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REGULARIZATION BY NOISE FOR ROUGH DIFFERENTIAL EQUATIONS
DRIVEN BY GAUSSIAN ROUGH PATHS

REMI CATELLIER AND ROMAIN DUBOSCQ

ABsTRACT. We consider the rough differential equation with drift driven by a Gaussian geo-
metric rough path. Under natural conditions on the rough path, namely non-determinism, and
uniform ellipticity conditions on the diffusion coefficient, we prove path-by-path well-posedness
of the equation for poorly regular drifts. In the case of the fractional Brownian motion B for

H > i, we prove that the drift may be taken to be k > 0 Holder continuous and bounded for

K > % — ﬁ A flow transform of the equation and Malliavin calculus for Gaussian rough paths
are used to achieve such a result.

1. INTRODUCTION

In this paper, we want to study a regularization by noise property for the following rough
differential equation :

dl’t = b((L‘t) dt + U(:Et) th, (1)
where w is a (weakly) geometric rough path. We intend to show that under suitable conditions
on o and w this equation is wellposed when b has (very) poor regularity properties.

This phenomenon of regularization by noise is now well-studied in several situations. A lot
of work has been devoted to the additive case ¢ = 1 and for several kind of processes. One can
think of the seminal work of [71, 51] for strong solutions of this equation when w is a Brownian
motion. In this additive case and when w is a Brownian motion, Davie [28| exhibits a new
and stronger notion of uniqueness and proved that the previous equation has a strong solution
and enjoys "path-by-path" uniqueness whenever b € L>®(R%), whereas standard theory (with
supporting counterexamples) requires b to be Lipschitz continuous. One can consult [66] for a
deep discussion about notions of solutions in the additive case.

Since then, Davie’s work has led to a certain number of results in several directions which are
usually done in the additive cases. One can take w to be a more general stochastic process and
still has (even better) regularization by noise phenomenon. For example one can consider w to
be a fractional Brownian motion [20], a Lévy process, see [62, 3] and the references therein, or
a more general stochastic process [43, 46, 30]. In a more general context some similar results
when w is non random and as general as possible can be exhibited [39, 20] and [38, 64]. This
phenomenon of regularization by noise in a path-by-path manner was also study in other kind
of problems, such as SPDEs |21, 24, 23, 22, 2, 19|, mean field differential equations [41, 9], and
in a mixed additive/multiplicative setting [10, 40].

A general strategy in this additive context is to look at the averaged field

t
t,azr—>/ b(x + w,)dt
0

and to study its space-time regularity properties. To do so, one could use for example an
Ito-Tanaka trick (see [25] in the fractional Brownian motion setting) or the corresponding Kol-
mogorov equation [62]. More recently, techniques involving stochastic sewing lemma [52| and /or
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properties of the occupation measure/local time of the process [46] where used. Once a space-
time regularity of the averaged field is exhibited, one can then use some pathwise non-linear
calculus [37] to conclude. We will see in the following how this strategy of proof is implemented
in our setting.

In the full multiplicative case, there are very few results (up to our knowledge only two). First
of all, one must make sense of the equation in a pathwise sense. To do so, one usually relies on
rough path theory [55, 27, 56, 5, 45, 35, 36].

Up to our knowledge in this setting, the first related result is due (again) to Davie [29], where
he studies Equation (1) where w is the Stratonovitch Brownian rough path. In this setting,
when o is an invertible C’g matrix, he shows that uniqueness holds whenever b € L. The
strategy of the previous work is to consider a strong solution (Xt);c[o,7 of the Stratonovitch
SDE

t t
X =Xo+ / b(X,)dr + / o(X,)odB,,
0 0

to use a Girsanov transform on
t
WQ::Bt+1/‘oC¥ﬁ_1M)Q)dr
0
and to get back to the driftless Stratonovitch SDE on an equivalent probability measure IP.

t
Yt=Yo+/ o(¥;) o T,
0

Then the use of the Kolmogorov PDE related to the previous equation enables to prove that Y
enjoys some regularizing properties. Finally, one can write X =Y 4+ Z and Z solve the following
equation

t
@:m+/ma+nmn
0

Hence, under P, one can use the regularizing properties of Z and prove the result.

It is not directly possible to implement such a strategy in our context. Firstly, one lacks of
a suitable Girsanov transform in a general (Gaussian) rough path setting. Secondly, there is no
Kolmogorov equation. Nevertheless, one can see two ingredients of the proof : going back to
the driftless equation, and considering an ODE where the drift and the solution of the driftless
equation appears.

The second result about uniqueness of SDE in a poor regularity setting is due to Athreya,
Bhar and Shekhar 1] when w is the fractional Brownian motion rough path (for H > %) There
strategy is to make Lamperti transform to get back to an additive problem, and then to use the
result of [20]. To do so, whereas in dimension d = 1 this strategy works pretty well, in dimension
d > 2 one has to ask that 0! is conservative. This is a huge restriction, since one could expect
that o strictly elliptic would be sufficient.

While we were finishing the writing of this paper, a paper by Dareiotis and Gerencser with
similar results [26] came up. Note that the techniques involved are quite different, and we
are able to handle more general cases (general Gaussian rough paths instead of only fractional
Brownian motion). The price to pay in our case is a slightly worse condition on ¢ and on b, but
a far better result on the flow of the equation.

Finally let us mention that in the rough path setting, some results have appeared considering
non-Lipschitz drift [11, 63]. These work focus on growth (non-linear damping) of the coefficients
and wellposedness in that context. Furthermore, the local-Lipschitz continuity is always needed.

Our strategy to tackle the problem of uniqueness of Equation (1) with singular coefficients
may be summarize as follow, and is inspired by the work of Davie [29]. In order to compensate
the lack of Girsanov transform in this setting, we rely on a flow transformation presented in the
rough path setting in [63]. Indeed, it allows us to consider the regularization properties of the
flow of the driftless equation. Furthermore, in order to replace the Kolmogorov equations arising
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in a Brownian context, we will use some Malliavin calculus in a Gaussian rough path setting,
which have been developed by several authors [8, 14, 15, 54, 16, 44, 50]

1.1. Difficulties and extended plan of the paper. Let us emphasize the difficulties and
achievements of the paper. We have divided the study of the uniqueness of solutions of Equation
(1) in three parts.

The first one, in Section 2, recalls the basic definitions and results about rough path theory.
The main idea of this part is a development of an idea of [63|, and consists of proving an
equivalence for the uniqueness of solution (in the sense of Davie) of the rough differential equation
(1) with the uniqueness of the solution to the standard ODE

y'(t) = Doy (y(1) " b (1)),

where ¢ is the flow arising from the rough differential equation when b = 0. This is done in
Theorem 2.8. Somehow, this is a way of avoiding the Girsanov transform from Davie’s work
[29] while still working with the solution of the driftless equation. However, this comes at price:
we need to work with the flow instead of a trajectory of the driftless system. Furthermore, we
can see the appearance of the inverse of the Jacobian (D¢)~! that we need to handle. Another
objective of this part is to exploit an idea from [20] and to exhibit a criterion for this averaged
field

t,x r—>/ Dy, (x b((pr(a:)) dr

such that the ODE (and hence the RDE) has a unique solution.

The second part (Section 3) focuses on the regularity of the averaged field whenever the flow
 has some stochastic properties, this is done in Theorem 3.3 and Corollary 3.7. The idea here
is to use Burkholder-Davis-Gundy (BDG) inequality for martingales in an infinite dimensional
setting (namely in LP(IR?)). This is quite close to the use of the stochastic sewing lemma in
infinite dimensional spaces [53|. Nevertheless, since those work were developed in parallel we
keep here with our presentation. Furthermore, since a BDG inequality in Banach spaces is not
such a common topic, and in order to be as self contained as possible, we have included in the
Appendix C a full proof of it. Note that in this section we have proved a general Kolmogorov
criterion for regularity of the averaged field in Besov spaces which could be interesting in itself.

The third part (Section 4 and 5) focuses on a tool to avoid the use of Kolmogorov equations:
the Malliavin calculus. Indeed, by using Section 3, the main idea to deduce the regularizing
properties of the averaged field constructed thanks to the flow of the driftless RDE is to have a
integration by part formula, such that, formally

E[Depy(2)Vb(pi(2))|Fs] = B[b(r(2)) Hs () | Fs],
with
| Hot (%) Loy S It — |7,

for some H > 0. This is precisely one of the key points of Malliavin calculus. Note that, in
that setting, one has to focus on conditional Malliavin calculus. Hence, Section 4 recalls the
standard facts and results about Malliavin calculus in a Gaussian context. In this section, some
conditional integrations by part results are also proved. Section 5 focuses itself on Malliavin
calculus for solutions of driftless rough differential equation driven by Gaussian rough paths.

Finally, in Section 6 we are able to prove the desired wellposedness result which can be stated
as follow (see Theorem 6.3 and 6.1 for precise statements and assumptions) :

Theorem. Let 2 < p < 4. Let W be a p-geometric Gaussian rough path such that its first
component (Wi).ejo,r) = (Wé,t)te[O,T] is a-locally non-determinism, namely

o (t = )7 Var [Wy = Wil Fiog V ] = ew > 0.
Assume that o € Cg°(RY; (RY)®?) is uniformly elliptic. Let b € C* with k+ 1 >3 and x> 0.
Then almost surely there is a unique solution of Equation (1). Furthermore the solutions of this

equation are locally-Lipschitz continuous with respect to the initial condition.
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Moreover, when BY is the geometric rough path above the fractional Brownian motion of
Hurst parameter i < H< %, one can take o = 2H.

Finally, in order to be self-contained as possible, we have included some multidimensional
Garsia-Rodemich-Rumsey inequalities in the Appendix (Appendix D) as well as some back-
ground on Besov spaces (Appendix A).

1.2. Notations and preliminary. We gather here some useful notations and definitions for
the rest of the article.

Throughout this paper, we consider (€2, F, (Ft):c(o,1), P) to be a filtered probability space.
We recall that S is the Schwarz space (see [69]) defined as the completion of

S(RY) = {f € CPMRY) : Yk € N, ||fllss < +oo} :

where

fllsx = max sup 2D f(2)).
7 |5\+|’Y\§kxe]Rd‘ )

It is a topological vector space that becomes a Fréchet space when it is equipped with the

distance
o0
T
d = o~k 117 Flok
s@.0) =2 T e

Its continuous dual is 8’ the space of tempered distributions and, moreover, we have the following
Gelfand triple

ScL)RY cs,
where S is dense in S’ with respect to the weak topology of L?(R%). We denote (-,-) the duality
product which is an extension of the scalar product in L?(IR%). The Besov spaces By, (associated
to the Littlewood-Paley blocks) are Banach spaces constructed by a completion in &’

1
+oo /r

Bg, = queSRY: |ulpg, = erﬂ'ﬂmjuugp(m) <oy,
j=-1

where o € R and p, g € [1, 0] (see Appendix A for details and some results).
We also denote, for any k& > 0, C*(R? RY) the set of functions from R? to R’ that are con-
tinuous, k times differentiable and whose derivatives are continuous. We denote C*®°(R%; Rf) =
128 OF (R RY). We denote by CF (respectively C5°) the functions in C* (respectively in C)
bounded together with all their derivatives.

Definition 1.1. A function from R to R4\{0} is called a weight. Let f be a function from
R? to R. Let us define the weighted sup norm of f by
|/ ()]

[flloow = sup ===
T sera w(lz))

Furthermore, we define
LERER) = {f: R = Rt | fllaou < +00

When there exists 7 > 0 such that sup,cg . % < 400, we say that w has y-power growth.
Let us now (with a slight abuse of notations) consider w = (wg)k>0 to be a sequence of positive
functions from Ry to Ry\{0}. We say that w has y-power growth if each wy has a y-power

growth.

Definition 1.2. Let w be a sequence of weights and a > 0. We denote
la)-1 ~1 ~1
[Pl f(x) — Dl f(y)|
1flleg := ID* f |, + sup - ,
,;0 Ty e —yleledw g (J2] + Jy))
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and define the Banach space
Co®ERY) == {f : R = R : || flleg < +o0}.

To simplify notations, we denote C* = C% when w = (1,1,...,1), and we have (see Appendix
A) C* = BY, , for all a € R¥*\N. We also denote

Cﬁn(Rd) = Cécl+|-\,1,...,1)(Rd)

Remark 1.3. Note that when w = (wo, 1), then Cl denotes the set of Lipschitz continuous
function with a growth rate wy.

Furthermore, we also define extend the definition of the Holder space for functions of two
variables. That is, for some Banach space F, and for any T, v > 0, we define

Cr = C (A3 RY = {0: AF o B ey o= sup IPE o
(s)eaz, [t — s
where AZ = {(s,t) € [0,7] : s < t}.
We finally recall some properties of linear operator. Let T be a linear operator from D(T) D S
to E where F is a Banach space. For any Banach space F' O D(T), if we have, for any x € D(T),
[Tz||le < Cll=]|F,

for some constant C' > 0 independent of x, then T admits a closure from F' to E. The space of
bounded linear operators from E to F' is denoted B(F, E) and is equipped with the norm

|Tllgrey = sup ||Tz|r
l|lz|l 7 <1

Finally, we write a < b when there exists a constant ¢ > 0 such that a < cb.

2. ROUGH DIFFERENTIAL EQUATION WITH DRIFT

In this section, we recall some basic facts about rough paths and rough differential equations.
For more details, one can consult the seminal papers [55, 27, 45|, but also the monographs
[56, 35, 36]. Note that an interesting perspective for flow driven by rough differential equations
is given by Bailleul in [5]. We will focus here on the Davie’s definition of solutions of rough
differential equations driven by (weak)-geometric Holder p rough path, with p > 2.

2.1. Rough paths and differential equations in a nutshell. For any N € N, a truncated
tensor algebra 7V (R?) is defined by

N
TV (R = PE®H™,

k=0
with the convention (]Rd)®0 = R. Let (e1,---,eq) be the canonical basis of R?, then for any
ke{l,---,N},

(e ettt = (60 @ i)y e
is the canonical basis of (R?)®* and for any x € 7V (R?),
X = Z xF =20+ Z xk’lej,

ke{0,--- ,N} ke{l,- ,N}

where x* is the projection of x on the k-th tensor.
This space is equipped with a vector space structure as well as an operation ® defined by
N
xey) = (""ey', vxyeTV(RY,
£=0

In the end, (7Y (R%),+,®) is an associative algebra with unit element 1 € (R%)%Y.
5



For any s < t and k > 1, we define the simplex
A’;,t ={(u1,...,u) € [s,t]k;ul << ugt

We also denote A% := Ak .. A multiplicative functional is a continuous map w : A2 — TV (R9)
that verifies, for any s < u < t,
Wst = W & Wt

A fundamental example of such a map are the iterated integrals of a smooth paths w : [0, 7] —

Rd
W];t: Z </ dwil...dwi’“) €, D...® e,
1<), in<d \7 A%
where (e, - ,eq) is the canonical basis of R? and k > 1. Then, we call the signature of w the

mapping Sy (w) : A2 — TN(R?) given by
N

(s,t) > 1+ ngt.

k=1
It turns out that every signature is a multiplicative functional that belongs to G (R?%) which is
a subset of TV(R?) of group-like elements given by
GN(R?) := exp®(LV(RY)),

where LY (R?) is the linear span of elements that can be written as a commutator a @b —b® a
with a,b € TV (R?). Furthermore, there is a Carnot-Caratheodory norm on G (R9), denoted
|- llcc, which is homogeneous with respect to the natural scaling operation on 7V (R¢). We can
now introduce the notion of rough paths.

Definition 2.1. The space of weakly geometric p-rough paths is the set of multiplicative func-
tional x : A? — GPJ(R?) such that

1/p

HWHpvar;[O,T} = sup Z HWU,UH%C < 00,

m€ll([0,T]) [uv]en

where TI([0,T7) is the set of all subdivisions of [0, T]. The space of geometric p-rough paths is
the closure under || - || var;j0,7) Of smooth signatures {S, (w); w € C>([0,T7; R%)}.

In the following, we will also use the Holder norm for rough paths that is given by, for
a € (0,1),

la-HaL[0,7] == Sup 7”W5¢HCC-
R (s,)cjo,r) (8 —8)*

[w

2.2. Flow generated by driftless differential equation driven by rough path. In this
subsection, we give known and basic properties about solutions of rough differential equations
of the form

dyt = U(yt) th7 Yo =2, (2>
where o : R+ (R%)®? is such that

d
o(x)w = Z oi(z)w’,
i=1

for any w = (w")ie{l’.._yd} € R? Following [6] we identify o; with a first order differential
operator, namely for any smooth function f : R? — R?,

oif(z) = Df(z)oi(z), =eR%
6



For k>1and I € {1,---,d}* we define the k-th order differential operator
op = 04y -+ 0y,
via o7 f = 04, (--- (04, f)), with the slight abuse of notations o;(x) = (orid)(x).
Definition 2.2. Let p > 2, T > 0, w be a %—Hélder weakly geometric rough path and o € C? for

some (3 > |p]|. A function y € C g ([0, T); R?) is a solution (in the sense of Davie) to the driftless
Rough Differential Equation (RDE) (2) if there exists a > 1 such that for all (s,t) € A2,

(yt - ys) - ( Z Wl;’fw(%))
ke{l,,[pl}

< _ a
NHW”%—HGI;[O,T]’U [t = sI*

The existence, uniqueness and flow properties of solution to driftless RDE is given in [45, 36,
35, 27,7, 5, 6].

Note that, by using [6, 18], one can see the equivalence between Davie’s notion of solutions
to RDE and Bailleul’s one. Namely, a path y is a solution to Equation (2) if and only if, for any

f € CHHRE R and for all (s,1) € A3,

lin
|(f(yt) — f(ys)) — ( Z Wf,’fﬁf(%))
ke{lf":LpJ}
Ie{l,,d}*

Sl fll g lt =8I (3)
lin

Furthermore, by using [7], one has the following result.

Theorem 2.3. Letp>2,T >0, n>0, w bea %—Hé'lder weakly geometric p rough path, and
o€ CprHnH(IRd; R). Then, there is a unique
¢ : A2 Ol (R RY)
and a unique
¢ AL O (REGRY)
such that the following points hold.
(1) For all s € [0,T) and x € R%, t : [s,T] — @s+(x) is the unique solution to
doy = o(xg)dwy, xs=2x, te€s,T).
(2) For all v € RY and all (s,u), (u,t) € A2,
Put(Psu(®) = sp(®)  and  Psu(ui(x)) = Vs ().
(3) For all (s,t) € A%, allz € R? and all 0 < m < n, we have

lp]+1
P

< _
NIIWH%.Haz,[O,T]’G |t ’

Dmsos,t(x)—<(Dmid)(w)+ > owyl (Dmof)(w)>
]CE{L'”,LPJ}
Ie{1,-,d}*

4) For all (s,t) € A2 and all z € R?
T

Ps,t(Vst()) = st (s e(2)) = .
(5) For all (s,t) € A2, all x € RY and all 0 < m < n, we have

ipm%t(x)_((mid)(azw > v’;g(DmaI)(x)>
ke{1,, p)}
Ie{1,- ,d}*

< lp]+1
— P
N”W”%Hal,[o,T]’U ‘t d

where

Lp)
Vst = Z(l - Ws,t)®k-

k=0
7



(6) The maps from v ([0,T]; GIP/(R?))) to C%([O,T];C’"

lin

(R4 RY)) given by
Wi and WY
are continuous.

Remark 2.4. Note that Theorem 2.3 (5) with m = 0, (2) and Definition 2.2 is equivalent to
say that for all sg € [0,T) and for all x € R?, t Vso,t(x) is the unique solution to the driftless
RDE

dyt - U(yt) th, ySO =, t S [SO)T]'

In that setting, one can use the equivalent definition of solutions seen in equation (3).
Indeed let s <t € (so,T]. We have thanks to Theorem 2.3 (2)

Yt — Ys = ¢so,t($) - %O,S(LU) = ¢s,t(wso,s(x)) - ﬂ)so,s(x)?
which gives exactly Definition 2.2 thanks to Theorem 2.3 (5).
Proof. The proof is somehow classical. For a similar proof without the full Euler scheme expan-
sion, one can consult [63, Lemma 2.3] or [36, Theorem 10.14 and Theorem 10.26].

The proof here is simply an adaptation of the one from [7]. Indeed, one can combine Theorem
2.2, Corollary 3.5, Remark 3.6 and Theorem 4.2 from [7] to get the existence and uniqueness of
¢, as well as the points (1), (2) and (3). Note also that the continuity of ¢ with respect to w is
also a consequence of the previous theorems.

To construct ¢ and prove the desired Euler expansion, let us remind the strategy of proof in
7] (see also [5]). Since w is in GIP)(R?), there exists an 1 € L/ (R?) such that

exp?(1) = w.
Remark that 1 € LPJ(R?) and a basis of this space is
ep = €i, e = e en] = e @ep — e @ e
Hence
Lp]
1=> > 1My
and one can show that, in C%([O, T);0n (R4 RY)),
= 1 .
Ps,t wer}](fﬁ»,t]) Mty _q,tn © O Htg t1>
|7|—0

where I1(][s, t]) denotes the set of partitions of [s,t], 7 = {s =1ty <t;--- <ty_1 <ty =t}isa
partition of (s,t) and |7| = sup;cqo,... N1} [ti+1 — t;] is the radius of 7, and ps: = y(1) where y
is the solution of the following ordinary differential equation :

yiry= S o), y0) =2 eo,1].

kE{l,'“,l})J}

Ie{1,-,d}*
Here, for i € {1,---,d}, o) = o; and for k > 1, i € {1,---,d} and I € {1, Ly
oi,1) = |oi, o] = o) — oo Now, let us define the terminal value solution of the previous
equation

o= Y LlopG), =) ==zre o]

ke{lv"'vth}

Ie{1,,d}*
and

vs () = 2(0).
We have, for all z € R? and all (s, t) € AZ,

Vs t(ps,t) () = psp(vse)(z) = .
8



We define, for any partition = € II([s, t]),

V;:t = Moty © " O Min_qty
and
N;r,t = Bin_q,tn O © Mgty -
Then, we observe that
pg (Vs (1)) = vy (ug,(2)) = .
Hence, one only has to prove that v™ converges to a (backward) flow in the suitable space. Note
that this follows from the same arguments as the proof of Theorem 2.2 in [7], which guaranties

that ¢ exists in C},, is continuous with respect to w and that, for (s,t) € A% small enough
(with respect to w), one has, for any 0 < m <mn,
m m lp]+1
sup [D™hsy — D™vs (1) Sw (E—5) 7
z€RY

Furthermore, one also have (see Lemmas 3.3, 3.4 and Corollary 3.5 in |7]), for a = #,

Lp) -
m m; —1) ky, 1 m a
'D vei(z) — ((D zd)(a:)—i—z(j!) > Hll 'D .v[m)(x)> <w (t—s)
j=1 1<k, k; <|p) I=1
Zgzl leLpJ
Le{l,,d}
Le{1l, dy*i
Hence, if we define v = exp®(—1), we have
‘Dmys,t( ) — ( D™id)(x) + Z Z vl D™ (v )(:::)) <w (t—5)"
k=1TIee{1,- d}k
We can see that
Vst ® Wst = exp@(_ls,t) ® GXP®(ls,t) = eXP@(O) =1= Wit ® Vsit-
Furthermore, we also have that, for k > |p],
(1—wsy)®F =0,
which yields
Lp)
Vst = Z(l - Ws,t)®k7
k=0
and the result follows. O

Corollary 2.5. Letn > 1, p,T,w and o as in the previous Theorem. Then
(DY), (DY) € o (10, Oy (R (RY)#2)).

Proof. Let us remark that under the previous hypothesis, both ¢ and v are in Cj}, . Hence

D +(z)Di)s (cps,t(x)) =z, for any = € R%. It follows that (Dgom(x))*l = D +(pst(x)), and
there exists a constant, depending on w, T, o such that

—1
|Dewt) ™| ...
Cb
(s,t)EA% |t — 3|p

which ends the proof. O



2.3. Solution of RDE with drift : flow transform. We turn now to the study of rough
differential equations with a drift :

dey = b(zy) dt + o(xy) dwy, zo =2, te€]0,T). (4)
In the spirit of Definition 2.2, let us define the solutions of the rough differential equation with
drift as follow
Definition 2.6. Let p > 2, 7 > 0 and n > 0. Let b € C)(R%RY), o € CPI(R?; (R?)®?) and w
be a %-Hélder p-weakly geometric rough path. A path (2¢).cj0m € C %( [0, T]; RY) is a solution

to Equation (4) if zp = x and there exists a constant a > 1 independent of w such that for all
(s,t) € AZ,

SW,O’,I) |t - S|a'

Lp)
Xy — (:cs +b(xs)(t —s) + Z Z Wl‘:”ga](xs)>

k=1 I {1, d}¥

Remark 2.7. As proved in [6] and [18]| (we also refer to |7] for the precise value of the following
constants), the following equivalent solution can be used : Let p,w,T,b,o be as in the previous
Definition. Then (xt)icor) 95 a solution to Equation (4) if and only if there evists a > 1
independent of w,o,b, ¢ = e(w) > 0 such that for all f € CprJH(]Rd;IRd) and all (s,t) € AZ
with |t — s| <e,

= (@@=t 5 whlorn)w) )| Swas Il gyt o

ke{lv"' 1LpJ}
Ie{1,-,d}*

This point will be crucial in the following.

Several results concerning the (optimal) regularity of the drift are available in order to have
existence and uniqueness for rough differential equations. Namely, in [36], one can see that

whenever o € Cbtp I+1 and b s globally Lipschitz continuous with linear growth, there is a unique
solution to equation (4). Furthermore, some improvement of this criteria appears in [63] (weak
local Lipschitz condition and some control on the growth) and in [11] (Lyapounov conditions
on b). In order to go beyond (using some stochasticity of the rough path), one needs to develop
an other approach of the solution to the RDE with drift. Following a classical ideas of flow
transform (see for example [63]) we give an equivalent formulation for the solutions of Equation

(4).
Theorem 2.8. Letp >2, T >0, k>0, b C*"(R%RY), o € CE(LPHI)(Rd; (RH®?) and w be
a %- older p-weakly geometric rough path. Then (xt)te[O,T} s a solution to the rough differential
equation with drift (4) if and only if

zr = 0,(2(t))

and (2(t))ic(o,r) s a solution to the ordinary differential equation

(1) = (Dpou(2(1) ' b(pou(2(t), 20==, te[0,T), (5)

where @ is the flow constructed in Theorem 2.3 and Corollary 2.5.

Proof. First, we remark that since o € Cpr I (RY; (R%)®?), thanks to Theorem 2.3 and Corollary
2.5,

((t.2) = (Do) "b(vo.(@)) ) € CP([0,T); CORE RY)).
Hence, it follows from Peano’s existence theorem that there exists a solution (2(t));cj0,7 to
Equation (5). Let us define for all ¢ € [0, T, z+ = ¢o+(2(t)). Note that, thanks to the hypothesis
and Corollary 2.5,
‘Z(t) - :L“ ,Sw,o,T ]-7
10



and
’2(t> - Z(S) gw,a,T ‘t - S"
Furthermore, note that for any s,t € A2,
z(t) — z(s) =/ (Do (2(r))) " b(po.r (2(r))) dr
= (Dgo,s(2(s))) " b(po,s(2(s)) (t = s)
+ [ (Do) = (Dnsler))) ™ Yol (:(1))

+ [ (©p0ae) ™ = (Dnalals)) ™ Jblior (:(1)))
FDpale6)) ™ [ (bo0r(:0)) — blona(x(5)))

Note that thanks to Corollary 2.5, (t,z) +— (Dapo,t(:n))_l € C%([O,T];C,}(Rd; (R4)®2)).

Hence, since b is bounded, the following estimates hold
1
(6)] Sw.o,T,b |t — 3’1+”a

1(7) SW,U,T,b |t — 3’2

and, since b € C*(R%R?), r — 1y 5(2) is Holder continuous uniformly in z and r — 2(r) is

Hoélder continuous, we deduce

|(8)] Swiors [t — s/,

Let us define Ry ;(x) = (6) + (7) + (8).
Furthermore, let us remind that we have for all (s,t) € A%,

pse(@) =+ Y whio(x)+ Rey(x)
ke{lv"'vth}

with
lp]+1
sup |Rs¢(2)| Swor [t—s] 7 .
zeR4

Finally

Ty — g = <<ps,t ((PO,S (z(t))) — ©0,s (z(t))) + (@o,s (2(t)) — (PO,S(Z(S))>
= > wiloilpos(2(5)

kE{l,"' 7\_pJ}
Ie{1,,d}*

+ > W (01(p0s(2(1) — 01(00,5(2(5)))) + Rae(0,s(2(1)))

ke{lz'" 7LpJ}
Ie{l,-,d}*

+ Do s(2(5)) (Dpo,s(2(5)) " 0(0,5(2(5))) + Ri ()
1,1
—|—/ / A (D%po,s (Au(z(t) — 2(s)) + 2(s))) (2(t) — 2(s))®* dpdA
0o Jo

=b(pos(z(s)) + D Weior(pos(a(s) + Riy(x),

kE{l,"' 7|_pJ}
Ie{l,,d}*

11



where
54(7) =Rst(00,5(2(1))) + Depo,s (2(8)) Ry 4 ()

+ > whl(or(p0s(2(1)) = ar(p0,s(2(5))))

ke{l"" ’LpJ}
Ie{l,- d}*

/ / D20, (Au(z(t) = 2(s)) + 2(5))) (2(t) = 2(5)* dpdA.

Thanks to the hypothesis and the previous computations, there exists a > 1 such that

sup Ry, (2)| Swopr It —5]%,
zeRd

which proves that whenever (2()).cjo,r] is a solution of (5), (2¢)icp,1] = (¢0,t(2(f)))rcio,1) 18 a
solution of Equation (4).

Now, let us take (z¢);co,r] @ solution of Equation (4). Let us denote by (2(f))cjor) =
(¢07t(xt))te[o,ﬂ and let us prove that (z(t))ic[o,7] is @ solution of (5). In the following, we will

crucially use Remarks 2.4 and 2.7, and the fact that since o € C 2(lpJ+1)  for all s € 0,77,
[Yosll oo+t Swre 1.
lin

We have, for all (s,t) € A2 small enough (depending on w),
2(t) — 2(s) =voe(we) — %s(ﬂfs)

_¢O s( s t(l't)) ¢O,s(xt) + wO,s(xt) - wO,s(Is)

= > v (orvos) (@) = (orts)(@s)) + Rag

ke{lz"'szJ}

Ie{l,,d}*

+ Y Vi (oo (xs)

ke{l,-“,\_pj}

Ie{1,,d}*

+ (bos) (@)t —s)+ Y wii(omos)(ws) + Rl
ke{lv"'vth}
Ie{1,-,d}*

1ol

= Y | o) @)t-s) Y whi(opores)(as) + R,

ke{l,'--,\_pj} k,e{lv"'vl.pJ}

Ie{l, - ,d}* I'e{1,,d}*

+ > vellemo) @)+ Y wi (o) ()
ke{L'":LPJ} kE{l,---,ij}

Ie{l,-,d}* Ie{l,,d}*

+ (bto,s) (zs)(t — 8) + Rst + R/s,t
Here, we have
sup (|Rss| + [RS |+ [RE4) Swon [t — s
z€R4
for a certain a > 1. Furthermore, note that since b is bounded, o € C’Q(LpJJr and Yo s € Cﬁfﬂ“,
forall ¥ € {1,---,|p| + 1} and for all I,I' € {1,--- ,d}¥,

sup |(borvo.s) (@)t —5)| S [t—s| and  sup [wh (opomes) (@) S |t —s| 7
z€R4 zcRd
where the previous bounds depend on w,o,T,b. Hence, there exists a > 1 and Rs,t with
SUpPerd | Rst| S |t — s|* such that
12



2(t) = 2(s) =(bhos) (@) + Reg+ > vEIWEI (050 0000.4) (@)

ke{l-,|p]}
je{l, k—1}
Je{l,-,d}?
J'e{l, d}yk—I
+ > vi(ormo) @)+ D> wol (o) (@)
ke{lf":LpJ} ke{lu"'uth}
Ie{l,-,d}* Ie{1,-,d}*
:(b,(vz)o,s)(xs) + Rs,t + Z (Vs,t & Ws,t)kJ (01¢0,S) ($s)
kE{l,"',LpJ}
Ie{1, - ,d}*

Note that since v ® ws; = 1, we have for all £ > 1, (vs; ® Ws,t)k =0.
Furthermore D)y s(z) = (Dgz)o’S(wo’S(a:)))*l, hence
-1 -1
(bwo,s)(xs) = (D@O,S(wQS(xS))) b(@O,s(wO,s(ws))) = (DSOO,S(Z(S))) b(‘PO,s(z(S))) :
Finally, for (s,t) € A2 small enough

2(t) = 2(s) = (Dpo,s(2(5))) b (0,6(2(5))) + Res

We also know that s — (D90078(z(5)))_1b(apg,s(z(s))) is a continuous functions. Hence, thanks
to a standard Riemann sum argument,

t
2(t) — 2(s) =/ (Do, (2(r))) b (0, (2(r))) dr

and (z(t))¢eo, ) 1s a solution of Equation (5), and (x¢).e(o,7) = (cpo,t(z(t)))te[o AL which ends the

proof. O

2.4. Rough differential equation with drift : the averaged field. Whenever o is regular
(and bounded), and b is a bit more than continuous, Theorem 2.8 allows us to focus, in order
to prove existence and uniqueness of solutions to the Rough Differential Equations with drift

dz; = b(z;) dt + o(z) dws, x0 € RY, ¢ € (0,7,
to existence and uniqueness of solutions, on the ordinary differential equation
2(t) = (Dgos(2(£) 'b(pos(2(t)), 20 =0 € R, te0,T),

where ¢ is the flow generated by the driftless RDE (2).
The previous equation may be rewritten in its integral form as

() = a0 + /0 (Do (2(r))) "b(gor(=(r))) dr, ¢ € [0, ()

In order to study wellposedness of the previous equation, we rely on ideas from [20] and we
will try to exhibit a general criterion of regularity of the space-time averaged fields defined in
the following definition :

Definition 2.9. Let p > 2,7 >0, 0 € CprJH(le; (R%)®2) and b € Cf(R% R?). We define the
averaged field Tb of b along the flow generated by the driftless rough differential equation driven
by w has the following space-time vector field :

(t,z) €[0,T] x R = Thy(z) := /0 (Dg007r(x))_lb(g007r(x)) dr. (10)

For all (s,t) € A% we denote by Tbs; = Tb; — Tbs.
13



When ¢ = 1 and w is a Brownian motion (or fractional Brownian motion), one can see (in
[28] and [20] for example) that the previous averaged field enjoys better regularity properties (in
space) than b. On can also consult [39] and [38] for a systematic study of the previous averaged
field in a more general context.

In our setting, one generally use non-linear Young integration theory (see [20] and [37]) to
link the space-time regularity of the averaged field (10) and the wellposedness of the integral
equation (9). Nevertheless the examples that our techniques will allow us to treat (Gaussian
rough path, see Section 4) will not allow us to go beyond b € C* for k > 0. In that case, Equation
(9) always makes sense, it has a solution (thanks to Peano’s existence theorem) and one only
needs to focus on uniqueness. The following Theorem is our main result in a general context in
this setting :

Theorem 2.10. Letp >2,T >0, k>0, b€ Cf{(R4GRY), o € C’,?(LPJH)(IRCI; (RH)®2) and w be
a %-Hélderp weakly-geometric rough path. Assume that there exists 1 > v > %, a > 0 such that
K+1>2—v, aweightw (see Definitions 1.1 and 1.2) such that

Tb < )
T8y, gy < o0

Then there is a unique solution to Equation (9).

Furthermore, let x1, 5 € R® and by, by satisfying the previous hypothesis, and let zy (respec-
tively z3) be the unique solution to Equation (9) with b = by and x = 1 (respectively b = by and
x =wx3). Let us suppose that T (b1) — T (b2) € C4C, -

Then there is a non decreasing positive function K : Ry — Ry\{0}, which depends on
1Tl ot 1Tl ot W, lbrllcs alloc, o and T such that

T wO T wO
21 = 22]l 0 0,77 < K (J21] + [22]) (Jo1 — 2| + | Tb1 — Thalleyes, )-
In this setting, there is a unique solution to the RDE with drift (4) in the sense of the Definition

2.6. Furthermore it generates a locally Lipschitz-continuous semiflow with respect to the initial
condition.

The proof is an adaptation of [20, Theorem 2.21]. We also refer to Section 5 (and in particular
to Theorem 5.6) of [37]. In order to be self-contained, we give here another proof, relying on the
standard sewing lemma (see for example [45, 31, 13] and the reference therein). We recall here
its standard formulation :

Lemme 2.11. Let Vi, V5 be two Banach spaces. Let A : A% — V' be such that there exists two
constants C' > 0 and a > 1 such that for all (s,u), (u,t) € A2,

|As,t - As,u - Au,t‘V < C|t - 5’a
Then there exists a unique function A : [0,T] — V such that Ay = 0 and for all (s, t) € AZ,

A= A= lim N Ay,

Furthermore there exists a constant k = k(a) > 0 such that for all (s,t) € A2,
| Ay — As — Astlv < kC|t — 5|

The end of this section is devoted to the proof of Theorem 2.10. We begin by the following
lemma.

Lemme 2.12. Let us suppose that the hypothesis of Theorem 2.10 are satisfied. Let (2(t)).ejo,7)
be a continuous functions. Then for all (s,t) € A2,

| oo bns o) dr = tim Y Thu
s |0 (u,v)em
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Proof. First, let us remark that thanks to Theorem 2.3, for all (s,t) € A2, z +— ¢s¢+(z) and

z — (Dysy(z)) ~are Lipschitz continuous uniformly in time, and @ + (Dps4(x)) " is bounded.
Furthermore, since b € C;° for some o > 0, we have

\ [ (Daus ) o a(r1) dr - Tbs,tnz(s))\
<| [ (Drortz) ™ (b0r 1) = blgorz(:1))

| [ (enreton)™ = Doosel) ™ ol (:(9)) ar

t
S [Ibllcs / |2(r) — 2(s)|~ dr-

Since z is uniformly continuous on [0, 7] the result follows by standard arguments. O
Until the end of this Section, we write K’ = k + é

Lemme 2.13. Again, let us work in the setting of Theorem 2.10. Let z1, 2z € CL([0,T1; R%) be
two Lipschitz continuous paths. There exists a positive, non-decreasing locally bounded function
Ko : Ry — R4 \{0} depending on HTbluc;cm/ , ‘|Tb2"c%cml , T such that for all (s,t) € A%, we

have the following bound
\ / (Do (21(r)) b1 (o (21 (r))) dr — / (Do (22(r)) b2 (por (22(r))) dr
= ((Tb1)s(21(s)) = (Th2)s(22(5)))

< Ko(llztlles, + ll22ller) (HT(bl —ba)lleyer,, + l121 = zalloo,s + [21 — 22]]u,[5,t]> [t — sl
where ip(z) = (1 + x)wo(x), a = min{2v, k" — 1+ v} and for a path z : [0,T] — R4

2(r") — z(r
[[Z]]V,[s,t} = sup w
(r,r’)EAit |T‘ - T|

Proof. Let us define for (s,t) € AZ,
Ast = (Th1)su(21(5)) = (Th2)s(22(s))-

Thanks to the previous lemma, we already know that each integral is the limit of the Riemann
sum involving 7 by, 7 ba, hence

/ (Do (21(r))) b1 (0 (1.(r))) dr — / (Do (22(r))) b (00 (22(r))) dr

= 1 Ay b
lm D A

7| =0 (uw)er

Furthermore, we have for (s,u), (u,t) € A2,
Agut Aug = Ase =((Tb1)us(21(w) = (Tb2)ua(z2(w) ) = ((Th1)uel1(5)) = (Th)us(z2(s)))
= (Tb1)ua(21(w)) = (Tbr)ua(z2(w))
— ((Tb1)ut(z1(u) — zo(u) + z2(5)) = (Th1)uy (22(8))>

+ (Th1)ut(21(u) = 22(u) + 22(5)) = (Tb1)us(21(5))

+ T (b1 = b2)u(22(w) = T(by — ba)us (22(s)).-
15



We deduce that
As,u + Au,t - As,t

_ /01 (Dmn)u,t(x(m (u) — 25(w)) + 22(u) ) = D(Tbi)us (A1 (1) — 22(w) + 22@))

x (z1(u) — z2(w)) dX
1
+/0 (D(Tbl)w ()\((21 — 29)(u) — (21 — 22)(s)) + 22(3))> ((z1 — 22)(w) — (21 — 22)(s)) dA
+ T(bl — bg)u’t (ZQ(U)) - T(bl — bg)%t (22(8)).
It follows that
|Ag 4+ Aup — Asyl SHD(Tbl)||C%C$’O—lw0(Hzl||oo,[0,T] + ||z2”oo,[0,T])[[22]]Z;ljl
X ||Zl - ZQHOO,[s,t] ’t - S‘V—H{,_l

|21 |oo,j0,7) + |22]lo0, 0,77 [21 — 22]cn |t — s|*

+ ||D(Tb1)||c%cgfo—1w0(
1T (b1 = b2)lleyes, wolllz2lloo,jo,ry) [22]ex |t - s

Since the previous computation is symmetric in z; and zy by using the Sewing Lemma 2.11, we
obtain the desired result. O

Remark 2.14. Thanks to the previous proof, one can choose Kq as follow :
Ko(z) = c(1+ ”Tbluc;cg’o + HTb2Hc;cg’O)<1 + x)wo (),
for some constant ¢ = ¢(a) > 0.

Proof of Theorem 2.10. Let us consider directly that we have b; and b and x1 and xo as in
the theorem. Let us remark that thanks to Peano’s existence theorem, there exists z; and zo
solutions of the corresponding integral equations. Furthermore, we have

a(t) =z + / t (Do (21(r)) b1 (w0 (21(r))) dr-
Since by and D¢ are bounded, there exists a constant C; = C1(w, by, 0,T) such that
Iz1lles, < Cillza] + 1),
and the same holds for zy (with the corresponding constant C3). Let us define
K = e((1+ ITbilleyey + 1T belleyey )o(2(Ct + Co)(1+ [a] + [z2l) ),

where ¢ > 0 is the constant in Remark 2.14. Hence, for all (s,t) € AZ, the following estimate
holds

| (21(t) = 22(t)) = (21(5) — 22(s)) | < K (|z1(s) = 22()] + [T (b1 = b2)ley g It — s]”
+ K (1T (b1 = b2)llesen, + 121 — 22lloo, s, + [21 — 22050 [t — 5]

Here the second line comes directly from the previous Lemma and Remark 2.14 whereas the
first line comes form the estimate for (7b1)s+(21(s)) — (Th2)s¢(21(s)).
Let h > 0 such that (h¥ +h*™") K < % and assume that ¢ —s < h. Then, we have

1
[21 — 2z2]y (s < W(Hzl = 22/loo s,4) + 1T (b1 — b2)lley s,

1
+ g(HT(bl = ba)llegen, + 21 = 22lloo s + [21 — 22D fs11)
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as well as
1 1
[o1 =22l s = 5 (14 s (21 = 22lloc s, + 1T (01 = b2)lleyey, ),

and A
K|t —s[*[z21 — 22],1s, < §(Hzl = 22log[s4] + [T (01 = b2)lleycy, )-

Finally, we have, by injecting this inequality into the previous one

4 )
[21(t) = (0] < 5l1(s) = 22()] + S (1T (b1 = bo)leges, + 121 = 22l fo):
This gives
21 = 22lloc s < 3 (I21(5) = 22(3)] + 1T (br = bo)lleyey, ) -

One can iterate the previous bound on small intervals to deduce the desired estimate.

Note that the uniqueness of the solution follows directly by setting by = b = b.

Uniqueness and regularity of the semiflow for equation (4) are then a direct consequence of
Theorems 2.8 and 2.3. U

Remark 2.15. Theorem 2.10 requires that b € C* for some k > 0. This hypothesis is needed in
view of Theorem (2.8) which allows us to state an equivalent notion of solutions for RDE with
drift as well as to make sense of Equation (5) as an actual ODE.

Nevertheless, for any b € S'(RY) such that Tb exists and Tb € C4CL, for some sublinear

weight wy and v > %, there exists a solution (et)te[O,T] € Ci. to the non linear Young differential
FEquation

t
i =t0+ [ (T0)ar(60). (1)
0
where the integral s constructed using the sewing lemma applied to
As,t — Tbs,t(es)'

One can consult [20, 37] for more details.
Hence, one could use the following definition in order to extend the notion of solution to RDE

with drift :

Definition 2.16. Let p > 2, T > 0 and o € CPJ2(R%; (RY)®?). Let w be a %—Hélder weakly
p-geometric rough path. Let b € S'(R% RY) and wy be a sublinear weight such that 7b € C%C%)O
for some v > 1. A path (%t)sefo,m) 1s a solution to Equation (4) if (2¢)icpo,1) = (@07t(9t))te[O,T],
where ¢ is the flow generated by the driftless RDE (2), and (6¢)c[o,r) is a solution to the
non-linear Young differential equation (11) with 6y = xg.

An obvious remark is that whenever b € C* for some k > 0 and when o € C2(PI+D) thank to
Lemma 2.12 and Theorem 2.8, this definition is equivalent to Definition 2.6. The huge difference
when b is not bounded, is the lack of a priori estimates for the solution 0. In the setting, one
could prove the following theorem :

Theorem 2.17. Letp > 2, T > 0, b € S'(R%:R?) and o € CprH2(Rd; (RH)®2). Let w be a
%—Hé'lder p weakly-geometric rough path.

Let us suppose that there exists 1 > v > %, k > 2 and a sublinear weight wq (see Definitions
1.1 and 1.2) such that

”TbHC;C;f,O < +00.

Then there is a unique solution to Equation (11).
In that setting, there is a unique solution, in the sense of Definition 2.16 to Equation (4).

Proof. The proof is a direct adaptation of the ideas of [20)]. O
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The only difference comparing to the Theorem 2.10 is the requirement that Tb € C*Cy, = with
Kk > 2. In our context of application, when w is a Gaussian rough with p < 4 which enjoys some
non-determinism properties (see Section 4), one cannot expect to have a better reqularizing effect
than § — ¢ for some small € > 0 (see Section 3 and Theorem 6.1). Namely, if b € C* := BS, o,

for some a € R, one may expect that Tb € C”Cug,;ﬂ_E for some small € > 0 and some sublinear
weight wo. When applying Theorem 2.17, one should ask that § + o > 2, but since p < 4, this
gives necessarily o > 0, and we can apply Theorem 2.10 to obtain a better a result.

Nevertheless, Definition 2.16 and Theorem 2.17 could be useful when b € L™ N B,
w enjoys better regularizing properties. We leave those investigations for future works.

Finally, in view of [29], one could expect that in the setting of fractional Brownian motion, the
only requirement should be Tb € C¥Cyy, (this is the case when w is the Stratonovitch Brownian
rough path). This kind of result would require a use of Girsanov transform as in |27, 20, 29|.
The bounds of Section 4 are not good enough, neither the Kolmogorov estimates of Section 3.
Again, we leave this for future investigations.

or when

3. KOLMOGOROV TYPE THEOREM FOR AVERAGED FIELDS

In the previous section, and especially in Theorem 2.10, we exhibit a general criterion in terms
of the averaged field Tb such that Equation (4) has a unique solution. Nevertheless, we observe
that without using any additional property of the flow ¢, even in the case when b is Lipschitz
continuous (and thus Equation (4) has a unique solution thanks to standard arguments), this
does not gives uniqueness of solutions. We will proceed by using fine stochastic properties of
the flow, when w is a random rough path.

Hence, in this section, we will focus ourselves on the action a the random flow ¢ : [0, T]x R? —
R¢ as an averaging operator where T' > 0 is fixed. Thanks to the flow decomposition technique
when ¢ is a C' flow of diffeomorphism, we will investigate the mixed space time regularity of
the following averaged field :

(TP ep), /D(Pu ) b(u(x)) du.

In order to be as general as possible, we want to take b € By, as generic as possible. In order
to do so, we rely on estimates of the type

-1
ITED7 Flsconcro g, < Ol

for some constant C' > 0 and parameters ¢ > 2, v > 0, o,/ € R, p,r, ¢, m € [1,+00) and any
f €S, In the case £ = m = 400, weighted estimates are needed for the left hand side, whereas
for the right hand side we must use the fact that for any f € B _ and any € > 0, f is the

¢ (see Lemma A.3 and Theorem 3.3 for details). Then, since

0,00

limit of Schwartz functions in BY e

T(P2) ™' i a linear operator (on S), we consider its closure from BZ;n to L(€;C7([0,TT; By,.))

(which is still denoted T(P9)™"+¢).

In the following, we will consider a general form of the averaging operator: for any ¢ :
[0, 7] x R? — (RY)®2 and any ¢ : [0,T] x R — R?, we denote, for any 0 < s <t < T, x € R?
and f € S,

T fy(x / é(u, ) ,x))du. (12)

Remark 3.1. We obtain a first, rather straightforward, bound, for any ¢ € L1(Q; L>°([0,T] x
(R®?)) and ¢ € LUS; L5, ([0, T] x RY),

loc
IT%% fll pagsroo (o.11x R4y < TNl La(noe((o.17x R 1 |0 (R)-

Before stating our main result, we need the following assumptions.
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Assumption 3.2. Let p € [2,+00], ¢ > 2 and let (¢, ) be a couple of random functions such
that ¢ : [0,T] x R — (R)®? and ¢ : [0,T] x RY — R<. Define

j= 2qg if p<+o
q if p=-+oo’
We assume furthermore that:

(1) for all z € RY, (4(t, )] and (p(t, @), are adapted,
(2) we have

6 € L0 L(0,7): L*(RE (RD)™) ) and ¢ € L9(0: L2(0,T); LSRG RY) ).

(3) if p < +o0, for almost all t € [0,T], ¢~ (t,-) ewists almost surely and det(J,-1) €
LI(Q; L2([0, T; L (R% R))).
Moreover, for any s € [0,T], we assume that there exists Gy s, a positive Fs-measurable random
variable such that
sup E[Gg’s] < 400,
s€[0,T7

and that there exists H € (0,1) such that, for any f € S, for any x € RY, for any multi-index
B e N and any 0 < s <r < T, we have

e e I e L EE o R EETEe
‘T_Sr'BlHGoo,s”fHoo ’pr: +00.

We can now proceed to state our main result.

13)

Theorem 3.3. Let T > 0 D,q, (¢, ) that satisfy Assumption 3.2. Then, for all e € (0,1],
0<e <e<é feBy, e ,n>d/q, v= IEE - é, the following estimate holds

IT%% Il Laqoucr (0.7 5,)) S
with E, = LP(RY) if p < 400 and Ex = LP(RY) if p = +o0, for some weight w with a
n-polynomial growth. When r = 1 and p < +00, one can take " = €.

We begin by proving a Lemma which allow us to transform the condition (13) into a useful
one concerning Paley-Littlewood blocks. To do so, we use a trick which can be found in [4]
Lemma 2.1.

Lemme 3.4. Let f € S and p,q, (¢, p) that satisfy Assumption 3.2. Then, for any p € [2,+00],
for all 5 >0 and all n € [0, 1], we have

HE[qs( A (p(r,)) | 7]

<\7'—3’ (1=mg= i HA fHLPIRd]R)
Lr(R%R)

<G (1B [l ety e 5]

1

pero ) (19

Proof. We remark that, for all £ = (&1,...,&;) € R? and all k € N,
k

d
P =D 6] = > &= D As(-ie)fhe), (15)
Jj=1 1<gtseje<d BN
181=k
where Ag are non negative constants and for £ = (&1,...,8q) € R? and a multi-index § =

(B,...,B4) € N ¢F = ffl .. .fgd. Let o € C3°(R%) such that supp(e) C «7 and 0|7 = 1 where
19



o = {¢ € R%3/4 < |€] < 8/3} is an annulus in R?. For any 8 € N¢, such that |3| = k, and
J = 0, we define the function my g ; given by
kg =5 (Ap(=i&)’¢] " o(277¢)),

where 7! denotes the inverse Fourier transform. It follows by (15) that, for any k € N,

Ajf =" myg;*0°Asf, (16)

181=k
where, by Lemma (A.4), we have
Ml L1 (gay S 277%.

We have, for p < +00

1B [o(r, )2 F (o DIF | pomay < D [E [60r, ) (Mg * 025 1) (0, NIFS) | 1o ey
|a|=k
:Iazzk </]Rd /Rd Mo (Y)E [o(r, 2) (0% A, ) (0 (r, x) — y) | Fs] dy dx) :
and, for p = 400,
I8 60725560 D i < 3 s | [ e

<B[0(r )08, el ) - )| 7] i,
We want to apply Young’s inequality for kernel operators (Theorem B.1) with

K(z,y) = B |6(r,2)(0° 0,0 (p(r,2) = )| F ]
Note that, thanks to Equation (13), we know that
_g|-l8lH . _PIE]
K (z,y)| < r — s GpsE[|A; f(p(r,z) —y)|P|Fs]r  if 2 < p < +oo,
Ir— | PG | A oo if p = +oo.
Hence, for all p € [2, +00],

K —|8|H
sup | K (2, )| oqray S |r— sl 777Gy s
reR4

Furthermore, we note that, if p < 400,
/Rd E (|4, (p(r2) - y)|P || do = [/ A ()P [|det(J 1 (r, 2 + )| Fo] dz
SNAG AL (gay Bl det(Tp=n) | oo (0,7 xmety | Fs]

and we obtain

sup [|K (-, y)ll 1o (ma)
yeR4

H
Slr—s” 1 Gp,s

A [H det(J,, )”Loo (0,77 de)\}—] if 1 <p < +oo,
fHLp ]Rd) lfp =400

Applying Young’s inequality (Theorem B.1) and denoting

Pos = Gps (14 Bl et o o 778 | B Lipesoc )
we deduce that
[B {60 miss 0285 1), DI 7]

S 270 e — s|T P A £l 1o (may Pr.s

Lr(R%)
20



It follows that, for any & € N,

1 [6r, YA £ DIl oy S 277 3 1t = 517 1oy P
18|=F
S 2790t — 8| T | A 1l o ey Pos
By interpolating the previous inequalities, we obtain the estimate, for any v € R™T,
HE [ )A f ‘]: ] HLp le) < 2" jy|t S|7VHHAijLP(]Rd)PS7p7

which gives the desired result by taking v = I_T” U

Proof of Theorem 3.3. We split the proof in two parts.

The p < 400 case. Let 0 < s <t < T be fixed. We denote j = min{j € N; 9% < (t—s)}.
First, remark that

t
(T8, F)sillLomey < / lo(r, ) A f (ry(rs )l Lo (ray dr
< (¢ = $)ll oe o,y xmey | det (Jo-1) [ o o,y xmey 185 Fll oy (17)
For any —1 < j <jand ¢ € [0, 1], this yields, since (t — s) < Q_ﬁ

I(TO2A; )t oqmey < (6= 8) 227 39| o o,y | det (o) | oo o,y 185 F L o ey

(18)
Furthermore, thanks to Lemma 3.4, we also deduce that, for any n € [0,1],
El(T*%?A. st| Fs
|18 Bl
1
_lon; >
S (0= 18 e TG (14 [l detlp ool 7)) - (19)

We now assume that j > j. Let n; > 1 and let us define, for any k& € {0,...,n;}, the following
quantities :

ok j
ti=—(@t—s)+s and M]:= EKT@@AJ)S’A}—%}'

j
Hence, (Mg)0<k<nj is a martingale in LP(R?) with respect to the filtration (Fyi Jo<k<n,- Fur-
<k< 7)0<k<

thermore, it follows from (19) that

1
A ey 1
MGl 5 ¢ = 918 o2 79y (14 B [l dettUpt)lmoirannl =] ).
and, in particular, by setting n = (1 + ¢)/2, where ¢ € [0, 1], and for ¢ > 1, we have
Lie 1
S (=) 2 1A fllppra)2” 2. (20)

Since we are working in LP(R%), p € [2, +-00), which is a UMD space of type 2 (see for example
[48, 49] and Appendix C.2), we know that the Burkolder-Davis-Gundy inequality holds, and we
have,

S

E[IM 1], 5o

[ SISy

TLj—l

B, ~ M%) SE | [ S 1ML — M1Z
k=0

Furthermore, we obtain that, for all 0 <k <n; — 1,

My =M= (T*8if)g g, MR (G R P

+E [(T*Asf),

21
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Using again (17) to estimate the first term on the right-hand-side and (19) for the second and

third terms, we deduce, for any ¢ € [0, 1],

: , (t—s)t—=
I = Ml S 185 e = o)° (0 4270 ) o,
J

where

’% 1= |[@] oo 0,77 xma) | det(Jp=1)| Loo (0,77 x R4

1
+Gp,ti (1 + [”det( ~)l| 2o (0,77 xR | F ] )

1
+Gp,t§;+1 <1+E [Hdet( =)l oo (jo,11 xR | F },,) :

Note that thanks to the hypothesis and Cauchy-Schwarz inequality,
sup  sup E[(Hi)q] < +o0.
3>0 k€{0,...,n,}

Hence, we have,

[

n]-—l

, -
Z HMéﬂ - MIzHLP(IRd)

E{I0M, — ML, 0] S B
k=0
q
njfl . 2]
9
2

_ o\1l—¢
< (0= Ay (2

t—s 1—¢
< (0= Ay (2

eq (t_s)lis —1;53'
S = AV ey (e + vz )

We now optimize the estimate on n; > 1. We choose
(- s)t—¢

i = — +1
! 95" ’

for a certain ¢ € [0,1]. This yields, since 2 % < (t—ys),

and, also,

Thus, we deduce that
—e) .

1 14 (d-¢
B (1M, = Mg " S (6= ) 518 fll oy 27 7.

Using the fact that (T®9A;f)s: = Mﬂlj as well as the estimate (20), we obtain for all j >,

1

q a 1te _il-e

B[ T | 5 € F N8 a2 75 1)
22




It follows from (18) that the previous estimate holds for all € € [0,1] and any j > —1. Thus, we
deduce that for € € [0, 1],

Lp ]Rd} >Z [H (T*2A5f)sa LP(Rd)]

Q=

B || 7o

(t—s) 5| A fll o () = (E— 5) %

j=—1

1—¢

It follows from Theorem D.1 that, for all 0 < &’ < ¢ and f € B;fT, we have

/q
(T s, '
/ N
[0,T

¢ — s|e 5

IT%% fll oo (o1 Le(ray) < E

S

/ o= s s S I
[

0,772

)

2H
B p,l

1+s’

with v = - l > 0, which is exactly the theorem in the case p < +00 when we remind that

whenever f € Bp o

one has for ¢” > 0, thanks to Holder inequality,
1-1 1

e S INV P ES S S 28 ey

i1 j>-1 j>-1

Ser 1f1Bg, -
The p = 400 case. The proof is pretty much the same as the proof in the previous case. We
provide the main arguments for completeness. Let 0 < s < t < T be fixed. We denote

j=min{j e N; 277 < (t —s)}. First, we can see that, for any —1 < j < j and ¢ € [0,1], this
yields, since (t — s) < 27 #, for any € RY,
(T2 8 )sa()] < (8= )5 2757916 o o rymen | 85 | e (et (22)
Moreover, it follows from Lemma 3.4 that, for any n € [0, 1],
1—m .
BT, @)IF]| S ¢ = 1A Fliequo TG (23)

We now assume that j > j. Let z € RY, n; > 1 and let us define, for any k£ € {0,...,n;}, the
following quantities :

t = ﬁ(t —s)+s and Mj(z):= E[(TQS’@AJf)Svt(x)’fti]'

nj
We can see that, (Mg(x))0<k<nj is a martingale with respect to the filtration (F,;)o<k<n,-
<k< 7)0<k<
Thanks to (23), we obtain

. 1—m .

M (@) S (= ) Af | po(mey2” 7 Gooys,
which yields, by setting n = (1 +¢€)/2, where € € [O 1]

Bl|M(2)7) S (t—5) 2
It follows from (22) and (23) that, for any ¢ € |0, 1] and 1 < k < nj,

: . S (t—s I—¢ .
My (0) = M) S 18 e 0 = o (2 427 )

9~ 5w d. (24)

where

”¢HL<>O( [0,7]xR%) + Goo tﬂ + Goo tfﬁ_l'
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The assumptions gives the bound
sup  sup  B[(w})"] < +o0.
320 k€{0,...,n;}

From here, by following the same arguments as in the p < 400 case, we deduce, thanks to the
BDG inequality and some optimization on nj, that for any € € [0,1] and for all j > —1,
1

14e _jl=c
E||(T?PA; )se(@)7]" S (t—9) 7 18 fllpoemey2 27, (25)
and we obtain the estimate, for any z € RY,

B[(T%% f)ox(2)%]7 <

ool

Finally, Theorem D.5 gives the desired result. O

Remark 3.5. The dependence on ¢, ¢ and (G, s)s in the bound of Theorem 3.3 is not given
explicitly but can be tracked thanks to the variables /ﬂ?i used in the proof.

We can extend the previous result with the help of the following Lemma.

Lemme 3.6. Let § € N%, ¢, € LI(Q; L=([0,T); CP(RY))) and f € S. Then, we have, for
any (t,x) € [0,T] x R,

PTNf@) =Y Y. Coquu (T 702(001)) (@),

Y<B 1L pl <Yl
VENy,u

where Ay (@) := ngwg‘,ﬂ(@‘sgoj(r, 2))" and Cgqpp > 0 and
1<j<d

Ny = veN?: Z vs; = pj, for anyl < j <d, and Z dvs, =7 ¢
1<[o]<] 1<[d]<|y]
1<j<d

Proof. The proof of the lemma is a straightforward consequence of Leibniz’s rule of differentia-
tion, which yields
07 p(r, 2)b(p(r,2)) = Y C3,0°6(r,2)0" (b(p(r,2))),
<8

for some constants {C’é V}7<5 C R* and Faa di Bruno’s formula, which gives

07 (b(( = Y Cro"b(e(rx) [ (0ei(r ),

1<|pl<h 1<[8|<]l
vEN 1<j<d
for some constants {C u}1<|u|<lvl CR* O
UGNQM

We can now state a by-product of Theorem 3.3.

Corollary 3.7. Let r € [1,+00], n > 1 and p € [2,+0], ¢
any B, p,v € N that verify |8 < n, v < 8, 1 < |u| < |y
(Ay (e )85 Vo, ) satisfies Assumption 3.2. Then, for all e € (0,

fe Bpr 2 , n>d/q and such that, v = 1i — l the following estimate holds

> 2 and (¢, ) such that, for
| and v € qu p,q, and
1

, & <e<é ke (0,n],

IT%% Il Laqoucr (0.7 Bp)) S HfH 1t

pr
with By, = ngp(Rd) if p < +o0 and Ex . = CE(RY) if p = +oo, where w is a weight with
n-polynomial growth. When p < 400 and r = 1, one can take " = €.

Proof. As usual, one needs to distinguish between p = +o00 and 2 < p < +oo.
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The p < 400 case. Thanks to Lemma 3.6 and (21), we obtain that, for any 8 € N¢, ¢ € [0,1],
q 2 2 a'nd.j Z _17

1

B ([0 Tee

LP]Rd):| Z Z Csy 0l [HTAW ©)98~ TeR (M f))’

Y<B 1<l <]
VEN, L

S (t— s)%le‘; Z 1072 fll o (e
v<B

l1—¢ .
B +|B‘J”Ajf”m(1Rd)-

LP(]Rd)]

S(t—s)>
In particular, we deduce that, for any k& € IN, we have

1
q

R (ST

NI 5)72_] 2;Jr%j||Ajf||m(1}:’ui)7

[N

and, thus, by interpolation, we deduce that, for any ¢ € R,

1
q € cl—¢ :
E [H(frwms,t 5 ] 'S (=) B 2T A fl| o
p,p

In particular, this yields

S(t—s)3

1—¢
o7 T2k’

p,1

£ |7

B (Rd):|

which gives the desired result by using Kolmogorov’s continuity theorem.
The p = 400 case. For any 8 € N% any z,y € R?, we have, for any 0 € [0,1] and j > —1,

O (TH200; )aa(w) = DX (T*# 2, f)sav)|
< VO T2 0, 1) (|79 1)) + [° T2, 1)) e = ol

for some z € {(1—{)x+Cy : ¢ € [0,1]}. It follows from Lemma 3.6 and (25) that, for any ¢ > 2,

1/(2q)
B0 en, o) - 0o Dt ] < o - B [90Toe pnte)[ ]

2(1-0)q7 1/ (2(1=0)q) 2(1-0)1 1/ 21=0)0)\
(E forreen; | B o reea )

1-6 1-6
D IV A fl oo ey D 07D Fll oo ey
7<B v<B

Sle—yl’t—s)=

1+e

Sla—yl(t—s) 5 2775

We also have, by Lemma 3.6 and (25),

E Haﬁ(ﬂ’%jf)s,t(x))q} Vi gt

From here, we use Theorem D.4 and Theorem D.5 to deduce the desired result. U
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4. MALLIAVIN CALCULUS

In order to be self-contained, and in the spirit of Section 2 we recall in this section some facts
about Malliavin calculus. Most of them are well-known facts, but Subsection 4.4 yields some
non-standard estimates that we will use in the following. In particular, we will derived a (not
so surprising) conditional integration by part formula, which will allow us to check whenever a
flow generated by a RDE driven by a Gaussian rough path satisfy the conditions of Theorem
3.3 or Corollary 3.7.

One may consult [57, 59] for more details.

4.1. Isonormal Gaussian processes.

Definition 4.1. (Isonormal Gaussian process) An Isonormal Gaussian process is the set of:

(1) a real and separable Hilbert space H whose scalar product is denoted as (-, )3 and its
norm as | - ||,

(2) a complete probability space (2, F,P),

(3) a real-valued Gaussian process W : h € H — W(h), i.e. (W(h))pep is a family of
centered Gaussian random variables such that E[W (h)W (g)] = (h, g)3, for any h, g € H.

Remark 4.2.

(1) By Kolmogorov’s theorem, given only H, we can construct (2, F,P) and W satisfying
the above conditions.
(2) The mapping h — W (h) is linear.

The two following examples will be of interest in the following. The first one is a classical
construction linked to the standard Brownian motion.

Example 4.3. (Isonormal Gaussian process associated to the Brownian motion) Let (B:):>0
be a d-dimensional Brownian motion defined on its canonical probability space (€2, F,P). Let
H = L*(R*;RY) and, for any h € H, let us define W (h) as the Wiener integral

d rioo
= S k.
Wi =3 /O ha(s) dB!

The second example deals with a generic construction of an isonormal Gaussian process asso-
ciated to a generic Gaussian process. This example will be of primer importance in the following,
as we will always work in this specific setting.

Example 4.4. Let us consider any vector-valued continuous centered Gaussian process W =
(W1, ... W") with iid components and let us construct a corresponding (vector-valued) isonor-
mal process. Fix j € {1,...,d}, d > 1. We denote the covariance function of W as

Rw(t,s) = E [Wtng} :
We now consider € the set of step functions on [0, 1]

£ = {f = arly, gyt mE N, (ar)i<hem € R™ (B)1<kemr € ([0, 1])} :
k=1

We define H as the closure of £ with respect to the scalar product
(Lo, Ljo,e)) % = Bw (t, s),
which leads to the norm defined on &€ by

m m
10 =D avae(Ljos) Loy ) = > araeRw (trte).
k=1 k=1
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We can extend the linear mapping K : 1y € € — Wi(t) € L*(2) to an isometry K : h € H —
W7 (h) since

E [K(1pg)KLp,y)] =E |:Wthsj} = Rw(t,s) = (Ljo,> Ljo,s]) #-

Then, K : h € H — WJ(h) is an isonormal Gaussian process. Let us construct the vector-valued
isonormal Gaussian process K : h € H® — W(h) = (W'(h1),--- ,W"(hy,)) € L}(Q;R"). In
the following, we will treat the case n = 1 without loss of generality.

Remark 4.5.

(1) An interesting instance is, for evample, the case where W = B the fractional Brownian
motion with Hurst parameter H € (0,1) and covariance

1
Rpu(t,s) = E[BEBH] = 5 (27 4+ 21 — |t — 527

(2) For Wy =0 (and Rw(0,0) = 0), we have, by [15, Proposition 4],

1 rl
(hl, h2>'H = /0 /0 hl(t)hz(s) de(t, S), (26)

whenever the 2d Young integral on the right-hand-side is well-defined.

Since H is the closure of indicator functions, for any [a, b] C [0, 1], we can also define H([a, ])
the restriction of H = H([0,1]) to [a,b]. Thus, for almost every s € [a,b|, h(s) = 0 for
h € H([a,b]). Furthermore, we directly deduce that, for any h,g € H,

<h‘a g)'H([a,bD = <hﬂ[a,b}7g]l[a,b]>’z'-['
For any [a, b] C [0,1], we denote Fi, ) the o-algebra generated by {W (1), [u,v] € [a,b]}.

4.2. The Malliavin derivative. We consider the set of smooth cylindrical fields S given by
S={F=FW)=f(W(h),W(ha),....W(ha)), | € CXRY), (M)keqr,..ny € H", n >0},

where CgO(IRd) denotes the set of functions from R? to R that are infinitely differentiable and
with all their partial derivatives having polynomial growth. Furthermore, we denote Cy° (RY) the
subset of C° (RY) where all the partial derivatives are bounded. The smooth random variables
associated to this space C§° is denoted by S,. We note that S, (and S) is dense in L*(Q).

Definition 4.6. For any F' = f(W(h1)---W(hyn)) € S with f € C5°, we define the Malliavin

derivative of I as

DF = o f(W(ha), .., W (hn)) i,
k=1
which takes values in H.
We can directly check that, for any F,G € S, we have the "chain rule" relation
D(FG)=GDF + FDG.

One can reformulate this definition in terms of of directional derivative in the so called
Cameron-Martin space. Indeed, for isonormal Gaussian process W, any h € H and ¢ € [0, 1],
we defined the shifted process

T W iu €M — W(u) +e(u, h)y.
Then, the Malliavin derivative can be identified as

(DF, h)y = lim eV (F(r. )W) — F(W)), VheH,
e—

that is an element in the dual space H’ (which is still H here).
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The shifted process 7. , W can also be interpreted for A in the so-called Cameron-Martin space
denoted H; which is defined as the completion of

E= {t =Y apRyw(tp,t) : m €N, (ar)1<k<m, (tr)1<k<m C [OvT]} 7
=1

with respect to the scalar product
<RW(t> ')7 RW(Sﬂ ))’H1 - RVV(t? 8)'

Then, the mapping defined by

R:lpy€e& — Rw(t,) el (27)
can be extended to an isometry R : H — H;1 since
(R(Lpo,) R(Ljo, ) = Bw (L, 8) = (Lo, Ljo,e)) 1
We have the following integration by parts formula.
Lemme 4.7. For any F,G € S and h € H, we have
E[G(DF,h)y| = —E[F(DG, h)y] + E[FGW (h)].
Furthermore, we have the following result.
Proposition 4.8. For any p > 1, the linear operator D is closable from LP () to LP(C;H).

We can iteratively define, for any m > 1,

n

D"F= " > Ok W (1), o, W (hn)h, @ ... @ hye,,
k1,k2,..km=1

which takes values in H®™. Moreover, following Proposition 4.8, we can close D™.

Proposition 4.9. For any m > 1 and p > 1, the linear operator D™ is closable from S to
LP(Q; HE™).

By using the same notation for its extension, the domain of the operator D™ is the space
D™P which is the completion of S with respect to the norm

m

1/p
[ F|[pm.r == (E[IFI”] +ZE[IID’“FIIZ®;€]> :

k=1

In the previous norm, in the case of multidimensional processes, we remark that ||| e» is not an
operator norm but the Hilbert-Schmidt norm. We also denote by D"P(H) the H-valued random
variables that belong in D™ P. Furthermore, for any k,p > 1, we have Holder’s inequality

[FGlpke < [1Fl[per |1Gllpra,

for any r,q > 1 such that 1/r +1/q = 1/p. We now state a chain rule with respect to the
Malliavin derivative.

Proposition 4.10. Let g € CY(R% R) with bounded derivatives, p > 1 and F = (F',...,F™)
be a random vector such that F* € DY for any k € {1,...,n}. Then, g(F) € D" and

D(g(F)) =Y drg(F)DF".
k=1
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4.3. The divergence operator. The divergence operator § is the adjoint of the derivative D.
In fact, 6 is an unbounded operator from L?(Q;H) = D%2(H) to L?(£) such that:

(1) its domain Dom(d) is the set of random variables u € L?(£2; H) such that, for all F € D2,
[E[(DE, w)nl| < cul Fll 20,

(2) for any u € Dom(6), we have 6(u) € L?(2) and the following duality relation holds, for
all F € D2,
E[(DF, u)n] = E[F5(u)].
We have the following result concerning the continuity of 4.

Theorem 4.11. For any p > 1 and m > 1, the operator § is continuous from D™ 1P(H) to
D™P. That is, the following inequality holds for any v € D™~ YP(H),

H(S(U)H]DW*LP < Cm,pHuH]Dm«p(H)-

This yields in particular that D"™P(H) C Dom(¢) for any p > 1 and m > 1.

For any random variable ' € D2, we know that DF is a stochastic process in # that we
can denote (D¢ F);c(o,1) Which is defined almost surely with respect to the measure A x P (where
A is the usual Lebesgue measure). With this, we can deduce a local property of the derivative
operator.

Lemme 4.12. Let F € D2 N L2(Q,]-"[a,b},]P). Then we have
D,F(w) =0,
for (A x P)-almost every (s,w) € [a,b] x Q.

Proof. We use Sp([a,b]) the natural restriction of S, = Sy([0,1]) to [a,b]. It is dense in D»? N
LQ(Q,}"[%;,},IP). Then, for any F € S([a,b]),

DoF =Y O f(W(ha), ..., W (hn))hi(s),
k=1

where hy, € H([a,b]) which is such that hi(s) =0 for s ¢ [a, b]. O

4.4. Conditional Integration by parts formula. We can now introduce the Skorokhod in-
tegral (which is essentially the divergence operator). For any [a,b] C [0,1], we denote 1,y the
Skorokhod integral on [a, b] which is defined by

Oja,p)(w) = 0(uligp)-

That is, 0, is an unbounded operator from L*(Q;H) to L*(2) such that, for any u € Dom(d),
we have, for all F' € D12,

B [(DFu)y(as)] =B [(DF ulip)n] =B [Fojap(u)] .

Furthermore, for any G, e € LQ(Q,]-"[M]C, P) N D2, we can also see that, thanks to Lemma
4.12,

E [E [(DF, u)sy(ap) | Faspe] Glase] =B [{DF,ulljo ) nGlae]
= —E [F(DG/y e, ullgp) 1] + B [(D(FGqpe), ulig )]
= E[FGaped(uljap)] = E [FGlapedian (u)]
=B [B [Foja4) ()| Fla ] Glase]
This yields in fact to the following duality relation under a conditional expectation since D2
is dense in L%(Q),
B [(DF, 0)(ja.1) | Flatje] = B [Fjap) ()| Flasy] (28)

We can now proceed to prove a conditional integration by parts formula.
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Proposition 4.13. Let F € D2, G be a random variable and u be an H([a, b])-valued random
variable such that

u
DE,wptasy 0 and G——>" € Dom(s).
{ )H([a,b]) (DF, u)3y([a.)) o

Then, for any function f € C* with bounded derivatives, we have that
E [f'(F)G|Flape] = B [f(F)Hqp(F, G)| Fape]
where

u
Hy, 4 (F,G) =4y, <G>
[y (F, G) @b\ " (DF, W) H([a,b])

Proof. We apply Proposition 4.10 to deduce that

) = (D)), <DF,u>an,b])>H<[a,bD |

Then, it follows from (28) that
E [f'(F)G|Faye] = (), )y (ta,n) (DF, u)y ([ab))_lG\f[a,b]c}

f(F)), Gu({DF,u)y [ab]) Ya((at]) | Fiapje)

[f(F)6(ap) (Gu({(DF, ) 3y((ap)) ") | Fiae] »

which is the desired result. U
We may now introduce the Malliavin matrix associated to a random vector.

Definition 4.14. Let p > 1 and F = (F,..., F™) be a random vector such that Fk e DY for
all k € {1,...,m}. The covariance matrix vz associated to F' is defined as

vr = ((DF', DF')30) i e, ..m}2-

In the case H = H([a,b]), we use the notation yp ;. We then have the following Lemma
[58, Lemma 7.2.3] :

Lemme 4.15. Let v be a m x m random matriz such that det(y) > 0 almost surely and
det(y)™1 € Np>1LP(Q). We assume that ();; € D® = Ny>1 Ng>1 D¥P for any (i,j) €
{1,...,m}2. Then, (v~ 1);; € D*®, for any (i,7) € {1,...,m}?, and

m

DY Vg ==Y (v ik(r e Dk

k=1
Thanks to the Malliavin matrix, we define a nondegeneracy condition for random vectors.

Definition 4.16. We say that a random vector F = (F!,..., F™), whose components are in
D®°, is nondegenerate if the Malliavin matrix g is invertible almost surely and

det(’yp)_l S ﬂpzle(Q).

We now state a more general conditional integration by parts result for nondegenerate random
vectors.

Proposition 4.17. Let F = (F',..., F™) be a nondegenerate random vector, G € D* and
g € C;°(R™). Then, for any multiinder a € {1,...,m}*, k > 1, there exists an element
He jqp)(F,G) € D* such that

B [0°9(F)G|Flae] = B [9(F) Ho, o) (F, G) | Flage] -
The variable H, [q (F G) is given recursively by

[a b] (F G) ak [a,b] (F7 H(a1,...,am,1),[a,b] (F7 G))
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where, for any i € {1,...,m},

H; o) (F,G) = Z(S[abl< 'VF[ab})JDF)

Proof. Tt follows from the chain rule that, for any j € {1,...,m},

(D(g(F)), DF7 )34((a.0) Zazg YDF', DF )3 ((a.) Zazg ) (VP

Thus, we obtain that

m

0i9(F) =Y (Vi tap)id DGE)), DF Yo -

J=1

By exploiting the duality relation (28), this gives

E [6Zg(F)G‘.7-"[a7b]c} =E <D ,ZG PYF[ab ’]DF > ]:[a,b]C
=1 (a,b])

=B [g(F)H;jo( FaG ) Fase]
Thanks to Lemma 4.15, we can deduce that vz [, € D, Furthermore, by Theorem 4.11, this

yields that Hj [, ) (F,G) € D*® if G € D*°. From here, we can proceed by induction and deduce
the result. O

We finally give an estimate for the random variables H, [q -

Lemme 4.18. Let k> 1 andp > 1. For any a € {1,...,m}*, we have

HHoc,[a,b](Fv G)HLP(Q) Soém%p ||G”ID’“1 H Z IYF[a b] OMJ

=1 D+
where 1/p =1/q+ > 2, 1/rg.
Proof. By Theorem 4.11 and Holder’s inequality, we have
m
[ Ho,jap) (F Gl ze) < cpm |[Han,.a_1),ab) (F: G) Z(Vl?ja,b])ak,jDFj
J=1 DLy

m
< CPmHH(a1, SO 1)[ab F G Hqu Z 7Fab] ak,] FJ )
Jj=1 DL.r

where 1/p = 1/q + 1/r, which yields the desired result by induction. O

5. MALLIAVIN CALCULUS AND ROUGH PATHS

The idea of this Section is to use Malliavin calculus (and especially the conditional bounds
proved in the previous subsection) to derive some nice bounds on flow generated by rough
differential equations. In order to do so, we will need some properties of the Cameron-Martin
spaces H1

31



5.1. Embedding of the spaces H and H;. In this section, we give some embedding of H and
H1 into the space of continuous functions with finite p-variation, with p > 0.

Definition 5.1. Let f : [0,7] — R be a continuous function. For any p > 0, we define its
p-variation on [a,b] C [0,7] as
1/p

”f”pvar;[a,b] = sup Z ‘f(?]) - f(u)‘p )

m€ll([a,b]) [u,v]em

where we remind that II([a,b]) is the set of all subdivisions of [a,b]. The set of continuous
functions with finite p-variation on [a, b] is denoted CP**"([a, b]; R?) = CPY*"([a, b]).

A similar, mixed (p, q)-variation notion also exists for continuous functions on [0, 7]2.

Definition 5.2. Let R: [0,7]?> — RY be a continuous function. For any p,q > 0, we define its
(p, q)-variation on the square [a,b] X [c,d] as

a/p\ 1/
”RH (p,q)var;|a,b] x[c,d] — sup Z Z ||:|[u1,v1} X [uz,vg]R|p ,
m1€l1([a,b]) [ug,v2]€m \[u1,v1]€m2
mo€Il([c,d])

where Ojy, 1 ]x[us,ve] B = R(v1,v2) — R(v1,u2) — R(u1,v2) + R(u1,uz2). The set of continuous
functions with finite (p, ¢)-variation on [a,b] x [¢,d] is denoted CPDv" ([a,b] x [¢,d];RY) =
CPaar([a, b] x e, d)).

We also denote || Rl|puarian2 = IRl (ppyvarsfap2 as well as CP*%"([a, b]?) := cep)var (g, p)?).
Remark 5.3. We can see that

”RHp\/qvar;[a,b]2 < H]%H(10,q)var;[a7b]2 < HRHp/\qvar;[a,bP'
Furthermore, we have the following definition.

Definition 5.4. Let p € [1,2) and [a,b] C [0,7]. We say that R has finite Holder-controlled p-
variation on [a, b] if || R[| jqr;[a,52 < +00 and if the following estimate holds, for any [s, ] C [a, b],

HRHpvar;[s,t]2 ,S (t - S)I/p'

We are now in position to state a first assumption on the process W that we will consider on
the rest of the section.

Assumption 5.5. The process W is a R%-valued continuous centered Gaussian process starting
at 0 with, iid components and covariance Ry which belongs in C-Pve ([0, T1?) for some p € [1,2).
Furthermore, the following estimate holds, for any la,b] C [0,T],

”RW||(1,p)va7“;[a,b]2 S/ (b - a)l/p' (29)

In view of Remark 5.3, we immediately see that (29) implies that the covariance has finite
Hélder-controlled p-variation on [0, T7.
In the following, we denote
— 1/2
Fat = NBW 1 o a2
and
: 2112

for any j € {1,...,n}.
We can now proceed to state our first embedding :
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Theorem 5.6 (|34], Theorem 1.1). Let W be a centered Gaussian process satisfying Assumption
5.5. Then, for any h € Hy, [a,b] C [0,T], we have

||h||qvar;[a,b] < Ha,b“h‘|7'[17
where ¢ =1/(1/2p + 1/2) < 2. In particular, the embedding H1 — C9°"([a,b]) is continuous.
Furthermore, we also have the following results [44, Remark 2.16].

Proposition 5.7. Let W be a centered Gaussian process satisfying Assumption 5.5 and [a,b] C
[0,T7].

(1) Let f € CP*"([a,b]) with 1/p+1/p > 1. Then, f € H and

b b
1712 = / / F(5)F(8) AR (s, ),

where the right-hand side is well defined as a 2d Young integral. In particular, we have
the continuous embedding CP**" ([a, b]) < H([a,b]) since

HfH%—[([a,b}) 5 Hf”ivar;[a,b]||RWHpUa'r;[a,b]2'
(2) Let f1 € CP*"([a,b]) with 1/p+1/p > 1 and fa € H([a,b]). Then,

b
(f1, F2) 1 (jat) Z/ J1dR fa,

where the right-hand side is well defined as a Young integral and R : H — Hy is the
isomorphism defined by (27).

We now make an additional assumption on the process W.

Assumption 5.8. Let W be an R%-valued Gaussian process with iid coordinates and covariance
function Ry such that

(1) it has non-positively correlated increments, that is, for all (t1,ta,t3,t4) € [0,T]* with
t <ty < t3z < ty4, we have

D[t1,t2]><[t3,t4]RW < 07
(2) its covariance function is diagonally dominant, that is, for all (t1,t2,t3,t4) € [0, T)* with
t1 < tg <13 < iy, we have
it ta)x[tr o) Fow 2 0.
We deduce the following inequalities [44, Proposition 2.18].

Proposition 5.9. Let W be a Gaussian process satisfying Assumption 5.5, p > 1 such that
1/p+1/p>1.

(1) For every f € CP**"([a,b]), we have

1 ey S 520 (1 argasy + 112 sy
(2) If W satisfies Assumption 5.8, we have, for any f € C¥([a,b]) with 1/p+~v > 1,

2 > o2, mi .
1 154(fae)y = Tap it £l

To continue, we need some non-degeneracy concerning W.

Assumption 5.10. Let W be a centered continuous R%*-valued Gaussian process. We assume
that there exists an o > 0 such that

OSSIQEST(t N S)_a Var [Wt - WS‘]:[O“S] v ]:[tvl]] =cw > 0.

The smallest « that satisfies the above condition is called the index of non-determinism of W.
Under the previous assumption, we deduce our last inequality which is taken from [16, Corol-

lary 6.10].
33



Proposition 5.11. Let W be a continuous Gaussian process satisfying Assumptions 5.5, 5.8
and 5.10. Then, for any f € CY([a,b]) with v+ 1/p > 1, we have

1 sty < 2max (a1 flaqians Ve I LA NG ) -

As a direct consequence, we have the following result.

Corollary 5.12. Let W be a continuous Gaussian process satisfying Assumptions 5.5, 5.8 and
5.10. Then, for any f € CV([a,b]) with v+ 1/p > 1, we have

o a2
CatlFlooian . (. 2lew/2)Er b
1Fay =2 ——5— min | 1,

a2’y

o))

5.2. Gaussian rough paths. Let us now focus ourselves on rough differential equations driven
by Gaussian rough paths Let us consider W a continuous centered Gaussian process satisfying
Assumption 5.5. It can therefore be lifted to a geometric rough path (see [36]) that we denote
W (we remind that all the needed definition are given in Section 2).

Proposition 5.13. Let W be a continuous Gaussian process satisfying Assumption 5.5. Then,
almost surely, W can be lifted to a geometric p-rough path W with p > 2p and verifies

E [exp (n[\WH@mm[O’T])] ,  for somen > 0.

We also have the following useful result (which is a direct consequence of Proposition 5.13
and [36, Theorem 15.33]).

Proposition 5.14. Let W be a Gaussian process satisfying Assumption 5.5. Then, W can be
lifted to a geometric p-rough path W with p > 2p which has 1/p-Hélder sample paths and verifies

E [exp <nHWH%/p-H()'l;[O,T}):| ,  for somen > 0.
We will need the following more precise statement of Theorem (2.3) in this setting :

Theorem 5.15. Let p > 1, w be a weakly geometric p-rough path, o € C;(Rd; (RH®2) for some
¥ >p. Leta €[0,T) and x € R%.
There exists a unique p-weakly geometric rough path x € CP* ([a, T); GPI(RY)) such that

Xy = $a,.(T)

where  is the flow constructed in Theorem 2.3.
Furthermore, if (w®)eso is a family of smooth functions on [0,T] such that

SLPJ (wa) — W,

in p-variation. Then, for any 0 < a <t < T, the solutions (2°).>0 C CY([s,T]) of

a:aa_x_i_Z/ Uk xaa dwka

are such that
S[PJ (xz-:) — X,

in p-variation. Moreover, for any [s,t] C [a,T], the following estimates hold

”XHpvar;[s,t] S,p,'y <”O-||C;Y_1‘|W|pva7";[s,t} \ ||O-||p’y 1”W||pvar [s, t]) (30)

As a direct consequence of the previous result, we deduce the following theorem :
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Corollary 5.16. Let W be a Gaussian process satisfying Assumption 5.5 and let p > 2p. Let
X be the unique solution of equation

dXt = O'(Xt) th, Xa =T, t e [G,T],

in the sense of Theorem 5.15. Let us denote X" = lez,t'
Then, for any [s,t] C [a,T],

T, p
s 100 =l g S (Wl W g 1l W) (6)

5.3. Malliavin calculus on rough differential equations. The solution X of a RDE driven
by a Gaussian process W is a random variable inheriting its randomness from W. One can
thus try to differentiate X in the Malliavin sense. The Malliavin derivative of X can indeed
be simply expressed thanks to the Jacobian J of the solution of equation (2). It is given by
IV jer,...ayz = 0z, (X"); and solution the following linear RDE

Id+z Vak (XT)JT qWE (32)
k=177

where o}, is the k-th column of o. We notice that the inverse Jacobian J~! solves
d ot
@) 1= 30 [ Ve () awk, (3)

and that, for any s < r < t, we have, by the flow property of the Jacobian,
I =3 @) (34)
We have the following results concernant J as well as the Malliavin derivative of X [14, 17, 50].

Proposition 5.17. Let W be a continuous centered Gaussian process satisfying Assumption 5.5
and o € C°(R%; (RY)®?).

(1) For any q > 1, there exists a constant cqq such that the Jacobian J defined by (32)
satisfies

E
zeRd

sup 371, OT]] = g (35)

(2) For any x € R? and t > 0, we have that X; € D> and, furthermore, the Malliavin
derivative Dy X" is such that

D X[ =370 (XY, (36)
for any a < s <t, and DsX;"* =0 for all s > t.
Remark 5.18. We remark that Equation (35) can also be replaced by
E Jv = 37
S 130, oz | = o (37)

We now state some estimates on the Malliavin derivative of X as well as the associated
covariance matrix yx. We follow the approach of [50] which uses some functionals =, that are
equal to Dj*X; along a single path h € H([a,b]) (the identification extends to any direction
(h1,ha, ..., hm) since these are bounded symmetric m-multilinear maps). For any m > 2, the
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Malliavin derivative of X along h®™ € H®™([a, b]) is given by

D}TXtI’a = <DmXx’a h®m>7{®m([a b))

z,5vl x,a k
Cll/a J v ZlanDszfa, ,DWX:CG (X )dw

,_.

d m—
IO DD DT i A SR
=1 ¢

Ei—l
Il
RS

where K, = {j € N% 0 < j; < j» < ... < j,}, for some constants {C1i}iek, 2<e<m and
{Ca}iek, 1<t<m—1. Furthermore, by Equation (33), Leibniz’s differentiation rule and Faa di
Bruno’s formula, the Malliavin derivative of (J)~! along h®™ € H®™([a, b]) is such that

e
Il
MR
~
Il
—
o
I
—_
-
m
2

l
z,5\—1 ym—1—£/gz,a\—1yyo T,a k
ZZOWI / @) DRI I IV e e (VO (XE) B

for some constants {C3 ¢ }iek,,1<o<¢ and {Cy i tick,,1<0<t-
1<0<m 1<0<m

Proposition 5.19. Let B be an independent copy of W and B be the corresponding rough path
above B. For any t € [a,b], we denote by

d
X1 +(W,B) :Z/ or(X®) dBF, (38)
k=179

M&

t t
V1:(W,B) ( / (IP) 7 Vay ow,) (Vor(XP*) dWE — / (Jf’“)‘lv(fk(X;“’“)dB’;),
k=1 a
(39)
and, for any m > 2,
d m t
nt(W.B) = [ > Cl:i/ IV ((Wb)its, (Wb TR(XTD) AW
k=1 | =2 ieK,
li|=m
m—1 t
+ Z C2,i/ Jf’svéql,5(W,b),...,Xié,S(W,b)Uk(Xf’a)dBf ) (40)
/=1 |i|€ Y a
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d m L t
— Z Z Z Z C?),?’]’L,f,i / (th’s)_lym_e7s(w’ B)vgfil,S(W,B),~--7Xio,s(W>B) (Vo‘k(X;U’a)) (jl‘R]-ls{7

li|=(
m—1 £ t
+> )Y C'4,m,é,i/ (Jf’s)_lym—l—&s(wvB)ngl,S(W,B),...mo,s(w,B)(VUk(Xf’a))dB];
(=1 o=1icK, @
li|=¢
t
o [ 7 1o (W, BV (X5 dBf:), (41)

Then, for any m > 1 and h € H([a, b)),

DX (W, ) = mIDP X and D'V (W, ) = m!Dp"(I7) 71,
where D is the Malliavin derivative with respect to B and the left-hand side does not depend on
B, and we have the estimates, for any r > 2,

E | sup [D" X7 yem((apy) | Smor B | sup [ X (W, B)[" (42)
z€RY zERY

and [ |sup HDm(Jf’a)lu;é@m([a,b])] Sy E | sup [V (W,B)["| . (43)
z€eR? z€RY

Proof. We only give the main arguments of the proofs (see [50, Proposition 3.3]). The fact
that the Malliavin derivative with respect to B of X, (resp. ) is related to the Malliavin
derivative of X (resp. J71) is a straightforward consequence of their expressions. Concerning
the inequality, we remark that

1
10" X5 e a) = % HDme’t(W’ ')Hywc[@bp N EE U D" X (W, ')HiW([a,bD} 2

where E is the expectation with respect to B, as well as

L& || 573w :
nom(ap)  m! H Vm( 7.)’H®m([a,b]):|

Since X, (resp. V) belongs to the m-th order inhomogeneous Wiener chaos generated by B,
we know that all the D?™-norms are equivalent for the right-hand-side term. Hence, we obtain

D™ T e agy = % HDmym,t(W, ‘)‘

M _ ~ 9 r/2
E | sup [|D™X5|% o <r E sup]E[HDmX W,-( ]
S 1D X o agy | Smr B S A I
B r/2
S E |E | sup X (W, B)|? ,
zER4

and, similarly,
r/2
E Sup |Vt (W, B)|?

z€R4

,ax—1||7 ~
f;gszDm(Jfa) HH@m([a,b])] Snr B |E

for which gives the desired results. O

In order to push further estimates (42) and (43), we need to estimate the rough integrals
from (38), (40), (39) and (41). This is done by considering, for any m > 1, the function
(X, 3,371 2, X, X, V1, Va2, -+ -, Vi) as asolution of a (system of) RDE given by (2)-(32)-
(33)-(38)-(40)-(39)-(41) driven by Z which is the lifted Gaussian process Z = (W, B) (that
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satisfies Assumption 5.5) in the geometric p-rough paths. It turns out that, for any ¢ > 2 large
enough, we have estimate [33, Theorem 35-(i) and Corollary 66]

|:||ZHZvar [a,t]:| SJ(I Ka,t-

We remark that we can not immediately apply the estimate (30) since the vector-fields in (32)-
(33)-(38)-(40)-(39)-(41) are not bounded with respect to (J,J =, X1, Xa, ..., X, V1, Vo, oo, Vi)
but have (as well as their derivatives) polynomial growth.

To proceed, as in [44], we use an induction argument. We first consider V = (X,Y’) where,
forany 1 <k <d,

t
k= / Vop (X% dWE. (44)

a
Then, V is the solution of (2)-(44) driven by Z and, thus, is a geometric p-rough path (denoted
V). Since the vector-fields are smooth and bounded, we have, by Theorem 5.15,
HVHpvar;[a,t] gp,%cf HZHpvar;[a,t]- (45)

Remark 5.20. Note here that when x is smooth, the definition of S|, (z) only involved in-
crements of x. Remark also that when W€ is a sequence of smooth paths such that S, (W¢)
converge to W in the rough path topology, then by Inequality (30),

A T (R NS TR A NS T
A

and one has, by letting e — 0,

51 1557171 5 (10 W o V 101 (W1 )
S

Now, let V; = (X,J,J 1) be a solution of the RDE (2)-(32)-(33) driven by V. This RDE can
be solved and is a geometric p-rough path (denoted Vi) that satisfies |17, 7]

HValvar;[s,t] < KllHVHpvar;[s,t}GHQNQ’[S’t]’p(V),

where k1,2 > 0 depend on o and N, 4,(V) as finite moments of any order (see [32, 7| for
details). Now, we can see that the integrand in (38) as a polynomial growth (as well as its
derivatives) with respect to V1. Thus, we have the following estimate from |44, Equation (52)]
(see also |7] Subsection 4.3)

’Xl,t(w7 B)’ A HXI(Wv B)Hpvar [a,t] ~ (1 + Hvlupvar la, t]) HVIHpvar;[a,t]
for some r > 0. This yields, in the end,
.
‘XLt(Wv B)| S (1 + HZHpvar;[a,t}GHQNQ’[a’t]’p(V)) HZHp’uar;[a,t}emNa’[a’t]’p(V)7
which leads to the estimate

E | sup |X1+(W,B)|?

z€RL
Finally, if we assume that we have, for any 1 </ <m — 1,

|12(W, B)]| < (14 1Zlmar ot 005V) 2] pgragge™ ooV,

S Ha,t-

pvar;fa,t] =

for some r > 0, then one can consider the function V;,, 1 = (X,J,J7 1 A1,..., X 1) as a
geometric p-rough path driven by V' denoted by V,,_1 and, since the integrand in (40) as a
polynomial growth (as well as its derivatives), we deduce the estimate

‘Xm,t(wyB)’ A HXm(WyB)Hpvar;[a,t] S (1 + HVm—l”pvar;[a,t})r HVm—IHpvar;[a,t]-

In particular, following the same arguments as for X7, we obtain that

E | sup |Xn«(W,B)[?

zC€Rd

S ’iaﬂf-
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We proceed then to obtain estimates on (V)1 <¢<m by considering iteratively Vi, = (X,J,J -1
Xy oy Xy V1, ..., Vo) taken as a geometric p-rough path driven by V' and denoted Vy,,. By
considering (39)-(41), we deduce that, for any 0 < ¢ <m — 1,

‘y€+1,t(w7 B)| A HyZJrl(Wv B)Hpvar la,t] ~ (1 + HV€+mevar a,t ) ”Vf+mevar;[a,t]a

which leads to the estimate

E | sup |V (W, B)[!

rE€R4

S Ka,t-

For the following result, we need a notation. Let F': x — F(z) € D™P Let us define

m 1/p

1F s pme = | E[sup |F(2)[P]+ Y Elsup [D*F(2)fe] | -
zER? k=1 zER

What we just have proved is that

Proposition 5.21. We have the estimates, for any m > 1 and p > 2,

DX pme((at)) S Kat  and (TP 7! (b)) S Fat-

Remark 5.22. Let us remark that if we denote J¥ = J and J™ = D,I™ ', where D, stands
for the derivative with respect to x then we have the following expression :

d d .
IP= > ca ) Dop(XPT)IX - THAW, + ) | Vor(XT)I7 dW,,
£e{2,--,m} k=1 k=1"¢
ae{l,m,m—l}[
la)l=m

for some constants cg o > 0. By using exactly the same strategy as before, one can also prove
that

17 e, Dk (2e(la))) < Fasts

by using again Equation (41) in this situation.

We now turn to the covariance matrix yx, 45 Which is expressed, following Definition 4.14, as

VX2 [a b = ((DXf’a’Z, DXf’a’JM([a,b])) Gheld)? (46)

We remark that vx, (44 13 @ symmetric definite positive matrix. Furthermore, thanks to (26),
(36) and (34), we deduce the expression

Yxoaap) = (DX (DX nap) = (DXE S (DXT) ) r(an) (47)

/ / Jx )81 Xaca (X:;’a)* (J;&SQ)* dRW(Sl’SQ)' (48)

Proposition 5.23. Under the uniform ellipticity condition

lo(a)zl* > <l|=|®, vz, € R,
for some constant ¢ > 0, we have the estimate, for anym > 1 and p > 2,
< max(1, 0q¢)"

D2 (H([ab]) ™ o2

ke o

where gt = Kq,t/0at-
Proof. We follow the arguments from [44, Proposition 3.9]. We start with the estimate in the case
m = 0. Since VX7 [q,p) 18 Symmetric definite positive and all the matrix norms are equivalent,

an upper bound on H’y_},a’[a’b} || can be deduced by estimating its lowest eigenvalue. In order to
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do so, we will identify a positive random variable g, ; admitting negative moments of any order
such that, for any z € R4\ {0},

x> a2

Thanks to (48) and by denoting f2"*" = ¢(X*)* (J7*)* 2, we obtain
ez = [ [ SISO X U7 2R,

/ / (F550) £557 dRyw (s1, 52) = [IF7|3y q.1)-

By Corollary 5.12, we furthermore deduce that

2 ”fzccat||2 » 4(CW/2)(27+a)/2fy||fz,x,a,t||<;éo/.7at
||.|:z:ratH > [ ] min 7[ ,]
H([a,t]) 4 ’ f2.z,a.t a/y
t‘ ’C’Y [a t])

Also, thanks to the uniform ellipticity condition, we obtain

[l = Fiud B /G b i 7%

—L = ||Id||~! = 1, writes as

which, since supyef 1 [I7°[ 71 > [

155 ocsfa,g = V5ll]l-

Moreover, we have

555 o0y < 10 (X2 (IT) v a2l = 137 0 (X5 |ew (o ll2]I-
This leads to the estimate

2 2v+a) /2y
TaS . 47 (e /2)
Z* ,thz,a’[a7b] z 2 GT min ]. 5 Jx Xx a a/,y ||Z”2)
o-a,t’ ( ) C7([ayt])
and we identify
o2 ¢ Acalv 2)(2y+a)/2y
Oat = (Zt infd min 1, ; x(CW/ 2(1 oy
z€R Ua,t|’] (X ) C7([a,t])

We now have to prove that E[sup,cga 0, 1] < +00. We can see that

-1 - —4 su max Ug’t‘Jx (X”” “) a/z[a 1))
Oat = O-Z,tg xeﬂgd 46/ (eyy [2) @t/ 2y ’

and, thus, we essentially have to see that sup,cga [J7" 0 (X%)|cv((e,) admits moments of any
order. We have

sup |33 o (X5 |er () < llolleo sup [I7 evy + sup I sup [o(X5)|er(fan)-
z€R? z€R? s€la,t], zeR4 z€R?

From here, it is rather direct to prove that, for any p € [2, +00),

p p
<Sup |0’(X-m’a)\cw([a,t])> ] <llollg (SUP |X-$7a|C'Y([a,t})>
z€R4 rcRd

thanks to (31) and Proposition 5.14. We use Equation (37) to handle the Jacobian. In the end,
we obtain the bound

E < 400,

-p —2p
E |:Qa7t:| S Oa,t )
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which provides the desired result in the case m = 0. In the case m > 1, we use Lemma 4.15 to
deduce that, for any (i,7) € {1,...,d}?,

d

-1 -1 -1
D(VXf,aj[&b])i,j == Z (7X5’07[a7b])i,€1 D(’VXf’“,[a,b])fl,ﬁz (Vvaaj[mb])émj?
01,0=1

which yields, thanks to Leibniz’s rule, for any m > 1,

-1
D™ ('in “ [a,b] b ij = Z Z (k:tlkg, /Cg)

51 ZQ 1 kl,kg,k)361N
k1+ko+kz=m—1

k - k k3 (a—
D 1(7X%’a,[a,b])i7£1 D 2+1(7X?’a,[a,b})£1,£2 D J(VX},G’[a,b})EQ,j' (49)

From here, we can see that, thanks to (46),

ko+1
ko +1 z,a —k v T,a\ %
D¥* (yxza fa)ints = ) ( ) ) (DX (DX ) D,
k=0

which provides the estimate, thanks to Proposition 5.21 and Hélder’s inequality, for any p €
[2, +00),

E | sup ||D*! (Vxze [a,0))0n IizHH®<k2+1>([a,b])]

zCR4
ko+1
<> ()m

x [E

sup HDkHXI a
x€R4

1/p1
H®(k+l>([a b])]

1/p2
ko+1—k yx,a 2
;pseu]I]é)d ||D X ”H®(k2+1 k)([a b])] 5 Ka,t? (50>

where 1/p = 1/p1 + 1/p2. Proceeding by induction, we assume that, for any p € [2, +00),

1/p m—1
o ) < max(1, 04.¢)
E xseuE]é)dIID (’Yva“7[a,b])||7-l®(m1>([a:b])] ~ ooy

From (49), (50) and Holder’s inequality, we deduce that, for 1/p = 1/p1 + 1/p2 + 1/ps,

1/p
m P
B | sup 107 (e [a,bl)”m@m([a,bp]
z€R4
1 1/pl
: (1 k) B | 2,104 O
~ ; x,a ®k:
k1,k§;€]N kil,k‘g,/{:3 zeR4 X7 [a,b]/ "H®F1 ([a,b])
k1+ko+ks=m—1
1/p2 1/ps3
kotl, . P2 ks (o1 p3
x I Iseu]lgd ||D ’YXt'» ,[a,b] H'H®(k2+l)([a,b]) E :;1]15(1 ||D (’)/Xtm’a,[a,b])’ H®k3([a,b]) 5
< Z ( m—1 ) max(1, g ¢)F1H < max(1, g4.¢)™
~ ]ﬁ k k 2 ~/ 2 I
k1,k2,kseN 12, B3 Oant Oant
ki+ko+ks=m—1
which concludes our proof. O
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6. PROOF OF THE MAIN THEOREM

Theorem 6.1. Let W be a Gaussian process which satisfies Assumption 5.5, 5.8 and 5.10. Let
2 < p < 4 such that W can be lifted into a geometric p rough path (from assumption (5.5)).

Furthermore let o its index of non-determinism from Assumption 5.10.
Let o € C°(RY; (RY)®2) be such there exists ¢ > 0 that for all z,z € R?

jo(@)zl* > o]z,

Let b € C*(RY) with x + é > % Then, almost surely, there exists a solution flow to the
equation
dXt = b(Xt) dt + O'(Xt) th, X() =, t e [0, T]

Furthermore, this flow is locally Lipschitz continuous.

Proof. As seen in Section 2 and especially in Theorem 2.10, one only has to check that there
exists v > %, k > 2 — v and a weight wg such that almost surely

TP#%b € Crey,.

Furthermore, thanks to Section 3 and especially Corollary 3.7, it is enough to check that for all
i,7 € {1,---,d}, we have the following couples

(I71,X), (0,371, X), (0:XT 1, X), (0;,0,XT71, X), (9;0,371, X),
(0,0, X371, X),(0; X0, XTI, X)

which satisfy Assumption 3.2 for some H € (0,1). Remark that thanks to the flow properties,
for any s € [0,T) and z € R?, one can always consider that in the expression of 7%%, one can
always take

¢(-, ) € {(I*) 71 0;(I*) 7, g X7 (IP) 7!
9;0;(I5%) 71, 0, X750, (I™5) 1, 9,0, X5 (I™*) 7, 9, X5 0; X 7 (J5%) 71}
and
p(,x) = X>7.

Thanks to Proposition 4.17, for all ¢ € [s,T], we can also take F' = X;* and G = ¢(t,x) as
given above. Notice that F, G € F;. Hence, we have, for all 5 € N? and all f € S,

E[0° f(F)G|F,) = E[f (F)Hpg 5.1 (F, G)| Fio,s]];
and, moreover,
[E[0° £ (F)G|F.)| =|BIf(F)Hg 1y (F. G)| Fio.)l < BIf (S| FJ2E[|Hp 1y (F, G)[*| Fa)2
<Iflleo sup BllHp o (F, G172

Note that for any g > 2, thanks to Lemma 4.18, we obtain the bound

1
| sup B[Hg oy (F, G272 | oy <I sup [Ha o (B, G2,
z€R? zeR4 L2(Q)

N|=

. 18]

d
= ”GH*D\B\ H Z X” [5,t] )Be.j D(X7*) J

*7]D|m—5+1ﬂ"4

with 2 =1 +3° 1.
Furthermore, thanks to Proposition 5.21 and Remark 5.22, we know that, for every § € N¢

and every r > 1,
1/2
|||G’”*,]D|ﬁ|"" S kst = ||RWH 1/p)va7‘ [a,b]? Sr ol
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It follows from Propositions 5.23 5.21 and Hoélder’s inequality that, for all £ < || and all r > 2,
_ ; 1
H’YX;S’[GJ,] (D(Xfyx)] H*,]DW*ZJFLT S O_Tbv
a7
and finally

sup E[Hpg s 4(F, G)?|F.)?

=8
S.; Us,t .
z€R4

La(Q)
Since W is centered and has the local non-determinism property, we know that

o2, =E[(W: — W)’ = E [E[(W: — Wo)?|Fpo,q V Ferl] 2 It —s|%,

where « is the index of non-determinism. Altogether, this yields
[B0°f(F)G|F)| S | flloolt — 5172171 Go s,

where
Goos = (t = )21 sup BlHp o (F.G)|F)2
z€RL
enjoys finite L9(£2) moments which are bounded uniformly in (s,t) € AZ..
Hence, by using Corollary 3.7, for all k € R such that 0 < k+ é < 2, there exists € > 0 small

enough such that for for all ¢ > g V d and for wo(x) = (1 + |z|), there exists a positive random
variable K (b) = K(b,0, W) with K (b) € LI(2) such that

ITP2b0 gt s -5 < K@) lbler.

7 G
Therefore, for x + é — £+ % + %‘E > 1, namely for
S 3 4 €
K o VRl
2 4

thanks to Theorem 2.10, there exists a unique solution, locally Lipschitz in the initial condition
to Equation (4).
O

Finally we give a (standard) example that satisfies the conditions which are required for
uniqueness of the solutions. We refer to [16, Section 4] and [34, example 3.8| for the proofs of
the following propositions.

Proposition 6.2. Let H € (0,1). Let B, B be two independent d-dimensional Brownian mo-
tions. We define the d-dimensional fractional Brownian motion of Hurst parameter H as the
process defined for all t > 0 by

H 1 ! H-1 e H-1 H-1 17
B, :</ (t—r) ‘2dB7.+/ (t+r)""2—r ‘deT>,
0 0

where

_ 1+/+m((t+ Y3 — H*%)zd
CH = i ; T r T

The fractional Brownian motion is a centered continuous Gaussian process with stationary in-
crements and covariance

1
Rpu(s,t) = 5(t”f + s2H |t — s2H).

1

For i < H < % it satisfies Assumption 5.5 with p = 55,

5.10 with o = 2H.

Assumption 5.8 and Assumption
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Corollary 6.3. Let H € (%, %) Let B be a d-dimensional fractional Brownian motion and

let BH the geometric rough path above B

Let b € C* with
" 2 2H)"

Let o € C’g’o(Rd; (RH)®2) which satisfies the strong ellipticity condition there exists ¢ > 0 such
that :
lo(x)z]2 > ¢|z)?, x,2 € R
Then, there exists N' = N(b) € F such that P(N') = 0 and for all w ¢ N and for all x € R,
dzy = b(z) dt + o(x) dBE, zo =z, t€0,T]

admits a unique solution. Furthermore, for all R > 0 and all all b,b which satisfies the above
conditions and all xo, g € R with |xo|, |Zo| < R, there exists an almost surely positive and
finite random variable K = K(B" ,0,b,b, R, T) such that
sup |ary — & < K(|z — 2| = [[b = bllcx),
te[0,7
where x (respectively &) is the solution of the rough differential equation driven by the fractional
Brownian motion with initial value zqo (respectively To) and coefficient b and o (respectively b

and o ).
Proof. One only has to use Theorem 6.1 and Proposition 6.2 and Theorem 2.10 to conclude. [

Remark 6.4. Let us remark that we where not able to prove the usual continuity of the Ito
map solution with respect to the driven rough path. Indeed, whenever BS™ is a smooth (say
piecewise linear) approximation of the fractional Brownian motion, one does not necessarily
have Proposition 5.23. Similarly, the continuity with respect to the coefficient o is not clear,
since it appears in a deeply non-linear fashion in the averaged field.

APPENDIX A. BESOV SPACES

We first recall some of the Littlewood-Paley theory that is used in Besov spaces. There exist
¥, ¢ two functions valued in [0, 1] such that

1) 9, ¢ € C°(RY) with supp(¢)) C B(0,4/3) and supp(¢) C &, where o = {¢ € R%3/4 <
|€] < 8/3} is an annulus in R?,

2) Ve € RY, (€) + Y0 0(279€) = 1,

3) supp(y) N supp(¢(277-) = 0 for any j > 1,

4) supp(¢(277-) N supp(¢(27%-) = O for any j,k > 0 such that |[j — k| > 2.

We define the associated Littlewood-Paley blocks as
Aqu=F"@Fw) and Aju=F ' (6(277)F(w)), Vj>0, (51)
for any u € §’. We recall the Bernstein Lemmas (see [4, Lemma 2.1] in this context.

Lemme A.1. Let k € N. There exists a constant C > 0 such that, for all 1 < p < q < o0 and
f € LP(RY), we have

1) sup|a i, 1074 f|| Lo(may < CHFH2ED+HAVTAP A F|l 15 gay, for all j € NU{-1},

2) CF IR A f | Lo ray < supjajg 10D f || o(ray < CVH2F A fll Loy, for all j € N.

The Besov spaces associated to the Littlewood-Paley blocks are defined as

1
+oo /r

By, =={ue€ S'(RY) : ullBs, = Z 2rsj‘|AjuHEp(Rd) <0
j=—1

where s € R and p,r € [1,00]. Those spaces are Banach spaces continuously embedded in &’

and they are of type p A r A 2 (see Corollary C.10 below) when p,r € (1, 400).
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Remark A.2. 1) We have the following continuous embeddings
a) fors<sor§=sandr>r

By, < By,
b) forp > p,
—d(1/p—1/p)
By, < B © P
¢) forp < oo,

d
Bpﬁp — CY,
where C is the space of uniformly continuous bounded functions.
2) Forp=r =00 and s € R" /N, we have that

|0%u(x) — 0%u(y)|

lullps o = D | 10%ullooma) + sup

yER |z — yl|s~ ]
lor <[s] Y 2y
Thus, the spaces B, , consist of s-Hdlder functions and are called Holder-Besov spaces.

3) Forp=r, and s > 0 not an integer, we have that (see [65, Proposition p17|
lullBy , = llullwsga),

where WY, is the usual Sobolev space.
4) Let k € N. It follows from Bernstein’s lemma that, for any o € N¢ such that |a| < k,

10l < llull o1

Dy N

It turns out that the space CSO(IRd) is dense in B, , if and only if p,7 < oco. If we wish to

build approximations of functions in the Holder-Besov spaces, we can rely on following result.

Lemme A.3. Let s € R and u € B, . Then, the sequence (un)n>o0 defined by

n—1
Uy = g Aqu,

q=—1
converges to u in Bgo,oo for any 5 < s. Moreover, we have, Yn € N and V¢ € R,
||u”||B£o,oo < +o0.

We give a result concerning Fourier multiplier.

Lemme A.4. Let m : R* — R be a smooth function such that there, v € N¢ and p > 0,
O"m(€) < [¢]7M17P, ¢ € RN\{0}, (52)
and, for any j, define the function m; given by
m; =3~ (m(€)e(277¢)),
where o is a compactly supported function such that supp(o) C 2A and g4 = 1. Then, we have
Ml mey Se.d 277P,
Proof. It turns out that, by a change of variable,
Imjll ey = I8 (m(27€) ()| 11 (rey-

Furthermore, we have, by integration by parts and Leibniz’s formula,

FHm(2€)0(€))(x) = (L + o)~ (2m) =2 /}Rd e (1 = M) (m(2€)o(€)) A&

= (14 2)74@m) Y > Coap2lll | €470 m(27€)0% P p(€) dE.
Rd

a,BEN
B<a, |a|<2d
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We can see that, by (52)

‘/ eiéwaam@jg)aa—ﬂg(g) de S 2—j|04|—jp’
Rd

which leads to the estimate
< 9—Jp

Imjll 1 (ma
APPENDIX B. YOUNG INEQUALITY
Let us recall the following Young inequality for kernel (See [67], Theorem 0.3.1).

Theorem B.1. Let K : R x R% — R be a measurable function such that for some p € [1, +00],

sup 1K (2, )| oy <€ and  sup [K(9)| o) < C.
r€R yeRL

Then p,q,r € [1,4+o00] with % + % =1+ % and for all f € LY(R?), we have

(e

APPENDIX C. BURKOLDER DAVIS GUNDY INEQUALITY IN LEBESGUE SPACES

K() () dy| do)" < Clf sy

Rd

In this section, we recall some standard results about martingales in Banach spaces, and the
corresponding inequalities. We refer to Pisier [61] chapter 4 and to Pinelis [60] and Veraar and
coauthors [48, 49] for proofs.

The aim of this section is to give an almost self-contain proof of Burkolder-Davis-Gundy
inequality in infinite dimensional Banach spaces, especially in LP (]Rd) spaces. The idea of the
proof is to use the Kahane-Khinchine inequality, and UMD properties via smoothness of spaces.

C.1. Discrete Fourier transform and Kahane-Khinchine inequality. We recall some of
standard feature about the Fourier transform on the hypercube.

Let Q, = {—1,1}". We endowed ,, with the uniform measure p,, such that for a function
f:Qy — R we have

| fau =BlR(0)= 5 > f@)
Qn ey
where X = (X1, -+, X,,) is a vector of i.i.d. random variables such that P(X; = 1) = P(X; =
T

Remark that for any Y € L?(,, P(2,), itn) a unique function f : ©, — R exists such that
Y = f(X). Hence L*(Qy, P(Qn), i) is a finite dimensional vector space of dimension 2". For
Y1 = f1(X), Y = fo(X) € L2, P(), i) let us write the standard inner product as

(Y1,Y2) = E[f1(X) fo( X)].

Furthermore let us define for S C {1,--- ,n}, we define
Xg = HX,, Xp=1
les

Remark that (Xg, Xg) =1 and for S’ # S we have (Xg, X§) = 0. Hence Xg is a orthogonal
basis of L?(Qy,, P(Q,), tn). Furthermore for Y € L?(Q,, P(Q), ptn) and S € {1,--- ,n}, we
define

Y (S) = (Y, Xs) = E[Y Xg],
such that
Y = Z Y (S)Xg,
Sc{1,-,n}
46



and
EYZl= Y Y(9Z(59).
Sc{1,- ,n}
Note that we have the two following identities :
EY? = )  Y(5)
Sc{1,- ,n}
and
E[Y] =Y (0).

Theorem C.1 (Khinchine-Kahane Inequality, via Szarek’s proof, [12] Theorem 5.20). Let (B, |-
|B) be a normed vector space. Then for any p € [1,400], there exists a constant C), such that

for any n > 2 and for any by,--- ,b, € B, we have
n p n
E Y b0Xs| | <CE|[D biX; ] ,
i=1 B =1 B
where X = (X1, ,Xy) is an iid random vector with P(X; = 1) = P(X; = —1) = 3.

Proof. Let k > 1 such that k <p <k + 1.

i b; X; i b; X;
=1 1=1

It is enough to prove the Theorem for k£ 4 1. Let us define

n
Z =) "bX;| |
jil B

1
k+1] ®5+1

1
P
D <E < Cp1E

ibiXi

i=1

p ]
B B B

Let us define for i € {1,--- ,n},
XO = (xP - X0y = (X0, Xy~ X Xivn, -, Xa),

(@)

such that X® = X and

h_| v (@)
Z0 =] 3" bX;
j=1,3#i B

n
Z=% 20,
i=1
The core of the proof is then the following : we will give some lower and upper bounds for
E[Z*Z] with respect to E[Z], E[Z¥*!]. To do so, we will give a direct lower bound to Z. For

the upper bound, we will dramatically use the Fourier transform.
Let us focus first on the lower bound. We have

and finally

n | n n o n
Z=3"13"x" >33 x| =mn-22z
i=1 |j=1 B i=1 j=1 B
Since Z* is non negative, we have
(n —2)E[ZF] < E[Z*Z)].
Let us now focus on the upper bound. First note that if we define for S C {1,--- ,n} and

ie {1, .nl,
x9=T[x", x§=1,
les
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then (Xg))SC{L,,, 1} is a orthonormal basis of L? and furthermore note that (2, Xg)) has the
same distribution as (Z, Xg) for all ¢ and all S. Note also that

(i) Xg ifi¢sS
Xg' = B o .
Xg ifie S

Hence,
Z(S Z E[Z
= Z E[z0x{] - S E[Zz0X]]

¢S €S
=(n = 2|S))E[ZXs]
=(n —2|S))Z(S).

d
Not also that if there exists m such that |S| = 2m + 1, since X 9D _X we have

Z(S) = E[ZXs] = Z ~X;05| [[(-X0| =-2(9),
leS

and

Hence we have

Sc{1, }
—nZMDZ0)+ Y (n—2|S])ZH(S)Z(S)
Sc{l,+,n}
|S|=2m
S#0D
<E[ZME(Z]+ (n—4) Y ZMS)Z(S)
Sc{1, mn}

=4B[ZME[Z] + (n — 4)E[Z*].
Putting upper and lower bounds together, we get
E[Z*Y < 2E[ZF|E[Z].
By a direct induction, we have
E[2*)F <2+ E[Z],
which is the wanted bound with C), = 9l—% U
C.2. UMD spaces.

Definition C.2. Let (B,|-|g) | be a Banach space and p € (1,+00). We say that B as the
Unconditionnal Martingale Difference-p (UMD,, ) property if there exists a constant K,(B) >
0 such that for any filtered probability space (2, F, (Fn)n>0,P) and any B value martingale

(M,)n>0 with p moments, any N > 1 and any €1, -- ,ey € {—1,1},
N-1 p
E || en(Mypr — My)| | < Kyp(BPE[|My — Mol}]
k=0 B

We say that B as the UMD property if B is UMD,, for all p € (0, +00).
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The following theorem is a fundamental tool in the theory of UMD spaces. We refer to [70]
for a proof of it (and much more).

Theorem C.3. Let (B,|-|p) be a Banach space with the UMD, property. Then (B,|-|p) has
the UMD property.

The following proposition emphasize the fact that UMD spaces and inequaltiy for martingales
are strongly linked :

Proposition C.4. The finite dimensional vector space R endowed with its standard euclidean
norm has the UMD property.

Proof. The proof relies on the classical discrete Burkolder Davis Gundy (BDG) inequality.
Indeed let (M,), be an LP martingale in RY. Let €1,---,enx € {—1,1}, M§ = 0 and for
Ne{l,---,N}
n—1
Mf; = ng(Mk—&-l - Mk).
k=0
Then (Mj)nefo,..,N} is a martingale, and we have

p
N-1 5
E[My[] S E (Z | Mg = M,§+1\2>

k=0

[N

N-1
=E (Z [Mir — Mk+1|2> < B[|My — Myf?),
k=0

were we have applied twice the BDG inequality.
O

Theorem C.5. Let p € (1,400), let (B,|-|B) be an Banach space with the UMD and let
(A, A, 1) be a measured space. The space LP(A; B) is a UMD space.

Proof. The proof follows easily from the previous results. Indeed, it is enough to prove that
LP(A; B) has the UMD, property. Let (M), be a LP martingale with value in LP(A;B).
Remark that for p-almost all x € A, (Mn(:n))n is a B value martingale. Furthermore, thanks to
the Fubini property, we have

E (1Ml 0] = [ BIM. @)1 dito).

Hence for p-almost all z, E[| M, ()] < 400 and (M, (z)), is a L? martingale with value in B.
Hence for all e1,--- ,&, € {—1, 1}, we have for almost all z € A and all N > 1

E[ My (2)lp] < Kp(B)"E[|My (z) — Mo(z)[p]-

Hence, we have

ElIM o a5) = AE[IM%(w)I%]du(w)

< KB [ BllMx(e) - Mole)l) (o) = Kn( BPEIIMx ~ Mol
Hence, LP(A; B) is UMD,, and then UMD. O
Corollary C.6. Let p,q € (1,400) and let s € R. Then B;,q(le,]R) is UMD.

Proof. Is previously it is enough to prove that B, , is UMD,. Furthermore, since L? (R4 R) is
UMD we have for al N € N and all e1,--- ,ey € {—1,1},

BIMF %, = 3 29E[IAME, ) = Ko LP(RER)E(My — Mo|lh, |,
j=-1
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and the result follows easily. O
C.3. Banach space, smoothness and type.

Definition C.7. Let p € (1,2] and B,| - |g) be a Banach space. We say that B is of type p
if there exists a constant M,, such that for every N > 0, every iid sequence X ---, X, with
P(X; =1) =P(X; = —1) = % and every by, -+ ,by € B, we have

N P
] < M, (Z |bk|%>
B k=1

Proposition C.8. Let R* with its Fuclidean norm. Then R is of type 2. More generally any
Hilbert space is of type 2.

Let us first give an example :

Proof. The proof is quite straightforwerd. Let us denote by (-,-,) the inner product. We have
for N > 1, by,--- ,by € R and X1,---, X, a sequence of iid random variables with P(X; =
1) =P(X; =-1) =3,
2

N
= B[Xp X)) (b, br) Z|bk\2

k=1

N
> Xiby
k=1

Applying the Khinchine-Kahane inequality, we have the result. O

Theorem C.9. Let (A, A, 1) be a measured space and let (B,|-|B) be a type p Banach space
with p € (1,2]. Let q € [1,+00). Then Li(A; B) is of type p A q.

Proof. Take N € N, by,--- ,by € L1(A; B) and X1,---, Xy a sequence of iid random variables
with P(X; =1) = P(X; = —1) = 1.
Applying twice the Khinchine-Kahane inequality, we get

1

n n 4

ZXk;bk: ZXkbk ]
k=1 k=1

Ml on q %

s( B3 Hibuta) du(9¢)>

Li(A;B)

LIk=1 B4

< ( = > X du(a:))q
LI k= B

< /A (;wk(xng) du(z) | |

where we have used the fact that (B, |- |g) is of type p in the last inequality.
Now, let us suppose that ¢ < p. We have for every N > 1 and y1,--- ,yny € N,

(kil \yz‘\p>; < <i !yi!q>;

5( Zm )% du() )
L1(A;B) A =1

Finally we have
1

Q=

(Dbknm AB)



Hence, in that case we have proved L?(A; B) which is of ¢ type.
Let us suppose that p < q. Note that we have

g 2\ »
n n P q
E [|[>° Xkb < / <Z |bk<:c>|%> du(z)
k=1 L1(A;B) A k=1
1
N P\ p
q
< (Z ([ 1@t auto)) )
k=1 WA
1
N P
< (Z ||bk|r§q<A;B)>
k=1
In that case LY(A; B) if of g type, which ends the proof. O

Corollary C.10. Let 1 < p,q < +o0o and s € R. Then B;q(Rd; R) is of type p A g A\ 2.
Proof. The proof follows easily when we see that
I1£11Bs, = 12 F)iz-1llazr(mam)):
By the previous result, LP(R% R) is of type p A 2 and ¢9(LP(R%; R)) is of type ¢ Ap A 2. O

C.4. Burkolder-Davis-Gundy in Banach spaces. We now have all the tools to state and
prove the following theorem. One can consult [61, Chapter 4| for more details.

Theorem C.11. Let (B,| - |g) be a UMD Banach space of type p € (1,2]. Then for any
r € (1,400) a constant Cy > 0 exists such that for any N > 1 and any L" martingale with value
in B

N-1 A\ T
E[|[My — Mo|"] < C7E (Z |Myy1 — Mk\fg) : (53)
k=0

Proof. Let (M,,), as in the theorem and N > 1. Let (Xj,---,Xy) be an iid random vector
independent of M with P(X; = 1) =P(X; = —1) = 1.
First, remark that thanks to the UMD property, we have for all €1,--- &, € {—1,1},

E[|My — Mo|5] S E[|My|5]-

Hence, we have

M N-1 "
E(|My — Mo|5) SE || Xp(Myr — M) ] (UMD)

L| k=0 B
rMIN-1 r 1

SE B (| Xe(Msr = My)| [(Ma)nego,.. v
L LIk=0 B i
rOMIN-1 1"

<E |E Xk (M1 — My) ’(Mn)ne{o,---,N (Khinchine-Kahane)
L LIk=0 B d
v .

<E (Z | My — Mk)%> (type — p).

k=0

O

Using Corollaries C.10 and C.6 and Theorems C.9 and C.5, we have the following useful
corollary :
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Corollary C.12. Letp,q € (1,+00) and s € R. The previous Inequality 53 holds for LP(R%; R)
(respectively B;’q(IRd; R)) with p A 2 instead of p (respectively with p A2 A q instead of p).

Remark C.13. Using the fact that F5 (R%:R) is endowed in LY((P), one could prove excatly
the same theorem for Triebel-Lizorkin spaces.
APPENDIX D. THE MULTI-PARAMETER AND MULTI-DIMENSIONNAL
GARSIA-RODEMICH-RUMSEY INEQUALITY
Let us recall the standard Garsia-Rodemich-Rumsey inequality [42].
Theorem D.1. Let p > 1, a > p~! and f € C([0,1]). Then, the following inequality holds

f(8) = J(5)] Sap rosls —t]*7? (54)

1/p
_ |[f(u) = fF(0)?
K}f = (/[0’1}2 ‘uv|ap+1dud’l)> .

We can extend the previous result to the case f € C([0,1] x B(0, R)) where B(0, R) C R% is
a closed ball of radius R > 0. By denoting, for any z,y € [0,1]¢ and s, € [0, 1],

D(s,x)f(t7y) = f(S,.’E) - f(87y) - f(t, .CE) + f(t,y),

we have the following result.

for all t,s € [0,1]%, where

Corollary D.2. Letp > 1, aq > 1/p, aa > d/p and f € C([0,1] x B(0, R)). Then, we have the
following estimate

’ sz)f(t y) Nd (1,002, Hf’*s - t‘alpilm - y|a2p7d (55)
for allt,s € [0,1] and =,y € B(0, R), where
w2y f (v, w)[P
Kf :/ | - l{( )’a Jrddualvdzdw.
0,12xB(0,R)? |u — v[M1P Tz — w[a2P

Proof. We essentially use the arguments from [68] and [47]. Let {(Ej,d;)}1<j<m be a family
of separable metric space each endowed with a finite doubling measure v; defined on the Borel
sets of Ej (we essentially need that Lebesgue’s differentiation theorem holds) and ¥ a positive
increasing convex function such that ¥(0) = 0 (and, thus, ¥~! is a positive increasing concave
function). We define o;(r) = mingeg; v;(B(z,7)) the volume (under v;) of the smallest ball of
radius r > 0 in E;. For any metric space (E, d) endowed with a measure v defined on the Borel
sets of E and for any scalar-valued function f € C(E), we define

7(4) /f

for any Borel set A € E. For any (E,d,v) € {(Ej,dj,v;)}i<j<m, we have, by Lebesgue’s
differentiation theorem

F(B(z,r)) = f(2).
r—0
We denote in the following & = ®7]n:1 E; the product space that is can be made metric

1/2
by considering d(z,y) = (E;”Zl d(:nj,yj)2> . It can also be made measurable by consid-

ering the product measure v(A) = []L; v(4;) for any Borel set A = [[JL; A;. For any
x = (x1,22,.. ., Tm),y = (Y1,Y2,---,Ym) € &, we denote 2’ = (x1,...,2m—1) (for m > 2)
and define, for any 1 < k < m,

Vk7yl' = (l’l, oy Th—1Yks Tht1y - -+ JJm)
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Furthermore, for any function f defined on &, we denote Vi, f(z) = f(Viy2). We proceed to
define the joint increment of f as

m

O, f(x) := ] [ (id = Viey) f ().
j=1
From the previous definitions, we can see that, for any x,y € £ and f defined on &
Dyf((l}) = Dy'f($/7xm) - Dy’f(xlaym)‘

We can now state an intermediate result.

Lemme D.3. Let f € C(E) be such that

Oy f ()]
Ky —// < xz,y])> v(dx)v(dy) < 4o0.

Then the following inequality holds for any x,y € €

z §18m/ / V" | =5 | dr1...drp
Y 0 0 Hj:l oj(r;)?

Proof. We proceed by induction; the case m = 1 being the classical Garsia-Rodemich-Rumsey.
We assume that the result holds for a certain m —1 > 1. For any z,y € £, we denote g,/ ,/(2) =
Oy f(2', z). For any Borel sets A1, Ay C E,,, we have

_ _ Um dxm Um dym
‘gm/,y’(Al) — 9z’ (A2)‘ < /A / ‘gx/,y’(fcm) - gw’,y/(ym)‘ ( Jom( )
1
9z xm) 9z’ .y (ym)

Um (A1) vm (A2)
< dm(Ai1, A2) //
! ? A1 A2 d (xm,ym)

U (AU (dym,)
Um(A1)vm(Ag)
where d, (A1, A2) = Sup,, c 4, yomeAs @n(Tm; Ym). By the induction hypothesis, we have that
|92y (Tm) — Gor 3 (Yma)|

§18m_1/ \I]_1< T’::iaflmyymf 2)d7’,

D [I55 o4(r))

where we denote D = [0,d1(x1,v1)/2] X ... X [0,dm—1(Tm-1,Ym—1)/2], r = (r1,...,7m—1) and
Samumf (@) = (f(@',2m) — f(2',ym))/dm(@m, ym). Thus, by Fubini’s theorem and Jensen’s
inequality, we obtain that

= ‘Dy/5zm7ymf(x’)‘

|gz Y (Ar) — gw’,y’(AQ)I
m—1 5wm ym [ m(d.’Em)’Um(dym)
< 18™ dy (A1, Ag) //A1 /A2 ( J - 0'](7’])2) o (A)om(B) dr

m—1 zm vmd  Um{(dTm)Um (dym)
< 18™ dy(As, Ag) / (/Al AQH ) O (Ar)m (As) )dr.

We remark that

/A /A K831y, £ Om (AT ) U (dym) < / / Kg, ym SO (AT ) Um (dym) = Ky,
1 2 m m

and, thus, we obtain

= — ., m—1 —1 Kf 1 -
|gx’,y’(A1) ga' y (A2>} < 18 dm(A17A2) /D L4 (H?_ll Uj(rj)z Um(Al)Um(A2)> dr. (56)

We now denote Gy o/ (Xm, ) = Jo o (B(@m, 7)) for any z,, € E,, and

B(xp,r) ={x € Ep;dn(x, ) <1}
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for a certain r > 0. We now fix 2y, Ym € En and let A\ = dpn (2, ym)27F for any & > 0.
Since dp (B(2m, Mo), B(Ym, Mo)) = 30, 0m(Ak) > om(7) for any 7 < A, and U1 is increasing,
it follows from (56) that

{gw’,y’ (J:Tm )\O) - gm’,y’ (ym7 /\0)|

1
< 3% 18™ 1) / o1 rf
’ D (Hm:_ll Uj(‘r’j)2 Um(/\0)2

J

don (@m0 ym) /2
<6x18m7! / / /A (R, ! 5 | drdr. (57)
0 D [175, 04(rj)? om(7)

Furthermore, by using (56) and since dp, (B(Zm, Ar), B(Zm, Ae+1)) = Ao+ Aer1 = 6(Aer1 — Aes2)
for any £ > 0, ou(Ar) > om(7) for any 7 < A\, and U~ is increasing, we obtain that, for any
k>1,

T
L

‘gm’ .Z'm, )\0) ga:’,y’(xmv Ak)‘ < ‘gx’,y’ (xm; A€Jr1) - gr’,y’ (xma AE)}

k—1
1
<6x18™ 1S My — A /\111 ui dr
Z e+~ Aer2) (Hm_l (Aet2)

D j=1 O‘j(T‘j)z Tm(Aey1)om

Aes1 1
< 6 x 18~ 1 / / al 5 | drdr
Aet2 _] 1 UJ(TJ)2 om(7)?)
M 1
<6><18m1/ / a 5 | drdr.
Ak+1 ] 4 UJ(TJ)2 om(7)?)

Letting £k — +o00, we deduce that
‘gm’,y’(xma )\0> - gm’,y’(xm)‘ S

dm(zm,ym)/2
< 6 x 18m—1/ /\1;—1 = L )drar, (58)
0 D [T75) oj(r))? om(7)?)

‘gﬂﬁ’,y’(ymv >‘0) = 9a' (ym)| <

dm ($7n7ym)/2 1
<6 x 18m—1/ / R — 5 | drdr. (59)
0 D [175 0j(rj)? om(7)?)

J
Thanks to (57), (58) and (59), we obtain the desired result. O

~
I
o

and, similarly,

Corollary D.2 follows directly from Lemma D.3 by choosing E7 = [0, 1] endowed with d; (¢, s) =
[t — s|“1t1/P and By = B(0, R) endowed with do(z,y) = |z — y|*?T%/P. We also use, for both,
Lebesgue’s measure and set W(t) = [t[P. It turns out that oy(r) ~ 7/(+1/P) and oy(r) ~
pl/(e2/d+1/p) With the previous choices at hand, we obtain

di(s,t)/2  pda(z,y)/ K
vl f
drydr
/ / (01(7“1)202( 2)) L
b / 2 ) g, / BN () g,
0

~ ﬂ/p\t — 5|71 Plg — yloam i,

where

K —/ / B /(9" dtdsdxdy.
0,12 JB(0,R)? !t—s\alf’*llw— | 2P+



We can finally state a Kolmogorov’s continuity theorem.

Theorem D.4. Let p > 1, ay > 1/p, ag > d/p and f € C([0,1] x RY) a random process.
Assume that there exists €1,e2 € (0,1) such that

’D(s,m)f(ta y)‘p e

|t — 3|041p+€1 |x — y|a2p+52

< +00. (60)

vp:= sup E
s,t€[0,1]
x,yE]Rd

Then, for any e3 > eg, there exists a positive random variable Y € LP(Q2) which depends on
f,d,a1,a9,p, 1,62 and g3 such that, P-a.s.,

Ts) F(y)] < Tls = 817 Pl — y[ 22 4P (1 4 || + [y])HH=)/P, (61)
for allt,s € [0,1] and z,y € R?.

Proof. Let A= {z € R% 1 < |z| < 2} be an annulus in R such that R = B(0,1) U U;;OS 21 A.
It follows from Corollary D.2 and (60) that, for any j > 0,

|D(s,:c)f(ta y)|p
2P~ d(1 + || + [y[)*res

B e e —y
x,yc2I A
_Ca.onarpVs / duydusdzydzo
T (L2 a4 i 10 po 1 paite)z U — up|E 2y — zofde2
< Chan,00 pﬁfw / duydugdzdw
Y0102, (1+ 23+1)d+83 [0,1]2x B(0,2)2

|U1 — UQ|17€1 |Zl — 22|d752
< 9i(e2—e3)

Thus, we deduce that

“:l(s,x)f<t7 y) ‘p

E | sup
tsefo] 18 =t Pz — ylepmd(1 + |z| + [y[)dtes
m,yE]Rd
<F sup ||:|(s,a:)f(ta y)|p
N tseloa] |8 — t|oPlz —ylozp—d
z,y€B(0,1)
Jr
+ ZO:O E sup “:l(s,x)f<t7 y)‘p
= | teeloa) |8tz — yloepmd(L 4 fz] + [y[)dres

x,ye29 A
400
S14) 20Em) < qoo,
j=0
which ends the proof. O
We also recall another standard Kolmogorov theorem.
Theorem D.5. Let f € C([0,1]; LS (R?)) be a random process and p > 1 such that
E ‘f(t,ll?) — f(57$)|p

[t — s|owte

sup < +00,
t,s€(0,1]

z€RY
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for a certain a > 1/p and € € (0,1). Then, there exists a positive random variable Y € LP(2)
which depends on f,d,a and p such that

1f(t,z) — f(s,2)| < Y|s — t[*~YP(1 + [|)IH0/P,

where ¢ > 0.
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