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REGULARIZATION BY NOISE FOR ROUGH DIFFERENTIAL EQUATIONS
DRIVEN BY GAUSSIAN ROUGH PATHS

REMI CATELLIER AND ROMAIN DUBOSCQ

ABSTRACT. We consider the rough differential equation with drift driven by a Gaussian geo-
metric rough path. Under natural conditions on the rough path, namely non-determinism, and
uniform ellipticity conditions on the diffusion coefficient, we prove path-by-path well-posedness
of the equation for poorly regular drifts. In the case of the fractional Brownian motion B¥ for

H > i, we prove that the drift may be taken to be x > 0 Holder continuous and bounded for

K> % - ﬁ A flow transform of the equation and Malliavin calculus for Gaussian rough paths

are used to achieve such a result.

1. INTRODUCTION

In this paper, we want to study a regularization by noise property for the following rough
differential equation :

dl’t = b(l‘t) dt + 0'($t) th, (1)
where w is a (weakly) geometric rough path. We intend to show that under suitable conditions
on o and w this equation is wellposed when b has (very) poor regularity properties.

This phenomenon of regularization by noise is now well-studied in several situations. A lot
of work has been devoted to the additive case 0 = 1 and for several kind of processes. One can
think of the seminal work of [70, 51] for strong solutions of this equation when w is a Brownian
motion. In this additive case and when w is a Brownian motion, Davie [28] exhibits a new
and stronger notion of uniqueness and proved that the previous equation has a strong solution
and enjoys "path-by-path" uniqueness whenever b € L>®(R%), whereas standard theory (with
supporting counterexamples) requires b to be Lipschitz continuous. One can consult [65] for a
deep discussion about notions of solutions in the additive case.

Since then, Davie’s work has led to a certain number of results in several directions which are
usually done in the additive cases. One can take w to be a more general stochastic process and
still has (even better) regularization by noise phenomenon. For example one can consider w to
be a fractional Brownian motion [20], a Lévy process, see [62, 3] and the references therein, or
a more general stochastic process [43, 46, 30]. In a more general context some similar results
when w is non random and as general as possible can be exhibited [39, 20] and [38, 64]. This
phenomenon of regularization by noise in a path-by-path manner was also study in other kind
of problems, such as SPDEs (21, 24, 23, 22, 2, 19], mean field differential equations [41, 9], and
in a mixed additive/multiplicative setting [10, 40].

A general strategy in this additive context is to look at the averaged field

t
t,x>—>/ b(z + w,)dt
0

and to study its space-time regularity properties. To do so, one could use for example an
Ito-Tanake trick (see [25] in the fractional Brownian motion setting) or the corresponding Kol-
mogorov equation [62]. More recently, techniques involving stochastic sewing lemma [52] and /or
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properties of the occupation measure/local time of the process [46] where used. Once a space-
time regularity of the averaged field is exhibited, one can then use some pathwise non-linear
calculus [37] to conclude. We will see in the following how this strategy of proof is implemented
in our setting.

In the full multiplicative case, there are very few results (up to our knowledge only two). First
of all, one must make sense of the equation in a pathwise sense. To do so, one usually relies on
rough path theory [55, 27, 56, 5, 45, 35, 36].

Up to our knowledge in this setting, the first related result is due (again) to Davie [29], where
he studies Equation (1) where w is the Stratonovitch Brownian rough path. In this setting,
when o is an invertible C’g matrix, he shows that uniqueness holds whenever b € L. The
strategy of the previous work is to consider a strong solution (Xt);c[o,7 of the Stratonovitch
SDE

t t
X =Xo+ / b(X,)dr + / o(X,)odB,,
0 0

to use a Girsanov transform on
t
WQ::Bt+1/‘oC¥ﬁ_1M)Q)dr
0
and to get back to the driftless Stratonovitch SDE on an equivalent probability measure IP.

t
Yt=Yo+/ o(¥;) o T,
0

Then the use of the Kolmogorov PDE related to the previous equation enables to prove that Y
enjoys some regularizing properties. Finally, one can write X =Y 4+ Z and Z solve the following
equation

t
@:m+/ma+nmn
0

Hence, under P, one can use the regularizing properties of Z and prove the result.

It is not directly possible to implement such a strategy in our context. Firstly, one lacks of
a suitable Girsanov transform in a general (Gaussian) rough path setting. Secondly, there is no
Kolmogorov equation. Nevertheless, one can see two ingredients of the proof : going back to
the driftless equation, and considering an ODE where the drift and the solution of the driftless
equation appears.

The second result about uniqueness of SDE in a poor regularity setting is due to Athreya,
Bhar and Shekhar 1] when w is the fractional Brownian motion rough path (for H > %) There
strategy is to make Lamperti transform to get back to an additive problem, and then to use the
result of [20]. To do so, whereas in dimension d = 1 this strategy works pretty well, in dimension
d > 2 one has to ask that 0! is conservative. This is a huge restriction, since one could expect
that o stricly-elliptic would be sufficient.

While we were finishing the writing of this paper, a paper by Dareiotis and Gerenscér with
similar results [26] came up. Note that the techniques involved are quite different, and we
are able to handle more general cases (general Gaussian rough paths instead of only fractional
Brownian motion). The price to pay in our case is a slightly worse condition on ¢ and on b, but
a far better result on the flow of the equation.

Finally let us mention that in the rough path setting, some results have appeared considering
non-Lipschitz drift [11, 63]. These work focus on growth (non-linear damping) of the coefficients
and wellposedness in that context. Furthermore, the local-Lipschitz continuity is always needed.

Our strategy to tackle the problem of uniqueness of Equation (1) with singular coefficients
may be summarize as follow, and is inspired by the work of Davie [29]. In order to compensate
the lack of Girsanov transform in this setting, we rely on a flow transformation presented in the
rough path setting in [63]. Indeed, it allows us to consider the regularization properties of the
flow of the driftless equation. Furthermore, in order to replace the Kolmogorov equations arising
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in a Brownian context, we will use some Malliavin calculus in a Gaussian rough path setting,
which have been developed by several authors [8, 14, 15, 54, 16, 44, 50]

1.1. Difficulties and extended plan of the paper. Let us emphasis the difficulties and
achievements of the paper. We have divided the study of the uniqueness of solutions of Equation
(1) in three parts.

The first one, in Section 2, recalls the basic definitions and results about rough path theory.
The main idea of this part is a developpement of an idea of [63]|, and consists of proving an
equivalence for the uniqueness of solution (in the sense of Davie) of the rough differential equation
(1) with the uniqueness of the solution to the standard ODE

y'(t) = Doy (y(1) " b (1)),

where ¢ is the flow arising from the rough differential equation when b = 0. This is done in
Theorem 2.8. Somehow, this is a way of avoiding the Girsanov transform from Davie’s work
[29] while still working with the solution of the driftless equation. However, this comes at price:
we need to work with the flow instead of a trajectory of the driftless system. Furthermore, we
can see the appearance of the inverse of the Jacobian (D¢)~! that we need to handle. Another
objective of this part is to exploit an idea from [20] and to exhibit a criterion for this averaged
field

t,x »—>/ Dy (x b((pt(a:)) dr

such that the ODE (and hence the RDE) has a unique solution.

The second part (Section 3) focuses on the regularity of the averaged field whenever the flow
 has some stochastic properties, this is done in Theorem 3.3 and Corollary 3.6. The idea here
is to use Burkholder-Davis-Gundy (BDG) inequality for martingales in an infinite dimensional
setting (namely in LP(R?)). This is quite close to the use of the stochastic sewing lemma in
infinite dimensional spaces [53]. Nevertheless , since those work where developed in parallel we
keep here with our presentation. Furthermore, since a BDG inequality in Banach spaces is not
such a common topic, and in order to be as self contained as possible, we have included in the
Appendix C a full proof of it. Note that in this section we have proved a general Kolmogorov
criterion for regularity of the averaged field in Besov spaces which could be interesting in itself.

The third part (Section 4 and 5) focuses on a tool to avoid the use of Kolmogorov equations:
the Malliavin calculus. Indeed, by using Section 3, the main idea to deduce the regularizing
properties of the averaged field constructed thanks to the flow of the driftless RDE is to have a
integration by part formula, such that, formally

E[Dey(2)Vb(pi(2))|Fs] = B[b(r(2)) Hs () | Fs],
with
| Ho (%) Loy S 1t — |77,

for some H > 0. This is precisely one of the key point of Malliavin calculus. Note that, in
that setting, one has to focus on conditional Malliavin calculus. Hence, Section 4 recalls the
standard facts and results about Malliavin calculus in a Gaussian context. In this section, some
conditional integrations by part results are also proved. Section 5 focuses itself on Malliavin
calculus for solutions of driftless rough differential equation driven by Gaussian rough paths.

Finally, in Section 6 we are able to prove the desired wellposedness result which can be stated
as follow (see Theorem 6.3 and 6.1 for precise statements) :

Theorem. Let 2 < p < 4. Let W be a p-geometric Gaussian rough path such that its first
component (Wi).ejo,r) = (Wé,t)te[O,T] is a-locally non-determinism, namely

o (t = )7 Var [Wy = Wil Fio,g V ] = ew > 0.
Assume that o € C°(RY;RY9) is uniformly elliptic. Let b € C* with k + é > % and k > 0.
Then almost surely there is a unique solution of Equation (1). Furthermore the solutions of this

equation are locally-Lipschitz continuous with respect to the initial condition.
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Moreover, when BY is the geometric rough path above the fractional Brownian motion of
Hurst parameter i < H< %, one can take o = 2H.

Finally, in order to be self-contained as possible, we have included some multidimensional
Garsia-Rodemich-Rumsey inequalities in the Appendix (Appendix D) as well as some back-
ground on Besov spaces (Appendix A).

1.2. Notations and preliminary. We gather here some useful notations and definitions for
the rest of the article.

Throughout this paper, we consider (£, F, (Ft):c[o,r]; P) to be a filtered probability space.
We recall that S is the Schwarz space (see [68]) defined as the completion of

SRY) = {f € CF®Y; Yk e N, |flsx < +o0}

where

Ifllsx = max sup [27D7f(x)].
IBI+17I<k peRrd

It is a topological vector space that becomes a Fréchet space when it is equipped with the

distance
o0

ds(d.0) =S 2F ¢ —ellsk
S0 = 2 T e

Its continuous dual is S’ the space of tempered distributions and, moreover, we have the following
Gelfand triple

Sc L) RYH cs,
where S is dense in S’ with respect to the weak topology of L?(R%). We denote (-,-) the duality
product which is an extension of the scalar product in L?(IR%). The Besov spaces By, (associated
to the Littlewood-Payley blocks) are Banach spaces constructed by a completion in &’

1
+o0o /r

By, =S ue S RY;|ulpg, = eriaHAjuugp(Rd) <00y,
j=-—1

where o € R and p, g € [1, 0] (see Appendix A for details and some results).
We also denote, for any k& > 0, C*(R% RY) the set of functions from R? to R’ that are con-
tinuous, k times differentiable and whose derivatives are continuous. We denote C*®°(R%; Rf) =
,':;Xl) C*(R% RY). We denote by Cl]f (respectively Cp*° the functions in C* (respectively in C)
bounded together with all their derivatives.

Definition 1.1. A function from R4 to R is called a weight. Let f be a function from R? to
R. Let us define the weighted sup norm of f by

1 llocw = sup L&)

rera W(|7[)

Furthermore, we define
LERER) = {f 1R 5 Rt | flloow < +00}

w(x)
(I+z)7
Let us now (with a slight abuse of notations) consider w = (wy)r>0 to be a sequence of positive

functions from R to R% . We say that w has v-power growth if each wy, has a y-power growth.

When there exists v > 0 such that sup,cp < 400, we say that w has y-power growth.

Definition 1.2. Let w be a sequence of weights and a > 0. We denote

Lo -1 -1 1
D=1 f(2) — Dl f(y))|
1£lleg == D D" Flloo.uw, +sup :
= F oty o=yl lwg (2] + Jy|)
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and define the Banach space
Co®ERY) == {f : R = R : || flleg < +o0}.

To simplify notations, we denote C* = C$ when w = (1,1,...,1), and we have (see Appendix
A) C* = BS, , for all & € RT™*\N. We also denote

Cﬁn(Rd) = C€1+|-\,1,---,1)<Rd>

Remark 1.3. Note that when w = (wo, 1), then Cl denotes the set of Lipschitz continuous
function with a growth rate wy.

We finally recall some properties of linear operator. Let T be a linear operator from D(T) O S
to E where F is a Banach space. For any Banach space F' D D(T), if we have, for any x € D(T),

[Tz|e < Cllz|F,

for some constant C' > 0 independent of x, then T" admits a closure from F' to E. The space of
bounded linear operator from F to F' is denoted B(F, E) and is equipped with the norm
|Tllgrey = sup ||Tz|r
lzllF<1

Finally, we write a < b when there exists a constant ¢ > 0 such that a < cb.

2. ROUGH DIFFERENTIAL EQUATION WITH DRIFT

In this section, we recall some basic facts about rough paths and rough differential equations.
For more details, one can consult the seminal papers [55, 27, 45|, but also the monographs
[56, 35, 36]. Note that an interesting perspective for flow driven by rough differential equations
is given by Bailleul in [5]. We will focus here on the Davie’s definition of solutions of rough
differential equations driven by (weak)-geometric Holder p rough path, with p > 2.

2.1. Rough paths and differential equations in a nutshell. For any N € N, a truncated
tensor algebra TV (IR?) is defined by

N
k=0
with the convention (R?)®Y = R. Let (e1,---,eq) be the canonical basis of RY, then for any
ke{l,---,N},
(en)reqr o aye = (60 ® @ €ix) 1, . ivyeqinm ap
is the canonical basis of (R?)®*, and for any x € T (R%),
X = Z xk:xo—l— Z Xk’le[,

where x* is the projection of x on the k-th tensor.
This space is equipped with a vector space structure as well as an operation ® defined by
N
xoy)f=> ey’ wxyeTV(R?,
=0
In the end, (TV(RY), +,®) is an associative algebra with unit element 1 € (R?)®°.
For any s < ¢ and k > 1, we define the simplex

A’;t = {(u,...,ug) € [5,8]%u < ... <up}.
We also denote A% := Ak .. A multiplicative functional is a continuous map w : AZ — TV (R9)

that verifies, for any s < u < t,

Wt = Wy & Wyt
5



A fundamental example of such a map are the iterated integrals of a smooth paths w : [0,T] —

]Rd
Wit: Z </ dwil...dwi’“> €, D...® e,
1<iy . ip<d \7AL
where (e, -+ ,eq) is the canonical basis of R? and k > 1. Then, we call the signature of w the

mapping Sy (w) : A2 — TN (RY) given by

N
(s.,t) = 14+ wh.
k=1

It turns out that every signature is a multiplicative functional that belongs to G (R%) which is
a subset of TV (RR?) of group-like elements given by

GN(RY) = exp® (LY (RY),

where L™ (R?) is the linear span of elements that can be written as a commutator a @ b —b® a
with a,b € TV(R?). Furthermore, there is a Carnot-Caratheodory norm on GV (R?), denoted
|| - |lcc, which is homogeneous with respect to the natural scaling operation on TV (R%). We can
now introduce the notion of rough paths.

Definition 2.1. The space of weakly geometric p-rough paths is the set of multiplicative func-
tional x : A% — GPJ(R?) such that

1/p

HWHp-V&r;[O,T} = sup Z HWU,UH%C < 00,

m€I([0,T7]) [u,v]en

where II([0,T7) is the set of all subdivisions of [0,7]. The space of geometric p-rough paths is
the closure under || - ||, var;[0.7] of smooth signatures {3, (w); w € C>([0,T];R%)}.

In the following, we will also use the Holder norm for rough paths that is given by, for
a € (0,1),

[Wllo-moro.ry :=  sup lIwstllcc
T e (E—s)°

2.2. Flow generated by driftless differential equation driven by rough path, In this
subsection, we give known and basic properties about solutions of rough differential equations
of the form

dyt = U(yt) th7 Yo = T, (2)
where ¢ : R% — R%? is such that

d .
o(z)w = Z oi(z)w’,
i=1

for any w = (wi)ie{17,., dy € RY. Following [6] we identify o; to a first order differential operator,
namely for any smooth function f : R% — R,

oif(x) = Df(z)oi(z), xR’
For k>1and I € {1,---,d}* we define the k-th order differential operator
o] = Jil O—Zk

via o7 f = 04, (- -+ (04, f)), with the slight abuse of notations o;(x) = (orid)(x).
6



Definition 2.2. Let p > 2T > 0, w be a %—Hélder weakly geometric rough path and o € C? for
some (> |p|. A function z € C > ([0, T]; R?) is a solution (in the sense of Davie) to the driftless
Rough Differential Equation (RDE) (2) if there exists two constants C' = C <Hw|]%_H61;[O7T},U>
and a > 1 (independent of o and w) such that for all (s,t) € A2,

(e — ys) — ( > w?:fm(ys))
k‘E{l,--- 7LPJ}
Ie{l,-,d}*

< C|t —s|*

The existence, uniqueness and flow properties of solution to driftless RDE is given in [45, 36,
35, 27, 7, 5, 6].

Note that, by using [6, 18], one can see the equivalence between Davie’s notion of solutions
to RDE and Bailleul’s one. Namely, a path y is a solution to Equation (2) if and only if, for any

f e G RERY) and for all (s,1) € A3,

lin
‘(f(yt) — flys)) — ( > W’s“jtlaff(ys))
ke{1,-,lp|}
Ie{1, d}*

< Cl|fll gt = sl (3)

where C' also depends on f. Furthermore, by using [7], one has the following result.

Theorem 2.3. Letp >2, T >0, n >0, w be a *-Holder weakly geometric p rough path, and

P
o€ C’prHnH(IRd; R9®4). Then, there is a unique
p: A = O (RGRY)
and a unique
(U A?,t = Cﬁn(Rd§ ]Rd)
such that the following points hold.
(1) For all s € [0,T) and x € R%, t : [5,T] — @s+(x) is the unique solution to
dey = o(xe)dwy, z5=2, te[s,T).
(2) For all x € R? and all (s,u), (u,t) € A2,
Put(Psu(®) = sp(x)  and Ysu(hut(x)) = Ysi().
(8) A constant C = C(||WH%_H6L[O7T],O') exists such that for all (s,t) € A2, all z € R? and

al0<m<n
m m- kT m lp]+1
Dpgu(a) = [ (D™id) (@) + Y wep(D™op)(x) || <Clt—s| » .
ke{l,"'7\_pj}
re{tl, - dy*

(4) For all (s,t) € A% and all x € R?
‘ps,t(ws,t(w)) = ws,t((ps,t(x)) =x.
5) There exists a constant C = C(||wW||1 g ,0) such that for all (s,t) € A2, all z € RY
H6L,[0,T)
and all0 <m<n '

‘szﬁs,t(x)—((Dmid)(mH > v’;’f(D’”w)@))
ke{lv""LpJ}
Ie{l,-,d}*

lp]+1
<Clt—s|

where

Lp)
Vst = Z(l - Ws,t)®k-

k=0
7



(6) The maps from v ([0,T]; GIP/(R?))) to C%([O,T];C’" (R4 RY)) given by

lin
Wi and WY
are continuous.
Remark 2.4. Note that Theorem 2.3 (5) is equivalent to say that for all s € [0,T) and for all
r € RY, t v s 4(x) is the unique solution to the driftless RDE
dyt = U(yt) th, Ys = 2, te [SvT]'
In that setting, one can use the equivalent definition of solutions seen in equation (3).
Proof. The proof is somehow classical. For a similar proof without the full Euler scheme expan-
sion, one can consult [63, Lemma 2.3] or [36, Theorem 10.14 and Theorem 10.26].

The proof here is simply an adaptation of the one from [7]. Indeed, one can combine Theorem
2.2, Corollary 3.5, Remark 3.6 and Theorem 4.2 from [7] to get the existence and uniqueness of
v, as well as the points (1), (2) and (3). Note also that the continuity of ¢ with respect to w is
also a consequence of the previous theorems.

To construct ¢ and prove the desired Euler expansion, let us remind the strategy of proof in
[7] (see also [5]). Since w is in GIPJ(R?), there exists an 1 € L/ (R?) such that

exp®(1) = w.
Remark that 1 € LPJ(R%) and a basis of this space is
ep) = e€is  €n = [en €] = e @ ey — e @ e
Hence

. L) ]
2. 2, ey

1
and one can show that, in C» ([0,7]; C1t (R4 R%)),
- % . ,
Ps,t wel'}{[r;,t]) Hitn_q,tn © © Hitg,tq
|w|—0

where I1(][s, t]) denotes the set of partitions of [s,t], T = {s =1ty < t;--- <ty_1 <ty =t}isa
partition of (s,t) and |7| = sup;cqq,... N1} [ti+1 — t;] is the radius of 7, and ps, = y(1) where y
is the solution of the following ordinary differential equation :

yiry= Y o). y(0) =z,re0,1].

ke{L'"vLPJ}

Ie{la"'7d}k
Here, for ¢ € {1,---,d}, o) = o; and for k > 1,7 € {1,---,d} and I € {1,--- LA}k,
o1(6,1)] = [0, o 1]] = 0;0(7] — 07j0i- Now, let us define the terminal value solution of the previous
equation

kI
= > Lloym), 21 ==zre0]]

ke{l,"',\_pJ}

Ie{1,-,d}*
and

vsi(x) = 2(0).
We have, for all 2 € R¢ and all (s,t) € A2,
Vs t(fs,0) () = pst (Vs ) (z) = .
We define, for any partition 7 € II([s, t]),
V;T,t = Htg,ta © " O Mty _qtn
and

T _
Mgt = Btn_q1tn © 0 O Higty-
8



Then, we observe that

pse (v (x) = viy(ug,(z)) = =
Hence, one only has to prove that v™ converges to a (backward) flow in the suitable space. Note
that this follows from the same arguments as the proof of Theorem 2.2 in [7]|, which guaranties
that ¢ exists in CJ},, is continuous with respect to w and that, for (s,t) € A% small enough
(with respect to w), one has, for any 0 < m < n,

m m lp]+1
sup [D" s — D™ vsi(x)| Sw (t—s) 7
zeR4
Furthermore, one also have (see Lemmas 3.3, 3.4 and Corollary 3.5 in [7]), for a = %,
2 -1y L
D™vs(x) — ((szd)(m) + Z il Z H ISft’ ‘D™ (V[Ij} o V[h})@)) Sw (t—s)"
= 1<k, k;<|p] I=1
=1 ki<lp]

116{1’ 7d}kl

Le{l, dy*
Hence, if we define v = exp®(—1), we have

p] y

‘Dmvs,xx) - ((D’%’d)(a:) D Dm(w)<x>> S (E—5)".

k=1TIee{l, d}*

We can see that
Vot Q@ Wgy = exp®(—ls7t) ® exp@(ls,t) =exp?(0)=1= Wit ® Vgt

Furthermore, we also have that, for &k > |p],

(1 — Ws,t)®k = 0,
which yields

Lp]
Vst = Z(l - Ws,t)®k7
k=0

and the result follows. O

Corollary 2.5. Let n > 1, p,T,w and o as in the previous Theorem. Then
1 .
(DY)~ (DY)t € €7 ([0, T); Oy (RE My(R))).

Proof. Let us remark that under the previous hypothesis, both ¢ and ¢ are in C}}, . Hence

Dy (z) D)y (@57t($)) =z, for any z € R%. It follows that (D(ps,t@))_l = D 1(pst(x)), and
there exists a constant, depending on w, T, ¢ such that

| et
sup

(s,t)EAZ, |t — s]%

which ends the proof. O

n—1
Cb

2.3. Solution of RDE with drift : flow transform. We turn now to the study of rough
differential equations with a drift :

dey = b(zy) dt + o(xy) dwy, zo =2, t€]0,T]. (4)

In the spirit of Definition 2.2, let us define the solutions of the rough differential equation with
drift as follow
9



Definition 2.6. Let p > 2, 7 > 0 and n > 0. Let b € C)(R%4RY), 0 € CPI(RYGRY) and w
1
be a %—Hélder p-weakly geometric rough path. A path (x¢)cjo,m € C? ([0, T1; RY) is a solution

to Equation (4) if g = = and there exists a constant C' = C(w,0,b) > 0 and a constant a > 1
independent of w such that for all (s,t) € A2,

lp)
xt—<x5+b<x8><t—s>+2 > wi“:fw(a:s))

k=1Te{1, d}*

< C|t — s|*

Remark 2.7. As proved in [6] and [18] (we also refer to |7] for the precise value of the following
constants), the following equivalent solution can be used : Let p,w,T,b,o be as in the previous
Definition. Then (zt)ieo,r) s a solution to Equation (4) if and only if there exists a > 1
independent of w,o,b, ¢ = e(w) > 0 and a constant C = C(w,o,b) such that for all f €
CprHl(Rd;Rd) and all (s,t) € A% with |t — s| <,

= (@ -9+ 3wkl )| < Cllfllgpale - ot

k‘E{l,"- 7|~pj}
Ie{1,,d}*

This point will be crucial in the following.

Several results concerning the (optimal) regularity of the drift are available in order to have
existence and uniqueness for rough differential equations. Namely, in [36], one can see that
whenever o € Cbtp 1 and b s globally Lipschitz continuous with linear growth, there is a unique
solution to equation (4). Furthermore, some improvement of this criteria appears in [63] (weak
local Lipschitz condition and some control on the growth) and in [11] (Lyapounov conditions
on b). In order to go beyond (using some stochasticity of the rough path), one needs to develop
an other approach of the solution to the RDE with drift. Following a classical ideas of flow
transform (see for example [63]) we give an equivalent formulation for the solutions of Equation

(4).

Theorem 2.8. Let p > 2, T >0, K >0, b € C*(R4GRY), o € CS(LPJH)(IRCI;IRO{) and w be a

%-H(')'lder p-weakly geometric rough path. Then (x1)icpo,r) is a solution to the rough differential

equation with drift (4) if and only if

2t = po.t(2(1))
and (2(t)):ejo,) s a solution to the ordinary differential equation

Z(t) = (Dpos(2(t) 'blpos(2(t), 20==, te[0,T), (5)
where  is the flow constructed in Theorem 2.3 and Corollary 2.5.

Proof. First, we remark that since o € C'prJH(Rd; RY), thanks to Theorem 2.3 and Corollary
2.5,

~1
((t:2) = (Do) ™" b(poa(a)) ) € CRI0, T CORERY),
Hence, it follows from Peano’s existence theorem that there exists a solution (2(t)):cj0,7 to

Equation (5). Let us define for all ¢ € [0, T, z+ = @0 +(2(t)). Note that, thanks to the hypothesis
and Corollary 2.5,
|2(t) — 2 Swor 1,
and
|2(t) = 2(5)| Swoor [t — 8-
Furthermore, note that for any s,t € A2,

z(t) — 2(s) =/ (Do, (2(r)) ™ b( 0,0 (2(r))) dr

= (Deo,s(2(5))) ™" b(wo,s(2(5)))



+ [ (00 = (Densler)) ™ Jolos ) (0)
+ [ (00 = Denslels)) ™ Polons ) e (1)
+(Dnaler)) [ bns (1) = o, () dr ®)

Note that thanks to Corollary 2.5, (t,z) — (Dyog(z)) ~ € C%([O, T); CL(R% RY)). Hence, since
b is bounded there exists a constant C' = C'(w, o, T,b) > 0 such that

©) < Clt - 5,

(D] < Clt = s

and since b € C%(R%; R?),

(®)] < Ct — s+
Let us define Ry ;(x) = (6) + (7) + (8).

Furthermore, let us remind that we have for all (s,t) € A2,

pst(x) =z + Z w’;”tlaj(x) + Rs ()

ke{l,,|p|}
with Lle
sup |Rst(2)] Swoor [t — s 7
reRd
Finally
1= 0 =((ea (0. :(0)) = 0 (20)) ) + (104 (:0) = (o6 )
= Y wiloileos(2(5))
ke{l,-,|p|}
Ie{l, d}*
+ > whl(or(pos(2(1) — a1(p0,s(2(5))) + Reu(o,s((1)))
ke{l,,[p|}
Ie{l, d}*
+ Do s(2(5)) (Dpo,s(2(5)) 7H0(00,s(2(5))) + R, ()
/ / D20, (Au(=(t) — 2(5)) + 2(5))) (=(t) — 2(5))* dp A
=b(pos(2(s) + > whior(pos(z(s) + R (x),
ke{1,,|p]}
Ie{l, d}*
where
R (x) =Rq4(p0,s(2(t) + Dgos(2()Rip(@) + > wh (o1(p0s(2(1)) — or(00.s(2(5))))
ke{l,,|p|}
Ie{l,-- ,d}*

1 1
[ [ AP0 nate) = 2(5)) + () (0 - 2(5))7 dpdn
0 0

Thanks to the hypothesis and the previous computations, there exists a > 1 and a constant
C =C(w,o0,b,T) such that
sup R, ()| < CJt — 5|,
r€R
which proves that whenever (2(t));c(o,7] is a solution of (5), then (x¢)cj0,7) = (®0.t(2(f)))efo,7)
is a solution of Equation (4).
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Now, let us take (z¢);co,r] @ solution of Equation (4). Let us denote by (2(f))cjor) =
(¢07t($t))te[o 7 and let us prove that (z(t))ic[o,7] is a solution of (5). In the following, we will

crucially use Remarks 2.4 and 2.7, and the fact that since o € CX[PJ+D) for all s € [0, 77,
HwO,sHClliz;LHl gw,T,a 1.
We have, for all

(s
2(t) — 2(s) =vo.e(wr) — %s(ﬂcs)
¢bs( st(mt)) — o,s(xt) + o,s(21) — Yo,s(25)

= > vil((ordos) (@) = (01%0,5) () + R

,t) € A% small enough (depending on w),

kE{l,-“,LpJ}

I€{1, d}*

> vi(ons) (@)

kE{l,---,LpJ}

1€{1, d}*

+ (o) @)t =)+ D woy (orvos) () + R,
kE{l,-",\_pJ}
re{1, d}*

= Y W o)) t—s) Y wh(opomos) (@) + R,

kE{l,"',LpJ} k/e{lv"'vth}

Ie{lv'”vd}k I’E{l, d}k

+ Y villore) @)+ D wh (omos)(@s)
kE{l,"',LpJ} k’e{l,"-,LpJ}
Ie{l, d}* Ie{l, - d}*

+ (b¢075)(x3)(t — )+ Rs1 + Rls,t-

Here, we have

sup (|Rsi| + [R,| +[RY) Swoopr [t — 8|
zC€R4

2(lpJ+1) and wo CLPJ'H

for a certain a > 1. Furthermore, note that since b is bounded, o € C} Vi

for all k¥ € {1,---,|p] +1} and for all I,I’ € {1,--- ,d}*,

%
sup |(borvo,s) (@)t —s)| St —s| and  sup [wh (oporvos) (@) S|t — 5|7
z€R4 z€R4

where the previous bounds depend on w,o,T,b. Hence, there exists a > 1 and R, with
SUp,erd | Rst| S |t — s|* such that

2(t) = 2(s) =(0os)(ws) + Re+ Y VEIwWE (050 00,6) (22)

ke{1l-,|p]}
jE{l,m,k—l}
Je{l,-,d}?
J'e{l, d}yF—I
+ Z V?,’f(alwo,s)(xs) + Z W§,7151(‘71¢075)($8)
ke{lf":LpJ} ke{l""’LpJ}
Ie{l,-,d}* Ie{1,-,d}*
:(bwo,s)(xs) + Rs,t + Z (Vs,t & Ws,t)kJ (UI¢O,8) (.’ES)
kE{l,"',I_pJ}
Ie{l,,d}*

Note that since Vst (039 Wt = 1’ we have for all k > ]_’ (Vs,t ® Ws,t)k =0.
12



Furthermore D 4(x) = (Dg007s(1/107s(:c)))_1, hence

(b00,6) (ws) = (Dos(0,5(25))) b (p0,5 (t0,6(xs))) = (Dpo,s(2(5)))

Finally, for (s,t) € A2 small enough

-1

b (o,s(2(s))) -

2(t) = 2(5) = (Dipo,s(2(5)) ~'b (0,5(2(5))) + R

We also know that s — (Dg0078(z(3)))_1b(wo,s(z(s))) is a continuous functions. Hence, thanks
to a standard Riemann sum argument,

2(t) — 2(s) = / (Do ((r)) b (0 (2(r))) dr

and (z(t))¢e(o, ) is a solution of Equation (5), and (x).ejo,m) = ((poft(z(t»)te[o,T]’ which ends the
proof. O

2.4. Rough differential equation with drift : the averaged field. Whenever o is regular
(and bounded), and b is a bit more than continuous, Theorem 2.8 allows us to focus, in order
to prove existence and uniqueness of solutions to the Rough Differential Equations with drift

da; = b(zs) dt + o(z) dwy, x0 € RY, ¢ € (0,7,
to existence and uniqueness of solutions to the ordinary differential equation

Z(t) = (Dgos(2(£))) 'b(pos(2(2)), 20 =m0 € R, te0,T],

where ¢ is the flow generated by the driftless RDE (2).
The previous equation may be rewritten in its integral form as

2(t) = xo —|—/0 (Dgpoyr(z(r)))_1b(gpgyr(z(r))) dr, te€][0,T). (9)

In order to study wellposedness of the previous equation, we rely on ideas from [20] and we
will try to exhibit a general criterion of regularity of the space-time averaged fields defined in
the following definition :

Definition 2.9. Let p > 2, T > 0, 0 € CPP2(R4RI2) and b € CF(R% RY). We define the
averaged field T'b of b along the flow generated by the driftless rough differential equation driven
by w has the following space-time vector field :

(t,z) € [0,T] x R% — Tby(z) := /0 (Dcpo,r(x))_lb(goom(a:)) dr. (10)

For all (s,t) € AQT we denote by Tbs; = Tby — T'b,.

When ¢ = 1 and w is a Brownian motion (or fractional Brownian motion), one can see (in
[28] and [20] for example) that the previous averaged field enjoys better regularity properties (in
space) than b. On can also consult [39] and [38] for a systematic study of the previous averaged
field in a more general context.

In our setting, one generally use non-linear Young integration theory (see [20] and [37]) to
link the space-time regularity of the averaged field (10) and the wellposedness of the integral
equation (9). Nevertheless the examples that our techniques will allow us to treat (Gaussian
rough path, see Section 4) will not allow us to go beyond b € C* for k > 0. In that case, Equation
(9) always makes sense, it has a solution (thanks to Peano’s existence theorem) and one only
needs to focus on uniqueness. The following Theorem is our main result in a general context in
this setting :
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Theorem 2.10. Letp >2, T >0, & > 0, b € CH(R%GRY), 0 € CXPITY(RE RI92) and w be
a %—H()'lderp weakly-geometric rough path. Assume that there exists 1 > v > %, a > 0 such that
K+ é > 2 — v,a weight w (see Definitions 1.1 and 1.2) and a constant K > 0 such that

Tb < 400.
1750 s

Then there is a unique solution to Equation (9).

Furthermore, let x1, 19 € R® and by, by satisfying the previous hypothesis, and let zy (respec-
tively z3) be the unique solution to Equation (9) with b = by and x = 1 (respectively b = by and
x =x3). Let us suppose that T'(by) — T'(by) € C4CL, .

Then there is a non decreasing positive function K : Ry — R, which depends on || Tb|| otk

T>wo
|Tba|| o1 W, ||b1]lsc, [|b2]loc, 0 and T such that
crenta

21 = 22lloc fo,r) < K (Jw1] + |w2l) (|21 — 22| + | Tb1 — Thalleyey, )-
In this setting, there is a unique solution to the RDE with drift (4) in the sense of the Definition

2.6. Furthermore it generates a locally Lipschitz-continuous semi flow with respect to the initial
condition.

The proof is an adaptation of [20, Theorem 2.21]. We also refer to Section 5 (and in particular
to Theorem 5.6) of [37]. In order to be self-contained, we give here another proof, relying on the
standard sewing lemma (see for example [45, 31, 13] and the reference therein). We recall here
its standard formulation :

Lemme 2.11. Let Vi, Vs be two Banach spaces. Let A : A% — V' be such that there exists two
constants C > 0 and a > 1 such that for all (s,u), (u,t) € A2,

‘As,t - As,u - Au,t|V < C‘t — S‘a.
Then there exists a unique function A :[0,T] +— V such that for all (s,t) € A2,

A —As= 1 Ay v

o A= D Au
7| =0 (u,v)em

Furthermore there exists a universal constant k > 0 such that for all (s,t) € A%,

|A; — As — Aslv < EC|t — 5|

The end of this section is devoted to the proof of Theorem 2.10. We begin by the following
lemma.

Lemme 2.12. Let us suppose that the hypothesis of Theorem 2.10 are satisfied. Let (2(t)):ejo,r]
be a continuous functions. Then for all (s,t) € A2,

/ (DQDO,T(Z(T)))_1b(900,7‘(z(r))) dr :we%}?[% ) Z Tbu,v(z(u))'
§ |ﬂ_|_>(’) (u,v)em

Proof. First, let us remark that thanks to Theorem 2.3, z — ¢(x) and = — (Dcp(x))fl are

Lipschitz continuous uniformely in time, and z (D(p(:r))fl is bounded. Furthermore, since
b € Cy for some o > 0, we have

\ [ (Do) s c(00)) dr = Tooa(a(6)

<

| Penr 1) ™ (b 01) = i (a(51) )

[ ((De0re0) ™ = Dinslals1) ™ Yol (a(0)

14
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since z is uniformly continuous on [0, 7] the result follows by standard arguments. 0
Until the end of this Section, we write K’ = k + é

Lemme 2.13. Again, let us work in the setting of Theorem 2.10. Let z1, 22 € C{([0,T]; RY) be
two Lipschitz continuous paths. There exists a positive, non-decreasing locally bounded function
Ko : Ry — RY depending on ”TblHC%C“, , ”TbQHC%CK/ , T such that for all (s,t) € A2, we have
the following bound

t t
\/(Dmﬂmm»*mwwwmwwv—/(Dmﬂam»*@ww@mwﬁv
— (Th)s(1(5)) — (Tha)a(2a(s)))

< Ko(llz1lley + ll22llcy) (IIT(b1 = ba)lleyer, +ll21 = zalloo s + [21 = 22]]00,[3,1&]) [t — sl
where wo(z) = (1 4+ x)wo(x) and a = min2v, k" — 1+ v. Here we can chose
Ko(z) =c(1+ HTblHC%C{Z'O + HTb?”C;cg,’o)(l + z)wo (),
where ¢ > 0 is a universal constant.
Proof. Let us define for (s,t) € AZ,
Asp = (Thi)s,i(21(s)) = (Th2)s,t(22(s))-

Thanks to the previous lemma, we already know that each integral is the limit of the Riemann
sum involving T'b1, Tbs, hence

/uwwwmr%@mwm»w—/ammmwr%wwwm»w

= lim Ao
rell([s,1]) Z ’

‘ﬂ-l*)O (u,v)€7r

Furthermore, we have for (s,u), (u,t) € A2,
Agu+ Ay = Asy =((T01)u (21 () = (Tha)us(z2(w)) = ((Th)ur(21(5)) = (Tba)ua(2(5)) )

= (Th1)ut(21(w) = (Th1)ut(22(u))
- ((Tbgu,t (21.(u) — 22(u) + 22(5)) — (Tby)uy (zQ(s)))
+ (Th1 ) (21 (w) — 22(w) + 22(8)) — (Th1)ut(21(s))
+T(b1 — b2)u (ZQ(U)) —T(b1 — b2)u (zg(s)).

We deduce that

Asu+ Ay — Agt

— /01 < D(Tby)y s ()\(Zl (u) — z2(u)) + Zz(u)) — D(Tb1)uy ()\(zl(u) — zo(u)) + Z2(5)>>
X (z1(u) — z2(u)) dX
<D(Tb1)u,t (A((a — z9)(u) — (21 — 22)(s)) + 22(5))> ((z1 — 22)(w) — (21 — 22)(s)) dA

+T(by — b2)uy (ZQ(U)) —T(b1 — b2)us (22(5)).
15
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It follows that
|Asu + Aug — As el SIDT01) 1y 10 (|21 oo o7 + 12210, jo.17) [0
ChCly Cr

X {21 = 22l oo, oyt — 5|77

DT llgy err—rwolllzalloo o1y + ll22lloo o) 21 — 22]e ]t s>
+ 1T (b1 = b2)lleycy, wolllzalloo,fo,r) (22l It — s

Since the previous computation is symmetric in z; and 23, and by using the Sewing Lemmma
2.11, we obtain the desired result. U

Proof of Theorem 2.10. Let us consider directly that we have b; and by and z; and x5 has in
the theorem. Let us remark that thanks to Peano’s existence theorem, there exists z; and 2z
solutions of the corresponding integral equations. Furthermore, we have

a(t) = a1 + / t (Do (1)) b1 (w0 (21(r))) dr-.
s
Since by and D¢ are bounded, there exists a constant C; = C1(w, by, 0,T) such that
l21lley < Cilla] +1),
and the same holds for zy (with the corresponding constant C3). Let us define
K = c((l + 1 Toulley ey + 1 Th2lley ey ) o (2(Cr+ Co)(1 + || + yml))),

where ¢ > 0 is the constant in the inequality of the previous lemma. Hence, thanks to the
previous lemma, the following estimate holds, for all (s,t) € A%,

|(21(t) = 22(t) — (21(5) — 22(5)) | < K (J21(s) = 22(8)| + | T(b1 — b2) ey s It — sI”
+ K (IT(b1 = b2)llegen, + 1121 = 22llo s + [21 = 22]lo0 fs,0) 1 — 51"
Let h > 0 such that (h” + h®¥) K < % and assume that ¢ — s < h. Then, we have

1
[21 = 2], (s < W(Hzl = 22loo ) + 1 T(b1 — b2)lley Les )

1
+ §(||T(b1 = ba)lleger, + NIz — 22lloo (s + [21 — 22lo0,(5,0)

as well as

1 1
[ 2bugon < 5 (14 G ) (11 = 2o + 1701 = )y, )

and
a 4
K|t —s|Te1 — 2] s, < §(||21 = 22loc,(s2] + [IT(b1 = b2)llexey, )-

Finally, we have, by injecting this inequality into the previous one

4 )
21(t) = z2(0)] < 5la1(s) = 22()| + 2 (1T (1 = bo)llegey, + 121 = 22lloo o)-
This gives
21 = 22l oy < 3 (121(5) = 22()| + T 01 = bo)lese, ) -

One can iterate the previous bound one small intervals to deduce the desired estimate.
Note that the uniqueness of the solution follows directly by setting by = bs = b.
Uniqueness and regularity of the flow for equation (4) in the a direct consequence of Theorems

2.8 and 2.3. O
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Remark 2.14. Theorem 2.10 requires that b € C* for some k > 0. This hypothesis is needed in
view of Theorem (2.8) which allows us to state an equivalent notion of solutions for RDE with
driftas well as to make sense of Equation (5) as an actual ODE.

Nevertheless, for any b € S'(R?) such that Th exists and Tb € CYCy, for some sublinear
weight wy and v > %, there exists a solution (0t)icio.1) € Cf- to the non linear Young differential
Fquation

t
= b0+ [ ((T0)ar) 60, (11)
0
where the integral s constructed using the sewing lemma applied to
Agy =Tbs(6s).

One can consult [20, 37| for more details.
Hence, one could use the following definition in order to extend the notion of solution to RDE
with drift :

Definition 2.15. Let p > 2, T'> 0 and 0 € CLPHQ(IRd;IRdXd). Let w be a %—Hé’)lder weakly

p-geometric rough path. Let b € S'(R?%; R?) and wyg be a sublinear weight such that Th € C%C}UO
for some v > 3. A path (zt)ie(0,7) 18 a solution to Equation (4) if (zt)ic0,1] = (gpo7t(0t))t€[0 oL
where ¢ is the flow generated by the driftless RDE (2), and (6;)c[o,7) is a solution to the

non-linear Young differential equation (11) with 6y = xo.

An obvious remark is that whenever b € C* for some r > 0 and when o € C2(PI+D) thank to
Lemma 2.12 and Theorem 2.8, this definition is equivalent to Definition 2.6. The huge difference
when b is not bounded, is the lack of a priori estimates for the solution 6. In the setting, one
could prove the following theorem :

Theorem 2.16. Let p > 2, let T > 0 and let o > 0. Let b € S’ (R%:RY) and let 0 €

Cl)Lsz(Rd; R9®2). Let w be a %-H(')'lderp weakly-geometric rough path.

1

Let us suppose that there exists 1 > v > 5, k > 2 and a sublinear weight wo (see Definitions

1.1 and 1.2) such that

HTbHC%C{ZO < +o00.

Then there is a unique solution to Equation (44).
In that setting, there is a unique solution, in the sense of Definition 2.15 to Equation (4).

Proof. The proof is a direct adaptation of the ideas of [20)]. O

The only difference comparing to the Theorem 2.10 is the requirement that Tb € C¥Cy,  with
Kk > 2. In our context of application, when w is a Gaussian rough with p < 4 which enjoys some
non-determinism properties (see Section 4), one cannot expect to have a better reqularizing effect
than § — ¢ for some small € > 0 (see Section 3 and Theorem 6.1). Namely, if b € C* := BS, o,

for some a € R, one may expect that Tb € CVCéja_E for some small e > 0 and some sublinear
weight wo. When applying Theorem 2.16, one should ask that § + o > 2, but since p < 4, this
gives necessarily a > 0, and we can apply Theorem 2.10 to obtain a better a result.

Nevertheless, Definition 2.15 and Theorem 2.16 could be useful when b € LN BL7,, or when
w enjoys better regqularizing properties. We leave those investigations for future works.

Finally, in view of [29], one could expect that in the setting of fractional Brownian motion, the
only requirement should be Tbh € C”Clluo (this is the case when w is the Stratonovitch Brownian
rough path). This kind of result would require a use of Girsanov transform as in |27, 20, 29].
The bounds of Section 4 are not good enough, neither the Kolmogorov estimates of Section 3.
Again, we leave this for future investigations.
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3. KOLMOGOROV TYPE THEOREM FOR AVERAGED FIELDS.

In the previous section, and especially in Theorem 2.10, we exhibit a general criterion in terms
of the averaged field Tb such that Equation (4) has a unique solution. Nevertheless, we observe
that without using any additional property of the flow ¢, even in the case when b is Lipschitz
continuous (and thus Equation (4) has a unique solution thanks to standard arguments), this
does not gives uniqueness of solutions. We will proceed by using fine stochastic properties of
the flow, when w is a random rough path.

Hence, in this section, we will focus ourselves on the action a the random flow ¢ : [0, T]x R? —
R? as an averaging operator where 7' > 0 is fixed. Thanks to the flow decomposition technique
when ¢ is a C' flow of diffeomorphism, we will investigate the mixed space time regularity of
the following averaged field :

t
TP y(a) = [ Deula) b)) du
In order to be as general as possible, we want to take b € BY . as generic as possible. In order

p7r
to do so, we rely on estimates of the type

-1
ITPO7 flauerqortig,n < Cllfllgy

for some constant C' > 0 and parameters ¢ > 2, v > 0, a, o/ € R, p,r,{,m € [1,+00] and any

f € 8. Then, since T(P9) ™% is a linear operator (on S), we consider its closure from Bg‘/m to

L9(2;¢7([0,T]; BS,)) (which is still denoted T(P#)™"#).,

In the following, we will consider a general form of the averaging operator: for any ¢ :
[0,7] x R* — R¥™9 and any ¢ : [0,T] x R* = R?, we denote, for any 0 < s <t < T, z € RY
and f € 8§,

% () = /0 6(u, ) f(p(u, 2))du. (12)

Remark 3.1. We obtain a first, rather straightforward, bound, for any ¢ € L1(Q; L>([0,T] x
R and ¢ € L1(Q; L2 ([0,T] x RY)),

loc
’\qu’wf”Lq(Q;Loo([o,T]x]Rd) < T[9l paqesoe o, x w1 | oo (me) -
Before stating our main result, we need the following assumptions.
Assumption 3.2. Let (¢, ¢) be a couple of random functions such that ¢ : [0,T] x R¢ — R*4
and ¢ : [0,T] x R = R9. We assume furthermore that:
(1) for all z € RY, (¢(t,2))epo,r) and (@(t, x))epo,r) are adapted,
(2) for all q € [2,+00),
6 € L9(Q: L2(10, T} LX(RER™)) ) and o € L7( L(0, T); L (RE RY) ),
(3) if p < +oo, for almost allt € [0,T), p~1(t,-) exists almost surely, and for all q € [2,+0c0),
det(J,-1) € L9(Q; L>=([0, T); L= (R% R))).

Moreover, for any s € [0,T] and p € (2,+00], we assume that there exists Gy, s, a positive
Fs-measurable random variable such that, for all 2 < ¢ < 400,

sup BIGS,] < +oo,
s€[0,7

and that there exists H € (0,1) such that, for any f € S, for any x € RY, for any multi-index
ﬁeJNd and any 0 < s <r < T, we have

1
< Q= s G B[ f(er )P |F] T 2 <p < oo,

S (13)
|7’_3‘_|B|HGOO,S”JCHOO if p= +o0.

B[6(r:1)0°  (o(r,2)| 7]

We can now proceed to state our main result.
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Theorem 3.3. Let T > 0, p € [2 +o0], (¢, ) that satisfy Assumption 3.2. Then, for all

€ (0,1], €," € (0,¢), f € Bp_ﬂn ,n>d/q and ¢ > 2 such thatqHE >1,v= 1i —% the
following estimate holds
1T fll Lacr (o.13:5,)) S I R

pr
with E, = LP(RY) if p < 400 and Ex = LP(RY) if p = +o0, for some weight w with a
n-polynomial growth. When r = 1 and p < 400, one can take "’ = €.

We begin by proving a Lemma which allow us to transform the condition (13) into a useful
one concerning Paley-Littlewood blocks. To do so, we use a trick which can be found in [4]
Lemma 2.1.

Lemme 3.4. Let f € S and let ¢ and ¢ as in Theorem 3.3. Then, for any p € [2,+00], for all
j >0 and alln € [0, 1], we have

S fr— 8|72 A fllor®a;R)
LP(R%R)

<Gy (14 [ et oo | )

%W)Af 9)| 7]

1

1{,,<+oo}) (1)

Proof. We remark that, for all £ = (£1,...,&) € R% and all k € N,

k
€ = ij = ), &= As(-ie)ie), (15)
1<ty ik <d BEN
|B|=F
where Ag are non negative constants and for £ = (§1,...,6q) € R? and a multi-index f =

(B,...,Bq) € N4, &8 = 5161 .. .55‘1. Let o € Cgo(IRd) such that supp(¢) C 24 and g4 = 1. For
any a € N%, such that |a| =k, and j > 0, we define the function my, g.; given by
My = F ' (As(=i€)"[€] > 0(277€)).

It follows by (15) that, for any k € N,

Ajf = Z Mg 3,5 *aBAjf, (16)

181=k
where, by Lemma (A.5), we have
M5l L1 (gay S 277F.

We have, for p < +o00

I [o(r, )2 £ (o ry NFe | pogray < D2 B[S0 N (M 08 F) (2 DIF] | o
|a|=k
) |Oéz=:k </]Rd /Rd mk,a,j(y)E [¢(T, x)(aaAjf)(SO(r7 x) - y)‘fs] dy dx) )
and, for p = +o0,
[ [0 )8500 DI g < 3 s | [ s

|1=k R

< B[00 )08, ol ) - )| 7] o,
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We want to apply Young’s inequality for kernel operators (Theorem B.1) with
K(w,y) = B |6(r.2) (0", )(p(r,7) - y)| ] -
Note that, thanks to Equation (13), we know that

1
Ir — |G, B[ A; f(p(r,z) — y)|P|Fs]? if 2 < p < +o0,

K (z,y)| S .
|7“_3|_|5‘HGOO,SHAjf||oo if p = +o0.

Hence, for all p € 2, +oc],

sup [|K (2, )| poray S |r — |17 Gy
z€R4

AijLP(]Rd)‘
Furthermore, we note that, if p < 400,

/ E[18;7(p(r,2) )| 7] dz =F [/ A £ (2)PE [|det( 1 (r, = + )| 7] dz
Rd
SIA; fHLp R) E[|| det(Jp-1)ll Loo (0,7 x m) [ F5]

and we obtain

sup [[K (-, 9)| Lr(ra)
ycRd

Slr— 5‘7|B‘HGP,8

[ det(Jp=1) | oo fo,7x ey [Fs] 77 if 1< p < o0,
A
il ey {1 if p = +oc.

Applying Young’s inequality (Theorem B.1), we deduce that
[ [0, (i %0785 ) o, )| 7

<27 — s T Gy | A £ o sy (1+ B det(pm) e oz Fol Tpesoc) ) -

It follows that, for any k € N,

Lr(R%)

2 [, )8 £ (e (rs NI | 1oy
1
2N - sr'ﬁ*HnAjfan(Rd)Gs,p (1 + E ||| det(Jp)l o oy || n{p<+oo})
|B|=k
1
<27 J"”]t s|” kHHA i fll e IRd)G 5,p <1 +E [H det( )”Loo ([0,T] de)\]'—} ]l{p<+oo}> .

By interpolating the previous inequalities, we obtain the estimate, for any v € RT,

I [or, ) A (ol DIF [ o e

1
S| - SI‘”HHAijLp(Rd>G ( + B [ det( )| oo ey s | ﬂ{pm}) ,
which gives the desired result by taking v = % O

Proof of Theorem 3.3. We split the proof in two parts.

The p < 400 case. Let 0 < s < t < T be fixed. We denote j = min{j € N; 2~ < (t—s)}.
First, remark that

t
"(T¢’@Ajf)s7t"[/p(]}{d < / |’¢(T7 )Ajf(’r? QO(T, ‘))HLP (R%) dr

<(t- 3)”¢HL°° ([0,T]xR4) [ det( )HLOO([OT xRR%) 12 fllL» (R9)- (17)
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For any —1 < j <jand ¢ € [0, 1] this yields, since (t — s) < 2*%

(T?% A f)s il pomay < (¢ = §) 275 ||g| oo (10,7) xR | det(J 1) Loo (jo,17x ) 1 5 f || Lo (m) -

(18)
Furthermore, thanks to Lemma 3.4, we also deduce that, for any n € [0, 1],
EI(T?YA; s ;
[BIT 895l F]|, g
1
_1-m, P
S (0= 18 s 776 (14 [l ety ) ool =] ) . (19)

We now assume that j > j. Let n; > 1 and let us define, for any k£ € {0,...,n;}, the following
quantities :

. k .
t?ﬁ = n—j(t —s)+s and M]g = E[(T‘b’“”Ajf)s,t]fti].
Hence, (Mg)0<k<nj is a martingale in LP(R?) with respect to the filtration (F,i Jo<k<n; Fur-

<k< 7)0<k<
thermore, it follows from (19) that

1
1M oy S (¢ = 9185 | ey 2™ 7 3G (1 + B [ det(p1)ll oo e |f]”> ,
and, in particular, by setting n = (1 + ¢)/2, where ¢ € [0, 1], and for ¢ > 1, we have
1;6 .
[HM]HLP ]Rd ] ~ t - S) HA fHLp Rd) ZHJ‘ (20)

Since we are working in LP(R%), p € [2, +-00), which is a UMD space of type 2 (see for example
[48, 49] and Appendix C.2), we know that the Burkolder-Davis-Gundy inequality holds, and we
have, for all ¢ > 1,

Nk

]E[HM MJHLp R%) ] SE Z HMlz+1 B Mli”%p(]Rd)
k=0

Furthermore, we obtain that, for all 0 <k <n; — 1,

MIngl Mj = (T*?A;f) }—tiﬂ

R (G NT P

Lol B B @eain, | Fy )

Using again (17) to estimate the ﬁrst term on the right-hand-side and (19) for the second and
third terms, we deduce, for any ¢ € [0, 1],

. . t_ S 5 B
M7, — M ooy < 15 Loy (£ — 5 (H Lo ) o,

Uz
where

w3, 2= 16l oo (jo.17xmety | det (Jp=1) | oo 0,77 xR

1
+ Gy <1+1E[||det< D)l ormn| 7, ])

1
+ Gp,t <1 + I [H det(Jy—1)| oo (0,17 x 1) [, J p) :
Note that thanks to the hypothesis,

sup  sup E[(Iii)q] < ~00.
]20 kE{O,..A,'r‘LJ‘}

Hence, we have, for any ¢ > 2,

TLjfl 2

]E[HM M]HLp(Rd ] S E Z HMéH - MIZH%Z)(]Rd)
k=0
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J

q
n;—1 2
t—s 1—e e q J .
< (= AN <(n.)+2 0 ) E (+])? ]
q
2

t—s l—¢ e q
S (- S)EqHAij%p(Rd) <(n) + 27 H J)
J

A (t—s)l_a e, q
S =Ny (2 v 7).

We now optimize the estimate on n; > 1. We choose

(t—s)t=¢
g = ——1-—<.

2" J

for a certain ¢ € [0, 1]. This yields, since 2~ % < (t—s),

e 2~
V2T ' (t—s) T2 i [14,

and, also,

Thus, we deduce that

7 1te _
B (1M, = Mg ] " S (6= )5 185 1l

Using the fact that (T?¥A;f)s: = M%j as well as the estimate (20), we obtain, for any g > 2
and for all j7 > j,

Jun

E{[@oennol’ "S- F 185 a2 75 (21)
15t o may | 3 11LP (R)

It follows from (18) that the previous estimate holds for all € € [0,1] and any j > —1. Thus, we
deduce that, for any p € [2,+00), ¢ > 2 and ¢ € [0, 1],

1
q

%< (TP A,
LP(IRd) > ) H f)st

[H T(Mf )st LP(Rd)]

(t—s)% Zz TS| A fll oy = (E— 5) 7

j=—1

_1-c
It follows from Theorem D.1 that, for all 0 < &’ < ¢ and f € Bpr , we have

1/q
(T f sl
/ Stlime o
0,71

It — 5’41§€/+1

IT%% f | paascv (o100 (ReY) S B

/[T]Q\t—s\q S s S I s

B 2H , p 1
with v = 1i — 5, which is exactly the theorem in the case p < +o0o0 when we remind that
whenever f 6 By, one has for e” > 0, thanks to Holder inequality,

1 1
1_’1" T

1 oo = = YO A f ey < | Y 27T > 2AG N s (ray
iz1 -1 7>-1
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Ser 1 f1lg,-

The p = 400 case. The proof is pretty much the same as the proof in the previous case. We
provide the main arguments for completeness. Let 0 < s < t < T be fixed. We denote

j = min{j € N; 27H < (t —s)}. First, we can see that, for any —1 < j < j and ¢ € [0,1], this
yields, since (t — s) < 277, for any z € RY,
lie _1-c.
(T2 85 F)oa@)| < (¢ = 5) 527570l o 0,170y 18l o ey (22)
Moreover, it follows from Lemma 3.4 that, for any n € [0, 1],

1—n -
‘E[(T‘z”“"ﬁjf)s,t(x)lfs] S (6= 8)"A; fl| oo a2 7 I Goos. (23)

We now assume that j >j. Let 2 € R n; > 1 and let us define, for any k € {0,...,n;}, the
following quantities :

ti = nﬁ(t —8)+s and Mi,(:v) = E[(T‘b"ijf)s,t@)u—tj]-
; k

We can see that, (M;z($))0<k<nj is a martingale with respect to the filtration (F,; )o<k<n,-
<k< J)0<k<
Thanks to (23), we obtain
. 1—m .
M ()] S (8= )18 Fll e (may2” I Gioo s,
which yields, by setting n = (1 + €)/2, where € € [0, 1], and for ¢ > 1,
. E .
B[ M (x)|] < (t - 5) 5|3, Pl oo a2 227 (24)
It follows from (22) and (23) that, for any € € [0,1] and 1 < k < nj,
(t _ S)l €

J
15

kg = (8]l Lo (0,11 xre) T Gog i +G

k41

My (2) — M) S (1A F L goe g (£ — 5 (

where

The assumptions gives the bound
sup  sup E[(/@i)q] < +o0.
jZO kE{O,...,nj}

From here, by following the same arguments as in the p < 400 case, we deduce, thanks to the
BDG inequality and some optimization on n;, that, for any ¢ > 2, for any ¢ € [0, 1] and for all
j Z _17

E (0% 8, 1)u@)7]" < (¢ - 5)'3 (25)
and we obtain the estimate, for any z € RY,
BI(T% aa(@)|s < |t — s/ FNF] _1e.
0,1
Finally, Theorem D.5 gives the desired result. O

We can extend the previous result with the help of the following Lemma.

Lemme 3.5. Let f € N%, ¢, ¢ € LI(Q; L>([0,T); CIP(R%))) and f € S. Then, we have, for
any (t,x) € [0,T] x R,

P9 f@) =5 S Cop (TAW( )95~ v¢<p(3uf)> (),
1<B 1<€|u|<|7|
VENY, 1
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where Ay o, () = H1<‘5|<‘,y|(86g0j(7“, )" and Cgqypp > 0 and
1<5<

Nyp= v e N¢ Z vs, = pj, for anyl < j <d, and Z dvs; =7 ¢

1<[6|< 1<18]<]]
1<j<d

Proof. The proof of the lemma is a straightforward consequence of Leibniz’s rule of differentia-
tion, which yields

0°¢(r, 2)b(p(r,2)) = Y Ch,0° 1 (r, ) (b(io(r, ),

v<B

for some constants {C’é ﬂ/}’YS 3 C Rt and Faa di Bruno’s formula, which gives

07 (b(( = Y Cro"b(e(rz) [ (@ei(rx)™

1<|p|<h 1<[6|<]
veENy L 1<j<d
for some constants {C u}1<|u|<lvl CR* O
VENy,u

We can now state a by-product of Theorem 3.3.

Corollary 3.6. Let p € [2,+<], r € [1,400], n > 1 and (¢,¢) be a couple of functions
such that, for any B,v,u,v € N that verify |8] < n, v < B, 1 < |u| < || and v € Ny
(A0 (9)0P 70, ) satisfies Assumption 3.2. Then, for all € € (O 1], ',e" € (0,¢), k € (0,n],

J1-e .
f€Bpr ™, n>d/q and q > 2 such that ¢g4E>1, 0= 1;‘5 — =, the following estimate holds

1T f|| Lacr (0,175 ) S HfH L1

p’r

with By = B (RY) if p < 400 and B = Ci(RY) if p = 400, where w is a weight with
n-polynomial growth. When p < +00 and r = 1, one can take " = €.

Proof. As usual, one needs to distinguish between p = +00 and 1 < p < +o0.

The p < 400 case. Thanks to Lemma 3.5 and (21), we obtain that, for any 8 € N¢, ¢ € [0,1],
q Z 2 and .7 Z _]-7

1

q

{H@ﬁ (TP A f)ss

LPM] <3 Y CsouE [HTAW (07650 (g, f)))Lp(Rd)]

V<A 1<|pl< ]|
VENy 1

S(t—s) T2

D 107D fll o (gay

v<B
Ite _1-¢ ;
< (¢ =) T2 A ey

In particular, we deduce that, for any k € IN, we have

1
q

L) =B lo-aaea.,

S(t—s)2

and, thus, by interpolation, we deduce that, for any ¢ € R,

5| @oenin..

LP(]Rd)]

. TN A £l o (ray-
PP

1
| s e-9wem
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In particular, this yields

e[|

q q 1+4e
| S =9 Uit
BP

W2k.p(R4) 2H

which gives the desired result by using Kolmogorov’s continuity theorem.
The p = 400 case. For any € N%, any =,y € R?, we have, for any 0 € [0,1] and j > —1,

09 (TP f)al) = DX (T2 A, F)sa(y)]|

< [VO9(192 8 oa()’ (07122 £)sala)] + 0122, £)0a)] ) b=l

for some z € {(1—{)x+Cy : ¢ € [0,1]}. It follows from Lemma 3.5 and (25) that, for any ¢ > 2,

879 8o a1/ 0 879 204 /20

E [[07(T%28;0)s(@) = 0 (198, P)oaw)] | <l — B Uva (T2, )su(2) }
—0

2(1-0)q] 1/ (2(1=0)q) 2(1-0)q] 1/ (21-0)a)\ !
x <IE Uaﬂ(mmj f)s,t(x)\ q] +E Uaﬂ(TW"Ajf)s,t(y)\ q]
1-0 1-0
14+e  -1—¢
Sle—yl’(t—s)= 2730 | Y |IVOTA; | oo (may > 107 A fll e (mey
v<p v<B
1

S o=yt — )5 27937 20803 A £ L .

We also have, by Lemma 3.5 and (25),

1/ s .l-e .
S (- s) B 295 2T A ] e ey

E [|07(T%2 8, )su@)|']

From here, we use Theorem D.4 and Theorem D.5 to deduce the desired result. O

4. MALLIAVIN CALCULUS

In order to be self-contain, and in the spirit of Section 2 we recall in this section some facts
about Malliavin calculus. Most of them are well-known facts, but Subsection 4.4 yields some
non-standard estimates that we will use in the following. In particular, we will derived a (not
so surprising) conditional integration by part formula, which will allow us to check whenever a
flow generated by a RDE driven by a Gaussian rough path satisfy the conditions of Theorem
3.3 or Corollary 3.6.

One may consult [57, 59] for more details.

4.1. Isonormal (Gaussian processes.

Definition 4.1. (Isonormal Gaussian process) An Isonormal Gaussian process is the set of:

(1) a real and separable Hilbert space H whose scalar product is denoted as (-, )y and its
norm as | - 4,

(2) a complete probability space (2, F,P),

(3) a real-valued Gaussian process W : h € H — W(h), i.e. (W(h))pep is a family of
centered Gaussian random variables such that E[W (h)W (g)] = (h, g)3, for any h, g € H.

Remark 4.2.

(1) By Kolmogorov’s theorem, given only H, we can construct (2, F,P) and W satisfying
the above conditions.
(2) The mapping h — W (h) is linear.

The two following examples will be of interest in the following. The first one is a classical
construction linked to the standard Brownian motion.
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Example 4.3. (Isonormal Gaussian process associated to the Brownian motion) Let (B:):>0
be a d-dimensional Brownian motion defined on its canonical probability space (€2, F,P). Let
H = L*(RT;RY) and, for any h € H, let us define W (h) as the Wiener integral

d yoo
= S k.
Wi =3 /0 i (s) B!

The second example deals with a generic construction of an isonormal Gaussian process asso-
ciated to a generic Gaussian process. This example will be of primer importance in the following,
as we will always work in this specific setting.

Example 4.4. Let us consider any vector-valued continuous centered Gaussian process W =
(W1 ... W") with iid components and let us construct a corresponding (vector-valued) isonor-
mal process. Fix j € {1,...,d}, d > 1. We denote the covariance function of W as

Rw(t,s) = E [Wtng} .

We now consider € the set of step functions on [0, 1]

£ = {f = Zakﬂ[tk,tk+1]; m € N*, (ax)1<k<m € R™, (tk)1<k<m+1 € TI([0, 1])} :
=1

We define H as the closure of £ with respect to the scalar product
(Lo, Lpo,s))n = Rw (2, 8),
which leads to the norm defined on &€ by

m m
1£15 =D araelljp sy Lo = > araeRw (tr, to).
k,fil k,éil

We can extend the linear mapping K : 1gy € € — Wi(t) € L?(2) to an isometry K : h € H —
W7 (h) since

E [K(1pg)Kp,y)] =E |:Wthsj} = Rw(t,s) = (Lo, Ljo,s]) 1

Then, K : h € H — WJ(h) is an isonormal Gaussian process. Let us construct the vector-valued
isonormal Gaussian process K : h € H® — W(h) = (Wh(hy), - ,W™(hy)) € L*(Q;R%). In
the following, we will treat the case n = 1 without loss of generality.

Remark 4.5.

(1) An interesting instance is, for evample, the case where W = B the fractional Brownian
motion with Hurst parameter H € (0,1) and covariance

1
Rgu(t,s) = E[BIBH] = 5 (27 + 2 — |t — 5?7

(2) For Wy =0 (and Rw(0,0) = 0), we have, by [15, Proposition 4],

1
(ot o) = /0 1 /0 b ()ha(s) dRuw (2, 5), (26)

whenever the 2d Young integral on the right-hand-side is well-defined.

Since H is the closure of indicator functions, for any [a, b] C [0, 1], we can also define H([a, ])
the restriction of H = H([0,1]) to [a,b]. Thus, for almost every s € [a,b], h(s) = 0 for
h € H([a,b]). Furthermore, we directly deduce that, for any h,g € H,

(b D r(ap)) = (Aliap)s 9L ap) H-

For any [a, b] C [0,1], we denote Fi, 4 the o-algebra generated by {W (1), [u,v] € [a,b]}.
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4.2. The Malliavin derivative. We consider the set of smooth cylindrical fields S given by
S = {F = F(W) = f(W(hn), W(ha)......W(hy)), f € CFRY, (h)keqr, .y € H", 0 > 0},

where C;o(IRd) denotes the set of functions from R? to R that are infinitely differentiable and
with all their partial derivatives having polynomial growth. Furthermore, we denote C°(R%) the
subset of Cp° (R?) where all the partial derivatives are bounded. The smooth random variables
associated to this space C5° is denoted by S,. We note that S, (and S) is dense in L?(€).

Definition 4.6. For any F = f(W(h1)---W(hy)) € S with f € C5°, we define the Malliavin
derivative of F' as

DF =) 0k f(W(ha), .., W(hn))h,
k=1
which takes values in H.

We can directly check that, for any F, G € S, we have the "chain rule" relation
D(FG)=GDF + FDG.

One can reformulate this definition in terms of of directional derivative in the so called
Cameron-Martin space. Indeed, for isonormal Gaussian process W, any h € H and ¢ € [0, 1],
we defined the shifted process

Te oW iu €M — W(u) +e(u, h)y.
Then, the Malliavin derivative can be identified as
<DRhm:ﬂm¥*WF@qu—F@m% Vh € H,
E—
that is an element in the dual space H’ (which is still H here).

The shifted process 7., W can also be interpreted for h in the so-called Cameron-Martin space
denoted H; which is defined as the completion of

E= {t — Z%Rw(tk,t); m € N, (ag)i<k<m, (tk)1<k<m C [U,T]} ,
=1

with respect to the scalar product
(Rw(t,-), Bw (s, )n, = Rw(t,s).
Then, the mapping defined by
R:lygg €& — Rw(t,-) €€ (27)
can be extended to an isometry R : H — H; since
(R(Ljo,)s R(Lio, o)) 1y = Bw (t,8) = (Lo, Lio,s)) 1
We have the following integration by parts formula.
Lemme 4.7. For any F,G € S and h € H, we have
E[G(DF, h)y]| = —E[F(DG, h)y] + E[FGW (h)].
Furthermore, we have the following result.

Proposition 4.8. For any p > 1, the linear operator D is closable from LP(Q) to LP(Q2;H).

We can iteratively define, for any m > 1,

n

D"F= > kb W (1), o, W (hn))h, @ ... & hye,,
k1,k2, . km=1

which takes values in H®™. Moreover, following Proposition 4.8, we can close D™.
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Proposition 4.9. For any m > 1 and p > 1, the linear operator D™ is closable from S to
LP(Q; HE™).

By using the same notation for its extension, the domain of the operator D™ is the space
ID™P which is the completion of S with respect to the norm

m 1/]’
|1 F[|pm.p == (E[|F|p] +ZE[HDkFH€{®k]> :

k=1

In the previous norm, in the case of multidimensional processes, we remark that || -||e» is not an
operator norm but the Hilbert-Schmidt norm. We also denote by D™P(H) the H-valued random
variables that belong in D™P. Furthermore, for any k,p > 1, we have Holder’s inequality

I1FGlper < [[Flper |Gllps.a;

for any r,q > 1 such that 1/r + 1/q = 1/p. We now state a chain rule with respect to the
Malliavin derivative.

Proposition 4.10. Let g € C*(R% R) with bounded derivatives, p > 1 and F = (F*',...,F")
be a random vector such that F* € DY for any k € {1,...,n}. Then, g(F) € D" and

D(g(F)) = 3" dhg(F)DF*.
k=1

4.3. The divergence operator. The divergence operator J is the adjoint of the derivative D.
In fact, § is an unbounded operator from L?(2;H) = D%?(H) to L?(£2) such that:

(1) its domain Dom(§) is the set of random variables u € L?(£2; H) such that, for all F' € D2,
[E[(DE, wpnl| < cul Fll 20,

(2) for any u € Dom(6), we have 6(u) € L?(£2) and the following duality relation holds, for
all F e D!2,

E [(DF,u)y] = B[F5(u)].

We have the following result concerning the continuity of §.

Theorem 4.11. For any p > 1 and m > 1, the operator § is continuous from D™ 1P(H) to
D™P. That is, the following inequality holds for any u € D™P(H),
16(w)][pm-1.0 < Cmpllllpms20)-

This yields in particular that D"™P(H) C Dom(¢) for any p > 1 and m > 1.

For any random variable ' € D2, we know that DF is a stochastic process in # that we
can denote (DtF)te[o,u which is defined almost surely with respect to the measure A x IP (where
A is the usual Lebesgue measure). With this, we can deduce a local property of the derivative
operator.

Lemme 4.12. Let F € D2 N LZ(Q,}'[a?b},IP). Then we have
DyF(w) =0,
for (A x P)-almost every (s,w) € [a,b]® x Q.

Proof. We use Sp([a, b]) the natural restriction of S, = Sy([0,1]) to [a,b]. It is dense in D2 N
L2(Q, Fia 1), P). Then, for any F € S([a, b]),

DyF = " 0 f(W(h1), ..., W (hn))hi(s),
k=1

where hy, € H([a,b]) which is such that hi(s) =0 for s ¢ [a, b]. O
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4.4. Conditional Integration by parts formula. We can now introduce the Skorokhod in-
tegral (which is essentially the divergence operator). For any [a,b] C [0, 1], we denote Jj, 4 the
Skorokhod integral on [a, b] which is defined by

Ofap)(u) = 6(uliqp)-

That is, dj, ) is an unbounded operator from L?(Q;H) to L?(R) such that, for any u € Dom(d),
we have, for all F' € D12,

B [(DF o) = B [(DF ulp)u] = E [Fopp(u)] -

Furthermore, for any G,y € LZ(Q,f[a’b]c, P) N D2, we can also see that, thanks to Lemma
4.12,

E [B [{DF, u)ras | Flase] Crasie] =B [(F uljay)nGiape]
= —E [F(DG/y e, ully )1 + B [(D(FGqpe), ulig ) 2]
= E[FGped(ulfq)] = E [FGapediap) ()]
=B [ [Fj4 ()| Flape] Glap] -

This yields in fact to the following duality relation under a conditional expectation since D2
is dense in L%(Q),
E [(DF, u)p((ap))| Flapie] = B [F0ja,p ()| Flape] - (28)

We can now proceed to prove a conditional integration by parts formula.

Proposition 4.13. Let F € D2, G be a random variable and u be an L*([a, b])-valued random
variable such that

u
DE.wyugy 20 and G——"" ¢ Dom(s).
{ )2 ([a,b) (DF, u)y(a,p)) @)

Then, for any function f € C* with bounded derivatives, we have that
E [f'(F)G|Flape] = E[f(F)Hqp(F, G)| Fiape]
where

u
Hio ) (F,G) := 0 ) <G(DF,u>H([ab])> .

Proof. We apply Proposition 4.10 to deduce that

) = (D)), <DF,u>an,b])>ma,bn |

Then, it follows from (28) that

E [f(F)G|Fape] = E [(D(f(F)), waap) (DF, wag(ap) " G| Fiape]
=E [(D(f(F)), Gu({DF, u)3(ja))) ) #((at) | Flab)c]
=E [f(F)(S[ab (Gu(<DF u> [ab 71)}f[a,b]0] )

which is the desired result. O

We may now introduce the Malliavin matrix associated to a random vector.

Definition 4.14. Let p > 1 and F' = (F',..., F™) be a random vector such that F¥ € D for
all k € {1,...,m}. The covariance matrix vz associated to F' is defined as

vr = ((DF', DF?)3) i jyeqt,.m)?-

In the case H = H([a,b]), we use the notation yp 4. We then have the following Lemma

[58, Lemma 7.2.3] :
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Lemme 4.15. Let v be a m x m random matriz such that det(y) > 0 almost surely and
det(y)™1 € Np>1LP(Q). We assume that ();; € D = Ny>1 Ng>1 D¥P for any (i,j) €
{1,...,m}2. Then, (v 1);; € D*®, for any (i,7) € {1,...,m}?, and

m

DOy iy ==Y (v in(y e D
hi=1

Thanks to the Malliavin matrix, we define a nondegeneracy condition for random vectors.

Definition 4.16. We say that a random vector F = (F!,..., F™), whose components are in
ID*°, is nondegenerate if the Malliavin matrix g is invertible almost surely and

det(’}/p)_l S ﬂpzle(Q)'

We now state a more general conditional integration by parts result for nondegenerate random
vectors.

Proposition 4.17. Let F = (F',..., F™) be a nondegenerate random vector, G € D™ and
g € CP(R™). Then, for any multiinder o € {1,....,m}*, k > 1, there exists an element
Heg (o5 (F,G) € D™ such that

E [0%9(F)G|Flape] = E [9(F)Hq (q4)(F. G)| Flape] -
The variable H, [q) (F G) is given recursively by

[a b] (F G) ak [a,b] (F7 H(a1,...,am,1),[a,b] (F7 G))
where, for any i € {1,...,m},

H, (o(F,G) = Z%bl( OVrfua)id DFY) .

Proof. Tt follows from the chain rule that, for any j € {1,...,m},

(D(g(F)), DF? )34((a.0) Zazg WDF', DF )3 ((a) Zazg ) (VP

Thus, we obtain that

m

0i9(F) = Y (Vg fa)ii (DG(E))s DF)34(1a 1.

j=

[y

By exploiting the duality relation (28), this gives

E [8@9(F)G‘F[a7b]c:| == E < ,ZG f}/F [(lb z] > F[a,b]c
[a,b])

=B [g(F)H; [44( FvG )| Flane] -

Thanks to Lemma 4.15, we can deduce that vz [, p) € D*. Furthermore, by Theorem 4.11, this
yields that H; [,y (F,G) € D* if G € D*°. From here, we can proceed by induction and deduce
the result. O

We finally give an estimate for the random variables H, [q -

Lemme 4.18. Let k> 1 andp > 1. For any o € {1,...,m}*, we have

k m

1 Ha oy (. )l @) < Gk [T [0 by d DF
1

=1||j= Dk—t+17g

where 1/p=1/q+ Y 2, 1/ry.
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Proof. By Theorem 4.11 and Holder’s inequality, we have

HH [ab](F G)HLP <Cpm H(Otl, SO [ab FG Z ’YF[ b] ozk,jDFj
.7:1 DLp

m
< Cpm HH(al,..‘,ak,l),[a,b}(Fv G)HDl,q Z IYF ab] ak,J kY ’
: DL,r

where 1/p = 1/q + 1/r, which yields the desired result by induction. O

5. MALLIAVIN CALCULUS AND ROUGH PATHS

The idea of this Section is to use Malliavin calculus (and especially the conditional bounds
proved in the previous subsection) to derive some nice bounds on flow generated by rough
differential equations. In order to do so, we will need some properties of the Cameron-Martin
spaces H1

5.1. Embedding of the spaces H and H;. In this section, we give some embedding of H and
‘H1 into the space of continuous functions with finite p-variation, with p > 0.

Definition 5.1. Let f : [0,7] — R? be a continuous function. For any p > 0, we define its
p-variation on [a,b] C [0,T] as
1/p

||f”p—var;[a,b] = sup Z |f(U) - f(u)|p »

w€ll([a,b])

[u,v]er

where we remind that II([a,b]) is the set of all subdivisions of [a,b]. The set of continuous
functions with finite p-variation on [a, b] is denoted CP¥**([a, b]; RY) = CPV2([a, b]).

A, similar, mixed (p, ¢)-variation notion also exists for continuous functions on [0, 7]2.

Definition 5.2. Let R : [0,7]> — R? be a continuous function. For any p,q > 0, we define its
(p, q)-variation on the square [a,b] x [c,d] as

q/p\ 14
1Rl p.g)-varsfa bl xfeq] = Sup > Y 10w us s BIP :
1 €11([a,b]) [uz,v2]€m \[u1,v1]€m2
mo€Il([e,d])

where Ojy, o1]x[uz,ve] B = R(v1,02) — R(v1,u2) — R(u1,v2) + R(u1,u2). The set of continuous
functions with finite (p, q)-variation on [a,b] x [c,d] is denoted CPDV2([q,b] x [c,d];RY) =
CPO2r([a,b] x [e, d)).

We also denote || R||pvarija,5] = || Bll(p,p)-varia,p2 as well as CP¥*([a, b]?) := cPplvar([q, b)?).
Remark 5.3. We can see that

HRHp\/q—var;[a,b] < ||R||(p,q)-var;[a,b]2 < ||RHp/\q—var;[a,b]'
Furthermore, we have the following definition.

Definition 5.4. Let p € [1,2) and [a,b] C [0,7]. We say that R has finite Hélder-controlled
p-variation on [a, b] if [| R|| y-var;[a,) < +00 and if the following estimate holds, for any [s, t] C [a, b],

HRHp var;[s,t] ~> (t_s)l/p

We are now in position to state a first assumption on the process W that we will consider on
the rest of the section.
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Assumption 5.5. The process W is a R*-valued continuous centered Gaussian process starting
at 0 with iid components and covariance Ry which belongs in C(HP)97((0,T)?) for some p €
[1,2). Furthermore, the following estimate holds, for any [a,b] C [0,T],

H}BVV||(1,p)-vow;[a,b]2 S (b - a)l/p‘ (29)

We immediately see that (29) is verified if the covariance has finite Holder-controlled p-
variation on [0, 7. This leads in particular to the following hypothesis.

Assumption 5.6. The process W is a R*-valued continuous centered Gaussian process starting
at 0 with iid components and covariance Ry which has finite Hélder-controlled p-variation on
[0,T] for some p € [1,2).
In the following, we denote
— | Rvor /2
Fap = || WH(L/J)-var;[a,bP

and
1/2

. N2
oap:=E {(Wg - Wg) } = (D[a,bPRw)l/Q,
for any j € {1,...,n}.

We can now proceed to state our first embedding :

Theorem 5.7 ([34], Theorem 1.1). Let W be a centered Gaussian process satisfying Assumption
5.5. Then, for any h € Hq, [a,b] C [0,T], we have

||h||q—var;[a,b] < /{'a,thHHU
where ¢ =1/(1/2p+ 1/2) < 2. In particular, the embedding Hy1 — C9"*([a, b]) is continuous.
Furthermore, we also have the following results [44, Remark 2.16].

Proposition 5.8. Let W be a centered Gaussian process satisfying Assumption 5.5 and [a,b] C
[0,T].
(1) Let f € CP""([a,b]) with 1/p+1/p > 1. Then, f € H and

b b
112 = / / F(5)£(8) dRup (s, ),

where the right-hand side is well defined as a 2d Young integral. In particular, we have
the continuous embedding CP* ([a, b]) — H([a,b]) since

”f”g—[([a,b]) 5 ”f”]%—var;[a,b]HRWH,D—UGT;[a,b]-
(2) Let f1 € CP"([a,b]) with 1/p+1/p > 1 and fo € H([a,b]). Then,

b
(s oy = [ FrdR
where the right-hand side is well defined as a Young integral and R : H — H1 is the
isomorphism defined by (27).
We now make an additional assumption on the process W.

Assumption 5.9. Let W be an R%-valued Gaussian process with iid coordinates and covariance
function Ry such that

(1) it has mon-positively correlated increments, that is, for all (t1,ta,t3,ts) € [0,T]* with
t1 <ty <tz < ty, we have
D[t1,t2]X[t3,t4]RW S 07
(2) its covariance function is diagonally dominant, that is, for all (t1,t2,t3,t4) € [0, T)* with
t1 < tg <13 < iy4, we have

Uity ts]x[t1,04) BB = 0.
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We deduce the following inequalities [44, Proposition 2.8|.

Proposition 5.10. Let W be a Gaussian process satisfying Assumption 5.5, p > 1 such that
1/p+1/p>1.
(1) For every f € CP™V%([a,b]), we have
12y S 520 (112 samfas) + 1 )
(2) If W satisfies Assumption 5.9, we have, for any f € CV([a,b]) with 1/p+~v > 1,

2 > 2 : 1.
1 Fs(rayy = @i in |f(t)]

To continue, we need some non-degeneracy concerning W.

Assumption 5.11. Let W be a centered continuous R*-valued Gaussian process. We assume
that there exists an o > 0 such that

ogsigg(t —5) " Var [Wy = W[ Fio g V Fie,y] = ew > 0.

The smallest o that satisfies the above condition is called the index of non-determinism of W.

Under the previous assumption, we deduce our last inequality which is taken from [16, Corol-
lary 6.10].

Proposition 5.12. Let W be a continuous Gaussian process satisfying Assumptions 5.5, 5.9
and 5.11. Then, for any f € C7([a,b]) with v+ 1/p > 1, we have

1 llocstay < 2max (b 1 o vaw 1A ey A IEL GRS -

As a direct consequence, we have the following result.

Corollary 5.13. Let W be a continuous Gaussian process satisfying Assumptions 5.5, 5.9 and
5.11. Then, for any f € CV([a,b]) with v+ 1/p > 1, we have

Ua,b”f”oo;[a,b] . (CW/2) (2yta /4’y||f”a/2;7b]
HfHH([a,b]) = fmm 1, - 27

b)
5.2. Gaussian rough paths. Let us now focus ourselves on rough differential equations driven
by Gaussian rough paths Let us consider W a continuous centered Gaussian process satisfying

Assumption 5.5. It can therefore be lifted to a geometric rough path (see [36]) that we denote
W.

Proposition 5.14. Let W be a continuous Gaussian process satisfying Assumption 5.5. Then,
almost surely, W can be lifted to a geometric p-rough path W with p > 2p and verifies

E [exp (nuw”l/p-var;[O,T})] , for somen > 0.
We also have the following useful result (which is a direct consequence of Proposition 5.14

and [36, Theorem 15.33]).

Proposition 5.15. Let W be a Gaussian process satisfying Assumption 5.6. Then, W can be
lifted to a geometric p-rough path W with p > 2p which has 1/p-Hélder sample paths and verifies

E [exp (0|W 1 /p-razjor) ], for somen > 0.
We will need the following more precise statement of Theorem (2.3) in this setting :

Theorem 5.16. Let p > 1, w be a weakly geometric p-rough path, o € C;’(Rd; ]RdXd) for some
¥ >p. Leta€[0,T) and x € R%.
There exists a unique p-weakly geometric rough path x € CP~V%" ([a, T]; GP}(R?)) such that
Xq, = Pa (¥)
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where  is the flow constructed in Theorem 2.3.
Furthermore, if (w®)eo is a family of smooth functions on [0,T] such that

SLPJ (wE) — W,
in p-variation. Then, for any 0 < a <t < T, the solutions (z%)e>0 C C!([s,T]) of

xaa .’L’—i—Z/ Uk xaa dwks

are such that
S[PJ (xz-:) — X,
in p-variation, where x. Moreover, for any [s,t] C [a,T], the following estimates hold

Ix-coriss S (1119 et ¥ 11 <12 e ) (30)

As a direct consequence of the previous result, we deduce.
Corollary 5.17. Let W be a Gaussian process satisfying Assumption 5.5 and let p > 2p. Let
X be the unique solution of equation
dXt = O'(Xt) th, Xa =, t e [a,T],

in the sense of Theorem 5.16. Let us denote X" = X1
Then, for any [s,t] C [a,T],

sup | X** — x|

Rd %([ ) Na,’Y <H0'H(ﬂ 1||WHp var;[s,t] \ HO’H@W—IHW‘@ vars[s, t]) (31)
xe

5.3. Malliavin calculus on rough differential equations. The solution X of a RDE driven
by a Gaussian process W is a random variable inheriting its randomness from W. One can
thus try to differentiate X in the Malliavin sense. The Malliavin derivative of X can indeed
be simply expressed thanks to the Jacobian J of the solution of equation (2). It is given by
(Jf’a)(i’j)€{17...’d}2 = 0,,(X;""); and solution the following linear RDE

It = 1d+2 Yoy (XD I AWE, (32)
k=1"¢

where o}, is the k-th column of o. We notice that the inverse Jacobian J~! solves
d t
@ =130 [ @) Ve awk, (33)

and that, for any s < r < t, we have, by the flow property of the Jacobian,
TP = ) (34)
We have the following results concernant J as well as the Malliavin derivative of X [14, 17, 50].

Proposition 5.18. Let W be a continuous centered Gaussian process satisfying Assumption 5.5
and o € C°(R%; R*9).
(1) For any q > 1, there exists a constant cqq such that the Jacobian J defined by (32)
satisfies

E

Joe |4 = . 35
xsell]}li)d H Hp -var; [O T}] CQ1a ( )

(2) For any z € R? and t > 0, we have that X; € D> and, furthermore, the Malliavin
derivative Dy X" is such that

DX =370 (X3, (36)

for any a < s <t, and DsX;”* =0 for all s > t.
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Remark 5.19. We remark that Equation (35) can also be replaced by

£ | sup ||J$ aH1/p Hok[o,T) | — Cq,a- (37>

z€R?
We now state some estimates on the Malliavin derivative of X as well as the associated
covariance matrix yx. We follow the approach of [50] which uses some functionals =, that are
equal to DX, along a single path h € #([a,b]) (the identification extends to any direction

(h1,ha, ..., hy) since these are bounded symmetric m-multilinear maps). For any m > 2, the
Malliavin derivative of X along h®™ € H®™([a,b]) is given by

Dy X[ = <DmX”’“ PE™ ) giom (fa )

t
z,8vf z,a k
Z Cl‘/ Ji VD;}Xf’“,D;}X?“,...,D;fxf’“gk(XS J AWy

k=1 4=2 i€eK,
lij=m
d m—1
TS\l z,a k
NS o [ e e e
=1 (=1 icK,
lij=m
where Ky = {j € N% 0 < j; < jo < ... < jg}, for some constants {C1;}ick,2<¢<m and

{Ca}iek, 1<t<m—1. Furthermore, by Equation (33), Leibniz’s differentiation rule and Faa di
Bruno’s formula, the Malliavin derivative of (J)~! along h®™ € H®™([a, b]) is such that

DIy =

for some constants {Cs3 01 }ick, 1<o<e and {Cymritiek, 1<o<t-
1<0<m 1<0<m

Proposition 5.20. Let B be an independent copy of W and B be the corresponding rough path
above B. For any t € [a,b], we denote by

d t
X (W,B) =Y / I g (X70) dBE, (38)

V14(W,B) =

M&

t
( / (TP 'V wp) (Vor (X)) AWE — / (Jf’a)_1Vak(X§’a)dB’§) ,
k=1 a
(39)
and, for any m > 2,

m

d
Xoa(W.B) =3 > > 011/ T0 Ve (W), (W) T (X AW
k=1 \ = 2lng
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x,Svrl x,a
+ Z > 02‘/ T0 IV, (W)t (W) OH(XT) dBY (40)
/=1 IEKZ

li|=¢
m—1 £
+Y 3N C4m€1/ J7) Vmo1-0s(W, BV, wom), ., .wp) (Vor(X5) dBY
(=1 o=1ieK, a
li|=¢
t
+ m/ (Jf’s)flym_lys(w,B)Vak(Xf’a) dBI;) , (41)

Then, for any m > 1 and h € H([a,b]),

banmﬂf(W") :m'D}Tzn ?a and Dirznymyt( ) m'Dh (Jx a) 1’

where D is the Malliavin derivative with respect to B and the left-hand side does not depend on
B, and we have the estimates, for any r > 2,

E | sup | D" X [yem (s | Smar B | sup [X (W, B)[" (42)
(EERd $€Rd

and I | sup HDWJ?’“)‘IHLWQMDI S B | sup [Vt (W, B)[" (43)
ZDGRd ’ CEGRd

Proof. We only give the main arguments of the proofs (see |50, Proposition 3.3]). The fact
that the Malliavin derivative with respect to B of X, (resp. ) is related to the Malliavin
derivative of X (resp. J!) is a straightforward consequence of their expressions. Concerning
the inequality, we remark that

1
1~ 2 :
D™ X4 om :—HDme W,-’

[ ¢ lem oy = +(W,) H®m([a,bl)}

1 -~
— T ‘Dme W,-‘
HOm([ab]) ™! [ l )

where E is the expectation with respect to B, as well as
- 1
| D™ (@) | = LB ([ DY W) ’
' e () " Hem(ah)  ml | T e ()
Since X, (resp. V) belongs to the m-th order inhomogeneous Wiener chaos generated by B
we know that all the D?™-norms are equivalent for the right-hand-side term. Hence, we obtain

i _ ~ 9 r/2
E | sup ||[D™ X yem iq Smr E supE{HDme W,-‘ ]
xER4 ” HH@ ( b})] 7 _zeRd 7t( ) ’H@m([a,b])
i r/2
Smr E E | sup |Xm7t(W,B)\2 ,
zER4
and, similarly,
r/2
> su}gdHD’”<J;”’“>‘1I!Hw[a,b})] S B B | sup [Vt (W.B)"| |,
S

z€R4
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for which gives the desired results. (]

In order to push further estimates (42) and (43), we need to estimate the rough integrals
from (38), (40), (39) and (41). This is done by considering, for any m > 1, the function
(X, 3, I L, &, ..., X, V1, Ve, ..., Vi) as a solution of a (system of) RDE given by (2)-(32)-
(33)-(38)-(40)-(39)-(41) driven by Z which is the lifted Gaussian process Z = (W, B) (that
satisfies Assumption 5.5) in the geometric p-rough paths. It turns out that, for any g > 2 large
enough, we have estimate |33, Theorem 35-(i) and Corollary 66]

B 121 g So ot

We remark that we can not immediately apply the estimate (30) since the vector-fields in (32)-
(33)-(38)-(40)-(39)-(41) are not bounded with respect to (J,J ™1, X1, Ao, ..., X, V1, Vo, ..., Vin)
but have (as well as their derivatives) polynomial growth.

To proceed, as in [44], we use an induction argument. We first consider V' = (X,Y’) where,
for any 1 < k < d,

t
k= / Vor (X5 dWE. (44)

Then, V is the solution of (2)-(44) driven by Z and, thus, is a geometric p-rough path (denoted
V). Since the vector-fields are smooth and bounded, we have, by Theorem 5.16,
HVHp-var;[a,t] Sp,”/,cr HZHp-var;[a,t}- (45)

Remark 5.21. Note here that when x is smooth, the definition of S|, (z) only involved in-
crements of x. Remark also that when W¢ is a sequence of smooth paths such that S, (W¢)
converge to W in the rough path topology, then by Inequality (30),

51 [ (X st S (1 1S OVt V1 Sy OV e
S

and one has, by letting € — 0,

Séllgi HX””Z var;[s,t] ~ <||O-||C” [ W p-var; [s,4] V HGHp“f 1HWHp -var[s, ﬂ)
X

Now, let V; = (X, J,J1) be a solution of the RDE (2)-(32)-(33) driven by V. This RDE can
be solved and is a geometric p-rough path (denoted V) that satisfies [17, 7|

HVIHp-var;[s,t] < K/lHVHp—var;[s,t]emNa’[s’t]’p(v)a

where 1, k2 > 0 depend on o and N, [4,(V) as finite moments of any order (see [32, 7] for
details). Now, we can see that the integrand in (38) as a polynomial growth (as well as its
derivatives) with respect to V. Thus, we have the following estimate from |44, Equation (52)]
(see also [7] Subsection 4.3)

|X1,t(W7 B)| A ”Xl (W’ B)Hp var;[a,t] ~ (1 + HVl ||p var;[a, t]) HVl ||p—var;[a7t}
for some r > 0. This yields, in the end,
’Xl,t(wa B)‘ S (1 + ”ZHp—var;[a,t}GHQNQ’[a’t]’p(V))T HZHp—var;[a,t]GKQNQ’[a’t]’p(V),
which leads to the estimate

E | sup |X1(W,B)[?

z€R4

S Ra,t-

Finally, if we assume that we have, for any 1 </ <m —1,

|X(W, B)]|

'
p-var;[a,t] = (1 + HZHP var;[a, t]emNa’[w]’p(V)) ”ZHp—var;[a,ﬂemNa’[a’t]’p(V)a
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for some r > 0, then one can consider the function V,,—1 = (X,J,J71X1,...,X,,_1) as a
geometric p-rough path driven by V denoted by V,,_1 and, since the integrand in (40) as a
polynomial growth (as well as its derivatives), we deduce the estimate

’Xm,t<wa B)| A HXm(W, B)Hp—var;[a,t] § (1 + va—lup-var;[a,t])r va—IHp-var;[a,t}'

In particular, following the same arguments as for X, we obtain that

E | sup |X «(W,B)[?

z€Rd

5 I€a7t.

We proceed then to obtain estimates on (Jy)1<¢<m by considering iteratively Vi ., = (X,J,J 71,
X1yeooy Xy V1, ..., V) taken as a geometric p-rough path driven by V' and denoted Vyy,,. By
considering (39)-(41), we deduce that, for any 0 < ¢ <m — 1,

Ve 1.6 (W, B) A Ves 1 (W B) i) S (1 IVesmllpvarfad)” [Vesm|lpvarfa:

which leads to the estimate

E | sup |V (W, B)[?

zC€R4

5 Iiaﬂg.

For the following result, we need a notation. Let F': x +— F(z) € D™P Let us define
m 1/p
1F s pmr = | Elsup [F(2)[P]+ Y Elsup [D*F(2)fe] | -
zeR4 k=1 T€ERA
What we just have proved is that
Proposition 5.22. We have the estimates, for any m > 1 and p > 2,
IDXT | Dmw (o)) S Fae  and  [[(T7) 7 ([ad]) S Fayt-

Remark 5.23. Let us remark that if we denote J° = J and J™ = D, J™ ', where D, stands
for the derivative with respect to x then we have the following expression :

d d t
IP= > cay Diop(XET)I - JHAW, + ) [ Vo (XTI AW,
e{2,-- ,m} k=1 k=1"¢
ac{l, ,m—1}*
|a)=m

for some constants cp o > 0. By using ewactly the same strategy as before, one can also prove
that

[ e D (3e(lat))) S Fats

by using again Equation (41) in this situation.

We now turn to the covariance matrix yx, 4,5 Which is expressed, following Definition 4.14, as

")/th,a’[(ub] = (<Dthva,7’7 DXf’a7]>H([a’b])>(i,j)e{17.._7d}2 . (46)

We remark that vy, |44 is @ symmetric definite positive matrix. Furthermore, thanks to (26),
(36) and (34), we deduce the expression

Vxra fap) = (DX (DXT) Vagtap)) = (DX (DX ) (0] (47)

/ / PG (XD (X5 (I5°) ARy (s1, 52). (48)
Proposition 5.24. Under the uniform ellipticity condition

lo(@)z)® = <ll=ll*, vz, € RY,
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for some constant ¢ > 0, we have the estimate, for anym > 1 and p > 2,

_ max(1, g,)"

o Dm2(H([ab]) ™ oy

—1
H”Xf’“,[mb]

where gt = Kat/0at-

Proof. We follow the arguments from [44, Proposition 3.9]. We start with the estimate in the case

m = 0. Since VX [a,] is symmetric definite positive and all the matrix norms are equivalent,

an upper bound on H’y)_(}m (ab] || can be deduced by estimating its lowest eigenvalue. In order to
t R

do so, we will identify a positive random variable g, ; admitting negative moments of any order

such that, for any z € R4\ {0},
ZFyxa g p 7 2 0a,t]|2|I-

Thanks to (48) and by denoting f2"*" = ¢(X*)* (J7*)* 2, we obtain
t ot
z* TXP Jab) # = / / 2o ( XD o (X5 (I7*)" zdRw (s1, 52)

/ / (F20) 55 dRw (s1, 52) = [IF™"" 13 0.0

By Corollary 5.13, we furthermore deduce that

2 ”fz:cat||2 (CW/Z)(Q’Y-FOC /27”fza:at||a/'Y

ilast] 1 Ja,t]
4 2 ‘fzmat’g‘ﬂ//'y[at])

[ P

Also, thanks to the uniform ellipticity condition, we obtain
s —1 1) —
IE52H > <l (307 217 = <3717 217,
which, since supgepg g 1977171 > [

L =||Id||7! = 1, writes as

ooslat] = Vellz|l-

Moreover, we have

555 o (0 < 10 (X5 (IT) v a2l = 137 0 (X5 |er (o ll2]I-
This leads to the estimate

. 4§a/7(cW/2)(27+a)/27
2 o I N E
at|Jt o (X )cv([at])
and we identify
2 a/y (2v+a) /2y
Oat = Z’tg inf | min | 1, 4% (ew /2)

z€R? Oq, t|Jt G(X ) g“//’(y[a t])

We now have to prove that E[sup,cpgd Q;ff] < +o00. We can see that

-1 - 74 su max Ug’tum, (Xx “) a/z[a 1))
Cat = Ug,tg :BE]lgd ’ 4§O‘/V(CW/2) 2y+a)/2y ’

and, thus, we essentially have to see that sup,cpa [J; o (X5%)|cn (la,t)) @dmits moments of any
order. We have

sup [J7 o (X5 ey < lollco sup [J¢ lev(aay + sup |J7°] sup |o(X5)|ev (a,0)-
z€R? zeR? s€la,t], zeR4 zeR?
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From here, it is rather direct to prove that, for any p € [2, +00),

p p
<SUP o (X7 )\cw([m])) ] <llollg <SUEI; !X-w’alcw([a,t})>
[aS

zeR4
thanks to (31) and Proposition 5.15. We use Equation (37) to handle the Jacobian. In the end,
we obtain the bound

E < +00,

- -2
E [Qa,f} S Ua,tp7
which provides the desired result in the case m = 0. In the case m > 1, we use Lemma 4.15 to
deduce that, for any (i,7) € {1,...,d}?,
d

-1 -1 -1
D(’thI’av[aub])i’j - Z (rthz,av[avb])ixl D(rYth’a’[a’b})KLZZ (’}/th’av[avb])EQ’j,
l1,42=1

which yields, thanks to Leibniz’s rule, for any m > 1,

1
o (’YX}” @ la,b] b Wi Z Z (k:tbl@, ks)

l1,lo=1  ki,ka,k3eN
k1+ka+ks=m—1

ki(~— E ka/ —
D 1(%(%@7[&7,)])% D2 (yxwa 0 i) 0, D s(VX}%,b})@,j. (49)

From here, we can see that, thanks to (46),

ko+1
ko + 1 e
D¥** (yxza fap)ente = ) ( ) > (DX (DX
k=0

which provides the estimate, thanks to Proposition 5.22 and Hoélder’s inequality, for any p €
[2, +00),

ka+1
E xs;éadHD ? (’YX“[ab)fl,fszH® k2+1>([a,b])]

sup [|[DFF X
rER4

1/p1
H®(’“+1>([a b])]

x E | sup HD’€2Jr1 ka“

z€R4

1/p2
’ H®B(ka+1— k>([a b])] S Hi,t7 (50)

where 1/p = 1/p1 + 1/p2. Proceeding by induction, we assume that, for any p € [2, +00),

E

e max(1, 04,¢)
D™ (47l ; S
xseu]é)d I (7Xt’ ,[a,b])HH@)(ml)([avb])] ~ ooy

From (49), (50) and Holder’s inequality, we deduce that, for 1/p = 1/p1 + 1/p2 + 1/ps,

1/p
my(.—1 p
B s D (VXf'“,[a,bﬂ”H@m([a,bD]
1 1/101
DD (m_ ) sup D™ (ko ) I ]
~ X% [a,b]/ " H®*1 ([a,b
k1,k2,ks€IN k17k2,k3 zeR? el (la)
k1+ko+ks=m—1
1/p2 1/ps
x B | sup ||[DF*! Vx5 fat1 g 41 (0. I sup ”Dks(”;f%“ o5 () ’

r€R4 x€R4
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5 Z < m—1 > max(l, Qa,t)k1+k3 < maX(17 Qa,t)m

k17k27k3 0'2 ~ 0'2 ’

k1,ko,ks€N at at

k1+ka+ks=m—1

which concludes our proof. U

6. PROOF OF THE MAIN THEOREM

Theorem 6.1. Let W be a Gaussian process which satisfies Assumption 5.5, 5.9 and 5.11. Let
2 < p < 4 such that W can be lifted into a geometric p rough path (from assumption (5.5)).
Furthermore let o its index of non-determinism from Assumption 5.11.
Let o € C°(RYRY) be such there exists ¢ > 0 that for all z,z € RY
jo(z)2]* > ¢z,

Let b € C*(RY) with r + é > % Then, almost surely, there exists a solution flow to the
equation
dX; = b(Xt) dt + O’(Xt) dW;, Xg=u2x, te€e [0, T]
Furthermore, this flow is locally Lipschitz continuous.

Proof. As seen in Section 2 and especially in Theorem 2.10, one only has to check that there
exists v > %, Kk > 2 — v and a weight wp such that almost surely

TP#%b € Crey,

Furthermore, thanks to Section 3 and especially Corollary 3.6, it is enough to check that for all
i,7 € {1,---,d}, we have the following couples

I 5X), (031 X), (0, X371 X),(0;0,XT 1, X),0;0,3,0,0,XI 1,0, X0, XTI, X)
which satisfy Assumption 3.2 for some H € (0,1). Remark that thanks to the flow properties,
for any s € [0,T) and = € R?, one can always consider that

O, x) € {(I7°) 71, 0;(IP*) 9 X (I7) 7
8,-8]-(J?’S)_laiX?”"S@j(J_x’s)_l,OiﬁjX?”’s(JfC’S)_l, aiX,S’xan,s’x(ch’s)_l}
and
plea) = X2
in the expression of TP%%. Thanks to Proposition 4.17, for all ¢t € [s,T], we can take F = X"
and G = ¢(t,x) as given above. Notice that F,G € F;. Hence, we have, for all 3 € N and all
fes,
E[0° f(F)G|Fs) = E[f (F)Hpg 1 (F, G)| Fio,s]],

and, moreover,

[E[0° f(F)GIF]| =[Ef(F)Hp s 1 (F. G)|Fio.]l < Ef(S)?|FJ2EHy s 4(F, G)[*| )2
<IIflloo sup, E(|Hs ,.q(F, G)*| F]2

Note that for any g > 2, thanks to Lemma 4.18, we obtain the bound

[ sué) E[Hg, (s, (F) G) \.7-"] HLq <l sup |Hg, (s, (F G)‘HQ @
e z€R

1Bl || 4
1 .
<IGI2 o H Z Vo ) 5ed D)

N

*7ID|»B|*Z+1,TZ
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Furthermore, thanks to Proposition 5.22 and Remark 5.23, we know that, for every § € N¢
and every r > 1,
1/2

NG st S fse = 1BW 1) varfasz ST 1-
It follows from Propositions 5.24 5.22 and Holder’s inequality that, for all £ < |3| and all r > 2,
_ ; 1
b oy PP 07 5 -
a,

and finally
1 —
| sup BlHs o (F, G| ooy S 00}
r€R
Since W is centered and has the local non-determinism property, we know that

o2, = B[(W, — Wo)?] = E [E[(W; — Wo)*|Fog V Frrl] 2 It — 8|
where « is the index of non-determinism. Altogether, this yields
[B0°F(F)GIFS]| S | flloolt — 517211 G s,

where
Goos = (t — s)%w sup ]E[Hms’t](F, G)Q\fs]%
zeR?
enjoys finite L9(£2) moments which are bounded uniformly in (s,t) € AZ.
Hence, by using Corollary 3.6, for all k € R such that 0 < x+ é < 2, there exists € > 0 small
enough such that for for all ¢ > 2 v d and for wo(z) = (1 + |z]), there exists a positive random
variable K (b) = K (b,0, W) with K (b) € L1(Q) such that

ITPP9D]| 1y i1 e

T 14|

Therefore, for x + é -5+ % + %5 > 1, namely for

< K(b)[|bllcr-

3 €
K > 5 + Z,
thanks to Theorem 2.10, there exists a unique solution, locally Lipschitz in the initial condition
to Equation (4).
O

Finally we give a (standard) example that satisfies the conditions which are required for
uniqueness of the solutions. We refer to [16] and [34] for the proofs of the following propositions.

Proposition 6.2. Let H € (0,1). Let B, B be two independent d-dimensional Brownian mo-
tions. We define the d-dimensional fractional Brownian motion of Hurst parameter H as the
process defined for all t > 0 by

H 1 ! H-1 oo H-1 H-L 15
B] :(/ (t—r) deT+/ t+r)" 2 —r 2dB7">7
CH 0 0

where

_ 1+/+m((t+ )Hf%_ H*%)zd
CH = 51 ; T r T

The fractional Brownian motion is a centered continuous Gaussian process with stationary in-
crements and covariance

1
Rpn(s,t) = 5(thH + s2H |t — s|2H).

For i < H < % it satisfies Assumption 5.5 with p = ﬁ, Assumption 5.9 and Assumption
5.11 with o = 2H.
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Corollary 6.3. Let H € (%, %) Let B be a d-dimensional fractional Brownian motion and

let BH the geometric rough path above B

Let b € C* with
Sov (2oL
" 2 9H )"

Let 0 € CI‘)’O(IRd; R&) which satisfies the strong ellipticity condition there exists ¢ > 0 such
that :
lo(x)z]? > ¢|z)?, x,2 € R
Then, there exists N' = N(b) € F such that P(N') = 0 and for all w ¢ N and for all x € R,
day = b(zy) dt + o(x) dBE, zo =z, t€]0,T]

admits a unique solution. Furthermore, for all R > 0 and all all b,b which satisfies the above
conditions and all xo, g € R with |xo|, |Zo| < R, there exists an almost surely positive and
finite random variable K = K(B ,0,b,b, R, T) such that
sup |ary — &y < K(|z — 2| = |[b = bllcx),
te[0,7
where x (respectively &) is the solution of the rough differential equation driven by the fractional
Brownian motion with initial value zo (respectively To) and coefficient b and o (respectively b

and o).
Proof. One only has to use Theorem 6.1 and Proposition 6.2 and Theorem 2.10 to conclude. [

Remark 6.4. Let us remark that we where not able to prove the usual continuity of the Ito
map solution with respect to the driven rough path. Indeed, whenever BS™ is a smooth (say
piecewise linear) approximation of the fractional Brownian motion, one does not necessarily
have Proposition 5.24. Similarly, the continuity with respect to the coefficient o is not clear,
since it appears in a deeply non-linear fashion in the averaged field.

APPENDIX A. BESOV SPACES

We first recall some of the Littlewood-Payley theory that is used in Besov spaces. There exist
¥, ¢ two functions valued in [0, 1] such that

1) 9, ¢ € C°(RY) with supp(v)) C B(0,3/4) and supp(¢) C A, where A = {¢ € R%3/4 <
|€] < 8/3} is an annulus in R?,

2) VEERY, B(E) + 30 0(279) = 1,

3) supp(y) N supp(¢(277-) = 0 for any j > 1,

4) supp(¢(277-) N supp(¢(27%-) = O for any j,k > 0 such that [j — k| > 2.

We define the associated Littlewood-Payley blocks as
Alju=F ' WF(w) and Aju=F 1 (p(277)F(u)), Vi>0, (51)
for any u € §’. We recall the Bernstein Lemmas in this context.

Lemme A.1. Let k € N. There exists a constant C > 0 such that, for all 1 < ¢ < p < oo and
f € LP(R%), we have

1) sup|a i, 1074 f|| Lo(ray < CHFH2ED+HAVTVP A Fl 15 (gay, for all j € NU{-1},

2) CF IR A fll Lo ray < supjajg 10D f || o(ray < CFH2FA; fll Loy, for all j € N.

The Besov spaces associated to the Littlewood-Payley blocks are defined as

1
+o0o /r

By, =S ue S RY;|ulpg, = szﬂ'HAjuug,,(Rd) <00y,
j=-—1

where s € R and p,r € [1,00]. Those spaces are Banach spaces continuously embedded in &’

and they are of type p A r A 2 (see Corollary C.10 below) when p,r € (1, 400).
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Remark A.2. 1) We have the following continuous embeddings
a) fora<aora=aoandr >r

BY, < BY,
b) for p = p,
—d(1/p—1/p)
BY, s B /1R
¢) for p < oo,

d/p 0
B, — Cy,
where C' is the space of uniformly continuous bounded functions.
2) Forp=1r=o00 and s € RY/N, we have that

fulls = 3 [ 10%ull ey + sup PUD O]

y€ERA |z — y’S_[S]
Je|<[s] xi/;éy
«

Thus, the spaces BS, o, consist of a-Hdlder functions and are called Holder-Besov spaces.
3) For p =r, we have that

lullzg, = lull g (way,
where
el g ety = || (1 = 2)*/2

Lr(R)
and, thus, we recover the usual Sobolev spaces.
4) Let k € N. It follows from Bernstein’s lemma that, for any o € N¢ such that |a| < k,

D, N

10%ullBg, S llull gt

It turns out that the space C§°(R?) is dense in By, if and only if p,r < oo. If we wish to

build approximations of functions in the Holder-Besov spaces, we can rely on following result.
Lemme A.3. Let s € R and u € B, . Then, the sequence (un)n>0 defined by
n—1
Uy = Z Aqu,
qg=-—1
converges to u in Bgo,oo for any 5 < s. Moreover, we have, Yn € N and V¢ € R,
s, ., < +oc.
Finally, we recall the following results for pointwise product of functions in Besov spaces.

Lemme A.4. Letp € [1,00[, 11,72 € [1,00] and s1,s2 € R" such that

d
s1+ 82 >0 and max(sy,s2) < —.
Then, for any w € By, andv € B2, we have
luvllzg, S lullg, Tollzs, (52

where

d 1 1 1
s=8+s3—— and —=max|1l,—+ —|.
p T (& 9

We give a result concerning Fourier multiplier.
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Lemme A.5. Let m : R* — R be a smooth function such that there, v € N% and p > 0,

o"m(€) < [¢)77P, ¢ e R0}, (53)
and, for any j, define the function m; given by

m; = F~H(m(£)e(277¢)),
where o is a compactly supported function such that supp(e) C 2.4 and 04 = 1. Then, we have
1Ml 21 ray Sea 2777
Proof. Tt turns out that, by a change of variable,
Il ray = [F " (m(27€)0(€)l| 1 (wa)-

Furthermore, we have, by integration by parts and Leibniz’s formula,

FHm(27€)o(€))(x) = (1 + !wl2)_d(2ﬂ)_d/2/ ¢S (1 = M) (m(2€)o(€)) A&

RA

=+ [2)~2m) =2 Y Cop2l /R ST OEm (260 o(¢) d€.
a d
ba ol <2d

We can see that, by (53)
‘/Rd eif‘xagm(zfg)aa*%(g) d§’ <a 2*3’\a|szo7

which leads to the estimate

Im; 1l o1 gy S 277F

APPENDIX B. YOUNG INEQUALITY

Let us recall the following Young inequality for Kernel (See [66], Theorem 0.3.1).
Theorem B.1. Let K : R x R% — R be a measurable function such that for some p € [1,+00],

sup [|K(z,)lpprey <C and  sup [[K(,y)|powe) < C.
z€R4 yeRY

Then p, g, € [1,+00] with J + L =1+ 1 and for all f € LY(R?), we have

(e

APPENDIX C. BURKOLDER DAVIS GUNDY INEQUALITY IN LEBESGUE SPACES

K() () dy| do) < Clf sy

Rd

In this section, we recall some standard results about martingales in Banach spaces, and the
corresponding inequalities. We refer to Pisier [61]| chapter 4 and to Pinelis [60] and Veraar and
coauthors [48, 49] for proofs.

The aim of this section is to give an almost self-contain proof of Burkolder-Davis-Gundy
inequality in infinite dimensional Banach spaces, especially in LP(R%) spaces. The idea of the
proof is to use the Kahane-Khinchine inequality, and UMD properties via smoothness of spaces.
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C.1. Discrete Fourier transform and Kahane-Khinchine inequality. We recall some of
standard feature about the Fourier transform on the hypercube.

Let Q, = {—1,1}". We endowed €, with the uniform measure u,, such that for a function
f:Qy — R we have

1
| =BU01= 55 3 f@
n CCEQn
where X = (X1, -+, X,,) is a vector of i.i.d. random variables such that P(X; = 1) = P(X; =
-1) = 1.
Remark that for any Y € L?(,, P(2,), itn) a unique function f : ©, — R exists such that

Y = f(X). Hence L*(Qy, P(Qn), i) is a finite dimensional vector space of dimension 2". For
Y1 = f1(X), Y = fo(X) € L2, P(), i) let us write the standard inner product as

(V1,Y2) = B[f1(X) f2(X)].

Furthermore let us define for S C {1,--- ,n}, we define
Xg = HX,, Xp=1
lesS

Remark that (Xg, Xg) =1 and for S’ # S we have (Xg, X§) = 0. Hence Xg is a orthogonal
basis of L2(Qy,, P(), ptn). Furthermore for Y € L2(,, P(Q), ptn) and S C {1,--- ,n}, we
define

Y (S) = (Y, Xs) = E[Y Xg],
such that
Y = Z Y (S)Xg,

and
EYZl= Y Y(9Z(59).
Sc{1,- ,n}
Note that we have the two following identities :
EY? = ) Y(5)?
§c{1,--n}
and

E[Y] =Y (0).

Theorem C.1 (Khinchine-Kahane Inequality, via Szarek’s proof, [12] Theorem 5.20). Let (B, |-
|B) be a normed vector space. Then for any p € [1,400], there exists a constant C, such that

for any n > 2 and for any by,--- ,b, € B, we have
n
Zbin‘ ]7
B

n p
> biX;
i=1 B i=1
where X = (X1,---,X,,) is an #d random vector with P(X; =1) =P(X; = —1) = %
Proof. Let k > 1 such that k <p < k+ 1.

B]

E

] <oy

1
k+1] k41

1
P
E <E < CpniE

=1

=1 =1

It is enough to prove the Theorem for k£ 4+ 1. Let us define

n
Z=>_biX,| ,

p
B B
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Let us define for i € {1,--- ,n},
XO = (X}7, - XD) = (X, Xia, =X, X, oo, Xo),

(@)

such that X® = X and

Zz0 =% px\?

j=1,j#i B

7 _ Zn: 7(0)
i=1

The core of the proof is then the following : we will give some lower and upper bounds for
E[Z*Z] with respect to E[Z], E[Z**!]. To do so, we will give a direct lower bound to Z. For
the upper bound, we will dramatically use the Fourier transform.

Let us focus first on the lower bound. We have

7= ZZX% zii)(]‘.“bj =(n-2)Z

i=1 |j=1 i=1 j=1

and finally

B B

Since Z* is non negative, we have
(n —2)E[Z") < E[Z*Z).
Let us now focus on the upper bound. First note that if we define for S C {1,--- ,n} and
ie{l, - ,n},
() z)
xg =TIx",
les

then (Xéi))gc{lv.,. ) is a orthonormal basis of L? and furthermore note that (2, Xg)) has the
same distribution as (Z, Xg) for all ¢ and all S. Note also that

(i) Xg ifi¢ S
Xy = - o .
Xg ifie S

Hence,

é(S):iE[Z()
—ZE DxP - S E[ZOX])]

¢S €S
=(n—2|5|)E[ZX5]
=(n—2|S])2(S).

Not also that if there exists m such that |S| = 2m + 1, since X D _X we have

Z(8) = E[ZXs] = Z X505 [[(-X0| =-2(9),

Bles

and

Hence we have



= 3 (n—-2ASNZHS)2(S)

Sc{1,,n}
=nZMDZ0)+ Y (n—2|S)ZH(S)Z(S)
Sc{1,- ,n}
|S|=2m
S£0
UE[ZME[Z]+ (n—4) Y ZK(S)Z(S)
Sc{1l,- ,n}

=4E[ZME[Z] + (n — 4)E[Z*F).
Putting upper and lower bounds together, we get
E[z¥) < 2E[Z¥E[Z].
By a direct induction, we have
E[2*)F <2'"*E[Z],
which is the wanted bound with Cj, = 2!~ O
C.2. UMD spaces.

Definition C.2. Let (B,|-|g) | be a Banach space and p € (1,+00). We say that B as the
Unconditionnal Martingale Difference-p (UMD),, ) property if there exists a constant K,(B) >
0 such that for any filtered probability space (2, F, (Fpn)n>0,P) and any B value martingale

(M,)n>0 with p moments, any N > 1 and any &1, -+ ,ey € {—1,1},
N—-1 p
E||D er(Mypr = My)| | < Kyp(BYE[|My — Mol}]
k=0 B

We say that B as the UMD property if B is UMD,, for all p € (0, +00).

The following theorem is a fundamental tool in the theory of UMD spaces. We refer to [69]
for a proof of it (and much more).

Theorem C.3. Let (B,|-|p) be a Banach space with the UMD, property. Then (B,|-|p) has
the UMD property.

The following proposition emphasize the fact that UMD spaces and inequaltiy for martingales
are strongly linked :

Proposition C.4. The finite dimensional vector space R¢ endowed with its standard euclidean
norm has the UMD property.

Proof. The proof relies on the classical discrete Burkolder Davis Gundy (BDG) inequality.
Indeed let (M,), be an LP martingale in R?. Let &1, --,en € {—1,1}, M§ = 0 and for
Ne{l, - N}
n—1
M;, = Z5k(Mk+1 — My,).
k=0
Then (My,)nefo,..,N} is a martingale, and we have

N—-1 2

2

E[M5F] S E (Z | Mgy — Mg )
k=0

P

N-1 3

=B (Z | M1 — Mk+1|2> S E[[My — Mol”],
k=0

were we have applied twice the BDG inequality.

U
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Theorem C.5. Let p € (1,400), let (B,|-|g) be an Banach space with the UMD and let
(A, A, ) be a measured space. The space LP(A; B) is a UMD space.

Proof. The proof follows easily from the previous results. Indeed, it is enough to prove that
LP(A; B) has the UMD, property. Let (M), be a LP martingale with value in LP(A; B).
Remark that for p-almost all x € A, (Mn(a:))n is a B value martingale. Furthermore, thanks to
the Fubini property, we have

B (1Ml ] = [ BIM. @)1 dito).

Hence for p-almost all z, E[|M,(z)|3] < +oo and (Mn(x))n is a LP martingale with value in B.
Hence for all e1,--- ,&, € {—1, 1}, we have for almost all z € A and all N > 1

E[| My (2)p] < Kp(B)"B[|My (z) — Mo()[p].

Hence, we have
BIM i am) = [ BIMS(@)f5] dua)

< KB [ Bl () — Moo (o) = Ky(BPEIMx — Mol
Hence, LP(A; B) is UMD,, and then UMD. O
Corollary C.6. Let p,q € (1,400) and let « € R. Then ng(Rd,R) is UMD.

Proof. Is previously it is enough to prove that By, is UMDy. Furthermore, since L? (R%R) is
UMD we have for al N € N and all e1,--- ,eny € {—1,1},

EMRll, = 3 2B M, ) = Kol L (RER)E[|My — My%, ]
j>—1
and the result follows easily. O

C.3. Banach space, smoothness and type.

Definition C.7. Let p € (1,2] and B,| - |g) be a Banach space. We say that B is of type p
if there exists a constant M), such that for every N > 0, every iid sequence Xj ---, X, with
P(X; =1) =P(X; = —1) =  and every by, -+ ,by € B, we have

N N :
> Xiby ] < M, (Z!M%) .
k=1 B k=1

Proposition C.8. Let R® with its Fuclidean norm. Then RY is of type 2. More generally any
Hilbert space is of type 2.

E

Let us first give an example :

Proof. The proof is quite straightforwerd. Let us denote by (-,-,) the inner product. We have

for N > 1, by,--- ,by € R and Xi,---, X, a sequence of iid random variables with P(X; =
1) =P(X; =-1) =1,
N 2 N N
E > Xpbe| | = D BIXeX)] (b, br) = [bil*.
k=1 k=1 k=1
Applying the Khinchine-Kahane inequality, we have the result. O

Theorem C.9. Let (A, A, ) be a measured space and let (B, |- |p) be a type p Banach space
with p € (1,2]. Let q € [1,+00). Then Li(A; B) is of type p A q.
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Proof. Take N € N, by,--- ,by € L1(A; B) and X1,---, Xy a sequence of iid random variables
with P(X; =1) = P(X; = —1) = 1.
Applying twice the Khinchine-Kahane inequality, we get

n n q
Zszbk ZXkbk ]
k=1 k=1
. ‘A 1
S (/E > Xyby(z) du(@’))
A k=1

(/E > Xybi(z) du(x)>q
A k=1

B-

Q=

E <E

Li(A;B)

N

1
4 q

(/ (Z\bk<x>|’;>Pdu<x> ,
A \g=1

where we have used the fact that (B, |- |p) is of type p in the last inequality.
Now, let us suppose that ¢ < p. We have for every N > 1 and y1,--- ,yn € N,

(kle \yz‘\p>; < <kZN1 !yi!") % :

N N 3 N
ZXkbk N (/ Z’bk(m)\% dN(@) S <Z ’ka%q(A;B)>
k=1 L9(A;B) A= k=1

Hence, in that case we have proved L?(A; B) which is of ¢ type.
Let us suppose that p < g. Note that we have

N

Finally we have

1
q

E

oy L
n n % a\?
E{|Y Xibs S / (Z \bk@:)!’fg) dp(z)
k=1 L1(A;B) A k=1
N 2\ 7
< (Z ([ 1o anto)) )
k=1 \/A4
1
N P
5 <Z ||bk:”1£q(,4;3)>
k=1
In that case LI(A; B) if of ¢ type, which ends the proof. O

Corollary C.10. Let 1 < p,q < +o0 and o € R. Then Bg’q(IRd; R) is of type p A g N 2.

Proof. The proof follows easily when we see that

1By, = 127 F)jz=1llea (o mam))-

By the previous result, LP(R% R) is of type p A 2 and ¢9(LP(R%; R)) is of type ¢ Ap A 2. O
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C.4. Burkolder-Davis-Gundy in Banach spaces. We now have all the tools to state and
prove the following theorem. One can consult [61, Chapter 4| for more details.

Theorem C.11. Let (B,|- |g) be a UMD Banach space of type p € (1,2]. Then for any
r € (1,400) a constant Cy > 0 exists such that for any N > 1 and any L" martingale with value
in B

P
T

N-1 .
E[|My — My|"] < G & (Z [Mpt1 — Mk\fv}) : (54)
k=0
Proof. Let (M,,), as in the theorem and N > 1. Let (Xj,---,Xy) be an iid random vector

independent of M with P(X; =1) = P(X; = —1) = 1.
First, remark that thanks to the UMD property, we have for all e1,--- ,&, € {—1,1},

E[|My — Mo|5] S E[|My|5]-

Hence, we have

MN—1 r
E(|My — Molp] SE || Xe(Mgyq — My) ] (UMD)

Ll k=0 B
r N-1 r

<E |E X (M1 — My) ‘(Mn)ne{o,m,N]
L k=0 B
r N-1 r

<E |E Xi(Myy1 — M) ‘(Mn)ne{(],---,N] (Khinchine-Kahane)
L k=0 B
S =

<E (Z | My — Mk)%) (type — p).

k=0

O

Using Corollaries C.10 and C.6 and Theorems C.9 and C.5, we have the following useful
corollary :

Corollary C.12. Letp,q € (1,400) and o € R. The previous Inequality 54 holds for LP(R%; R)
(respectively ng(Rd; R)) with p A 2 instead of p (respectively with p A 2 A\ q instead of p).

Remark C.13. Using the fact that Fﬁfq(IRd;]R) is endowed in L9(€P), one could prove excatly
the same theorem for Triebel-Lizorkin spaces.

APPENDIX D. THE MULTI-PARAMETER AND MULTI-DIMENSIONNAL
GARSIA-RODEMICH-RUMSEY INEQUALITY.

Let us recall the standard Garsia-Rodemich-Rumsey inequality [42].

Theorem D.1. Let p > 1, a > p~ ! and f € C([0,1]). Then, there exists a constant Cpp > 0
such that

f(8) = f(5)] < Caphipls —t]*71/? (55)

1/p
_ |f(u) — f(v)[P
Kf = (/[0,1]2 Wdudv) .

We can extend the previous result to the case f € C([0,1] x B(0, R)) where B(0, R) C R is
a closed ball of radius R > 0. By denoting, for any z,y € [0,1]¢ and s, € [0, 1],

D(s,x)f(t7y) = f(va) - f(57y) - f(tv .Z') + f(tay)7

we have the following result.

for all t,s € [0,1]%, where
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Corollary D.2. Letp > 1, a1 > 1/p, ag > d/p and f € C([0,1] x B(0, R)). Then, there exists
a constant Cq o, aq,p > 0 such that

Bsa) [P < Caaranphiyls — 1Pz —y|2r (56)
for allt,s € [0,1] and z,y € B(0, R), where
K _/ ||:|uz)f(v w)|p
/ 0,1)2xB(0,R)2 [U — v]MPHL]z —qp|o2ptd

Proof. We essentially use the arguments from [67] and [47]. Let {(E},d;)}1<j<m be a family
of separable metric space each endowed with a finite doubling measure v; defined on the Borel
sets of EJ; (we essentially need that Lebesgue’s differentiation theorem holds) and ¥ a positive
increasing convex function such that ¥(0) = 0 (and, thus, ¥~! is a positive increasing concave
function). We define 0(r) = mingep; v;(B(z,7)) the volume (under v;) of the smallest ball of
radius r > 0 in E;. For any metric space (E, d) endowed with a measure v defined on the Borel
sets of E and for any scalar-valued function f € C(E), we define

7(4) /f

for any Borel set A € E. For any (E,d,v) € {(Ej,dj,v;)}i<j<m, we have, by Lebesgue’s
differentiation theorem

dudvdzdw.

F(B(x,r) = f()-
We denote in the following & = ®;n:1 E; the product space that is can be made metric

1/2
by considering d(z,y) = (ZTzl d(xj,yj)Q) . It can also be made measurable by consid-
ering the product measure v(A) = [[7L, v(4;) for any Borel set A = [[., A;. For any
x = (r1,22,- -, Tm), ¥y = (Y1,92,---,Ym) € &, we denote 2’ = (x1,...,2;m—1) (for m > 2)
and define, for any 1 < k < m,
Vk’,yx = ($17 oy T—1sYky Tht1y -+ - xm)

Furthermore, for any function f defined on &£, we denote Vi, f(x) = f(Viyx). We proceed to
define the joint increment of f as

m

O, f(x) := ] [ (id = Viey) f ().
j=1
From the previous definitions, we can see that, for any x,y € £ and f defined on &
Oy f(z) = Dy/f(x/,xm) - Dy/f(a:/,ym).

We can now state an intermediate result.

Lemme D.3. Let f € C(E) be such that

Kf —// < /(@ xi}y;)) v(dr)v(dy) < +oo.

Then the following inequality holds for any r,y € £

ol <asn [0 e (Y an
x §18m/ / T = | dry . dr.
Y 0 0 Hj:l Uj(’"j)z

Proof. We proceed by induction; the case m = 1 being the classical Garsia-Rodemich-Rumsey.
We assume that the result holds for a certain m —1 > 1. For any z,y € £, we denote g, ,/(2) =
O, f(a', z). For any Borel sets A, Ay C E,,, we have

_ _ m dl‘m)vm(dym)
o' (A1) — Gty (A S/ / 2 ' (Tm) — Gt o (Ym Um(

‘g Y (A1) — g Y ( 2)’ ay S ’g Y (xm) — g Y (y )‘ U (A7)0 (A3)
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Gz’ ! me — Gx' /(Ym) | Vi (A )V (dym)
fL‘m

m(Ay, Ay) / / ,
! ? Aqp JAs 7ym) Um(Al)Um(AQ)

where dp, (A1, A2) = SUpP,, e, ymeds dm(Tm;Ym). By the induction hypothesis, we have that

’gx’,y’ (xM) — Gz ! (yM)‘
S 18m—1/ \Ij_l ( T:ia:{n,ymf 2) d?”,
D [I55 o4(r))
where we denote D = [0,dy(z1,y1)/2] X ... X [0,dm—1(Tm—-1,Ym—1)/2], r = (r1,...,"m—1) and

Szmamf (@) = (f(@',zm) — f(@,ym))/dm(Tm,Ym). Thus, by Fubini’s theorem and Jensen’s
inequality, we obtain that

= |0y 0z, g f (2')]

|g$ Y (Al) - gm’,y’(AZ)l
m—1 Sem,ym f Vm (dZm) Vi (dYm)
< 18™ d (A1, Ag) //A1 /A2 ( T U](r])g) om(A)om(B) dr

m—1 zm vmd U dTm)Um (dym)
< 18" d, (Ag, A2) / </Al ” HJ T o) Om(A1)Um(As) )dr.

We remark that

/A /A K83, g £ Om (AT ) U (dym) < / / K8g, g SO (AT U (dym) = Ky,
1 2 m m

and, thus, we obtain

_ _ e _ Kf 1
|9m’,y’(z41) - gx’,y’(A2)} < 18™ td, (Aq, Ag) /D i (H;ﬁ:ll p——y Um(Al)Um(A2)> dr. (57)

We now denote gx,’y/(mm, r) = Ga oy (B(2m, 7)) for any z,, € E,, and
B(am,r) = {2 € Ep;dm(z,2m) < 1}

for a certain r > 0. We now fix 2y, Ym € Ey and let A\ = dpn (2, ym)27F for any k& > 0.
Since dp (B(2m, Mo), B(Ym, Mo)) = 30, 0m(Ar) > om(7) for any 7 < A, and U1 is increasing,
it follows from (57) that

|§x’,y’ (xma >\0) — Gal (yma )\0){
K 1
<3x 18’"1)\0/ g1 M
D [T75 05(r5)? om(R0)?

dm(l'mvym)/2 1
<6 x 18m7 / / R = | drar. (58)
0 D [T/ 0j(rj)? om(T)

J

Furthermore, by using (57) and since dp, (B(@m, Ar), B(Zm, Aex1)) = Ao+ Aev1 = 6(App1 — Aeso)
for any £ > 0, 0 (A) > om(7) for any 7 < A, and U~! is increasing, we obtain that, for any
k>1,

k—
’?]oc’,y’(xma >\0) Ga! ! xma >\k Z :L‘m, )‘K—I—l) Ga! ! (l‘m, )\Z)}
/=0
k
<6 x 18m~1 Zl (Neg1 — )\g+2)/ vl rf ! dr
= D 17 05 ()2 om(Aes1)om(Aer2)

Aet1 1
§6><18m1 / / L - | drdr
Aey2 1 0'](7“]) om(7)?)



M Kf 1
< 6 X 18”“/ / L 5 | drdr.
Aky1 /D Hj:l Uj(Tj)Q om(7)?)

Letting k — +o00, we deduce that

‘.(_];t’,y’(xma )\0) - gw’,y’(xm)‘ <
don (2 ym ) /2 1
<6 x 18m1 / / L (— ~ | drdr, (59)
0 D [T75 05(rj)? om(7)?)

’g:c’,y’(yma )‘0) — Ga' (ym)| <

A (Tm,Ym)/2
<6 x 18m—1/ / L (R ! | drdr. (60)
0 D [T75 05(rj)? om(7)?)
Thanks to (58), (59) and (60), we obtain the desired result. O

and, similarly,

Corollary D.2 follows directly from Lemma D.3 by choosing E; = [0, 1] endowed with d; (¢, s) =
|t — s|“1Ht1/P and Ey = B(0, R) endowed with do(z,y) = |z — y|*>T%/P. We also use, for both,
Lebesgue’s measure and set W(t) = [¢|P. It turns out that oy(r) ~ r/(1+1/P) and gy(r) ~
pl/(e2/d+1/p) \With the previous choices at hand, we obtain

di(s,t)/2 pda(z,y)/2 Kf
/ / - <22> dr drs
0 0 01(7"1) 02(7"2)

dy(s,t)/2 da(z,y)/2
~ ﬁ}/P 7.1—2/(06110-*‘1) dry / T2—2/(Oé2p/d+1) dry
0

0
S e

where

|:| S,x t’ P
Kf= / / 15 ’+)1f( ) +ddtdsdxdy.
0,12 /B, |t — s|*PH |z — y|ozp

We can finally state a Kolmogorov’s continuity theorem.

Theorem D.4. Let p > 1, oy > 1/p, oo > d/p and f € C([0,1] x R?) a random process.
Assume that there exists €1,e2 € (0,1) such that

’D(s,m)f(ta y)|p e

ﬁf ‘= sup E |t— s|a1p+51|$ _y|a2p+52

s,t€[0,1]
:Jc,yG]Rd

< +o0. (61)

Then, for any €3 > €2, there exists a positive random variable T € LP(Q) which depends on
f,d,a1,as,p, 1,62 and g3 such that, IP-a.s.,

Ts) F (6 y)] < Tls = £ 17 Pl — y[ 22 HP(1 4[] + [y])FH=)/P, (62)
for allt,s € [0,1] and z,y € R
Proof. Let A= {z € R% 1 < |z| < 2} be an annulus in R¢ such that R¢ = B(0,1) U U;L:OS 21 A.
It follows from Corollary D.2 and (61) that, for any j > 0,

’D(s,z)f(ta y) |p

E | sup
voeiby T~ TP Tz — gl (1 [a] & [y
x,yc29 A
< CdaropVs / duydugdzidzy
=1+ 2j+1)d+€3 [0,1]2x B(0,1+29+2)2 ”Ual _ u2‘1—51 ’21 — Z2’d—a2
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9(d+e2)(j+2) duidusdzdw
< Cdan,00,p0f ( /[0

HTI)‘HE?’ 1]12x B(0,2)2 \Ul - U2!1_51\21 - 22|d_62

< 9jlea—es)

Thus, we deduce that

E sup |D(s,x)f(t’y)‘p
tsefo,q) |8 =t Pz — ylo2p=d(1 + |z + |y|)dtes
:c,yG]Rd

’D(s,x)f(ta y)‘p
s = tfor=T[z — yfr—

<E sup
t,s€[0,1]
z,yeB(0,1)

+
+ z.o E sup ||:|(s,x)f(t’ y)‘p
= | teelo) |s =tz — ylezpmd(L 4 fz] + [y[)dres
x,y€2 A

—+00
ST+ 20 < hog,
7=0

which ends the proof. O

We also recall another standard Kolmogorov theorem.

Theorem D.5. Let f € C([0,1]; LS. (RY)) be a random process and p > 1 such that

loc
t.x) — P
P (LTS (T
t,5€[0,1] |t — s|op
z€eR4

for a certain o« > 1/p and € € (0,1). Then, there exists a positive random variable T € LP(2)
which depends on f,d,a and p such that

1F(t,x) — f(s,x)] < T|s —t|*"VP(1 4 |o]) /P,

where ¢ > 0.
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