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Abstract

Inspired by the operational quantum logic program, we have the contention that probabilities
can be viewed as a derived concept, even in a reconstruction program of Quantum Mechanics. We
propose an operational description of physical theories where probabilities are replaced by counter-
factual statements belonging to a three-valued (i.e. possibilistic) semantic domain. The space of
states and the space of effects are then built as posets put in duality through a Chuz space. The
convexity requirements on the spaces of states and effects, addressed basically in Generalized Prob-
abilistic Theories, are then replaced by semi-lattice structures on these spaces. The pure states are
also easily constructed as completely meet-irreducible elements which generate the whole space of
states. The channels (i.e. symmetries) of the theory are then naturally built as Chu morphisms. An
axiomatic can then be summarized for what can be called ”Generalized possibilistic Theory” based
on this States/Effects Chu space’s category. The problem of bipartite experiment is then addressed as
the main skill of this paper. An axiomatic for the tensor product of the space of states is then given
and a solution is explicitly constructed. The relations/differences between this tensor product and
the tensor product of semi-lattices present in the mathematical literature are then analyzed. This new
proposal for the tensor product of semi-lattices can be considered as an interesting byproduct of this
work.
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1 Introduction

General Probabilistic Theory (GPT) is a framework developed within the foundations of physics (see
[22]] for a recent review of the abundant literature and an axiomatic construction of GPTs). Promoters of
GPT intent to answer the question: what is a physical theory? This study appeared initially in the context
of axiomatizations of quantum theory, as many researchers were attempting to derive quantum theory
from a set of reasonably motivated axioms.

In the current days, research on GPT is oriented towards operational properties of GPTs, the main skill
being to identify what structure is needed to realize certain protocols or constructions known from quan-
tum information theory or classical information theory. One uses GPTs to get better understanding of
what makes different things in quantum information theory work.

Despite the indeterministic character of quantum theory, it is an empirical fact that the distinct outcomes
of measurements, operated on a large collection of samples of a quantum object, prepared according to
the same experimental procedure, have reproducible relative frequencies. This fundamental fact has led
physicists to consider large collections of statistically independent experimental sequences as the basic
objects of physical description, rather than a single experiment on a singular realization of the object
under study. According to GPT, a physical state (corresponding to a class of operationally equivalent
preparation procedures) is then defined by a vector of probabilities associated with the outcomes of a
maximal and irredundant set of fiducial tests that can be effectuated on collections of samples produced
by any of these preparation procedures. In other words, two distinct collections of prepared samples will
be considered as operationally equivalent if they lead to the same probabilities for the outcomes of any
test on them. The physical description consists, therefore, in a set of prescriptions that allows sophisti-
cated constructs to be defined from elementary ones. In particular, combination rules are defined for the
concrete mixtures of states and for the allowed operations/tests.

It is a basic fact in GPT that this approach is the same as starting with an abstract state space, but instead
of using vectors we would describe states in terms of all of the probabilities they can produce. In GPTs,
ensembles of objects, conditional probabilities and conditional states can be represented by their respec-
tive state spaces and so we can treat them as any other state space and we can use known results, instead
of having to prove them ab initio. Representing all transformations by “channels” allows us to use the
constructions from frameworks based on category theory, since one can interpret state spaces as objects
and channels as morphisms.

Although this probabilistic approach is now accepted as a standard conceptual framework for the
reconstruction of quantum theory, the adopted perspective appears puzzling for different reasons.
First of all, the observer contributes fundamentally to give an intuitive meaning to the notions of prepa-
ration, operation and measurement on physical systems. However, the concrete process of “acquisition
of information’ (by the observer / on the system) has no real place in this description. Secondly, the
definition of the state has definitively lost its meaning for a singular prepared sample, and the physical
state is now intrinsically attached to large collections of similarly prepared samples. The GPT approach
adopts the probabilistic description of quantum phenomena without any discussion or attempt to explain
why it is necessary. Thirdly, in order to clarify the requirements of the basic set of fiducial tests necessary
and sufficient to define the space of states, this approach must proceed along a technical analysis which
fundamentally limits this description to ’finite dimensional’ systems (finite dimensional Hilbert spaces
of states). Lastly, the axioms chosen to characterize quantum theory, among other theories encompassed
by the GPT formalism, must exhibit a "naturality’ that - from our point of view - is still missing in the
existing proposals.

Alternative research programs have tried to overcome some of these conceptual problems. Adopting
another perspective, the operational quantum logic approach tries to avoid the introduction of probabili-
ties and explores the relevant categorical structures underlying the space of states and the set of properties
of a quantum system. In this description, probabilities appear only as a derived concept. Following G.
Birkhoff and J. Von Neumann [9]] and G. W. Mackey [19], this approach focuses on the structured space



of ’testable properties’ of a physical system. The mathematical structure associated with the set of quan-
tum propositions defined by the closed subspaces of a Hilbert space is not a Boolean algebra (contrary
to the case encountered in classical mechanics). By shifting the attention to the set of closed subspaces
instead of the Hilbert space itself, the possibility is open to build an operational approach to quantum me-
chanics, because the basic elements of this description are yes/no tests. G.W. Mackey identified axioms
on the set of yes/no tests sufficient to relate this set to the set of closed subspaces of a complex Hilbert
space. Later, C. Piron [20, [21] proposed a set of axioms that (almost) lead back to the general framework
of quantum mechanics (see [[11]] for a historical perspective on the abundant literature). Piron’s frame-
work has been developed into a full operational approach and the categories underlying this approach
were analyzed. It must be noted that these constructions are established in reference to some general
results of projective geometry and are not restricted to a finite-dimensional perspective.

Despite some beautiful results (in particular the restriction of the division ring associated to the Hilbert
space from Piron’s propositional lattices [[17]) and the attractiveness of a completely categorical approach
(see [25]] for an analysis of the main results on propositional systems), this approach has encountered sev-
eral problems. Among these problems, we may cite the difficulty of building a consistent description of
compound systems due to no-go results related to the existence of a tensor product of Piron’s propo-
sitional systems [24][6} [7]. These problems have cast doubts on the adequacy of Piron’s choice of an
“orthomodular complete lattice™ structure for the set of properties of the system.

Other categorical formalisms, adapted to the axiomatic study of quantum theory, have been developed
more recently [3]] and their relation with the ’operational approach’ has been partly explored [} 2, 4]. In
[1}, Theorem 3.15], S. Abramsky makes explicit the fact that the Projective quantum symmetry groupoid
PSymmH Y is fully and faithfully represented by the category bmChuy 1, i.e., by the sub-category of the
category of bi-extensional Chu spaces associated with the evaluation set [0, 1] obtained by restricting it
to Chu morphisms (f;, f*) for which f is injective. This result suggests that Chu categories could have
a central role in the construction of axiomatic quantum mechanics as they provide a natural characteriza-
tion of the automorphisms of the theory. More surprisingly, and interestingly for us, S. Abramsky shows
that the aforementioned representation of PSymmH is ’already’ full and faithfull if we replace the evalu-
ation space of the Chu category by a three-element set, where the three values represent “definitely yes”,
“definitely no” and "maybe” [[1, Theorem 4.4]. S. Abramsky did not affirm that a three valued semantic
is sufficient to found a complete axiomatic quantum theory, close to Piron’s program or alternative to it,
and allowing a complete reconstruction of the usual Hilbert formalism, although its result was clearly
leading to this prospect. It was the purpose of our last paper [10] to explore this question for the first
time. This paper was devoted to present the basic elements of this "possibilistic’ 2} semantic formalism.

In the present paper, we begin to develop an analog of GPT based on this three-valued Chu space
operational description of physical systems. As a sort of word game, we will designate this attempt as
Generalized possibilistic Theory (GpT). To allow for the same degree of generality as GPT, we present
in Section 2 a set of axioms for the spaces of states and the spaces of effects of single systems which
appear more general than in [10]. In Section 3, we intentionally focus our study on the problem of
bipartite experiments (this question had been led untouched in [[10]). To complete this description, we
exhibit a construction of the tensor product of complete semi-lattices which necessarily differs from the
traditional construction of this tensor product, present in mathematical literature. This can be considered
as a significant byproduct of the present paper, which deserves further investigations.

IThe objects of this category are the natural space of states in quantum mechanics, i.e., the Hilbert spaces of dimension
greater than two, and the morphisms are the orbits on semi-unitary maps (i.e. unitary or anti-unitary) under the U(1) group
action, which are the relevant symmetries of Hilbert spaces from the point of view of quantum mechanics.

2In the rest of this paper we refer to this construction, based on a three-valued Chu space, as a ’possibilistic’ approach to
distinguish it from the *probabilistic’ one.



2 Generalized possibilistic Theories (GpT) for a single system

Adopting the operational perspective on quantum experiments, we will introduce the following defini-
tions.

A preparation process is an objectively defined, and thus ’repeatable’, experimental sequence that allows
singular samples of a certain physical system to be produced, in such a way that we are able to submit
them to tests. We will denote by 3 the set of preparation processes (each element of 3 can be equiva-
lently considered as the collection of samples produced through this preparation procedure). 1/

For each property, that the observer aims to test macroscopically on any particular sample of the con-
sidered micro-system, it will be assumed that the observer is able to define (i) some detailed ’procedure’,
in reference to the modes of use of some experimental apparatuses chosen to perform the operation/test,
and (ii) a ’rule’ allowing the answer ’yes’ to be extracted if the macroscopic outcome of the experi-
ment conforms with the expectation of the observer, when the test is performed on any input sample (as
soon as this experimental procedure can be opportunely applied to this particular sample). These oper-
ations/tests, designed to determine the occurrence of a given property for a given sample, will be called
yes/no tests associated with this property. The set of "yes/no tests’ at the disposal of the observer will be
denoted by . 14!

A yes/no test t € T will be said to be positive with certainty (resp. negative with certainty) relatively to
a preparation process p € B iff the observer is led to affirm that the result of this test, realized on any of
the particular samples that could be prepared according to this preparation process, would be ’positive
with certainty’ (resp. would be ’negative with certainty’), *should’ this test be effectuated. If the yes/no
test can not be stated as ’certain’, this yes/no test will be said to be indeterminate. Concretely, the ob-
server can establish the ’certainty’ of the result of a given yes/no test on any given sample issued from
a given preparation procedure, by running the same test on a sufficiently large (but finite) collection of
samples issued from this same preparation process: if the outcome is always the same, the observer will
be led to claim that similarly prepared 'new’ samples would also produce the same result, if the exper-
iment was effectuated. To summarize, for any preparation process p and any yes/no test t, the element
e(p,t) € B:={L,Y,N} will be defined to be L (alternatively, Y or N) if the outcome of the yes/no test t
on any sample prepared according to the preparation procedure p is judged as ’indeterminate’ (’positive
with certainty’ or 'negative with certainty’, respectively) by the observer.

e : PxT — B:={L YN}
(ht) = e(p,t).

When the determinacy of a yes/no test is established for an observer, we can consider that this ob-
server possesses some elementary ’information’ about the state of the system, whereas, in the ’indeter-
minate case’, the observer has none (relatively to the occurrence of the considered property).

The set B will then be equipped with the following poset structure, characterizing the ’information’
gathered by the observer:

)

VuyveB, (u<v):e (u=Loru=v). (2)

(%8, <) is also an Inf semi-lattice which infima will be denoted A\. We have

_Jx if x=y
Vx,y € ‘B, x/\y—{ Lif xty 3)
We will also introduce a commutative monoid law denoted e and defined by
Vx €8, xeY=x, xeN=N, lel=1. 4

3The information corresponding to macroscopic events/operations describing the procedure depend on an observer O. If this
dependence has to be made explicit, we will adopt the notation ‘,B(U) to denote the set of preparation processes defined by the
observer O. This mention of the observer will be also attached to the different quotients associated to the space of preparations.

4If the dependence with respect to the observer O has to be made explicit, we will adopt the notation T to denote the set
of tests defined by the observer O. This mention of the observer will be also attached to the different quotients associated to the
space of yes/no tests.



x ey will be called the product of the determinations x and y.
This law verifies the following properties

VxeBYBCB  xe AB=/\,cp(xeb), (5)
Vx € BYC Conain B x0\/B=\/pep(xob). (6)
(98, <) will be also equipped with the following involution map :

1: =1 Y: =N N:==Y. (7)

2.1 The space of states

A pre-order relation can be defined on the set *J3 of preparation processes. A preparation process p, € 3
is said to be sharper than another preparation process p; € ‘B (this fact will be denoted p; C,, p2) iff any
yes/no test t € T that is "determinate’ for the samples prepared through p is also necessarily ’determinate’
with the same determination for the samples prepared through p,, i.e.,

VpLp2 €, (M Cyp) & (VEET, e(pr,t) <e(pa,t) ), ()

If p1 E,, p2 (i-e., po is ‘sharper” than py), p; is said to be "coarser’ than p;.

An equivalence relation, denoted ~,;, is defined on the set of preparations 93 from this pre-order
relation. Two preparation processes are identified iff the statements established by the observer about the
corresponding prepared samples are identical. A state of the physical system is an equivalence class of
preparation processes corresponding to the same informational content. The set of equivalence classes,
modulo ~,;, will be called space of states and denoted S. In other words,

VP, p2 €, (p1~y p2) & (VEET, e(pr,t) =e(p2,t) )& (p1 Ey p2 and py Iy p2), (9)
bl = {p' Pl ~pp} (10)
S = {[pllpeP} (11)

The space of states G is partially ordered. Explicitly
V01,00 €6,(01Cg 02) & (Yp1,p €P, (o1 =[pi],oa=[p2]) = (M Cyp2)). (12)
We will derive a map € according to the following definition :

€ : T — WS

13
t = e [ allpl):=ept), peP. (1

For any t € €, & is an order-preserving map on &
Voj,00 € 6, (01Cg 02) & (Ve T, g(or) <&(o)), (14)

If we consider a collection of preparation processes P C 3, we can define a new preparation proce-
dure, called mixture and denoted |—|Q3P, as follows. The samples produced from the preparation proce-
dure [ ] * P are obtained by a random mixing of the samples issued from the preparation processes of the
collection P indiscriminately. As a consequence, the statements that the observer can establish after a
sequence of tests t € T on these samples produced through the procedure |_|qu is given as the infimum
of the statements that the observer can establish for the elements of P separately. In other words,

vPCp, [ PPep | (vteT o[ TR0 = A uem,0). (15)
The space of states inherits a notion of mixed states by defining
s P
vPCP,  [].LIel=1]] Pl (16)



As aresult, the space of states inherits a structure of down-complete Inf semi-lattice. In other words,
AD VST, ([|°S) existsin &, and Vte T, & |°S) = A, &(0). (17)
As a direct consequence, the space of states is then also bounded-complete, i.e.

vSC& ST, (1S existsin &, (18)

where V&' C6,¥SC &, S 1230’ €& |6 C, ¢/, Yo €8,

=6

We will also assume that there exists a preparation process, unique from the point of view of the
statements that can be produced about it, that can be interpreted as a 'randomly-selected’ collection of
‘un-prepared samples’. This element leads to complete indeterminacy for any yes/no test realized on it.

dp, eP ‘ (erz, e(pL,t):J_). (19)
Hence, the partial order (&,C ) admits a bottom element, denoted L := [p |. In other words,

(A2) 31_.€6|Voe6, L C, o, (20)

2.2 The space of effects

We can introduce a pre-order relation on the space of yes/no tests T as well :
Vf],szS, (f] ET fz) = (VGEG, Et](G)SEtZ(G) ), (21)

and an equivalence relation, denoted ~_, can be derived from this pre-order on the set of yes/no tests T,
ie. t; ~_ tp is equivalent to (t C.tbandt I t2). An effect of the physical system is an equivalence
class of yes/no tests, i.e., a class of yes/no tests that are not distinguished from the point of view of the
statements that the observer can produce by using these yes/no tests on finite collections of samples. The
set of equivalence classes of yes/no tests, modulo the relation ~_, will be denoted €. In other words,

Vb €T, (i~ ) o (VOEG, g (0)=¢,(0)), (22)
[t] = {{eT|t~ t}, (23)
¢ = {|t|teT} (24)

The set of effects € is then equipped naturally with a partial order denoted C,.
We will adopt the following abuse of notation €| := &, Vt € T.
We have by construction

(1=1r), (25)
(o=0"). (26)

VLl € €, (Vo e &, g(o)=¢/(0))
Vo,0' €6, (Vi€ ¢, g(o) =¢g(o"))

We note that (S, €, ) forms a bi-extensional Chu space [23]].

=
=

If we consider a collection of tests 7 C ¥, we can define a new test, called mixture and denoted [ | TT,
as follows. The result obtained for the test |—|'IT is obtained by a random mixing of the results issued
from the tests of the collection 7' indiscriminately. As a consequence, the statements that the observer
can establish after a sequence of tests is given as the infimum of the statements that the observer can
establish for each test separately. In other words,

vrcx, 3[Tet | (Voeo, e757(0) = N icr(0)). 27)

The space of effects inherits a notion of mixed effects by defining

vres, [, =1171. (28)



As a result, the space of effects inherits a structure of down-complete Inf semi-lattice. In other words,
A3) VECEC, ([]°E) existsin €, and Vo € &, erex(0) = A\ e 6(0). (29)

The conjugate of a yes/no test t € ¥ is the yes/no test denoted t and defined from t by exchanging the
roles of Y and N in every result obtained by applying t to any given input sample. In other words,

VteT,Vo €S,  &(o):=¢&(0). (30)
We note the following definition of the conjugate of an effect
viee, I={t|l=|t}. (31)
We will sometimes use a particular effect called "partial trace”, denoted )¢ and defined by
VoeB, &£y9,(0):=Y. (32)
An effect [ € & will be said to be festable iff it can be revealed as ’certain’ at least for some collections

of prepared samples. In other words, ’[ is testable’ means 8[’1 (Y) #02.

Lemma 1. For any testable effect [, there exists an element X := |—|Ge[_1 (Y) € &, called effect-
state, such that the filter & !(Y) is the principal filter (Te ). [
We will allow for a generalized definition of effects. Let us consider X,X' € & such that Ty, We
define [, ,, according to g (Y) :=1°% and g (N) =%
" b =

(b)) )

Theorem 1. Let us consider B := {b( | [ € €} a family of elements of ‘B satisfying

Vilee, (1T, )= (b <by), (33)
v{li|iel} C¢, bﬂ,-i,-[i:/\iel by, (34)
VieE®,  by=b. (35)
Then, we have
NoeG | VIeE, g(o)="b. (36)
|
Proof. Straightforward. It suffices to define (5 := |_|e{[ |bi=Y}ando:=% = |_|68[;1(Y). O
Corollary 1.
V{oi|i€l} Conain S, 0 €S | VIEE, &(0) = \[ics &(07), (37)
c = |l o (38)
|

Proof. First of all, we note that {0; | i € I'} Ccpuin © and property 1) implies that {&(0;) | i € I} Ccnain
B for any [ € € and then V¢, &(0;) exists for any [ € & due to the chain-completeness of 8.

Using the properties @I)@Z)(@0) of the map € and the complete-distributivity properties satisfied by 9B,
we can check easily that {\ic; &(0;) | [ € €} satisfies properties (33)) (33). As a consequence, the
property (37) is a direct consequence of Theorem/I1

By definition of the poset structure (I4]), we deduce, from the property (VI € &, &(0o) = Vies &(0i)),
that 6 J, o;, Vie I and (¢’ Jg 0;, Vie I) = (0 J, o'). In other words, 0 = |_|i16,-. O



2.3 Pure states

A state is said to be a pure state iff it cannot be built as a mixture of other states (the set of pure states
will be denoted G™"). More explicitly,

pure

(G}
ce@” & (VSCP6, (o=[]'S) = (c€¥9)). (39)
In other words, pure states are associated with completely meet-irreducible elements in &. L]
We will moreover assume that every state can be written as a mixture of pure states. In other words,

pure

(Ad) Voes, G:|_|Gg, where 0 = (& ﬂ(TGG)). 41

Remark 1. If G is a bounded-complete algebraic domain (here, G is already assumed to be a bounded-
complete and chain-complete Inf semi-lattice), previous property is a direct consequence of [[15, Theorem
1-4.26 p.126].

Remark 2. We note that & = M — Irr(S) is the unique smallest subset of & satisfying property #I).
This point is mentioned in [15, Remark 1-4.22 p.125].

pure

A simple characterization of completely meet-irreducible elements within posets is given in [15]
Definition 1-4.21] :

cec6

- { 0 € Max(6) (Type 1) 42)

(TGG) ~{o} admits a minimum element (Type 2)

This characterization is equivalent to the basic definition (39) for a bounded-complete Inf semi-lattice
like S.
From Corollary [Il using Zorn’s Lemma, we deduce that

Vo € 6, Jo' € Max(S) | o C, 0. (43)

From that remark, we can decide to eliminate Type 2 pure states. Indeed, it is clear that *Type 2’ pure
states have no physical meaning. Indeed, for any "Type 2’ pure states, it exists some 'Type 1’ pure states
sharper than it (and, then, containing more information than it). The existence of *Type 2’ pure states in

pure

the space of states leads then to a redundant description of the system. We will then require that &,
i.e. the set of completely meet-irreducible elements M — Irr(&), be constituted exclusively of maximal
elements of G. In other words, we require the space of states to be such that

(A5) N—1Irr(6) = Max(S). (44)

From now on, Chu spaces (&, &, €) which elements satisfy the axioms (A1) — (A5) will be called
States/Effects Chu spaces.

2.4 Symmetries of the system (’Channels”)

Observer O; has prepared a state o] € 6(0‘) and intends to describe it to observer O,. Observer O,
is able to interpret the macroscopic data defining o) in terms of the elements of s using a map
Sy & - e (i.e., O> knows how to identify a state f, , (o1) corresponding to any 7). Observer
O, has selected an effect [, € ¢ and intends to address the corresponding question to O;. Observer
O is able to interpret the macroscopic data defining [, in terms of the elements of ¢ using a map
fm) ¢ (i.e., 07 knows how to fix an effect f<21)([2) corresponding to any ly). The pair

SWe note that complete meet-irreducibility implies meet-irreducibility. In other words,

cec6 = (V01,00€6, (6=01Ng0n) = (6=0] or 6=02)). (40)

lllll



of maps (f<12),f<21)) where f, S = &% and " : €% — & defines a dictionary formalizing

the transaction from O to O,. The main task these observers want to accomplish is to confront their

knowledge, i.e., to compare their ’statements’ about the system. As soon as the transaction is formalized

using a dictionary, the two observers can formulate their statements and each confront them with the

statements of the other. First, observer O; can interpret the macroscopic data defining [, using the map

f(m. Then, he produces the statement 8;?211))([ )(61) concerning the results associated to this effect on
2

the chosen state. Secondly, observer O, can interpret the macroscopic data defining o) using the map
J12)- Then, observer O, pronounces her statement 8[<202) ( fo (01)) concerning the results associated to the
effect [ on the correspondingly prepared state. The two observers, O and O,, are said to agree about
all their statements iff

(02) (01)

8[2 (f(]z)(cl)) =& o

(01) (07)
Vo, €6 VL e &
ol ' ’ 72 (1)

(o1). (45)
To summarize, we will define symmetries of the system as follows.

Definition 1. The symmetries of the system (also called "Channels” or “transformations” in the
literature on Generalized Probabilistic Theories [22]) are defined as Chu morphisms [23] from a
States/Effects Chu space (6(0]),@0‘),8(0‘)) defining the space of states and effects associated to
the observer O, to another States/Effects Chu space (6<02) , ¢ , 8(02)) associated to the observer
0>, i.e. as pairs of bijective maps f,, : &' - and f<21
(45).

" ¢ satisfying property

Definition 2. The composition of a symmetry (f<12> f(m) from (&, Y10 (87, % )
by another symmetry (gm) .8 defined from (&, €™ &) to (6™, & ) is given by

the pair of bijective maps (g,, © f,, M og™ deﬁnmg a valid symmetry from (&', ¢, 8<01))

©03) 403) _(03)
to (&7, ¢ 7 e ).

As noted in [10], the duality property (43) suffices to deduce the following properties.

Theorem 2. f ., and f Y are bijective order-preserving maps satisfying

&(01) &(02)
VS C 6(0])7 f(]z)(l—l Sl) - I—lolesl f(12)(61) (46)

&(01) &(02)
VC1 Cchain 6(0]>7 f(]z)(|_| Ci) = |_|o‘1€C1 f<]2)(61) (47)
f (Lemn) - L6<02> (48)

and
o @1 ¢(02) e )

vEce®), (e =[5 £ (k) 49)
Vhee©) Y (h) =™ ( ) (50)
£ ) = 51)
Note that, due to properties @) (@S8) and @9), as long as SOV satisfies axioms (A1) (A2) (A3),
&(02) satisfies axioms (A1) (A2) (A3) as well. [ |

Proof. All proofs follow the same trick. For example, for any §; C S(01) and any [ € (’3<O2), we have,



using @3) and 29) :
(02) &(01) ) s01)
(01)
/\61651 8f<2]l)([2)(61)

(02)
= /\01651 8[22 (f;lz)(ol))

(0) &(02)
= & ([ Joesfu(01) (52)
We now use the property (26)) to conclude on (46).
To give another example, we justify the property @8) :
(0) (07) (01)
Vhe € & (fi(Lyo))) = 8f<2]|)([2)u_6<01)) =L (53)
implies f<12>(J‘6<01>) =L o O

Theorem 3. Pure states in G(?2) are exactly the direct images by fi1) of pure states in o),

Moreover, as long as S(91) gatisfies axiom (Ad), S(02) gatisfies axiom (A4) as well. |

Proof. Let us consider a state 6, in &(02) guch that f(;i (07) is a pure state in S0, For any $7 C &(02)
. . &(02) _ _ &(02) s .

satisfying oo =[]~ Sz, we have fmi (02) = fmi(ﬂ S$2) = |—|G£€S2f(|2§(6§) using @6), and then

f( 1_21 (on) € f<1_2; (S2) (due to complete irreducibility of f( 1_21 (02)), and then 6, € S,. As a conclusion, o3 is

completely meet-irreducible in G(92), i.e. it is a pure state of G(2).

Conversely, let us consider 6, a pure state in &(92) and let us consider S 1 C S(91) such that f(l_zi (0n) =
5(01) 5(01) 5(01) . . . o
ne 'S, we have 0, = (T &1 S1) =] ;{ e]S| i (07) using @6). Now, using complete irreducibility
of 0, we deduce that there exists 0y € S such that 0, = f,, (01), i.e. f(l_zi (02) € S;. Hence, f(l_zi (02) is

a pure state in G(O1).
Secondly, let us consider that &(©V) satisfies axiom (A4). We note that, due to the property f (6(01)) =

pure

&%) and the order-preserving character of the bijective map fin)» We have f, (o) = £, (o). Using

pure

~(0))

this result, axiom (A4) and property ([@6)), we obtain for any 6; € G(91), fuy(01) = f<12)(|—|b 1 o) =
501) )

ne fin(01) = ne 1 (01). In other words, &(%2) = f, (&%) satisfies axiom (A4). O

Theorem 4. As long as S01) gatisfies axiom (A5), S(02) gatisfies axiom (A5) as well and
f (Max(6(9)) = Max(&(92)), [ |

Proof. For any 6, completely meet-irreducible element in &(92), f( 172% (o) is a completely meet-irreducible

element in G(9) and then f“_zi(oz) € Max(6(9)) because &9 satisfies axiom (A5). Let us imag-

. . / . 71 / 71 . .o
ine that there exists o} QG 0, we have necessarily f<12> (03) QG(OZ) f( o (02) because fin is bijec-

(07)
tive and order-preserving, and then f(l_zi (02) = f(;i (03) because f(;i (02) € Max(&(9)). As a result,
o) € Max(6(02)). We conclude that &(92) satisfies axiom (A5).

Let us consider o] € Max(G(Ol)) and let us consider that there exists o Qewz) f(]z)(ol). We have

necessarily f;;;(ﬁg) QG o1 because f,, is bijective and order-preserving, and then ]‘(1_2;(62) =0

(02)
because 67 € Max(&(91). As a result, fun(01) € Max(6(92). We conclude that f (Max(&9))) C
Max(&(2)). On another part, for any 6, € Max(&(92)), f(;i(cz) is a completely meet-irreducible ele-
ment of G0V, i.e. an element of Max(&(1)), and then o, = T (f“_zg (02)) € fi1y) (Max(G(91)). As a
final conclusion, f, (Max(&(9)) = Max(&(92)), O
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As a conclusion of all results of this subsection, the defined symmetries relate fully and faithfully
the States/Effects Chu spaces. From now on, we will consider this category of States/Effects Chu spaces
equipped with Chu morphisms.

Remark 3. As a first example, we note that the identity map (id , id, ) is a symmetry from the States/Effects
Chu space (S, €&, €) to itself.
As a second example, we note that the map (9 ,id, )

3 Bipartite experiments

We now intent to describe an experiment on compound systems, implying two parties : Alice and Bob.
The bipartite state space will be formed from two given spaces of states G4 and Gp. It will be clear later
on that this notion of bipartite space of states is ambiguous and different constructions can be proposed.

We now begin with a basic axiomatic proposal for the description of bipartite experiments (see [22,
Section 5] for an analogue proposal in GPT’s perspective). We will denote by S5 = G4 X Sp the cor-
responding space of states.!®) We will also denote by €43 = €4 X &5 the bipartite effect space formed
from two given effect spaces 4 and . We will denote £45 the corresponding bipartite evaluation map
from &, to B4, We will assume the following requirements about these elements.

First of all, we have to build (Sap, €4p,£48) as a valid Spaces/Effects Chu space.

In particular, we will assume that G4p admits mixed bipartite states. In other words,

V{ Oi AB | i€ I} C Gyg, |—|?EAIB Oi AB exists in Gyp,

(B1) . & (54)
V{ojap|i €1} C Gyp,Vlap € Epp, Eﬁg(ﬂ,’é‘f 0iaB) = Nier Eﬁi(Gi,AB)-
The space Gy4p is then turned into a poset with
VOup, Oy € Gap, (O Ce,p oxg) = (oup Mo, Oup = OAB ),
<~ (V[AB € QZAB, Eﬁi(GAB) < Eﬁi(GAB)). (55)
In the same logic, we will assume that €45 admits mixed bipartite effects. In other words,
B2 V{liap | i €1} C Eyp, erAf l;ap exists in €yp, s6
( ) V{ [,'7,43 ‘ i€ I} C @AB,VGAB S 6,43, EAB@AB (GAB) = /\iel eﬁfB(GAB)- ( )
iel liAB ‘
The space of bipartite effects €4p is then turned into a poset with
Viag Uig € Gap, (B Ce,, tig) & (M, lpg = ls),
= (VGAB c GAB, Eﬁlz(GAB) < eléi(GAB))- (57)

Secondly, for every effects [4 and [ realized independently by Alice and Bob respectively, we will
assume that there must exist a unique associated bipartite effect in €4p5. As a consequence, we will as-
sume that there are maps lAGB : €4 X Eg — €E4p which describe the inclusion of ’pure tensors’ in E4p
(for readability, we shall write [4 X [z rather than lfB([A, [g)). This axiom will be denoted (B3).

In the same logic, for every states o4 € G4 and op € Gp, prepared independently by Alice and Bob,
we will assume that there must exist a unique associated bipartite state in G4p. As a consequence, we
will assume that there are maps lAGB : 64 X Gp —> G4p which describe the inclusion of *pure tensors’

5Throughout this short axiomatic introduction, we adopt the inadequate notation X for the tensor product in order to allow
for different candidates for this tensor product. These different candidates will be denoted ®, ®,...
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in G4p (for readability, we shall write 64 X op rather than lAGB(GA, 03)). This axiom will be denoted (B4).

Thirdly, for every Oap, 045 € Sap such that o4p # 045, we will assume that there must exist effects
4 € €4 and [p € Ep such that when Alice and Bob prepare o4p and apply [4 and [z respectively, the
resulting determination is different from the experiment where Alice and Bob prepare o} and apply [4
and [p respectively. As a summary, applying effects locally is sufficient to distinguish all of the states in
Gap (this principle is called “tomographic locality”), i.e.

(B5)  Voup, 045 € Gap, (Vly € Ca,lg € €, e0fy (0ap) = €1k, (0h5)) & (0ap=04z).(58)

Endly, let us consider that Alice and Bob realize their experiments on a pure tensor state. In the sim-
plest scenario, Alice applies [4 € €4 and Bob applies Iz € €5 independently. Since these two experiments
are independent, the resulting determination has to be the *product’ of the respective determinations, i.e.

(B6) Vo, € G4,Vop € Gp, Vg € €4,V € Ep, Eﬁ%[B(GA gGB) = EQ(GA) 0863(63). 59)

It is essential to note that our identification of the bipartite states space G4p according to previous
axioms is such that, if Alice (or Bob) prepares a mixture of states, then this results in a mixture of the
respective bipartite states. More explicitly,

S S
[N Bos = [ (ciaRop), (60)
S S
xR ([ |icroin) = [ |ict (4R 0ip). (61)
Indeed, using properties (59) (I3) (3) (34), we deduce that, for any [4 € €4, (5 € Ep, {Oja | i€} C Sy
and op € Gp
S S
et ([ Jicroia)Rop) = el ([ |ici0ia) e €l (0B)
= (/\iel e, (0ia)) o €7, (0p)
= /\iel(eﬁ\(GiA)‘gﬁ;(GB))
= /\iEl e1%, (014 K op)

= et ([ (oiaRop)), (62)

and then, using property (38)), we obtain the property (60). We obtain the property (61l along the same
lines of proof.

Now, we intent to identify potential candidates for this bipartite space of states S4p and space of
effects €45 and posit it with respect to the standard construction of tensor products of Inf semi-lattices.

3.1 The minimal tensor product

We begin to introduce the classical construction of G.A. Fraser for the tensor product of semi-lattices
[13} [14]. As it will be clarified in the next subsection a new proposal for the tensor product of semi-
lattices has to be made in order to complete our work. In this subsection, it will be assumed that (S4,€")
satisfy Axiom (A1l).

Definition 3. Let A, B and C be semilattices. A function f : A x B— C is a bi-homomorphism if

the functions g, : B— C defined by g,(b) = f(a,b) and h; : A — C defined by hy,(a) = f(a,b)
are homomorphisms for alla € A and b € B.

12



Theorem 5. [13, Definition 2.2 and Theorem 2.3]

The tensor product Syp := G4 ® Gp of the two Inf semi-lattices G4 and Gp is obtained as a solution
of the following universal problem : there exists a bi-homomorphism, denoted 1 from G4 x Gp to
Sap, such that, for any Inf semi-lattice & and any bi-homomorphism f from G4 x Gp to G, there
is a unique homomorphism g from Syp to & with f = got1. We denote 1(0,0’) = 6 ® ¢’ for any
0 €6, and 0’ € Gp.

The tensor product S4p exists and is unique up to isomorphism, it is built as the homomorphic
image of the free [ semi-lattice generated by the set G4 X Gp under the congruence relation de-
termined by identifying (01, 02,0") with (01,06") (02, 0) for all 61,07 € G4,0" € &5 and
identifying (0,07 ©;) with (0,67)11(0,0;) forall 6 € &4,01,0; € &p.

In other words, S4p is the Inf semi-lattice (the infimum of S C S4p will be denoted |—|5AB S) gener-
ated by the elements 04 ® o with 64 € G4, 05 € S and subject to the conditions

(0aNg, 04)®0p=(0a®0p)M (04 ®0p), 0a®(0pMg, Op) = (0a®0p)M (Ca®0g). (63)
The elements of S4z can be written (ﬂf’e“; 0,4 ® 0;5) with [ finite and 0;4 € S4,0;5 € S, for
any i €1. |
Definition 4. The space Sqp = G4 ® Gp is turned into a partially ordered set with the following

binary relation

VOu, Oap € Sap, (0aB Ty, O4p) = (OagM, Oap=0ag) (64)

Definition 5. A non-empty subset R of G4 x Gp is called a bi-filter of G4 x Gp iff

V04,014,004 € 64,V03,01 8,025 € Gp,

((01,4,018) < (024,02) and (014,01 8) €ER) = (024,008) €R, (65)

(GI,A7GB)7(027A7GB) ER = (G]ﬁA |—|6A 62,A7GB) € R, (66)

(GA, 0173), (GA762,B) ER = (GA, O1.B l—IGB 0273) € A. 67)
Definition 6. If {(0) 4,01 5), - ,(0n4,0,5)} is a non-empty finite subset of G4 x Sp, then the
intersection of the collection of all bi-filters of &4 x & which contain (61 4,01 8),--,(Cp4,0nB)
is a bi-filter, which we denote by F{(014,018), - ,(Ona,0n8)}

Lemma 2. If F is a filter of Syp = G4 ® Gp then the set ¢ (F) :={ (04,08) € G4 x Sp| 04 R 0p €

F } is a bi-filter of &4 x Gp. |
Lemma 3. [14, Lemma 1] Let us choose 04,014, -+ ,0,4 € &4 and 0p,01, -+ ,0,p € Gp.
Then,
N
(0a,08) € 5{(01.4,018), - ,(Ona,0nB)} & ( 1%i<n Oia ® CTi,B) Cy,, Oa®0p. (68)
[ |

Proof. Let us suppose that (04,08) € §{(014,018), - ,(0na,0np)}. Let F be the principal filter in
G4 ® Gp generated by (H?Agign CiA® G,'7B). Then 0;4 ® 0; g € F forany 1 <i <n, and then (0; 4, G,-7B) €
o(F) for any 1 <i <n. Hence, §{(014,018), - ,(0na,0n8)} C &(F), and then (04,0p) € a(F). As
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N
aresult, o4 ® op € F and then (|—| 1A§Bi§n Cia® 6,-73) ESAB 04 ® Op.

Let us now suppose that ( ?A;ign CiA® G,-7B) C,,, Oa®0p. Letu: G4 x 65 — {0,1} be such that

u(ox,08) =1 < (0a,08) € 5{(014,018),  ,(Ona,0np)} (69)

u is a bi-homomorhism. Then, there exists a homomorphism v: G4 ® &g — {0, 1} such that u(cs,0p) =
v(os ® op) for any 64 € G4 and op € Gg. We have then u(oy,0p5) = v(04 ® 0) > v( ?‘fKn Cia®
G,"B) = /\ 1<i<n V(GjﬂA ® G,"B) = /\ 1<i<n M(G,"A, (7@3). Since M(G,"A, G,"B) =1 for any 1 <i< I’l,:)VE: deduce
that u(oy,0p) = 1 and then (o4, 03) € §{(014,018), - ,(Ona,0ns)}- O

Lemma 4. [14, Theorem 1]

Let us choose 04,014, ,0,4 € G4 and 0,01 B, -+ ,0, 8 € Sp. Then,

N . . .
(I—l IA;S” Cia® 6,-73) C,,, 0a®0p <« there exists a n—ary lattice polynomial p | oA Js, p(O14,-+ ,0n4)
and op Jg, p* (018, ,Onp). (70)

where p* denotes the lattice polynomial obtained from p by dualizing the lattice operations. W
Proof. Letus fix 01 4,---,0,4 € 64 and 01 3, -+ ,0, 3 € Gp and let us consider

F = {(GA,GB) | oy

Jg, P(O1,4,++,0,4) and 0 g p* (018, "+ ,0np) for some n—ary polynomial p }. (71)
It is obvious that F contains (01 4,018), - ,(OnA,OnB)-

It is also easy to check that F is a bi-filter.

Endly, we can check that every bi-filter which contains (01 4,01), -+, (Ona,Cpp) contains also F.

This point can be checked by induction on the complexity of the polynomial p by using the following

elementary result, consequence of the bi-filter character of F,

(04U, 04,08, Op) €F

Vou,04 € Gy, 08,05 € &g, ((04,08),(04,05) €EF) =
A VB » ((04,08), (04, 05 ) (0aMs, O4,08Ug, Op) €F

O
Theorem 6. For any 4 € €4,z € &g the map
[121-,9[3 : 6,4 X 63 — B (72)

(0a,08) — € (0a)eel(0p)

is a bi-homomorphism. It exists then a unique homomorphism from Sy = G4 ® Gp to B, denoted

vf‘Al?[B, and satisfying [’jﬁB = v’éﬁB o1. Explicitly, we have
AB SaB A B
vl ([ ]ieioia® 0is) = Nier €1, (0ia) 0 €0, (018). (73)
Anticipating the construction of the bipartite effect state, we may denote V{5 by e . [
AstB AIB

Proof. The bi-homomorphic property is a direct consequence of (I3) and (3). The existence of vfﬁB

satisfying fA5 = v{!, o is then obtained as a consequence of Theorem O
Theorem 7.

VGAB,GAB € Sas, (GAB ESAB GAB) = (V[A € €4, Vig € Ep, Vﬁlf[B(GAB) < VfﬁB(GAB)), (74)

. S
V{0iap | i €1} Crin Sap,Vla € €4,VIp € &g, V’eﬁB(Hiéﬁ iag) = \ier Vi, (Gias)- (75)
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|
Remark 4. We have not managed to prove that Syp is chain-complete when G4 and Gp are chain-
complete, or the fact that, for any [4 € €4 and [z € €, the map 8’&3[3 is chain-continuous. Nevertheless,
we have a weaker result expressed as follows. We suppose that G4 and G are chain-complete and that
e‘a and ei are chain-continuous for any [4 € &4 and [z € €. Then, we have
. . . SAB . .
V{ i | i €1} Cchain Sap | Ciap := Cia @ 0ip,Vi€l, |_|,-61 O; AB €Xists in Syp,
AB 5 AB
and V4 € €4,VIp € Ep, v[A,[B(UiéI;Gi,AB) = \/ieIV[A7[B(Gi,AB)~ (76)

Indeed, using Lemma B] we know that {0jap | i € I} Congin Sap implies immediately {cj4 | i €
I} Cchain ©a and {05 | i € I} Cepain Sp. Hence, (Llige’}c,»’A) and (|| ;’;GLB) exist in S45. As a conse-
quence, the lowest upper-bound Llfé‘; O; A €xists in S4p and we have explicitly

N (G] S
| |id10ia8 = (|_|ici0ia) @ (| ]ic10i.8)- (77)
Moreover, using (Z3), we have
Vi, (0iag) = €1, (0ia) 0 €7 (01 p). (78)

In reference to [5, Definition 2.1.10], we note that

{el (0ia) 0l (0rp) | (i,i) €T} (79)

is a monotone net, and then, using (Z8), the relation [5, Proposition 2.1.12], the distributivity property
(6), the chain continuity of 8’[1 and € i , the homomorphic property (73)) and the equality (77), we obtain

Via € €4,VIp € Ep, \/ie] Véf[g(ci,AB) = \/,'61 Eﬁ(o,"A) oef;(o,"B)
= Vier VVrer€1,(0ia) 0 7, (07 )
= (Vieret (cia)) @ (\frer €1, (07.5))
= et(| 21GiA) °€€g(|_|i6/210i'73)
= v (Uidoin) @ (Urons))
= vl (Ui oian)- (80)

3.2 The maximal tensor-product

It is now possible to give a new definition of the tensor product of G4 and Gp. This tensor product will
be denoted S5 and will be defined in reference to the axiomatic relations (B1) — (B6). In this subsection
and the subsequent one, it will be assumed that (&4, &%) and (&p,€?) satisfy axiom (A1).

Definition 7. The set &2(S4 x Sp) is equipped with the Inf semi-lattice structure U and with the
following Inf semi-lattice morphisms defined for any [4 € €4 and Iz € €p,

VéﬁB : Q(GA X 63) — B
{(G,’_’A,G,'_’B) ‘ i € I} — V’éﬁB({ (G,"A,Gi73) ‘ i€ I}) = Nies 86(6,‘714) 08{;(6,'73).

81)

Definition 8. &2(G, x &p) is equipped with a congruence relation defined between any two
elements uap and )y, of Z(S4 x Sp) by

(uap ~ulyg) = (Vg € €4, Vg € Eg, Vi (uag) = Vi3, (ihp) ). (82)
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Definition 9. The space §AB = G4®6p is built as the quotient of #(G,4 x Sp) under the congru-

ence relation ~.

VGABE Q(GA ><63), 6,\4—1;12{14,43 ’ GAB%uAB}.

(83)

The map vﬁf[B will be abusively defined as a map from Ssz to B by vﬁf[B(EAE) = vﬁf[B(GAB) for

any Oap in Q(GA X 63)

Definition 10. Sy is equipped with a partial order defined according to

VC?AB,&/QB S gABa (C~7AB EEAB 8143) = (V[A S GA,V[B € Ep, V/[éf[B(&AB) < Vfﬁg(&/@g» (84)

_This poset structure can be "explicited” according to following lemma addressing the word problem

in SAB-

Lemma 5. Let us consider usp := {(0j4,0;5) | i €1} an element of (G, x Sp). We have

explicitly, for any o4 € G4 and op € Gp, the following equivalence

(ﬁ,ﬁg . (GA,GB)> & ((ﬂfgl 0ra) Cg, Oa and (ﬂfj& Ons) Ce, O and

(vo ek G1, ([ itk 0ka) Co, 04 o ([ |52« Oms) Co, 08))-

Itis recalled that &4 and G are down-complete Inf semi-lattice and then the infima in this formula

are well-defined.

Proof. We intent to expand the inequality usp C. (04, 0p). Itis equivalent to
AB

Via € €4, Vg € g, (/\iel et (0ia) '863(0133)) <& (0a) el (op).

We intent to choose a pertinent set of effects [4 € €4 and [ € Ep to reformulate this inequality.
Let us firstly choose [ € g such that

B
E[B(GB) =Y,Vop € Gp.
From the assumption (86), we deduce
Sy
I—liel OiA EGA 04
Choosing 4 € €4 such that
A
E[A(GA) =Y,Vou € G4,
we deduce from the assumption (86)
Sp
|_|iel oip Lg, OB

Let us now consider & & K ¢ [ and let us choose [4 and [p according to

ef,(0a) :=N,You I, |_|ng ora and €f (04):=L, elsewhere,
8{1(63) :=N,Vog I, H'itéI*K onp and 8{1(63) =1, elsewhere.

We deduce, from the assumption (86)), that for this @ & K & I we have

S S
([ Teek Oxa Eg, 0a) of ([ |mer—k Oms e, ).

(86)

87)

(88)

(89)

(90)

oD
92)

(93)

It is easy to check that we have obtained the whole set of inequalities reformulating the property (86). [
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Definition 11. We will adopt the following definition
VG € Spp, () = Max{uec P (S, x Sp) | il &}

= {(ox,0m)| (ox,08) 3, G, (94

Lemma 6. We have the following Galois relation

VG € Syp,Vue PG, xSp), (6)Du < GL. W (95)

T SAB

Proof. Letus fix u:={(0;4,0:5) | i € I}. We derive straightforwardly the following equivalences

(0)2u < Viel (0ia,0ip) 3%6

& VielViy € 4, Vig € @B,VQB (~) < 811((7,',,4)08&(6,'3)

& Vg€ € Vip € € vi8 (G) < Nieref (0:4) €8 (05)
& oLl (96)
SAB
O
Theorem 8. §A g is a down-complete Inf semi-lattice with
. SpB ~
V{u”lG]}Qﬁ(GAXGB), |_|iél; ui:UiGIM,'. (97)
Moreover, for any 4 € €4 and [ € Ep, we have
_ . ~ SAB ~ ~
V{uj|ie€l} C Sap, vaﬁg(ﬂié‘}ui) = /\ie] VfﬁB(ui) (98)
[ |

Proof. The property ([@7)) is a direct consequence of the Galois relation established in previous lemma.
For any [, € &, and [3 € €, using (@7) and the homomorphic property for v[ 15> We have

W liel}C 2(@4x &), vis (i) = vis (e w)
= Vit Uier w)
= /\ielvfﬁB(ui)

= Niavih, @) (99)

O

Definition 12. The element i € Sy associated to the element u := { (6;4,0i5) | i €1} € P (S, x
&) will be denoted [174 6, 4®0; 5.

Theorem 9.
V{ OiA | i€ I} - GA,VGB S 63, (|_| :2, G,"A)(fXV)GB = |_| G,A(X)GB (100)
Vo licl} CEpVou e ad( o) = [|(oados). (101
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Proof. Indeed, using successively properties (Z3) (13) (3) and (Z3) again, we deduce that, for any [4 €
€a,lp € Ep,

viB ([ioia.08)) = e[ |imioi) et (op)
= (/\ielgﬁ‘(ci,A)).ea(GB)
= Niet (4, (01a) 0 € (08))

= viB ({(oia.08) | i€1}), (102)

and then, by definition, we obtain the property

(|_|f’é‘10f,A,GB) ~ {(oja,08)|icl} (103)
and then

(Nonos = [i(ciadon). (104)
We obtain the second property along the same lines of proof. U

3.3 Comparison of the two tensor product constructions

Lemma 7. For any ¢ in SAB, (G) is a bi-filter of G4 x Sp and we have explicitly

S, ~ :
<|_|l-é};(6i,A®C7i,B)> = {(oa,0B) |_|kE, Oka) Eg, 04 and (|_|:n’é, onp) T, O and
(Voo kol ([ etk oka) Co, 0a or ([ |nts x Oms) Ce, 08)}.  (105)
= {(on.05) |34, C2 with UK =2 HNH =o o)X IeX,
(Ulié/ feAK Oka) B, 04 and K’e)f”l_|mel x Omp) Ce, GB}- (106)
We will also use the following notation §{(0;4,0i5) | i €I} := ( ﬂfé‘;(ci,A ®0;ip) ). u

Proof. From Definition [[T] and Lemma[5] we deduce immediately the expression (I03).
Let us now check the bi-filter properties.
The property (63) is trivially obtained from the expression (I05).

Let us now consider that (0j 4,03),(0) 4,03) € ( ﬂfg(crm@qg) ). In other words, we have for
any [y € € and [5 € €5 = V% ((0]4,05)) = V{5, ({(0ia.0ip) | i €1}) and V{5 ((034,0p)) >
vﬁﬁB({ (0i4,0:8) |i€1}). Moreover, we have proved in (T02)) that VIA,IB((GLAv o3)) /\VﬁB[B((GiA, op)) =
vih, (o] 4 Mg, O3 4,0p) ). As aconsequence, we obtain vﬁf[B( (01 4MNs, G2 4:08)) > vﬁB[B({ (Cia,0i8) i€
1}) for any [ € €, and [ € €p. As aresult, we obtain that (07 4 Mg, 03 4,0p) € ( |_|,-€,(G,',A®G,-7B) ).
We have then proved property (66).

The property (67) is proved along the same lines.
The expression (106 is a trivial reformulation of (L03). O

Definition 13. We denote :S’Z?; the sub-poset of §AB defined as follows :
S = {ii|uCyin G4 xSp}. (107)

It is also a sub- Inf semi-lattice of §AB.
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Theorem 10. We have the following obvious property relating the partial orders of §Z’; and Sap.
For any {(G,"A,G,"B) ’ i€ I} gf,-,, Sy x Gp,

—SAB

N S ~ ~
([ |iioia®0is) Cy, 0a®0p = ([ |i10i4@0i5) L, 0180p. (108)
||

Proof. We intent to prove 3{(0[_],4,0,’_]3) ‘ IS I} - %{(G,’_’A,G,"B) ‘ i€ I} for any {(GEA,G,'_’B) ‘ i€ I} gﬂn
&4 x Gp (we recall that we have adopted the notation %{(G,"A, oip)|icl}:=( ﬂf’e‘?(crm@crw) ).
First of all, it is recalled from Lemma[7lthat §{(0;4,0;5) | i € I} is a bi-filter.

Secondly, it is easy to check that (0xa,0k5) € ${(0ia,0ip) | i € I} for any k € I using the expres-
sion (I03). Indeed, for any K C I, if k € K we have (ﬂfé‘,( OiA) Ce, Oka and if k ¢ K we have
(TTs—k Omp) L, OkB-

As a conclusion, and by definition of §{(0;4,0;5) | i € I'} as the intersection of all bi-filters containing
(0ia,0;p) for any i € I, we have then §{(0j4,0i5) | i €I} D §F{(0ia,0ip) | i € I}.

We now use Lemma 3] and Definition [[1 to obtain the announced result. ]

Definition 14. [16, definition p.117 and Section 11 Lemma 1 p.118] An Inf semi-lattice & is
said to be distributive iff Vo, 01,0, € & the inequality (o) Me o)) E o implies the existence of
o{,05 € Gsuch that o) C 0f, 0, C 05 and 0 = 0] O5.

When G is distributive, we have the following standard properties satisfied as soon as the implied
suprema are well defined

011 (62 Ug 63) = (G] Mg 62) Ug (G] Mg 63) (109)
01 Ug (62 Mg 63) = (G] Ug 62) Mg (G] Ug 63). (110)

Theorem 11. If G4 or Gp are distributive, then §Z’; and Sxp are in fact isomorphic posets.

As shown in Remark [3] the distributivity of &4 or Gp is a key condition for this isomorphism to
be valid. ||

Proof. We now suppose that S4 or S is distributive and we intent to prove that §{(0;4,0ip) |i €I} =

%{(Gi,A,Gi,B) | i€ I} for any {(G,"A,G,"B) | i€ I} gﬁn Gy X Gp.
Let us prove the following fact : every bi-filter F which contains (0 4,0 g) for any k € I contains also
§{(0ia,0ip) | i € I}. In fact, we can show that, for any bi-filter F we have

Sy &

(Vkel, (oaoes) €F) = (Uxtn| |k Gk7A’|_|IG(7‘€Jf/’|_|f1217K’ Om) € F,
v, ' Coa orun’ =2 na =a {eye T, (111)
The first step towards (ITI) is obtained by checking that V.7, ¢ C 2!, v’ =2l ¢ NnAH' =
g l{otex' Iex,

(I_li’e%’l—lziel—ld On) Jg (|_|Iie)£/ |_|lfeK Ok) (112)

for any distributive & and any collection of elements of G denoted o for k € I for which these two sides
of inequality exist. To check this fact, we have to note that, using [8, Lemma 8 p. 50], we have first of all

(e ek ov) :|_|G{|‘|§€:W<A> ae I] K}, (113)

Kex

where 7x denotes the projection of the component indexed by K in the cardinal product [Tgc » K. More-
over, for any A € [Jxc 4 K, there exists L € %" such that U{nkx(A) | K € #} O (I~ L) and then
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S (G}

(HiE%nK(A)) Co ([MNmer—r om) Co (|_|K,€)£/, [,uei_x' Om)- As a result, we obtain the property (I12).

The second step towards (I11)) consists in showing that

(Vk €1, (ora,0p) € |_|Ke/ oK GkA7|_|K€)f’|_|keK Ok.B) (114)

for any % C 2!, This intermediary result is obtained by induction on the complexity of the polynomial
(LA Py ke « Ok.a) by using the following elementary result

(04U, 04,08, Op) €F

Vou,04 € Sa,0p,05 € Sp, ((04,08),(04,05) €EF) =
»FA BB + ((04,08), (03, 05 ) (GAI‘IGAG/Q,GBI_IGBGIQ)GF

trivially deduced using the bi-filter character of F, i.e. properties (63)(66)(67).

As a final conclusion, using the explicit definition of §{(0;4,0;5) | i € I} as the intersection of all
bi-ideals containing (O, Ok g) for any k € I, we obtain §{(0j4,0i5) | i € I} =F{(0ia,0ip) | i € I}.
S?;;’; and S4p are then isomorphic posets. U

Remark 5. We note that the distributivity property is a key condition to obtain previous isomorphism
between Sﬁg’ and Sup.
Let us consider that &4 and Gp are both defined as the lattice associated to the following Hasse diagram:

0p 02 O3
1
According to (83), we have (L ,Llg )€ 3{(1,01),(02,6,),(03,03)}. However, we have obviously
(J— J‘bB) ¢%'{((71,61) (62’62)’(63563)}'

3.4 The bipartite construction for the States/Effects Chu space

In this subsection, we will assume that (G4, €4, &%) and (Sp, €p, £8) are valid States/Effects Chu spaces.
In other words, they satisfy Axioms (A1)—(AS).

Definition 15. The evaluation map will be defined as a map

£ P(Ey x Eg) — B (115)
{(Gaslip) li€l} 83&‘,13 ,e,}WO"ABGSABa QBA,TBH,.E,}( 48) = Nier Vo, (Oag)-

Definition 16. &7(&4 x €g) is equipped with a congruence relation defined between any two
elements x4p and x), 5 of (€4 x €p) by

(xap~Xyp) &= (VOup € Sup, € XAB(GAB)_g, (Gag) ). (116)

Definition 17. The space EA p is built as the quotient of &2 (&4 x €g) under the congruence relation

~

V?LABG 9(@,4 X@B), miz {XAB ]lAgzxAB}. (117)

The evaluation map will be defined as a map from EAB to %SAB by £~ = g4 )L for any Aap €
B
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@(@A X @B),

Definition 18. E,p is equipped with a partial order defined according to

VIAB,ZAB S EAB, (IAB EEAB IAB) = (V&AB € §AB, 8%:1(8,43) < géB (6AB)) (118)

!
lA B

Definition 19. We will adopt the following definition
VA €Esp, (A) = Max{xe P(€4x€)|T3. A}
AB
= {(l1e) | (ta 1) 2, A}, (119)
Lemma 8. We have the following Galois relation
VA € Eap,Vx€ P(E4x ), (A)Dx & ALC. X (120)

T Eap

Proof. Letus fix x := {(lia,lip) | i € I}. We derive straightforwardly the following equivalences

(A)2x & Viel(ials) I, 2

& Vie I,V&AB € gABa S%B(gAB) < Véih,e(?’AB)

& VOup € Sas, E%B(gAB) < Nier vi2 (., (Gag) = €47 (Gap)

s AL X (121)

T Epp

Theorem 12. EA g is a down-complete Inf semi-lattice with

V{xi|i€I}§<@(€Ax€B), Hfé?)a:Uielxi- (122)
Moreover, we have

V{A;|i €1} C Exp,YOas € Sap, EAHBgA[BZ(gAB) = Nier 8%1,3(@3) (123)

In other words, EAB satisfies Axiom (A3). |

Proof. The property (I22) is a direct consequence of the Galois relation established in previous lemma.
For any 045 € Sxp wWe have

V{X,' ‘ i€ I} - t@(@A X @B), 8A8~ (6,43) = SAB (6,43)

I.SQIB % Uier xi
AB =
- gUielxi(GAB)
= /\ie] EQB(C?AB)

= Nicr€2(Gan) (124)
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Definition 20. The element ff; € E,p associated to the element [4p := {(a,li) | i€} €
P (€4 x €g) will be denoted [1;22[; 4B, 5.

Theorem 13. §A g satisfies Axiom (A1). Explicitly, §AB is a down-complete Inf semi-lattice. More-
over, we have

_ _ ~ = ~ S ~ _
V{Ciap |i €1} C Sap,VAup € Exp, E%fg(ﬂié[; OiAB) = /\iel E%i(oi,AB) (125)
[ |

Proof. Direct consequence of Theorem [§] with property (123)). O

Theorem 14. If & A and Gp satisfy the axiom (A2), then S, ' satisfies the axiom (A2) as well : the
bottom element of Syp is explicitly given by Le, <§~§>J_GB. |

Proof. Trivial using the expansion (83]). O

Theorem 15. The completely meet-irreducible elements of S, '\ are the elements 64@0g where G,
is a completely meet-irreducible element of G4 and op is a completely meet-irreducible element
of & B-

~ pure pure pure

Sag = {ou®oploye6, 0566, } (126)
n

Proof. First of all, it is a trivial fact that the completely meet-irreducible elements of Sap are necessarily
pure tensors of §A 5, i.e. elements of the form c4&0p.

Let us then consider c4®05 a completely meet-irreducible element of §AB and let us assume that 64 =
M0 for 6;4 € S, for any i € I. We have then (64&05) = (([1401.4)®08) =124 (6;4&03). On
another part, 0405 being completely meet-irreducible in §AB, there exists k € I such that c4®0p =
GkA@GB, i.e, 04 = Ora. As a conclusion, oy is completely meet-irreducible. In the same way, op is
completely meet-irreducible.

Conversely, let us consider o4 a completely meet-irreducible element of G4 and op a completely meet-
irreducible element of Sp, and let us suppose that ([ ]| IS*G”; G,',A<§Gi73) = (04®03) with oia€Gyand o, €
GSp for any i € 1. We now exploit the expansion (83). From (ﬂfé‘l Ora) = 04 and (HZ’;, On,) = Op and
the complete meet-irreducibility of o4 and o, we deduce that there exists i and j in / such that ;4 = 04
and o = op. The expansion (85) gives also the following condition : (V& & K & I, (ﬂfé‘,( OrA) =
oa or ([1,%, x Omp)=0g). Letusdenote L:={l€1|oja=0s}and M :={m€l|Cyp=0g}.
Let us suppose that LNM = @. Let us choose K := I \. L. The condition ([],%, O 5) = Op can not be
satisfied because the complete meet-irreducibility of o would impose the existence of k € L such that
ok g = O which contradicts LNM = @. We must then have ([ | fg,\ ; Ok.A) = Oa, but the complete meet-
irreducibility of o4 imposes the existence of k € I . L such that oy 4 = 0,4 which contradicts LNM = &.
As a conclusion LN M # &, and then there exists n € I such that (G,,Aé)cymg) = (6p®0p) O

Theorem 16. If G4 and Gp satisfy the axiom (A4), then §AB = G465 satisfies the axiom (A4)
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as well. Explicitly,

~pure

Vo € Sup, o=["a, where o = (Siy N(1"0)). (127)

Proof. Letus fix 0 € Sas. B _
We note that ¢ II G for any o' ¢ (S/’;}';e N (TSABG)) and then o E~ HSABQ

pure pure

Secondly, denoting o= (|—| ic1 Oi A®G, 8), we note immediately that, for any oy € &, and op € G
if oy Js, Oia and op Jg, Oip, then (04®03p) J.  0,ie. (04®0p) € 0. As a consequence, we have

=6 B

Sap 548 SAB ~ SaB
. : 32 [1"e
(|_| icl |_| cAcGh | 043, Oia |_| ope&h | o, Ois 0AR0p) =55 (o) (128)
Endly, using Theorem Qlwe have
SaB = Sa Sap - Sup
o = |_| iel GLA ®Gi73 = |_| iel (|_| O-Aeezure ‘ GA;G UiAGA)®(|_| O'BEGZZW | O'BjG UiBGB)
A =, O
SaB Sap Sap ~

= |_| icl I—I GAEGPMe ‘ O'A:| 5, Cia |_| O.BEGPure | B;GB in 04 ®GB. (129)

As a final conclusion, we obtain

Sap Sap Sap ~ Sap
g o O e R B a30)

Theorem 17. If &4 and Gp satisfy the axiom (AS), then SAB = G406 B § satisfies the axiom (A5)
as well. Indeed, for any 64 € Max(S,) and o3 € Max(Sp), we have 6,@0p € Max(SAB) [ ]

Proof. Trivially deduced from (83)). O

As a conclusion of previous theorems we conclude that §AB is a valid space of states and EAB is a
valid space of effects. In particular, they satisfy axioms (B1) and (B2).
Axioms (B3) and (B4) are also trivial by construction.
By construction of the maximal tensor product, it will also satisfy the axiom (BS), i.e.

VGus, G5 € San,  (Vla € €4, Vip € €5, €12 (Gap) =%, (Ghp)) & (Gas=04p).  (131)
Endly, Definition [7lhas been chosen in such a way that we obtain trivially the axiom (B6), i.e.

Vo, € G4,Vop € Gp,VIy € €4, Vg € Ep, 81&%[3(6’4@63) = EQ(GA) 08{;(63). (132)

3.5 Multipartite experiments

Let G4,65,S¢ be three spaces of states. We intent to define the tripartite state space Spc ? Clearly
one option is to first form the bipartite state space G4 ®G g and then tensor the result with S¢, so that we
get (6,@G5)@G¢. Another way to build these tripartite experiments is to first form Gz@G¢ and then
tensor with G4 to obtain G4 (Sz®G). It is natural to require that both of these constructions yield
the same result.

Theorem 18. The maximal tensor product of state spaces is associative, i.e., we must have
(6A®63)®6c = 6A®(63®6c). (133)

23



Proof. (6,065)®G is defined as the quotient of Z(GS4 x Gp x S¢) by the congruence relation de-
fined for any uapc, u)ype € P (64 x Sp x &¢)

(MABC %(AB)C MIIABC) = (V[AB € EAB? lc € €, v[ABv[C(uABC) = v[ABs[C(MABC)) (134)

& (Vlae €y lgeCplecCo, Vi (uanc) = Vi, i1 (Uape))  (135)

where

Viuipic ({(614,0i8.0ic) |i€1}) = Ngl(0ia) 0l (0i5) €L (0ic) (136)
icl
In the same way we have that G, ®(S@6c) is defined as the quotient of (&4 x G x S¢) by the
congruence relation defined for any uapc, uyp- € P (64 x S x &¢)
(UABC Ry tape) = (Vipe € Epc,la € €4, Vi, 1y (uaBc) = Vi, s (Upe)) (137)
= (V[A S GA,[B c QZB, [C S Gc, V[A-,[B7[C(MABC) = V[A-,[B7[C(u1/43C))’ (138)

The announced equality is then proved. U
3.6 Symmetries of the bipartite experiments

Definition 21. Let us consider a symmetry (f,,, , f <21>) from a States/Effects Chu space (&4, , €4,,)
associated a first observer, to another States/Effects Chu space (Gy,,&a,,€?) associated to an-
other observer. Let us also consider a symmetry (g, , gm)) from the Chu space (Sp,,Ep,,€81)

to the Chu space (Sp,, €g,,€%). We define the pair of maps ((f®g),, ,(f©g)™") from the Chu

space (§A131,EA131,8A131) to the Chu space (§A232,EA232,8A2B2) by
~ SA SarB
(f®g) 12) (|_|l€1 GlA1®GlBl) = |_|l€21 2f|2 (GlAl)®g 12) (GlBI) (139)
1) Ep,p Eq B (21
(f® ) (|_|z€32[jA2®[]Bz) = |_|J€]J]f A, ®g ([stl) (140)

Theorem 19. The pair of maps ((fég)(]2)7(f®g)<2l)) is a well defined symmetry, i.e. a Chu

morphism, from the Chu space (SAIB1 ,EAIBI, g41B1) to the Chu space (SAszaEAQBz,EAzBZ). n
Proof.
S, S,
A>B > A1B) = - A-B AyBy
€ 2£~,A2B <(f®g)<12)(|_|iel Gi,A1®6i731)) = € 25}\23 <|_|1€I -f(12 (61A1)®g 12) (GIBI))
Mies ~ Ly @18y |_|j6!2 : iay ©1i,
B
= /\]6]/\161 8 Gl,Al)) o€ .22 (g<12)(6i,31))
= Njer Nier €9, (%41 )ee” (21) (0i5,)
24 (17.8,)
S
AB 4283
= g <|_|zel 61A1®6131))
EaiBy (21) - (21)
jel (ay)®s™ " (1jp,)
A 1B SAZ 2
= ¢ . [ icr " 0ia®0i,) ). (141)
~ Ay B
(f®g)(2]) <|—ljej2 2 1A, 81, B2>

O

3.7 Remarkable properties of the tensor product
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Theorem 20. [Monogamy of entanglement] Let us consider c4p := (Hfg O; A @GLB) € §AB and

let us suppose that us := ([ '] Z;GLA) is an element of GZW. Then, c4p is a pure tensor equal to
usQvp for some vg € Sp. [ |

Proof. Thg: complete meet-irreducibility of u, implies that uy = 0; 4, for any i € I.We then deduce that

Oup = (ﬂfé‘}uAéc,-ﬁ) = MA<§~§>(|_|,-G£G¢B)- As a conclusion, there exists vg := (|_|,-G€B,G,-7B) € G5 such that

OAp = UARVp. |

Theorem 21. Let Gy and G, be two elements of Sz having a common upper-bound. Then the
supremum of {Gap, 04z} exists in S4p and its expression is given by

Gap L Chp = ﬂiﬂg@% G (142)
|
Proof. As long as 65 and G, have a common upper-bound, Gag M G is not empty.
Secondly, it is clear that 64 = ( gﬁ@ 5) Eiw |—|§AB & and &, = ( §~AB~/ &) EiAB |_|§AB 5.

666/;306/;3 GGGAB 666/;306/;3

Then, if we suppose there exists 0y, such that 64p,6,5 C. 0,5 we can use Theorem [I€] to obtain
AB

13 ~! gAB ~ . . ~ ~! st ~ ~/ =
the decomposition 6,5 = ([ c5l, o) with necessarily Vo € G}, Oap L., © and Oyp C;, O e
§AB

~ =
66%m623 G) C. GAB. D

0 € 045N 0Oy, and then ([ '] C.
- — AB

Theorem 22. If S, and Gp are distributive, then §AB is also distributive.
Note, using Theorem [11] that, in this situation, we have also S/’;lg = Sag.
In that case, the explicit expression for the supremum of two elements in Sf\lg is given by

5 ~ 5 ~ s, ~
(|_|sz”; 0;A®0ip) I—lgAB(|_|jAEBJGj,',A®Gj,',B) = Hzg jes (Oialg, 0iA)@(0ipUg, O} p). (143)
[ |

Proof. First of all, using Theorem [[Il we note that, as soon as G4 or Gp is distributive, we have

Sap = Sap as Inf semi-lattices. We are then reduced to prove the distributivity of S4p.

In reference to the definition of distributivity of an Inf semi-lattice given in Definition [I4] we have
. S .

then to prove that if [] ]giSnGLA@Gi’B C,,, 0a®0p, then there exists Gl{ A®Gl{ 5 Js,, 0ia®0;p for any

. S, .. .
1 <i < n such that [}%,.,0!,®0!5 = 64®05. From Lemma [ we conclude that it is sufficient to

prove that, for any n—ary polynomial p, if o4 Jg, p(C14,-++,0,4) and Op Js, p*(C18, + ,OnB),
then there exi/st Gl{A QIGA CiA an</1 G,{B Js, OiB f:)r 1 <i < n such that 64 Jg, P(Gf,m“' ,G,/l’A) and
op g, p*(Gl’B,--- ,0, ), and 04 Js, Oa and 0} p Js, OB forl <i<n.

The proof of this fact is sketched in [14, Theorem 3], and we give here a developed version of it.

Let us prove the following statement for any n—ary polynomial p :

04 Jg, P(O14s+,00a) = 30/, dg, Oia,V1<i<n] (GA Je, P(O1 40, 4) and 074 Jg 04, V1 gign). (144)

S

This statement is obviously true for p(Gj4,---,0,.4) := Ok.4, it suffices to chose Oy 4 = O4.

Let us assume that the induction statement is true for two n—ary polynomials p and ¢, and let us
prove the statement is also true for (pg).

25



We will assume 64 J p(cn As 1 Ona) Mg q(cn As+++,0na). Then, there exist 74,84 € G4 such that
04 Jg, (T, 6a) and Y s, P(O14," GnA) and 8y Jg q(O14, -, 004).

From distr1but1v1ty of &4, we deduce that there exist ¥, and 5’ such that 64 = (7, I‘IGA o)) and v, 3 o, VA
and 8y SA As aresult, we have ¥, J s, P(GlA, . G,,A) and J) s, q(o14,-+ ,0nA).

By assumptlon there exist 674 Jg  Cia and o, 4y Js, Oia for 1 <i<nwithy, Jg p(0] 4, .0,,)

and 8 Jg q(07,, GnA) andw1thGlAZI }QandGlAZI oy for1 <i<n.
Let us denote Cia:= o! ialls GlA

We first note that G; 4 QbA G,7A forl1 <i<n.

From G4 G, Gi,A and G4 C Gl-’;x for any 1 <i<n, and 7, s, p(G{A,--- nA) and 6, J

q(o] 4, GnA) we deduce }{4 ds, p(Cia, - ,0,4)and Oy Js, q(C1a, -+, 0Opa). As aconsequence

O = (754 Me, 04) Js, P(C1a, Gn,A)'_'GA q(Gra, ++ ,Ona).

From o/ 4 s }{\ and Gl-’fA Js, oy for 1 <i<n, we deduce also G, 4 s, 7\ M, oy =oyforl <i<n.

Asa summary, there exist 64 J, Oia for 1 <i<n,suchthat oy Jg, p(Cia,+,0n4) MNe, q(C1 4, ,0nA),
and G 4 s, Oa for 1 <i < n. In other words, the n—ary polynomial (p1¢) satisfies also the induction

assumption.

Let us assume that the induction statement is true for two n—ary polynomials p and g, and let us now
prove the statement is also true for (p L g).

We will assume o4 QGA p(GlﬁA,- . 76"-/‘\)'—'6/4 q(GLA,-- . 76'1714)' Then, we have o4 QGA p(GLA,' . 76'1714)
and 04 I 4(O1,4," "+, Ona).

By assumption, there exist 6/, Js 0ia and 64 g Gia for I <i<nwith 64 Js p(0] 4, .0, ,)
and 04 Jg, ‘1(61”,A"" ’GIZA) andw1thGA Js, 04 and GIA Js, Oafor 1 <i<n.

A
Let us denote G 4 := 6], Mg, 0]y

We first note that G; 4 QGA 0;4 for 1 < i<n.

From G;4 T, o/, and G4 T 0y for any 1 <i<n, and 64 Jgq p(G]A7 ~+,0,4) and o4 s,
q(G{’A, e nA) we deduce 64 J ZI p(GlA, -+, 0pna)and oy s, q(GLA, -+, 0na). As aconsequence,

Oa s, p(Gl,A, ., 0pa)Ug, q(GLA, ©,0pA)

From Gi/,A g, 04 and Gi/’% g, 0a for 1 <i<n, we deduce also G;4 I 04 for 1 <i<n.

As a summary, there exist G; 4 s, Oia for 1 <i<n, such that o4 Js, p(Gia,,0n4) Us, q(C1 4, ,0nA),
and G 4 s, Oa for 1 <i < n. In other words, the n—ary polynomial (plLlq) satisfies also the induction
assumption.

By induction on the complexity of the n—ary polynomial p we have then proved the statement. As a
final consequence, S4p and then also Sap is a distributive Inf semi-lattice.

As a consequence of this distributivity property, we obtain the following simplification
5, ~ 5 ~ 5, 5 ~ -
([ |1 0ia0is) s [ i&oia0ois) = [ |l |ie ( (0ia®0i) U (G}A®G},3)) . (145)
Using the expansion (83), we know that
(0140015 (07480)5) = (0ialg, 04)@(0isUs, O} p) (146)

This concludes the proof of the formula . O

Remark 6. It is important to note that the formula (143)) is not necessarily true anymore if G4 and Gp
are not distributive.

Indeed, let us consider that G4 and Gp are both defined as the lattice associated to the following Hasse
diagram:
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It is easy, using (I42), to check directly that
((o1®07) n (0220,)) U (03003) = (T®03) M (0327T). (147)
Moreover, using the lattice structures of G4 and Gp, we check immediately that
(01U, 03)®(01 Ug, 03)) I 03)®(0a g, 03)) = (TQT). (148)
We conclude, using the expansion (83), by noting that

(T&e)N; (o30T))Cp (TET). (149)

Theorem 23. If S, and Gp are atomic, then §AB is also atomic, i.e.
3, CSap | Vous € oy, (Lg,®Le, )T aus, (150)

Voup € Sap, Joap € A | oup T, Oup. (151)
AB Sap

The set of atoms of S, '4p 18 indeed defined by

{(aAéJ_GB) |_|§AB (LGAé(XB) | Oy € %@A, Op € M@B } (152)

Sap

Proof. Using the expansion ([83), we deduce immediately

Yoy € M@A,V(XB S W@B, (aAé)J_GB) M. ., (J_GAéocB) Z§AB LGAéLGB. (153)

SA

Sp

In other words, Lo &1 Cs,, (u®Lg )I_IEAB (L, ®0p).

Secondly, let us show that, for any cap := (|—|lsé‘; G,',A®6,-73) distinct from Le, @J_GB, there exist
oy € g, and o € g, such that ((u®-Lg, ) M (Le,®08)) ;. , Oas: Using once again the expan-
sion (83)), we know that o5 :lgAB J_GA ®L. (or, in other words, C4p ’ZEAB J_GA®J_GB) implies that there
exists @ C K C I such that (7,2 Oxa) s, L, and (102, _x Omsp) s, Le,- Letus fix sucha K
and let us choose a4 € %/, and o € <75, such that (|—|ng Ok A) s, 04 and (ﬂi‘é,_,{ On.B) Js, 05

Sp

We obtain ([])4% 6,4 &0 5) 2 (a®L,)and (M2 6,420i5) 3. (L, ®ap). As a conclusion,
we obtain (((XA®J_GB) M. (J_6A®OCB)) ;. , Oas:

SAB

Thirdly, let us consider Gyp := (|_|ZS’E”? 0:A®0; ) such that cap EEAB (OCAé)J_GB) M. (J_GAé)OCB). As

SAB
a first case, we may have obviously G5 = J_GA ®J_GB. If however Gap # J_GA ®J_GB, the previous result
implies that there exist o) € </, and o € %7, such that ((OCA(XV)J_GB) M. (Ls, ®ag)) C. 0o4p. Using
AB

SAB
once again the expansion (83), we deduce immediately that o4 = oy and oy = 0. As a conclusion, we
obtain
OB & (aa® Lo
AB

Sp Sy

As a final conclusion, we obtain J_gAB Cs., (u®Lls,) e (Ls, ®aB). O
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Remark 7. Even if G4 and Gp are atomistic, §A g is generically NOT atomistic. We note indeed that

Aou® L) ={omp € o, [aup Ty (u®Lls)} = {(®L)N (L @ap))|as€ T, }-

but we have generically
A (ouB L) O (adly,). (156)
For example, for any finite distributive lattices G4 and Gp, we have
TA@BL,) = (@Bl,)N, (Lg,&T,). (157)
Remark 8. Even if G4 and G are complemented lattices, §AB is generically NOT complemented. Let

us consider the following trivial example. &4 and Gp are both defined as the lattice associated to the
following Hasse diagram:

/\
\/

We note that the completely meet-irreducible elements of §AB are listed as follows : (o, A@T )
(a1 a®a p), (OCQA@N@T@ ) (a1 4@ p), (TQ,A@O‘] B)s ((XZA@O‘LB),(TGAé)OCZ,B),(aLAéO‘Z,B) (T6A®T
We consider the element ¢ := (@ A®J_63) 51 (J-eA®O‘1 8)- According to Theorem 22| we have

AB

o (061A®TGB) (a1A®TbB), ol (@0 ) = (A AR04 B)
s (0627A<§~§>TGB) = (0‘2,A®TGB), ol (1 a®p) = (A AR0 p)
s (TGAQNQOCLB) = (TGA @0 8), G|—|§AB ((XZA@aLB) = (052,,4@061,3)
ol (T, ®0p)= (T, @00 p), ol (A®0 ) = (0AQT,) Ny (Te ®app). (158)

As a consequence, for any 6’ € Syp {TGA @TGB }, we have

(o o) . T, 8T, (159)

AB

To check this point, it suffices to write ¢’ as a mixture of completely meet-irreducible elements, and to
use formula (I143) coupled with the results (I58]).
In other words, we have

(ol o) = Te,®8Ts, & 0 =T T, (160)

However, we have obviously o1, (—l—6A ®T =0 =, (J_6A ®J_68)

The element o has then no complement in Syp. Asa concluswn Sap is generically NOT complemented.
Note that, in our example, S, and Sy are distributive. Then, due to Theorem [I1 our conclusion is still
valid for the minimal tensor product Sp.

4 Conclusion

Inspired by the operational quantum logic program, we have the contention that probabilities can be
viewed as a derived concept, even in a reconstruction program of Quantum Mechanics. The already
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cited remark of S. Abramsky [1, Theorem 4.4] can be viewed as another justification of this perspec-
tive on quantum mechanics. These two perspectives have stimulated our desire to build an operational
description based on a possibilistic semantic (in a sense, the “probabilities’ are replaced by statements
associated to a semantic domain made of three values “indeterminate’, *definitely YES’, *definitely NO’).
The present paper intents to develop such an operational formalism. It will be called Generalized possi-
bilistic Theory (GpT) as it is partly inspired by the formalism of Generalized Probabilistic Theory (GPT).
We note that we are also indebted to the work of Abramsky [1] for our choice to give to Chu duality a
central role in our construction, in replacement of traditional duality between states and effects.

Section 2 is devoted to a brief summary of the axiomatic relative to the space of states (subsection 2.1),
the space of effects (subsection 2.2), the set of pure states (subsection 2.3), and the notion of “channels”
or symmetries for our theory (subsection 2.4). This section collects some elements already developed
in our previous work [10]. The convexity requirements imposed traditionally in GPT on the space of
states and space of effects are naturally replaced by Inf semi-lattice structures on these spaces in GpT,
the set of pure states being naturally associated to completely meet-irreductible elements of the space of
states. Our central point is the Chu duality imposed between the space of states and the space of effects,
with an evaluation space given by the three elements domain associated to possibilistic statements of
the observer. This Chu duality is sufficient to deduce the whole set of properties of the channels which
are viewed as Chu morphisms. Section 3 is dedicated to the construction of bipartite experiments on
compound systems. This point is central because it has been the main obstacle on the pathway towards a
complete reconstruction of quantum mechanics along the operational quantum logic program. The cen-
tral problem in our perspective is the construction of a tensor product for our space of states and space
of effects. It is well known that this tensor product notion is ambiguous in GPT program [22| Section
5]. The traditional construction of tensor product of Inf semi-lattices should have been of some help for
our work [13]], it is succinctly recalled in subsection 3.1 and called minimal tensor product. The tensor
product, naturally build from the Chu construction [23]], could also have played a role here. Surprisingly,
the natural axiomatic for bipartite experiments, proposed at the beginning of Section 3, imposes a com-
pletely new construction for the tensor product of Inf semi-lattices, called maximal tensor product and
presented in subsection 3.2. The comparison between maximal and minimal tensor product is made in
subsection 3.3 and some remarks concerning the specific properties of the maximal tensor product are
made in subsection 3.5. The construction of the bipartite space of states and of the bipartite space of
effects is achieved in subsection 3.4 and the construction of the channels associated to the bipartite space
of states is completed in subsection 3.6.
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