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ON PARABOLIC SUBGROUPS OF ARTIN-TITS GROUPS

EDDY GODELLE

ABSTRACT. We address the conjecture which states that an intersection of parabolic subgroups of an
Artin-Tits group is a parabolic subgroup. We prove that the conjecture is equivalent to a, a priori,
weaker conjecture. We also prove the conjecture in a specific case. Along the way, we provide short and
almost self-contain algebraical proofs of several classical results on Artin-Tits groups, such as those of
Van der Lek on intersection of standard parabolic subgroups.

INTRODUCTION

We fix a finite simplicial labelled graph T' = (I, E,m) with vertex set I, edge set E and label
map m : E — N>y, We also fix two sets ¥; = {o; | ¢ € I} and S; = {s; | i € I} that are in-
dexed by I. If X is a subset of I, by 'y = (X, Ex,mx) we denote the full (labelled) subgraph of T'
spanned by X. Weset ¥x = {0, € ¥y i€ X} and Sx = {s; € Sy | i € X}. If S is a set, by S* we
denote the monoid of words on S. The length of a word w on S is denoted by ¢g(w). For convenience,
for {i,j} in E, we will often write m(i,j) for m({4,j}). The Artin-Tits group A; generated by ¥; and
associated with I" is defined by the following presentation of group:

(E.1) A = <21 0i0;0;--- = 0j0,0;--- fore={i,j} € E>
—_—— ——
m(e) terms m(e) terms

The Coxeter group Wi generated by S; and associated with I" is defined by the following presentation:

s2=1 for s e S

(E.2) W; = (S| sisjsi-- =s588;--- fore={i,j}€FE
—_———
m(e) terms  m(e) terms

To speak about the relations that appear in the presentation of A; or to their corresponding relations
in the presentation of Wy, we will speak of the braid relations of the presentation.

Example 0.1. Consider I = {a,b,c} and I'; as below. Then, A; is the braid group on four strands. The

groupe W7 is the permutation group on 4 elements where S; consists on the elementary transpositions.

22 2 a b
sa=s;=s2=1 3

SaSbSa = SbSaSh

WI - Say Sbs Sc _ 2 3
SpScSb = ScShSe
SaSc = ScSa P

Note that T' is not the classical Coxeter graph associated with the above presentation (here no edge
means no relation, and a commutation relation corresponds to an edge labelled with 2). If w is a word on
Sy oron XU 21—17 by w (in bold) we denote the corresponding element in Wy, or Ay, respectively. We
will simply write ¢; for both {5, and ézluzl—l. If w’ is another word on the same set, we write w =; w’

when w = w’ in the corresponding group. Let 65 : (X5 U E;l)* — ST be the morphism of monoids that

sends both o; and o; ! onto s;. Clearly, the morphism 07 induces a morphism of groups 6 : Ar — Wr.
1
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The kernel of ; is called the colored Artin-Tits group and will be denoted by CA;. The length ¢;(w)
of w in Wy is defined as ¢;(w) = min{¢;(v) | v € ST with v = w}. When ¢;(w) = {;(w), we say that
w is a reduced word. If X C I, it is immediate that the inclusion maps X x — ¥ and Sx — S extend
to morphisms of groups tx : Ax — Aj and 7x : Wx — Wj. This is well-known that these morphisms
are into [12]. But we are going here to provide a new direct and short algebraical proof that ¢x is into.
So, in the sequel we identify Wx with its image by 7x in W;. But, at this stage, we do not consider as
known that ¢y is into. We denote by AI+ the submonoid of A; generated by S;. This is known by [8] that
A}r and Ay, possess the same presentation, but considered as a presentation of monoid for the former,
and considered as a presentation of group for the latter. However, we do not need to assume this result
known when proving our results. We define 0%, 0x, A%, ¢x and =y similarly to 05, 6;, A}’,é 1 and =y,
respectively. Our first objective it to prove Proposition 0.2. This proposition claims the existence of two
maps 7 , and 7; x and states several of their properties. We will see (Proposition 2.7 and Corollary 2.8)
that these two maps are indeed the map #x and mx defined in [1] (see also [3, 6]).

Proposition 0.2. Let X C I. There ezists a map 7}  : (S US;Y)* = (Ex UXY')* such that
(i) For any word w on £ UXT", we have {x (m} (w)) < {1(w). The equality holds if and only if w

is a word on Sx U X', In the latter case, 7} (w) = w.
(i) if w and w' are words on Sy U, then nt  (w) is a prefiz of m}  (ww').

(iii) [1] The map 7y  induces a map 7, x : Ay — Ax.

-1
(iv) If w lies in Ay then (Qx(ﬁl.x(w))) 0r(w) is (X, 0)-reduced and

Cr(0r(w)) = €1 (Ox (7, x(w))) + 1 ((9x(7rz,x(w)))_19l(w))

) [1] The set map w; x : A — Ax restricts to an homomorphism w; x : CA; — CAx.
) We have W,,X(A}") = A}.
(vil) For any word w on Yx UXY" and any w' in Ay, one has 7, x (ww') = 7, x (W) T/ x (w').
i) If w lies in C Ay then for any w' in Ar, one has m; x(ww') = 7, x (W), x(W').
) If Y C I and w is a word on Ly U Xy, then ¥ (w) is a word on Synx UXyhy and the
restriction of wf  to (Sy UXy')* ds m}, vox:
(x) Let X,Y C T and w be a word on 7 UX;?, then 71y (7] x (W) = 77 x (77 y (W) = 77 xny (W)
(xi) Let X CY C I and w be a word on Xy UXT", then my x (77 y (W) = 77 x(w)-

Note that, since at this stage we do not identify Ax with its image tx(Ax) in Ay, in Point (vii) of
the above proposition we distinguish w and 7, x(w) (see Corollary 0.4 below). Some points in the above
proposition, such as Point (vi), are not explicitely stated in [1], but can be deduced from the definition
of Tx given in [1]. As a consequence of Proposition 0.2, we will deduce :

Proposition 0.3. Let X be a subset of I.
(i) [12] Let w,w’ be in (Bx U E;(l)*, if w =5 W', then w =x W'. In particular, tx is into. So one
can identify Ax with its image in Aj.
(ii) [12] If Y is another subset of I then Ax N Ay = Axny in Aj.
(iil) We have A% = Af N Ax.
(iv) [3] The subgroup Ax is convex : if w is in Ax, any of its representative words of minimal length
on Xy UXT! is actually a word on Tx UYL .

The statements in Proposition 0.3 are already known. Howewer previous proofs were long and based
on topological arguments. The interest of the present proof is that it is is short, only uses algebraical
arguments and is only based on elementary prerequisites. Indeed we only refer to the first pages of [2,
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Chapter 4], were Coxeter groups are defined, and to a result of [10], which is a easy consequence of the
same pages in [2, Chapter 4]. With Proposition 0.3(i) at hand, we deduce from Proposition 0.2 that

Corollary 0.4. Let X C I and identify Ax with its image in Aj.

(i) [3] The morphism 7, x : Aj — Ax is a retraction.
(ii) For any w in Ax and any w' in Ay, one has 7, x (ww') = wm, x(w').
(111) Let X,Y g I. For any w m A[, 7r1,y(7r17x(w)) = 7T17x(7T17y(w)) =177 me(w).
(iv) Let X CY C I

(a) The restriction of mr x to Ay is Ty, x;

(b) For any w in Ar, 7y x(nry(w)) = 71 x (w).

In Point (iii) above, the equalities can be written as 7x xny (71, x (w)) = Ty, ynx (71,y (w)) = 71 xny (W)
by (iv)(a):

If X is a subset of I, then the subgroups of A; and W; generated by Y x and Sy, respectively, are
called standard parabolic subgroups. A parabolic subgroup of Aj is a subgroup that is conjugated to
one of its standard parabolic subgroups. In the framework of Artin-Tits groups, a main open conjecture
states that the family of parabolic subgroups of an Artin-Tits group is closed under intersection. This
conjecture can be formulated as it follows:

Conjecture 1. Let A; be an Artin-Tits group, X,Y be in I and w be in A;. Then, (wAyw )N Ay is
a parabolic subgroup of A;.

By [1], when the conjecture holds, then (wAyw™!) N Ay is a parabolic subgroup of wAyw~! and a
parabolic subgroup of Ayx. Conjecture 1 has been proved to hold when one restricts to some particular
families such has the family of Artin-Tits groups of spherical type [4], of FC type [7] or of large type [5].
However, the question in the general case remains open. Our second objective is to prove that Conjecture 1
is equivalent to the following conjecture:

Conjecture 2. Let A; be an Artin-Tits group. Let X be in I and w be in CA;. Then (wAxw™1)NAx
is a parabolic subgroup of A;.

Clearly, Conjecture 1 implies Conjecture 2, so we address the other implication.
Theorem 0.5. Conjecture 2 implies Conjecture 1.

In order to prove Theorem 0.5 we need to prove Conjecture 1 in the case of specific elements w of Aj.
The morphism 67 : Ay — Wi possesses a well-defined and well-known set section xy : Wy — Ay (see
Section 1). We will prove that

Theorem 0.6. Let X, Y be in I and w be in W;. Set w = ki(w). Then, there exists wy in Wx, Y, CY,
and X1 C X so that (wAyw )N Ay = (wAy,w™ 1) = kr(w1)Ax, kr(wy) L.

Section 1 is devoted to the necessary backgrounds on Coxeter groups. In Section 2, we turn to the
proof of Propositions 0.2 and 0.3. We also prove that the retraction m; x is the same as the retraction mx
defined in [1]. Finally, in Section 3 we prove Theorems 0.5 and 0.6.

1. BACKGROUND ON COXETER GROUPS

We start with the elementary properties on Coxeter groups that we shall need. They can all be found
in [2, chap. IV,§1], except Proposition 1.8 that can be found in [10] and which is a direct consequence of
Proposition 1.7 below.

Definition 1.1. Let w =s;, ---s;, be a word on S.

(i) By rj(w), or r; when no confusion is possible, we denote the word s;, 8;, - -+ 8i;_,8i;8i;_, =~ 5i, 54, -
We set R(w) = (r1(w), ra(w), ..., rr(w)).
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(ii) By R(w) we denote the associated sequence (r1(w),ra(w),...,rE(w)) of elements of Wr.
(iii) By IN(w) we denote the set of elements of W; that appear an odd number of times in R(w).

Example 1.2. Consider Example 0.1 and the word w = $,5p5:845:5. Then N(w) = {Sp;SaSbSa}
because R(s) = {S4; SaSbSa; SaSpScSvSa; SaSbScSaScSbSa; SaShScSaScSaScShSa; SaSbScSaScShScSaScSpSq} With
545b5c5a5¢5b8¢5a5¢SbSq = Sq aNd S4SpSc845c5aS5cSbSa = SaSbScSpSa, aNd SqS8p8:54ScSbSq = Sp.

Remark 1.3. It follows from Definition 1.1 that for any two words w,w’ on S, the sequence R(ww') is
the concatenation of the two sequences R(ww') and w R(w') w™1.

Proposition 1.4. [2, chap. IV §1] Let w and w’ be two words on Sr.

(i) If w and w' represent the same element in W, then N(w) = N(w’).
(ii) The word w is reduced if and only if the cardinality of N (w) is equal to the length of w, in other
words when all the elements of R(w) are distinct.

Example 1.5. Consider Example 1.2. Since N (w) = {Sp; SaSbSa}, the length on S of w is 2. Indeed,
W = 845b5:805c5p = SbSa-

Proposition 1.6. [2, chap. IV ,§1] Let w and w’ be two words on Sy.

(i) Let s;, be in St and write w = s;, -+ 8;,. If w is a reduced word, but s;,w is not, then there
exists j so that s;, -+ i, =1 SiySiy - “Sij_1Siji1 " Sig-
(ii) If w and W' are reduced with w =; w', then the word w can be transformed into the word w' by
using the braid relations of the presentation of Wy, only.
(iii) Let w be a word on St and s,t be in St so that both words sw and wt are reduced, but the word
swt 1s not. Then sw =1 wt. In other words sw = wt in Wjy.

The above proposition implies several important properties. First, the map S; — Wi, s; — s; is
into and we can identify S; with its image Sy in W;. Depending on the situation, we will write s;
or s;. Moreover for X C I we have St N Wx = Sx, and for any two subsets X,Y of I, we have
Wx N Wy = Wxny. It also follows that the morphism ©; : Ay — W possesses a well-defined set
section kjy : W; — Aj defined in the following way : for w in W; and any reduced representative word
w = 8, -8, on Sy of w, we have kr(w) = o, ---0;,. Indeed, two reduced words on S represent
the same element in Wy if and only if one can be transformed into the other by using braid relations
only. As a consequence, for any X included in I, the subgroup Wx is convex : if w is in Wx and w
is one of its reduced representative word, then w is a word on Sx. In other words, if the product uv
lies in Wx and ¢;(uv) = £;(u) + £7(v) then both w and v lie in Wx, too. In addition, the equality
lr(uv) = ¢r(u) + ¢7(v) holds if and only if the equality k;(uv) = kr(u)kr(v) holds. Finally, we recall
that for ¢,7 in I and distint, then the order of the product s;s; in Wy is m(s, j), the label of the edge
{i,j} in the graph I" (see [2, Chap V §4]).

Proposition 1.7. [2, chap. IV,§1] Let X,Y be included in I and w be in Wi. The double-coset WxwWy
possesses a unique element wg of minimal length in Wi. Moreover:

(i) For any wy in WxwWy there exist  in Wx and y in Wy so that w1 = & woy with £r(wy) =
lr(x) + L1 (wp) + £1(y). One says that wy is (X,Y)-reduced.
(ii) For any x in Wx and any y in Wy, one has {i(xwo) = {1(x) + £1(wo) and {;(woy) =
E](’wo) + é;(y).
(iii) The element w is (X,Y)-reduced if and only if it is both (X, 0)-reduced. and (0,Y)-reduced.

The following result corresponds to Proposition 0.2, but in the context of Coxeter groups. It was
annonced in [10] and has been proved in [11] and [9]. This is an almost direct consequence of Proposi-
tion 1.7.
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Proposition 1.8. [9] Let X, Y C I and w be in Wy. Then, there exist wy in Wx, Y1 CY, and X; C X
s0 that (WWyw ) NWx = (wWy,w™!) = w,Wx,w;'. Moreover, if w is (X,Y)- reduced, then w;, = 1
and wSy,w™ = wSyw ' NSx = Sx,.

Remark 1.9. In [9], the author considered the case (X,Y)- reduced, only. If w is not (X,Y)-reduced,
then we can write w = wiw'wg with wy in Wx, we in Wy and w’ that is (X,Y)-reduced. Then
(wWyw™) N Wyx = w;y (w'Wyw' 1N WX)wfl.

Corollary 1.10. Let X C I, i,5 be in I and distinct and w be in W. There are only three possibilities:
wW{m—}w_l NWx is trivial, or wW{m-}w_l is included in Wx, or 'wW{i’j}'w_l NWx contains only one
not trivial element.

Remark 1.11. In the above corollary consider the case wW{i’j}w_l is included in Wx . Let X1 = {i',j'}
be as in Proposition 1.8. Then, m(i', ") = m(3, j) because m(i,j) and m(i', j') are the orders of s;s; and
8851, respectively, as recalled above.

Lemma 1.12. Let X C 1. Let u be in Wy and s; be in S;. Write u = v w such that v lies in Wx and
w is (X, 0)-reduced. Then

usiu ' eWy < ws; w €Sy < ws; is not (X, 0)-reduced
Moreover, in this case, w is (X, {i})-reduced.

Proof. The first equivalence is clear. Implication “w s; w™! € Sx = w s; is not (X, 0)-reduced” follows
from Proposition 1.8, considering Y = {i}. Assume w s; is not (X, 0)-reduced. If w were not (X, {i})-
reduced, by Proposition 1.7(iii) it would be not (), {i})-reduced, and we could write w = (ws;)s; with
lr(w) = £;(ws;) + 1, which contradicts the fact that w is (X, 0)-reduced. The last implication then
follows from Proposition 1.6(iii) : let w be a reduced representative word of w. if w is (X, {¢})-reduced
and w s; is not (X, 0))-reduced, then there is sj in Sx so that s;w and ws; are reduced words, but s;ws;
is not. Then w s; = s;w. O

The following result is implicit in [2, §1 Sec. 4] and is well-known from specialists. As we will need it
when proving Proposition 0.2, we prove it for completness.

Lemma 1.13. Let i,j be in I distinct with {i,j} in E. Set m = m(i,j). Let s;; = s;sjsi - and
? ~——

m terms
8. = 8j8i8j . Then, for all n with 1 <n < m we have rn(§i7j) = rm_n+1(§j,i).
~——
m terms
Proof. By formula (15) in [2, §1 Sec. 4] we have 1y, (s; ;) = (8:85)" '8 and Tm_ny1(s;;) = (558:)™ "s;.
S0 T (8 ;) (Pm—n+1(5;,)) 7" = (8i85)" ' si85(si85)" " = (sis5)™ = 1. O

2. THE RETRACTION MAP

Definition 2.1. Let w = s;, - - - s;, be a word on S. Consider the notation in Definition 1.1. Let X C I.
(1) We set rj x(w) = r;(w) when rj(w) lies in Wx, and r; x(w) = ¢, the empty word, oth-
erwise. When no confusion is possible, we will write r; x for r; x(w). By Rx(w), we de-
note the k-uple of words on S defined by Rx(w) = (r1,x,72,x,---,7k,x). By Rx(w) =
(r1,x(w), r2,x (W), ..., TE,x (w)) we denote the corresponding k-uple of elements of Wx.
(ii) By Ry (w) we denote the subsequence of Rx (w) obtained by keeping the nonempty words only
and by IA%X(w) we denote the corresponding subsequence of Rx (w).
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Note that for w in X*, one has ﬁx(w) = Rx(w) = R(w). Let w = s;, ---s;, be a word on S and
1 <j1 <--- < jn < k. In the following proposition, by s;, - - “8i; 8y, o8y c - S, we denote the word
obtained from w by removing the letters with a hat. For instance in Example 1.2 s,5,5.5,5:5p = SqSpSaSec-
The first crucial result is the following:

Proposition 2.2. Let X C [ and w = s;,---S;, be a non-empty word on S. Write ]/?:X(w) =

(T, X3 Tjo, X+ Tj,,x ). Set wg = 1 and for 1 < j < k write s;3,+++8;;, = vjw; with v; in Wx and

wj that is (X, 0)-reduced. For 1 <n <p, let t,, = wjn_lsjnw;nl_l.
(i) (a) For1<n<p,t, liesin Sx.

(b) Set jo =0 and jp41 =k+1. Forn i {l,...,p+1} and j in {jn_1,-- ,jn — 1}, we have

-85 and vy =ty - tp_q.

wj:Sil...Sijl...sij2.. .

* S
Yin—1

(ii) Setwx =t1---t,. Then, R(wx) = ﬁX(w)

Proof. (i) (a) and (b) are consequences of Lemma 1.12: (a) is clear. Now, for any j in {1,...,k}
but not in {ji,...,Jp}, the element w; is (X, 0)-reduced and wj_lsjwj__ll is not in Wyx, because
’Uj_le_ISjwj__ll'Uj__ll isnot. So, w;_18; is (X, 0)-reduced. In particular, v; = vj_q1 and w; = w;_15;.
If j = jp fornin {1,...,p}, then v;, wj, = vj, —1wj, _18;; = vj, _1tpwj, _1. S0, vj, = v, _1t, and
wj, = wj,—1. Point (i) follows directly from (i): write un = s;; By (i)(b), for all n we

_ _ -1 -1, —1 -1 —1y _
have wj, —1 = w1+ * *Up and t1ta: -t = (U155, U7 ) (U1U2Sj,Uy Uy ) - (Ure* *UpSj, Uy te v Uy ) =

. + e e . . _11.- _1_ . o o . _1I
U185, U28j55° * *Sj,,_; UnSj, Uy U; = 81085, Uy,

" +1”.S7‘jn—1'

. -ul_l. By symmetry, we have t,,_1-+tat; =

—1 1

Up** “Un—_18j, _,* 1. Therefore, we deduce that 7, (wx) = 81+ -85, Uy U] " Ur** “Up_155,_,** 51

no'n
1

ZUR S eees1 =15 x(w). O

= S1°* .sj

Remark 2.3. In Point (ii), t, is uniquely defined by t,. Moreover, wx is uniquely defined by ﬁx(w)
since t1 = Ty, x 7 2 = Tjy X Tjo, XTj1, X 7o i bn = T50,X 0 T 3, X T, X T2, X " Tja, X -
Lemma 2.4. Let X CI and w = 8;, -+ 84, W = Sif v Sir, be two non-empty words on S.

(i) Let 1 <n <min(k,k"). If for all 1 <m <mn, iy, =1, then ry, x(w) =1y x ().

(ii) Let 1 <n < kand 1 <n < K. Assume s;,+++8;,_, = Sy tSi, and i, = i,,. Then

Tn,x (W) = T x (W)

Proof. (i) 7, x(w) and 7, x(w’) only depend on the prefixes s;, ---s;, and sy -+ s;s , respectively. (ii)
Tn,x (w) and 7,/ x(w’') only depend on the pair (s;,--+s;,_,,s:,) and the pair (Si'l“ -si:,_l,si//),
respectively. 0
Definition 2.5. Let X C I. We define the map 77, : (S;UX; )" — (Sx UXY')* in the following way.
Let w = 07! -+~ 0;* be a word on Xy U 271, where ; lies in {£1}. Set w = 0} (w) and let wy = sq, -+ - Sq,
be the word on Sx provided by Proposition 2.2 so that R(wx) = ﬁx(w) = (rjx(w),...,rj, x(w)).
We set 77 (W) = 0gi" - 0"

Note that (g1 ...,ex) and ﬁx(w) do not fix 7}  (w) because they do not fix the exponents. However,
7} «(w) is fixed by (e1...,ex) and Rx(w). So the sequence of steps that define 77 , can be summarized
as it follows :

w—w— Rw) - Rx(w) — ﬁx(w) = R(wx) = wx — 7} (w)

Proposition 2.6. Let X C I andw, w’ be two words on S UL Ifw =, o', then 7}  (w) =x 77 (w).

€k

i) and w’ be two words on X7 U Z;l so that w =7 w'. Set w = 0F(w) = 84, -+~ 84,

Proof. Let w=0;! -0

and w’ = 67 (w’). Consider the notation of Definition 2.5. In particular, Rx(w) = (rj,x(w),...,rj, x(w));
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_ * _ €j1 €ip : — / . : _
WX = Sq, - 8q, and iy (Ww) = og' ---047. Since w =; W', there exists a finite sequence wy =

W, Wi, ..., w, = w of words on ZIUEjl so that w; 41 is obtained from w; by using either a braid relation or
one of the two relations o;0; = ¢and o, lo; = e. Clearly it is enough to consider the case n = 1. Case 1:
w is transformed into w’ by using a relation O'iO';1 =cor 0;101- = ¢. Up to exchanging w and w’ we may
assume that o’ = o5 -+ 0;" " 'o¥0; Po" -+ 0ofF with p € {—1,1}. Then, w' = s;, -+ 8i,_,8i8:Si, - Si,-
By Lemma 2.4(i), for m < n —1 we have Tm,x (W) = Tm,x (w) and, by Lemma 2.4(ii), for m > n, we
have 7y, x (W) = Pm42,x (w'). Moreover, 1y (w') = rp41(w’). So either both 7, (w') and ry41(w’) are
in Wx or both of them are not. In the second case, Rx(w) = Rx(w') and 7}  (w) = 7} ((w’). Assume
the first case. Let w’ € S% so that R(w) = Rx(w'). Since Tn,x (W) = rpt1,x(w') # 1 there is
(

0 <m< P SO that _ﬁx(w/) = (’I"jl’X(U)), . ,ij,x(w) Tn, X( /)7rn,X w’),rjm+1,x(w), . ,rjp’X(w)).

In particular, there is j in X so that w’ = sq, -+ 54,,5j5j5¢,,., - 5¢, (see Remark 2.3) and 77 , (w') =

ot gl afo; Pagmtt . 0y, Thus, T (W) =x 7 (w'). Case 2: w' is obtained from w by us-

ing a braid relation. For 4,5 in I, write g,; = 000" and S;; = Sisjsi---. We can write
m(t,7) terms m(i,j) terms

w = o} ...gf:;lgmaf::;"...gf: and W' = o}! u'a'f::fgjﬂo';:;r;? c 05k with i = dn, j = in1 and

m = m(i, 7). It follows that we have w = s, =+ si, ,8; ;Si, .+ i, and W' = s;, -+ 8i, 188, " Siy-
As in Case 1, by Lemma 2.4, rp(w) = rp(w’) when either 1 < h <n—-1orn+m < h < k. Since

g;;is a reduced word, all the elements of R(g; ;) are distinct (see Proposition 1.4). Tt follows that

(W), Pny1(w), ..., "Tngm—1(w) are all distinct. Moreover, by Lemma 1.13, for A in {1,...,m} we
have rh(gm-) = Tm—h+1(gj,i), and rp—14n(W) = Tnym—n(w’). Therefore, if none of the elements
(W), Tng1(w), ..., Tngm—1(w) liein Wx then Rx (w) = Rx (w') and 7}  (w) =x 7} (). If only one

of them lies in Wx, say r,, _ 1_*_h( w), then Rx (w) and Rx (w') are not equal, but differ only at positions

n—1+handn—1+m—h and RX( "= ﬁX(w) Then 77 , (w) and 7}  (w’) because the exponents in
position n— 1+hand n—1+m— h respectively, are both equal to 1. Assume finally that at liest two terms
among 7n (w), rp41(w),. .. 77'n+m_1(w) lie in Wx. By construction, all the terms of the previous list be-
long to (si,+ 84, ) Wi j(8iy-+ -8;,_,) 1. Since (s;, - - “8i,_ 1 )Wii(8ip-- -8i,,_,) 'NWx contains at least
two distinct elements different from 1, Corollary 1.10 implies that (s, - 55, _, )Wi (84, * -8i,_,) lisin-
cluded in the parabolic subgroup Wx, and 7y, (w), rny1(w), ..., "niym—1(w) all belong to Wx. Recall the
notations given in the introduction for ﬁx(w), wx and 77  (w) . Let p’ be such that j,» =4,. Set i’ = g,
and j' = gy 41. If vj and w; are defined like in Proposition 2.2, then, by Point(i)(b) of this proposition,
Wy, = Wypt1 =+ = Wnym—1. Now by Remark 1.11 we have m(¢',j') = m(in,in_ﬂ) It follows that

Sqy " Sayimoy = §Z, s WX = Sqy sqp/ VS 7 Say it Sap and Wy = sgq, - “Sq,_,Sjr ,sqp Lo T Sy
€1 €5 I €5
* _ q’—1 p '4+m Jp * ! _ J1 q /-1 p '4+m Jp
Thus, 77 ,(w) = oglt - COqy i 0y T O and 7} (W) = og -~-aqp/_1 Gy " Op
and we are done. O

We are now ready to prove Propositions 0.2 and 0.3.

Proof of Proposition 0.2. Let w be a word on ¥j U E;l. Set w = 0% (w). The length of w is equal to the
length of w, which in turn is equal to the number of terms of R(w). Similarly the length of 7} . (w) is
equal to the length of 0% (77 . (w)). But, by definition, the latter word is wx whom length is equal to
the number of terms of R(wy), that is of Rx (w). Thus, £x (77 «(w)) < Lr(w). The equality holds when
R(wx) = R(w), which is equivalent to have wx = w, which, in turn, is equivalent to have 7* , (w) = w.
So Point (i) holds. Let w’ be another word on ¥; UX; " and set w’ = 0% (w’). By definition, Rx (ww’)
starts with Rx (w). Therefore, wx is a prefix of (ww’)x and Point (ii) follows. Point (iii) follows
from Proposition 2.6. Since fx (7, x(w)) = wx, Point (iv) follows from Proposition 2.2 (i)(b) and (ii).
Assume w lies in CAy. Then, w = 1 in Wj. By Proposition 1.4, N(w) has to be empty and all terms of
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R(w) appear an even number of times. But in this case, all of its terms that are in W (X)) appear an even
number of times, too, and N (wx) is empty. Then wx = 1. But 0% (7} ,(w)) = wx. Then, 7, y(w) lies in
C Ax and the map 7, x restricts to an application from CA; to CAx. The fact that 7, x : CA; — CAx is
an homomorphism, and Point (v), will follow from Point (viii). Point (vi) is clear from the definition: with
the notation of Definition 2.5, if all the €, are equal to 1, so are the ¢;, . Let w’ be as above, set k = £g(w)
and write (ww')x = wxw”. If w lies in CAj or if wis on ¥ x U Z;{l, then for n > k + 1, rp(ww’) lies in
W if and only if w rp,_g(w')w =" lies in Wx. So in both cases, Rx (ww') is the concatenation of Rx (w)
and wRx (w)w~!. It follows that R((ww')x) is the concatenation of R(wx) and wR(w’)w~!. By
Remark 1.3, we deduce that R(w”) = (wx'w)R(w )(w twx). But if w lies in C' Ay, then 7, y(w) lies
in CAx and w = wx = 1. On the other hand, if w is a word on X x UZ)_(l, then wxy = w and w;{lw =1.
So in both cases, R(w"”) = R(w' ), which implies w” = w’. This proves Points (vii) and (viii). Note
that the exponents in 77 , (ww’) are the expected ones because Rx (ww’) is the concatenation of Rx (w)
and wRX(w’)wfl. Assume Y C I and w is a word on Xy U E;,l. Then w is a word on Sy and the terms
of R(w) are in Wy . Therefore, they are in Wy if and only if they are in Wx N Wy, that is in Wxny.
So the terms of Rx(w) are in Wxny and wx is a word on Sxny. Point (ix) follows. Finally, assume

Y CIlandw=o; 07" is a word on X1 U ;1 Set w = 03(w) = s;, -+ 54, and, as in Definition 2.5,

Rx(w) = (rj, x(w),... Ty x (W); Wx = Sqp - 8q, and 7k (W) = o’ ---0g". Let us prove (x). By
., 6,-/,

symmetry, it is enough to prove that 7}y (7] x(w)) = 7f xqy (w). Write 7} y (7] x (w)) = UZfl . q,J”
s 5 3 5 ) 1 !

£ .1 [

with ji,. .. i oo dp)e Write 7y x (W) = o, crq with j7,...,5% in {1,...,k}. We
have (wx)y = sq " Sg, and wxny = Sgy - Sq7,,- By construction ﬁy(@}(ﬂjx(w))) is obtained from
R(07 (7} «(w))) by removing the terms that do not belong to Wy. But 07 (7} ((w)) = wx and R(wx)
is obtained from R(w) by removing the terms that do not belong to Wx. So, ﬁy(é); (77 x(w))) is
obtained from R(w) by removing the terms that do not belong to Wx N Wy, that is to Wxny. Thus
R((wx)y) = ﬁy(ﬁ?(ﬂjx(w))) = Rynx(w) = R(wynx) and (wx)y = wynx. In particular p’ = p” and
q5 = qj for pin 1,---,p'. Now, let p be in 1,...,p". Then, j; is the position of the " term of R(w)
that belongs to Wy NWx, that is to Wxny. Therefore, ji = j and 77 y (77 x(w)) = 7} xqy (w). Hence,
(x) holds. Finally, by Point (ix), Point (xi) is a special case of Point (x). Indeed, since 77 y-(w) is a word

on Ly UXy', we have 77 y (7] y (w)) = 75 x (7] y (w)). O

Proof of Proposition 0.3. Let w,w’ be in (Xx U X3 ')* and such that w =; w’. By Proposition 0.2(i),
77 v (w) =w and 7} , (') = w’ and by Proposition 2.6, 7}  (w) =x 7} «(w'). So Point (i) holds. Let Y C
I. Clearly Axny C AxNAy. Let wbein AxNAy. Since w lies in Ay, by Proposition 0.2(ix), 7, x (w) lies
in Axny. Since w lies in Ax, by Corollary 0.4 (i) (that we can apply as Point (i) is proved), 7, x (w) = w.
So, Ax NAy C Axny and Point (ii) holds. Similarly A} C ATNAyx. The argument to prove the inverse
inclusion is similar as the one used to prove (ii), replacing Proposition 0.2(ix) with Proposition 0.2(vi).
Finally, Point (iv) follows from almost the same argument : if w is a word representative of an element
of Ax then, by Proposition 0.2(i) and (iii), 7 , (w) is another word representative of the same element
whom length is not greater than the one of w. If moreover w is a minimal word representative, then w
and 7}  (w) must have the same length. By Proposition 0.2(i) this imposes w = 7} , (w). Hence Ax is
convex. U

Proposition 2.7. the map 7} , coincides with the map Tx defined in [1].

Proof. Let X C I and w = 0 -+ 07" be a word on ¥ U ¥ where ¢; lies in {£1}. Let us recall the
definition of 7x given in [1]. Set w = 0} (w) = 54, -+~ 54,. For 1 < j <k, let s4,++ -85, = vjw; with v; in

Wx and w; that is (X, 0)-reduced. If ¢; =1, set t; = wj_lsijw;_ll. Ife; =—1,set t; = szingl. If
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t; lies in Sx set 7; = og’ so that t; = sq;. Otherwiese, set 7; = ¢, the empty word. Then 7 x (w) is defined
by 7x(w) =11 - 7. Now, if wj_lsijwj__ll lies in Sx then w; = w;_1; otherwise w; = w;_15;; (see
-1

the proof of Proposition 2.2(i)(b)). In both cases, w;s;, wj_l = w;_18;;w;__;. So, in the above definition

of 7y, this is not necessary to distinguish whether ¢; is equal to 1 or to —1 and 7x (w) = 77 (w). O

Corollary 2.8. The map 7, x coincides with the map wx defined in [1].

3. INTERSECTION OF PARABOLIC SUBGROUPS

We turn now to the proof of Theorems 0.5 and 0.6. We start with two preliminary lemmas. We recall
that k7 : Wi — Ay is the set section of the morphism O;: Ay — Wj.

Lemma 3.1. Let X be a subset of I and w,w’ be in A; with w in CAr. If ww'w™! lies in Ax then
ww'w =7, y(ww'w ) =1 (W) (W) (W)L

Proof. Since ww’w™! lies in Ax, the first equality follows from Corollary 0.4(i). We have ww’ =
(ww'w Hw. So m; x(ww') = m; x(ww'w™Hw). By Proposition 0.2(viii) 7, x (ww’) = 7, x (w)7; x (w’)
and by Corollary 0.4(ii), 7, x ((ww'w™ w) = (ww'w ), «(w). a

Note that Lemma 3.1 extends [1, Lemma 2.4].

Lemma 3.2. Let X,Y C I and w € Wy that is (0,Y)-reduced. Write w = wiws with wy in Wx and
wa (X,Y)-reduced. Then, m; x(kj(w)Ay) = 7 x(kr(w))Ax, with Sx, = Sx N ’LUzSy’UJ;l.

Proof. Let w = kr(w), wy = kr(w1) and wy = Kr(wa). Then, {g(w) = lg(w1) + €s(w2) and w = wiws
with wy in Ax. First, we have 7, x(w2) = 1 and 7, x(w) = 7, x(w1) = w1 = T x(w1)7; x(w2) (see
Proposition 0.2(iv)). For any w’ in Ay, by Corollary 0.4(ii), 7, x(ww’) = 7, x(w1)7; x(waw’). So
we may assume w; = 1 and w = wy. Now, let w = s;, ---s;, be a representative word of w of

« . . . £
minimal length. Then o;, --- 0y, is a word representative of w. Let w’ be in Ay and w’ = 05! ---0,*

iy

k 1
be a representative word of w’ of minimal length. Set w' = 77 . (w') = s +++syr,. Then all the il; lie

inY and o4, -0y, f,ll .-y is a representative word of ww’. Since w is (X, 0)-reduced and w is a
i ",
minimal word representative of w, the k first entries of Rx (ww’) are equal to 1 and all the next ones

lie in wWyw~' N Wx. By Proposition 1.8, there is X; C X and Y; C Y such that wSy, = Sx,w
and wWyw ' N Wx = Wy, = wWy,w™!. Then, (ww')x is a word on Sx,. Since 0F(ww') = ww’,
we get that 7, v (ww’) lies in Ax, and 7, (kr(w)Ay) C Ax,. Conversely, let w’’ lie in Ax,. Then
wlw”w lies in Ay,. Indeed, since wSy, = Sx,w and w is (X,Y)-reduced, for any i in X; there is
j in Y7 so that ws; = s;w with ¢r(ws;) = ¢;(sjw) = {;(w) + 1. Therefore, wo; = o;w. Now,
7 x (hr(w)w lw”’w) = 7,  (W'w) = 7, x (W), x (W) = w”. So, the other inclusion holds. O

The following result proves Theorem 0.6.

Proposition 3.3. Let XY C I and w € W;. Let w = wiwawh with wy in Wx, wh in Wy and
wa (X,Y)-reduced. Write w = kj(w), wi = kr(w1), and wh = xr(wh). Let X1,Y7 be defined as in
Proposition 1.8. Then wAyw N Ax = wiAx,wy "t and w 'Axw N Ay = w) Ay, wh.

Proof. We have ¢1(w) = £7(w1) + 7 (w2) + 7 (w}h) and w = wywaw}) with wy in Ax and w) in Ay. So
wAyw TN Ay = wy | weAyws ' NAx Jwi ! Similarly, w 'AxwnN Ay = wj ! (wz_lAXwg N Ay>w§.

So, we may assume w; = wh = 1 and w is (X,Y)-reduced. In this case, 0;(w) = w and 7, x(w) =1
(see Proposition 0.2(iv)). Let w’ lie in Ay. Set w” = ww’w™! and assume w’ lies in Ax. Then
ww' = w’w and 7, x(wWw’') = 7 x(WwW) = 7 x (W) x(w) = W”’. But, by Lemma 3.2, 7; x(ww’)
lies in Ax,. So wAyw ™' NAx C Ayx,. Conversely, Ax, is included in Ax and, as seen in the end of
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the proof of Lemma 3.2, w 1Ay, w = Ay,. So Ay, C wAyw~! and the other inclusion holds. Thus,
wAyw INAx = Ax, and w ' Axw NAy = w 1 (Ax NwAyw Hw =w Ay, w = Ay,. O

Proof of Theorem 0.5. Assume Conjecture 2 holds. Let X,Y be in I and w be in A;. We want to prove
that (wAyw™1) N Ax is a parabolic subgroup of A;. Write §;(w) = w = wywaw}, with wy in Wy, wh
in Wy and wz (X,Y)-reduced. Then

(wAyw )N Ax = rr(ws) <(n1(w1)1w ri(why) M) Ay (kr(wh)w ' kr(we)) N Ax)m(wl)l
and 07((kr(w1) rwrr(w’z)™) = wy; lww’;' = wy. So we can assume wy; = wh = 1 and w is
(X,Y)-reduced. We set wp = kj(w). Then 0;(w2) = w. Let w’ be in Ay. As already seen, w
being (X,Y)-reduced, we have 7, x(w2) = 1 and, by Lemma 3.2, 7, x(waAy) = Ax, where Sx, =
Sx NwSyw~t. Then 7, x(wew’) lies in Ax,. Assume ww’w™! belongs to Ay. Then 7, x(ww/w™t) =
ww/w=!. On the other hand, f;(wwy ') = O7(w)fr(wy?) = ww™" = 1 and ww, ' lies in CA;.
Now, (ww'w™)(ww; ' )ws = (ww; waw’. So, by Proposition 0.2(vii) and (viii), applying 7, « we
get, (ww'w ™ H)m, (W wz_l)myx(wz) =7 x(w wz_l)m,X (waw') € m, x (wwz_l)Axl and ww’/w™! lies in

Trx (ww;l)Axl (W,.X(wwgl))_l. Hence, wAyw™ ' N Ax C 7r,yx(w<.u271)AX1 (w,yx(wwgl))_l C Ax
and wAyw 1 NAxy = wAyw 1N (myx(w wy ') Ax, (ﬂ,wx(wwgl))_l . By Proposition 3.3, Ax, =

ngngl N AX = wz(Ay N w;lAXwg)wz_l = w2Ay1w2_1, SO we get

wAyw ' NAx = "“'<AY n <(w17TI:X (g )wa) Ay, (w71 x (w0 wz_l)wZ)_l>)w1

1 1

Now, w™ WI,X(wwgl)wz = (w™ wz)wglw,,x(wwgl)wz and w™lws lies in C Ay, then, 7, 4 (w w;l) lies
inCAx and w7, (w w;l)wz liesin CA;. So, up to replacing (X, Y, w) with (Y, Y1, w7, y(w w;l)wz),
we may assume Y C X with w in CA;. In this case we = 1 and Ax, = Ay. Thus wAyw lNAx =

iy 1 (@) Av (s () ) = (A 0 (07 ) Ay (07 () ) ! and e
are done. 0

Acknowledgement: I thanks Frangois Digne and Jean Michel for useful comments.
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