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REGULARIZATION BY NOISE FOR ROUGH DIFFERENTIAL EQUATIONS
DRIVEN BY GAUSSIAN ROUGH PATHS

RÉMI CATELLIER AND ROMAIN DUBOSCQ

Abstract. We consider the rough differential equation with drift driven by a Gaussian geo-
metric rough path. Under natural conditions on the rough path, namely non-determinism, and
uniform ellipticity conditions on the diffusion coefficient, we prove path-by-path well-posedness
of the equation for poorly regular drifts. In the case of the fractional Brownian motion BH for
H > 1

4
, we prove that the drift may be taken to be κ > 0 Hölder continuous and bounded for

κ > 3
2
− 1

2H
. A flow transform of the equation and Malliavin calculus for Gaussian rough paths

are used to achieve such a result.

1. Introduction

In this paper, we want to study a regularization by noise property for the following rough
differential equation :

dxt = b(xt) dt+ σ(xt) dwt, (1)
where w is a (weakly) geometric rough path. We intend to show that under suitable conditions
on σ and w this equation is wellposed when b has (very) poor regularity properties.

This phenomenon of regularization by noise is now well-studied in several situations. A lot
of work has been devoted to the additive case σ ≡ 1 and for several kind of processes. One can
think of the seminal work of [70, 51] for strong solutions of this equation when w is a Brownian
motion. In this additive case and when w is a Brownian motion, Davie [28] exhibits a new
and stronger notion of uniqueness and proved that the previous equation has a strong solution
and enjoys "path-by-path" uniqueness whenever b ∈ L∞(Rd), whereas standard theory (with
supporting counterexamples) requires b to be Lipschitz continuous. One can consult [66] for a
deep discussion about notions of solutions in the additive case.

Since then, Davie’s work has led to a certain number of results in several directions which are
usually done in the additive cases. One can take w to be a more general stochastic process and
still has (even better) regularization by noise phenomenon. For example one can consider w to
be a fractional Brownian motion [20], a Lévy process, see [62, 3] and the references therein, or
a more general stochastic process [43, 46, 30]. In a more general context some similar results
when w is non random and as general as possible can be exhibited [39, 20] and [38, 64]. This
phenomenon of regularization by noise in a path-by-path manner was also study in other kind
of problems, such as SPDEs [21, 24, 23, 22, 2, 19], mean field differential equations [41, 9], and
in a mixed additive/multiplicative setting [10, 40].

A general strategy in this additive context is to look at the averaged field

t, x 7→
∫ t

0
b(x+ wr) dt

and to study its space-time regularity properties. To do so, one could use for example an
Itô-Tanaka trick (see [25] in the fractional Brownian motion setting) or the corresponding Kol-
mogorov equation [62]. More recently, techniques involving stochastic sewing lemma [52] and/or
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properties of the occupation measure/local time of the process [46] where used. Once a space-
time regularity of the averaged field is exhibited, one can then use some pathwise non-linear
calculus [37] to conclude. We will see in the following how this strategy of proof is implemented
in our setting.

In the full multiplicative case, there are very few results (up to our knowledge only two). First
of all, one must make sense of the equation in a pathwise sense. To do so, one usually relies on
rough path theory [55, 27, 56, 5, 45, 35, 36].

Up to our knowledge in this setting, the first related result is due (again) to Davie [29], where
he studies Equation (1) where w is the Stratonovitch Brownian rough path. In this setting,
when σ is an invertible C3

b matrix, he shows that uniqueness holds whenever b ∈ L∞. The
strategy of the previous work is to consider a strong solution (Xt)t∈[0,T ] of the Stratonovitch
SDE

Xt = X0 +

∫ t

0
b(Xr) dr +

∫ t

0
σ(Xr) ◦ dBr,

to use a Girsanov transform on

Wt = Bt +

∫ t

0
σ(Xr)

−1b(Xr) dr

and to get back to the driftless Stratonovitch SDE on an equivalent probability measure P̃.

Yt = Y0 +

∫ t

0
σ(Yt) ◦ dWr, .

Then the use of the Kolmogorov PDE related to the previous equation enables to prove that Y
enjoys some regularizing properties. Finally, one can write X = Y +Z and Z solve the following
equation

Zt = X0 +

∫ t

0
b(Zr + Yr) dr.

Hence, under P̃, one can use the regularizing properties of Z and prove the result.
It is not directly possible to implement such a strategy in our context. Firstly, one lacks of

a suitable Girsanov transform in a general (Gaussian) rough path setting. Secondly, there is no
Kolmogorov equation. Nevertheless, one can see two ingredients of the proof : going back to
the driftless equation, and considering an ODE where the drift and the solution of the driftless
equation appears.

The second result about uniqueness of SDE in a poor regularity setting is due to Athreya,
Bhar and Shekhar [1] when w is the fractional Brownian motion rough path (for H > 1

3). There
strategy is to make Lamperti transform to get back to an additive problem, and then to use the
result of [20]. Whereas in dimension d = 1 this strategy works pretty well, in dimension d ≥ 2
one has to ask that σ−1 is conservative. This is a huge restriction, since one could expect that
σ strictly elliptic should be sufficient.

While we were finishing the writing of this paper, a paper by Dareiotis and Gerencśer with
similar results [26] came up. Note that the techniques involved are quite different, and we
are able to handle more general cases (general Gaussian rough paths instead of only fractional
Brownian motion). The price to pay in our case is a slightly worse condition on σ and on b, but
a far better result on the flow of the equation.

Finally let us mention that in the rough path setting, some results have appeared considering
non-Lipschitz drift [11, 63]. These works focus on growth (non-linear damping) of the coefficients
and wellposedness in that context. Furthermore, the local -Lipschitz continuity is always needed.

Our strategy to tackle the problem of uniqueness of Equation (1) with singular coefficients
may be summarize as follow, and is inspired by the work of Davie [29]. In order to compensate
the lack of a Girsanov transform in this setting, we rely on a flow transformation presented in
the rough path setting in [63]. Indeed, it allows us to consider the regularization properties of
the flow of the driftless equation. Furthermore, in order to replace the Kolmogorov equations
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arising in a Brownian context, we will use some Malliavin calculus in a Gaussian rough path
setting, which have been developed by several authors [8, 14, 15, 54, 16, 44, 50]

1.1. Difficulties and extended plan of the paper. Let us emphasize the difficulties and
achievements of the paper. We have divided the study of the uniqueness of solutions of Equation
(1) in three parts.

The first one, in Section 2, recalls the basic definitions and results about rough path theory.
The main idea of this part is a development of an idea of [63], and consists of proving an
equivalence for the uniqueness of solution (in the sense of Davie) of the rough differential equation
(1) with the uniqueness of the solution to the standard ODE

y′(t) = Dϕt
(
y(t)

)−1
b
(
ϕt(y(t)

)
,

where ϕ is the flow arising from the rough differential equation when b ≡ 0. This is done in
Theorem 2.8. Somehow, this is a way of avoiding the Girsanov transform from Davie’s work [29]
while still working with the solution of the driftless equation. However, this comes at a price:
we need to work with the flow instead of a trajectory of the driftless system. Furthermore, we
can see the appearance of the inverse of the Jacobian (Dϕ)−1 that we need to handle. Another
objective of this part is to exploit an idea from [20] and to exhibit a criterion for this averaged
field

t, x 7→
∫ t

0

(
Dϕr(x)

)−1
b
(
ϕr(x)

)
dr

such that the ODE (and hence the RDE) has a unique solution.
The second part (Section 3) focuses on the regularity of the averaged field whenever the flow

ϕ has some stochastic properties, this is done in Theorem 3.3 and Corollary 3.7. The idea here
is to use Burkholder-Davis-Gundy (BDG) inequality for martingales in an infinite dimensional
setting (namely in Lp(Rd)). This is quite close to the use of the stochastic sewing lemma in
infinite dimensional spaces [53]. Nevertheless, since those work were developed in parallel we
keep here with our presentation. Furthermore, since a BDG inequality in Banach spaces is not
such a common topic, and in order to be as self contained as possible, we have included in the
Appendix C for some key elements on this topic. Note that in this section we have proved a
general Kolmogorov criterion for regularity of the averaged field in Besov spaces which could be
interesting by itself.

The third part (Section 4 and 5) focuses on a tool to avoid the use of Kolmogorov equations:
the Malliavin calculus. Indeed, by using Section 3, the main idea to deduce the regularizing
properties of the averaged field constructed thanks to the flow of the driftless RDE is to have a
integration by part formula, such that, formally

E[Dϕt(x)−1∇b
(
ϕt(x)

)
|Fs] = E[b

(
ϕt(x)

)
Hs,t(x)|Fs],

with
‖Hs,t(x)‖Lq(Ω) . |t− s|−H ,

for some H > 0. This is precisely one of the key points of Malliavin calculus. Note that, in
that setting, one has to focus on conditional Malliavin calculus. Hence, Section 4 recalls the
standard facts and results about Malliavin calculus in a Gaussian context. In this section, some
conditional integrations by part results are also proved. Section 5 focuses itself on Malliavin
calculus for solutions of driftless rough differential equation driven by Gaussian rough paths.

Finally, in Section 6 we are able to prove the desired wellposedness result which can be stated
as follow (see Theorem 6.3 and 6.1 for precise statements and assumptions):

Theorem. Let 2 < p < 4. Let W be a p-geometric Gaussian rough path such that its first
component (Wt)t∈[0,T ] = (W1

0,t)t∈[0,T ] is α-locally non-determinism, namely

inf
0≤s≤t≤T

(t− s)−α Var
[
Wt −Ws

∣∣F[0,s] ∨ F[t,1]

]
= cW > 0.
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Assume that σ ∈ C∞b (Rd; (Rd)⊗2) is uniformly elliptic. Let b ∈ Cκ with κ + 1
α >

3
2 and κ > 0.

Then almost surely there is a unique solution of Equation (1). Furthermore the solutions of this
equation are locally-Lipschitz continuous with respect to the initial condition.

Moreover, when BH is the geometric rough path above the fractional Brownian motion of
Hurst parameter 1

4 < H < 1
2 , one can take α = 2H.

Finally, in order to be self-contained as possible, we have included some multidimensional
Garsia-Rodemich-Rumsey inequalities in the Appendix (Appendix D) as well as some back-
ground on Besov spaces (Appendix A).

1.2. Notations and preliminary. We gather here some useful notations and definitions for
the rest of the article.

Throughout this paper, we consider (Ω,F , (Ft)t∈[0,T ],P) to be a filtered probability space.
We recall that S is the Schwartz space (see [69]) defined as

S(Rd) =
{
f ∈ C∞0 (Rd) : ∀k ∈ N, ‖f‖S,k < +∞

}
,

where
‖f‖S,k = max

|β|+|γ|≤k
sup
x∈Rd

|xβDγf(x)|.

It is a topological vector space that becomes a Fréchet space when it is equipped with the
distance

dS(φ, ϕ) =
∞∑
k=0

2−k
‖φ− ϕ‖S,k

1 + ‖φ− ϕ‖S,k
.

Its continuous dual is S ′ the space of tempered distributions and, moreover, we have the following
Gelfand triple

S ⊂ L2(Rd) ⊂ S ′,
where S is dense in S ′ with respect to the weak topology of L2(Rd). We denote 〈·, ·〉 the duality
product which is an extension of the scalar product in L2(Rd). The Besov spaces Bs

p,r (associated
to the Littlewood-Paley blocks) are Banach spaces constructed by a completion in S ′

Bs
p,r :=

u ∈ S ′(Rd) : ‖u‖Bsp,r :=

 +∞∑
j=−1

2rjs‖∆ju‖rLp(Rd)

1/r

<∞

 ,

where s ∈ R and p, q ∈ [1,∞] (see Appendix A for details and some results).
We also denote, for any k ≥ 0, Ck(Rd;R`) the set of functions from R

d to R` that are con-
tinuous, k times differentiable and whose derivatives are continuous. We denote C∞(Rd;R`) =⋂+∞
k=1C

k(Rd;R`). We denote by Ckb (respectively C∞b ) the functions in Ck (respectively in C∞)
bounded together with all their derivatives.

Definition 1.1. A function from R+ to R+\{0} is called a weight. Let f be a function from
R
d to R. Let us define the weighted sup norm of f by

‖f‖∞,w = sup
x∈Rd

|f(x)|
w(|x|)

.

Furthermore, we define

L∞w (Rd;R) =
{
f : Rd → R : ‖f‖∞,w < +∞

}
.

When there exists γ > 0 such that supx∈R+

w(x)
(1+x)γ < +∞, we say that w has γ-power growth.

Let us now (with a slight abuse of notations) consider w = (wk)k≥0 to be a sequence of positive
functions from R+ to R+\{0}. We say that w has γ-power growth if each wk has a γ-power
growth.
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Definition 1.2. Let w be a sequence of weights and α > 0. We denote

‖f‖Cαw :=

bαc−1∑
k=0

‖Dkf‖∞,wk + sup
x6=y

|Dbαc−1f(x)−Dbαc−1f(y)|
|x− y|α−bαcwbαc(|x|+ |y|)

,

and define the Banach space

Cαw(Rd;R`) := {f : Rd 7→ R
` : ‖f‖Cαw < +∞}.

To simplify notations, we denote Cα = Cαw when w = (1, 1, . . . , 1), and we have (see Appendix
A) Cα = Bα

∞,∞ for all α ∈ R+∗\N. We also denote

Cklin(Rd) = Ck(1+|·|,1,··· ,1)(R
d)

Remark 1.3. Note that when w = (w0, 1), then C1
w denotes the set of Lipschitz continuous

function with a growth rate w0.

Furthermore, we also extend the definition of the Hölder space for functions of two variables.
That is, for some Banach space E, and for any T, ν > 0, we define

CνT = Cν(∆2
T ;Rd) =

{
ψ : ∆2

T 7→ Rd : ‖ψ‖CνT := sup
(s,t)∈∆2

T

‖ψs,t‖E
|t− s|ν

<∞

}
,

where ∆2
T = {(s, t) ∈ [0, T ] : s < t}.

We finally recall some properties of linear operator. Let T be a linear operator from D(T ) ⊃ S
to E where E is a Banach space. For any Banach space F ⊃ D(T ), if we have, for any x ∈ D(T ),

‖Tx‖E ≤ C‖x‖F ,
for some constant C > 0 independent of x, then T admits a closure from F to E. The space of
bounded linear operators from E to F is denoted B(F,E) and is equipped with the norm

‖T‖B(F,E) = sup
‖x‖F≤1

‖Tx‖E

Finally, we write a . b when there exists a constant c > 0 such that a ≤ cb.

2. Rough differential equation with drift

In this section, we recall some basic facts about rough paths and rough differential equations.
For more details, one can consult the seminal papers [55, 27, 45], but also the monographs
[56, 35, 36]. Note that an interesting perspective for flow driven by rough differential equations
is given by Bailleul in [5]. We will focus here on the Davie’s definition of solutions of rough
differential equations driven by Hölder (weakly) geometric p-rough path, with p ≥ 2.

2.1. Rough paths and differential equations in a nutshell. For any N ∈ N, a truncated
tensor algebra T N (Rd) is defined by

T N (Rd) =
N⊕
k=0

(Rd)⊗k,

with the convention (Rd)⊗0 = R. Let (e1, · · · , ed) be the canonical basis of Rd, then for any
k ∈ {1, · · · , N},

(eI)I∈{1,··· ,d}k :=
(
ei1 ⊗ · · · ⊗ eik

)
I=(i1,··· ,ik)∈{1,··· ,d}k

is the canonical basis of (Rd)⊗k, and for any x ∈ T N (Rd),

x =
∑

k∈{0,··· ,N}

xk = x0 +
∑

k∈{1,··· ,N}
I∈{1,··· ,d}k

xk,IeI ,

where xk is the projection of x on the k-th tensor.
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This space is equipped with a vector space structure as well as an operation ⊗ defined by

(x⊗ y)k =
N∑
`=0

(xk−`)⊗ y`, ∀x,y ∈ T N (Rd),

In the end, (T N (Rd),+,⊗) is an associative algebra with unit element 1 ∈ (Rd)⊗0.
For any s < t and k ≥ 1, we define the simplex

∆k
s,t = {(u1, . . . , uk) ∈ [s, t]k;u1 < . . . < uk}.

We also denote ∆k
T := ∆k

0,T . A multiplicative functional is a continuous map w : ∆2
T → T N (Rd)

that verifies, for any s < u < t,
ws,t = ws,u ⊗wu,t

A fundamental example of such a map are the iterated integrals of a smooth paths w : [0, T ]→
R
d

wk
s,t =

∑
1≤i1,...,ik≤d

(∫
∆k
s,t

dwi1 . . . dwik

)
ei1 ⊗ . . .⊗ eik ,

where (e1, · · · , ed) is the canonical basis of Rd and k ≥ 1. Then, we call the signature of w the
mapping SN (w) : ∆2

T → T N (Rd) given by

(s, t)→ 1 +
N∑
k=1

wk
s,t.

It turns out that every signature is a multiplicative functional that belongs to GN (Rd) which is
a subset of T N (Rd) of group-like elements given by

GN (Rd) := exp⊕(LN (Rd)),

where LN (Rd) is the linear span of elements that can be written as a commutator a⊗ b− b⊗ a
with a, b ∈ T N (Rd). Furthermore, there is a Carnot-Caratheodory norm on GN (Rd), denoted
‖ · ‖CC, which is homogeneous with respect to the natural scaling operation on T N (Rd). We can
now introduce the notion of rough paths.

Definition 2.1. The space of weakly geometric p-rough paths is the set of multiplicative func-
tionals x : ∆2 → Gbpc(Rd) such that

‖w‖p−var;[0,T ] := sup
π∈Π([0,T ])

 ∑
[u,v]∈π

‖wu,v‖pCC

1/p

<∞,

where Π([0, T ]) is the set of all subdivisions of [0, T ]. The space of geometric p-rough paths is
the closure under ‖ · ‖p−var;[0,T ] of smooth signatures

{
Sbpc(w); w ∈ C∞([0, T ];Rd)

}
.

In the following, we will also use the Hölder norm for rough paths that is given by, for
α ∈ (0, 1),

‖w‖α-Höl;[0,T ] := sup
[s,t]⊂[0,T ]

‖ws,t‖CC

(t− s)α
.

2.2. Flow generated by driftless differential equations driven by rough paths. In this
subsection, we give known and basic properties about solutions of rough differential equations
of the form

dyt = σ(yt) dwt, y0 = x, (2)
where σ : Rd 7→ (Rd)⊗2 is such that

σ(x)w =
d∑
i=1

σi(x)wi,
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for any w = (wi)i∈{1,··· ,d} ∈ Rd. Following [6] we identify σi with a first order differential
operator, namely for any smooth function f : Rd 7→ Rd,

σif(x) = Df(x)σi(x), x ∈ Rd.

For k ≥ 1 and I ∈ {1, · · · , d}k we define the k-th order differential operator

σI = σi1 · · ·σik
via σIf = σi1(· · · (σikf)), with the slight abuse of notations σI(x) = (σIid)(x).

Definition 2.2. Let p ≥ 2, T > 0, w be a 1
p -Hölder weakly geometric p-rough path and σ ∈ Cβ

for some β ≥ bpc. A function y ∈ C
1
p
(
[0, T ];Rd

)
is a solution (in the sense of Davie) to the

driftless Rough Differential Equation (RDE) (2) if there exists a > 1 such that for all (s, t) ∈ ∆2
T ,∣∣∣∣∣(yt − ys)−

( ∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t σI(ys)

)∣∣∣∣∣ .‖w‖ 1p−Höl;[0,T ]
,σ |t− s|a.

The existence, uniqueness and flow properties of solution to driftless RDE is given in [45, 36,
35, 27, 7, 5, 6].

Note that, by using [6, 18], one can see the equivalence between Davie’s notion of solutions
to RDE and Bailleul’s one. Namely, a path y is a solution to Equation (2) if and only if, for any
f ∈ Cbpc+1

lin (Rd;Rd) and for all (s, t) ∈ ∆2
T ,∣∣∣∣∣(f(yt)− f(ys)

)
−

( ∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t σIf(ys)

)∣∣∣∣∣ .f ‖f‖Cbpc+1
lin

|t− s|a. (3)

Furthermore, by using [7], one has the following result.

Theorem 2.3. Let p ≥ 2, T > 0, n ≥ 0, w be a 1
p -Hölder weakly geometric p-rough path, and

σ ∈ Cbpc+n+1
b (Rd; (Rd)⊗2). Then, there is a unique

ϕ : ∆2
T 7→ Cnlin(Rd;Rd)

and a unique
ψ : ∆2

T 7→ Cnlin(Rd;Rd)

such that the following points hold.
(1) For all s ∈ [0, T ) and x ∈ Rd, t : [s, T ] 7→ ϕs,t(x) is the unique solution to

dxt = σ(xt) dwt, xs = x, t ∈ [s, T ].

(2) For all x ∈ Rd and all (s, u), (u, t) ∈ ∆2
T ,

ϕu,t(ϕs,u(x)) = ϕs,t(x) and ψs,u(ψu,t(x)) = ψs,t(x).

(3) For all (s, t) ∈ ∆2
T , all x ∈ Rd and all 0 ≤ m ≤ n, we have∣∣∣∣∣Dmϕs,t(x)−

(
(Dmid)(x) +

∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t (DmσI)(x)

)∣∣∣∣∣ .‖w‖ 1p -Höl,[0,T ]
,σ |t− s|

bpc+1
p .

(4) For all (s, t) ∈ ∆2
T and all x ∈ Rd ,

ϕs,t(ψs,t(x)) = ψs,t(ϕs,t(x)) = x.
7



(5) For all (s, t) ∈ ∆2
T , all x ∈ Rd and all 0 ≤ m ≤ n, we have∣∣∣∣∣Dmψs,t(x)−

(
(Dmid)(x) +

∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

vk,Is,t (DmσI)(x)

)∣∣∣∣∣ .‖w‖ 1p -Höl,[0,T ]
,σ |t− s|

bpc+1
p

where

vs,t =

bpc∑
k=0

(1−ws,t)
⊗k.

(6) The maps from C
1
p
(
[0, T ];Gbpc(Rd)

))
to C

1
p ([0, T ];Cnlin(Rd;Rd)) given by

w 7→ ϕ and w 7→ ψ

are continuous.

Remark 2.4. Note that Theorem 2.3 (5) with m = 0, (2) and Definition 2.2 is equivalent to
say that for all s0 ∈ [0, T ) and for all x ∈ Rd, t 7→ ψs0,t(x) is the unique solution to the driftless
RDE

dyt = σ(yt) dvt, ys0 = x, t ∈ [s0, T ].

In that setting, one can use the equivalent definition of solutions seen in Equation (3).
Indeed let s ≤ t ∈ (s0, T ]. We have thanks to Theorem 2.3 (2)

yt − ys = ψs0,t(x)− ψs0,s(x) = ψs,t(ψs0,s(x))− ψs0,s(x),

which gives exactly Definition 2.2 thanks to Theorem 2.3 (5).

Proof. The proof is somehow classical. For a similar proof without the full Euler scheme expan-
sion, one can consult [63, Lemma 2.3] or [36, Theorem 10.14 and Theorem 10.26].

The proof here is simply an adaptation of the one from [7]. Indeed, one can combine Theorem
2.2, Corollary 3.5, Remark 3.6 and Theorem 4.2 from [7] to get the existence and uniqueness of
ϕ, as well as the points (1), (2) and (3). Note also that the continuity of ϕ with respect to w is
also a consequence of the previous theorems.

To construct ψ and prove the desired Euler expansion, let us remind the strategy of proof in
[7] (see also [5]). Since w is in Gbpc(Rd), there exists an l ∈ Lbpc(Rd) such that

exp⊕(l) = w.

Remark that l ∈ Lbpc(Rd) and a basis of this space is

e[i] = ei, e[i,I] = [ei, e[I]] = ei ⊗ e[I] − e[I] ⊗ ei.

Hence

l =

bpc∑
k=1

∑
I∈{1,··· ,d}k

lk,[I]e[I]

and one can show that, in C
1
p ([0, T ];Cnlin(Rd;Rd)),

ϕs,t = lim
π∈Π([s,t])
|π|→0

µtN−1,tN ◦ · · · ◦ µt0,t1 ,

where Π([s, t]) denotes the set of partitions of [s, t], π = {s = t0 < t1 · · · < tN−1 < tN = t} is a
partition of (s, t) and |π| = supi∈{0,··· ,N−1} |ti+1 − ti| is the radius of π, and µs,t = y(1) where y
is the solution of the following ordinary differential equation :

y′(r) =
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

l
k,[I]
s,t σ[I](y(r)), y(0) = x, r ∈ [0, 1].

8



Here, for i ∈ {1, · · · , d}, σ[i] = σi and for k ≥ 1, i ∈ {1, · · · , d} and I ∈ {1, · · · , d}k−1,
σ[(i,I)] = [σi, σ[I]] = σiσ[I]− σ[I]σi. Now, let us define the terminal value solution of the previous
equation

z′(r) =
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

l
k,[I]
s,t σ[I](z(r)), z(1) = x, r ∈ [0, 1]

and
νs,t(x) = z(0).

We have, for all x ∈ Rd and all (s, t) ∈ ∆2
T ,

νs,t(µs,t)(x) = µs,t(νs,t)(x) = x.

We define, for any partition π ∈ Π([s, t]),

νπs,t = νt0,t1 ◦ · · · ◦ νtN−1,tN

and
µπs,t = µtN−1,tN ◦ · · · ◦ µt0,t1 .

Then, we observe that
µπs,t(ν

π
s,t(x)) = νπs,t(µ

π
s,t(x)) = x.

Hence, one only has to prove that νπ converges to a (backward semi-)flow in the suitable space.
Note that this follows from the same arguments as the proof of Theorem 2.2 in [7], which
guaranties that ψ exists in Cnlin, is continuous with respect to w and that, for (s, t) ∈ ∆2

T small
enough (with respect to w), one has, for any 0 ≤ m ≤ n,

sup
x∈Rd

|Dmψs,t −Dmνs,t(x)| .w (t− s)
bpc+1
p .

Furthermore, one also have (see Lemmas 3.3, 3.4 and Corollary 3.5 in [7]), for a = bpc+1
p ,

∣∣∣∣∣Dmνs,t(x)−

(
(Dmid)(x) +

bpc∑
j=1

(−1)j

j!

∑
1≤k1,··· ,kj≤bpc∑j

l=1 kl≤bpc
I1∈{1,··· ,d}k1

···
Ij∈{1,··· ,d}kj

j∏
l=1

lkl,Ils,t Dm
(
σ[Ij ] · · ·σ[I1]

)
(x)

)∣∣∣∣∣ .w (t− s)a.

Hence, if we define v = exp⊕(−l), we have∣∣∣∣∣Dmνs,t(x)−

(
(Dmid)(x) +

bpc∑
k=1

∑
I∈∈{1,··· ,d}k

vk,Is,tD
m
(
σI
)
(x)

)∣∣∣∣∣ .w (t− s)a.

We can see that

vs,t ⊗ws,t = exp⊕(−ls,t)⊗ exp⊕(ls,t) = exp⊕(0) = 1 = ws,t ⊗ vs,t.

Furthermore, we also have that, for k > bpc,

(1−ws,t)
⊗k = 0,

which yields

vs,t =

bpc∑
k=0

(1−ws,t)
⊗k,

and the result follows. �

Corollary 2.5. Let n ≥ 1, p, T,w and σ as in the previous Theorem. Then

(Dϕ)−1, (Dψ)−1 ∈ C
1
p
(
[0, T ];Cn−1

b (Rd; (Rd)⊗2)
)
.
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Proof. Let us remark that under the previous hypothesis, both ϕ and ψ are in Cnlin. Hence
Dϕs,t(x)Dψs,t

(
ϕs,t(x)

)
= x, for any x ∈ Rd. It follows that

(
Dϕs,t(x)

)−1
= Dψs,t(ϕs,t(x)), and

there exists a constant, depending on w, T, σ such that

sup
(s,t)∈∆2

T

∥∥∥(Dϕs,t(x)
)−1
∥∥∥
Cn−1
b

|t− s|
1
p

.w 1,

which ends the proof. �

2.3. Solution of RDE with drift : flow transform. We turn now to the study of rough
differential equations with a drift:

dxt = b(xt) dt+ σ(xt) dwt, x0 = x, t ∈ [0, T ]. (4)

In the spirit of Definition 2.2, let us define the solutions of the rough differential equation with
drift as follow

Definition 2.6. Let p ≥ 2, T > 0 and n ≥ 0. Let b ∈ C0
b (Rd;Rd), σ ∈ Cbpc(Rd; (Rd)⊗2) and w

be a 1
p -Hölder weakly geometric p-rough path. A path (xt)t∈[0,T ] ∈ C

1
p ([0, T ];Rd) is a solution

to Equation (4) if x0 = x and there exists a constant a > 1 independent of w such that for all
(s, t) ∈ ∆2

T , ∣∣∣∣∣xt −
(
xs + b(xs)(t− s) +

bpc∑
k=1

∑
I∈{1,··· ,d}k

wk,I
s,t σI(xs)

)∣∣∣∣∣ .w,σ,b |t− s|a.

Remark 2.7. As proved in [6] and [18] (we also refer to [7] for the precise value of the following
constants), the following equivalent notion of solutions can be used : Let p,w, T, b, σ be as in the
previous Definition. Then (xt)t∈[0,T ] is a solution to Equation (4) if and only if there exists a > 1

independent of w, σ, b, ε = ε(w) > 0 such that for all f ∈ Cbpc+1
b (Rd;Rd) and all (s, t) ∈ ∆2

T
with |t− s| ≤ ε,∣∣∣∣f(xt)−

(
(bf)(xs)(t− s) +

∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t (σIf)(xs)

)∣∣∣∣ .w,σ,b ‖f‖Cbpc+1
lin

|t− s|a.

This point will be crucial in the following.

Several results concerning the (optimal) regularity of the drift are available in order to have
existence and uniqueness for rough differential equations. Namely, in [36], one can see that
whenever σ ∈ Cbpc+1

b and b is globally Lipschitz continuous with linear growth, there is a unique
solution to equation (4). Furthermore, some improvement of this criteria appears in [63] (weak
local Lipschitz condition and some control on the growth) and in [11] (Lyapounov conditions
on b). In order to go beyond (using some stochasticity of the rough path), one needs to develop
an other approach of the solution to the RDE with drift. Following a classical ideas of flow
transform (see for example [63]) we give an equivalent formulation for the solutions of Equation
(4).

Theorem 2.8. Let p ≥ 2, T > 0, κ > 0, b ∈ Cκ(Rd;Rd), σ ∈ C2(bpc+1)
b (Rd; (Rd)⊗2) and w be

a 1
p -Hölder weakly p-geometric rough path. Then (xt)t∈[0,T ] is a solution to the rough differential

equation with drift (4) if and only if

xt = ϕ0,t(z(t))

and (z(t))t∈[0,T ] is a solution to the ordinary differential equation

z′(t) =
(
Dϕ0,t(z(t))

)−1
b
(
ϕ0,t(z(t))

)
, z0 = x, t ∈ [0, T ], (5)

where ϕ is the flow constructed in Theorem 2.3 and Corollary 2.5.
10



Proof. First, we remark that since σ ∈ Cbpc+1
b (Rd; (Rd)⊗2), thanks to Theorem 2.3 and Corollary

2.5, (
(t, x) 7→

(
Dϕ0,t(x)

)−1
b
(
ϕ0,t(x)

))
∈ C0

b ([0, T ];C0(Rd;Rd)).

Hence, it follows from Peano’s existence theorem that there exists a solution (z(t))t∈[0,T ] to
Equation (5). Let us define for all t ∈ [0, T ], xt = ϕ0,t(z(t)). Note that, thanks to the hypothesis
and Corollary 2.5,

|z(t)− x| .w,σ,T 1,

and

|z(t)− z(s)| .w,σ,T |t− s|.

Furthermore, note that for any s, t ∈ ∆2
T ,

z(t)− z(s) =

∫ t

s
(Dϕ0,r(z(r)))

−1 b
(
ϕ0,r(z(r))

)
dr

= (Dϕ0,s(z(s)))
−1 b

(
ϕ0,s(z(s))

)
(t− s)

+

∫ t

s

(
(Dϕ0,r(z(r)))

−1 − (Dϕ0,s(z(r)))
−1
)
b
(
ϕ0,r(z(r))

)
dr (6)

+

∫ t

s

(
(Dϕ0,s(z(r)))

−1 − (Dϕ0,s(z(s)))
−1
)
b
(
ϕ0,r(z(r))

)
dr (7)

+ (Dϕ0,s(z(s)))
−1
∫ t

s

(
b
(
ϕ0,r(z(r))

)
− b
(
ϕ0,s(z(s))

))
dr (8)

Note that thanks to Corollary 2.5, (t, x) 7→
(
Dϕ0,t(x)

)−1 ∈ C
1
p ([0, T ];C1

b (Rd; (Rd)⊗2)).
Hence, since b is bounded, the following estimates hold

|(6)| .w,σ,T,b |t− s|1+ 1
p ,

|(7)| .w,σ,T,b |t− s|2

and, since b ∈ Cκ(Rd;Rd), r 7→ ψ0,s(z) is Hölder continuous uniformly in z and r 7→ z(r) is
Hölder continuous, we deduce

|(8)| .w,σ,T,b |t− s|1+κ.

Let us define R′s,t(x) = (6) + (7) + (8).
Furthermore, let us remind that we have for all (s, t) ∈ ∆2

T ,

ϕs,t(x) = x+
∑

k∈{1,··· ,bpc}

wk,I
s,t σI(x) +Rs,t(x)

with

sup
x∈Rd

|Rs,t(x)| .w,σ,T |t− s|
bpc+1
p .

11



Finally

xt − xs =

(
ϕs,t

(
ϕ0,s

(
z(t)

))
− ϕ0,s

(
z(t)

))
+

(
ϕ0,s

(
z(t)

)
− ϕ0,s

(
z(s)

))
=

∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t σI(ϕ0,s(z(s)))

+
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t

(
σI(ϕ0,s(z(t)))− σI(ϕ0,s(z(s)))

)
+Rs,t(ϕ0,s(z(t)))

+Dϕ0,s(z(s))
(
Dϕ0,s(z(s))

−1b
(
ϕ0,s(z(s))

)
+R′s,t(x)

)
+

∫ 1

0

∫ 1

0
λ
(
D2ϕ0,s

(
λµ(z(t)− z(s)) + z(s)

))
(z(t)− z(s))⊗2 dµ dλ

=b
(
ϕ0,s(z(s))

)
+

∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t σI(ϕ0,s(z(s))) +R′′s,t(x),

where

R′′s,t(x) =Rs,t(ϕ0,s(z(t))) +Dϕ0,s(z(s))R
′
s,t(x)

+
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t

(
σI(ϕ0,s(z(t)))− σI(ϕ0,s(z(s)))

)

+

∫ 1

0

∫ 1

0
λ
(
D2ϕ0,s

(
λµ(z(t)− z(s)) + z(s)

))
(z(t)− z(s))⊗2 dµdλ.

Thanks to the hypothesis and the previous computations, there exists a > 1 such that

sup
x∈Rd

|R′′s,t(x)| .w,σ,b,T |t− s|a,

which proves that whenever (z(t))t∈[0,T ] is a solution of (5), (xt)t∈[0,T ] = (ϕ0,t(z(t)))t∈[0,T ] is a
solution of Equation (4).

Now, let us take (xt)t∈[0,T ] a solution of Equation (4). Let us denote by (z(t))t∈[0,T ] =(
ψ0,t(xt)

)
t∈[0,T ]

and let us prove that (z(t))t∈[0,T ] is a solution of (5). In the following, we will

crucially use Remarks 2.4 and 2.7, and the fact that since σ ∈ C2(bpc+1), for all s ∈ [0, T ],

‖ψ0,s‖Cbpc+1
lin

.w,T,σ 1.
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We have, for all (s, t) ∈ ∆2
T small enough (depending on w),

z(t)− z(s) =ψ0,t(xt)− ψ0,s(xs)

=ψ0,s(ψs,t(xt))− ψ0,s(xt) + ψ0,s(xt)− ψ0,s(xs)

=
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

vk,Is,t
(
(σIψ0,s)(xt)− (σIψ0,s)(xs)

)
+Rs,t

+
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

vk,Is,t (σIψ0,s)(xs)

+ (bψ0,s)(xs)(t− s) +
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t (σIψ0,s)(xs) +R′s,t

=
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

vk,Is,t

(bσIψ0,s)(xs)(t− s)
∑

k′∈{1,··· ,bpc}
I′∈{1,··· ,d}k

wk′,I′

s,t (σI′σIψ0,s)(xs) +R′′s,t


+

∑
k∈{1,··· ,bpc}
I∈{1,··· ,d}k

vk,Is,t (σIψ0,s)(xs) +
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t (σIψ0,s)(xs)

+ (bψ0,s)(xs)(t− s) +Rs,t +R′s,t.

Here, we have
sup
x∈Rd

(
|Rs,t|+ |R′s,t|+ |R′′s,t|

)
.w,σ,b,T |t− s|a

for a certain a > 1. Furthermore, note that since b is bounded, σ ∈ C2(bpc+1)
b and ψ0,s ∈ Cbpc+1

lin ,
for all k′ ∈ {1, · · · , bpc+ 1} and for all I, I ′ ∈ {1, · · · , d}k,

sup
x∈Rd

|(bσIψ0,s)(xs)(t− s)| . |t− s| and sup
x∈Rd

|wk′,I′

s,t (σI′σIψ0,s)(xs)| . |t− s|
k′
p ,

where the previous bounds depend on w, σ, T, b. Hence, there exists a > 1 and R̃s,t with
supx∈Rd |R̃s,t| . |t− s|a such that

z(t)− z(s) =(bψ0,s)(xs) + R̃s,t +
∑

k∈{1··· ,bpc}
j∈{1,··· ,k−1}
J∈{1,··· ,d}j

J ′∈{1,··· ,d}k−j

vj,Js,tw
k−j,J ′
s,t (σJσJ ′ψ0,s)(xs)

+
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

vk,Is,t (σIψ0,s)(xs) +
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

wk,I
s,t (σIψ0,s)(xs)

=(bψ0,s)(xs) + R̃s,t +
∑

k∈{1,··· ,bpc}
I∈{1,··· ,d}k

(
vs,t ⊗ws,t

)k,I(
σIψ0,s

)
(xs).

Note that since vs,t ⊗ws,t = 1, we have for all k ≥ 1, (vs,t ⊗ws,t)
k = 0.

Furthermore Dψ0,s(x) =
(
Dϕ0,s(ψ0,s(x))

)−1, hence

(bψ0,s)(xs) =
(
Dϕ0,s(ψ0,s(xs))

)−1
b (ϕ0,s(ψ0,s(xs))) =

(
Dϕ0,s(z(s))

)−1
b (ϕ0,s(z(s))) .

Finally, for (s, t) ∈ ∆2
T small enough

z(t)− z(s) =
(
Dϕ0,s(z(s))

)−1
b (ϕ0,s(z(s))) + R̃s,t.
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We also know that s 7→
(
Dϕ0,s(z(s))

)−1
b (ϕ0,s(z(s))) is a continuous functions. Hence, thanks

to a standard Riemann sum argument,

z(t)− z(s) =

∫ t

s

(
Dϕ0,r(z(r))

)−1
b (ϕ0,r(z(r))) dr

and (z(t))t∈[0,T ] is a solution of Equation (5), and (xt)t∈[0,T ] = (ϕ0,t(z(t))
)
t∈[0,T ]

, which ends the
proof. �

2.4. Rough differential equation with drift : the averaged field. Whenever σ is regular
(and bounded), and b is a bit more than continuous, Theorem 2.8 allows us to focus, in order
to prove existence and uniqueness of solutions to rough differential equations with drift

dxt = b(xt) dt+ σ(xt) dwt, x0 ∈ Rd, t ∈ [0, T ],

to existence and uniqueness of solutions, the ordinary differential equation

z′(t) =
(
Dϕ0,t(z(t))

)−1
b
(
ϕ0,t(z(t))

)
, z0 = x0 ∈ Rd, t ∈ [0, T ],

where ϕ is the flow generated by the driftless RDE (2).
The previous equation may be rewritten in its integral form as

z(t) = x0 +

∫ t

0

(
Dϕ0,r(z(r))

)−1
b
(
ϕ0,r(z(r))

)
dr, t ∈ [0, T ]. (9)

In order to study wellposedness of the previous equation, we rely on ideas from [20] and we
will try to exhibit a general criterion of regularity of the space-time averaged fields defined in
the following definition :

Definition 2.9. Let p ≥ 2, T > 0, σ ∈ Cbpc+2
b (Rd; (Rd)⊗2) and b ∈ Cκb (Rd;Rd). We define the

averaged field T b of b along the flow generated by the driftless rough differential equation driven
by w has the following space-time vector field :

(t, x) ∈ [0, T ]×Rd 7→ T bt(x) :=

∫ t

0

(
Dϕ0,r(x)

)−1
b
(
ϕ0,r(x)

)
dr. (10)

For all (s, t) ∈ ∆2
T we denote by T bs,t = T bt − T bs.

When σ = 1 and w is a Brownian motion (or fractional Brownian motion), one can see (in
[28] and [20] for example) that the previous averaged field enjoys better regularity properties (in
space) than b. On can also consult [39] and [38] for a systematic study of the previous averaged
field in a more general context.

In our setting, one generally use non-linear Young integration theory (see [20] and [37]) to
link the space-time regularity of the averaged field (10) and the wellposedness of the integral
equation (9). Nevertheless the examples that our techniques will allow us to treat (Gaussian
rough path, see Section 4) will not allow us to go beyond b ∈ Cκ for κ > 0. In that case, Equation
(9) always makes sense, it has a solution (thanks to Peano’s existence theorem) and one only
needs to focus on uniqueness. The following theorem is our main result in a general context :

Theorem 2.10. Let p ≥ 2, T > 0, κ > 0, b ∈ Cκ(Rd;Rd), σ ∈ C2(bpc+1)
b (Rd; (Rd)⊗2) and w

be a 1
p -Hölder weakly-geometric p -rough path. Assume that there exists 1 ≥ ν > 1

2 , α > 0 such
that κ+ 1

α > 2− ν, a weight w0 (see Definitions 1.1 and 1.2) such that

‖T b‖
CνT C

κ+ 1
α

w0

< +∞.

Then there is a unique solution to Equation (9).
Furthermore, let x1, x2 ∈ Rd and b1, b2 satisfying the previous hypothesis, and let z1 (respec-

tively z2) be the unique solution to Equation (9) with b = b1 and x = x1 (respectively b = b2 and
x = x2). Let us suppose that T (b1)− T (b2) ∈ CνTC1

w0
.
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Then there is a non decreasing positive function K : R+ 7→ R+\{0}, which depends on
‖T b1‖

CνT C
κ+ 1

α
w0

, ‖T b2‖
CνT C

κ+ 1
α

w0

, w, ‖b1‖∞, ‖b2‖∞, σ and T such that

‖z1 − z2‖∞,[0,T ] ≤ K
(
|x1|+ |x2|

)(
|x1 − x2|+ ‖T b1 − T b2‖CνT C1w0

).

In this setting, there is a unique solution to the RDE with drift (4) in the sense of the Definition
2.6. Furthermore it generates a locally Lipschitz-continuous semiflow with respect to the initial
condition.

The proof is an adaptation of [20, Theorem 2.21]. We also refer to Section 5 (and in particular
to Theorem 5.6) of [37]. In order to be self-contained, we give here another proof, relying on the
standard sewing lemma (see for example [45, 31, 13] and the reference therein). We recall here
its standard formulation :

Lemme 2.11. Let V be a Banach space and A : ∆2
T 7→ V be such that there exists two constants

C > 0 and a > 1 such that for all (s, u), (u, t) ∈ ∆2
T ,

|As,t −As,u −Au,t|V ≤ C|t− s|a

Then there exists a unique function A : [0, T ] 7→ V such that A0 = 0 and for all (s, t) ∈ ∆2
T ,

At −As = lim
π∈Π([s,t])
|π|→0

∑
(u,v)∈π

Au,v.

Furthermore there exists a constant k = k(a) > 0 such that for all (s, t) ∈ ∆2
T ,

|At −As −As,t|V ≤ kC|t− s|a.

The end of this section is devoted to the proof of Theorem 2.10. We begin by the following
lemma.

Lemme 2.12. Let us suppose that the hypothesis of Theorem 2.10 are satisfied. Let (z(t))t∈[0,T ]

be a continuous functions. Then for all (s, t) ∈ ∆2
T ,∫ t

s

(
Dϕ0,r(z(r))

)−1
b
(
ϕ0,r(z(r))

)
dr = lim

π∈Π([s,t])
|π|→0

∑
(u,v)∈π

T bu,v(z(u)).

Proof. First, let us remark that thanks to Theorem 2.3, for all (s, t) ∈ ∆2
T , x 7→ ϕs,t(x) and

x 7→
(
Dϕs,t(x)

)−1 are Lipschitz continuous uniformly in time, and x 7→
(
Dϕs,t(x)

)−1 is bounded.
Furthermore, since b ∈ Cκb for some α > 0, we have∣∣∣∣ ∫ t

s

(
Dϕ0,r(z(r))

)−1
b
(
ϕ0,r(z(r))

)
dr − T bs,t(z(s))

∣∣∣∣
≤
∣∣∣∣∫ t

s

(
Dϕ0,r(z(r))

)−1
(
b
(
ϕ0,r(z(r))

)
− b
(
ϕ0,r(z(s))

))
dr

∣∣∣∣
+

∣∣∣∣∫ t

s

((
Dϕ0,r(z(r))

)−1 −Dϕ0,r(z(s))
)−1
)
b
(
ϕ0,r(z(s))

)
dr

∣∣∣∣
.w ‖b‖Cκb

∫ t

s
|z(r)− z(s)|κ dr.

Since z is uniformly continuous on [0, T ] the result follows by standard arguments. �

Until the end of this Section, we write κ′ = κ+ 1
α .

Lemme 2.13. Again, let us work in the setting of Theorem 2.10. Let z1, z2 ∈ C1
b ([0, T ];Rd) be

two Lipschitz continuous paths. There exists a positive, non-decreasing locally bounded function
15



K0 : R+ 7→ R+\{0} depending on ‖T b1‖CνT Cκ′w0
, ‖T b2‖CνT Cκ′w0

, T such that for all (s, t) ∈ ∆2
T , we

have the following bound∣∣∣∣ ∫ t

s

(
Dϕ0,r(z1(r))

)−1
b1
(
ϕ0,r(z1(r))

)
dr −

∫ t

s

(
Dϕ0,r(z2(r))

)−1
b2
(
ϕ0,r(z2(r))

)
dr

−
(
(T b1)s(z1(s))− (T b2)s(z2(s))

)∣∣∣∣
. K0

(
‖z1‖C1T + ‖z2‖C1T

) (
‖T (b1 − b2)‖CνT C1w0

+ ‖z1 − z2‖∞,[s,t] + Jz1 − z2Kν,[s,t]
)
|t− s|a,

where w̃0(x) = (1 + x)w0(x), a = min{2ν, κ′ − 1 + ν} and for a path z : [0, T ] 7→ R
d

JzKν,[s,t] = sup
(r,r′)∈∆2

s,t

|z(r′)− z(r)|
|r′ − r|ν

.

Proof. Let us define for (s, t) ∈ ∆2
T ,

As,t = (T b1)s,t(z1(s))− (T b2)s,t(z2(s)).

Thanks to the previous lemma, we already know that each integral is the limit of the Riemann
sum involving T b1, T b2, hence∫ t

s

(
Dϕ0,r(z1(r))

)−1
b1
(
ϕ0,r(z1(r))

)
dr −

∫ t

s

(
Dϕ0,r(z2(r))

)−1
b2
(
ϕ0,r(z2(r))

)
dr

= lim
π∈Π([s,t])
|π|→0

∑
(u,v)∈π

Au,v.

Furthermore, we have for (s, u), (u, t) ∈ ∆2
T ,

As,u +Au,t −As,t =
(

(T b1)u,t(z1(u))− (T b2)u,t(z2(u))
)
−
(

(T b1)u,t(z1(s))− (T b2)u,t(z2(s))
)

= (T b1)u,t(z1(u))− (T b1)u,t(z2(u))

−
(

(T b1)u,t
(
z1(u)− z2(u) + z2(s)

)
− (T b1)u,t

(
z2(s)

))
+ (T b1)u,t

(
z1(u)− z2(u) + z2(s)

)
− (T b1)u,t

(
z1(s)

)
+ T (b1 − b2)u,t

(
z2(u)

)
− T (b1 − b2)u,t

(
z2(s)

)
.

We deduce that

As,u +Au,t −As,t

=

∫ 1

0

(
D(T b1)u,t

(
λ
(
z1(u)− z2(u)

)
+ z2(u)

)
−D(T b1)u,t

(
λ
(
z1(u)− z2(u)

)
+ z2(s)

))
×
(
z1(u)− z2(u)

)
dλ

+

∫ 1

0

(
D(T b1)u,t

(
λ
(
(z1 − z2)(u)− (z1 − z2)(s)

)
+ z2(s)

))(
(z1 − z2)(u)− (z1 − z2)(s)

)
dλ

+ T (b1 − b2)u,t
(
z2(u)

)
− T (b1 − b2)u,t

(
z2(s)

)
.

It follows that

|As,u +Au,t −As,t| .‖D(T b1)‖CνT Cκ
′−1
w0

w0(‖z1‖∞,[0,T ] + ‖z2‖∞,[0,T ])Jz2Kκ
′−1
C1T

× ‖z1 − z2‖∞,[s,t]|t− s|ν+κ′−1

+ ‖D(T b1)‖CνT Cκ
′−1
w0

w0(‖z1‖∞,[0,T ] + ‖z2‖∞,[0,T ])Jz1 − z2KCνT |t− s|
2ν

+ ‖T (b1 − b2)‖CνT C1w0
w0(‖z2‖∞,[0,T ])Jz2KCνT |t− s|

2ν .
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Since the previous computation is symmetric in z1 and z2 by using the Sewing Lemma 2.11, we
obtain the desired result. �

Remark 2.14. Thanks to the previous proof, one can choose K0 as follow :

K0(x) = c
(
1 + ‖T b1‖CνT Cκ′w0

+ ‖T b2‖CνT Cκ′w0

)
(1 + x)w0

(
x
)
,

for some constant c = c(a) > 0.

Proof of Theorem 2.10. Let us consider directly that we have b1 and b2 and x1 and x2 as in
the theorem. Let us remark that thanks to Peano’s existence theorem, there exists z1 and z2

solutions of the corresponding integral equations. Furthermore, we have

z1(t) = x1 +

∫ t

s

(
Dϕ0,r(z1(r))

)−1
b1
(
ϕ0,r(z1(r))

)
dr.

Since b1 and Dϕ are bounded, there exists a constant C1 = C1(w, b1, σ, T ) such that

‖z1‖C1T ≤ C1(|x1|+ 1),

and the same holds for z2 (with the corresponding constant C2). Let us define

K = c
((

1 + ‖T b1‖CνT Cκ′w0
+ ‖T b2‖CνT Cκ′w0

)
w̃0

(
2(C1 + C2)(1 + |x1|+ |x2|)

)
,

where c > 0 is the constant in Remark 2.14. Hence, for all (s, t) ∈ ∆2
T , the following estimate

holds∣∣(z1(t)− z2(t)
)
−
(
z1(s)− z2(s)

)∣∣ ≤ K(|z1(s)− z2(s)|+ ‖T (b1 − b2)‖CνTL∞w0
)|t− s|ν

+K
(
‖T (b1 − b2)‖CνT C1w0

+ ‖z1 − z2‖∞,[s,t] + Jz1 − z2Kν,[s,t]
)
|t− s|a.

Here the second line comes directly from the previous Lemma and Remark 2.14 whereas the
first line comes form the estimate for (T b1)s,t(z1(s))− (T b2)s,t(z1(s)).

Let h > 0 such that (hν + ha−ν)K ≤ 1
3 and assume that t− s ≤ h. Then, we have

Jz1 − z2Kν,[s,t] ≤
1

3(t− s)ν
(‖z1 − z2‖∞,[s,t] + ‖T (b1 − b2)‖CνTL∞w0

)

+
1

3

(
‖T (b1 − b2)‖CνT C1w0

+ ‖z1 − z2‖∞,[s,t] + Jz1 − z2Kν,[s,t]
)
,

as well as

Jz1 − z2Kν,[s,t] ≤
1

2

(
1 +

1

(t− s)ν

)
(‖z1 − z2‖∞,[s,t] + ‖T (b1 − b2)‖CνT C1w0

),

and

K|t− s|aJz1 − z2Kν,[s,t] ≤
4

9
(‖z1 − z2‖∞,[s,t] + ‖T (b1 − b2)‖CνT C1w0

).

Finally, we have, by injecting this inequality into the previous one

|z1(t)− z2(t)| ≤ 4

3
|z1(s)− z2(s)|+ 5

9

(
‖T (b1 − b2)‖CνT C1w0

+ ‖z1 − z2‖∞,[s,t]
)
.

This gives

‖z1 − z2‖∞,[s,t] ≤ 3
(
|z1(s)− z2(s)|+ ‖T (b1 − b2)‖CνT C1w0

)
.

One can iterate the previous bound on small intervals to deduce the desired estimate.
Note that the uniqueness of the solution follows directly by setting b1 = b2 = b.
Uniqueness and regularity of the semiflow for equation (4) are then a direct consequence of

Theorems 2.8 and 2.3. �
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Remark 2.15. Theorem 2.10 requires that b ∈ Cκ for some κ > 0. This hypothesis is needed in
view of Theorem (2.8) which allows us to state an equivalent notion of solutions for RDE with
drift as well as to make sense of Equation (5) as an actual ODE.

Nevertheless, for any b ∈ S ′(Rd) such that T b exists and T b ∈ CνTC1
w0

for some sublinear
weight w0 and ν > 1

2 , there exists a solution (θt)t∈[0,T ] ∈ CνT to the non linear Young differential
equation

θt = θ0 +

∫ t

0
(T b)dr(θr), (11)

where the integral is constructed using the sewing lemma applied to

As,t = T bs,t(θs).

One can consult [20, 37] for more details.
Hence, one could use the following definition in order to extend the notion of solution to RDE

with drift :

Definition 2.16. Let p ≥ 2, T > 0 and σ ∈ Cbpc+2(Rd; (Rd)⊗2). Let w be a 1
p -Hölder weakly

geometric p-rough path. Let b ∈ S ′(Rd;Rd) and w0 be a sublinear weight such that T b ∈ CνTC1
w0

for some ν > 1
2 . A path (xt)t∈[0,T ] is a solution to Equation (4) if (xt)t∈[0,T ] =

(
ϕ0,t(θt)

)
t∈[0,T ]

,
where ϕ is the flow generated by the driftless RDE (2), and (θt)t∈[0,T ] is a solution to the
non-linear Young differential equation (11) with θ0 = x0.

An obvious remark is that whenever b ∈ Cκ for some κ > 0 and when σ ∈ C2(bpc+1), thank to
Lemma 2.12 and Theorem 2.8, this definition is equivalent to Definition 2.6. The huge difference
when b is not bounded, is the lack of a priori estimates for the solution θ. In the setting, one
could prove the following theorem :

Theorem 2.17. Let p ≥ 2, T > 0, b ∈ S ′(Rd;Rd) and σ ∈ Cbpc+2
b (Rd; (Rd)⊗2). Let w be a

1
p -Hölder weakly geometric p-rough path.
Let us suppose that there exists 1 ≥ ν > 1

2 , κ > 2 and a sublinear weight w0 (see Definitions
1.1 and 1.2) such that

‖T b‖CνT Cκw0
< +∞.

Then there is a unique solution to Equation (11).
In that setting, there is a unique solution, in the sense of Definition 2.16 to Equation (4).

Proof. The proof is a direct adaptation of the ideas of [20]. �

The only difference comparing to Theorem 2.10 is the requirement that T b ∈ CνCκw0
with

κ > 2. In our context of application, when w is a Gaussian rough with p < 4 which enjoys some
non-determinism properties (see Section 4), one cannot expect to have a better regularizing effect
than p

2 − ε for some small ε > 0 (see Section 3 and Theorem 6.1). Namely, if b ∈ Cα := Bα
∞,∞

for some α ∈ R, one may expect that T b ∈ CνTC
p
2

+α−ε
w0 for some small ε > 0 and some sublinear

weight w0. When applying Theorem 2.17, one should ask that p
2 + α > 2, but since p < 4, this

gives necessarily α > 0, and we can apply Theorem 2.10 to obtain a better result.
Nevertheless, Definition 2.16 and Theorem 2.17 could be useful when b ∈ L∞∩B−α∞,∞ or when

w enjoys better regularizing properties. We leave those investigations for future works.
Finally, in view of [29], one could expect that in the setting of fractional Brownian motion, the

only requirement should be T b ∈ CνC1
w0

(this is the case when w is the Stratonovitch Brownian
rough path). This kind of result would require a use of Girsanov transform as in [27, 20, 29].
The bounds of Section 4 are not good enough, neither the Kolmogorov estimates of Section 3.
Again, we leave this for future investigations, see also [26].
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3. Kolmogorov type theorem for averaged fields

In the previous section, and especially in Theorem 2.10, we exhibit a general criterion in terms
of the averaged field T b such that Equation (4) has a unique solution. Nevertheless, we observe
that without using any additional property of the flow ϕ, even in the case when b is Lipschitz
continuous (and thus Equation (4) has a unique solution thanks to standard arguments), this
does not gives uniqueness of solutions. We will proceed by using fine stochastic properties of
the flow, when w is a random rough path.

Hence, in this section, we will focus ourselves on the action a the random flow ϕ : [0, T ]×Rd →
R
d as an averaging operator where T > 0 is fixed. Thanks to the flow decomposition technique

when ϕ is a C1 flow of diffeomorphism, we will investigate the mixed space time regularity of
the following averaged field :

(T (Dϕ)−1,ϕb)t(x) =

∫ t

0
Dϕu(x)−1b(ϕu(x)) du.

In order to be as general as possible, we want to take b ∈ Bα
p,r as generic as possible. In order

to do so, we rely on estimates of the type

‖T (Dϕ)−1,ϕf‖Lq(Ω;Cγ([0,T ];Bαp,r))
≤ C‖f‖

Bα
′

`,m

for some constant C > 0 and parameters q ≥ 2, γ > 0, α, α′ ∈ R, p, r, `,m ∈ [1,+∞) and any
f ∈ S. In the case ` = m = +∞, weighted estimates are needed for the left hand side, whereas
for the right hand side we must use the fact that for any f ∈ Bα′

∞,∞ and any ε > 0, f is the
limit of Schwartz functions in Bα′−ε

∞,∞ (see Lemma A.3 and Theorem 3.3 for details). Then, since
T (Dϕ)−1,ϕ is a linear operator (on S), we consider its closure from Bα′

`,m to Lq(Ω; Cγ([0, T ];Bα
p,r))

(which is still denoted T (Dϕ)−1,ϕ).
In the following, we will consider a general form of the averaging operator: for any φ :

[0, T ]×Rd → (Rd)⊗2 and any ϕ : [0, T ]×Rd → R
d, we denote, for any 0 ≤ s < t ≤ T , x ∈ Rd

and f ∈ S,

T φ,ϕft(x) =

∫ t

0
φ(u, x)f(ϕ(u, x))du. (12)

Remark 3.1. We obtain a first, rather straightforward, bound, for any φ ∈ Lq(Ω;L∞([0, T ] ×
(Rd)⊗2)) and ϕ ∈ Lq(Ω;L∞loc([0, T ]×Rd)),

‖T φ,ϕf‖Lq(Ω;L∞([0,T ]×Rd) ≤ T‖φ‖Lq(Ω;L∞([0,T ]×Rd)‖f‖L∞(Rd).

Before stating our main result, we need the following assumptions.

Assumption 3.2. Let p ∈ [2,+∞], q ≥ 2 and let (φ, ϕ) be a couple of random functions such
that φ : [0, T ]×Rd → (Rd)⊗2 and ϕ : [0, T ]×Rd → R

d. Define

q̃ =

{
2q if p < +∞
q if p = +∞

.

We assume furthermore that:
(1) for all x ∈ Rd, (φ(t, x))t∈[0,T ] and (ϕ(t, x))t∈[0,T ] are adapted,
(2) we have

φ ∈ Lq̃
(

Ω;L∞
(
[0, T ];L∞(Rd; (Rd)⊗2)

))
and ϕ ∈ Lq

(
Ω;L∞

(
[0, T ];L∞loc(R

d;Rd)
))
,

(3) if p < +∞, for almost all t ∈ [0, T ], ϕ−1(t, ·) exists almost surely and det(Jϕ−1) ∈
Lq̃(Ω;L∞([0, T ];L∞(Rd;R))).

Moreover, for any s ∈ [0, T ], we assume that there exists Gp,s, a positive Fs-measurable random
variable such that

sup
s∈[0,T ]

E[Gq̃p,s] < +∞,
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and that there exists H ∈ (0, 1) such that, for any f ∈ S, for any x ∈ Rd, for any multi-index
β ∈ Nd and any 0 ≤ s ≤ r ≤ T , we have∣∣∣∣E[φ(r, y)∂βf

(
ϕ(r, x)

)∣∣∣Fs]∣∣∣∣ .
|r − s|−|β|HGp,sE

[
|f(ϕ(r, x))|p

∣∣∣Fs] 1
p if 2 ≤ p < +∞,

|r − s|−|β|HG∞,s‖f‖∞ if p = +∞.
(13)

We can now proceed to state our main result.

Theorem 3.3. Let T > 0, p, q, (φ, ϕ) that satisfy Assumption 3.2. Then, for all ε ∈ (0, 1],

0 < ε′ < ε < ε′′, f ∈ B−
1−ε
2H

p,r , η > d/q, ν = 1+ε′

2 − 1
q , the following estimate holds

‖T φ,ϕf‖Lq(Ω;Cν([0,T ];Ep)) . ‖f‖
B
− 1−ε′′

2H
p,r

,

with Ep = Lp(Rd) if p < +∞ and E∞ = L∞w (Rd) if p = +∞, for some weight w with a
η-polynomial growth. When r = 1 and p < +∞, one can take ε′′ = ε.

We begin by proving a Lemma which allow us to transform the condition (13) into a useful
one concerning Paley-Littlewood blocks. To do so, we use a trick which can be found in [4]
Lemma 2.1.

Lemme 3.4. Let f ∈ S and p, q, (φ, ϕ) that satisfy Assumption 3.2. Then, for any p ∈ [2,+∞],
for all j ≥ 0 and all η ∈ [0, 1], we have∥∥∥∥E[φ(r, ·)∆jf

(
ϕ(r, ·)

)∣∣∣Fs]∥∥∥∥
Lp(Rd;R)

. |r − s|−(1−η)2−j
1−η
H ‖∆jf‖Lp(Rd;R)

×Gp,s
(

1 +E
[
‖ det(Jϕ−1)‖L∞([0,T ]×Rd)|Fs

] 1
p
1{p<+∞}

)
. (14)

Proof. We remark that, for all ξ = (ξ1, . . . , ξd) ∈ Rd and all k ∈ N,

|ξ|2k =

 d∑
j=1

ξ2
j

k

=
∑

1≤j1,...,jk≤d
ξ2
j1 . . . ξ

2
jk

=
∑
β∈Nd
|β|=k

Aβ(−iξ)β(iξ)β, (15)

where Aβ are non negative constants and for ξ = (ξ1, . . . , ξd) ∈ Rd and a multi-index β =

(β, . . . , βd) ∈ Nd, ξβ = ξβ11 . . . ξβdd . Let % ∈ C∞0 (Rd) such that supp(%) ⊂ A and %|A ≡ 1 where
A = {ξ ∈ Rd; 3/4 ≤ |ξ| ≤ 8/3} is an annulus in Rd. For any β ∈ Nd, such that |β| = k, and
j ≥ 0, we define the function mk,β,j given by

mk,β,j = F−1(Aβ(−iξ)β|ξ|−2k%(2−jξ)),

where F−1 denotes the inverse Fourier transform. It follows by (15) that, for any k ∈ N,

∆jf =
∑
|β|=k

mk,β,j ? ∂
β∆jf, (16)

where, by Lemma (A.4), we have

‖mk,β,j‖L1(Rd) . 2−jk.

We have, for p < +∞∥∥E [φ(r, ·)∆jf(ϕ(r, ·))
∣∣Fs]∥∥Lp(Rd)

≤
∑
|α|=k

∥∥E [φ(r, ·)(mk,α,j ? ∂
α∆jf)(ϕ(r, ·))

∣∣Fs]∥∥Lp(Rd)

=
∑
|α|=k

(∫
Rd

∣∣∣∣∫
Rd

mk,α,j(y)E
[
φ(r, x)(∂α∆jf)(ϕ(r, x)− y)

∣∣Fs]dy

∣∣∣∣p dx

) 1
p

,
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and, for p = +∞,

∥∥E [φ(r, ·)∆jf(ϕ(r, ·))
∣∣Fs]∥∥Lp(Rd)

≤
∑
|β|=k

sup
x∈Rd

∣∣∣∣ ∫
Rd

mk,β,j(y)

×E
[
φ(r, x)(∂β∆jf)(ϕ(r, x)− y)

∣∣Fs] dy

∣∣∣∣.
We want to apply Young’s inequality for kernel operators (Theorem B.1) with

K(x, y) = E

[
φ(r, x)(∂β∆jf)(ϕ(r, x)− y)

∣∣Fs] .
Note that, thanks to Equation (13), we know that

|K(x, y)| .

{
|r − s|−|β|HGp,sE[|∆jf(ϕ(r, x)− y)|p|Fs]

1
p if 2 ≤ p < +∞,

|r − s|−|β|HG∞,s‖∆jf‖∞ if p = +∞.

Hence, for all p ∈ [2,+∞],

sup
x∈Rd

‖K(x, ·)‖Lp(Rd) . |r − s|−|β|HGp,s‖∆jf‖Lp(Rd).

Furthermore, we note that, if p < +∞,∫
Rd

E

[
|∆jf(ϕ(r, x)− y)|p

∣∣∣Fs] dx =E

[∫
Rd

|∆jf(z)|pE
[
|det(Jϕ−1(r, z + y))|

∣∣Fs]dz

]
.‖∆jf‖pLp(Rd)

E[‖ det(Jϕ−1)‖L∞([0,T ]×Rd)|Fs]

and we obtain

sup
y∈Rd

‖K(·, y)‖Lp(Rd)

. |r − s|−|β|HGp,s‖∆jf‖Lp(Rd) ×

{
E[‖det(Jϕ−1)‖L∞([0,T ]×Rd)|Fs]1/p if 1 < p < +∞,
1 if p = +∞.

Applying Young’s inequality (Theorem B.1) and denoting

Pp,s = Gp,s

(
1 +E[‖ det(Jϕ−1)‖L∞([0,T ]×Rd)|Fs]

1
p1{p<+∞}

)
,

we deduce that∥∥∥E [φ(r, ·)(mk,β,j ? ∂
β∆jf)(ϕ(r, ·))

∣∣Fs]∥∥∥
Lp(Rd)

. 2−jk|r − s|−|β|H‖∆jf‖Lp(Rd)Pp,s.

It follows that, for any k ∈ N,∥∥E [φ(r, ·)∆jf(ϕ(r, ·))
∣∣Fs]∥∥Lp(Rd)

. 2−jk
∑
|β|=k

|t− s|−|β|H‖∆jf‖Lp(Rd)Pp,s

. 2−jk|t− s|−kH‖∆jf‖Lp(Rd)Pp,s.

By interpolating the previous inequalities, we obtain the estimate, for any ν ∈ R+,∥∥E [φ(r, ·)∆jf(ϕ(r, ·))
∣∣Fs]∥∥Lp(Rd)

. 2−jν |t− s|−νH‖∆jf‖Lp(Rd)Ps,p,

which gives the desired result by taking ν = 1−η
H . �

Proof of Theorem 3.3. We split the proof in two parts.
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The p < +∞ case. Let 0 ≤ s < t ≤ T be fixed. We denote j = min{j ∈ N; 2−
j
H ≤ (t − s)}.

First, remark that

‖(T φ,ϕ∆jf)s,t‖Lp(Rd) ≤
∫ t

s
‖φ(r, ·)∆jf(r, ϕ(r, ·))‖Lp(Rd) dr

≤ (t− s)‖φ‖L∞([0,T ]×Rd)‖det(Jϕ−1)‖L∞([0,T ]×Rd)‖∆jf‖Lp(Rd). (17)

For any −1 ≤ j < j and ε ∈ [0, 1], this yields, since (t− s) ≤ 2−
j
H ,

‖(T φ,ϕ∆jf)s,t‖Lp(Rd) ≤ (t− s)
1+ε
2 2−

1−ε
2H

j‖φ‖L∞([0,T ]×Rd)‖ det(Jϕ−1)‖L∞([0,T ]×Rd)‖∆jf‖Lp(Rd).

(18)
Furthermore, thanks to Lemma 3.4, we also deduce that, for any η ∈ [0, 1],∥∥∥E[(T φ,ϕ∆jf)s,t|Fs]

∥∥∥
Lp(Rd)

. (t− s)η‖∆jf‖Lp(Rd)2
− 1−η

H
jGp,s

(
1 +E

[
‖det(Jϕ−1)‖L∞([0,T ]×Rd)|Fs

] 1
p

)
. (19)

We now assume that j ≥ j. Let nj ≥ 1 and let us define, for any k ∈ {0, . . . , nj}, the following
quantities :

tjk :=
k

nj
(t− s) + s and M j

k := E[(T φ,ϕ∆jf)s,t|Ftjk ].

Hence, (M j
k)0≤k≤nj is a martingale in Lp(Rd) with respect to the filtration (F

tjk
)0≤k≤nj . Fur-

thermore, it follows from (19) that

‖M j
0‖Lp(Rd) . (t− s)η‖∆jf‖Lp(Rd)2

− 1−η
H

jGp,s

(
1 +E

[
‖ det(Jϕ−1)‖L∞([0,T ]×Rd)|Fs

] 1
p

)
,

and, in particular, by setting η = (1 + ε)/2, where ε ∈ [0, 1], and for q ≥ 1, we have

E[‖M j
0‖
q
Lp(Rd)

]
1
q . (t− s)

1+ε
2 ‖∆jf‖Lp(Rd)2

− 1−ε
2H

j . (20)

Since we are working in Lp(Rd), p ∈ [2,+∞), which is a UMD space of type 2 (see for example
[48, 49] and Appendix C.2), we know that the Burkolder-Davis-Gundy inequality holds, and we
have,

E[‖M j
nj −M

j
0‖
q
Lp(Rd)

] . E


nj−1∑

k=0

‖M j
k+1 −M

j
k‖

2
Lp(Rd)


q
2

 .
Furthermore, we obtain that, for all 0 ≤ k ≤ nj − 1,

M j
k+1 −M

j
k = (T φ,ϕ∆jf)

tjk,t
j
k+1

+E
[
(T φ,ϕ∆jf)

tjk+1,t

∣∣∣Ftjk+1

]
−E

[
(T φ,ϕ∆jf)

tjk,t

∣∣∣Ftjk] .
Using again (17) to estimate the first term on the right-hand-side and (19) for the second and
third terms, we deduce, for any ε ∈ [0, 1],

‖M j
k+1 −M

j
k‖Lp(Rd) . ‖∆jf‖Lp(Rd)(t− s)ε

(
(t− s)1−ε

nj
+ 2−

1−ε
H
j

)
κjk,

where

κjk := ‖φ‖L∞([0,T ]×Rd)‖ det(Jϕ−1)‖L∞([0,T ]×Rd)

+G
p,tjk

(
1 +E

[
‖det(Jϕ−1)‖L∞([0,T ]×Rd)|Ftjk

] 1
p

)
+G

p,tjk+1

(
1 +E

[
‖det(Jϕ−1)‖L∞([0,T ]×Rd)|Ftjk+1

] 1
p

)
.
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Note that thanks to the hypothesis and Cauchy-Schwarz inequality,

sup
j≥0

sup
k∈{0,...,nj}

E[(κjk)
q] < +∞.

Hence, we have,

E[‖M j
nj −M

j
0‖
q
Lp(Rd)

] . E


nj−1∑

k=0

‖M j
k+1 −M

j
k‖

2
Lp(Rd)


q
2


. (t− s)εq‖∆jf‖qLp(Rd)

(
(t− s)1−ε

nj
+ 2−

1−ε
H
j

)q
E


nj−1∑

k=0

(κjk)
2


q
2


. (t− s)εq‖∆jf‖qLp(Rd)

(
(t− s)1−ε

nj
+ 2−

1−ε
H
j

)qnj−1∑
k=0

E[(κjk)
q]

2
q


q
2

. (t− s)εq‖∆jf‖qLp(Rd)

(
(t− s)1−ε
√
nj

+
√
nj2
− 1−ε

H
j

)q
.

We now optimize the estimate on nj ≥ 1. We choose

nj =
(t− s)1−ε

2−
1−ε
H
j

+ ι,

for a certain ι ∈ [0, 1]. This yields, since 2−
j
H ≤ (t− s),

√
nj2
− 1−ε

H
j = (t− s)

1−ε
2 2−

1−ε
2H

j

√
1 + ι

2−
1−ε
H
j

(t− s)1−ε ≤
√

2(t− s)
1−ε
2 2−

1−ε
2H

j ,

and, also,

(t− s)1−ε
√
nj

≤ (t− s)
1−ε
2 2−

1−ε
2H

j .

Thus, we deduce that

E

[
‖M j

nj −M
j
0‖
q
Lp(Rd)

] 1
q
. (t− s)

1+ε
2 ‖∆jf‖Lp(Rd)2

− (1−ε)
2H

j .

Using the fact that (T φ,ϕ∆jf)s,t = M j
nj as well as the estimate (20), we obtain for all j ≥ j,

E

[∥∥∥(T φ,ϕ∆jf)s,t

∥∥∥q
Lp(Rd)

] 1
q

. (t− s)
1+ε
2 ‖∆jf‖Lp(Rd)2

−j 1−ε
2H . (21)

It follows from (18) that the previous estimate holds for all ε ∈ [0, 1] and any j ≥ −1. Thus, we
deduce that for ε ∈ [0, 1],

E

[∥∥∥(T φ,ϕf)s,t

∥∥∥q
Lp(Rd)

] 1
q

≤
∑
j≥−1

E

[∥∥∥(T φ,ϕ∆jf)s,t

∥∥∥q
Lp(Rd)

] 1
q

. (t− s)
1+ε
2

+∞∑
j=−1

2−j
1−ε
2H ‖∆jf‖Lp(Rd) = (t− s)

1+ε
2 ‖f‖

B
− 1−ε

2H
p,1

.
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It follows from Theorem D.1 that, for all 0 < ε′ < ε and f ∈ B−
1−ε
2H

p,1 , we have

‖T φ,ϕf‖Lq(Ω;Cν([0,T ];Lp(Rd))) . E

[∫
[0,T ]2

‖(T φ,ϕf)s,t‖qLp(Rd)

|t− s|q
1+ε′
2

+1
ds dt

]1/q

. ‖f‖
B
− 1−ε

2H
p,1

∫
[0,T ]2

|t− s|q
ε−ε′
2
−1 ds dt . ‖f‖

B
− 1−ε

2H
p,1

,

with ν = 1+ε′

2 − 1
q > 0, which is exactly the theorem in the case p < +∞ when we remind that

whenever f ∈ Bα
p,p, one has for ε′′ > 0, thanks to Hölder inequality,

‖f‖
Bα−ε

′′
p,1

=
∑
j≥1

2j(α−ε
′′)j‖∆jf‖Lp(Rd) ≤

∑
j≥−1

2−ε
′′ r
r−1

j

1− 1
r
∑
j≥−1

2αrj‖∆jf‖rLp(Rd)

 1
r

.ε′′ ‖f‖Bαp,r .

The p = +∞ case. The proof is pretty much the same as the proof in the previous case. We
provide the main arguments for completeness. Let 0 ≤ s < t ≤ T be fixed. We denote
j = min{j ∈ N; 2−

j
H ≤ (t − s)}. First, we can see that, for any −1 ≤ j < j and ε ∈ [0, 1], this

yields, since (t− s) ≤ 2−
j
H , for any x ∈ Rd,∣∣∣(T φ,ϕ∆jf)s,t(x)

∣∣∣ ≤ (t− s)
1+ε
2 2−

1−ε
2H

j‖φ‖L∞([0,T ]×Rd)‖∆jf‖L∞(Rd). (22)

Moreover, it follows from Lemma 3.4 that, for any η ∈ [0, 1],∣∣∣E[(T φ,ϕ∆jf)s,t(x)|Fs]
∣∣∣ . (t− s)η‖∆jf‖L∞(Rd)2

− 1−η
H

jG∞,s. (23)

We now assume that j ≥ j. Let x ∈ Rd, nj ≥ 1 and let us define, for any k ∈ {0, . . . , nj}, the
following quantities :

tjk :=
k

nj
(t− s) + s and M j

k(x) := E[(T φ,ϕ∆jf)s,t(x)|F
tjk

].

We can see that, (M j
k(x))0≤k≤nj is a martingale with respect to the filtration (F

tjk
)0≤k≤nj .

Thanks to (23), we obtain

|M j
0 (x)| . (t− s)η‖∆jf‖L∞(Rd)2

− 1−η
H

jG∞,s,

which yields, by setting η = (1 + ε)/2, where ε ∈ [0, 1],

E[|M j
0 (x)|q] . (t− s)

1+ε
2 ‖∆jf‖qL∞(Rd)

2−
1−ε
2H

j . (24)

It follows from (22) and (23) that, for any ε ∈ [0, 1] and 1 ≤ k ≤ nj ,

|M j
k+1(x)−M j

k(x)| . ‖∆jf‖L∞(Rd)(t− s)ε
(

(t− s)1−ε

nj
+ 2−

1−ε
H
j

)
κjk,

where
κjk := ‖φ‖L∞([0,T ]×Rd) +G∞,tjk

+G∞,tjk+1
.

The assumptions gives the bound

sup
j≥0

sup
k∈{0,...,nj}

E[(κjk)
q] < +∞.

From here, by following the same arguments as in the p < +∞ case, we deduce, thanks to the
BDG inequality and some optimization on nj , that for any ε ∈ [0, 1] and for all j ≥ −1,

E

[
|(T φ,ϕ∆jf)s,t(x)|q

] 1
q
. (t− s)

1+ε
2 ‖∆jf‖L∞(Rd)2

−j 1−ε
2H , (25)
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and we obtain the estimate, for any x ∈ Rd,

E[|(T φ,ϕf)s,t(x)|q]
1
q . |t− s|

1+ε
2 ‖f‖

B
− 1−ε

2H
∞,1

.

Finally, Theorem D.5 gives the desired result. �

Remark 3.5. The dependence on φ, ϕ and (Gp,s)s in the bound of Theorem 3.3 is not given
explicitly but can be tracked thanks to the variables κjk used in the proof.

We can extend the previous result with the help of the following Lemma.

Lemme 3.6. Let β ∈ Nd, φ, ϕ ∈ Lq(Ω;L∞([0, T ];C |β|(Rd))) and f ∈ S. Then, we have, for
any (t, x) ∈ [0, T ]×Rd,

∂β(T φ,ϕ)tf(x) =
∑
γ≤β

∑
1≤|µ|≤|γ|
υ∈Nγ,µ

Cβ,γ,µ,υ

(
T Λγ,υ(ϕ)∂β−γφ,ϕ

(
∂µf

))
t
(x),

where Λγ,υ(ϕ) :=
∏

1≤|δ|≤|γ|
1≤j≤d

(∂δϕj(r, x))
υδj and Cβ,γ,µ,υ > 0 and

Nγ,µ :=

υ ∈ Nd :
∑

1≤|δ|≤|γ|

υδj = µj , for any 1 ≤ j ≤ d, and
∑

1≤|δ|≤|γ|
1≤j≤d

δυδj = γ

 ,

Proof. The proof of the lemma is a straightforward consequence of Leibniz’s rule of differentia-
tion, which yields

∂βφ(r, x)b(ϕ(r, x)) =
∑
γ≤β

C1
β,γ∂

β−γφ(r, x)∂γ(b(ϕ(r, x))),

for some constants {C1
β,γ}γ≤β ⊂ R+ and Faà di Bruno’s formula, which gives

∂γ(b(ϕ(r, x))) =
∑

1≤|µ|≤|γ|
υ∈Nγ,µ

C2
µ,υ∂

µb(ϕ(r, x))
∏

1≤|δ|≤|γ|
1≤j≤d

(∂δϕj(r, x))
υδj ,

for some constants {C2
υ,µ}1≤|µ|≤|γ|

υ∈Nγ,µ
⊂ R+. �

We can now state a by-product of Theorem 3.3.

Corollary 3.7. Let r ∈ [1,+∞], n ≥ 1 and p ∈ [2,+∞], q ≥ 2 and (φ, ϕ) such that, for
any β, γ, µ, υ ∈ N

d that verify |β| ≤ n, γ ≤ β, 1 ≤ |µ| ≤ |γ| and υ ∈ Nγ,µ, p, q, and
(Λγ,υ(ϕ)∂β−γφ, ϕ) satisfies Assumption 3.2. Then, for all ε ∈ (0, 1], ε′ < ε < ε′′, κ ∈ (0, n],

f ∈ Bκ− 1−ε
2H

p,r , η > d/q and such that, ν = 1+ε′

2 − 1
q , the following estimate holds

‖T φ,ϕf‖Lq(Ω;Cν([0,T ];Ep,κ)) . ‖f‖
B
κ− 1−ε′′

2H
p,r

,

with Ep,κ = Bκ
p,p(R

d) if p < +∞ and E∞,κ = Cκw(Rd) if p = +∞, where w is a weight with
η-polynomial growth. When p < +∞ and r = 1, one can take ε′′ = ε.

Proof. As usual, one needs to distinguish between p = +∞ and 2 ≤ p < +∞.
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The p < +∞ case. Thanks to Lemma 3.6 and (21), we obtain that, for any β ∈ Nd, ε ∈ [0, 1],
q ≥ 2 and j ≥ −1,

E

[∥∥∥∂β(T φ,ϕ∆jf)s,t

∥∥∥q
Lp(Rd)

] 1
q

≤
∑
γ≤β

∑
1≤|µ|≤|γ|
υ∈Nγ,µ

Cβ,γ,µ,υE

[∥∥∥T Λγ,υ(ϕ)∂β−γφ,ϕ
(
∂µ∆jf

)
)
∥∥∥q
Lp(Rd)

] 1
q

. (t− s)
1+ε
2 2−j

1−ε
2H

∑
γ≤β
‖∂γ∆jf‖Lp(Rd)

. (t− s)
1+ε
2 2−j

1−ε
2H

+|β|j‖∆jf‖Lp(Rd).

In particular, we deduce that, for any k ∈ N, we have

E

[∥∥∥(T φ,ϕ∆jf)s,t

∥∥∥q
B2k
p,p

] 1
q

' E
[∥∥∥(1−∆)k(T φ,ϕ∆jf)s,t

∥∥∥q
Lp(Rd)

] 1
q

. (t− s)
1+ε
2 2−j

1−ε
2H

+2kj‖∆jf‖Lp(Rd),

and, thus, by interpolation, we deduce that, for any % > 0,

E

[∥∥∥(T φ,ϕ∆jf)s,t

∥∥∥q
B%p,p

] 1
q

. (t− s)
1+ε
2 2−j

1−ε
2H

+%j‖∆jf‖Lp(Rd).

In particular, this yields

E

[∥∥∥(T φ,ϕf)s,t

∥∥∥q
B%p,p(Rd)

] 1
q

. (t− s)
1+ε
2 ‖f‖

B
− 1−ε

2H
+%

p,1

,

which gives the desired result by using Kolmogorov’s continuity theorem.
The p = +∞ case. For any β ∈ Nd, any x, y ∈ Rd, we have, for any θ ∈ [0, 1] and j ≥ −1,∣∣∣∂β(T φ,ϕ∆jf)s,t(x)− ∂β(T φ,ϕ∆jf)s,t(y)

∣∣∣
≤ |∇∂β(T φ,ϕ∆jf)s,t(z)|θ

(∣∣∣∂β(T φ,ϕ∆jf)s,t(x)
∣∣∣+
∣∣∣∂β(T φ,ϕ∆jf)s,t(y)

∣∣∣)1−θ
|x− y|θ,

for some z ∈ {(1− ζ)x+ ζy : ζ ∈ [0, 1]}. It follows from Lemma 3.6 and (25) that, for any q ≥ 2,

E

[∣∣∣∂β(T φ,ϕ∆jf)s,t(x)− ∂β(T φ,ϕ∆jf)s,t(y)
∣∣∣q]1/q

≤ |x− y|θE
[∣∣∣∇∂β(T φ,ϕ∆jf)s,t(z)

∣∣∣2θq]1/(2q)

×

(
E

[∣∣∣∂β(T φ,ϕ∆jf)s,t(x)
∣∣∣2(1−θ)q

]1/(2(1−θ)q)
+E

[∣∣∣∂β(T φ,ϕ∆jf)s,t(y)
∣∣∣2(1−θ)q

]1/(2(1−θ)q)
)1−θ

. |x− y|θ(t− s)
1+ε
2 2−j

1−ε
2H

∑
γ≤β
‖∇∂γ∆jf‖L∞(Rd)

1−θ∑
γ≤β
‖∂γ∆jf‖L∞(Rd)

1−θ

.

. |x− y|θ(t− s)
1+ε
2 2−j

1−ε
2H 2(|β|+θ)j‖∆jf‖L∞(Rd).

We also have, by Lemma 3.6 and (25),

E

[∣∣∣∂β(T φ,ϕ∆jf)s,t(x)
∣∣∣q]1/q

. (t− s)
1+ε
2 2−j

1−ε
2H 2(|β|+θ)j‖∆jf‖L∞(Rd).

From here, we use Theorem D.4 and Theorem D.5 to deduce the desired result. �
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4. Malliavin Calculus

In order to be self-contained, and in the spirit of Section 2 we recall in this section some facts
about Malliavin calculus. Most of them are well-known facts, but Subsection 4.4 yields some
non-standard estimates that we will use in the following. In particular, we will derived a (not
so surprising) conditional integration by part formula, which will allow us to check whenever a
flow generated by a RDE driven by a Gaussian rough path satisfy the conditions of Theorem
3.3 or Corollary 3.7. One may consult [57, 59] for more details.

4.1. Isonormal Gaussian processes.

Definition 4.1. (Isonormal Gaussian process) An Isonormal Gaussian process is the set of:
(1) a real and separable Hilbert space H whose scalar product is denoted as 〈·, ·〉H and its

norm as ‖ · ‖H,
(2) a complete probability space (Ω,F ,P),
(3) a real-valued Gaussian process W : h ∈ H → W (h), i.e. (W (h))h∈H is a family of

centered Gaussian random variables such that E[W (h)W (g)] = 〈h, g〉H, for any h, g ∈ H.
Remark 4.2.

(1) By Kolmogorov’s theorem, given only H, we can construct (Ω,F ,P) and W satisfying
the above conditions.

(2) The mapping h→W (h) is linear.

The two following examples will be of interest below. The first one is a classical construction
linked to the standard Brownian motion.

Example 4.3. (Isonormal Gaussian process associated to the Brownian motion) Let (Bt)t≥0

be a d-dimensional Brownian motion defined on its canonical probability space (Ω,F ,P). Let
H = L2(R+;Rd) and, for any h ∈ H, let us define W (h) as the Wiener integral

W (h) =

d∑
k=1

∫ +∞

0
hk(s) dBk

s .

The second example deals with a generic construction of an isonormal Gaussian process asso-
ciated to a generic Gaussian process. This example will be of primer importance in the following,
as we will always work in this specific setting.

Example 4.4. Let us consider any vector-valued continuous centered Gaussian process W =
(W 1, · · · ,W d) with iid components and let us construct a corresponding (vector-valued) isonor-
mal process. Fix j ∈ {1, . . . , d}, d ≥ 1. We denote the covariance function of W as

RW (t, s) := E

[
W j
tW

j
s

]
.

Fix T > 0. We now consider E the set of step functions on [0, T ]

E :=

{
f =

m∑
k=1

ak1[tk,tk+1] : m ∈ N∗, (ak)1≤k≤m ∈ Rm−1, (tk)1≤k≤m+1 ∈ Π([0, T ])

}
.

We define H as the closure of E with respect to the scalar product

〈1[0,t],1[0,s]〉H = RW (t, s),

which leads to the norm defined on E by

‖f‖2H =
m∑

k,`=1

aka`〈1[0,tk],1[0,t`]〉H =
m∑

k,`=1

aka`RW (tk, t`).

We can extend the linear mapping K : 1[0,t] ∈ E →W j(t) ∈ L2(Ω) to an isometry K : h ∈ H →
W j(h) since

E
[
K(1[0,t])K(1[0,s])

]
= E

[
W j
tW

j
s

]
= RW (t, s) = 〈1[0,t],1[0,s]〉H.
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Then, K : h ∈ H →W j(h) is an isonormal Gaussian process. Let us construct the vector-valued
isonormal Gaussian process K : h ∈ H⊕d → W (h) = (W 1(h1), · · · ,W d(hd)) ∈ L2(Ω;Rd). In
the following, we will treat the case n = 1 without loss of generality.

Remark 4.5.
(1) An interesting instance is, for example, the case where W = BH the fractional Brownian

motion with Hurst parameter H ∈ (0, 1) and covariance

RBH (t, s) = E[BH
t B

H
s ] =

1

2

(
t2H + s2H − |t− s|2H

)
.

(2) For W0 = 0 (and RW (0, 0) = 0), we have, by [15, Proposition 4],

〈h1, h2〉H =

∫ 1

0

∫ 1

0
h1(t)h2(s) dRW (t, s), (26)

whenever the 2d Young integral on the right-hand-side is well-defined.

Fix [a, b] ⊂ [0, T ] for the rest of the section. Since H is the closure of indicator functions, for
any [a, b] ⊂ [0, T ], we can also define H([a, b]) the restriction of H = H([0, T ]) to [a, b]. Thus,
for almost every s ∈ [a, b]c, h(s) = 0 for h ∈ H([a, b]). Furthermore, we directly deduce that, for
any h, g ∈ H([a, b]),

〈h, g〉H([a,b]) = 〈h1[a,b], g1[a,b]〉H.
In particular, if h ∈ H([a, b]) then h = h1[a,b] ∈ H. For any set B which is a finite union of
intervals of [0, T ], we denote FB the σ-algebra generated by {W (1[u,v]), [u, v] ⊂ B}.

4.2. The Malliavin derivative. We consider the set of smooth cylindrical fields S given by

S = {f(W (1[u1,v1]), . . . ,W (1[un,vn])) : f ∈ C∞p (Rn), [uk, vk] ⊂ [0, 1], ∀k ∈ {1, . . . , n}, n ≥ 0},
where C∞p (Rn) denotes the set of functions from R

n to R that are infinitely differentiable and
with all their partial derivatives having polynomial growth. Furthermore, we denote C∞b (Rn) the
subset of C∞p (Rn) where all the partial derivatives are bounded. The smooth random variables
associated to this space C∞b is denoted by Sb. For any set B which is a finite union of intervals of
[0, T ], we also denote Sb(B) (resp. S(B)) the natural restriction of Sb = Sb(B) (resp. S = S(B))
to B. We note that Sb(B) (and S(B)) is dense in L2(Ω,FB,P).

Definition 4.6. For any F = f
(
W (1[u1,v1]) · · ·W (1[un,vn])

)
∈ S with f ∈ C∞p , we define the

Malliavin derivative of F restricted on [a, b] ⊂ [0, 1] as

D[a,b]F =
n∑
k=1

∂kf(W (1[u1,v1]), . . . ,W (1[un,vn]))1[uk,vk]1[a,b],

which takes values in H([a, b]).

We can directly check that, for any F,G ∈ S, we have the "chain rule" relation

D[a,b](FG) = GD[a,b]F + FD[a,b]G.

Let us also introduce the so-called Cameron-Martin space denoted H1 which is defined as the
completion of

Ẽ =

{
t→

n∑
k=1

akRW (tk, t) : n ∈ N, (ak)1≤k≤n, (tk)1≤k≤n ⊂ [0, T ]

}
,

with respect to the scalar product

〈RW (t, ·), RW (s, ·)〉H1 = RW (t, s).

Then, the mapping defined by

R : 1[0,t] ∈ E → RW (t, ·) ∈ Ẽ (27)
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can be extended to an isometry R : H → H1 since

〈R(1[0,t]),R(1[0,s])〉H1 = RW (t, s) = 〈1[0,t],1[0,s]〉H.

In the same fashion as for H, we define H1([a, b]) the restriction of H1 = H1([0, T ]) to [a, b].
We have the following integration by parts formula.

Lemme 4.7. For any F,G ∈ S and h ∈ H([a, b]), we have

E[G〈D[a,b]F, h〉H([a,b])] = −E[F 〈D[a,b]G, h〉H([a,b])] +E[FGW (h)].

Furthermore, we have the following result.

Proposition 4.8. For any p ≥ 1, the linear operator D[a,b] is closable from Lp(Ω,F[0,1],P) to
Lp(Ω,F[0,1],P;H([a, b])).

We can iteratively define, for any m ≥ 1,

Dm
[a,b]F =

n∑
k1,k2,...,km=1

∂k1,k2,...,kmf(W (1[u1,v1]), . . . ,W (1[un,vn]))
(
⊗m`=1(1[uk` ,vk` ]

1[a,b])
)

which takes values in H([a, b])⊗m. Moreover, following Proposition 4.8, we can close Dm
[a,b].

Proposition 4.9. For any m ≥ 1 and p ≥ 1, the linear operator Dm
[a,b] is closable from S to

Lp(Ω;H([a, b])⊗m).

By using the same notation for its extension, the domain of the operator Dm
[a,b] is the space

D
m,p
[a,b] which is the completion of S with respect to the norm

‖F‖Dm,p
[a,b]

:=

(
E[|F |p] +

m∑
k=1

E[‖Dk
[a,b]F‖

p
H([a,b])⊗k

]

)1/p

.

In the previous norm, in the case of multidimensional processes, we remark that ‖ · ‖H([a,b])⊗k is
not an operator norm but the Hilbert-Schmidt norm. For E a Banach space, we also denote by
D
m,p
[a,b](E) the E-valued random variables that belong in Dm,p

[a,b]. Furthermore, for any k, p ≥ 1,
we have Hölder’s inequality

‖FG‖
D
k,p
[a,b]

≤ ‖F‖
D
k,r
[a,b]

‖G‖
D
k,q
[a,b]

,

for any r, q ≥ 1 such that 1/r + 1/q = 1/p. We now state a chain rule with respect to the
Malliavin derivative.

Proposition 4.10. Let g ∈ C1(Rd;R) with bounded derivatives, p ≥ 1 and F = (F 1, . . . , F d)

be a random vector such that F k ∈ D1,p
[a,b] for any k ∈ {1, . . . , d}. Then, g(F ) ∈ D1,p

[a,b] and

D[a,b](g(F )) =
d∑

k=1

∂kg(F )D[a,b]F
k.

4.3. The divergence operator. The divergence operator δ[a,b] is the adjoint of the derivative
D[a,b]. In fact, δ[a,b] is an unbounded operator from L2(Ω;H([a, b])) = D

0,2
[a,b](H([a, b])) to L2(Ω)

such that:
(1) its domain Dom(δ[a,b]) is the set of random variables u ∈ L2(Ω;H([a, b])) such that, for

all F ∈ D1,2
[a,b], ∣∣E [〈D[a,b]F, u〉H([a,b])

]∣∣ ≤ cu‖F‖L2(Ω),
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(2) for any u ∈ Dom(δ[a,b]), we have δ[a,b](u) ∈ L2(Ω) and the following duality relation
holds, for all F ∈ D1,2

[a,b],

E
[
〈D[a,b]F, u〉H([a,b])

]
= E

[
Fδ[a,b](u)

]
.

We have the following result concerning the continuity of δ.

Theorem 4.11. For any p > 1 andm ≥ 1, the operator δ[a,b] is continuous fromD
m−1,p
[a,b] (H([a, b]))

to Dm,p
[a,b]. That is, the following inequality holds for any u ∈ Dm−1,p

[a,b] (H([a, b])),

‖δ(u)‖
D
m−1,p
[a,b]

≤ cm,p‖u‖Dm,p
[a,b]

(H([a,b])).

This yields in particular that Dm,p
[a,b](H([a, b])) ⊂ Dom(δ[a,b]) for any p > 1 and m ≥ 1.

For any random variable F ∈ D1,2
[a,b], we know that D[a,b]F is a stochastic process in H([a, b])

that we can denote (D[a,b],tF )t∈[a,b] which is defined almost surely with respect to the measure
λ × P (where λ is the usual Lebesgue measure). With this, we can deduce a local property of
the derivative operator.

Lemme 4.12. Let [u, v] ⊂ [0, T ] and F ∈ D1,2
[a,b] ∩ L

2(Ω,F[u,v],P). Then we have

D[a,b],sF (ω) = 0,

for (λ×P)-almost every (s, ω) ∈ ([a, b]\[u, v])× Ω.

Proof. We have, for any F ∈ Sb([u, v]),

D[a,b],sF =

n∑
k=1

∂kf(W (1[u1,v1]), . . . ,W (1[un,vn]))1[uk,vk](s)1[a,b](s),

which yields the desired result since, for 1 ≤ k ≤ n, [uk, vk] ⊂ [u, v]. �

4.4. Conditional Integration by parts formula. In the previous section, we have seen that
δ[a,b] is the adjoint operator of D[a,b] and, as such, it satisfies a duality relation. It turns out
that this duality relation also holds under a conditional expectation. That is, for any F ∈ S
and G[a,b]c ∈ S([a, b]c), with [a, b]c = [0, T ]\[a, b], we can see that, thanks to Lemma 4.12,

E
[
E
[
〈D[a,b]F, u〉H([a,b])

∣∣F[a,b]c
]
G[a,b]c

]
= E

[
〈D[a,b]F, u〉H([a,b])G[a,b]c

]
= −E

[
F 〈DG[a,b]c , u〉H([a,b])

]
+E

[
〈D[a,b](FG[a,b]c), u〉H([a,b])

]
= E

[
FG[a,b]cδ[a,b](u)

]
= E

[
E
[
Fδ[a,b](u)

∣∣F[a,b]c
]
G[a,b]c

]
.

This yields in fact the following duality relation under a conditional expectation since S (resp.
S([a, b]c)) is dense in L2(Ω) (resp. L2(Ω,F[a,b]c ,P))

E
[
〈DF, u〉H([a,b])

∣∣F[a,b]c
]

= E
[
Fδ[a,b](u)

∣∣F[a,b]c
]
. (28)

We can now proceed to prove a conditional integration by parts formula.

Proposition 4.13. Let F ∈ D1,2
[a,b], G be a random variable and u be an H([a, b])-valued random

variable such that

〈D[a,b]F, u〉H([a,b]) 6= 0 and G
u

〈D[a,b]F, u〉H([a,b])
∈ Dom(δ[a,b]).

Then, for any function f ∈ C1 with bounded derivatives, we have that

E
[
f ′(F )G

∣∣F[a,b]c
]

= E
[
f(F )H[a,b](F,G)

∣∣F[a,b]c
]
,

where
H[a,b](F,G) := δ[a,b]

(
G

u

〈D[a,b]F, u〉H([a,b])

)
.
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Proof. We apply Proposition 4.10 to deduce that

f ′(F ) =

〈
D[a,b](f(F )),

u

〈D[a,b]F, u〉H([a,b])

〉
H([a,b])

.

Then, it follows from (28) that

E
[
f ′(F )G

∣∣F[a,b]c
]

= E
[
〈D[a,b](f(F )), u〉H([a,b])(〈D[a,b]F, u〉H([a,b]))

−1G
∣∣F[a,b]c

]
= E

[
〈D[a,b](f(F )), Gu(〈D[a,b]F, u〉H([a,b]))

−1〉H([a,b])

∣∣F[a,b]c
]

= E
[
f(F )δ[a,b]

(
Gu(〈D[a,b]F, u〉H([a,b]))

−1
)∣∣F[a,b]c

]
,

which is the desired result. �

We may now introduce the Malliavin matrix associated to a random vector.

Definition 4.14. Let p > 1 and F = (F 1, . . . , F d) be a random vector such that F k ∈ D1,p
[a,b]

for all k ∈ {1, . . . , d}. The covariance matrix γF associated to F is defined as

γF,[a,b] := (〈D[a,b]F
i, D[a,b]F

j〉H([a,b]))(i,j)∈{1,...,d}2 .

We then have the following Lemma [58, Lemma 7.2.3] :

Lemme 4.15. Let γ be a d×d random matrix such that det(γ) > 0 almost surely and det(γ)−1 ∈
∩p≥1L

p(Ω). We assume that (γ)i,j ∈ D∞[a,b] := ∩p≥1∩k≥1D
k,p
[a,b] for any (i, j) ∈ {1, . . . , d}2. Then,

(γ−1)i,j ∈ D∞[a,b], for any (i, j) ∈ {1, . . . , d}2, and

D[a,b](γ
−1)i,j = −

m∑
k,`=1

(γ−1)i,k(γ
−1)`,jD[a,b]γk,`.

Thanks to the Malliavin matrix, we define a nondegeneracy condition for random vectors.

Definition 4.16. We say that a random vector F = (F 1, . . . , F d), whose components are in
D
∞
[a,b], is nondegenerate if the Malliavin matrix γF,[a,b] is invertible almost surely and

det(γF,[a,b])−1 ∈ ∩p≥1L
p(Ω).

We now state a more general conditional integration by parts result for nondegenerate random
vectors.

Proposition 4.17. Let F = (F 1, . . . , F d) be a nondegenerate random vector, G ∈ D∞[a,b] and
g ∈ C∞p (Rd). Then, for any multiindex α ∈ {1, . . . , d}k, k ≥ 1, there exists an element
Hα,[a,b](F,G) ∈ D∞[a,b] such that

E
[
∂αg(F )G

∣∣F[a,b]c
]

= E
[
g(F )Hα,[a,b](F,G)

∣∣F[a,b]c
]
.

The variable Hα,[a,b](F,G) is given recursively by

Hα,[a,b](F,G) = Hαk,[a,b](F,H(α1,...,αk−1),[a,b](F,G))

where, for any i ∈ {1, . . . , d},

Hi,[a,b](F,G) =
d∑
j=1

δ[a,b]

(
G(γ−1

F,[a,b])i,jDF
j
)
.

Proof. It follows from the chain rule that, for any j ∈ {1, . . . ,m},

〈D[a,b](g(F )), D[a,b]F
j〉H([a,b]) =

d∑
i=1

∂ig(F )〈D[a,b]F
i, D[a,b]F

j〉H([a,b]) =

d∑
i=1

∂ig(F )(γF,[a,b])i,j .
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Thus, we obtain that

∂ig(F ) =

d∑
j=1

(γ−1
F,[a,b])i,j〈D[a,b](g(F )), DF j〉H([a,b]).

By exploiting the duality relation (28), this gives

E
[
∂ig(F )G

∣∣F[a,b]c
]

= E

〈D[a,b](g(F )),

d∑
j=1

G(γ−1
F,[a,b])i,jD[a,b]F

j

〉
H([a,b])

∣∣∣∣∣∣F[a,b]c


= E

[
g(F )Hi,[a,b](F,G)

∣∣F[a,b]c
]
.

Thanks to Lemma 4.15, we can deduce that γF,[a,b] ∈ D∞[a,b]. Furthermore, by Theorem 4.11,
this yields that Hi,[a,b](F,G) ∈ D∞[a,b] if G ∈ D

∞
[a,b]. From here, we can proceed by induction and

deduce the result. �

We finally give an estimate for the random variables Hα,[a,b].

Lemme 4.18. Let k ≥ 1 and p > 1. For any α ∈ {1, . . . , d}k, we have

‖Hα,[a,b](F,G)‖Lp(Ω) .α,d,p ‖G‖Dk,q
[a,b]

k∏
`=1

∥∥∥∥∥∥
d∑
j=1

(γ−1
F,[a,b])α`,jD[a,b]F

j

∥∥∥∥∥∥
D
k−`+1,r`
[a,b]

where 1/p = 1/q +
∑d

`=1 1/r`.

Proof. By Theorem 4.11 and Hölder’s inequality, we have

‖Hα,[a,b](F,G)‖Lp(Ω) ≤ cp,d

∥∥∥∥∥∥H(α1,...,αk−1),[a,b](F,G)

d∑
j=1

(γ−1
F,[a,b])αk,jD[a,b]F

j

∥∥∥∥∥∥
D

1,p
[a,b]

≤ cp,d
∥∥H(α1,...,αk−1),[a,b](F,G)

∥∥
D

1,q
[a,b]

∥∥∥∥∥∥
d∑
j=1

(γ−1
F,[a,b])αk,jD[a,b]F

j

∥∥∥∥∥∥
D

1,r
[a,b]

,

where 1/p = 1/q + 1/r, which yields the desired result by induction. �

5. Malliavin calculus and rough paths

The idea of this Section is to use Malliavin calculus (and especially the conditional bounds
proved in the previous subsection) to derive some nice bounds on flow generated by rough
differential equations. In order to do so, we will need some properties of the Cameron-Martin
spaces H1.

5.1. Embedding of the spaces H and H1. In this section, we give some embedding of H and
H1 into the space of continuous functions with finite p-variation, with p > 0.

Definition 5.1. Let f : [0, T ] → R
d be a continuous function. For any p > 0, we define its

p-variation on [a, b] ⊂ [0, T ] as

‖f‖p−var;[a,b] = sup
π∈Π([a,b])

 ∑
[u,v]∈π

|f(v)− f(u)|p
1/p

,

where we remind that Π([a, b]) is the set of all subdivisions of [a, b]. The set of continuous
functions with finite p-variation on [a, b] is denoted Cp−var([a, b];Rd) = Cp−var([a, b]).

A similar, mixed (p, q)-variation notion also exists for continuous functions on [0, T ]2.
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Definition 5.2. Let R : [0, T ]2 → R
d be a continuous function. For any p, q > 0, we define its

(p, q)-variation on the square [a, b]× [c, d] as

‖R‖(p,q)−var;[a,b]×[c,d] = sup
π1∈Π([a,b])
π2∈Π([c,d])

 ∑
[u2,v2]∈π1

 ∑
[u1,v1]∈π2

|�[u1,v1]×[u2,v2]R|p
q/p


1/q

,

where �[u1,v1]×[u2,v2]R = R(v1, v2) − R(v1, u2) − R(u1, v2) + R(u1, u2). The set of continuous
functions with finite (p, q)-variation on [a, b] × [c, d] is denoted C(p,q)−var([a, b] × [c, d];Rd) =

C(p,q)−var([a, b]× [c, d]).

We also denote ‖R‖p−var;[a,b]2 = ‖R‖(p,p)−var;[a,b]2 as well as Cp−var([a, b]2) := C(p,p)−var([a, b]2).

Remark 5.3. We can see that

‖R‖p∨q−var;[a,b]2 ≤ ‖R‖(p,q)−var;[a,b]2 ≤ ‖R‖p∧q−var;[a,b]2 .

Furthermore, we have the following definition.

Definition 5.4. Let ρ ∈ [1, 2) and [a, b] ⊂ [0, T ]. We say that R has finite Hölder-controlled ρ-
variation on [a, b] if ‖R‖ρ−var;[a,b]2 < +∞ and if the following estimate holds, for any [s, t] ⊂ [a, b],

‖R‖ρ−var;[s,t]2 . (t− s)1/ρ.

We are now in position to state a first assumption on the process W that we will consider on
the rest of the section.

Assumption 5.5. The process W is a Rd-valued continuous centered Gaussian process starting
at 0 with iid components and covariance RW which belongs in C(1,ρ)−var([0, T ]2) for some ρ ∈
[1, 2). Furthermore, the following estimate holds, for any [a, b] ⊂ [0, T ],

‖RW ‖(1,ρ)−var;[a,b]2 . (b− a)1/ρ. (29)

In view of Remark 5.3, we immediately see that (29) implies that the covariance has finite
Hölder-controlled ρ-variation on [0, T ].

In the following, we denote
κa,b := ‖RW ‖1/2(1,ρ)−var;[a,b]2

and

σa,b := E

[(
W j
b −W

j
a

)2
]1/2

= (�[a,b]2RW )1/2,

for any j ∈ {1, . . . , d}.
We can now proceed to state our first embedding :

Theorem 5.6 ([34], Theorem 1.1). Let W be a centered Gaussian process satisfying Assumption
5.5. Then, for any h ∈ H1([a, b]), [a, b] ⊂ [0, T ], we have

‖h‖q−var;[a,b] ≤ κa,b‖h‖H1([a,b]),

where q = 1/(1/2ρ + 1/2) < 2. In particular, the embedding H1([a, b]) ↪→ Cq−var([a, b]) is
continuous.

Furthermore, we also have the following results [44, Remark 2.16].

Proposition 5.7. Let W be a centered Gaussian process satisfying Assumption 5.5 and [a, b] ⊂
[0, T ].

(1) Let f ∈ Cp−var([a, b]) with 1/p+ 1/ρ > 1. Then, f ∈ H([a, b]) and

‖f‖2H([a,b]) =

∫ b

a

∫ b

a
f(s)f(t) dRW (s, t),
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where the right-hand side is well defined as a 2d Young integral. In particular, we have
the continuous embedding Cp−var([a, b]) ↪→ H([a, b]) since

‖f‖2H([a,b]) . ‖f‖
2
p−var;[a,b]‖RW ‖ρ−var;[a,b]2 .

(2) Let f1 ∈ Cp−var([a, b]) with 1/p+ 1/ρ > 1 and f2 ∈ H([a, b]). Then,

〈f1, f2〉H([a,b]) =

∫ b

a
f1 dRf2,

where the right-hand side is well defined as a Young integral and R : H([a, b])→ H1([a, b])
is the isomorphism defined by (27).

We now make an additional assumption on the process W .

Assumption 5.8. Let W be an Rd-valued Gaussian process with iid coordinates and covariance
function RW such that

(1) it has non-positively correlated increments, that is, for all (t1, t2, t3, t4) ∈ [0, T ]4 with
t1 < t2 < t3 < t4, we have

�[t1,t2]×[t3,t4]RW ≤ 0,

(2) its covariance function is diagonally dominant, that is, for all (t1, t2, t3, t4) ∈ [0, T ]4 with
t1 < t2 < t3 < t4, we have

�[t2,t3]×[t1,t4]RW ≥ 0.

We deduce the following inequalities [44, Proposition 2.18].

Proposition 5.9. Let W be a Gaussian process satisfying Assumption 5.5, p ≥ 1 such that
1/p+ 1/ρ > 1.

(1) For every f ∈ Cp−var([a, b]), we have

‖f‖2H([a,b]) . κ
2
a,b

(
‖f‖2p−var;[a,b] + ‖f‖2∞;[a,b]

)
(2) If W satisfies Assumption 5.8, we have, for any f ∈ Cγ([a, b]) with 1/ρ+ γ > 1,

‖f‖2H([a,b]) ≥ σ
2
a,b min

t∈[a,b]
|f(t)|.

To continue, we need some non-degeneracy concerning W .

Assumption 5.10. Let W be a centered continuous Rd-valued Gaussian process. We assume
that there exists an α > 0 such that

inf
0≤s≤t≤T

(t− s)−α Var
[
Wt −Ws

∣∣F[0,s] ∨ F[t,1]

]
= cW > 0.

The smallest α that satisfies the above condition is called the index of non-determinism of W .

Under the previous assumption, we deduce our last inequality which is taken from [16, Corol-
lary 6.10].

Proposition 5.11. Let W be a continuous Gaussian process satisfying Assumptions 5.5, 5.8
and 5.10. Then, for any f ∈ Cγ([a, b]) with γ + 1/ρ > 1, we have

‖f‖∞;[a,b] ≤ 2 max
(
σ−1
a,b‖f‖H([a,b]),

√
cW
−1‖f‖2γ/(2γ+α)

H([a,b]) ‖f‖α/(2γ+α)
Cγ([a,b])

)
.

One has the same inequality in the p-variation norm, for p > 1 with 1
p + 1

ρ > 1, and for
f ∈ Cp−var([a, b]), :

‖f‖∞;[a,b] ≤ 2 max
(
σ−1
a,b‖f‖H([a,b]),

√
cW
−1‖f‖2/(2+pα)

H([a,b]) ‖f‖
pα/(2+pα)
p−var;[a,b]

)
.

As a direct consequence, we have the following result.
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Corollary 5.12. Let W be a continuous Gaussian process satisfying Assumptions 5.5, 5.8 and
5.10. Then, for any f ∈ Cγ([a, b]) with γ + 1/ρ > 1, we have

‖f‖H([a,b]) ≥
σa,b‖f‖∞;[a,b]

2
min

1,
2(cW /2)(2γ+α)/4γ‖f‖α/2γ∞;[a,b]

σa,b|f |
α/2γ
Cγ([a,b])


and for p > 1 with 1

p + 1
ρ > 1, and for f ∈ Cp−var([a, b]),

‖f‖H([a,b]) ≥
σa,b‖f‖∞;[a,b]

2
min

1,
2(cW /2)(2γ+α)/4γ‖f‖α/2γ∞;[a,b]

σa,b|f |
α/2γ
Cp−var([a,b])


5.2. Gaussian rough paths. Let us now focus ourselves on rough differential equations driven
by Gaussian rough paths Let us consider W a continuous centered Gaussian process satisfying
Assumption 5.5. It can therefore be lifted to a geometric rough path (see [36]) that we denote
W (we remind that all the needed definition are given in Section 2).

Proposition 5.13. Let W be a continuous Gaussian process satisfying Assumption 5.5. Then,
almost surely, W can be lifted to a geometric p-rough path W with p > 2ρ and verifies

E

[
exp

(
η‖W‖2p−var;[0,T ]

)]
, for some η > 0.

We also have the following useful result (which is a direct consequence of Proposition 5.13
and [36, Theorem 15.33]).

Proposition 5.14. Let W be a Gaussian process satisfying Assumption 5.5. Then, W can be
lifted to a geometric p-rough path W with p > 2ρ which has 1/p-Hölder sample paths and verifies

E

[
exp

(
η‖W‖21/p-Höl;[0,T ]

)]
, for some η > 0.

We will need the following more precise statement of Theorem (2.3) in this setting :

Theorem 5.15. Let p ≥ 1, w be a weakly geometric p-rough path, σ ∈ Cγb (Rd; (Rd)⊗2) for some
γ > p. Let a ∈ [0, T ) and x ∈ Rd.

There exists a unique weakly geometric p-rough path x ∈ Cp−var([a, T ];Gbpc(Rd)) such that

x1
a,· = ϕa,·(x)

where ϕ is the flow constructed in Theorem 2.3.
Furthermore, if (wε)ε>0 is a family of smooth functions on [0, T ] such that

Sbpc(w
ε)→ w,

in p-variation. Then, for any 0 ≤ a ≤ t ≤ T , the solutions (xε)ε>0 ⊂ C1([s, T ]) of

xx,a,εt = x+

d∑
k=1

∫ t

a
σk(x

x,a,ε
r ) dwk,εr ,

are such that
Sbpc(x

ε)→ x,

in p-variation. Moreover, for any [s, t] ⊂ [a, T ], the following estimates hold

‖x‖p−var;[s,t] .p,γ
(
‖σ‖Cγ−1

b
‖w‖p−var;[s,t] ∨ ‖σ‖

p

Cγ−1
b

‖w‖pp−var;[s,t]

)
. (30)

As a direct consequence of the previous result, we deduce the following theorem :

Corollary 5.16. Let W be a Gaussian process satisfying Assumption 5.5 and let p > 2ρ. Let
X be the unique solution of equation

dXt = σ(Xt) dWt, Xa = x, t ∈ [a, T ],

in the sense of Theorem 5.15. Let us denote Xx,a
t = X1

a,t.
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Then, for any [s, t] ⊂ [a, T ],

sup
x∈Rd

|Xx,a − x|
C

1
p ([s,t])

.α,γ

(
‖σ‖Cγ−1

b
‖W‖p−var;[s,t] ∨ ‖σ‖

p

Cγ−1
b

‖W‖pp−var;[s,t]

)
. (31)

5.3. Malliavin calculus on rough differential equations. The solution X of a RDE driven
by a Gaussian process W is a random variable inheriting its randomness from W . One can
thus try to differentiate X in the Malliavin sense. The Malliavin derivative of X can indeed
be simply expressed thanks to the Jacobian J of the solution of equation (2). It is given by
(Jx,at )(i,j)∈{1,...,d}2 = ∂xj (X

x,a
t )i and solution the following linear RDE

Jx,at = Id +

d∑
k=1

∫ t

a
∇σk(Xx,a

s )Jx,as dWk
s , (32)

where σk is the k-th column of σ. We notice that the inverse Jacobian J−1 solves

(Jx,at )−1 = Id−
d∑

k=1

∫ t

a
(Jx,as )−1∇σk(Xx,a

s ) dWk
s , (33)

and that, for any s ≤ r ≤ t, we have, by the flow property of the Jacobian,

JX
x,s
r ,r

t = Jx,st (Jsr)
−1. (34)

We have the following results concernant J as well as the Malliavin derivative of X [14, 17, 50].

Proposition 5.17. Let W be a continuous centered Gaussian process satisfying Assumption 5.5
and σ ∈ C∞b (Rd; (Rd)⊗2).

(1) For any q ≥ 1, there exists a constant cq,a such that the Jacobian J defined by (32)
satisfies

E

[
sup
x∈Rd

‖Jx,a‖qp−var;[0,T ]

]
= cq,a. (35)

(2) For any x ∈ Rd, a < b ≤ T and t > 0, we have that Xt ∈ D∞[a,b] and, furthermore, the
Malliavin derivative D[a,T ],sX

x,a
t is such that

D[a,b],sX
x,a
t = Jx,st σ(Xx,a

s ), (36)

for any a ≤ s ≤ t, and D[a,b],sX
x,a
t = 0 for all s > t.

We now state some estimates on the Malliavin derivative of X as well as the associated
covariance matrix γX . We follow the approach of [50] which uses some functionals Ξm that are
equal to Dm

h Xt along a single path h ∈ H([a, b]) (the identification extends to any direction
(h1, h2, . . . , hm) since these are bounded symmetric m-multilinear maps). For any m ≥ 2, the
Malliavin derivative of X along h⊗m ∈ H⊗m([a, b]) is given by

Dm
h X

x,a
t := 〈Dm

[a,b]X
x,a
t , h⊗m〉H⊗m([a,b])

=
d∑

k=1

m∑
`=2

∑
i∈K`
|i|=m

C1,i

∫ t

a
Jx,st ∇`Di1h Xx,a

s ,D
i2
h X

x,a
s ,...,D

i`
h X

x,a
s
σk(X

x,a
s ) dWk

s

+
d∑

k=1

m−1∑
`=1

∑
i∈K`
|i|=m

C2,i

∫ t

a
Jx,st ∇`Di1h Xx,a

s ,D
i2
h X

x,a
s ,...,D

i`
h X

x,a
s
σk(X

x,a
s ) dhks

where K` = {j ∈ N`; 0 < j1 ≤ j2 ≤ . . . ≤ j`}, for some constants {C1,i}i∈K`,2≤`≤m and
{C2,i}i∈K`,1≤`≤m−1. Furthermore, by Equation (33), Leibniz’s differentiation rule and Faà di
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Bruno’s formula, the Malliavin derivative of (J)−1 along h⊗m ∈ H⊗m([a, b]) is such that

Dm
h (Jx,at )−1 =

−
d∑

k=1

m∑
`=1

∑̀
o=1

∑
i∈Ko
|i|=`

C3,m,`,i

∫ t

a
(Jx,st )−1Dm−`

h (Jx,as )−1∇o
D
i1
h X

x,a
s ,...,Dioh X

x,a
s

(∇σk(Xx,a
s )) dWk

s

−
d∑

k=1

m−1∑
`=1

∑̀
o=1

∑
i∈Ko
|i|=`

C4,m,`,i

∫ t

a
(Jx,st )−1Dm−1−`

h (Jx,as )−1∇o
D
i1
h X

x,a
s ,...,Dioh X

x,a
s

(∇σk(Xx,a
s )) dhks

−m
d∑

k=1

∫ t

a
(Jx,st )−1Dm−1

h (Jx,as )−1∇σk(Xx,a
s ) dhks ,

for some constants {C3,m,`,i}i∈Ko,1≤o≤`
1≤`≤m

and {C4,m,`,i}i∈Ko,1≤o≤`
1≤`≤m

.

Proposition 5.18. Let B be an independent copy of W and B be the corresponding rough path
above B. For any t ∈ [a, b], we denote by

X1,t(W,B) =
d∑

k=1

∫ t

a
Jx,st σk(X

x,a
s ) dBk

s , (37)

Y1,t(W,B)

= −
d∑

k=1

(∫ t

a
(Jx,at )−1∇X1,s(W,B)(∇σk(Xx,a

s )) dWk
s −

∫ t

a
(Jx,at )−1∇σk(Xx,a

s ) dBk
s

)
, (38)

and, for any m ≥ 2,

Xm,t(W,B) =

d∑
k=1

 m∑
`=2

∑
i∈K`
|i|=m

C1,i

∫ t

a
Jx,st ∇`Xi1,s(W,b),...,Xi`,s(W,b)σk(X

x,a
s ) dWk

s

+
m−1∑
`=1

∑
i∈K`
|i|=m

C2,i

∫ t

a
Jx,st ∇`Xi1,s(W,b),...,Xi`,s(W,b)σk(X

x,a
s ) dBk

s

 , (39)

Ym,t(W,B) =

−
d∑

k=1

 m∑
`=1

∑̀
o=1

∑
i∈Ko
|i|=`

C3,m,`,i

∫ t

a
(Jx,st )−1Ym−`,s(W,B)∇oXi1,s(W,B),...,Xio,s(W,B)(∇σk(X

x,a
s )) dWk

s

+
m−1∑
`=1

∑̀
o=1

∑
i∈Ko
|i|=`

C4,m,`,i

∫ t

a
(Jx,st )−1Ym−1−`,s(W,B)∇oXi1,s(W,B),...,Xio,s(W,B)(∇σk(X

x,a
s )) dBk

s

+ m

∫ t

a
(Jx,st )−1Ym−1,s(W,B)∇σk(Xx,a

s ) dBk
s

)
, (40)

Then, for any m ≥ 1 and h ∈ H([a, b]),

D̃m
h Xm,t(W, ·) = m!Dm

h X
x,a
t and D̃m

h Ym,t(W, ·) = m!Dm
h (Jx,at )−1,
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where D̃ is the Malliavin derivative with respect to B and the left-hand side does not depend on
B, and we have the estimates, for any r ≥ 2,

E

[
sup
x∈Rd

∥∥∥Dm
[a,b]X

x,a
t

∥∥∥r
H⊗m([a,b])

]
.m,r E

[
sup
x∈Rd

|Xm,t(W,B)|r
]

(41)

and E

[
sup
x∈Rd

∥∥∥Dm
[a,b](J

x,a
t )−1

∥∥∥r
H⊗m([a,b])

]
.m,r E

[
sup
x∈Rd

|Ym,t(W,B)|r
]
. (42)

Proof. We only give the main arguments of the proofs (see [50, Proposition 3.3]). The fact
that the Malliavin derivative with respect to B of Xm (resp. Y) is related to the Malliavin
derivative of X (resp. J−1) is a straightforward consequence of their expressions. Concerning
the inequality, we remark that∥∥∥Dm

[a,b]X
x,a
t

∥∥∥
H⊗m([a,b])

=
1

m!

∥∥∥D̃m
[a,b]Xm,t(W, ·)

∥∥∥
H⊗m([a,b])

=
1

m!
Ẽ

[∥∥∥D̃m
[a,b]Xm,t(W, ·)

∥∥∥2

H⊗m([a,b])

] 1
2

where Ẽ is the expectation with respect to B, as well as∥∥∥Dm
[a,b](J

x,a
t )−1

∥∥∥
H⊗m([a,b])

=
1

m!

∥∥∥D̃m
[a,b]Ym,t(W, ·)

∥∥∥
H⊗m([a,b])

=
1

m!
Ẽ

[∥∥∥D̃m
[a,b]Ym,t(W, ·)

∥∥∥2

H⊗m([a,b])

] 1
2

.

Since Xm (resp. Ym) belongs to the m-th order inhomogeneous Wiener chaos generated by B,
we know that all the D2,m

[a,b]-norms are equivalent for the right-hand-side term. Hence, we obtain

E

[
sup
x∈Rd

∥∥∥Dm
[a,b]X

x,a
t

∥∥∥r
H⊗m([a,b])

]
.m,r E

[
sup
x∈Rd

Ẽ

[∥∥∥D̃m
[a,b]Xm,t(W, ·)

∥∥∥2

H⊗m([a,b])

]r/2]

.m,r E

Ẽ[ sup
x∈Rd

|Xm,t(W,B)|2
]r/2 ,

and, similarly,

E

[
sup
x∈Rd

∥∥∥Dm
[a,b](J

x,a
t )−1

∥∥∥r
H⊗m([a,b])

]
.m,r E

Ẽ[ sup
x∈Rd

|Ym,t(W,B)|2
]r/2 ,

for which gives the desired results. �

In order to push further estimates (41) and (42), we need to estimate the rough integrals
from (37), (39), (38) and (40). This is done by considering, for any m ≥ 1, the function
(X,J,J−1,X1,X2, . . . ,Xm,Y1,Y2, . . . ,Ym) as a solution of a (system of) RDE given by (2)-(32)-
(33)-(37)-(39)-(38)-(40) driven by Z which is the lifted Gaussian process Z = (W,B) (that
satisfies Assumption 5.5) in the geometric p-rough paths. It turns out that, for any q > 2 large
enough, we have estimate [33, Theorem 35-(i) and Corollary 66]

E

[
‖Z‖qp−var;[a,t]

]
.q κa,t.

We remark that we can not immediately apply the estimate (30) since the vector-fields in (32)-
(33)-(37)-(39)-(38)-(40) are not bounded with respect to (J,J−1,X1,X2, . . . ,Xm, Y1,Y2, . . . ,Ym)
but have (as well as their derivatives) polynomial growth.

To proceed, as in [44], we use an induction argument. We first consider V = (X,Y ) where,
for any 1 ≤ k ≤ d,

(Yt)
k =

∫ t

a
∇σk(Xx,a

s )dWk
s . (43)
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Then, V is the solution of (2)-(43) driven by Z and, thus, is a geometric p-rough path (denoted
V). Since the vector-fields are smooth and bounded, we have, by Theorem 5.15,

‖V‖p−var;[a,t] .p,γ,σ ‖Z‖p−var;[a,t]. (44)

Remark 5.19. Note here that when x is smooth, the definition of Sbpc(x) only involved in-
crements of x. Remark also that when W ε is a sequence of smooth paths such that Sbpc(W ε)
converge to W in the rough path topology, then by Inequality (30),

sup
x∈Rd

‖Sbpc(Xε,s,x)‖pp−var;[s,t] .
(
‖σ‖Cγ−1

b
‖Sbpc(W ε)‖p−var;[s,t] ∨ ‖σ‖

p

Cγ−1
b

‖Sbpc(W ε)‖pp−var;[s,t]

)
and one has, by letting ε→ 0,

sup
x∈Rd

‖Xs,x‖pp−var;[s,t] .
(
‖σ‖Cγ−1

b
‖W‖p−var;[s,t] ∨ ‖σ‖

p

Cγ−1
b

‖W‖pp−var;[s,t]

)
Now, let V1 = (X,J,J−1) be a solution of the RDE (2)-(32)-(33) driven by V. This RDE can

be solved and is a geometric p-rough path (denoted V1) that satisfies [17, 7]

‖V1‖p−var;[s,t] ≤ κ1‖V‖p−var;[s,t]eκ2Nα,[s,t],p(V), (45)

where κ1, κ2 > 0 depend on σ and Nα,[s,t],p(V) as finite moments of any order (see [32, 17] for
details).

Remark 5.20. By using the same trick adding (∂i∂jJ
−1)1≤i,j,≤d, one also have the of bound

Equation (45) for the second derivative of the flow. Using the semiflow property, one gets for a
given a ≤ s ≤ t,

Jx,st = JX
x,a
s ,a

t Jx,as
This leads to the following estimates :

‖Jx,·t ‖p−var;[a,t] ≤ κ1‖V‖p−var;[a,t]eκ2Nα,[a,t](V), (46)

leading to finite moment estimates from the norm of the Jacobian in the initial time.

Now, we can see that the integrand in (37) has a polynomial growth (as well as its derivatives)
with respect to V1. Thus, we have the following estimate from [44, Equation (52)] (see also [7]
Subsection 4.3)

|X1,t(W,B)| ∧ ‖X1(W,B)‖p−var;[a,t] .
(
1 + ‖V1‖p−var;[a,t]

)r ‖V1‖p−var;[a,t].

for some r > 0. This yields, in the end,

|X1,t(W,B)| .
(

1 + ‖Z‖p−var;[a,t]eκ2Nα,[a,t],p(V)
)r
‖Z‖p−var;[a,t]eκ2Nα,[a,t],p(V),

which leads to the estimate

E

[
sup
x∈Rd

|X1,t(W,B)|q
]
. κa,t.

Finally, if we assume that we have, for any 1 ≤ ` ≤ m− 1,

‖X`(W,B)‖p−var;[a,t] ≤
(

1 + ‖Z‖p−var;[a,t]eκ2Nα,[a,t],p(V)
)r
‖Z‖p−var;[a,t]eκ2Nα,[a,t],p(V),

for some r > 0, then one can consider the function Vm−1 = (X,J,J−1,X1, . . . ,Xm−1) as a
geometric p-rough path driven by V denoted by Vm−1 and, since the integrand in (39) as a
polynomial growth (as well as its derivatives), we deduce the estimate

|Xm,t(W,B)| ∧ ‖Xm(W,B)‖p−var;[a,t] .
(
1 + ‖Vm−1‖p−var;[a,t]

)r ‖Vm−1‖p−var;[a,t].

In particular, following the same arguments as for X1, we obtain that

E

[
sup
x∈Rd

|Xm,t(W,B)|q
]
. κa,t.
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We proceed then to obtain estimates on (Y`)1≤`≤m by considering iteratively V`+m = (X,J,J−1,
X1, . . . ,Xm,Y1, . . . ,Y`) taken as a geometric p-rough path driven by V and denoted V`+m. By
considering (38)-(40), we deduce that, for any 0 ≤ ` ≤ m− 1,

|Y`+1,t(W,B)| ∧ ‖Y`+1(W,B)‖p−var;[a,t] .
(
1 + ‖V`+m‖p−var;[a,t]

)r ‖V`+m‖p−var;[a,t],

which leads to the estimate

E

[
sup
x∈Rd

|Ym,t(W,B)|q
]
. κa,t.

For the following result, we need a notation. Let F : x 7→ F (x) ∈ Dm,p Let us define

‖F‖?,Dm,p =

(
E[ sup

x∈Rd
|F (x)|p] +

m∑
k=1

E[ sup
x∈Rd

‖DkF (x)‖pH⊗k ]

)1/p

.

What we just have proved is that

Proposition 5.21. We have the estimates, for any m ≥ 1 and p ≥ 2,

‖D[a,b]X
x,a
t ‖?,Dm,p(H([a,b])) . κa,t and ‖(Jx,at )−1‖?,Dm,p(H([a,b])) . κa,t.

Remark 5.22. Let us remark that if we denote J0 = J and Jm = DxJ
m−1, where Dx stands

for the derivative with respect to x then we have the following expression :

Jmt =
∑

`∈{2,··· ,m}
α∈{1,··· ,m−1}`

|α|=m

c`,α

d∑
k=1

D`
xσk(X

a,x
r )Jα1

r · · ·Jα`r dWr +
d∑

k=1

∫ t

a
∇σk(Xa,x

r )Jmr dWr,

for some constants c`,α > 0. By using exactly the same strategy as before, one can also prove
that

‖Jmt ‖?,Dk,q(H([a,b])) . κa,t,

by using again Equation (40) in this situation.

We now turn to the covariance matrix γX,[a,b] which is expressed, following Definition 4.14, as

γXx,a
t ,[a,b] =

(
〈D[a,b]X

x,a,i
t , D[a,b]X

x,a,j
t 〉H([a,b])

)
(i,j)∈{1,...,d}2

. (47)

We remark that γXt,[a,b] is a symmetric definite positive matrix. Furthermore, thanks to (26),
(36) and (34) , we deduce the expression

γXx,a
t ,[a,b] = 〈D[a,b]X

x,a
t , (D[a,b]X

x,a
t )∗〉H([a,b]) = 〈D[a,b]X

x,a
t , (D[a,b]X

x,a
t )∗〉H([a,t]) (48)

=

∫ t

a

∫ t

a
Jx,s1t σ(Xx,a

s1 )σ(Xx,a
s2 )∗ (Jx,s2t )

∗
dRW (s1, s2). (49)

Proposition 5.23. Under the uniform ellipticity condition

‖σ(x)z‖2 ≥ ς‖z‖2, ∀z, x ∈ Rd,

for some constant ς > 0, we have the estimate, for any m ≥ 1 and p ≥ 2,∥∥∥γ−1
Xx,a
t ,[a,b]

∥∥∥
?,Dm,p(H([a,b]))

.
max(1, %a,t)

m

σ2
a,t

,

where %a,t := κa,t/σa,t.

Proof. We follow the arguments from [44, Proposition 3.9]. We start with the estimate in the case
m = 0. Since γXx,a

t ,[a,b] is symmetric definite positive and all the matrix norms are equivalent,
an upper bound on ‖γ−1

Xx,a
t ,[a,b]

‖ can be deduced by estimating its lowest eigenvalue. In order to
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do so, we will identify a positive random variable %a,t admitting negative moments of any order
such that, for any z ∈ Rd\{0},

z∗ γXx,a
t ,[a,b] z ≥ %a,t‖z‖2.

Thanks to (49) and by denoting fz,x,a,ts = σ(Xx,a
s )∗ (Jx,st )

∗
z, we obtain

z∗ γXx,a
t ,[a,b] z =

∫ t

a

∫ t

a
z∗Jx,s1t σ(Xx,a

s1 )σ(Xx,a
s2 )∗ (Jx,s2t )

∗
z dRW (s1, s2)

=

∫ t

a

∫ t

a

(
fz,x,a,ts1

)∗
fz,x,a,ts2 dRW (s1, s2) = ‖fz,x,a,t‖2H([a,t]).

By Corollary 5.12, we furthermore deduce that for q > 1 with 1
q + 1

ρ > 1

‖fz,x,a,t‖2H([a,t]) ≥
σ2
a,t‖fz,x,a,t‖2∞;[a,t]

4
min

(
1,

4(cW /2)(2+qα)/2‖fz,x,a,t‖qα∞;[a,t]

σ2
a,t|fz,x,a,t|

qα
Cq−var([a,t])

)
.

Also, thanks to the uniform ellipticity condition, we obtain

‖fz,x,a,ts ‖2 ≥ ς‖ (Jx,st )
−1
z‖2 ≥ ς‖Jx,st ‖−2‖z‖2,

which, since sups∈[a,t] ‖J
x,s
t ‖−1 ≥ ‖Jx,tt ‖−1 = ‖Id‖−1 = 1, writes as

‖fz,x,a,t‖∞;[a,t] ≥
√
ς‖z‖.

Moreover, we have

|fz,x,a,t|Cq−var([a,t]) ≤ |σ(Xx,a
· )∗

(
Jx,·t
)∗ |Cq−var([a,t])‖z‖ = |Jx,·t σ(Xx,a

· )|Cq−var([a,t])‖z‖.

This leads to the estimate

z∗ γXx,a
t ,[a,b] z ≥

σ2
a,tς

4
min

(
1,

4ςα/γ(cW /2)(2γ+α)/2γ

σ2
a,t|J

x,·
t σ(Xx,a

· )|qαCq−var([a,t])

)
‖z‖2,

and we identify

%a,t =
σ2
a,tς

4
inf
x∈Rd

(
min

(
1,

4ςα/γ(cW /2)(2γ+α)/2γ

σ2
a,t|J

x,·
t σ(Xx,a

· )|qαCq(var([a,t])

))
.

We now have to prove that E[supx∈Rd %
−p
a,t ] < +∞. We can see that

%−1
a,t ≤

4

σ2
a,tς

sup
x∈Rd

(
max

(
1,
σ2
a,t|J

x,·
t σ(Xx,a

· )|qαCq−var([a,t])
4ςqα(cW /2)(2+qα)/2

))
,

and, thus, we essentially have to see that supx∈Rd |J
x,·
t σ(Xx,a

· )|Cq−var([a,t]) admits moments of
any order. We have

sup
x∈Rd

|Jx,·t σ(Xx,a
· )|Cq−var([a,t]) ≤ ‖σ‖C0b sup

x∈Rd
|Jx,·t |Cq−var([a,t])+ sup

s∈[a,t], x∈Rd
|Jx,st | sup

x∈Rd
|σ(Xx,a

· )|Cq−var([a,t]).

From here and Equation (46), it is rather direct to prove that, for any p ∈ [2,+∞),

E

[(
sup
x∈Rd

|σ(Xx,a
· )|Cq−var([a,t])

)p]
≤ ‖σ‖C1bE

[(
sup
x∈Rd

|Xx,a
· |Cq−var([a,t])

)p]
< +∞,

thanks to (31) and Proposition 5.14. We use Equation (35) to handle the Jacobian. In the end,
we obtain the bound

E

[
%−pa,t

]
. σ−2p

a,t ,
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which provides the desired result in the case m = 0. In the case m ≥ 1, we use Lemma 4.15 to
deduce that, for any (i, j) ∈ {1, . . . , d}2,

D[a,b](γ
−1
Xx,a
t ,[a,b]

)i,j = −
d∑

`1,`2=1

(γ−1
Xx,a
t ,[a,b]

)i,`1 D[a,b](γXx,a
t ,[a,b])`1,`2 (γ−1

Xx,a
t ,[a,b]

)`2,j ,

which yields, thanks to Leibniz’s rule, for any m ≥ 1,

Dm
[a,b](γ

−1
Xx,a
t ,[a,b]

)i,j = −
d∑

`1,`2=1

∑
k1,k2,k3∈N

k1+k2+k3=m−1

(
m− 1
k1, k2, k3

)

Dk1
[a,b](γ

−1
Xx,a
t ,[a,b]

)i,`1 D
k2+1
[a,b] (γXx,a

t ,[a,b])`1,`2 D
k3
[a,b](γ

−1
Xx,a
t ,[a,b]

)`2,j . (50)

From here, we can see that, thanks to (47),

Dk2+1
[a,b] (γXx,a

t ,[a,b])`1,`2 =

k2+1∑
k=0

(
k2 + 1
k

)
〈Dk+1

[a,b]X
x,a
t , (Dk2+1−k

[a,b] Xx,a
t )∗〉H([a,b]),

which provides the estimate, thanks to Proposition 5.21 and Hölder’s inequality, for any p ∈
[2,+∞),

E

[
sup
x∈Rd

‖Dk2+1
[a,b] (γXx,a

t ,[a,b])`1,`2‖
p

H([a,b])⊗(k2+1)

]

≤
k2+1∑
k=0

(
k2 + 1
k

)
E

[
sup
x∈Rd

‖Dk+1
[a,b]X

x,a
t ‖

p1
H([a,b])⊗(k+1)

]1/p1

×E

[
sup
x∈Rd

‖Dk2+1−k
[a,b] Xx,a

t ‖
p2
H([a,b])⊗(k2+1−k)

]1/p2

. κ2
a,t, (51)

where 1/p = 1/p1 + 1/p2. Proceeding by induction, we assume that, for any p ∈ [2,+∞),

E

[
sup
x∈Rd

‖Dm−1
[a,b] (γ−1

Xx,a
t ,[a,b]

)‖pH⊗(m−1)([a,b])

]1/p

.
max(1, %a,t)

m−1

σ2
a,t

.

From (50), (51) and Hölder’s inequality, we deduce that, for 1/p = 1/p1 + 1/p2 + 1/p3,

E

[
sup
x∈Rd

‖Dm
[a,b](γ

−1
Xx,a
t ,[a,b]

)‖pH⊗m([a,b])

]1/p

.
∑

k1,k2,k3∈N
k1+k2+k3=m−1

(
m− 1
k1, k2, k3

)
E

[
sup
x∈Rd

‖Dk1
[a,b](γ

−1
Xx,a
t ,[a,b]

)‖p1H⊗k1 ([a,b])

]1/p1

×E

[
sup
x∈Rd

‖Dk2+1
[a,b] γXx,a

t ,[a,b]‖
p2
H⊗(k2+1)([a,b])

]1/p2

E

[
sup
x∈Rd

‖Dk3
[a,b](γ

−1
Xx,a
t ,[a,b]

)‖p3H⊗k3 ([a,b])

]1/p3

,

.
∑

k1,k2,k3∈N
k1+k2+k3=m−1

(
m− 1
k1, k2, k3

)
max(1, %a,t)

k1+k3

σ2
a,t

.
max(1, %a,t)

m

σ2
a,t

,

which concludes our proof. �
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6. Proof of the main theorem

Theorem 6.1. Let W be a Gaussian process which satisfies Assumption 5.5, 5.8 and 5.10. Let
2 < p < 4 such that W can be lifted into a geometric p-rough path (from assumption (5.5)).
Furthermore let α its index of non-determinism from Assumption 5.10.

Let σ ∈ C∞b (Rd; (Rd)⊗2) be such there exists ς > 0 that for all x, z ∈ Rd

|σ(x)z|2 ≥ ς|z|2.

Let b ∈ Cκ(Rd) with κ + 1
α > 3

2 . Then, almost surely, there exists a solution flow to the
equation

dXt = b(Xt) dt+ σ(Xt) dWt, X0 = x, t ∈ [0, T ].

Furthermore, this flow is locally Lipschitz continuous.

Proof. As seen in Section 2 and especially in Theorem 2.10, one only has to check that there
exists ν > 1

2 , κ > 2− ν and a weight w0 such that almost surely

T Dϕ,ϕb ∈ CνTCκw0
.

Furthermore, thanks to Section 3 and especially Corollary 3.7, it is enough to check that for all
i, j ∈ {1, · · · , d}, we have the following couples

(J−1, X), (∂iJ
−1, X), (∂iXJ−1, X), (∂j∂iXJ−1, X), (∂j∂iJ

−1, X),

(∂j∂iXJ−1, X), (∂jX∂iXJ−1, X)

which satisfy Assumption 3.2 for some H ∈ (0, 1). Remark that thanks to the flow properties,
for any s ∈ [0, T ) and x ∈ Rd, one can always consider that in the expression of T φ,ϕ, one can
always take

φ(·, x) ∈ {(Jx,s· )−1, ∂i(J
x,s
· )−1, ∂iX

s,x
· (Jx,s· )−1,

∂i∂j(J
x,s
· )−1, ∂iX

x,s
· ∂j(J

x,s
· )−1, ∂i∂jX

x,s
· (Jx,s· )−1, ∂iX

s,x
· ∂jX

s,x
· (Jx,s· )−1}

and
ϕ(·, x) = Xs,x

· .

Thanks to Proposition 4.17, for all t ∈ [s, T ], we can also take F = Xs,x
t and G = φ(t, x) as

given above. Notice that F,G ∈ Ft. Hence, we have, for all β ∈ Nd and all f ∈ S,

E[∂βf(F )G|Fs] = E[f(F )Hβ,[s,t](F,G)|F[0,s]],

and, moreover,

|E[∂βf(F )G|Fs]| =|E[f(F )Hβ,[s,t](F,G)|F[0,s]]| ≤ E[f(S)2|Fs]
1
2E[|Hβ,[s,t](F,G)|2|Fs]

1
2

≤‖f‖∞ sup
x∈Rd

E[|Hβ,[s,t](F,G)|2|Fs]
1
2

Note that for any q ≥ 2, thanks to Lemma 4.18, we obtain the bound

‖ sup
x∈Rd

E[Hβ,[s,t](F,G)2|Fs]
1
2 ‖Lq(Ω) ≤‖ sup

x∈Rd
|Hβ,[s,t](F,G)|‖

1
2

L
q
2 (Ω)

≤ ‖G‖
1
2

?,D
|β|,r
[s,t]

 |β|∏
`=1

∥∥∥∥∥∥
d∑
j=1

(γ−1
Xs,x
t ,[s,t]

)β`,jD[s,t](X
s,x
t )j

∥∥∥∥∥∥
?,D
|β|−`+1,r`
[s,t]


1
2

,

with 2
q = 1

r +
∑ 1

ri
.

Furthermore, thanks to Proposition 5.21 and Remark 5.22, we know that, for every β ∈ Nd

and every r ≥ 1,
‖|G|‖

?,D
|β|,r
[s,t]

. κs,t = ‖RW ‖1/2(1,ρ)−var;[a,b]2 .T 1.
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It follows from Propositions 5.23 5.21 and Hölder’s inequality that, for all ` ≤ |β| and all r ≥ 2,

‖γ−1
Xx,s
t ,[s,t]

(D[s,t](X
s,x
t )j‖

?,D
|β|−`+1,r
[s,t]

.
1

σ2
s,t

,

and finally ∥∥∥∥∥ sup
x∈Rd

E[Hβ,[s,t](F,G)2|Fs]
1
2

∥∥∥∥∥
Lq(Ω)

. σ−|β|s,t .

Since W is centered and has the local non-determinism property, we know that

σ2
s,t = E[(Wt −Ws)

2] = E
[
E[(Wt −Ws)

2|F[0,s] ∨ Ft,T ]
]
& |t− s|α,

where α is the index of non-determinism. Altogether, this yields

|E[∂βf(F )G|Fs]| . ‖f‖∞|t− s|−
α
2
|β|G∞,s,

where
G∞,s = (t− s)

α
2
|β| sup

x∈Rd
E[Hβ,[s,t](F,G)2|Fs]

1
2

enjoys finite Lq(Ω) moments which are bounded uniformly in (s, t) ∈ ∆2
T .

Hence, by using Corollary 3.7, for all κ ∈ R such that 0 < κ+ 1
α ≤ 2, there exists ε > 0 small

enough such that for for all q ≥ 8
3ε ∨ d and for w0(x) = (1 + |x|), there exists a positive random

variable K(b) = K(b, σ,W) with K(b) ∈ Lq(Ω) such that

‖T Dϕ,ϕb‖
C

1
2+ ε8
T C

κ+ 1
α−

3ε
8

1+|·|

≤ K(b)‖b‖Cκ .

Therefore, for κ+ 1
α −

3ε
8 + 1

2 + ε
8 > 2, namely for

κ+
1

α
>

3

2
+
ε

4
,

thanks to Theorem 2.10, there exists a unique solution, locally Lipschitz continuous in the initial
condition to Equation (4).

�

Finally we give a (standard) example that satisfies the conditions which are required for
uniqueness of the solutions. We refer to [16, Section 4] and [34, example 3.8] for the proofs of
the following propositions.

Proposition 6.2. Let H ∈ (0, 1). Let B, B̃ be two independent d-dimensional Brownian mo-
tions. We define the d-dimensional fractional Brownian motion of Hurst parameter H as the
process defined for all t ≥ 0 by

BH
t =

1

cH

(∫ t

0
(t− r)H−

1
2 dBr +

∫ +∞

0
(t+ r)H−

1
2 − rH−

1
2 dB̃r

)
,

where

cH =

√
1

2H
+

∫ +∞

0

(
(t+ r)H−

1
2 − rH−

1
2

)2
dr

The fractional Brownian motion is a centered continuous Gaussian process with stationary in-
crements and covariance

RBH (s, t) =
1

2
(t2H + s2H − |t− s|2H).

For 1
4 < H < 1

2 it satisfies Assumption 5.5 with ρ = 1
2H , Assumption 5.8 and Assumption

5.10 with α = 2H.
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Corollary 6.3. Let H ∈
(

1
4 ,

1
2

)
. Let BH be a d-dimensional fractional Brownian motion and

let BH be the geometric rough path above BH .
Let b ∈ Cκ with

κ > 0 ∨
(

3

2
− 1

2H

)
.

Let σ ∈ C∞b (Rd; (Rd)⊗2) which satisfies the strong ellipticity condition, namely there exists
c > 0 such that :

|σ(x)z|2 ≥ c|z|2, x, z ∈ Rd.

Tthere exists N = N (b) ∈ F such that P(N ) = 0 and for all ω /∈ N and for all x ∈ Rd,

dxt = b(xt) dt+ σ(xt) dBH
r , x0 = x, t ∈ [0, T ]

admits a unique solution. Furthermore, for all R > 0 and all all b, b̃ which satisfies the above
conditions and all x0, x̃0 ∈ Rd with |x0|, |x̃0| ≤ R, there exists an almost surely positive and
finite random variable K = K(BH , σ, b, b̃, R, T ) such that

sup
t∈[0,T ]

|xt − x̃t| ≤ K(|x0 − x̃0| − ‖b− b̃‖Cκ),

where x (respectively x̃) is the solution of the rough differential equation driven by the fractional
Brownian motion with initial value x0 (respectively x̃0) and coefficient b and σ (respectively b̃
and σ).

Proof. One only has to use Theorem 6.1 and Proposition 6.2 and Theorem 2.10 to conclude. �

Remark 6.4. Let us remark that we where not able to prove the usual continuity of the Itô
map solution with respect to the driven rough path. Indeed, whenever Bε,H is a smooth (say
piecewise linear) approximation of the fractional Brownian motion, one does not necessarily
have Proposition 5.23. Similarly, the continuity with respect to the coefficient σ is not clear,
since it appears in a deeply non-linear fashion in the averaged field.

Appendix A. Besov spaces

We first recall some of the Littlewood-Paley theory that is used in Besov spaces. There exist
(see [4, Proposition 2.10]) ψ, φ two functions valued in [0, 1] such that

1) ψ, φ ∈ C∞0 (Rd) with supp(ψ) ⊂ B(0, 4/3) and supp(φ) ⊂ A , where A = {ξ ∈ Rd; 3/4 ≤
|ξ| ≤ 8/3} is an annulus in Rd,

2) ∀ξ ∈ Rd, ψ(ξ) +
∑∞

j=0 φ(2−jξ) = 1,
3) supp(ψ) ∩ supp(φ(2−j ·) = ∅ for any j ≥ 1,
4) supp(φ(2−j ·) ∩ supp(φ(2−k·) = ∅ for any j, k ≥ 0 such that |j − k| ≥ 2.

We define the associated Littlewood-Paley blocks as

∆−1u = F−1 (ψF(u)) and ∆ju = F−1
(
φ(2−j ·)F(u)

)
, ∀j ≥ 0, (52)

for any u ∈ S ′. We recall the Bernstein Lemmas.

Lemme A.1 ([4, Lemma 2.1]). Let k ∈ N. There exists a constant C > 0 such that, for all
1 ≤ p ≤ q ≤ ∞ and f ∈ Lp(Rd), we have

1) sup|α|=k ‖∂α∆jf‖Lq(Rd) ≤ Ck+12k(j)++d(1/q−1/p)‖∆jf‖Lp(Rd), for all j ∈ N ∪ {−1},
2) C−k−12jk‖∆jf‖Lp(Rd) ≤ sup|α|=k ‖∂α∆jf‖Lp(Rd) ≤ Ck+12jk‖∆jf‖Lp(Rd), for all j ∈ N.

The Besov spaces associated to the Littlewood-Paley blocks are defined as

Bs
p,r :=

u ∈ S ′(Rd) : ‖u‖Bsp,r :=

 +∞∑
j=−1

2rsj‖∆ju‖rLp(Rd)

1/r

<∞

 ,

where s ∈ R and p, r ∈ [1,∞]. Those spaces are Banach spaces continuously embedded in S ′
and they are of type p ∧ r ∧ 2 (see Corollary C.10 below) when p, r ∈ (1,+∞).
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Remark A.2 ([4, Propositions 2.71], [65, Chapter 1 Section 1.2 and 2, Proposition 2]).
1) We have the following continuous embeddings

a) for s̃ < s or s̃ = s and r̃ ≥ r

Bs
p,r ↪→ Bs̃

p,r̃,

b) for p̃ ≥ p,

Bs
p,r ↪→ B

s−d(1/p−1/p̃)
p̃,r ,

c) for p <∞,

B
d/p
p,1 ↪→ C0

0 ,

where C is the space of uniformly continuous bounded functions.
2) For p = r =∞ and s ∈ R+/N, we have that

‖u‖Bs∞,∞ '
∑
|α|≤[s]

‖∂αu‖L∞(Rd) + sup
x,y∈Rd
x 6=y

|∂αu(x)− ∂αu(y)|
|x− y|s−[s]

 .

Thus, the spaces Bs
∞,∞ consist of s-Hölder functions and are called Hölder-Besov spaces.

3) For p = r, and s > 0 not an integer, we have that (see [65, Proposition p17]

‖u‖Bsp,p ' ‖u‖W s
p (Rd),

where W p
s is the usual Sobolev space.

4) Let k ∈ N. It follows from Bernstein’s lemma that, for any α ∈ Nd such that |α| ≤ k,

‖∂αu‖Bsp,r . ‖u‖Bs+kp,r
.

It turns out that the space C∞0 (Rd) is dense in Bs
p,r if and only if p, r < ∞. If we wish to

build approximations of functions in the Hölder-Besov spaces, we can rely on following result.

Lemme A.3 ([4, Corollary 2.96]). Let s ∈ R and u ∈ Bs
∞,∞. Then, the sequence (un)n≥0

defined by

un =

n−1∑
q=−1

∆qu,

converges to u in Bs̃
∞,∞ for any s̃ < s. Moreover, we have, ∀n ∈ N and ∀` ∈ R,

‖un‖B`∞,∞ < +∞.

We give a result concerning Fourier multiplier.

Lemme A.4. Let m : Rd → R be a smooth function such that there, γ ∈ Nd and p ≥ 0,

∂γm(ξ) ≤ |ξ|−|γ|−p, ξ ∈ Rd\{0}, (53)

and, for any j, define the function mj given by

mj = F−1(m(ξ)%(2−jξ)),

where % is a compactly supported function such that supp(%) ⊂ 2A and %|A ≡ 1. Then, we have

‖mj‖L1(Rd) .%,d 2−jp.

Proof. It turns out that, by a change of variable,

‖mj‖L1(Rd) = ‖F−1(m(2jξ)%(ξ))‖L1(Rd).
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Furthermore, we have, by integration by parts and Leibniz’s formula,

F−1(m(2jξ)%(ξ))(x) = (1 + |x|2)−d(2π)−d/2
∫
Rd

eiξ·x(1−∆)d(m(2jξ)%(ξ)) dξ

= (1 + |x|2)−d(2π)−d/2
∑

α,β∈Nd
β≤α, |α|≤2d

Cα,β2j|α|
∫
Rd

eiξ·x∂αm(2jξ)∂α−β%(ξ) dξ.

We can see that, by (53) ∣∣∣∣∫
Rd

eiξ·x∂αm(2jξ)∂α−β%(ξ) dξ

∣∣∣∣ . 2−j|α|−jp,

which leads to the estimate
‖mj‖L1(Rd) . 2−jp

�

Appendix B. Young inequality

Let us recall the following Young inequality for kernels.

Theorem B.1 ([67, Theorem 0.3.1]). Let K : Rd×Rd 7→ R be a measurable function such that
for some p ∈ [1,+∞],

sup
x∈Rd

‖K(x, ·)‖Lp(Rd) ≤ C and sup
y∈Rd

‖K(·, y)‖Lp(Rd) ≤ C.

Then p, q, r ∈ [1,+∞] with 1
p + 1

q = 1 + 1
r and for all f ∈ Lq(Rd), we have(∫

Rd

∣∣∣∣∫
Rd

K(x, y)f(y) dy

∣∣∣∣r dx

) 1
r

≤ C‖f‖Lq(Rd).

Appendix C. Burkolder Davis Gundy inequality in Lebesgue spaces

In this section, we recall some standard results about martingales in Banach spaces, and the
corresponding inequalities. We refer to Pisier [61] chapter 4 and to Pinelis [60] and Veraar and
coauthors [48, 49] for proofs.

The aim of this section is to give an almost self-contain proof of Burkolder-Davis-Gundy
inequality in infinite dimensional Banach spaces, especially in Lp(Rd) spaces. The idea of the
proof is to use the Kahane-Khinchine inequality, and UMD properties via smoothness of spaces.

C.1. Discrete Fourier transform and Kahane-Khinchine inequality. We recall some of
standard feature about the Fourier transform on the hypercube.

Let Ωn = {−1, 1}n. We endowed Ωn with the uniform measure µn, such that for a function
f : Ωn 7→ R we have ∫

Ωn

f dµn = E[f(X)] =
1

2n

∑
x∈Ωn

f(x)

where X = (X1, · · · , Xn) is a vector of i.i.d. random variables such that P(X1 = 1) = P(X1 =
−1) = 1

2 .
Remark that for any Y ∈ L2(Ωn,P(Ωn), µn) a unique function f : Ωn 7→ R exists such that

Y = f(X). Hence L2(Ωn,P(Ωn), µn) is a finite dimensional vector space of dimension 2n. For
Y1 = f1(X), Y2 = f2(X) ∈ L2(Ωn,P(Ωn), µn) let us write the standard inner product as

〈Y1, Y2〉 = E[f1(X)f2(X)].

Furthermore let us define for S ⊂ {1, · · · , n}, we define

XS =
∏
l∈S

Xl, X∅ = 1.
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Remark that 〈XS , XS〉 = 1 and for S′ 6= S we have 〈XS , X
′
S〉 = 0. Hence XS is a orthogonal

basis of L2(Ωn,P(Ωn), µn). Furthermore for Y ∈ L2(Ωn,P(Ωn), µn) and S ⊂ {1, · · · , n}, we
define

Ŷ (S) = 〈Y,XS〉 = E[Y XS ],

such that
Y =

∑
S⊂{1,··· ,n}

Ŷ (S)XS ,

and
E[Y Z] =

∑
S⊂{1,··· ,n}

Ŷ (S)Ẑ(S).

Note that we have the two following identities :

E[Y 2] =
∑

S⊂{1,··· ,n}

Ŷ (S)2

and
E[Y ] = Ŷ (∅).

Theorem C.1 (Khinchine-Kahane Inequality, via Szarek’s proof, [12, Theorem 5.20]). Let (B, |·
|B) be a normed vector space. Then for any p ∈ [1,+∞], there exists a constant Cp such that
for any n ≥ 2 and for any b1, · · · , bn ∈ B, we have

E

[∣∣∣∣∣
n∑
i=1

biXi

∣∣∣∣∣
p

B

]
≤ CpE

[∣∣∣∣∣
n∑
i=1

biXi

∣∣∣∣∣
B

]
,

where X = (X1, · · · , Xn) is an iid random vector with P(X1 = 1) = P(X1 = −1) = 1
2 .

Proof. Let k ≥ 1 such that k ≤ p < k + 1.

E

[∣∣∣∣∣
n∑
i=1

biXi

∣∣∣∣∣
p

B

] 1
p

≤ E

∣∣∣∣∣
n∑
i=1

biXi

∣∣∣∣∣
k+1

B

 1
k+1

≤ Ck+1E

[∣∣∣∣∣
n∑
i=1

biXi

∣∣∣∣∣
B

]
.

It is enough to prove the Theorem for k + 1. Let us define

Z =

∣∣∣∣∣∣
n∑
j=1

bjXj

∣∣∣∣∣∣
B

,

Let us define for i ∈ {1, · · · , n},

X(i) = (X
(i)
1 , · · ·X(i)

n ) = (X1, · · · , Xi−1,−Xi, Xi+1, · · · , Xn),

such that X(i) (d)
= X, and

Z(i) =

∣∣∣∣∣∣
n∑

j=1,j 6=i
bjX

(i)
j

∣∣∣∣∣∣
B

and finally

Z̄ =
n∑
i=1

Z(i).

The core of the proof is then the following : we will give some lower and upper bounds for
E[ZkZ̄] with respect to E[Z], E[Zk+1]. To do so, we will give a direct lower bound to Z̄. For
the upper bound, we will dramatically use the Fourier transform.

Let us focus first on the lower bound. We have

Z̄ =
n∑
i=1

∣∣∣∣∣∣
n∑
j=1

X
(i)
j bj

∣∣∣∣∣∣
B

≥

∣∣∣∣∣∣
n∑
i=1

n∑
j=1

X
(i)
j bj

∣∣∣∣∣∣
B

= (n− 2)Z.
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Since Zk is non negative, we have

(n− 2)E[Zk+1] ≤ E[ZkZ̄].

Let us now focus on the upper bound. First note that if we define for S ⊂ {1, · · · , n} and
i ∈ {1, · · · , n},

X
(i)
S =

∏
l∈S

X
(i)
l , X

(i)
∅ = 1,

then (X
(i)
S )S⊂{1,··· ,n} is a orthonormal basis of L2 and furthermore note that (Z(i), X

(i)
S ) has the

same distribution as (Z,XS) for all i and all S. Note also that

X
(i)
S =

{
XS if i /∈ S
−XS if i ∈ S

.

Hence,

ˆ̄Z(S) =
n∑
i=1

E[Z(i)XS ]

=
∑
i/∈S

E[Z(i)X
(i)
S ]−

∑
i∈S
E[Z(i)X

(i)
S ]

=(n− 2|S|)E[ZXS ]

=(n− 2|S|)Ẑ(S).

Not also that if there exists m such that |S| = 2m+ 1, since X
(d)
= −X we have

Ẑ(S) = E[ZXS ] =

∣∣∣∣∣∣
n∑
j=1

−Xjbj

∣∣∣∣∣∣
B

∏
l∈S

(−Xl)

 = −Ẑ(S),

and
Ẑ(S) = 0.

Hence we have

E[ZkZ̄] =
∑

S⊂{1,··· ,n}

Ẑk(S) ˆ̄Z(S)

=
∑

S⊂{1,··· ,n}

(n− 2|S|)Ẑk(S)Ẑ(S)

=nẐk(∅)Ẑ(∅) +
∑

S⊂{1,··· ,n}
|S|=2m
S 6=∅

(n− 2|S|)Ẑk(S)Ẑ(S)

≤4E[Zk]E[Z] + (n− 4)
∑

S⊂{1,··· ,n}

Ẑk(S)Ẑ(S)

=4E[Zk]E[Z] + (n− 4)E[Zk+1].

Putting upper and lower bounds together, we get

E[Zk+1] ≤ 2E[Zk]E[Z].

By a direct induction, we have

E[Zk]
1
k ≤ 21− 1

kE[Z],

which is the wanted bound with Ck = 21− 1
k �
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C.2. UMD spaces.

Definition C.2 ([61, Definition 8.7], [48, Definition 4.2.1]). Let (B, |·|B) ] be a Banach space and
p ∈ (1,+∞). We say that B as the Unconditionnal Martingale Difference-p (UMDp ) property if
there exists a constant Kp(B) > 0 such that for any filtered probability space (Ω,F , (Fn)n≥0,P)
and any B value martingale (Mn)n≥0 with p moments, any N ≥ 1 and any ε1, · · · , εN ∈ {−1, 1},

E

[∣∣∣∣∣
N−1∑
k=0

εk(Mk+1 −Mk)

∣∣∣∣∣
p

B

]
≤ Kp(B)pE[|MN −M0|pB]

We say that B as the UMD property if B is UMDp for all p ∈ (0,+∞).

The following theorem is a fundamental tool in the theory of UMD spaces. We refer to [61]
for a proof of it (and much more).

Theorem C.3 ([61, Theorem 8.12]). Let (B, | · |B) be a Banach space with the UMDp property.
Then (B, | · |B) has the UMD property.

A direct consequence of the remark after [61, Definition 8.7] and the previous theorem is the
following fact :

Proposition C.4. The finite dimensional vector space Rd endowed with its standard euclidean
norm has the UMD property.

Proof. The proof relies on the classical discrete Burkolder Davis Gundy (BDG) inequality.
Indeed let (Mn)n be an Lp martingale in Rd. Let ε1, · · · , εN ∈ {−1, 1}, M ε

0 = 0 and for
N ∈ {1, · · · , N}

M ε
n =

n−1∑
k=0

εk(Mk+1 −Mk).

Then (M ε
n)n∈{0,··· ,N} is a martingale, and we have

E [|M ε
N |

p] . E

(N−1∑
k=0

∣∣M ε
k+1 −M ε

k+1

∣∣2) p
2


= E

(N−1∑
k=0

|Mk+1 −Mk+1|2
) p

2

 . E[|MN −M0|p],

were we have applied twice the BDG inequality.
�

Theorem C.5 ([61, Corollary 8.19]). Let p ∈ (1,+∞), let (B, | · |B) be an Banach space with
the UMD and let (A,A, µ) be a measured space. The space Lp(A;B) is a UMD space.

Proof. The proof follows easily from the previous results. Indeed, it is enough to prove that
Lp(A;B) has the UMDp property. Let (Mn)n be a Lp martingale with value in Lp(A;B).
Remark that for µ-almost all x ∈ A,

(
Mn(x)

)
n
is a B value martingale. Furthermore, thanks to

the Fubini property, we have

E

[
‖Mn‖pLp(A;B)

]
=

∫
A
E[|Mn(x)|pB] dµ(x).

Hence for µ-almost all x, E[|Mn(x)|pB] < +∞ and
(
Mn(x)

)
n
is a Lp martingale with value in B.

Hence for all ε1, · · · , εn ∈ {−1, 1}, we have for almost all x ∈ A and all N ≥ 1

E[|M ε
N (x)|pB] ≤ Kp(B)pE[|MN (x)−M0(x)|pB].
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Hence, we have

E[‖M ε
N‖

p
Lp(A;B)] =

∫
A
E[|M ε

N (x)|pB] dµ(x)

≤ Kp(B)p
∫
A
E[|MN (x)−M0(x)|pB] dµ(x) = Kp(B)pE[‖MN −M0‖pLp(A;B)].

Hence, Lp(A;B) is UMDp and then UMD. �

Corollary C.6. Let p, q ∈ (1,+∞) and let s ∈ R. Then Bs
p,q(R

d,R) is UMD.

Proof. Is previously it is enough to prove that Bs
p,q is UMDq. Furthermore, since Lp(Rd;R) is

UMD we have for al N ∈ N and all ε1, · · · , εN ∈ {−1, 1},

E[‖M ε
N‖

q
Bsp,q

=
∑
j≥−1

2sjqE[‖∆jM
ε
N‖

q
Lp(Rd;R)

] = Kq(L
p(Rd;R))qE[‖MN −M0‖qBsp,q ],

and the result follows easily. �

C.3. Banach space, smoothness and type.

Definition C.7 ([61, Definitions p-108]). Let p ∈ (1, 2] and B, | · |B) be a Banach space. We say
that B is of type p if there exists a constant Mp such that for every N ≥ 0, every iid sequence
X1 · · · , Xn with P(X1 = 1) = P(X1 = −1) = 1

2 and every b1, · · · , bN ∈ B, we have

E

[∣∣∣∣∣
N∑
k=1

Xkbk

∣∣∣∣∣
B

]
≤Mp

(
N∑
k=1

|bk|pB

) 1
p

.

Let us first give an example :

Proposition C.8 ([61, Proposition 4.33]). Let Rd with its Euclidean norm. Then Rd is of type
2. More generally any Hilbert space is of type 2.

Proof. The proof is quite straightforwerd. Let us denote by 〈·, ·, 〉 the inner product. We have
for N ≥ 1, b1, · · · , bN ∈ Rd and X1, · · · , Xn a sequence of iid random variables with P(X1 =
1) = P(X1 = −1) = 1

2 ,

E

∣∣∣∣∣
N∑
k=1

Xkbk

∣∣∣∣∣
2
 =

N∑
k,l=1

E [XkXl] 〈bk, bl〉 =
N∑
k=1

|bk|2.

Applying the Khinchine-Kahane inequality, we have the result. �

Theorem C.9 ([61, Proposition 4.34]). Let (A,A, µ) be a measured space and let (B, | · |B) be
a type p Banach space with p ∈ (1, 2]. Let q ∈ [1,+∞). Then Lq(A;B) is of type p ∧ q.

Proof. Take N ∈ N, b1, · · · , bN ∈ Lq(A;B) and X1, · · · , XN a sequence of iid random variables
with P(X1 = 1) = P(X1 = −1) = 1

2 .
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Applying twice the Khinchine-Kahane inequality, we get

E

∥∥∥∥∥
n∑
k=1

Xkbk

∥∥∥∥∥
Lq(A;B)

 .E[∣∣∣∣∣
n∑
k=1

Xkbk

∣∣∣∣∣
q] 1

q

.

(∫
A
E

[∣∣∣∣∣
n∑
k=1

Xkbk(x)

∣∣∣∣∣
q

B

]
dµ(x)

) 1
q

.

(∫
A
E

[∣∣∣∣∣
n∑
k=1

Xkbk(x)

∣∣∣∣∣
B

]q
dµ(x)

) 1
q

.

∫
A

(
n∑
k=1

|bk(x)|pB

) q
p

dµ(x)

 1
q

,

where we have used the fact that (B, | · |B) is of type p in the last inequality.
Now, let us suppose that q ≤ p. We have for every N ≥ 1 and y1, · · · , yN ∈ N,(

N∑
k=1

|yi|p
) 1

p

≤

(
N∑
k=1

|yi|q
) 1

q

.

Finally we have

E

∥∥∥∥∥
N∑
k=1

Xkbk

∥∥∥∥∥
Lq(A;B)

 . (∫
A

N∑
k=1

|bk(x)|qB dµ(x)

) 1
q

.

(
N∑
k=1

‖bk‖qLq(A;B)

) 1
q

.

Hence, in that case we have proved Lq(A;B) which is of q type.
Let us suppose that p ≤ q. Note that we have

E

∥∥∥∥∥
n∑
k=1

Xkbk

∥∥∥∥∥
Lq(A;B)

 .


∫
A

(
n∑
k=1

|bk(x)|pB

) q
p

dµ(x)


p
q


1
p

.

(
N∑
k=1

(∫
A
|bk(x)|qB dµ(x)

) p
q

) 1
p

.

(
N∑
k=1

‖bk‖pLq(A;B)

) 1
p

.

In that case Lq(A;B) if of q type, which ends the proof. �

Corollary C.10. Let 1 ≤ p, q < +∞ and s ∈ R. Then Bs
p,q(R

d;R) is of type p ∧ q ∧ 2.

Proof. The proof follows easily when we see that

‖f‖Bsp,q = ‖(2jsf)j≥−1‖`q(Lp(Rd;R)).

By the previous result, Lp(Rd;R) is of type p ∧ 2 and `q(Lp(Rd;R)) is of type q ∧ p ∧ 2. �

C.4. Burkolder-Davis-Gundy in Banach spaces. We now have all the tools to state and
prove the following theorem. One can consult [61, Chapter 4] for more details.
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Theorem C.11 ([61, Proposition 4.37 and Theorem 4.52]). Let (B, | · |B) be a UMD Banach
space of type p ∈ (1, 2]. Then for any r ∈ (1,+∞) a constant Cr > 0 exists such that for any
N ≥ 1 and any Lr martingale with value in B

E[|MN −M0|r] ≤ CrrE

(N−1∑
k=0

|Mk+1 −Mk|
r
p

B

) p
r

 . (54)

Proof. Let (Mn)n as in the theorem and N ≥ 1. Let (X1, · · · , XN ) be an iid random vector
independent of M with P(X1 = 1) = P(X1 = −1) = 1

2 .
First, remark that thanks to the UMD property, we have for all ε1, · · · , εn ∈ {−1, 1},

E[|MN −M0|rB] . E[|M ε
N |rB].

Hence, we have

E[|MN −M0|rB] .E

[∣∣∣∣∣
N−1∑
k=0

Xk(Mk+1 −Mk)

∣∣∣∣∣
r

B

]
(UMD)

.E

[
E

[∣∣∣∣∣
N−1∑
k=0

Xk(Mk+1 −Mk)

∣∣∣∣∣
r

B

∣∣∣(Mn)n∈{0,··· ,N

]]

.E

[
E

[∣∣∣∣∣
N−1∑
k=0

Xk(Mk+1 −Mk)

∣∣∣∣∣
B

∣∣∣(Mn)n∈{0,··· ,N

]r]
(Khinchine-Kahane)

.E

(N−1∑
k=0

|Mk+1 −Mk)|pB

) r
p

 (type− p).

�

Using Corollaries C.10 and C.6 and Theorems C.9 and C.5, we have the following useful
corollary :

Corollary C.12. Let p, q ∈ (1,+∞) and s ∈ R. The previous Inequality 54 holds for Lp(Rd;R)
(respectively Bs

p,q(R
d;R)) with p ∧ 2 instead of p (respectively with p ∧ 2 ∧ q instead of p).

Remark C.13. Using the fact that F sp,q(Rd;R) is endowed in Lq(`p), one could prove excatly
the same theorem for Triebel-Lizorkin spaces.

Appendix D. The multi-parameter and multi-dimensionnal
Garsia-Rodemich-Rumsey inequality

Let us recall the standard Garsia-Rodemich-Rumsey inequality [42].

Theorem D.1. Let p ≥ 1, α > p−1 and f ∈ C([0, 1]). Then, the following inequality holds

|f(t)− f(s)| .α,p κf |s− t|α−1/p (55)

for all t, s ∈ [0, 1]2, where

κf =

(∫
[0,1]2

|f(u)− f(v)|p

|u− v|αp+1
dudv

)1/p

.

We can extend the previous result to the case f ∈ C([0, 1]× B(0, R)) where B(0, R) ⊂ Rd is
a closed ball of radius R > 0. By denoting, for any x, y ∈ [0, 1]d and s, t ∈ [0, 1],

�(s,x)f(t, y) = f(s, x)− f(s, y)− f(t, x) + f(t, y),

we have the following result.
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Corollary D.2. Let p ≥ 1, α1 > 1/p, α2 > d/p and f ∈ C([0, 1]×B(0, R)). Then, we have the
following estimate

|�(s,x)f(t, y)|p .d,α1,α2,p κf |s− t|α1p−1|x− y|α2p−d (56)

for all t, s ∈ [0, 1] and x, y ∈ B(0, R), where

κf =

∫
[0,1]2×B(0,R)2

|�(u,z)f(v, w)|p

|u− v|α1p+1|z − w|α2p+d
dudvdzdw.

Proof. We essentially use the arguments from [68] and [47]. Let {(Ej , dj)}1≤j≤m be a family
of separable metric space each endowed with a finite doubling measure υj defined on the Borel
sets of Ej (we essentially need that Lebesgue’s differentiation theorem holds) and Ψ a positive
increasing convex function such that Ψ(0) = 0 (and, thus, Ψ−1 is a positive increasing concave
function). We define σj(r) = minx∈Ej υj(B(x, r)) the volume (under υj) of the smallest ball of
radius r > 0 in Ej . For any metric space (E, d) endowed with a measure υ defined on the Borel
sets of E and for any scalar-valued function f ∈ C(E), we define

f̄(A) := υ(A)−1

∫
A
f(x)υ(dx),

for any Borel set A ∈ E. For any (E, d, υ) ∈ {(Ej , dj , υj)}1≤j≤m, we have, by Lebesgue’s
differentiation theorem

f̄(B(x, r)) →
r→0

f(x).

We denote in the following E =
⊗m

j=1Ej the product space that is can be made metric

by considering d(x, y) =
(∑m

j=1 d(xj , yj)
2
)1/2

. It can also be made measurable by consid-
ering the product measure υ(A) =

∏m
j=1 υ(Aj) for any Borel set A =

∏m
j=1Aj . For any

x = (x1, x2, . . . , xm), y = (y1, y2, . . . , ym) ∈ E , we denote x′ = (x1, . . . , xm−1) (for m ≥ 2)
and define, for any 1 ≤ k ≤ m,

Vk,yx := (x1, . . . , xk−1, yk, xk+1, . . . , xm).

Furthermore, for any function f defined on E , we denote Vk,yf(x) = f(Vk,yx). We proceed to
define the joint increment of f as

�yf(x) :=

m∏
j=1

(id− Vk,y)f(x).

From the previous definitions, we can see that, for any x, y ∈ E and f defined on E

�yf(x) = �y′f(x′, xm)−�y′f(x′, ym).

We can now state an intermediate result.

Lemme D.3. Let f ∈ C(E) be such that

κf :=

∫
E

∫
E

Ψ

(
|�yf(x)|∏m
j=1 dj(xi, yj)

)
υ(dx)υ(dy) < +∞.

Then the following inequality holds for any x, y ∈ E

|�yf(x)| ≤ 18m
∫ d1(x1,y1)/2

0
. . .

∫ dm(xm,ym)/2

0
Ψ−1

(
κf∏m

j=1 σj(rj)
2

)
dr1 . . . drm.

Proof. We proceed by induction; the case m = 1 being the classical Garsia-Rodemich-Rumsey.
We assume that the result holds for a certain m− 1 ≥ 1. For any x, y ∈ E , we denote gx′,y′(z) =
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�y′f(x′, z). For any Borel sets A1, A2 ⊂ Em, we have

∣∣ḡx′,y′(A1)− ḡx′,y′(A2)
∣∣ ≤ ∫

A1

∫
A2

∣∣gx′,y′(xm)− gx′,y′(ym)
∣∣ υm(dxm)υm(dym)

υm(A1)υm(A2)

≤ dm(A1, A2)

∫
A1

∫
A2

∣∣∣∣gx′,y′(xm)− gx′,y′(ym)

dm(xm, ym)

∣∣∣∣ υm(dxm)υm(dym)

υm(A1)υm(A2)
,

where dm(A1, A2) = supxm∈A1,ym∈A2
dm(xm, ym). By the induction hypothesis, we have that

|gx′,y′(xm)− gx′,y′(ym)|
dm(xm, ym)

=
∣∣�y′δxm,ymf(x′)

∣∣
≤ 18m−1

∫
D

Ψ−1

(
κδxm,ymf∏m−1
j=1 σj(rj)2

)
dr,

where we denote D = [0, d1(x1, y1)/2] × . . . × [0, dm−1(xm−1, ym−1)/2], r = (r1, . . . , rm−1) and
δxm,ymf(x′) = (f(x′, xm) − f(x′, ym))/dm(xm, ym). Thus, by Fubini’s theorem and Jensen’s
inequality, we obtain that ∣∣ḡx′,y′(A1)− ḡx′,y′(A2)

∣∣
≤ 18m−1dm(A1, A2)

∫
D

∫
A1

∫
A2

Ψ−1

(
κδxm,ymf∏m−1
j=1 σj(rj)2

)
υm(dxm)υm(dym)

υm(A)υm(B)
dr

≤ 18m−1dm(A1, A2)

∫
D

Ψ−1

(∫
A1

∫
A2

κδxm,ymf∏m−1
j=1 σj(rj)2

υm(dxm)υm(dym)

υm(A1)υm(A2)

)
dr.

We remark that∫
A1

∫
A2

κδxm,ymfυm(dxm)υm(dym) ≤
∫
Em

∫
Em

κδxm,ymfυm(dxm)υm(dym) = κf ,

and, thus, we obtain

∣∣ḡx′,y′(A1)− ḡx′,y′(A2)
∣∣ ≤ 18m−1dm(A1, A2)

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

υm(A1)υm(A2)

)
dr. (57)

We now denote ḡx′,y′(xm, r) = ḡx′,y′(B(xm, r)) for any xm ∈ Em and

B(xm, r) = {x ∈ Em; dm(x, xm) ≤ r}

for a certain r > 0. We now fix xm, ym ∈ Em and let λk = dm(xm, ym)2−k for any k ≥ 0.
Since dm(B(xm, λ0), B(ym, λ0)) = 3λ0, σm(λk) ≥ σm(τ) for any τ ≤ λk and Ψ−1 is increasing,
it follows from (57) that∣∣ḡx′,y′(xm, λ0)− ḡx′,y′(ym, λ0)

∣∣
≤ 3× 18m−1λ0

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(λ0)2

)

≤ 6× 18m−1

∫ dm(xm,ym)/2

0

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(τ)2

)
dr dτ. (58)

Furthermore, by using (57) and since dm(B(xm, λ`), B(xm, λ`+1)) = λ` + λ`+1 = 6(λ`+1− λ`+2)
for any ` ≥ 0, σm(λk) ≥ σm(τ) for any τ ≤ λk and Ψ−1 is increasing, we obtain that, for any
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k ≥ 1, ∣∣ḡx′,y′(xm, λ0)− ḡx′,y′(xm, λk)
∣∣ ≤ k−1∑

`=0

∣∣ḡx′,y′(xm, λ`+1)− ḡx′,y′(xm, λ`)
∣∣

≤ 6× 18m−1
k−1∑
`=0

(λ`+1 − λ`+2)

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(λ`+1)σm(λ`+2)

)
dr

≤ 6× 18m−1
k−1∑
`=0

∫ λ`+1

λ`+2

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(τ)2)

)
dr dτ

≤ 6× 18m−1

∫ λ1

λk+1

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(τ)2)

)
dr dτ.

Letting k → +∞, we deduce that∣∣ḡx′,y′(xm, λ0)− gx′,y′(xm)
∣∣ ≤

≤ 6× 18m−1

∫ dm(xm,ym)/2

0

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(τ)2)

)
dr dτ, (59)

and, similarly,∣∣ḡx′,y′(ym, λ0)− gx′,y′(ym)
∣∣ ≤

≤ 6× 18m−1

∫ dm(xm,ym)/2

0

∫
D

Ψ−1

(
κf∏m−1

j=1 σj(rj)2

1

σm(τ)2)

)
dr dτ. (60)

Thanks to (58), (59) and (60), we obtain the desired result. �

Corollary D.2 follows directly from Lemma D.3 by choosing E1 = [0, 1] endowed with d1(t, s) =

|t − s|α1+1/p and E2 = B(0, R) endowed with d2(x, y) = |x − y|α2+d/p. We also use, for both,
Lebesgue’s measure and set Ψ(t) = |t|p. It turns out that σ1(r) ' r1/(α1+1/p) and σ2(r) '
r1/(α2/d+1/p). With the previous choices at hand, we obtain∫ d1(s,t)/2

0

∫ d2(x,y)/2

0
Ψ−1

(
κf

σ1(r1)2σ2(r2)2

)
dr1 dr2

' κ1/p
f

∫ d1(s,t)/2

0
r
−2/(α1p+1)
1 dr1

∫ d2(x,y)/2

0
r
−2/(α2p/d+1)
2 dr2

' κ1/p
f |t− s|

α1−1/p|x− y|α2−d/p,

where

κf =

∫
[0,1]2

∫
B(0,R)2

|�(s,x)f(t, y)|p

|t− s|α1p+1|x− y|α2p+d
dtdsdxdy.

�

We can finally state a Kolmogorov’s continuity theorem.

Theorem D.4. Let p ≥ 1, α1 > 1/p, α2 > d/p and f ∈ C([0, 1] × Rd) a random process.
Assume that there exists ε1, ε2 ∈ (0, 1) such that

ϑf := sup
s,t∈[0,1]

x,y∈Rd

E

[ |�(s,x)f(t, y)|p

|t− s|α1p+ε1 |x− y|α2p+ε2

]1/p

< +∞. (61)

Then, for any ε3 > ε2, there exists a positive random variable Υ ∈ Lp(Ω) which depends on
f, d, α1, α2, p, ε1, ε2 and ε3 such that, P-a.s.,

|�(s,x)f(t, y)| ≤ Υ|s− t|α1−1/p|x− y|α2−d/p(1 + |x|+ |y|)(d+ε3)/p, (62)
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for all t, s ∈ [0, 1] and x, y ∈ Rd.

Proof. Let A = {x ∈ Rd; 1 ≤ |x| ≤ 2} be an annulus in Rd such that Rd = B(0, 1)∪
⋃+∞
j=0 2jA.

It follows from Corollary D.2 and (61) that, for any j ≥ 0,

E

 sup
t,s∈[0,1]
x,y∈2jA

|�(s,x)f(t, y)|p

|s− t|α1p−1|x− y|α2p−d(1 + |x|+ |y|)d+ε3


≤

Cd,α1,α2,pϑf
(1 + 2j+1)d+ε3

∫
[0,1]2×B(0,1+2j+2)2

du1du2dz1dz2

|u1 − u2|1−ε1 |z1 − z2|d−ε2

≤ Cd,α1,α2,pϑf
2(d+ε2)(j+2)

(1 + 2j+1)d+ε3

∫
[0,1]2×B(0,2)2

du1du2dzdw

|u1 − u2|1−ε1 |z1 − z2|d−ε2

. 2j(ε2−ε3).

Thus, we deduce that

E

 sup
t,s∈[0,1]

x,y∈Rd

|�(s,x)f(t, y)|p

|s− t|α1p−1|x− y|α2p−d(1 + |x|+ |y|)d+ε3



≤ E

 sup
t,s∈[0,1]
x,y∈B(0,1)

|�(s,x)f(t, y)|p

|s− t|α1p−1|x− y|α2p−d



+
+∞∑
j=0

E

 sup
t,s∈[0,1]
x,y∈2jA

|�(s,x)f(t, y)|p

|s− t|α1p−1|x− y|α2p−d(1 + |x|+ |y|)d+ε3


. 1 +

+∞∑
j=0

2j(ε2−ε3) < +∞,

which ends the proof. �

We also recall another standard Kolmogorov theorem.

Theorem D.5. Let f ∈ C([0, 1];L∞loc(R
d)) be a random process and p ≥ 1 such that

sup
t,s∈[0,1]

x∈Rd

E

[
|f(t, x)− f(s, x)|p

|t− s|αp+ε

]
< +∞,

for a certain α > 1/p and ε ∈ (0, 1). Then, there exists a positive random variable Υ ∈ Lp(Ω)
which depends on f, d, α and p such that

|f(t, x)− f(s, x)| ≤ Υ|s− t|α−1/p(1 + |x|)(1+ι)/p,

where ι > 0.
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