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When are Poisson and Moyal Brackets equal?
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Didier Robert*

Abstract

In this paper we prove that if a given smooth Hamiltonian H on
the phase space R?¢, with derivatives of moderate growth, satisfies
{A, H} = {A, H} for any observable A in the Schwartz space S(R??),
then, as it is expected, H must be a polynomial of degree at most 2
in R24,

Here {A, B} denotes the Poisson bracket of two smooth classical ob-
servables and {A, B}g their Moyal bracket, defined as the Weyl sym-
bol of i[A, B], where A is the Weyl quantization of A and [A, B] =
AB — BA (commutator).

A related answer to this question is given in the Groenewold-van Hove
Theorem [9] concerning quantization of polynomial observables.
Moreover we revisit the paper [1] where the authors considered a for-
mal semi-classical approach of this question for the time dependent
evolution of observables and the Egorov theorem.

Introduction

Let H, A, B be smooth classical observables on R?*? in the variables X =
(x,€). The Poisson brackets is defined following the Dirac convention as
{A,B} = 0:A-0,B — 0,A-0¢B. So the classical time evolution of A deter-

mined by the Hamilton equation for H is solution of the equation:

DAy = {A(t). H)

dt
A0) = A
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The Weyl quantization A of A is defined as the following operator, depending
on the Planck constant A > 0,

Af(a) i= (OpF A/ ) = (2t) [

R

T+ Y 1§-(z—
MA( > ,5) eI f (y) dy dg
(1.2)
for any f € S(R?). Recall that f € S(R?) means that f € C*°(R?) and for
any multiindex a, 3, x*9% f(z) is bounded on R%.

The quantum time evolution of the quantum observable A must satisfy the
Heisenberg equation (with the Dirac convention)

d ~
At =

A(0) =

1 ~ o~
AW, ] (1.3
i

where [A, B] = AB — BA.
The Moyal bracket of the observables A, H is defined such that
I w
7 1A H] = Opii ({4, H}e,). (1.5)
Notice that it results from the Weyl quantization calculus with a small pa-
rameter A that the semi-classical limit of the Moyal bracket is the Poisson
bracket :

;LI\E%{A7 H}@h = {A) H}

A natural question is to ask when the classical dynamics generated by the
Hamiltonian H has an exact correspondence with the quantum dynam-
ics generated by H (see below the quotation from Van Hove). In the
correspondence principle stated by N. Bohr the Planck constant h is supposed
to be small. The question discussed here is for fixed h > 0.

A well known trick to check the correspondence Bohr principle is to com-
pute the time evolution of Gaussian coherent states. Let us denote py =
Ty o the coherent state center in Y € R2 and ¢y (x) = (wh) %4 l=*/2k
(Ty is defined in the next section). We have [3]

};{%(Wn Apy) = A(Y).

Hence taking the average of (|1.3) on ¢y and passing to the limit A\, 0, we

recover ([1.1)).

To define the Moyal bracket, there is a more explicit definition by intro-
ducing the Moyal product A ® hB (see the next section) such that

(Opy A)(Opy B) = Opy (A @, B).
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Then we have ]
{A, B}s, = =(A® B~ B@A).

These definitions make sense for A, B € S(R?*!) and can be extended to
suitable classes of symbols with moderate growth. To be more explicit we
introduce the classes S, for 6 < 1, p € R. A € S} iff A € C*°(R*?) and for
any multiindex v € N?¢ we have:

FXAX)] < Cyx)oh

Using Theorem A.1 in [2], we can see that A ®; H is a smooth symbol if
H € S§ and A € S§ where pu,v € R and § < 1/2. Our aim here is to prove
the following result.

Theorem 1.1. Assume that h > 0 is fized (for example h = 1). Let be
H €S} for some p € R and § < 1/2. Assume that for any A € S(R*) we
have {A, H}s, = {A,H}. Then H(X) must be a polynomial in X = (x,&)
of degree at most 2.

Remark 1.2. [t is well known that if H is a polynomial of degree at most 2
then {A,H}s, = {A,H} for any A € S{. This is an easy consequence of the
Weyl calculus.

Remark 1.3. The usual proofs of the Groenewold-van Hove Theorem on
the phase space R?** concern more general quantization procedures but are
restricted to polynomial symbols A, H.

A quotation from [9] p.66-67:

"On établit ensuite qu’une correspondance biunivoque entre grandeurs clas-
siques et quantiques, ayant le caractére d’un isomorphisme entre algebres de
Lie, existe entre les grandeurs représentées par des polynomes de degré 0, 1,
2 en les variables p1,---pn,q1, - q, mais ne peut étre étendue sans perdre
ses propriétés essentielles a l’ensemble de toutes les grandeurs classiques”
The Theorem of Groenewold-van Hove is detailed p.76 and the quadratic case
p87 Of [9/,

Notice that the quadratic case is related with the metaplectic representation

3.

Let us consider now the time dependent consequence of theorem
Assume that H is real and generates a classical flow ®%; on R?? such that for
any v € N?¢ we have

0% @4 (X)] < C(X)™, VX € R¥ |t] < «,



for some m > 0 and ¢y > 0.

The solution of is Aq(t, X) := A(®% (X)) and for |t| < ¢ with A(t) €
S(R*) if A(0) € S(R*) .

On the quantum side assume that H is essentially self-adjoint in L2(R?). The
solution of the Heisenberg equation (|1.3)) is flquant(t) — o=l Aeil

Corollary 1.4. Under the conditions of Theorem[I.1, for a given h > 0 we
have R
Agant (1) = opF'(Aa(t)), VA € S(R*), |t| < «,

if and only if H(X) is a polynomial in X of degree at most 2.

Remark 1.5. In [1] the authors consider the semi-classical expansion (h\
0) in the Egorov theorem using a formal algebraic approach, and Bargman
transform. In the Appendix C of this paper we give a variant of the proof of
the main result of [1] which is stated below (proposition [1.6).

Recall that according the semiclassical Egorov theorem [§] the following
asymptotic formula holds true as A\, 0 and uniformly in ¢t € [T, T):

Aquant(t) = e%f{Ae_%f{ = Z h2jA2j(t) + O(h2N+2)7 (16)

0<k<N

where the symbol of the coefficient A,;(t) can be computed by induction [2]
and [A.1]

Proposition 1.6. [1] Let us consider the formal serie of symbols in h:
ZAQj(t,X)th where the coefficient As;(t, X) are defined by (A.2).

>0

If for some jo > 1 we have Agjy(t, X) =0 for (t, X) €] —e,e[xR*, for some
e > 0, then H must be a polynomial of degree at most 2. In particular if in
a neigborhood of 0 in t we have Aquant(t) = Ad(t) + O(R®) then H must be a
polynomial of degree at most 2.

Remark 1.7. The above Proposition may be a little surprising: if one term
of possible large order > 2 in the asymptotic expansion vanishes then
H must be a polynomial of degree < 2 and all the terms vanish excepted the
leading term of order 0.

Remark 1.8. For h > 0 given a well known connection between classical and
quantum mechanics was established by Ehrenfest (1927) for the Schridinger
Hamiltonian H = —%A + V(z) (see a discussion about the Ehrenfest theo-
rem in [10)].
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2 Weyl calculus

2.1 Introduction to the Weyl quantization

In this section, we recall some basic properties of the Weyl calculus (for more
details see [7]).

Weyl quantization starts by quantization of exponent of linear forms Ly (X) =
oV,X)=n-z—y-£with X = (2,£), Y = (y,n). Apart the usual prop-
erties asked for an admissible quantization, Weyl quantization is uniquely
determined by imposing that the Weyl symbol of et is e where Z; =
n-xr—y- —V

Recall that T (Y):=e =iLy i the Weyl-Heisenberg translation operator by Y/
in the phase space R R?¢, In other words the Weyl quantization A A has to

satisty ey = (eZLY) Then for any observable A, using a Fourier transform,
the Weyl quantization A is defined for any ¢ € S(R?), as

Ay = (2m) 74 /R y A,(V)T (Y )pdY (2.1)

where A,(Y) = Jgoa A(2)e 2 dz is the symplectic Fourier transform of A
(in the sense of distributions). So that the family {T(Y)}ycgz2a is an over-
complete basis for operators between the Schwartz spaces S(R?) and S'(R?).
A, is the covariant symbol of A and A the contravariant symbol of A.

Remark 2.1. Notice that from (2.1) for any symbol A and for any linear
form Ly we get

[A,Ly] = ih{A, Ly} (2.2)
It is enough to prove (2.2)) for A= T(Y) This is done using the translation

property of the Heisenberg unitary operators T(Y) where Y = (y,n), D, =
iV, we have:

T(sY)* ( hf}) T(sY) = (hf);jin> , sER, (2.3)

s+ (x — sy, & — sn) is the classical translation motion for the linear Hamil-
tonian L(Y).



For quadratic Hamiltonians the classical flow is a time dependent linear sym-
plectic map and the extension of (2.2)) and (2.3) to quadratic Hamiltonians
can be proved by the same method [3, Theorem 15, p.65].

2.2 The Moyal Product

We first recall the formal product rule for quantum observables with Weyl
quantization. Let A, B € S(R??). The Moyal product C' := A ®; B is the
observable C such that A- B = C. Some computations with the Fourier
transform give the following well known formulas [7] (see also [§])

(A®, B)(X) = (wh)™ / /R o 77 A(X + u)B(X + v)dudv. (2.4)

Some more computations with the Fourier transform give the following for-
mula :

ih
(A®y B)(x,§) = exp (EO(Dq, D,; Dy, Dpf)) A(q,p)B(q, D) (ap)=(a' p)=(,6)

(2.5)
where o is the symplectic bilinear form o((q,p), (¢',p")) =p-¢ —p' - q and
D =i~ 'hV. By expanding the exponential term in a formal power series in
h we get

Wi g L
C(z,§) = Z F 50(Dy, Dp; Dy, Dyy) | Alg, p)B(', D)l (4.p)=(a' ) =(2.6)-

, 2
>0
(2.6)

Hence C(z,£) is a formal power series in h with coefficients given by

A —1)le
CaBag = @) Y CULVIVEALVIVIB) . (2)
la+B|=j

Furthermore we need remainder estimates for the expansion of the Moyal
product.

For every N > 1 we introduce

Ry(A,B;X) =A@y B(X)— > HWCiX). (2.8)

0<j<N

The following estimate is a particular case of Theorem A.1 in [2] see also

Remark A.3.



Lemma 2.2. Let be A € S§{* and B € S§”, 0 < 1/2, then for any N > 1,
v € N* M > My there exists Cx., > 0(independent of (A, B)) such that

0% Bn(A, By X)| < COny it 30 jatpi=n (2.9)

|ty | <My
SUD, yegza (1 + [uf? + [o]2) MM/ 9( AKX )| |0 B(X + v)|
In particular Ry (A, B, X) € S§*? for some piap > jia + pip.

For proving this lemma one assumes first that 4, B € S(R??). For the
general case we put A.(X) = e PP A(X), B.(X) = e X’ B(X) and pass
to the limit for € N\, 0. In the appendix we give more details. We also need
to use the following lemma.

Lemma 2.3. Let A € S§* and B € S§”, 6 < 1/2. Then uniformly in every

compact of R3¢, we have

lim(A @, B)(X) = im(A &, Be)(X) = (A @ B)(X).

€

In particular we have
1%{A67 B}®h<X) = {4, B}@ﬁ(X)

For completeness a proof is given in the appendix B.

3 Proof of Theorem [1.1]

Here A = 1 for simplicity. Notice first that from Lemma [2.3| we also have
for any A € S), {A,H}s = {A, H}. So it is enough to consider the test
observables
A=Ty :=e v (Y € R¥).
We have A L R
TyHTy = [Ty, H|Ty + H

Using the assumption of Theorem and Lemma [2.3| we get

1

“{Tr HY®TY)(X)=H(X +Y) - H(X),VX,Y € R*. (3.1)

1

Computing the Poisson bracket in ({3.1]) gives

((y- 0, H+n-0:H)Ty)®Ty)(X) = HX+Y)—-H(X), VX, Y € R*. (3.2)



Our aim is to prove that implies that H(X) is a polynomial of degree
at most 2. For that purpose we shall compute the asymptotic expansion as
Y — 0 of the left hand side of and compare it with the Taylor expansion
for H(X +Y) modulo O(|Y'|*). From that we shall conclude that all the third
order derivatives of H vanish for X in any bounded subset of R??, hence the
conclusion will follow.
We have
8§8§Ty = ’L._|a+m77ayﬁTy

Let us denote by C'(X,Y) the left hand side in (3.2). So using Lemma
uniformly in every compact in X € R??, we have

C(X.Y)= Y Ci(X,Y)+0(Y["),

0<5j<2
where
Co(X,Y) = Y -VxH(X) (3.3)
Ci(X)Y) = %Y-V?XH(X)Y, (3.4)

where V% H(X) is the Hessian matrix of H.

Let us compute now Co( X, Y), which is an homogeneous polynomial of degree
3inY.

For simplicity let us consider the 1-D case. The same computation can clearly
be done for d > 1.

Using (2.6) we get with Y = (y,n),

1
Co(X,Y) = 3 (V’02H +n*02H — y*nd:0:H — yn* 070, H ) . (3.5)

According (3.2)), C5(X,Y) must coincide with the term of order 3 in Y of
the Taylor expansion in X for H(X +Y) — H(X). But this is possible only
if 0H = O3H = 0:0;H = 0;0,H = 0 for any (z,€) € R*. So H must be a
polynomial of degree < 2. [

4 Extension to polynomials of arbitrary de-
gree

The asymptotic expansion in A in the Moyal product suggests to introduce
the following semi-classical approximations of the Moyal bracket:

{A7 B}@ﬁ,,m - {A> B} + hz{Av B}3 +---+ th{Aa B}2m+17
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where {4, B}; = £(C;(A, B) — C;(B, A)) (notation of ([2.7))). More explicitly

we have

{ABY;=@2)7 )

la+pl=j

(—1)lel — (=1)l8

ol (VEVEA).(VVIB)(2,€). (4.1)

Notice that {A, B}; = 0 for j even. In particular if A = Ty we have if
j=2k+1, withY = (y,n),

«

&)
TATy, Bl = (% 3 L1

alp! (VOVEB)(2,6).  (42)
jatB=2k+1

It is clear that if H is a polynomial of degree at most 2m + 2 then we
have {A, H}s, m = {A, H}s, for any A. Conversely we have

Theorem 4.1. Assume h =1 and H € S§, p € R, § < 1/2. If for any
A € S(R*?) we have {A, H}wm = {A, H}s then H must be a polynomial of
degree at most 2m + 2.

Proof. Here we give a proof different from the case m = 0, without
connection with the Taylor formula, for simpler computations.
Using Lemma we have, uniformly in every compact in X € R??,

Ty ({Ty, H}o(X) —{Ty, H}om(X)) = O([Y ™), ¥ — 0. (4.3)

Moreover from (2.7)) we get:

. 1 y'n’ .,
TATy, HYzjn(X) = o7 > a,—ﬁ,ax O H(X). (4.4)
la+-B=2j+1 "~

Using the assumption of Theorem . and (4.3) we get that
T Ty, Homya(X) = Ox ([Y[*"?).

But T3 {Ty, H }o+3 is an homogeneous polynomial of degree 2m+3 in Y so
we get that this polynomial is 0 and from (4.4]) we get that 838? H(X)=0
for |+ 8| = 2m + 3. Then we can conclude that H(X) is a polynomial of
degree at most 2m + 2 in X € R .

A Proof of proposition [1.6

Let us recall the statement of the semiclassical Egorov theorem (see [2, 8] for
a proof). For simplicity we consider here subquadratic Hamiltonians.
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Theorem A.1l. Let us assume that H is a subquadratic Hamiltonian, that
means here that for |a| + |B| > 2 there exists Cy p such that

020 H(2,6)| < Cos, V(z,€) € R¥,

For any A € S} we have, for the operator norm in L*(R?) and for every
N >0,

Aquant(t) = e i Aei = 3™ 12 Ay,(1) + O(RN+). (A.1)
0<k<N

In particular we have Ag(t,X) = A(PY(X)) = Aa(t,X) and for j > 1,
Ayi(t, X) is defined by induction on j such that As;(0) =0 and

OAgjia(t) — {Agjuo, Hh = > {An(t), Hyapr. (A.2)

k+l=j+1,k<j

Let us remark that here the expansion is even in A because H is reduced
to its principal part (no perturbative term in ).
Ay = 0 hence H is a polynomial of degree at most 2. We can recover easily
here these results.

Proof of proposition [1.6,
From (A.2]) we get

0oy (t) ~ (A HYr = Y {Aw(®) Hharr  (A3)
k=5, k<j—1

If for j = jo we have 0,Aqy;,(t) — {A2j,(t), H}1 = 0, so taking ¢ = 0 in the
r.h.s of we get {A, H}oj,+1 = 0. Hence using the observables A = Ty,
like in (4.4]), we get that H is a polynomial of degree at most 2jg.
If jo = 1 we are done. Let us Now we shall prove by induction on m that H
is a polynomial of degree less than 2j, — 2m as far as m < jo — 2. This will
follow by computing the time derivatives at t = 0 in . By induction in
¢ > 1 we get easily for any k£ > 1,

O Aw(0) = > {{A Hygjpn, Hyojprrs oo HYgjon. (A
Jitiet-je=k
Moreover using that 0;" As;,(0) = 0, Ag,(0) =0 for k > 1 and Ay (0) = A, we
get the formula
> {{A H}ojir, Hbojpa = 0. (A.5)

Jit+i2=Jjo,J1<jo—1

10



Apply this equation with A = Ty. Then T} *( Z {{Ty, H}oj,41, H}2jo11)
Ji+j2=jo

is a polynomial in Y of degree < 2j, + 2.

Let us begin with the cases jo = 2,4. If jo = 2 the sum (A.5) with A = Ty

gives

Ty {{Ty, H}s, H}s =0,
hence computing the term of degree 6 in Y € R?? we get

2

Y
S —ayH | =o.
~!

Iv=3

hence the polynomial H is of degree 2.
If jo =4, applying (A.5)), we have

{{A,H}5,H}3+{{A, H}3,H}5 = 0.
Taking A = Ty, using the notation
(Y, X) = 3 Loy,
Iv|=F
and computing the part of maximal degree 8 in Y we get
I (Y, X)T (Y, X) = 0.

Then we get that the degree of H is < 4. Now computing 92 A¢(0) (A.4)
with A = Ty, we conclude that II3(Y, X) = 0so H € Ha.

For j, > 4 it seems more convenient to use as observables A polynomials in
Ps 6 of degree 5 and 6 to start with the induction argument. We know that
H € Pyj,. So for any A € Ps we have

a7&2AQJ’0 (0) = {{A7 H}3’ H}2j0—1 =0. (AG)

As in [I] we deduce that H € Ps;,_2 by contradiction, in the following way.
We have

HX)= Y X'+ Y X'+ > X"
|1l <2j0—2 |ul=2jo—1 |1l=2j0

Let us first assume that there exists |u°| = 2jo such that ¢,, # 0. Then we can
get 0 € N2 |y = 5 such that for A(X) = X" we have {{A, H}3, H }2j,-1 #
0, which contradicts (A.6)).



Now if ¢, = 0 for all |u| = 2jo and ¢, # 0 for some || = 2jo—1 then we can
get 10 such that |1°] = 6 and for A(X) = X*" we have {{A, H}s, H}2j,-1 # 0,
which again contradicts .

For the next step we use with ¢ = 3. So for any A € Pg we have

07 Asjo(0) = {{{A, H}s, H}3, H}5jy 5 =0

Hence as above we obtain that H € Py;,_4. So doing, after 2j, — 2 steps,
using at each step with & = jo, £ = 3,--- ,2j9 — 3, we get that H € P».
For the last part of the proposition we notice that from the assumption we
get that Ay(t, X) =0. O

B Proofs for formulas (2.4) and (2.5

It is enough to assume that A, B € S(R??). A
Recall first the relationship between Weyl symbols and integral kernel of A.
We have

K (2,y) = (27h) / eh@ g (LY g

Rd 2
and
Az, §) =/ e WK i (v /2,0 —t)2)dt.
]Rd

Using these formulas and the relation K ;5(x, 2) = [pu Ki(@, y)Kz(y, 2)dy
we get

(A®y B)(X) = (2rh)™ [aexp (2(—t- &+ (x—y—1t/2) - n+ (y — x +1/2))

A((x +1y)/2 4 t/4,0)B((z + y) /2 — t/4, )dCdndydt.

Then after the change of variables in the integral ve = ¢ — &, ue = n — &,
u, = (y —x)/2 +t/4,v, = (y — x)/2 — t/4, we get formula (2.4), with
U= (Uy, ), V= (Vy,Ve),

21

(A®; B)(X) = (mh)~ / en 7 A(X 4 u)B(X + v)dudv.

R2d xR2d

To get formula (2.5) we notice that (u,v) — 20(u,v) is non degenerate and
: . 0 —J : : :
its matrix is G := , so G~ = G. Hence using Fourier transform in

J 0
(u,v) and the Fourier multiplier formula we get (2.5)). O

12
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C Proofs for Lemmas 2.2 and 2.3

C.1 Proof of lemma [2.3

Using for A. ®; B we split the integral in two pieces :

1= xo([ul*+[v*)+x1([ul*+[v[*), where xo € C5°(R), xo(t) = 1 for [¢] < 1/2.
On the support of x¢ we can obviously pass to the limit in . On the support
of x; we first perform integrations by parts with the differential operator L
to get a uniformly and absolutely convergent integral,

Ju-0, — Jv-0,
L pr—
ul?> + |v|?

Y

using that Leno@v) = [eRov) = %e%”(u"’). On the support of y;, perform-

ing 4d+ 1 integrations by parts for gaining enough decay to ensure integrabil-
ity in (u,v) € R*. Then passing to the limit in € we get lim o(A.®B)(X) =
(A® B)(X) and the same for lim o(A ® B.)(X) = {A, B}e(X).

The other properties follow. [

C.2 Proof of Lemma 2.2l

From (2.4)), by Fourier transform computations and application of the Taylor
formula, we get the following formula for the remainder,

Ru(A B, X) = % (%)NH /01(1 CONRuL(XiR)d, (C.)

where
RN,t (X, 5) =

(27rf)_2d// exp —La(u,v) oD, D,)A(u + X)B(v + X)dudv.
R2d xR2d 2th

Notice that the integral is an oscillating integral as we shall see below. So
we shall use the following lemma :

Lemma C.1. There exists a constant Cy > 0 such that for any F € S(R* x
R2) the integral

I\ = )\2d//deszd exp|—iAo(u, v)]| F (u, v)dudv (C.2)

satisfies the following estimate:
for any M > 0 there exists Cyy > 0, independent of F' such that

13



IA[<Cu sup (L4 [uf* + o) 2021000] F(u,v)|. - (C.3)
|a+/37£§§{f4d+1

A proof will be given later in the next section.
Using this lemma for A, B € S(R?*®) with the integrand

Fnqy(X;u,0) =72 0% (eM(Dy, Dy) A(u+ X)B(v + X))
and the parameter A = 1/(2th), we then have that

0% Bxa(X5€)| < Ca - sup  [050] Fq (X5 u,0)].
u,v 2
ol 4181441

Moreover, we have the elementary estimate

0N (D, D) A(u) B(o)| < )N sup 070 Alw, £)0) 05 B(y, ).
jo+BI=N+1

(C.4)

Together with the Leibniz formula, we then get the claimed result with uni-
versal constants. For symbols A € Sff and B € Sj we argue by localisation.
We use A (u) = e " A(u) and B.(v) = e""B(v) for € > 0 and pass to the
limit as e — 0.

C.3 Proof of the Lemma

We consider the same cut-off x( as above. We split 1(\) into two pieces and
write [(\) = Iy(A\) + [1(N\) with

Iy(\) = 2% // exp[—ida(u, v)]xo((u? +v?))F(u,v)dudv,
R2d xR2d
L(A) = A% / / expl—ira(u, 0)](1 = yo) (4 + v2))F (u, v)dudb.
R2d xR2d
We notice that (u,v) — o(u,v) is a quadratic non-degenerate real form on

R4,
Let us estimate I1(A). We can integrate by parts with the differential operator

7 0 0
e 0 mm)
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using that Le () = Le=Muv = \e=o(uv)  For [)()), the integrand is
supported outside the ball of radius 1/y/2 in R*. Performing 4d + 1 integra-
tions by parts for gaining enough decay to ensure integrability in (u,v) € R*,
we get a constant c¢g such that

(M) <cq sup  [040, F(u,v)|. (C.5)
Wieiih

But we need to control the behaviour for u? + v? large, so with M more
integrations by parts we get

L) < Oy sup (1+ [ul? + [o?) 4207210200 F (u, v))| (C.6)
S

To estimate Iy(\) we apply the stationary phase theorem. The symmetric
matrix of the quadratic form o(u,v) is

0 —J
)

So by the stationary phase theorem ([7], Vol.I, section 7.7), noticing that the
leading term in the stationary phase theorem is of order A=2¢, we get

I\ <, sup |01V F(u,v)]. (C.7)
|u|i’\ﬁ§§3+3

For the last part of the proposition we notice that from the assumption
we get that Ax(¢t, X) =0. O
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