) = fg lu(x)|PXdx, Yu € LPX)(Q), then we have
(1) Nlallp < 1 (= 1,> 1) = pu) < 13

(2) llullpy > 1= Null? ) < p(u) < llull?

p(x) = p(X)’
P
(3) lullpy < 1= lull?,, < pu) < [l
Proposition 2.5. [1, 6] If u,u, € LP™)(Q),n = 1,2, ..., then the follows statements are equivalent to

each other:
(1) nll_{l(}o lun —ull vy =05
(2) lim p(u, —u)=0
(3) Z:: u in measure on S and nli_r)rc}op(un) = p(u).

Proposition 2.6. [1, 6, 29, 311 If p~ > 1 and p* < oo, then the spaces LP™¥ (Q), Lp(x)(g) and
H;,l(i)l//(ﬂ) are separable and reflexive Banach spaces.

Proposition 2.7. [0] Let p(x) and q(x) be measurable functions such that p(x) € L*(Q) and 1 <
p(x)q(x) < coforuex e Q. Letu € L1 (Q), u #0. Then

|P(x)|

.
ulpogeo <1 =l oo < [P, < lul? 0

P(X)q(x

\

1 = |uf? |p(X)|

p+
IS (Ll I LA

Theorem 2.8. [4] Assume that the boundary of Q possesses the cone property and p € C Q). Suppose
that b € LP™)(Q), b(x) > 0forx € Q, B e C(Q) and B~ > 1, B5 < Po(x) < B ( - 1).
Ifh € C(Q) and

|l p(x)q(x)

1 1
B(x) + Bo(x)

Bx) -1

1<hx) < 500

ph., VxeQ (2.3)
or

Np(x) _
Np(x) = h(x)(N = p(x)

then the embedding from WP ) (Q) to ngi (Q) is compact. Moreover, there is a constant Cs > 0 such

1 <B(kx)<

that the inequality

[ bl < Cs(jul” + ul” 24)
holds.
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Theorem 2.9. [4] Assume that the boundary of Q possesses the cone property and p € C Q). Suppose

thata € LY (Q), a(x) > 0forx € Q, o € C(Q)anda™ > 1, ay < ap(x) < aj (ﬁ + eS| =
a(x)  apx

g C@). p(o) <~ g (x) and
1 <qx)< %pfl(x), Vx € Q
” Np() < W

<a(x) < ————,
Np(x) = gq(x)(N = p(x)) p(x) —q(x)
then the embedding from WP ) (Q) to LZEQ (Q) is compact. Moreover, there is a constant C7 > 0 such
that the inequality

[ alule®ac < &l + ul)
Q

Proposition 2.10. [4] Assume that the conditions of Theorem 2.8 and Theorem 2.9 hold, respectively. Let
u € WOP)(Q) then there are positive constants Cg, Co, C19, C11 > 0 such that the following inequalities

hold
Callul™, if flull > 1,
/b(x)|u|h(X)dx5{ S / 2.5)
o Collull™, if llull <1,

and

Crollull®", if llull > 1,
/a(x)|u|q(x)dx < 1ollull ) 'f|| Il 26
Q Cullull®, i |lull < 1.

Definition 2.11. [38] Let f and h be of y-exponential order, piecewise continuous functions over each
finite interval [0, T]. Then, the y-convolution of f and h, denoted by f *, h is given by

forgh= /O FO W) - (0N (Dh(T)dr.

Consider ¢ (0) = 0. Then we have

gl = [ W w0 -ughow s
C®—y@) @)
= dr. 2.7
i @D
Making the following variable change u = y () in Eq.(2.7), we have
v, o _ W@ o\
Sanvss = Trg S \'Tem) @9
Again, making another variable change v = % in Eq.(2.9), we have
a-1 1
gl = gt [a-nioewp
RO N a-1, 61
= g J, 070
L0
I'(a+pB)
= gﬁ+ﬁ. (2.9)

For the discussion of the results, we will use the following function notations.

ORZ0)
da-n={ " T  ®NW-¥©>0 g
0

2 (x,8) < 0,4(x) —y(s) <0
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e (¥ (x)!
¥ (x)"™
8$(x)= I'(y) x> 0,4(x) >0 ,v > 0.
0 ,x<0,0(x) <0

Next we will present a version of the Harnack inequality with respect to the function .

Theorem 2.12. Lett, > 0,0 < 0| < 05 < 03 and p > 0. Let further « € (0,1),0 < <1, ¢(0) =0
and ug > 0. Then for any function u € Z (t.,t. + 03p) and that satisfies
AP (u—up) (1) = 0, a.a.t € (to. 1. + o3p) (2.10)
there holds the inequality
sup < ozoinfu 2.11)
- W+
where W— = (t, + 01p, t. + 02p) e W+ = (L, + 020, L + 030).

Proof. Suppose u € Z = (t,,t.+ 03p) is nonnegative on (0,7, + o3p) and satisfies Eq.(2.10). We
introduce the shifted time s = ¢ — t.,, and define the function & by means of u(s) = u(s +1.), s € (0, 03p).
Then Eq.(2.10) implies that (f = s + £..)

Yu(t) =07 up(t) = 0 (2.12)

implies 8" u(s +1.) = 8}V ug(s +1.), s € (0, 03p) where

. . d 4
07 u(t) = REDYYu (s =—f/ o - dr. 2.13
;1) 0. u(t) o0 o 8-, (t = Du(r)dr (2.13)
Note that Eq.(2.13) can be written as
1y
a,””u(t):az;‘”ﬁ(s)+/ ?—’z//(r)g;{ (t = T)u(r)dr. (2.14)
0o Y1) Y

Thus, from Eq.(2.12) and Eq.(2.14), we have
.
o7 ats) = 0w - [
0o ¥

Remembering that 8, u(r) = "DPY u(r) = 17" RLDYYu(t) with y = @ + B(1 - @). Applying
Ig;mw(-) o both sides of Eq.(2.15), we have

&
104 (g}, (t = T)u(r)dr. (2.15)

- o —a ) ,
0ZPVa(s) = uol), “’”bg;b_y(t) -1 @y (‘/0 w’tt)d/ (T)gib_y(t - T)M(T)d‘[’)
—a )

v y-asy YN

= uog,_, () —1 (/ ——y'(r)g,_ (t - T)u(T)dT). (2.16)
1 0+ 0 l// (t) 1-y
Remembering that t = s + 7., so Eq.(2.16) can be written as follows

A PVE(s) = uog! (s +1.) + hY (s) (2.17)

—a L9

where h¥ (s) = -I]; aild (/ /—td/’(‘r)g'f_ (W(s+t, — ‘r)u(‘r)d‘r).

o Y'(1) L4

Since (g‘f_y *y iZ) (0) =0and g‘lp_y *y g$ = 1, we have

gyw %y asa,ﬁ;tl/ﬁ — g;p - Ig;a;t//asy;t//g
- e (e )
= Ig;fl;lﬁa;p (gyw *y g;/’_y *y ﬁ)
= 1,770 (1%, 1)

_ Y-y~
= Iy, u

So from the convolution of Eq.(2.17) with gg, we have
OTPVT(s) vy gt = (uog;{a(s +1)+ h"’(s)) vy gl

o (8 o -+ 1)y g%) (5) + (0”24 8%) () 2.18)
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with s € (0, o3p0).
The first term of Eq.(2.18) can be written as

I (w‘(w (9) ~w(e)) W' ()5, (x + t)dr

(é{a(' +1.) %y 85) (5)
= =T a-1 a
B F(a)F(l / ()W () —y(0)* (Y (r+1.)) " dd2.19)
Making the following variable change 7 = rs in Eq.(2.19), we have

b W)~ () (Y(rs+1.))7
s/o‘””) (@) r(i-a)

dr

(80 €+ 50 8%) (9)

1
s/ l//(rs)gg(s - rs)g;['_a(rs +t,)dr
0
1P (s) (2.20)

with s € (0, o3p).
Similarly, we have for the second term,

(1 eust) o) = [ et @ -v)won@ar
- [,
0

T (@)
_ S (W(s)—y(r)!
- / At C
7 ay ~ ) | |
( ( wr) LW+t o) <ff>dff))df 221

Making the following variable change 7 = rs in Eq.(2.21), we have

1 _ a-1
[ v O F:(p()rs))

( et (/ 5 (t) (o-)gi/’_y(l//(rs +1— O')M(O')dO')) dr
S (s) (2.22)

(1 40 8%) )

with s € (0, 03p).
Consequently, the Eq.(2.18) is equivalent to

i(s) = ug®(s) + ¥(s), s € (0,03p). (2.23)
Letnow s € (o1p,0np) and's € (0»p, 03p). Then, from Eq.(2.20), we have D (s) < D(3). As to ¥, we

use the positivity of u on (0, z..), and the monotonicity of

1 a-—
[ g WOV !

! g;b to estimate as follows
-y

0
g (1)

P(s) < F( :
ay B )
( o ([ v’ (t)w (O')g (w(VS+l* O')M(O')dO'))d
- a-1
< 0'1p/ W (roup) (¢ (02p) Fl(!/af)ro-z,o))
ay "
( - (/ v (t)lﬂ( I8 7(1//(}”0'2’04-1* O')M(O')do'))
5) —y(rs))e!
< 0'10'35‘/ w’(rg) (l//( ) l/’( ))

' (@)

( ymﬂ(/ ¢(t)¢’( )g (rE+t*—a')u(0')d0'))dV

= O’]O’3“P(S).
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By positivity of ug, we thus obtain
u(s) < oyosu(s),

which immediately implies inequality Eq.(2.11). This complete the proof of Theorem. O

3. EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS

Consider the Euler functional defined by Eq.(1.5). Then, by Theorem 2.8 and Theorem 2.9 and

Proposition 2.4, yields
p(X) A
/)HD“’”/M dx — —_/ (0 Ju] ™ dx — /b(x)lulh(x)dx
q

A
> Ll — sl + ).
p* q

\%

Ea(u)

Since ¢* < p~ < p* < h™ < h*, this shows E () is not bounded below on whole Ha B l/'(Q) However,
we shall it is bounded on the Nehari manifold N, () which is given by

No(@) = {u e BEEY (@) [0} : (B)(w),u) = 0}.

It is clear that all critical points of E; must be on N,(Q) and local minimizes on E,(Q) are usually
critical points of E;. Thus, u € N(Q) if, and only if,

0 (X)
Ly(u) = (B (), u) _/|HD"WM' ) dx—/l/a(x)|u|4(x)dx—/b(x)|u|h(x)dx=O. 3.1)
Q Q
Then, for u € N, (), yields

HpoBy [PX (%) 40 _ h(x)
W = [ pofg# a1 [ geatouir e [ hbl e

IA

+ - X + - h(x
(7" = [ a@lufar = (" =1 [ bolul V.
Now let’s decompose the Nehari manifold N, (€2) into three parts
NH(Q) = {u € Ny(Q) : (I (), u) = 0}
N(Q) = {u e Ny(Q) : Iy (u),u) = 0}
NYU(Q) = {u € Na(Q) = (Ty(w). u) = 0}.

Theorem 3.1. Suppose that ug is a local maximum or minimum for E; on N (Q). If uy ¢ Ng (Q), then
uo is a critical point of E,.

Lemma 3.2. The energy functional E is coercive and bounded below on N (Q).

Proof. Letu € N () and ||u|| > 1. Then, using (3.1) and Propositions 2.4 and 2.10, yields
p(x) 1 1
E () = / (H D U dx—/l/—a(x)luI"(x)dx—/—b(x)lth(")dx
o p(x) o q(x) h(x)
/‘HD"B'”MP(X)dx—4/a(x)|u|q(x)w— (/ ’H DAY p(X)—A/a(x)|u|q(x>dx)
q9 Jo Q
(x) 1 1
( )/)HDaﬁ¢ pxdx+/l(h———)‘/a(x)|”|q(X)dx
q

h_— - ]’l_—q_ +
P _ A 9
( e )IIMII Cio ( = )IIMII

Since p~ > ¢*, so E (u) — oo as |ju|| — oo. This implies E, is coercive and bounded below on
E,l(g) O

v

Lemma 3.3. There exists A1 > 0 such that for 0 < A < 11 we have Ng = 0.

Proof. Suppose otherwise, this is, Ng =Qforall1 e R\ {0}. Letu € Ng(Q) such that ||u|| > 1. Then,
using Eq.(3.1), Eq.(2.5) and definition of Ng(Q), yields

0 = (T(u),u)
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. (x)
[peg e a-a [ gmatl e [ @bl
. (x) p(x)
p*/|HDgf**” "ar-gq (/ "D ] dx—/b(x)lulh(x)dx)—h+/b(x)|u|h(x)dx
Q Q

p(x)
(v =a" [ [0 e =) [ bl

[\

v

By Proposition 2.10, yields

0> (p~ —g")ull”” +Cs(g™ — 1) ||ul™

= _ 4\t
Jul zcn(H) . (32)

Similarly,

0

(I (u), u)
. (x)
p+/g|HD((;+"B’wu]7 dx—/qu‘/s;a(x)lulq(x)dx—hf/s;b(x)|u|h(x)dx

. (x) . (x)
p+/ |HD(‘)IJ;'8"// u|p ) dx — Aq~ / a(x)|u|?®dx - h~ (/ |HDg;'B’¢ u’p ) dx —/l/ a(x)|u|q(x)dx) .
Q Q Q Q

IA

Using Proposition 2.10, yields

0< (p*—h)|ullP” +aC1o(h™ = g7)llull?

h™—q \p-a"
>Cp3(4 . 33
ol €1 (43— 6.3

-t

p ‘77
If A is sufficiently small A = (h —P ) (Z:‘ﬂ ) "7 then from inequalities (3.2) and (3.3) we get

|l#]| < 1 which contradicts which our assumption. Hence, we conclude N?l =0. O

By Lemma 3.3, for 0 < 4 < Ay, we can write N () = N7 (Q) UN (€). Therefore, we ca let

+ f E d >= inf =E .
1= uell\lr’l'(Q) Alu) and uell\lr%(Q) a(u)

Lemma 3.4. [f0 < A < Ay, then for all u € N} (Q), Ea(u) <O0.

Proof. Letu € N (). By definition of E,(u), we can write

1 . (x) A 1
Ea(u) < —_/ (HDgf*” u|P P - —+/ (o) ] dx — — / b(x) |l dx. (3.4)
P~ Ja q" Ja h* Jo
Since u € N (Q), yields
/|HD”W —/lq_/a(x)lu|‘1(x)dx— h_/b(x)lulh(x)dx > 0. (3.5)
Q Q
Now, if we multiply (3.1) by (—¢~) and add with (3.5), yields
(x)
/b(x)lqux < (h —q )/)HD"M T (3.6)
Moreover, using (3.1) together with (3.4),
(x) 1 1
E (1) < (—+ )/)HD"M P+ (—+ - F)/b(xﬂulh(")dx 3.7)
q Q

and applying (3.6) in (3.7), it follows

(p~—q")(h* —p7)
Null?, 5., <O

E (u) < -
h*p=q* Hpto

Hence, we have o} = inf E,(u) <O0. o

ueN; ()

Theorem 3.5. If0 < A < Ay, these exists a minimizer of Ex on N3 (Q).
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Proof. Since E,(+) is bounded below on N,(€) and so on N (). Then, there exists a minimizing
sequence {u;;} C N*(Q) such that

lim E,(u)) = 1nf(g) E (u) =a} <0.

Since E, is coercive, u}, is bounded in Ha B ‘/’(Q) Thus, we may assume that, without loss of generality,

Uy, — uf in Ha B w(Q) and by the compact embeddings we have

: (x)
uf = uf in Lz(i) (Q)
and
+ + h(x)
u, — ug in Lb( )(Q).

Now, we shall prove u;; — ug in H"ﬁ l/’(Q) Otherwise, suppose u,, - u; in ]HI"B l//(Q) Then,
. p(x)
/‘Hngf’w ail ax < tim inf/‘HD“W " dx
Q

n—o0
Moreover, by the compact embeddings, yields

/a(x)|u3|4(x)dx = lim inf/a(x)lum‘f(X)dx

Q n—co Q

/b(x)|u3|h(x)dx = lim inf/b(x)mmh(x)dx.
n—oo

Using the fact that (E’, (u};), u;;) = 0 and Theorem 2.9, we can write the followings

. p(x) 1 1
Ei(u;) 2 (—+——_)/|HD8'+’B’¢'M; dxu(—_——_)/a(x)m;w(x)dx
= g7 Ja
. p(x) 1 1
lim B (uf) > (———) hm/)HDgf"” ul dx+/l(—_——_) lim /a(x)lu 1909 dx
n—oo n—oo h q n—co
of = inf Baw) > o - gl + o[ - ) (gl + i)
A ueN?t pt  h “o h— q~ 0 0 ’

since p~ > g™, for |ug|| > 1, yields
) = inf E (u) > 0.
ueN?}
However, in Lemma 3.4, it was showed that for any u € N (€), Ex(u) < 0. So this is a contradiction.

Hence, u € N%(Q) in Haﬁ w(Q) and
E/[(uo) = lim E/l(bl;) = inf E,}(u).
n—oo MEN;
Thus, u{ is a minimizer for E; on N (Q). ]

Lemma 3.6. If0 < A < Ay, then for allu € N (Q), Ex(u) > 0.
Proof. Letu € N (). By definition of E,(€2) and (3.1), yields

1 L P2 1
E (1) > — / |HDg”3’*”u "V Za)ul @ dx - — / b(x)|ul" ™) dx (3.8)
rtJa * q h™ Ja

and
(x)
/b(x)lulh(x)dx /‘HD“Wur dx—/l/a(x)lul"(’C)dx. (3.9)
Q

Using Eq.(3.8)-Eq.(3.9), Propositions 2.4 and 2.10 and the condition p~ > g%, yields
p(X) A p(X)
/‘HDaﬁwu dx - f/a(x)|u|q(x)dx— (/ ’HDQB‘/'u dx—/l‘/a(x)|u|q(x)dx)
q9 Ja Q

( )/)HD()+ p(X)dx"‘/l(i_—qi)/a(xﬂuw(x)dx

h
1 1 1 +
- P Ciod | — - — q
(p+ h_)llull +Cio (h— p= )IIMII

E,(u)

1\
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h™ —p* g —h -
+C P
P 0 [|uel]
So, if we choose 4 < %, we get E (1) > 0. Moreover, if we consider the facts N, (€2)

N (Q) UN (Q) (see Lemma 3.3), N% () NN () = 0, and Lemma 3.4, we must have u € N (Q).

O

Theorem 3.7. If0 < A < Ay, there exists a minimizer of E (-) on N7 (Q).

Proof. Since E, is bounded below on N, (£2) and so on N, (£2), then there exists a minimizing sequence
{u,} € N7 (L) such that

lim E,(u,) = f E(Q)=a; >0.

lim E;(u,) = Hi(m A(Q) = a3
Since E, is coercive, u,, is bounded in H“ B '/’ (€2). Thus, we may assume that without loss of generality,

u, — ug in ]HI“ B w(Q) and by the compact embeddlngs we have
u, — uy in LZEB »(Q)
and

_ . n
u, — ug in ng;’w(ﬂ).

Moreover, if u; € N7 (€), then there is a constant # > 0 such that tu; € N7 () and E; () > Ea(tu).
Indeed, since

. (x)
= [ ey o ac-a [ awatomi e~ [ hbeola,
Q Q Q
then

I, (tuy)

@B P _ _
/p(x)‘HDO;ﬁ’l// (tuo)’ m—ﬂlzq(x)a(x)|tu0|q(x)®—[zh(x)b(x)|tu0|h(x)w
p(x) - _

/‘HDaﬁw Uy dx — ar? q_‘/a(x)lualqmdx—th h_/b(x)lualh(x)dx.

Since g~ < p* < h™, and by the assumptions on a and b, it follows I, (tu;) < 0. Hence, by the definition
of N7 (Q), tu; € N (Q).
Now, we shall show u;, — u in Haﬁ ‘0(9) Then using the fact that

v

; () (x)
/|HDgf**”u5|p dr < lim inf/|HD“"’“’ ",
Q n—0oo
yields
tp p(x) 4 th_
Ei () < /(HD“W - dx—ﬂ—+/a(x)lu5|"(x)dx——_/b(x)|u5|h<x)dx
q* Ja h= Ja
p(x) t‘f th’
< lim /‘HD“‘”’ u, dx—/l—/a(X)Iuglq“‘)dx——‘/b(x)|u;|h(’0dx
n—oo q+ Q h_ o

< lim E,l(tun) < lim Ej(uy,) = inf E (u) =«aj.
n—oo n—oo uEN:l(g)

This implies that E;(tuy) < inf E,(u) = aj, which is a contradiction. Hence, u,, — u, in
ueN; (Q

“(f)‘”(Q) and so

Ea(ug) = lim E(u,) = ue§2f<9> Ea(u).

Thus, u is a minimizer for E; on N7, (Q). O

Corollary 3.8. By Theorem 3.5 and Theorem 3.7, we conclude that there exists uj € N (L) and
uy € N3 (Q) such that E, (ug) = inf E/l(u) and E(uy) = 1ivrlfg) E,(u). Moreover, since E; (uj) =
ue ue

/l
E,1(|u+|) and |uj| € N3(Q), we may assume ug > 0. By Theorem 3.1, u{ are critical points of E; on

HY ﬁ ‘/' (€2) and hence are weak solutions of (1 4) Finally, by the Harnack 1nequa11ty (Theorem 2.12), we
obtam that u are positive solutions of (1.4).
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