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Abstract

In a recent paper, the author introduced an operational description of physical theories
where probabilities are replaced by counterfactual statements belonging to a three-valued
(i.e. possibilistic) semantic domain. The complete axiomatic of these Generalized possi-
bilistic Theories is generalized and clarified in the present paper. The problem of bipartite
experiments is then addressed as the main skill of this paper. An axiomatic for the tensor
product of our spaces of states is given and different solutions are explicitly constructed.
This description of tensor products of Inf semi-lattices is partly independent from the usual
mathematical description of this problem. The nature of the tensor product of orthocomple-
mented Inf semi-lattices is then also explored. This subject is indeed fundamental for the
development of a reconstruction program for quantum theory within our framework. Our
analysis constitutes a first step towards this achievement.
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1 Introduction

General Probabilistic Theory (GPT) is a framework developed within the foundations of physics
(see [21]] for a recent review of the abundant literature and an axiomatic construction of GPTs).
Promoters of GPT intent to answer the question: what is a physical theory? This study appeared
initially in the context of axiomatizations of quantum theory, as many researchers were attempt-
ing to derive quantum theory from a set of reasonably motivated axioms.

In the current days, research on GPT is oriented towards operational properties of GPTs, the
main skill being to identify what structure is needed to realize certain protocols or constructions
known from quantum information theory or classical information theory. One uses GPTs to get
better understanding of what makes different things in quantum information theory work.
Despite the indeterministic character of quantum theory, it is an empirical fact that the distinct
outcomes of measurements, operated on a large collection of samples of a quantum object, pre-
pared according to the same experimental procedure, have reproducible relative frequencies.
This fundamental fact has led physicists to consider large collections of statistically indepen-
dent experimental sequences as the basic objects of physical description, rather than a single
experiment on a singular realization of the object under study. According to GPT, a physical
state (corresponding to a class of operationally equivalent preparation procedures) is then de-
fined by a vector of probabilities associated with the outcomes of a maximal and irredundant
set of fiducial tests that can be effectuated on collections of samples produced by any of these
preparation procedures. In other words, two distinct collections of prepared samples will be
considered as operationally equivalent if they lead to the same probabilities for the outcomes
of any test on them. The physical description consists, therefore, in a set of prescriptions that
allows sophisticated constructs to be defined from elementary ones. In particular, combination
rules are defined for the concrete mixtures of states and for the allowed operations/tests.

It is a basic fact in GPT that this approach is the same as starting with an abstract state space,
but instead of using vectors we would describe states in terms of all of the probabilities they
can produce. In GPTs, ensembles of objects, conditional probabilities and conditional states
can be represented by their respective state spaces and so we can treat them as any other state
space and we can use known results, instead of having to prove them ab initio. Representing
all transformations by “channels” allows us to use the constructions from frameworks based on
category theory, since one can interpret state spaces as objects and channels as morphisms.

Although this probabilistic approach is now accepted as a standard conceptual framework
for the reconstruction of quantum theory, the adopted perspective appears puzzling for different
reasons.

First of all, the observer contributes fundamentally to give an intuitive meaning to the notions of
preparation, operation and measurement on physical systems. However, the concrete process of
"acquisition of information’ (by the observer / on the system) has no real place in this descrip-
tion. Secondly, the definition of the state has definitively lost its meaning for a singular prepared
sample, and the physical state is now intrinsically attached to large collections of similarly pre-
pared samples. The GPT approach adopts the probabilistic description of quantum phenomena
without any discussion or attempt to explain why it is necessary. Thirdly, in order to clarify
the requirements of the basic set of fiducial tests necessary and sufficient to define the space of
states, this approach must proceed along a technical analysis which fundamentally limits this
description to ’finite dimensional’ systems (finite dimensional Hilbert spaces of states). Lastly,
the axioms chosen to characterize quantum theory, among other theories encompassed by the
GPT formalism, must exhibit a 'naturality’ that - from our point of view - is still missing in the



existing proposals.

Alternative research programs have tried to overcome some of these conceptual problems.

Adopting another perspective, the operational quantum logic approach tries to avoid the intro-
duction of probabilities and explores the relevant categorical structures underlying the space of
states and the set of properties of a quantum system. In this description, probabilities appear
only as a derived concept. Following G. Birkhoff and J. Von Neumann [§] and G. W. Mackey
[18], this approach focuses on the structured space of ’testable properties’ of a physical sys-
tem. The mathematical structure associated with the set of quantum propositions defined by the
closed subspaces of a Hilbert space is not a Boolean algebra (contrary to the case encountered
in classical mechanics). By shifting the attention to the set of closed subspaces instead of the
Hilbert space itself, the possibility is open to build an operational approach to quantum me-
chanics, because the basic elements of this description are yes/no tests. G.W. Mackey identified
axioms on the set of yes/no tests sufficient to relate this set to the set of closed subspaces of
a complex Hilbert space. Later, C. Piron [19, 20]] proposed a set of axioms that (almost) lead
back to the general framework of quantum mechanics (see [10] for a historical perspective on
the abundant literature). Piron’s framework has been developed into a full operational approach
and the categories underlying this approach were analyzed. It must be noted that these con-
structions are established in reference to some general results of projective geometry and are
not restricted to a finite-dimensional perspective.
Despite some beautiful results (in particular the restriction of the division ring associated to the
Hilbert space from Piron’s propositional lattices [16]) and the attractiveness of a completely
categorical approach (see [25] for an analysis of the main results on propositional systems), this
approach has encountered several problems. Among these problems, we may cite the difficulty
of building a consistent description of compound systems due to no-go results related to the
existence of a tensor product of Piron’s propositional systems [23]][5, 6]. These problems have
cast doubts on the adequacy of Piron’s choice of an “orthomodular complete lattice” structure
for the set of properties of the system.

Other categorical formalisms, adapted to the axiomatic study of quantum theory, have been
developed more recently [3] and their relation with the ’operational approach’ has been partly
explored [}, 2, 4]]. In [1, Theorem 3.15], S. Abramsky makes explicit the fact that the Projec-
tive quantum symmetry groupoid PSymmH [ is fully and faithfully represented by the category
bmChuy 1, 1.e., by the sub-category of the category of bi-extensional Chu spaces associated
with the evaluation set [0, 1] obtained by restricting it to Chu morphisms ( fi, f*) for which f, is
injective. This result suggests that Chu categories could have a central role in the construction of
axiomatic quantum mechanics as they provide a natural characterization of the automorphisms
of the theory. More surprisingly, and interestingly for us, S. Abramsky shows that the afore-
mentioned representation of PSymmH 1s ’already’ full and faithfull if we replace the evaluation
space of the Chu category by a three-element set, where the three values represent “definitely
yes”, “definitely no” and “maybe” [1, Theorem 4.4]. S. Abramsky did not affirm that a three
valued semantic is sufficient to found a complete axiomatic quantum theory, close to Piron’s
program or alternative to it, and allowing a complete reconstruction of the usual Hilbert for-
malism, although its result was clearly leading to this prospect. It was the purpose of our last

I'The objects of this category are the natural space of states in quantum mechanics, i.e., the Hilbert spaces of
dimension greater than two, and the morphisms are the orbits on semi-unitary maps (i.e. unitary or anti-unitary)
under the U (1) group action, which are the relevant symmetries of Hilbert spaces from the point of view of quantum
mechanics.



paper [9]] to explore this question for the first time. This paper was devoted to present the basic
elements of this "possibilistic’ 2} semantic formalism.

In the present paper, we continue to develop an analog of GPT based on this three-valued
Chu space operational description of physical systems (as a sort of word game, we will des-
ignate this attempt as Generalized possibilistic Theory (GpT)). To allow for the same degree
of generality as GPT, we present in Section 2 a set of axioms for the spaces of states and the
spaces of effects of single systems which appears more general than in [9]. In Section 3, we in-
tentionally focus our study on the problem of bipartite experiments (this question had been led
untouched in [9]). To complete this description, we exhibit a construction of the tensor prod-
uct of complete semi-lattices which necessarily differs from the traditional construction of this
tensor product, present in the mathematical literature. This can be considered as a significant
byproduct of the present paper, which deserves further investigations. We finally address the
problem of the orthocomplementation of the tensor product of orthocomplemented Inf semi-
lattices. This problem appears fundamental for a reconstruction program of quantum theory, as
mentioned in [9].

2 Generalized possibilistic Theories (GpT)

Adopting the operational perspective on quantum experiments, we will introduce the following
definitions.

A preparation process is an objectively defined, and thus ’repeatable’, experimental sequence
that allows singular samples of a certain physical system to be produced, in such a way that we
are able to submit them to tests. We will denote by ‘I3 the set of preparation processes (each
element of *J3 can be equivalently considered as the collection of samples produced through this
preparation procedure). 3]

For each property, that the observer aims to test macroscopically on any particular sample of
the considered micro-system, it will be assumed that the observer is able to define (i) some
detailed "procedure’, in reference to the modes of use of some experimental apparatuses chosen
to perform the operation/test, and (i1) a 'rule’ allowing the answer ’yes’ to be extracted if the
macroscopic outcome of the experiment conforms with the expectation of the observer, when
the test is performed on any input sample (as soon as this experimental procedure can be op-
portunely applied to this particular sample). These operations/tests, designed to determine the
occurrence of a given property for a given sample, will be called yes/no tests associated with
this property. The set of "yes/no tests’ at the disposal of the observer will be denoted by X. 4]
A yes/no test t € T will be said to be positive with certainty (resp. negative with certainty)
relatively to a preparation process p € ‘P iff the observer is led to affirm that the result of this
test, realized on any of the particular samples that could be prepared according to this prepa-
ration process, would be ’positive with certainty’ (resp. would be ’negative with certainty’),

%In the rest of this paper we refer to this construction, based on a three-valued Chu space, as a *possibilistic’
approach to distinguish it from the ’probabilistic’ one.
3The information corresponding to macroscopic events/operations describing the procedure depend on an ob-

. . . . 12 .
server O. If this dependence has to be made explicit, we will adopt the notation ‘]3<  to denote the set of preparation
processes defined by the observer O. This mention of the observer will be also attached to the different quotients
associated to the space of preparations.

. .. . . o
“4If the dependence with respect to the observer O has to be made explicit, we will adopt the notation 7 to
denote the set of tests defined by the observer O. This mention of the observer will be also attached to the different
quotients associated to the space of yes/no tests.



’should’ this test be effectuated. If the yes/no test can not be stated as ’certain’, this yes/no test
will be said to be indeterminate. Concretely, the observer can establish the ’certainty’ of the
result of a given yes/no test on any given sample issued from a given preparation procedure,
by running the same test on a sufficiently large (but finite) collection of samples issued from
this same preparation process: if the outcome is always the same, the observer will be led to
claim that similarly prepared new’ samples would also produce the same result, if the exper-
iment was effectuated. To summarize, for any preparation process p and any yes/no test t, the
element e(p,t) € B := {L,Y,N} will be defined to be L (alternatively, Y or N) if the outcome
of the yes/no test t on any sample prepared according to the preparation procedure p is judged
as ’indeterminate’ ("positive with certainty’ or 'negative with certainty’, respectively) by the
observer.

e : PxT — B:={L YN}
(h,t) = e(p,t).

When the determinacy of a yes/no test is established for an observer, we can consider that
this observer possesses some elementary ’information’ about the state of the system, whereas,
in the “indeterminate case’, the observer has none (relatively to the occurrence of the considered
property).

The set ‘B will then be equipped with the following poset structure, characterizing the ’infor-
mation’ gathered by the observer:

)

Vu,ve®B, (u<v):& (u=L oru=v). (2)
(%8, <) is also an Inf semi-lattice which infima will be denoted /. We have

x if x=y

Y.y € B, x/\y:{J_ Y 3)

We will also introduce a commutative monoid law denoted e and defined by
VxeB, xeY=x, xeN=N, lel=1. 4)

x ey will be called the product of the determinations x and y.
This law verifies the following properties

VxeBVBCB xe AB=/\pcp(xeb), (5)
Vx € B,VC Cepain B xo\/B:\/beB(xob). (6)

(98, <) will be also equipped with the following involution map :

1:=1 Y:=N N:=Y. (7)

2.1 The space of states

A pre-order relation can be defined on the set *J3 of preparation processes. A preparation process
P2 € P is said to be sharper than another preparation process p; € P (this fact will be denoted
p1 & p2) iff any yes/no test t € T that is "determinate’ for the samples prepared through p;
is also necessarily ’determinate’ with the same determination for the samples prepared through

P2, i.e.,

YLp2 €P, (p1Eypa) & (VEET, e(pr,t) <e(pa,t)), (8)



If py o P2 (i.e., pp is ’sharper’ than p), p; is said to be ’coarser’ than p;.

An equivalence relation, denoted ~,;, is defined on the set of preparations 3 from this
pre-order relation. Two preparation processes are identified iff the statements established by
the observer about the corresponding prepared samples are identical. A state of the physical
system is an equivalence class of preparation processes corresponding to the same informational
content. The set of equivalence classes, modulo ~,,, will be called space of states and denoted
&. In other words,

q3’

L2 €, (1~ p2) & (VEET, e(prt) =e(p2,t) ) < (p1 Eg p2 and pyr Iy p2), (9)
[Pl = {p ePIp ~yp}, (10)
S = {[pllpeB} (11)

The space of states S is partially ordered. Explicitly

V01,00 €6,(01 55 02) & (Vpi,p2 €, (o1=[pi],02=[p2]) = (p1 5y p2)).(12)

We will derive a map € according to the following definition :

€ T — B° (13)
t — & ‘ 8t<hj—|> = e(pvt)7 vp € (’B
For any t € ¥, & is an order-preserving map on &
Vo, 00 € S, (01Cg 02) & (VteF, g(or) <glo) ), (14)

If we consider a collection of preparation processes P C *J3, we can define a new prepa-
ration procedure, called mixture and denoted |_|q3P, as follows. The samples produced from
the preparation procedure |_|q3P are obtained by a random mixing of the samples issued from
the preparation processes of the collection P indiscriminately. As a consequence, the statements
that the observer can establish after a sequence of tests t € T on these samples produced through

the procedure [ ] Fpis given as the infimum of the statements that the observer can establish for
the elements of P separately. In other words,

B B
VPO, I[|PeP | (vteT, e[ | Pt)=,pep.0)) (15)
The space of states inherits a notion of mixed states by defining
S RY
vPCR, [ ].e1=I]] P (16)

As a result, the space of states inherits a structure of down-complete Inf semi-lattice. In other
words,

AD  vSC&, ([175) existsin®, and Ve T, &([]78) = A, &lo). A7)
As a direct consequence, the space of states is then also bounded-complete, i.e.
vsCe ST, (|79 existsin &. (18)
where
¥ CEVSCE, ST edded |oC, o VoES. (19)



We will adopt the shortened notation Vo,0’ € &, 00’ © = {o,0’ }b.

We will also assume that there exists a preparation process, unique from the point of view
of the statements that can be produced about it, that can be interpreted as a 'randomly-selected’
collection of 'un-prepared samples’. This element leads to complete indeterminacy for any
yes/no test realized on it.

FpL P [ (EET, elpr,t) = L) (20)
Hence, the partial order (&, C ) admits a bottom element, denoted L, := [p |. In other words,
(A2) 31,€6|Voe6, L L, o, 1)

It must be noted that this assumption is not at all restrictive as soon as any GpT corresponding
to a given GPT contains such a ”complete mixture state”.

2.2 The space of effects

We can introduce a pre-order relation on the space of yes/no tests T as well :
th,’QET, (tl ET tz) <= (VGGG, Stl(G)SSJQ(G) ), (22)

and an equivalence relation, denoted ~_, can be derived from this pre-order on the set of yes/no
tests T, i.e. t| ~ to is equivalent to (t C.bandt J; t2). An effect of the physical system is
an equivalence class of yes/no tests, i.e., a class of yes/no tests that are not distinguished from
the point of view of the statements that the observer can produce by using these yes/no tests on
finite collections of samples. The set of equivalence classes of yes/no tests, modulo the relation
~, will be denoted €. In other words,

Vfl,tQGQ, (tl ~e tz) = (VGEG, 8{1(6):&2(6)), (23)
[t] = {{eT|t~ t}, (24)
¢ = {|t]|teT}. (25)

The set of effects € is then equipped naturally with a partial order denoted C, .
We will adopt the following abuse of notation €| := &, Vt € %.
We have by construction

(Extensionality)  VI.[' € ¢, (Vo €6, g(o)=¢i(0)) = (I=1), (26)
(Separation) Vo,0' €&, (Vice, g(o)=¢g(c')) = (oc=0"). (27)

We note that (S, &, €) forms a bi-extensional Chu space [22].

If we consider a collection of tests T C ‘¥, we can define a new test, called mixture and
denoted [ ] icT, as follows. The result obtained for the test [ | *T is obtained by a random mixing
of the results issued from the tests of the collection T indiscriminately. As a consequence, the
statements that the observer can establish after a sequence of tests is given as the infimum of
the statements that the observer can establish for each test separately. In other words,

VT CT, 3[|'Tex | (Voes, eq5,(0) = N\ r&i(0)): (28)



The space of effects inherits a notion of mixed effects by defining

vrcs, [, l=1]7 (29)

As a result, the space of effects inherits a structure of down-complete Inf semi-lattice. In other
words,

A3) VECE, ([]°E) existsin€, and Yo € &, eqep(0) =N\ &(0). (30)

The conjugate of a yes/no test t € T is the yes/no test denoted t and defined from t by
exchanging the roles of Y and N in every result obtained by applying t to any given input
sample. In other words,

Vte T Vo e S, go):=¢g/(o). (31)

We note the following definition of the conjugate of an effect
Viee, I={t|I=][t]}. (32)
We will sometimes use a particular effect called ”partial trace”, denoted )¢ and defined by
VoeB, &£g,(0):=Y. (33)
An effect [ € € will be said to be testable iff it can be revealed as ’certain’ at least for some

collections of prepared samples. In other words, ’[ is testable’ means 8[*1 (Y) # 2.

Lemma 1. For any testable effect [, there exists an element £;:= | © g '(Y) €6, called
effect-state, such that &~ (Y) is the principal filter (TG ) ={ce6|ocd. %} N

We will allow for a generalized definition of effects. Let us consider £,X’ € & such that

~¥Y’°. We denote | ) the effect defined by
—1 45 —1 A8y
g  (Y):=t L and g ° (N):=1 X. (34)
(z.x) =)

By extension, we denote [(Z ) the effect defined by

g (Y):=1t"% and & ' (N):=2 (35)
) )

and by [<\E,> the effect defined by

[, =1 (36)

('7Z/> (Z/ﬁ')
We note that the order on these effects is ”inversed” with respect to the order on states. More
precisely,
C.I ) = (21 ;6 s andZ’l ;6 2’2)
5y) © (E1de 22) (37)

/ /
([(-ﬁz’l) EG [(22,2’2)) Aad (Zl 26 22)



Theorem 1. Let us consider a map (A : & — B, 0 — a4 ) satisfying

Vo,0' €6, (0L, 0)= (as<ay), (38)
V{oi|iel} C &, aﬂiiq:/\iel ao;s (39)
Then, we have
Nle€ | YVoeb, g(o)=uac. (40)
|

Proof. Stralghtforward If {o]| 0o = Y} and { 6 | ag = N} are not empty, it suffices to define

Ypi= |_| {o]|ag=Y}L X, = |—| {o]as =N} and [:= [y, v (the case where some or all
of these subsets are empty is treated immediately). L

Corollary 1. For any f: & — &' satisfying V{o; \ iel}C6, f(|_|le i) = |_|16€/1 f(oi),

there exists a map f* : ¢ — € such that VI € €&, Sf*( )( )= 8[6 (f(0)). [

Theorem 2. Let us consider a map (B : € — B, [+— by) satisfying

v, (e ¢, ( ) (blg b[’)7 41)
V{ljliel} C €, b|_|@ . = Niet by, (42)
Vie €&, b =b, (43)
by, = Y. (44)
Then, we have
Hoeb | Vie ¢, 8[(0) = by. 45)
[

Proof. Let us consider [p := |_|Q{[ € €| by =Y}. Note that [ exists because € is a down-
complete Inf semi-lattice. Moreover, by, = Y because of the relation (#2). Note also that
[ 3, Ip implies by =Y because of the relation 1), and conversely by =Y implies [ J ¢ Ip due
to the definition of [g. Let us now introduce Z[B = |_|68[;1 (Y). For any [ such that [ 3, [, we
have &(X, ) > &,(X, ) =Y, ie. &(X, ) =Y. We could suppose that [z = [(y, 5, for a certain
X, € 6. However we note that, because of @2)) and (@4)), we have b[

by
(p.2p)
[z,5) D¢ Ipis then equivalent to ¥ A, Xp. Then, if [y 5y 2, [p we cannot have €Ly, (Z[B) =Y.
We then conclude that &(X, ) =Y is equivalent to [ 3, [p, or in other words &(X, ) =Y is
equivalent to by =Y. Using @3) and (3I), we deduce that (g(X, ) =N) < (g(Z, ) =Y) <

(b;=7Y) < (b; =N). As a final conclusion, we have for any [ E ¢ the equality 8[(23) = b
This concludes the proof. 0

) = by sy TeDe =
Aby, =Y. Hence, we have to accept that [g = [y, ). Thus, we note that, for any [(s v/,



Corollary 2.
V{G,' | i€ I} Chain 6, dJo €6 ‘ Vie ¢, 8[(6) = \/iel 8{(6,‘), (46)
S
(e} — |_|i€1 Gl'. (47)

We precise that the notation {0; | i € I} Ccpgin © means that {o; | i € I} is a chain in &,
i.e. foranyi,i’ €1, 6; C oy or oy C O;. [ |

Proof. First of all, we note that {o; | i € I} Ccpain © and property (22) implies that {&(o;) | i €
I} Cchain B for any [ € € and then ey £(0;) exists for any [ € & due to the chain-completeness
of B.

Using the properties 22)@28)@BIN(33) of the map € and the complete-distributivity properties
satisfied by 98, we can check easily that the map [ — Vs &(0;) satisfies properties (1)) (42)
#3) @4). As a consequence, the property (33)) is a direct consequence of Theorem

By definition of the poset structure (I4]), we deduce, from the property (VI € €, g(o) =
Vier &(0;)), that 6 Jg o0y, Vi€ I and (6’ J o3, Vi€ I) = (0 Jg ¢'). In other words,

GII_lé3 O;. L]

i€l

2.3 Pure states

A state is said to be a pure state iff it cannot be built as a mixture of other states (the set of pure
states will be denoted &™*). More explicitly,

ce6™ & (vSC&,S#9, (o=[]"5) = (ces)). (48)

In other words, pure states are associated with completely meet-irreducible elements in S. 3]
We will moreover assume that every state can be written as a mixture of pure states. In other
words,

pure

Ad) Voeo, o=[|"o_, where o_=(6""n(1"0)). (50)

Remark 1. 1If G is a bounded-complete algebraic domain (here, G is already assumed to be
a bounded-complete and chain-complete Inf semi-lattice), previous property is a direct conse-
quence of [14, Theorem 1[-4.26 p.126].

Remark 2. We note that ™ = M — Irr(&) is the unique smallest subset of & satisfying prop-
erty (30). This point is mentioned in [14, Remark 1-4.22 p.125].

A simple characterization of completely meet-irreducible elements within posets is given in
[14] Definition I-4.21] :

ccel

pure { o € Max(8) (Type 1) 1)

(Tbc) {0} admits a minimum element (Type 2)

This characterization is equivalent to the basic definition (48)) for a bounded-complete Inf semi-
lattice like &.

>We note that complete meet-irreducibility implies meet-irreducibility. In other words,

ccd = (Vo01,00€6, (60=01MNg02) = (0=0j0r c=0,)). (49)

pure

10



From Corollary 2l using Zorn’s Lemma, we deduce that
Vo €&, 3Jo'eMax(6)|cC, o (52)

From that remark, we can decide to eliminate Type 2 pure states. Indeed, it is clear that *Type 2’
pure states have no physical meaning. Indeed, for any *Type 2’ pure states, it exists some *Type
1’ pure states sharper than it (and, then, containing more information than it). The existence of
"Type 2’ pure states in the space of states leads then to a redundant description of the system.
We will then require that ™", i.e. the set of completely meet-irreducible elements M — Ir7(S),
be constituted exclusively of maximal elements of G. In other words, we require the space of
states to be such that

(AS) MN—1Irr(S) =Max(6). (53)
From now on, Chu spaces (S, &, €) which elements satisfy the axioms (A1) — (A5) will be

called States/Effects Chu spaces.

2.4 The space of effects as a space of states

From axiom (A3), analog to the axiom (A1), we know that the space of effects looks like a
space of states. € is indeed a down-complete Inf semi-lattice (and then a bounded-complete Inf
semi-lattice).

We need to complete this information to be able to consider spaces of effects plainly as spaces
of states.

First of all, we have the following result analog to the axiom (A2).

Lemma 2. The space of effects has a bottom element denoted L, and defined by

Vo € G, SLG(G) =1. (54)

Proof. Obvious. O

Secondly, € appears to satisfy the following chain-completeness property

Lemma 3.
V{l;|i €T} Ccnain €, IEE | VoG, g(o)=\iee,(o), (55)
(= | it (56)
|

Proof. Immediate consequence of axiom (A1) using the general expression of effects intro-
duced in (34) and subsequents, because of the properties (37).
O

Moreover, the domain € appears to be algebraic.

11



Lemma 4. The poset € is atomic.

Vie o, L, C,l
eS| {\ﬂee\u@}, N e e |V, | (57)
de = {l,,[2e&IU{l [xe6™} (58)

(we have used the notation Vi€ €, L, C, [ < (L, C,land W e & L, C, I'C, [ =
(Ly=lorl'=1))).
The poset € is atomistic, i.e.

viee, I=||{rede|lC, 1} (59)
and then algebraic (i.e. compactly generated). |

Proof. The properties (52) implies directly the second condition of (57). The first condition of
(&) is easy to check using the expression of the order (37)).

The property (59) is a direct consequence of axiom (A4).

The atoms being trivially compact, the algebraicity follows. L

Thirdly, we have the following result analog to the axiom (A4). As before, we define the
“pure effects” as follows:

pure

(ee (VEC?? e, (1=[1°E) = (1€E)). (60)

In other words, pure states are associated with completely meet-irreducible elements in €.
In order to complete our comparison, we have to check that every effect can be written as a
mixture of pure effects.

Theorem 3. The space of effects satisfies

pure ¢

(o). (61)

Vie €, [zl_lel where Le:(é

e?

Proof. From previous Lemmas € is a bounded-complete algebraic domain, The property (61))
is then a direct consequence of [14, Theorem 1-4.26 p.126]. U

As before, we have the following characterization of elements of ¢"" [14] Definition 1-4.21] :

cc¢ ¢ (62)

pure (e} E Max<€) (Type 1)
(T O)~A{I} admits a minimum element (Type 2)

This characterization is equivalent to the basic definition (60) for a bounded-complete Inf semi-
lattice like €.

We observe it is natural to eliminate Type 2 pure effects.Indeed, for any *Type 2’ pure effects, it
exists some "Type 1’ pure effects extracting more information than it. The existence of *Type 2’
pure states in the space of states leads then to a redundant description of the system. Happily,
this condition is already a simple consequence of Axiom (AS).

12



Lemma 5.
N—1Irr(€) = Max(€). (63)
[ |

Proof. This result is obtained directly from the previous characterization of pure effects. In-
deed, a Type 2 pure effect is of the form [ =) with either X or X’ being a Type 2 pure state. The
absence of Type 2 pure state closes the proof. L

As a final conclusion of previous results and axioms, we obtain the complete characteriza-

tion of spaces of effects.

Theorem 4. A space of effects is nothing else than a space of states. |

We can go further by characterizing explicitly the elements of Max(€&). According to [9,
Section 3.5], we introduce the following binary relation, denoted < and defined on & by

—

- — 6 — 6 S
¥(c,0') € 6*? ox.0 & (Yo'Cg0',00” and Vo' C, 0,0'c” andnotco’ )

(here we have used the notation introduced in (19))).

Lemma 6.
Qzl’ure _ MCLX(@) — { [(272/) ‘ Z[;/qg 2/ } U {@G} U {@—G} (65)
[ |
Proof. Obvious. i

2.5 Particular types of spaces of states

According to [[15} definition p.117 and Section 11 Lemma 1 p.118], we introduce the following
notion.

Definition 1. An Inf semi-lattice & is said to be distributive iff

Vo,01,00 €6 |0#01,00, (01M302)Cs 0=
Jo1,0,€ 6| (01 C. 0], 0oC, 05 and 6 =0(l, 03). (66)

When G is distributive, we have the following standard properties satisfied, as soon as the
implied suprema are well defined

01Mg (02Ug03) = (017 02) U (011 03) (67)

o1 Ug ((72 Mg 63) = (G] Ug 62) Mg (G] Ug 63). (68)

Definition 2. The space of states G is said to be equipped with a star iff there exists a

13
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map % : &\ {Ls} = &~ {L} such that

YVoeB, o™ =0 (69)
Vo1,00€6, 01, 00 = 05 L, Of (70)
Vo eS, o0 (71)
Vo e 8", o cAl(S). (72)
If we have moreover
VoeB, o0X,07, (73)

then the space of states G is said to be orthocomplemented.
We say that an Inf semi-lattice G is orthogonal iff G is equipped with a star map such
that

pure

VoeS, 6 :QGUG_*G. (74)

If G is orthogonal, it is tautologically orthocomplemented.

Definition 3. As long as the space & is equipped with a star map, we can build a map
(-,-) from & x & to B defined as follows

Y iff cc&" ando =o'
Vo,0' €6, (o0,0') = N iff 0#lsando’ J, 0* (75)

1 otherwise

Note first of all that to have a consistent definition we use explicitly the property (Z1).
We note secondly the following fundamental property :

(0,0")=(0’,0) (76)

To check this symmetry, we have to use the properties (69) and (Z0) of the star operation
on G.
We note endly that the map (-, -) from & x & to B is bimorphic, i.e.

Vo liel} 6, (0[]0 = Niet (0,00, (77)

Definition 4. We can define as usual an orthogonality relation on &

Vo,06' €6, olo’ & o J 0" (78)
& (o0,0')=N. (79)

The binary relation _L is symmetric and irreflexive.
We note that the star map can be recovered from the relation L or from the bracket by

Voes, o = |_|G{G’|G;G}:|_|G{G’|(6’,6>:N}. (80)
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Lemma 7. The orthocomplementation condition (Z3)) is equivalent to the following con-
dition

Vo €6,¥0 € 6~ (16), otn Tg(GI_IG o) #. (81)

Definition 5. We say that a family { o; | i € I} € &"" is an orthonormal basis of & iff

Viel, <OC,',OC,'>:Y (82)
Vijel, i#j = (o) =N (83)
Vo e, Hajljes}Clolicl} | o3[ |jesa (84)

Lemma 8. If o7 := {a; | i €I} C & is an orthonormal basis of &, then the sub Inf
semi-lattice generated by the family { o; | i € I } in &, denoted & ., is orthogonal. More
precisely, the star map = defined by

Vo = rlfejocj €6y, o= rl,fe,\Jock €S,y (85)

satisfies
Voe6y, {acd|adiolu{acsd|al,oc"}=4d. (86)
Moreover, S, is distributive. |

Lemma 9. If G is orthocomplemented and finite, an orthonormal basis of G necessarily
exists. [ |

Proof. We begin with a random pure state 0. We have (ag, ap) = Y by definition. Let us
consider any 6 € &"" with ap # 6. We know from Lemma [7] that o Mg 0 and o admit a
common upper bound. In other words, 3oy € &” such that (apNg o) T ap and oy T o
(i.e. {ap, ;) = N and then obviously oy # o). We have (o, ;) =Y by definition.

We proceed now to the second step. Let us suppose that (0 Mg ) # L or, in other words,
that there exists 0 € & such that (Mg o) L. 0. We know from Lemma (7 that (ot Mg
o) Mg o and (ap Mg o1)* admit a common upper bound. In other words, Ja, € S™ such that
(Mg 0)MNg0) Cg 0 and (Mg )" Ty 0 (e (oM 1), 02) =N and then obviously
o Ao (00 01)). We have (o, o) =Y by definition.

This algorithm stops at a moment because &' is finite.

The three conditions are then satisfied by construction. L

2.6 GpT and Quantum theory

%
Let 7 be a finite-dimensional complex Hilbert space. We will denote 57 := 7~ { 0 }. We
will adopt the bra—ket notation to denote the vectors as [y) and the inner product of |y), |§) € 77

as (p|y). [w)™ will denote the ray associated to [y) € 7, i.e. the set { 4. |y) | A € C*}.
B(s7°) will denote the real vector space of self-adjoint operators. And for any U € B(J7),

15



Tr(U) will denote the trace of U. BT (#) will be the set of positive semi-definite operators, i.e.
the set of operators U satisfying 0 < (y|U|y) for any |y) € 7.
For any T € B(.¢), we will adopt the following notation

spec(T, . 254) = {lw) e[| Tly)=Aly)}. (87)

Definition 6. According to Von Neumann’s formalism of Quantum mechanics, we will
adopt the following choice for the space of preparations 3 :

B = P(H)={PeB ()| Te(P)=1}. (88)

9() is the set of density operators on 7.

Lemma 10. ‘P is a convex set. The set of extremal elements (i.e. the pure states of
quantum mechanics), denoted 8", is given by

B = (L, | W) et = W) | ) e A7), (89)
: lv) (v
where L, denotes the rank-one projector R ]

Definition 7. According to Von Neumann’s formalism of Quantum mechanics, the space
of tests ¥ will be chosen as follows

T = {TE€B(H#)|VPeP,0<Tr(PT) <1} (90)
= {TeB()|Y|y)en", 0<Tr(L,T)<1} o1

Lemma 11. T is a convex set. The set of extremal elements, denoted T, is given by

pure

T = {L,|¥ closed subspace of 7 }, (92)

where, for any closed subspace ¢ of the Hilbert space 7Z°, we denote by L, the self-
adjoint projector whose spectral decomposition is 4 ©%+ =2 % (more precisely, spec(L,,, ;1) =
¢ and spec(L,,,.7;0) =94 "L). |

7

Definition 8. The evaluation map ¢ will be defined as follows

Y iff  Te(PT)=1
VPePNT €, ¢(PT) = { N iff  Tr(PT)=0 (93)
1 otherwise
Lemma 12. We have already
VLL €T, (YU e ,e(U,L)=¢U,L))) = (L=L) (94)
vu,U e g™, (VLeT" ,e(U,L)=¢(U' L)) & (U=U"). (95)
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Theorem 5. Following our construction, the set of states is given by
S := { closed subspaces of .7 } (96)
G is a down-complete Inf semi-lattice with
V9,6, 9Ns% =% D%. 97)
The evaluation map ¢ is then defined as a map from T to B° by
Y iff G Cspec(T, ;1)

VI eZT, V9 e6, &°(9):={ N iff & Cspec(T,;0)  (98)
1 otherwise

pure

S = {one-dimensional closed subspaces of 77 } (99)
L, = . (100)
[

Remark 3. & is ortho-complemented with ¥* := &< (here, L denotes the orthogonality of
vector spaces) for any ¢ in G.

The involutive and order-reversing properties of x are trivial to check. The property (Z3)) is in
fact a direct consequence of the property

V9 e Vxec A9, ({(x}o9)nNYLt+o (101)

satisfied by any Hilbert space 7.

Theorem 6. The set of effects is then defined by
¢ = {(4,%)c6™?|41%)} (102)
with the following down-complete Inf semi-lattice structure
V(%,%), (9, %) €€,  (9,%)N. (9, %) = (9NY,%NYD). (103)

And the evaluation map is given by

Y iff  9YCY
V(%,%) €€, VG €6, &3 4)(9) =S N iff  9C% (104
1 otherwise
¢ = (9,91 | 9o9t=0). (105)
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2.7 Symmetries

Observer O has prepared a state 07 € 6(01) and intends to describe it to observer O,. Observer
0, is able to interpret the macroscopic data defining o7 in terms of the elements of c'” using
a map f<12> 6% 5 ' (i.e., O knows how to identify a state fm)(cl) corresponding to
any op). Observer O, has selected an effect [ € (’3(02) and intends to address the corresponding
question to Op. Observer Og is able to interpret the macroscopic data defining [, in terms of
), ¢V (ie., 0, knows how to fix an effect
f(21>([2> corresponding to any [). The pair of maps (f(]z),f(z])) where f, 6" - &' and
f @ L @'Y defines a dictionary formalizing the transaction from O; to O,. The main
task these observers want to accomplish is to confront their knowledge, i.e., to compare their
‘statements’ about the system. As soon as the transaction is formalized using a dictionary, the

two observers can formulate their statements and each confront them with the statementsz?f
the other. First, observer O can interpret the macroscopic data defining [, using the map f ey,

o . 21
the elements of & using a map f< e

o . . .
Then, he produces the statement 8;(211)) . )(61) concerning the results associated to this effect on
2

the chosen state. Secondly, observer O, can interpret the macroscopic data defining 6 using the
map f,, . Then, observer O, pronounces her statement 8[(202) (/12 (01)) concerning the results
associated to the effect [, on the correspondingly prepared state. The two observers, O and O3,

are said to agree about all their statements iff
(01) (02) (02) (01)
vore 6 Ve € g (f, (1) = gf(211>([2)(61). (106)

To summarize, we will define symmetries of the system as follows.

Definition 9. The symmetries of the system are defined as Chu morphisms [22]] from
a States/Effects Chu space (6(01),6(01),8(01)) defining the space of states and effects

. O O O
associated to the observer O, to another States/Effects Chu space ((‘5( 2),03( 2),8( 2))
(02

associated to the observer O,, i.e. as pairs of bijective maps f(]z) : 6% - 6 and
21 O o . .
£ @2 L @Y satistying property (T08).
oy .. 21 o o o
Definition 10. The composition of a symmetry (f(lz),f( N from (67, ¢V €Y to

(&', & £} by another symmetry (g<23>,g<32>) defined from (&', ¢'” &) to

(6(03), ¢% 8(03)) is given by the pair of bijective maps (g, © f,,,, 1 0g"™) defining
a valid symmetry from ((‘5<0'> , ¢ ) 8<0])) to ((‘5<03) , ¢ ) 8<03)).

As noted in [9], the duality property (106) suffices to deduce the following properties.

Theorem 7. f,  and fm) are maps satisfying

&(01) &(02)

VS, € &), f(m(|—| S1) :|_|616S] fu(01) (107)
&(01) &(02)

VC1 Ccpain SOV, f<12>(|_| C)) = |_|616C1 fun(01) (108)

As a consequence of (I08), it is in particular order-preserving.
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‘We have moreover

vE,C €0 ([ E) = e (109)

V6 Cenan €, £ e =S £ () (10

Ve e (G = (1) (111)

) =98, (112)

Note that, due to properties (I07) (109), as long as S(01) satisfies axioms (A1) (A2) (A3),
S(92) gatisfies axioms (A1) (A2) (A3) as well. [ |

Proof. All proofs follow the same trick. For example, for any 1 C S(©1) and any I, € 6(02),
we have, using (106)) and (30) :
s01)

(02) iGN 1)

o ©))
= /\61651 Sf(21)([2)(61)

- /\0'1€S1 8:202)(]‘\(]2)(61))

(07)

&(02)
= &, ([ |oyes,fuz (01)) (113)

We now use the property (27) to conclude on (107). O

Theorem 8. Due to the Corollary[I] as soon as a map f(]z) which is monotonic and satisfies

(1Q7) is given, we can define unambiguously the map f ey satisfying with £, the duality

relation (I06). u

The couple of maps (f,,, , ™) defining a channel from (6", ¢ ') to (6'7, '™ %)
can then be reduced to the single data f(lz). We will then speak shortly of ”the symmetry f(12)

o O
from the space of states &' to the space of states &',

Definition 11. The space of channels from the space of states &' to the space of states
&'” will be denoted 6(6(01),(‘5(02)). It is the space of maps from &' to ' that is
order-preserving and satisfies (I07).

Definition 12. We define the infimum of two maps f,, and g, satisfying (107) (resp.
(12) (12) s oo (01)
twomaps f andg ~ satisfying (I09)) by Vo € & (fi12) 11812 (0) ::f(lz)(c)l_le(%)
(02) (12) (12) (12) (12)
81 (@) resp. Wi € (4716 )0 = 701, 87 (1)

Theorem 9. The infimum of a channel (f,, , f(m) from (6(01) ) ¢ , 8(01)) to (6(02) , ¢ , 8(02))
with another channel ( V) defined f G & Y0 (6%, % £
g(lz)’g ) enne rom( ’ € ) 0( ) € )IS

given by the pair of maps (f(]z) r g(lz),fm) r gm)) defining a valid channel (i.e. a Chu
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. o o o O O O
morphism) from ((‘5( 1),6( 1),8( 1)) to ((‘5( 2),6( 2),8( 2)). [

Proof. Using two times the duality property and the homomorphic property of €, we obtain

e, (fMg)o) = & (Flon)ne,” (s(o1) = (01) = e (01). (114

(F* g (1)
=

o)
(01) /\8g<211>

(k) (k)

Theorem 10. Pure states in G(92) are exactly the direct images by the symmetry fo

of pure states in S(01), Moreover, as long as &(01) gatisfies axiom (A4), S(02) satisfies
axiom (A4) as well. [ |

Proof. Let us consider a state 6, in &(92) such that f(; (02) is a pure state in S (©1), For any

o &(02) _ _ &(02) s
S, C &(92) satisfying 0y =[] S», we have f<1z;(62) =/, "M S2) = |_|0£652f<12;(6£)

12)
using (107)), and then f(]’; (o) € f(; (S2) (due to complete irreducibility of f(]’z% (02)), and then
0> € 57. As a conclusion, 0, is completely meet-irreducible in & (02), 1.e. it is a pure state of
S(02)

Conversely, let us consider 6, a pure state in &(92) and let us consider S; C &(91) such that
s01 &(01) s(01)

) . .
]‘(3(0‘2) =1 Si,wehaveor=f,, ([T  S1)= |—|G],€S]f(12)(6{) using (I07). Now, using
complete irreducibility of ¢, we deduce that there exists 07 € S; such that 6, = f(lz) (01), i.e.

f&% (02) € S1. Hence, f&% (02) is a pure state in G(O1).

Secondly, let us consider that G(91) satisfies axiom (A4). We note that, due to the property
T ((‘55&)) = (‘5(33) and the monotonic character of the map f;,, , we have f,, (o) = f,, (0).

P

Using this result, axiom (A4) and property (I07), we obtain for any o; € &(O1), f(lz)(cl) =

s(01) &(01) &(01)

Ty (1 o)) =[] Juy (o) =T1 fiz(01). In other words, G(02) = f<12>(6(01)) sat-
isfies axiom (A4). O

and f(lz) (MGX(G(OI))> — Max(G(Oz)). -

Proof. For any o0, completely meet-irreducible element in &(02), f&%

meet-irreducible element in G(©1) and then f(;; (02) € Max(&9V)) because &9V satisfies ax-

(02) is a completely

) ) ) ) /
iom (AS5). Let us imagine that there exists o, 26 ©09) <(02)

f&;(cz) because f(12) is bijective and order-preserving, and then f(;])(cz) = f< ;;(Gé) because
f(]_z; (07) € Max(6(91)). As aresult, 0, € Max(6(02)). We conclude that &(92) satisfies axiom
(A5).

Let us consider 6; € Max(&(©1)) and let us consider that there exists 6; 20y Jun(01). We

0,, we have necessarily f(l_zl)(cﬁ) J

have necessarily ]‘52;(0'2) | 0y) Ol because f<12> is bijective and order-preserving, and then

sl

fJ;(Gz) = 0} because 0] € Max((‘B(O')). As a result, f(lz)(GI) c Max(6(02)). We conclude

that f (Max(&(©1))) C Max(&(92)). On another part, for any 6, € Max(&(92)), f(;])(cz) is
a completely meet-irreducible element of 6(01), 1.e. an element of Max(6(01)), and then 6, =
T (]‘52;(62)) € fu (Max(&©V))). As a final conclusion, T (Max(&9V))) = Max(&(92)),

O
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As a conclusion of all results of this subsection, the defined symmetries relate fully and
faithfully the States/Effects Chu spaces.

Remark 4. We note that the identity map (id,, id, ) is a symmetry from the States/Effects Chu
space (&, €, €) to itself.

From now on, we will consider this category of States/Effects Chu spaces equipped with

Chu morphisms and denote it Chu;/E.
We will also have to consider the category . which objects are spaces of states (Axioms Al-
AS5) and which morphisms are bijective order-preserving maps satisfying (I07)(108).

3 Multipartite experiments

3.1 An axiomatic proposal

We now intent to describe an experiment on compound systems, implying two parties : Alice
and Bob. The bipartite state space will be formed from two given spaces of states G4 and Sp.
It will be clear later on that this notion of bipartite space of states is ambiguous and different
constructions can be proposed.

We now begin with a basic axiomatic proposal for the description of bipartite experiments
(see [21, Section 5] for an analogue proposal in GPT’s perspective). We will denote by G5 =
G4 X Sp the corresponding space of states. %) We will also denote by €sp = €4 X Ep the bi-
partite effect space formed from two given effect spaces €4 and ¢z. We will denote €45 the
corresponding bipartite evaluation map from €,z to B4, We will assume the following re-
quirements about these elements.

First of all, we have to build (Sap, €45, £48) as a valid Spaces/Effects Chu space.
In particular, we will assume that G4p admits mixed bipartite states. In other words,

. S . .
V{0iap|i €1} CGap, [lic] Oiap existsin Syg,

(B1) : 5
¥{Giap |i €1} C Gap,Yinp € €ap, £{E(;2 0iap) = Nier €15 (01a5).

(115)

In the same logic, we will assume that €45 admits mixed bipartite effects. In other words,

B2 V{ [i,AB | i€ I} C QEAB, |_|l€€AIB [i,AB exists in @AB, 116
B2 {lag|i€l} C Cup,Voup € Gap, e AAB(GAB) = Nier €5, (0ap)- (116)
icl iy

Secondly, for every effects [4 and [ realized independently by Alice and Bob respectively,
we will assume that there must exist a unique associated bipartite effect in €45. As a conse-
quence, we will assume that there are maps lng : &4 x Eg — ¢4 which describe the inclusion
of 'pure tensors’ in Ep (for readability, we shall write [4 X [p rather than lA@B([Aa [)). This
axiom will be denoted (B3). Moreover, if Alice (or Bob) chooses a mixture of effects, then this

%Throughout this short axiomatic introduction, we adopt the inadequate notation X for the tensor product in
order to allow for different candidates for this tensor product. These different candidates will be denoted ®, ®,...
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results in a mixture of the respective bipartite effects.

¢ ¢
B3) ([ idita) Rl =] |:f (1aKip), (117)

¢ ¢
B3")  LWR([ |i&bs) =] |icr (4 Rlip). (118)
In the same logic, for every states 04 € &4 and op € Gp, prepared independently by Alice
and Bob, we will assume that there must exist a unique associated bipartite state in S4p. As a
consequence, we will assume that there are maps lA63 : 64 X 6p — G4 which describe the in-
clusion of "pure tensors’ in S 4 (for readability, we shall write o4 X op rather than lAGB(GA, 0B)).

This axiom will be denoted (B4). Moreover, if Alice (or Bob) prepares a mixture of states, then
this results in a mixture of the respective bipartite states.

S S
®4) ([ |0 Ros =] ;& (0:a B 0p), (119)

S S
B4”) o ®([ |icr0is) =| |ief (04K 0ip). (120)
Endly, for every oap, 045 € Sap such that o4p # 05, We will assume that there must exist
effects [4 € €4 and [p € Ep such that when Alice and Bob prepare c4p and apply [4 and [
respectively, the resulting determination is different from the experiment where Alice and Bob

prepare o) and apply [4 and [ respectively. As a summary, applying effects locally is sufficient
to distinguish all of the states in G4p (this principle is called “tomographic locality™), i.e.

(B5) VGAB,GAB S (‘5,43, (V[A S @A, p € @B, 8'&%[3(@43) = 8'&%[3(612‘3)) <~ (GAB = GAB). (121)

We will eventually adopt a complementary axiom. Let us consider that Alice and Bob
realize their experiments on a pure tensor state. In the simplest scenario, Alice applies [4 € €4
and Bob applies [ € €p independently. Since these two experiments are independent, the
resulting determination has to be the *product’ of the respective determinations, i.e.

(C)  Vou € Gy, Vop € Bp,Viy € €4, Vig € €5, ey (0aNop) =¢f (04) 0] (B22)

This axiom appears to be partly redundant with previous axioms. Indeed, using properties (122)
(17 @) (L15), we deduce that, for any [4 € E4,[p € E€p, {0ia|ic 1} C G4 and 0p € Gp
et (i) Bon) = ef([|idioia) o &l (0n)
= (Nicr€f,(0ia)) 0 €7, (0B)
= /\iel(gﬁ(ﬁi,A)'gi(GB»
= Nier€{k,(0i.4 X 0p)

S
= et ([ i (0iaRom)), (123)

and then, using property (I21)), we obtain the property (I19). We obtain the property (120)
along the same lines of proof.

In the following, we intent to identify potential candidates for this bipartite space of states
Gap and space of effects E4p and posit it with respect to the standard construction of tensor
products of Inf semi-lattices. But before that, we complete the previous axiomatic by a discus-
sion of the symmetries of the multipartite experiments.
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3.2 Symmetries of the bipartite experiments

Definition 13. Let us consider a symmetry ( f(lz), f (21)) from a States/Effects Chu space
(G4,,€4,,€) associated a first observer, to another States/Effects Chu space (G, €4, ,£12)
associated to another observer. Let us also consider a symmetry (g(lz) , g(m) from the Chu

space (&p,, €p,,€81) to the Chu space (&p,, Ep,,52). We define the pair of maps ((fX

8) 1) (f&g)m)) from the Chu space (S4,5,, €,5,,€"151) to the Chu space (S ,3,, €a,5,, £125?)

by
Sy Sa28,
(f&g) 12 ( iel Gi>A1 ®6i731) = i€l f]z (GIAI) &g 12) (GIBI) (124)
(12) (
(21) €AyB 4B
(=) ([ i G Bs) = [|jer L (lja,) Ke™ (1p) (125

Theorem 12. The pair of maps ((fXg) , (f&g)(m) is a well defined symmetry, i.e. a

Chu morphism from the Chu space (&4, , €4, 5, ,€4181) to the Chu space (G4,8,, €asB,, ghabz),
[ |
Proof.
S4B A>B, Say8,
(f'gg)(lz)(l_liEI OiA g(71',191) = € ¢4 p |_|zel f(]z (GIAI)&g 12) (GIBI)
20, K M.2272,
JA2 =B jeJ  TiATBy
= /\JGJ/\IEI 8 12 GlA])) .ngz (g(u)(cl',Bl))

- /\/61/\16181 )(Gi7A1>°8<21><[ >(o-i’Bl)

(1,4, g /B
&
AB A2B;
= & <|_|iel i, xGi,Bl))
A1By (21) (21)
Mjes (1j,4,)®e™ " (1 p,)
S4B
A1B 252
= g <|_|i€l Gi,Al&GiaBl)>' (126)

21) [ €a,B
(fgg)( )<|_|1612 2[,A2WJBZ>

O
S/E

From this result, we deduce that the categories Chiig,~ and . are equipped with a tensor
product.

3.3 The canonical tensor product construction

We begin to introduce the classical construction of G.A. Fraser for the tensor product of semi-
lattices [12} [13]]. As it will be clarified in the next subsection new proposals for the tensor
product of semi-lattices have to be made in order to complete our work.

Definition 14. Let A,B and C be semilattices. A function f: A xB — C is a bi-

homomorphism if the functions g, : B — C defined by g,(b) = f(a,b) and h: A — C
defined by hy(a) = f(a,b) are homomorphisms for all a € A and b € B.
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Theorem 13. [12, Definition 2.2 and Theorem 2.3]

The tensor product Ssp := G4 ® Sp of the two Inf semi-lattices S5 and Gp is obtained as
a solution of the following universal problem : there exists a bi-homomorphism, denoted
1 from G4 x Gp to Sap, such that, for any Inf semi-lattice S and any bi-homomorphism
f from G4 x Gp to G, there is a unique homomorphism g from Syp to G with f = go1.
We denote 1(0,0’) = 0 ® 6’ for any 6 € G4 and ¢’ € Gp.

The tensor product Ssp exists and is unique up to isomorphism, it is built as the ho-
momorphic image of the free ' semi-lattice generated by the set G4 X Gp under the
congruence relation determined by identifying (01 Mg, 02,06") with (61,0") (02, 0") for
all 01,0, € 64,0’ € Gp and identifying (0,07 Mg 0;) with (0,07) M (0,0;) for all
0 € 64,0(,05 € &p.

In other words, S4p is the Inf semi-lattice (the infimum of S C S4z will be denoted |—|SAB )
generated by the elements 04 ® o with 64 € G4, 0p € Gp and subject to the conditions

(04T, 0A)®0p = (04 ®@0p)M (04 ®0p), 0a®(0pMg, Op) = (Ca®0p)M (0a®0p). (127)

The elements of S4p can be written (ﬂfg 0i4 ® 0;g) with I finite and 0;4 € &4,0;p €
Gp, forany i€ I. |

Definition 15. The space Sqyp = G4 ® Gp is turned into a partially ordered set with the
following binary relation

/
VOuB,0pp € Sap, (0aB Ly

O4p) = (0apMy, Oip=Oag). (128)

Definition 16. A non-empty subset R of G4 x Gp is called a bi-filter of G4 x Gp iff

V04,014,024 € G4,V0p,01 8,028 € G,

((01.4,018) < (024,02) and (014,01 8) ER) = (024,028) € R, (129)
(Gl,A,GB), (62,A7GB) ER = (G]A |—|6A GZ,A,GB) € 9“&, (130)
(0a,01,8),(04,028) €ER = (04,015, 028) €R. (131)

Definition 17. If {(014,018), -, (0n4,0,8)} is a non-empty finite subset of Sy X
Gp, then the intersection of the collection of all bi-filters of G4 x &p which contain
(61.4,018), -, (Ona, Onp) is a bi-filter, which we denote by F{(014,01.8), -, (Cna,On)}-

Lemma 13. If F is a filter of Syp = G4 ® Gp then the set a(F) := {(04,08) € G4 X

Gp | oa®0p € F } is a bi-filter of G4 x Sp. [ ]
Lemma 14. [13, Lemma 1] Let us choose 64,01 4, ,0,4 € 64 and 03,01, , 0, €
Gp. Then,
S
(oa,08) € §{(01.4,018), - ,(0na,0n8)} < ( ISi<n Gi,A®Gi,B) C,,, 0a®o0p. (132)
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[ |
Proof. Let us suppose that (04,0p) € §{(014,018), - ,(0na,0np)}. Let F be the principal
filter in 64 ® Gp generated by ( iAgBign OiA® Gi73). Then 6; 4 ®0; g € F forany 1 <i <n, and
then (0;4,0; ) € a(F) forany 1 <i <n. Hence, §{(014,018), - ,(0na,0n8)} C &t(F), and
then (o4,0p) € a(F). As aresult, 64 ® op € F and then (H?‘;Sn 0iA® Gi,B) C,, 04 ® Op.

Let us now suppose that (ﬂ?fiq 0iA® G,"B> C,,, 0A®0p. Letu: G4 x &p — {0, 1} be such
that o

u(0p,08) =1 < (04,08) € F{(01.4:018), ", (Ona;Onp)} (133)
u is a bi-homomorphism. Then, there exists a homomorphism v: G4 ® &g — {0,1} such that

u(oy,0p) =v(oy ®op) for any o4 € G4 and op € Sp. We have then u(0y, 0p) =v(04 ® Op) >

S .
V([ €i<n 014 ®0i8) = Ni<i<n V(0iA® 0;8) = A 1<i<n U(0ia, 0i g). Since u(0; 4, 0;,5) = 1 for
any 1 <i <n, we deduce that u(cu,0p) =1 and then (04,05) € §{(01.4,018), - ,(Ona,OnB)}
]

Lemma 15. [13, Theorem 1]

Let us choose 64,014, --,0,4 € G4 and 0p, 01 B, -+ ,0, 8 € Sp. Then,
N . . .
( 1A§Bign CiA® G,-,B> C,,, 0AROp < there exists a n—ary lattice polynomial p | 64 Js, p(C1A,-+,0n4)
and OB QGB P*(GI,BV"’Gn,B)- (134)
where p* denotes the lattice polynomial obtained from p by dualizing the lattice opera-
tions. |
Proof. Letus fix 014, ,0,4 € 64 and 01 g, -+ ,0, 8 € Sp and let us consider
F:={(0ca,08) | 04 QGA p(014,--+,0,4) and Op Js, p*(o1,---,04p) for some n—ary polynomial p }. (135)
It is obvious that F' contains (01 4,01.8),  , (Cna,OnB)-
It is also easy to check that F' is a bi-filter.
Endly, we can check that every bi-filter which contains (014,01 8), -*-, (On4,0,,p) contains

also F. This point can be checked by induction on the complexity of the polynomial p by using
the following elementary result, consequence of the bi-filter character of F,

(0aUg, 04,08Mg, Op) € F

Vou,0, € G4,08,03 € Sp, ((04,08),(0y,0p) €F) =
! ’ ’ ’ ( ’ ’ ’ ) (GA |_|6A GA7GBI_|GB Gé) GF

O
Theorem 14. For any [4 € 4,5 € Ep the map
AB .
[lg - GaxG6p — B (136)

(0a,08) — &f(ox)eeb (op)

is a bi-homomorphism. Then, there exists a unique homomorphism from Sy = G4 ® Sp

to B, denoted v{i5 , and satistying fA5 = v{5 o1. Explicitly, we have

S
Vit ([ & cia®ois) = Nici €1, (0ia) o €1, (Gi5). (137
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Anticipating the construction of the bipartite effect state, we may denote v‘[“B[ by 48
Ay'B

a®lp"
|
Proof. The bi-homomorphic property is a direct consequence of (I3) and (3). The existence of
v‘f}f[B satisfying f:ﬁB = v‘éﬁg o1 is then obtained as a consequence of Theorem [13] U
Theorem 15.

/
VOaB, Opp € Sap, (0ap C,

. S
V{iap |1 €1} Cpin Sap,Vla € € Vig € €5, v ([ ]i&70ia8) = Nict Vi, (0iag).  (139)

L Oap) = (Vla€ €y Vige €, vl (oap) <Vv{P,(c4p)), (138)

3.4 The maximal tensor product

We now intent to introduce a general construction of a tensor product that will play the role of
the largest” tensor product satisfying the axiomatic presented in subsection[3.1l This point will
appear clear in subsection

Definition 18. Let us denote by EAB the set of bimorphisms from €g, x €g, to €| =B,
i.e. the set of maps ¢ satisfying

[

V{liali€l} CCs, Vg€ Espy O |i5 linr 1) = Nier 9(ia, 1) (140)
. ¢

V{ljp|jEJ}C ey Vla € Cs,,  O(las| |jertin) = N jes ¢(Iaslin). (141)

S 4p 1s called maximal tensor product of G4 and Gp.

Lemma 16. S, Ap 1s equipped with the pointwise partial order.
Sap 1s a down complete Inf semi-lattice with

V{gili €I} CSap, Vlu € e, Vg € Cg,, (l_lfél;‘l’i)([m (g) == Niet #i(la,15).  (142)

It is naturally equipped with the following family of Inf semi-lattice homomorphisms
defined for any [4 € €4 and [p € € by

AB . ¢
V[A,[B D Sup — B

(143)
0 = VB (0):=0(l,lp).
We note that, for any ¢ and ¢’ in Sap, we have
(Via € €, Vig € €5, vi0, (9) = Vi, (0) & (9=9¢"). (144)
|
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Lemma 17. §A g has a bottom element denoted J_§ with
AB

. )([A, [B) =1.

Vig € @GA,V[B € @(«53, (J_SAB (145)

In other words, S 4 satisfies Axiom (A2).

Definition 19. (&g, x €g,) is equipped with the congruence relation ~ defined as

follows
({(iasip) i€}~ { (G p) | J€TY) & (V0 €San, Nier®(lialis) = Njes9(Galp)).  (146)
Definition 20. The space E4p is defined as the quotient of 2 (&g , X €g,) by the congru-
ence relation ~.
VAAB c Q(QSA X QSB), ;LAB = {XAB c (@(@A X QEB) | ;LAB NXAB}. (147)
Definition 21. The evaluation map will be defined as a map from Ep to BSas by
Vg ={ (lia,lig) | i €1} € P(€ax E5), V9 € Spp, 8%;(@ = Nier9(lia.lis). (148)
Lemma 18. The evaluation map satisfies trivially
VAap € P (€4 x Ep),V{¢; |icl} C S/AB, 8§AB(|_|521;¢)I-) = /\iel 8§AB(¢Z~) (149)
)LAB )LAB
|

In other words, §AB satisfies Axiom (A1).

Definition 22. E4p is equipped with a partial order defined according to
<e#(¢)). (150

Vg, g € Eas, (B, Agg) = (V9 €Sap, €5%(9) <&’
AB Ap Asg

Definition 23. We will adopt the following definition

VA € Eap, (L) = Max{x€ P(€4x €5) ¥2, A}

= {(la,1g) € €4 x €p | (Ia.15) 2, A}, (151)
Lemma 19. We have the following Galois relation
VA € Egp,Vx€ P(E4x €5), (A)Dx & AL, X (152)
AB
|
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Proof. Let us fix x := {(l;o,l;) | i € [}. We derive straightforwardly the following equiva-

lences
(A)Dx & Viel(lialp) 3. A
AB
. o §AB AB
& Viel, Vo € Sap, €5 (@) < Vi, ()
& V9 eSus €5(0) < Nier Vi, (0) =32 (9)
& AC. © (153)
Eap
O
Theorem 16. EAB is a down-complete Inf semi-lattice with
. EAB ~
V{xi[iel} C 2(€x &), [ ]id] ¥i=Uierx: (154)
Moreover, we have
Whiliel} CEw ¥ €S €77 (9) = N\ier7(6) (155)
iel M '
In other words, EAB satisfies Axiom (A3). |

Proof. The property (I54) is a direct consequence of the Galois relation established in previous
lemma. u

Definition 24. The element V[AB € Eap associated to the element 45 := {(ia,lip) | i €
I} € P(€4 x €p) will be denoted ﬂfg? [i,Aé)[i,B-

From previous lemmas, we deduce that the Axioms (B1) and (B2) are satisfied.
The Axiom (B3) is trivial by construction. Axioms (B3’) and (B3”) are direct consequences of

properties (14Q) and (IT41).

Let us now consider the axioms (B4) (B4’) and (B4”). Inclusion of pure tensors is realized
as follows.

15 ¢ GaxGp — Sap

(04,08) > 153(04,08) |V(Ia,18) € Ca, X Egy, 155(04,08) (I, l5) := €. (04) 02"

I5 (GB)

As a consequence, Axiom (B4) is satisfied. Axioms (B4’) and (B4”’) are then derived as in
proof (123) using the relation (BS) that is checked directly in (144).

Remark 5. According to the following analysis, the maximal tensor product seems to be too big
and we have to look for a nice subspace of it. Let us first recall the following result :
We have the following isomorphism

p: 6 — {fe@(Qfg,GEL)W[EQ‘E@,f(I):f([)andf(@%):Y} (157)
o = plo)|plo)):=¢e°(o), VIE Cg.
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Note that we have €| = ‘B. To prove this result we note that, for any o € G, we can define
amap ¢ from Eg to &, =B by ¢(I) := 8[6(6). Using the properties GO)BI)(33) of €°, we

deduce that ¢ € { f € €(€s,€ ) |VIE &g, f( )= f()and f(Yes) =Y}
Reciprocally, using Theorem 2] we know that

Vo e {fel(€s,€L) |VIECs, f(T)=f()and f(Yes) =Y},
Noe6 | Viee eo(o)=¢(). (158)

The bijective character of the map p is then established. We have also trivially, for any {o; | i €
I} C6:

P(H?e]@') = |_|ieIP(Gi)- (159)

According to this result, we may suggest to analyze a subspace §23 of Sup defined by the
following relations :

Vo € ShpVa € €, 9l Ves,) = 9(, Ve, ), (160)
Vo € Shp Vi€ Cs (Ve 18) = 9 Deo, ), (161)
V9 €Shs  9(Veg, Vee,) = Y (162)
¥ €Shs  9Deg, - Ves,) = N- (163)

This subspace will be analyzed in a forthcoming paper.

3.5 Candidates for a tensor product

Let us consider a candidate for the tensor product of the spaces of states G4 and Sp denoted
S4p. In other words, let us suppose that (S4p, €g,,, £4B) satisfies axioms (B1) to (B5).

Theorem 17. We have by construction S, 4B — S p as Inf semi-lattices. [ |

Proof. This is a direct consequence of axioms (B1) (B4) and (C). ]

Theorem 18. We have the following injective Inf semi-lattice homomorphism

Lo: Gap < Sap

(164)
S5AB 7 HUsyp ‘ v<[A7 [B> € GGA X 6637 .u5A3<[A7 [B) = 85%?3(5143)-

Note that [4 X [ is an element of & 4p (due to axiom (B3)) once ([, [p) is fixed in €g, X
Cop- |

Proof. We can prove that ¢, , satisfies properties (140)(141)) using axioms (B2) and (B3”)(B3”).

The map associating ¢s,, t0 s4p 1s injective because of axiom (BS). This map is an Inf semi-
lattice homomorphism because of the axiom (B1). ]
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3.6 The basic tensor product

It is now possible to give a definition of the tensor product of G4 and Gp that will be defined
in reference to the axiomatic relations (B1) — (BS) and (C). This tensor product will be called
basic tensor product and denoted Syp.

Definition 25. The set &2(S4 x &p) is equipped with the Inf semi-lattice structure U and
with the following Inf semi-lattice morphisms defined for any [4 € €4 and [5 € €p,

Vf}f : Q(GAX63) — B

{(oia,0i) it} — vif

165
({(0i,018) [ i €1}) 1= Nies £ (0i) 065 (01). O

Definition 26. &7 (S, x &p) is equipped with a congruence relation defined between any
two elements usp and iy, of Z(S4 x Sp) by

(map~ulp) = (Vg € 4 Vip € Ep, vﬁﬁB(uAB) = v{jﬁB(ugB)). (166)

Definition 27. The space Sap = G426y is built as the quotient of Z(S4 x Sp) under
the congruence relation ~=.

Voup € 33(6,4 X 63), 674-1; = {”AB | OAp ~ MAB}- (167)

The map v‘éf[B will be abusively defined as a map from Syp to B by V‘C‘I?[B(a;) =
vaﬁB(GAB) for any 645 in 2(G4 x Gp).

Definition 28. Sy is equipped with a partial order defined according to

V5A3,5AB € §AB7 (6,43 EgAB 8AB> <= (V[A c @A,V[B € @B, vﬁﬁB(&AB) < VaﬁB(&AB) ) (168)

This poset structure can be “explicited” according to following lemma addressing the word
problem in S4p.

Lemma 20. Let us consider usp := { (0;4,0i8) | i €I} an element of (G4 x Sp). We
have explicitly, for any 64 € G4 and op € Gp, the following equivalence

— S S
(uAB EgAB (GA,GB)> & (<|_|ké1 Gk,A) EGA o, and (I_lmé[ Gm73) EGB op and

(Vo e K1, ([ etk 0ca) B, 04 or ([ |02 xOms) Cg, 08)). (169

It is recalled that &4 and Gp are down-complete Inf semi-lattice and then the infima in
this formula are well-defined. |

Proof. We intent to expand the inequality usp C. (04, 0p). It is equivalent to
AB

Vig € @A,V[B € ¢p, (/\iel 8SA(GI',A) 0853(6@3)) < ESA(GA) OSiB(GB). (170)
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We intent to choose a pertinent set of effects [4 € €4 and [p € €p to reformulate this inequality.
Let us firstly choose [p = QJGB. Using @), we obtain

S
SSA(|_|I-€A1 G,"A) SSSA(GA>,V[A € &y, (171)
whcih leads immediately
S4
|_|ng Oia Lg , OA- (172)
Choosing [4 = QJGA , we obtain along the same line
Sp
I_liEI 6ip Lg, OB (173)
Let us now consider @ & K ¢ [ and let us choose [4 and [p according to

8?"( o):=N,Vo I, erKGkA and EGA(G) =1, elsewhere, (174)
£,%(0) :=N,Vo I |_|m€, kOmp and £77(c):=L1, elsewhere.  (175)

We deduce, from the assumption (I70)), that, for this @ & K ¢ I, we have

S S
<|_|k£K Oka Es, O4) O (I_lmléIfK Ons Ee, OB). (176)
We let the reader check that we have obtained the whole set of independent inequalities refor-
mulating the property (IZ70). O

Definition 29. We will adopt the following definition

VG €Sap, (G) = Max{ue P (S x Sp)] il G}

= {(oa,08) | (0a,08) I, G}, (177)

Lemma 21. We have the following Galois relation

VG € Spap,Vue P(S4xSp), (6)Du < GLC. i (178)

T SAB
[ |

Proof. Let us fix u 1= {(0;,0;8) | i €1}. We derive straightforwardly the following equiva-
lences

<5>2u & ViEI,(Gi’A,G,"B) ;5 o
AB
& Vie I,V[A € @A,V[B S @B,VaB (~) < S[GA(G,'A> OS[GB(G,"B)
& Vg € €4, VIg € QSBvVa (O < /\1618[ GzA ‘8? (Gi,B)

& ol (179)
SAB
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Theorem 19. §A g is a down-complete Inf semi-lattice with

. SaB ~
‘v’{uﬂzEI}Q@(GAx(‘SB), |_|l-él; ui:Uielui. (180)
Moreover, for any [4 € €4 and [p € Ep, we have
_ . ~ SAB ~ ~
V{i|icl} CSus  ViE, ([ ictt) = Nier vED, (@) (181)
[ |

Proof. The property (I80) is a direct consequence of the Galois relation established in previous
lemma.
For any [4 € €4 and [g € €, using (I80) and the homomorphic property for v[ 1> We have

Wui|iel} C 2(Gax6p), vif (| w) = vif,(Uierw)
= V[A,[B(Uielui)
= /\ielvéf[B(ui)

= Nier VD, (i) (182)

O

Definition 30. The element & € Sy associated to the element u := { (oia,0iB)|ic€l} €
P (S5 x &) will be denoted [1;22 6,420 .

Theorem 20.

V{oialicl} C G Vop€Gp, ([ |iioia)Bop = |_| (0ia®0B), (183)
Vo licl} CGpYone 6y, aud(]ihoin) = [/ (cadois). (184)
|

Proof. Indeed, using successively properties (I37) (I3) (3) and (I37)) again, we deduce that, for
any [y € €4,[p € €p,

viB ([Tidoias08) = e ([icioia) o€y (05)
= (/\iel8SA(Gi,A))°SSB(GB)
Nict (€7 (0ia) o€ " (0B))
= v ({(cia.08)|i€T}), (185)

and then, by definition, we obtain the property

([ iioia.08) ~ {(cia,08)|icl)} (186)
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and then
& ~ § ~
([ |idioia)@os = [ ]l (0ia®0s). (187)
We obtain the second property along the same lines of proof. L

In this subsection, we will assume that (&G4, €4, &) and (&g, €p, £8) are valid States/Effects
Chu spaces. In other words, they satisfy Axioms (A1)—(AS).

Definition 31. The evaluation map will be defined as a map

P(E4 % Ep) —s Bs
(€4 % €p) ~ (188)

{([i’A’ [i’B) ‘ ‘e I} ~ gf([?fAv[iﬁB)‘iel} | YO € S4B, gﬁ?fAv[iﬁBHiE’} <6AB) - /\iel véf»[i,B(GAB)'

Definition 32. &7(€, x &p) is equipped with a congruence relation defined between any
two elements xsp and x), , of (€4 x Ep) by

(xap ~Xyp) & (VOup € Sap, €34(Gpp) = efﬁg(&AB) ). (189)

Definition 33. The space l:fA p is built as the quotient of Z (&, x €p) under the congruence
relation ~.

Vg € P(CAx €),  Agi={xap € P(Esx ) | Mp~xa5}.  (190)

The evaluation map will be defined as a map from Ep to BSs by gdup . — Sij‘f; for any

;LAB c (@(@A X QEB).

AB

Definition 34. E4p is equipped with a partial order defined according to

WAas, Mg € Eas, (Aas C. Mp) & (VOup € Sap, €5 (Cap) < €% (Gap))- (191)
AB AaB Xsp

Definition 35. We will adopt the following definition
VA € Exg, (A) = Max{xe P(€4x€p) [T A}
AB

= {(a1p)| (,1p) 3, A}, (192)

AB

Lemma 22. We have the following Galois relation

VA € Egg,Vx € P (€4 x ), (A)Dx < AL, X (193)
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Proof. Let us fix x := {(lja,lip) | i € I}. We derive straightforwardly the following equiva-
lences

~ — ~

(7L>Qx = ViEI,([i,Ayli,B) . A

Y:
= S1p/ _
& Vi€ l,Youp € Sas, SIAB(GAB) < Vﬁi[iﬁB(GAB)
N~ = Sin o~ . S~
& Voup € Sap, €57 (0ap) < Nier V5 1., (Gap) = €% (Gap)

s AC. X (194)

T Egp

Theorem 21. EA g is a down-complete Inf semi-lattice with

. Epp ~
V{x,-\zel}g,@(QEAxQEB), I_lié? Xi:Uiglxl'. (195)
Moreover, we have

V{ A |i €1} C Epp,YOap € Sap, ESAEABj(gAB) = /\ielg%?B(gAB) (196)
el ™

In other words, EAB satisfies Axiom (A3). |

Proof. The property (193) is a direct consequence of the Galois relation established in previous
lemma. B
For any G5 € Sap we have

V{xi|i€l} C P(Esx Ep), € (Gup) = €42 (Gyup)
féffi Uier xi
S ~
= et (Gu)
= Nic1€3'5(Gup)
= Nic1€%(Gap) (197)

O

—_—

Definition 36. The element (45 € E4p associated to the element [45 := {(ia,lip) | i€
I} € P(€4 x €p) will be denoted ﬂfgf [LA(’}E)[,-,B.

Theorem 22. §AB satisfies Axiom (A1). Explicitly, §AB is a down-complete Inf semi-
lattice. Moreover, we have

~ . ~ = ~ g SAB ~ Sip ~
V{Giap|i €1} C Spp,YAup € Epp,  €4* (I_llél; 0iAB) = /\ieleEAB (CiaB) (198)
)LAB lAB
|
Proof. Direct consequence of Theorem [I19 with property (196). O
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Theorem 23. If G4 and Gp satisfy the axiom (A2), then §AB satisfies the axiom (A2) as

well : the bottom element of S4p is explicitly given by L o, QL o5 ]

Proof. Trivial using the expansion (169). O
Theorem 24.

Spg = {oaB0p|oseB, o5y } (199)

Moreover, Syp = G, 2G5 satisfies the axiom (A5), i.e. 5:;” = Max(gAB). [ |

Proof. First of all, it is a trivial fact that the completely meet-irreducible elements of Sap are
necessarily pure tensors of Syp, i.e. elements of the form o4 X 0p. B
Let us then consider o4&®0p a completely meet-irreducible element of S4p and let us assume

that o4 = HZ’L‘]G,'A for 0iA € G4 for any i € 1. We have then (GA(éGB) = ((HZ/}G,"A)@GB) =

N ~ ~ . . . e .
[ lél; (0;4®08). On another part, 64 @0p being completely meet-irreducible in S4p, there exists
k € I such that 6y®0p = O} 4®0p, 1.6, 04 = O 4. As a conclusion, 0y is completely meet-
irreducible. In the same way, op 1s completely meet-irreducible. As a first result, pure states of
pure

S A are necessarily of the form osR0p with oy € & XW,GB €S,
Conversely, let us consider 64 a pure state of G4 and op a pure state of Gp, and let us suppose
S ~ ~ . . .

that ([;270;,420;5) = (04®0g) with 6,4 € G4 and 6; 5 € Gp for any i € 1. We now exploit
the two conditions (ﬂfé‘l ora) = 04 and ([, 0,,.5) = Op derived from the expansion (I69).
From o4 € Max(&,4) and op € Max(Sp), we deduce that 6;4 = 64 and o;p = Op for any
i,j € 1. As a second result, we have then obtained that the state (cy®0p), with 04 a pure state
of G4 and op a pure state of Gp, is completely meet-irreducible. B

From the expansion (I69), we deduce also immediately that (64 ®0p) € Max(Sap) as long as
04 € Max(S,) and op € Max(Sp). ]

Theorem 25. §AB = 6,065 satisfies the axiom (A4). Explicitly,

Vo €Sup, o=[]"o_, where o = (Sj5 N(1")). (200)
AB

SAB

Proof. Letus fix ¢ € §AB. ) B
~pure S
We note that 6 C_ ¢ for any 6’ € (S, N (17%)) and then 6 C_ Mo
AB A

~ B _~AB.
. s ~ . ]
Secondly, denoting o := ([7];2] 6;4®0; g), we note immediately that, for any 64 € & and
pure - ~ > -
op € &y ,if 0y Jg, 0ja and 0 I O;8, then (04®0p) I, 0, i.e. (04%0p) € o . As
a consequence, we have

gAB gAB gAB = AB
| | : ® . | | . 201
( icl O'AEGZMM | O-AggA oia O_Beegure ‘ GBQGB in GA GB) =5,z G§AB ( 0 )

Endly, using Theorem 20l we have
§AB = §AB §AB = §AB
0= |_|i€[ 0iA®0ip = |_|i€[ (|_| o464 | o4 GiAGA)®(|_| ope®p" | oplg GiBGB)
s, O e, O

Sag 548 SaB ~
= [T Toveep orag, ol Toesy 1 opg, 0501508 (202
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As a final conclusion, we obtain
_ SAB []5AB SAB = 148
= (l_liEI |_| qure | GAQGA Gia |_| cFBE(‘Bgure ‘ GBQGB O-i,BGA®GB) - |_| QgAB . (203)
]
As a conclusion of previous theorems, we have also obtained that Sp is a valid space of
states and E4p is a valid space of effects satisfying axioms (A1) — (AS) and extensionality-+separation.
As a consequence, they satisfy axioms (B1) and (B2).

Axioms (B3) and (B4) are also trivial by construction.
By construction of the basic tensor product, it will also satisfy the axiom (BS), i.e.

ngB,(f}AB € §AB, (V[A € @A,VIB € QSB, E[Ag[ (8AB) = 835[3(6;‘3)) = (8AB = 6;&3) (204)
Endly, Definition [25 has been chosen in such a way that we obtain trivially the axiom (C),
1.e.

Vo € G4,Vop € Gp, Vs € €4, VIp € Ep, Eaé[B(GA(gGB) = ESA(GA) OESB(GB). (205)

3.7 Multipartite experiments defined by the basic tensor product

Let G4,6p, S be three spaces of states. We intent to define the tripartite state space Sapc ?
Clearly one option is to first form the bipartite state space G4®Gp and then tensor the result
with G¢, so that we get (G,@G3)®G¢. Another way to build these tripartite experiments is
to first form & Bé(‘BC and then tensor with G4 to obtain & Aé(G BéGc). It is natural to require
that both of these constructions yield the same result.

Theorem 26. The basic tensor product of state spaces is associative, i.e., we must have
(6A(§>63)<§>6C = 6A(§)(63<§>6c). (206)

Proof. (6,263)®G¢ is defined as the quotient of #(S, x G x G¢) by the congruence
relation defined for any uapc, g € P (G4 x Sp x &¢)

(MABC %(AB)C u,/ABC) = (\V/[AB S EAB? [C S QEC: V[AB,[c(uABC) = V[AB,[c(u/ABC>> (207)
& (VIg €4, lgeCplc € Ec, Vi1 (aBc) = Vi ip1c (Wape) ) (208)

where

Vi, izl ({(0ia,0i8,0ic) | i € 1}) /\8[ (0ia) 08[3 (Gi,B)OSSC(Gi,C) (209)
iel

In the same way we have that G4 ®(Sp®G() is defined as the quotient of (G4 x G x &¢)
by the congruence relation defined for any uapc, iy € P (S x Sp x S¢)

(UABC Xy ey Wape) & (Vlae € Epeyla € €a, iy e (uaBe) = Viy tac (Waae)) (210)
& (V[A € €y, lp € Ep,lc € E¢, V[A>[B>[C(MABC) = V[A7[B,[C(u1/43c> ).(21 1)
The announced equality is then proved. L

We can then define a multiple tensor product of spaces of states.
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Definition 37. The set Z([];c, &) is equipped with the Inf semi-lattice structure U and
with the following Inf semi-lattice morphisms defined for any ([(j ))ie s with (V) e ¢l)

v([(./))jej : ‘@(ng@(j)) — b ;
{(Gi(J))jEJ liel} /\ieIQ./‘Elg[<j>(Gi(J))

where we have used the symbol () to denote the multiple e product.

(212)

Definition 38. Z([];c, &) is equipped with a congruence relation defined between
any two elements u,u’ € 2 ([];c; &) by

umu e V(D) € [ jereV, Vi), ) = Vi), (). (213)

Definition 39. The multiple tensor product @ je JGU ) is defined as the quotient of the set
P([jes &) under the congruence relation ~.

voe 2([[6Y), G :={ulo~u}. (214)
jeJ

The element & € S := éjg@i(j) associated to the element u := {(Gi(j))jej licle
P (e, 6)) will be denoted [, ¢,0,".

Theorem 27. Let us introduce the following notation
= {(KD)jes | (KV C1,Vjed)and (KD NKY) =@, V), j € J) and (| jesKV) = D)}. (215)

The poset structure on S:= é} je ,6U) is defined according to

-~ —— —~—

$ () '
(|_|i61®jejcij ) Ei ®j616(1)
. . . () :
& (WKD)jer e, 3jed| (K9 £aande 3_ [ o)) (216)
[ |

Proof. The proof follows the same line as in Lemma 20l L

3.8 Canonical vs basic tensor product
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Lemma 23. For any G in Sas, (o) is a bi-filter of S4 x Gp and we have explicitly

S ~ = ~
ie1(0ia®0i8)) = {(0a,08) | ([ |e2 Oka) Ce, 0a and ([ ]2, Oms) C, 05 and
(vo ekl ([ etk 0ca) Co, 0a or ([ |nti_x Oms) Co, 08)}. Q17
= {(on,0p) |32, " C2" with U’ =2" A =2, {oeH'1cX,

N ~ o N
(u;éf I?éK Oka) Eg, Oa and (UKﬁef’l_l:zglfK’ oms) Ce, GB}' (218)

We will also use the following notation %{(G,-,A, oip)|iel}:= ﬂfg (6:A®0;p)). W

Proof. From Definition[29]and Lemma 20 we deduce immediately the expression (217)).

Let us now check the bi-filter properties.

The property (I29) is trivially obtained from the expression (217)).

Let us now consider that (o] 4, 0p), (0 4,0p) € ( ﬂfg (6;4®0ip) ). In other words, we have
forany [4 € €4 and [z € €5 : folg((G{,A’ o)) > véﬁB({ (0ia,0ip)|i€l})and Vﬁﬁg((o-é,A’ o)) >
véﬁB({ (0ia,0i8) |i€1}). Moreover, we have proved in that vﬁB[B((G{,A’ o)) A VéﬁB((GélA, op)) =

vﬁf[B( (0] AMs, G545 0p) ). As aconsequence, we obtain v/ef[B( (01 AN, O5.4:0p)) > véf[B({ (0ia,0ip) i€

I})forany [4 € €4 and (5 € €p. Asaresult, we obtain that (6] 4 M, 03 4,0p) € ( M22(6,4%0;5) ).
We have then proved property (130).
The property is proved along the same lines.
The expression (218) is a trivial reformulation of (217). O
Definition 40. We denote §£§g the sub-poset of S, '4p defined as follows :
Si = (i | uClin G x Gp}. (219)

It is also a sub- Inf semi-lattice of S, AB-

Theorem 28. We have the following obvious property relating the partial orders of SZZ
and Syp. For any {(0;4,0i8) | i € I} Cfin G4 x Gp,

SAB SAB ~ ~
([ i&ioa@0in) T, ca005 = ([ |:i&joia®0in) 55 04®0p. (220)

Proof. We intent to prove §{(0ia,0ip) |icl} C §{(GLA, oip)|icl}forany {(oia,0ip)|i€

I} C fin 64 x G (we recall that we have adopted the notation {(Gi.4, 6;5) | i € I} := ([ 174 (614 0i.8) ))-
First of all, it is recalled from Lemma 23 that § {(cia,0ip) | i €I} is a bi-filter.

Secondly, it is easy to check that (034,04 3) € §{(0i4,0:8) | i € I} for any k € I using the
expression (217). Indeed, for any K C I, if k € K we have (ﬂfEAK o14) Ce, Oka and if k ¢ K

we have (52, x Om.5) T, OkB-

As a conclusion, and by definition of §{(0;4,0i8) | i € I} as the intersection of all bi-filters
containing (0; 4, 0; ) for any i € I, we have then %{(G,-’A, oip)|i€l} DF{(0ia,0ip)|icl}.

We now use Lemma[I4]and Definition 29]to obtain the announced result. U
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Theorem 29. If &4 or Gp are distributive, then S?;Zl and S p are in fact isomorphic posets.
As shown in Remark [6] the distributivity of G4 or &p is a key condition for this isomor-
phism to be valid. |

Proof. We now suppose that G4 or S is distributive and we intent to prove that §{(0; 4, 0; ) | i €

I} = %{(Gi,Avci,B) ‘ 1€ I} for any {(Gi,A7Gi,B) ‘ 1€ I} gfin Gy X Gp.
Let us prove the following fact : every bi-filter F which contains (0y 4, 0% ) for any k € I

contains also § {(0ja,0;p) | i € I'}. In fact, we can show that, for any bi-filter F we have

(Vk €1, (Oa,0kB) € (LIRe | Tek oeasl It HZ@FK' Omp) € F,
\Ui/,lf’ coad vun'=2d xnH'=o{oycH' I1cx. (221)

The first step towards (221)) is obtained by checking that V.7, ¢ C 2! .z u#"' =21, ¢ N
H'=o{oteX ' 1eX,

(U [ Tmer—xr 0m) T (e Urex 00) (222)

for any distributive & and any collection of elements of G denoted oy for k € I for which these
two sides of inequality exist. To check this fact, we have to note that, using [[7, Lemma 8 p. 50],
we have first of all

([Mer |rex 00 = I_IG{I_I?eﬂK(A) ae I] K} , (223)

Kex

where g denotes the projection of the component indexed by K in the cardinal product [ [« » K.
Moreover, for any A € [Jgc 4 K, there exists L € #” such that {7k (A) | K € #} D (IN\L)

and then (ﬂKG%nK(A)) Ce (|_|Sl€,_L Oonm) C (|_|K,€%,|—|:l€17K, On)- As a result, we obtain

the property (222).
The second step towards (221) consists in showing that

for any ¢ C 2. This intermediary result is obtained by induction on the complexity of the
polynomial (U[ig % |_|,ng Ox 4) by using the following elementary result

/ / I (04 l—leA Gfl\chﬂeB GI/B) cFr
VGA,GAEC‘SA,GB,GBEC‘SB, ((GA763>7(GA7GB>EF) = { (GA|—|6A GA7GB|—|63 Gé)EF
trivially deduced using the bi-filter character of F, i.e. properties (129)(I30)(I31).

As a final conclusion, using the explicit definition of §{(0;a,0i8) | i € I} as the intersec-
tion of all bi-ideals containing (0y 4,0% ) for any k € I, we obtain §{(0j4,0;p) |i € [} =
§{(0ia;0ip) |i€1}.

Sﬁ 5 and Sy p are then isomorphic posets. L

Remark 6. We note that the distributivity property is a key condition to obtain previous isomor-
phism between Sf"g and S,p. Indeed, let us consider that &4 and Gp are both defined as the
lattice associated to the following Hasse diagram:
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(o] (6] 03

N/
1

According to (I69), we have (L ,Lg, )€ 3{(01,01),(02,07), (03, 03)}. However, we have
obViously (J‘GA7J‘63) ¢ S{(GI,GI), (62,(72), (63,63)}.

3.9 Properties of the basic tensor product

Theorem 30. Let 645 and G, 5 be two elements of Sap having a common upper-bound.
Then the supremum of {Gyp, 5/’4 ) exists in Syp and its expression is given by

GAB |_|§AB GAB - ng(@Nﬂ 6,{43 ) (0} (225)
SAB™  Sap

Theorem 31. If S, and Sp are distributive (cf. Definition[T)), thpn §A g 1s also distributive.
Note, using Theorem that, in this situation, we have also Sﬁlg = Sug.

In that case, the explicit expression for the supremum of two elements in §£Z’ is given by

S ~ S ~
<|_|iél; 0 A®0;p) L |_|]€J B = Hzél; jes (Gials, 074)®(0ipUs, 0/ 5).  (226)
[ |

Proof.~ First of all, using Theorem 29, we note that, as soon as G4 or Sp is distributive, we
have Sqp = Sap as Inf semi-lattices. We are then reduced to prove the distributivity of Syp.
In reference to the definition of distributivity of an Inf semi-lattice given in DeﬁnitionlI], we have

then to prove that if |_|]<l<nGlA®G,B QSA 0, ® 03, then there exists o 1A® iB _SA 0; AQO; B

for any 1 <i < n such that |—| |<i<n0; A®0; p = 0p@0p. From Lemma [[3 we conclude that

it is sufficient to prove that, for any n—ary polynomial p, if 64 Jg, p(C14,++,0,4) and
0 g, p*(o18,-+,0n8), then there exist o] , s, Oia and o] B e, OiB for1 < i < n such
that o4 Jg p(0] 4, .0, 4) and 0 I p*(0] g, , 0, p), andc iaJs, Oaand ojp s Op
forl1 <i<n.

The proof of this fact is sketched in [[13, Theorem 3], and we give here a developed version of it.

Let us prove the following statement for any n—ary polynomial p :

Op Jg, P(O14;+",Ona) =

30/4 Je, Oia V1 <i<n| (04 3y, p(0] 4, 00) and 0/, T, O V1 <i<n). (227)

This statement is obviously true for p(61 4, -+ ,0,.4) := Ok 4, it suffices to chose oy 4 = 04.

Let us assume that the induction statement is true for two n—ary polynomials p and ¢, and
let us prove the statement is also true for (pq).
We will assume o Js, p(C1A,-+,0n4) Mg, q(01.4,++,0n4). Then, there exist y4,04 € Gy
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such that o4 J ds (YA MNe 5A) and 4 :lG p(Gl Ay 7Gn,A) and 4 QgA q(Gl’A, ‘.- 7Gn,A)-
From distribut1v1ty of GA, we deduce that there exist Ys and 8, such that o4 = (7, g, 64)
and 7y, QGA 4 and 8} s, O4. As a result, we have 7y, s, p(C14,--+,0,4) and &5 g
q(01.4, "+ ,0nA)-

By assumption, there exist 6 4 I ;4 and 6/ Jg Oyafor1 <i<nwithy, Jg p(o] 4., 4)
and 63 I q(07 4, ,G ) and ‘with 043 Zl }{4 “and 04 Jg, Spfor1 <i<n.

Let us denote G; 4 := 0; 4 I_IGA o}y

We first note that 6,4 J  0ja for 1 < i <n.

From 6;4 Cg, 0;4 and 6,4 C, 04 forany 1 <i<n, and 74 Jg p(0],, " ,0,,) and
5/ q(Gf/A,“- Gr/z,A) we deduce YA s, p(G] Asce 7Gn,A) and 5 QGA q(Gl,A,~-~ ,6,,7A).
Asa consequence Oy = (y/g Me 5’) s, p(GlA, ©,OnA) N, (1A, OnA).

From GhA s, v, and 617 QGA 5 for 1 <i<n, we deduce also G; 4 s, Vs Ns, 8y = oy for
1<i<n.

As a summary, there exist G; 4 Js, Oia for 1 <i < n, such that oy4 Js, p(Gia,--,0na) N,
q(G14,--,0n4a),and Gj 4 Js, Oa for 1 <i < n. In other words, the n—ary polynomial (pg)
satisfies also the induction assumption.

Let us assume that the induction statement is true for two n—ary polynomials p and ¢, and
let us now prove the statement is also true for (pL!g).

We will assume o4 QGA p(Gl’A, e 7Gn,A) |_|6A q(61 Aste 7Gn,A)- Then, we have 6, QGA p(G] Ay 7Gn,A)
and 0y I q(014,°"+,0n,).

By assumption, there exist Gl-/’A s, Oiaand Gi/,/A g, Oiaforl <i<nwithoy g p(G{’A, e ’Gr/z,A>
and oy s, Q(G{/,Aﬂ - ,GéiA), and with Gl-/’A Js, Oa and Gi/,/A Js, Oa forl1 <i<n.

Let us denote G 4 := Gil, s Gl-/’/A.

We first note that G; 4 QGA o;aforl <i<n.

From G4 Cg, G(A and G4 C, Gi/,/A forany 1 <i<n, and 64 Jg, p(G{}A,--- ,G,LA) and
o4 Jg, q(GlA, . ’Gr/z/,A)’ we deduce 04 Jg, p(C14a, - ,0u4) and Oy s, gq(C14, -+, 0nA)-
As a consequence, Oy s, p(Gia,--,0n4) Us, q(G1a,- - ,0n4).

From Gl-/’A Js, 04 and Gl-’”/j‘ Js, 04 for 1 <i <n, we deduce also G, 4 Je, 04 forl1 <i<n.
As a summary, there exist G; 4 Js, Oia for 1 <i < n, such that o4 Js, p(Gia,--,0na) Us,
q(G14,--,0n4),and G4 Js, OA for 1 <i < n. In other words, the n—ary polynomial (pLiq)
satisfies also the induction assumption.

By induction on the complexity of the n—ary polynomial p we have then proved the state-
ment. As a final consequence, S4p and then also S4p is a distributive Inf semi-lattice.

As a consequence of this distributivity property, we obtain the following simplification

S ~ s ~ s, S
(|_|iél;6i,A®Gi73> |—|§AB( jAeBJGj/',A®Gj/'B |_|zél; jAeBJ< (01 A®0; B) ‘—' ( 1A® )) - (228)
Using the expansion (169), we know that

(G,A®G,B)I_I (GJA®G 5) = (Gials, 0j4)®(0i8Us, 0 p) (229)

This concludes the proof of the formula (226). O
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Theorem 32. If &4 and Gp are atomic, then §AB 1s also atomic, i.e.
ddfg CSap | Voupe o, (Lg ®Lg,) E§AB OB, (230)

Vous € Sap, Joup € g ~{lg Ol }|aus C, O (231)

Here, we denote c C o’ iff (0 C 6’ and(c C 0" C 6’ & (0 =0"orc” =0"))).
The set of atoms of S4p is indeed defined by

g = (DL )N, . (L, ®0p) | a4 € s, O € Hsy }- (232)

SA

Proof. Using the expansion (169), we deduce immediately

Voyu € ds,,Vag € Dsp, (aAéLGB)I‘L (LGA&S(XB) ng LGA(}E)LGB. (233)

SAB A

In other words, Lo ®L¢, Cs. (u®Lg,) |_|§A

. (J_GA ®OCB).

Secondly, let us show that, for any 645 := (I_llsél; 0; A®0; g) distinct from Le, <§>J_GB, there
exist oy € %z, and o € A, such that ((aA®LGB) e (J_GAé(XB)) ;§AB osp. Using once
again the expansion (169), we know that cyp :I§AB J_GA®J_GB (or, in other words, G4p ’ZfAB
L, éJ_GB) implies that there exists @ C K C [ such that (|—|ng Oka) Jg, Le, and (ﬂi‘é,_,( Omp) Je,

L, Letusfix such a K and let us choose o 6:527’6 , and ap € o/, such that (ﬂfé‘K G’f’A) s,

. N ~ ~ S ~
oy and (.8, g Oms) I, 5. Weobtain ([1;2k0:400i5) Iy (0L, ) and (i) x0ia®0ip) I

N AB
(Ls, ®aB). As a first conclusion, we obtain ((a4®Lg,) e (Ls,®0B)) ;§AB OAB-

Thirdly, let us consider o := ([ '] fg 0 A®0; p) such that o4p E§AB ((XA<§LGB ) |_|§AB (Le, Rog).
As a first case, we may have obviously o4p = LGA®LGB. If however oxp # LGA@)LGB, the
previous result implies that there exist o) € 2%z, and o € </, such that ((OCA@J_%) l_lgAB
(J_gAé)(Xg)) QEAB osp. Using once again the expansion (169), we deduce immediately that
as = oy and o = Q. As a result, we obtain

o T (@ L), (Lg, Bop) = (cAB: Lo, Blg, or oap= (&L, ). (LGAéaB)). (234)

A SAB

As a second conclusion, we then obtain L. T . (og <§>J_63) M. (J_6A<§>oc3). O

SAB  SAB SAB

Remark 7. Let us consider the following orthocomplemented space of states

(04] (0% OCT OC;
\ //
1

Sy = (235)

It is easy to check that S := S$4®8, is NOT orthocomplemented. Indeed, from the result above,
the single candidate for (o ®@a)* is obviously of ®@L M, L®@ay. However, we check immedi-

ately, using the expansion (169), that the two elements Ocl*@L My J_é)ocl* and o @0y My 0 R0
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have no common upper-bound : this point contradicts the condition (73] for the definition of *
onS'.

Remark 8. According to [9, Axiom 9 and Lemma 40], we can introduce the following notion :
the space of states G is said to be irreducible iff
Voi,0p € 6pm, {61,62} & ol sz. (236)

Then it is 1mp0rtant to remark that, even if G4 and Gp are both irreducible, the tensor product
S, WB=6 A®G g appears to be NEVER irreducible. Indeed, from the expansion (169), we deduce

Voi,0] € &, V0,0, €Sy |01 £0],00£ G,  01Q0; |‘|§AB /@05, ={01®0,0/®05}. (237)

SAB

3.10 The star tensor product

In the present subsection, we will assume the space of states G (this remark concerns G4 and
Gp in the following) to be atomistic and equipped with a star map denoted  (i.e. a map from
S, {L} to itself satisfying (@D(ZO)(ZI)(72)). We will try to build a tensor product of G4
and Sp denoted G4 ®Gp by exploiting this extra-structure.

Definition 41. We define §A g to be the set of bimorphisms from G4 x Gp to 8. Equipped
with the pointwise poset structure, this is an Inf semi-lattice.

Definition 42. Using the maps (-,-)4 and (-, ), respectively associated to the star maps
on &4 and & by ([73), we can define the following bimorphisms denoted oy ® Bz for any

pure

(aa,Bp) €6 x Gy

aA@ﬁB . 6AX63 — ‘B

(o4,08) + {(Qa,04)4 (BB, 0OB)B. (238)

The tensor product S, @S p is defined as a sub Inf semi-lattice of S g - this is the Inf semi-

lattice generated by the bimorphisms oy ®p associated to any (aa,Bp) €6, x Gy .
We have obviously, for any { (0 4,Bi5) |i €1} C &) x &y
5 _
V(0a,08) € G4 x Gp, (I_I,-é? 0 A®B;i8)(0a,08) = [\icr (ia,04)a ® (Bi.5,08)5239)
Sap := 6,®@63p is chosen as our space of states.
For any (0a,08) € 64 x &p, we will denote
_ 5 _
oA®op = | | ;g%ﬁ@a@@ﬁ. (240)

Definition 43. We define a bimorphism from S5 x Ssp to 9B, denoted ({-,-)), by

(()) EABXEAB — B

241
(5 0B [T BB y) = At Ajes (a0 dae (BisBly)s.
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As a consequence of the symmetry of (-,-)4 and (-,-)p mentioned in (Z6)), we note the
following property

V(0uB,Oap) € Sap X Sas, ((oaB,04B)) = ((O4p, OAB)) (242)

Definition 44. The space of effects E 4p is chosen to be given by S,@Gp as well. The
evaluation map £%48 is defined by

Voa € Sa, Vs € Eap,  €(0aB) 1= ((la8, O4B)). (243)

Lemma 24. The axiom of bi-extensionality is satisfied. ]

Proof. By symmetry, it is the same to check extensionality and/or separation. Now, for any [45
and [/, , in S4p, we have

(Yous € Sap, & (0a) = eéf;B(oAB)) (V(04,08) € G4 x Gp, £ (04B0p) = sé’;B(GA@GB))

=

= (V(GA,GB) c GA X 63, [AB(GA,GB) = [AB(GA,GB))

= ([AB = [/AB)' (244)
O

Lemma 25. Axioms (A1) and (A3) are satisfied by construction. (B1) and (B2) are then
satisfied as well. [ ]

Lemma 26. Axiom (A2) is satisfied. [ |

Proof. The map associating to any (04, 0p) € &4 x Sp the element L is an element of Sap. It
is indeed given by 1 4® 1 p. O

Lemma 27. Axioms (A4) and (AS) are satisfied by construction. We have

Sag. = {a@B|aec6,  pesy ). (245)
|
Lemma 28. Axioms (B3)(B3’)(B3”) and (B4)(B4’)(B4”) are satisfied. ]

Proof. Axioms (B3) and (B4) are checked according to the mapping (240). Axioms (B3’)(B3”)
and (B4’)(B4”) are checked directly from the expressions (240) and (239)) using the properties
of (-,-). O

Lemma 29. Axiom (B5) is satisfied. |

Proof. For any o4p and G/QB in Syp, we have

(Vlap € Eas, 85%[3(6/43) = 85%[3(0133)) & (V(la,1g) € ©a x G, 0ap(la;lp) = 0oap(la,15))
& (oup=0y4p). (246)

O
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3.11 Properties of the star tensor product

Our first task is to check the following result on the atomicity of Syp :

Theorem 33. S,3 is atomic, the set of atoms of Sy denoted Az(Syp) satisfies
At(Sap) = {(0aBLg, M L, T0p)|0n € A1(Gn), 05 € A1(S5)}.  (247)

Proof. First of all, we note that (c4® L - |_|§AB 1 o, ®0p) :lgAB J‘EAB for any o4 € A1(S,),0p €

At(Sp). Indeed, it suffices to choose oy = o} € 62‘"6 and ap = 0j € 62”6 to observe that
(0a®Lg, Me L, ®0p)(0n, 05) =NeLANLeN=N > 1= LEAB(aA, op). (248)

Here we have used the expression (239) with (Z3).
Secondly, we note easily that

Voup € EAB, doy € AZ(GA>, Op € At((‘53> | OAB QEAB (GA@LGB |_|§AB J‘6A®GB)' (249)
It suffices to choose 04 and op such that 645(0}, 05) = N.
. = = 1= = !
Endly, let us consider (04® L M Le, ®0B) — (04® L, M Le, ®0oy) and let us apply

this relation on the couple (o}, 05), we deduce that oy = 64 and Op = Op.
As a final conclusion, we deduce that S4p is atomic and that the elements (GA®J_63 M

SaB
J_GA®GB) (where o4 € At(S,4) and op € At(Sp)) are the atoms. O
Our second task is to define a star map on SaB.
Definition 45. We can define a binary relation denoted L on Sy as follows :
VOup,0up € SaB, Oap-L Opp = ((Oap,04p)) =N. (250)

Lemma 30. The binary relation _L is an orthogonality relation. In other words, it is
symmetric and irreflexive. u

Proof. The symmetry of _L is due to the symmetry of ((-,-)) mentioned in (242)).
The irreflexivity is checked directly on the expression (241)). O

Definition 46. We define as usual a star operation associated to the orthogonality relation

— 5
Vous € Sas, Oip = [ |"*{0hs|chpLonn} (251)

It is involutive and order-reversing.

Lemma 31. We have explicitly

Vae&, VpeGy , (a8B)" = a'®lg, My L, ®B" (252)
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Proof. We note the following facts.
First,

(0'BLe, M5, Lo, BB € (aB)™ (253)

Indeed, (((¢*®Lg, s Ls,®B%), axp)) = (a,0*)se LN Le(B,*)p=Ne LN LeN=N.
Second, we have obviously

L. ¢ (avp)t (254)

SAB

Third, (¢*® L, M Le, ®B*) is an atom.

Fourth, (a®f)= is a filter.
This concludes the proof. L

Lemma 32. If the space of states Gp is orthocomplemented and the space of states G4 is
orthogonal, then the spaces of states SRS, and S, RS are orthocomplemented.

The star map defined on Syp := G,@Gp will be denoted x as well. This map is built
according to

— pure

(a@B) =@ L N lg @B*, VDB € Syp (255)
§ E — pure
(T =] lopyer & YU CSap - (256)
)
We have the same formulas for SpRGS,. |

Proof. The main point to check is the property (Z3)) for the star map on Syp.
To begin, we have to check that (a®p3) ?QEAB (a*@J_GBI_IEABJ_GA ®B*) and that u := @ M

SAB
a®B’,v:=axp M., o'@B" and w := O‘*®J-GB'—|§ABJ-6A®[3* satisfy aw ** and v ** for any
a,zy € 64 and B,B',B" € Sp with B # ' and o0 # o’

We check the first property by recalling that the map cap — ({(Oap, *®p)) is order-preserving
and by observing simply that ((a®f , a®B)) =Y 2N = ({((a®p), (OC*@J_GBI_IEABJ_GA RB*))).
Secondly, i ** is obtained quite easily as follows. We have (i) a®p3 I_IEABOC®[3/ =oa®(BNs B
and (ii) (B Mg B’) and B* have a common upper-bound denoted z (because of the property (73)
applied to Gp). From (i) and (ii) we deduce that u and w have a®z as common upper-bound.

7% is obtained because o' ®B" is a common upper-bound of v and w (this point is guarantied
by the orthogonality of G4 and the fact that o # ).
The rest of the proof follows the same analysis. L

Lemr_na 33. If G4 and Gp are orthocomplemented, but neither S4 nor S are orthogonal,
then S4p is NOT orthocomplemented. |

Proof. In order to check the orthocomplemented character of Ssp, we should check the validity
of the relation

(@@L, Lo, BBY) 51 (a@p) (257)
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pure

Forany o’ € &), ~ {a} and B’ € & ~ {B}, we observe that (®Llg, M Le,®B*) and

(a®p |_|§AB a'®p’) have no common upper-bound in S4p, which invalidates the relation (237).
To check this last point, we just note that

(a®p I‘ISABOC'®[3/) = {a®f, BB’} (258)

SAB

The property (258) is easily proved using the expression of (a®f3 HEAB(X/ ®p’) (04, 0p) inherited
from (239). Indeed, it suffices to choose (oy4, 0p) := (a*, ') and (04, 0p) := (Oc’*, *) in the
inequality (a®f I_IEABOC’®[3’)(GA,GB) (a"®B")(0oa,0p) to conclude that (a”,B") = (a, B)
or (a//, //):(a/,ﬁ/>.

Endly, we note that o/ @’ satisfies necessarily (a’®@p’) 2, (a*@J_GBI_IEABJ_GA ®B*) for any

o €& ~{a}and B’ € &5\ {B} if and only if & is orthogonal or S is orthogonal. [

pure

Remark 9. Previous results strongly suggest to study the existence of a suitable completion of
Sap in S g (we recall that S 4p 1S the Inf semi-lattice constituted by bimorphisms from G4 x Gp
to B) : a completion in which the orthocomplementation property ([237) would be restored.
To sketch what we have in mind, let us consider any o, &’ € &, and 8,8’ € &% with ' ¢
{atuar, and B ¢{B}uU ﬁ* (during this remark we will suppose that we are able to choose

o and o such that ot M 4 o 7& J_ ; the trivial case where &4 is a flat domain can be treated
separately). We have noted that (Oc®ﬁ HEABOC, ®PB’) and (a@P)* = (@®Lg, I_IEABJ_GA®/3*)
have no common upper-bound in S,p. This is in fact the precise point where the orthocomple-

mentation property (237) appears to be “broken”. We could however hope to define the supre-
mum A := (a®p I_IEABOC/ ®pB’) U, (a®p)* as an element of Ss5. Indeed, we can observe that
AB

the two properties (*® L HSABJ‘@%A@B*)(GA’ op) € {N, 1} and (¢®p I‘ISAB(X’®[3')(GA, op) €
{N, L} for any (04,08) € G4 x &p allow us to define A(oy,0p) as an element of B for any
(0a,08) € G4 x Gp. Sadly, we can easily invalidate the bimorphic property. Indeed, we re-
mark thit (@®Lg, I_IEABJ_GA ®B*) (o, B) =N and (a®p HEABOC/@)I}/)(OC* uGAa’*,ﬁ) = N, but
(1) ((X*@J__GB HEABJ‘/% @;B*)(a Mg (@ I_I%Aoc’*),ﬁ) = L because (g (o I_Ilngc’*)) ElgA o,
and (2) (a®p M o ®B)(ang (@ Ug a™),B) = L because (aMg (a*Lg ™)) B o and
B’ 2s, B*. As aresult, we have

Ao, (@' Ug o). B)=L #  Ala,B)AA(@* Uy a*,B)=NAN=N (259)

which invalidates the bimorphic property.

As a conclusion, the attempt to build an interesting completion of Sy in S, 4B, allowing to restore
the orthocompletion property for the star tensor product of generic orthocomplemented spaces
of states, seems to be a dead end. Another construction must then be adopted to find the tensor
product adapted to orthocomplementation, and then to quantum systems.
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4 Conclusion

Inspired by the operational quantum logic program, we suspect that probabilities can be viewed
as a derived concept, even in a reconstruction program of Quantum Mechanics. The already
cited remark of S. Abramsky [1, Theorem 4.4] can be viewed as another justification of this
perspective on quantum mechanics. These two perspectives have stimulated our desire to build
an operational description based on a possibilistic semantic (in a sense, the *probabilities’ are
replaced by statements associated to a semantic domain made of three values ’indeterminate’,
“definitely YES’, ’definitely NO’). The present paper intents to develop such an operational for-
malism. It will be called Generalized possibilistic Theory (GpT) as it is partly inspired by the
formalism of Generalized Probabilistic Theory (GPT). We note that we are also indebted to the
work of Abramsky [1]] for our choice to give to Chu duality a central role in our construction,
in replacement of traditional duality between states and effects.

The section 2 is devoted to a brief summary of the axiomatic relative to the space of states
(subsection 2.1)), the space of effects (subsection 2.2)), the set of pure states (subsection 2.3)),
and the notion of “channels” or symmetries for our theory (subsection[2.7)). The section 2 col-
lects and completes some elements already developed in our previous work [9]]. The convexity
requirements imposed traditionally in GPT on the space of states and space of effects are natu-
rally replaced by Inf semi-lattice structures on these spaces in GpT, the set of pure states being
naturally associated to completely meet-irreductible elements of the space of states. Our central
point is the Chu duality imposed between the space of states and the space of effects, with an
evaluation space given by the three elements domain associated to possibilistic statements of
the observer. This Chu duality is sufficient to deduce the whole set of properties of the channels
which are viewed as Chu morphisms.

The section 3 represents a first attempt to the construction of bipartite experiments on compound
systems. This point is central because it has been the main obstacle on the pathway towards a
complete reconstruction of quantum mechanics along the operational quantum logic program.
The central problem in our perspective is the construction of a tensor product for our space of
states and space of effects. It is well known that this tensor product notion is ambiguous in GPT
program [21, Section 5] although this choice of tensor product is the key point for the choice
of theory we want to describe within GPT. The traditional construction of tensor product of
Inf semi-lattices should have been of some help for our work [[12], it is succinctly recalled in
subsection [3.3| and called canonical tensor product. The tensor product, naturally build from
the Chu construction [22], may also have played a role here. Surprisingly, the natural axiomatic
for bipartite experiments, proposed in subsection 3.1} leads to alternative constructions for the
tensor product of Inf semi-lattices (the construction of the symmetries associated to the bipar-
tite space of states is completed in subsection [3.2). To begin, the different tensor products are
placed with respect to the largest one, which is called maximal tensor product and described in
subsection 3.4l The more simple construction is presented in subsection and called basic
tensor product. The comparison between basic tensor product and canonical tensor product is
made in subsection 3.8 and some remarks concerning the specific properties of the basic tensor
product are made in subsection [3.91 The subsection [3.9] comes however to a sad conclusion
: the basic tensor product of orthocomplemented spaces of states is eventually not orthocom-
plemented. This point is crucial in order to use GpT for a reconstruction program of quantum
theory, as it appears clear in our previous work [9]. The basic tensor product appears then to
correspond to a theory which is not quantum. Another construction is detailed in subsection
The new tensor product called star tensor product is defined in intimate connection with
the star structures defined on the spaces of states which are tensored. As shown at the end of
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subsection [3.11] this proposal is also not adequate to obtain an orthocomplementation property
on the tensor product of orthocomplemented spaces of states. We recognize here, even if we
have adopted a rather different perspective, the recurrent problem in defining a tensor product
for quantum logic; this essential problem has already been noticed a long time ago by D. Foulis
and C. Randall in [23]]. We intent to come back to this subject in a forthcoming paper.

References

[1] Abramsky, S. Big toy models. Synthese, 186(3):697-718, Jun 2012.

[2] Abramsky, S. Coalgebras, Chu Spaces, and Representations of Physical Systems. Journal
of Philosophical Logic, 42(3):551-574, 2013.

[3] Abramsky, S., Coecke, B. Categorical Quantum Mechanics. In Engesser, K., Gabbay,
D.M., Lehmann, D., editor, Handbook of Quantum Logic and Quantum Structures, pages
261 — 323. Elsevier, Amsterdam, 2009.

[4] Abramsky, S., Heunen, C. Operational theories and categorical quantum mechanics, page
88—122. Lecture Notes in Logic. Cambridge University Press, 2016.

[5] Aerts, D. Construction of the tensor product for the lattices of properties of physical
entities. Journal of mathematical physics, 25(5):1434-1441, 1984.

[6] Aerts, D., Valckenborgh, F. Failure of standard quantum mechanics for the description of
compound quantum entities. International Journal of Theoretical Physics, 43(1):251-264,
2004.

[7] Balbes, R., Dwinger, P. Distributive Lattices. University of Missoury Press, Columbia,
Missouri, 1975.

[8] Birkhoff, G., Von Neumann, J. The logic of quantum mechanics. Annals of Mathematics,
37:823-843, 01 1936.

[9] Buffenoir, E. Reconstructing quantum theory from its possibilistic operational formalism.
Quantum Studies: Mathematics and Foundations, 10 (1):115-159, 2023.

[10] Coecke, B., Moore, D. J., Wilce, A. Operational Quantum Logic: An Overview, pages
1-36. Springer Netherlands, Dordrecht, 2000.

[11] Crawley, P, Dilworth, R. P.. Algebraic theory of lattices. Prentice-Hall Englewood Cliffs,
N.J, 1973.

[12] Fraser, G.A. The Semilattice Tensor Product of Distributive Lattices. Transactions of the
American Mathematical Society, 217:183—-194, 1976.

[13] Fraser, G.A. The tensor product of semilattices. algebra universalis, 8:1-3, 1978.

[14] Gierz, G., Hofmann, K. H., Keimel, K., Lawson, J. D., Mislove, M., Scott, D. S. Continu-
ous Lattices and Domains. Encyclopedia of Mathematics and its Applications. Cambridge
University Press, 2003.

[15] Gritzer, G. Lattice Theory: First Concepts and Distributive Lattices. 1971.

49



[16] Holland, S. S. Orthomodularity in infinite dimensions : a theorem of M. Soler. Bull. Am.
Math. Soc., 32(math.RA/9504224):205-234, 1995.

[17] Keimel, K., Lawson, J. Continuous and Completely Distributive Lattices, pages 5-53.
Springer International Publishing, Cham, 2014.

[18] MacKey, G. W. The Mathematical Foundations of Quantum Mechanics: a Lecture. Math-
ematical physics monograph series. Benjamin, New York, NY, 1963. This book has also
been published by Dover in 1963.

[19] Piron, C. Survey of general quantum physics. Foundations of Physics, 2(4):287-314, Oct
1972.

[20] Piron, C. On the Foundations of Quantum Physics, pages 105-116. Springer Netherlands,
Dordrecht, 1976.

[21] Plavala, M. General probabilistic theories: An introduction. 03 2021.
[22] Pratt, V.R. Chu Spaces, 1999.

[23] Randall, C., Foulis, D. Tensor products of quantum logics do not exist. Notices Amer.
Math. Soc, 26(6), 1979.

[24] Smyth, M.B., Plotkin, G.D. The category theoretic solution of recursive domain equations.
SIAM J. COMPUT., Vol. 11, No. 4, November 1982.

[25] Stubbe, I., van Steirteghem, B. Propositional systems, Hilbert lattices and generalized
hilbert spaces. In Engesser, K., Gabbay D.M., Lehmann, D., editor, Handbook of Quantum
Logic and Quantum Structures, pages 477 —523. Elsevier Science B.V., Amsterdam, 2007.

50



	Introduction
	Generalized possibilistic Theories (GpT)
	The space of states
	The space of effects
	Pure states
	The space of effects as a space of states
	Particular types of spaces of states
	GpT and Quantum theory
	Symmetries

	Multipartite experiments
	An axiomatic proposal
	Symmetries of the bipartite experiments
	The canonical tensor product construction
	The maximal tensor product
	Candidates for a tensor product
	The basic tensor product
	Multipartite experiments defined by the basic tensor product
	Canonical vs basic tensor product
	Properties of the basic tensor product
	The star tensor product
	Properties of the star tensor product

	Conclusion

