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Abstract: The main advantage of wavelength-dispersive spectrometers applied in X-ray study
is their high energy resolution. The design and construction of spectrometer, usually dedicated
to the specific experimental systems, for example synchrotron based setups, need information
about the characteristics of the main elements of the spectrometer such as X-ray optics elements,
crystals and detectors. Such information can be obtained using Monte-Carlo simulations. In
this paper, the Monte-Carlo simulations of X-ray tracing in parallel-beam wavelength-dispersive
spectrometer (PBWDS), equipped with polycapillary optics, are presented and discussed. The
study concentrates on the description of the polycapillary model, simulations of the properties
of X-ray polycapillary optics and, finally, on the simulations of X-ray track in the spectrometer
designed and installed at the ID21 beamline at the European Synchrotron Radiation Facility (ESRF,
Grenoble, France). The results of simulations were compared with experimental data obtained
for different registered X-ray energies and spectrometer crystals, showing good agreement. The
obtained results showed that the X-ray transmission in the tested polycapillary optics is at the
level of 15%, while the divergence of the outgoing beam changes from 8 mrad to 3 mrad with an
increase of photon energy from 2 keV to 10 keV. The spectrometer provides an energy resolution
of 5 eV and 33 eV in the energy range of 1.4 keV - 6.5 keV. The developed simulation program can
be successfully used for the construction of spectrometers dedicated to the different experimental
conditions.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The study of the X-ray fluorescence radiation emitted by medium is the basis of many X-ray
spectrometry techniques dedicated for elemental analysis and widely used in such different fields
as materials science, geology, biology or medicine [1–3]. The difficulty of the X-ray fluorescence
studies is the fact that the radiation is usually emitted from the studied sample by atoms of many
elements and in registered spectra the X-ray emission lines overlapping can be observed. This is
especially probable when energy dispersive spectrometers (EDS), with energy resolution of over
one hundred of electron volts [4], are applied for measurements. For better separation of emission
lines, the wavelength-dispersive spectrometers can be applied [5–7]. This type of device, i.e.
compact parallel-beam wavelength-dispersive spectrometer (PBWDS), based on flat crystal and
polycapillary optics [8–12] was designed and installed at the ID21 beamline at the European
Synchrotron Radiation Facility (ESRF), (described earlier in details by Szlachetko et al [13]).
The PBWDS spectrometer has been used in applied research, i.a., to study of trace elements
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contents in archaeological materials [4,14] with energy resolution at the level of single eV. The
high energy resolution of this spectrometer allowed also for the first observation of the correlated
two-electron one-photon transitions in single-photon K-shell double ionization [15].

The principle of operation of the wavelength-dispersive spectrometers is based on the wave
nature of the X-rays. According to the Braggs law [16], only photons with wavelength fulfilling
this law are diffracted from crystal planes. The energy selection can be done by rotating the
crystals, which is accompanied by an angular deviation of the diffracted beam. The phenomena
of diffraction on the crystal is used to spread out the incident radiation with different wavelengths.
The wavelength-dispersive spectrometers can operate in various geometries. The geometry with
flat crystal is characterized by very simple construction, but also by low efficiency. However, the
low efficiency can be improved by forming the parallel incoming beam directed on the crystal,
which can be obtained by polycapillary optics system ( Fig. 1). Polycapillary optics is a widely
used technology for collimating and guiding X-ray beams. The development of the polycapillary
optics has become an active direction for X-ray research due to its wide potential applications
in many fields, such as high-quality X-ray diffraction [17], chemical mapping [18], collection
of astronomical signals optics [19] or a variety of clinical applications: mammography, protein
crystallography [20], choroidal melanoma and iris melanoma [21], as well as might create novel
instruments and methods for future applied techniques [22].

Fig. 1. Geometry of PBWDS spectrometer used in the simulations. The θ-2θ rotation
allows for Bragg angles between 20◦ and 70◦.

This paper is an extension of our previous work [13], and is focused on the detailed Monte-Carlo
X-ray-tracing study of propagation of X-rays through the polycapillary optics affecting the exit
divergence, spatial distribution of X-rays after passing through this optic element, and as a
consequence, on the energy resolution of the PBWDS spectrometer.

2. Monte-Carlo X-ray-tracing simulation

The geometry of the low-energy parallel-beam wavelength-dispersive spectrometer discussed
in this paper is presented in Fig. 1. The main elements of this geometry are: polycapillary for
tracing X-ray emitted from the sample (source), crystal and detector. A straightforward procedure
to determine the characteristics of a polycapillary optics as well as to better understand the optical
properties of a parallel-beam wavelength-dispersive spectrometer is a X-ray-tracing simulation
approach. The Monte-Carlo method is especially well suited and efficient in cases, for which,
due to the complexity of the problem, a fully analytical treatment is impractical. In the case of
use a polycapillary optics, the X-ray-tracing allows a detailed investigation of X-rays propagation
process through a polycapillary fibers, and predicts the transmission, the beam divergence at
the output, if only the parameters such as: polycapillary length, focal distance, entrance and
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exit sizes, single fiber diameter and wall thickness, are known. The Monte-Carlo X-ray-tracing
program [23,24] discussed in this paper allows to study mentioned characteristics and also to
predict the intensity distribution of X-rays on a detector and to determine the energy resolution
of the PBWDS spectrometer. This computer program is written in C++. In the program the
random number generator based on an Mersenne Twister algorithm [25] was used to generate
numbers with uniform distributions, which were then transformed to the random numbers having
assumed distributions. The program tracks the trajectory of each photon emitted randomly from
the X-ray source (sample) and tests whether this photon is transmitted through the polycapillary,
next diffracted by the crystal and finally registered by the detector. In the case that the photon
reaches the polycapillary, the total external reflection condition [26,27] is considered. The photon
transmitted through the polycapillary is then traced to the crystal, and in the case it reaches its
surface, the diffraction process, described by the crystal rocking curve (from XOP2.3 [28,29])
and dynamical theory of diffraction [5,6], is considered. The photon diffracted by the crystal is
next traced on its way to the 2D-detector.

The presentation of the Monte-Carlo X-ray-tracing simulation starts from polycapillary model
description. Next, the simulation of X-ray polycapillary optics properties are presented and,
finally, the simulations of X-ray track in the spectrometer.

2.1. Polycapillary model

The rapid development of the X-ray polycapillary optics caused the increasing demand for a
simulation tool that takes into account real physical properties of the polycapillaries (such as
surface roughness), as well as correctly describing the real shape resulting from the production
process. There are a few models and several codes to calculate X-ray transmission by mono- or
poly- capillary. Some of them describe only single fiber [30–32], others describe capillaries
in a specific configuration, e.g. for focusing beam [30,33–38] or show the results for hard
X-rays energy [39,40]. The most advanced codes for ray-tracing of X-ray inside fibers channel
[30,41–43], namely GXPS [44], SHADOW [35,37,45–47], PolyCAD [48,49], include absorption
corrections and polycapillary roughness.

The polycapillary optics (full-lens or half-lens) elements are produced by heating bundles of
parallel tubes, pulling them to a specified shape and cutting [9,50–52]. The half-lens can work in
focusing or collimating geometries by bending the fibers to an appropriate curvature. In order to
obtain the quasi-parallel X-ray beam at the exit of the polycapillary, the condition of parallelism
of fibers at the end of polycapillary has to be fullfiled [9,49]. On the other hand to focus the nearly
parallel X-rays beam at the exit of the polycapillary, the fibers on entrance of the polycapillary
must be parallel [9,49]. Most of the available simulation codes can be used to calculate capillary
properties only for simple shapes of fiber, like cylindrical, conical, or ellipsoidal. They cannot
simulate the polycapillaries with polynomial profiles higher than binomial. These shapes do not
describe properly the polycapillary dedicated for collimating the quasi-parallel X-ray beam. In
order to meet boundary condition of fibers parallelism, the third-degree polynomial function,
describing the shape of single fiber curvature, was applied in our simulation program.

The polycapillary consists of thousands of fibers curved and arranged in hexagonal bunch
(see Fig. 2(a)). The X-rays hitting the internal surface of the fibers at the angle, less than the
critical angle θcrit (measured between surface and X-ray direction) of total external reflection
(see Refs. [26,27]), propagate along this fiber by multiple reflections. This reflection process
occurs because the refractive index of the polycapillary material for X-rays is less than unity.
Generally, the properties of the X-rays beam transmitted through the polycapillary depend on the
energy of the X-rays, the source size, the shape and the size of the polycapillary as well as on the
polycapillary material and its surface roughness.

In our application the most important aspect was to develop the simulation software to
predict properties of parallel-beam wavelength-dispersive crystal spectrometer equipped with
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Fig. 2. (a) Polycapillary cross-section. (b) Scheme of the glass polycapillary showing its
main characteristics: length L, entrance radius Rin, exit radius Rout, distance of fiber entrance
to the polycapillary axis of symmetry h, entrance focal distances fin, exit focal distance fout,
single fiber inner entrance diameter din and inner exit diameter dout. The single fiber is
marked in red.

polycapillary optics, based only on the geometrical parameters of polycapillary provided together
with the polycapillary by manufacturer, such as length, focal distance, entrance and exit sizes.
Others necessary parameters such as single fiber diameter and wall thickness were taken from
the publication of the manufacturer for typical SiO2 polycapillary (see Schields et al [12]).

In the applied X-ray-tracing method, the path of each photon randomly emitted from the X-ray
source, is followed in a polycapillary fiber taking into account its reflection and refraction (i.e.
absorption) in the case of hitting the inner side of the fiber wall. The reflection coefficient of a
photon from a smooth surface can be calculated from the Fresnel equations [26]. In particular,
X-rays for small angles of incidence, being below the critical angle θcrit, are practically totally
reflected. The phenomenon of total external reflection of X-rays is described in details in Refs.
[26,27]. For realistic glass polycapillaries, the surface is not ideally smooth and consequently,
the corrections describing the surface roughness have to be considered. In the present paper
the surface roughness effects were treated using two models: the exponential damping factor
approach [30] and Kimball [53] theory.

In the present study the polycapillary cross-section is described as a bundle of thin, closely
packed, circular fibers arranged in a hexagonal pattern (see Fig. 2(a)). Dimensions of polycapillary
are characterized by the following parameters: length L, radii of entrance Rin and exit Rout, focal
distances of entrance fin and exit fout, single fiber inner diameters on entrance din and exit dout
(see Fig. 2(b)). In our polycapillary model the ratio of single fiber exit and entrance diameters is
equal to the ratio of polycapillary exit and entrance sizes

(︂
dout
din
=

Rout
Rin

)︂
. This model also takes

into account the variable thickness of the fiber wall, which changed proportional to the fiber
diameter. The value of the wall thickness on the fibers entrance was estimated from the SEM
photo presented in [12]. Since the real polycapillary shape is not known, the geometric model
described mathematically by Eqs. (1), (2), (3), (4) was assumed.

In our simulation program, the third-degree polynomial function T(x, h) (Eq. (1)), describing
the distance of fiber center to polycapillary x-axis (see Fig. 2), was applied to characterize the
shape of fibers:

T(x, h) = C0(h) + C1(h)x + C2(h)x2 + C3(h)x3, (1)

where h is the distance of fiber entrance to the polycapillary axis of symmetry (x-axis on Fig. 2),
and Ci(h), where i = 0, 1, 2, 3, are the polynomial coefficients depending on the parameters (L,
Rin, Rout, fin, fout) as well as type (collimating/focusing) of polycapillary. The case of collimating
a quasi-parallel X-ray beam from a point X-ray source means, from a mathematical point of view,
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that the exit focal distance fout → ∞. The Ci(h) polynomial coefficients for this case conditions
are described by Eq. (2): ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T(0, h) = h,

T(L, h) = h
Rout

Rin
,

∂T(x, h)
∂x

|︁|︁|︁
x=0
=

h
fin

,
∂T(x, h)
∂x

|︁|︁|︁
x=L
= 0,

(2)

whereas the case of focusing nearly parallel photon beam is described by Eq. (3):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T(0, h) = h,

T(L, h) = h
Rout

Rin
,

∂T(x, h)
∂x

|︁|︁|︁
x=0
= 0,

∂T(x, h)
∂x

|︁|︁|︁
x=L
= −

h
fout

Rout

Rin
.

(3)

A cross-section of single polycapillary fiber was assumed to be a circle with continuously varying
radius r(x) along a central axis of the polycapillary (x-axis) and is described by Eq. (4):

[y − T(x, h) cos(ϕ)]2 + [z − T(x, h) sin(ϕ)]2 = r2(x), (4)

where ϕ is the angle in yz plane (cross-section plane).
The Fig. 3 shows the shape of few fibers used for polycapillary simulation obtained based on

Eqs. (1), (2), and (4).

Fig. 3. (Top) Fiber shapes obtained using Eqs. (1), (2), and (4). The beginning (Left bottom)
and the end (Right bottom) are shown enlarged in mm scale.

The total external reflection of X-ray can be described by the complex refractive index, which
is defined as follows [26,27]:

n = 1 − δ + iβ, (5)

where 1−δ is the real part of the refractive index and β is the imaginary part describing absorption
of X-rays in the matter. The quantity δ is mostly in the order of 10−6 and the real part 1 − δ is
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smaller then 1, while β is even less that δ [26]. In the X-ray region any medium, in particular
solid, is optically less dense than air, which results in a refracted beam that is deflected toward
the boundary plane. Consequently, there is the critical angle θcrit for which no beam enters to
the second medium (β = 0) and the boundary completely reflects the incident beam back into
the first medium. According to Snell’s law this critical angle of incidence is approximated by
cos θcrit = n ≈ 1 −

θ2
crit
2 . The combination of this condition with Eq. (5) leads to the relation:

θcrit ≈
√

2δ ∼ 1/E, (6)

where E is the energy of X-ray photon.
The reflectivity, defined by the intensity ratio of the reflected beam and the incident beam, for

X-rays hitting the smooth surface at incidence angle θi can be expressed by the Fresnel formula
using the complex refraction index (Eq. (5)) in the following way [26]:

RF(θi) =
(θi − θ

′
t )

2 + θ ′′t
2

(θi + θ
′
t )

2 + θ ′′t
2 , (7)

where θ ′t and θ ′′t are real and imaginary components, respectively, of the refraction angle θt.
These formula is valid independent of the polarization of the incident beam because of the
assumed small θi and θt angles [26]. The real and imaginary components of θt angle, can be
written as follows:

θ ′t
2 = 1

2

(︃√︂|︁|︁(θi2 − 2δ)2 + 4β2
|︁|︁ + (θi2 − 2δ)

)︃
,

θ ′′t
2 = 1

2

(︃√︂|︁|︁(θi2 − 2δ)2 + 4β2
|︁|︁ − (θi

2 − 2δ)
)︃

.
(8)

The real component θ ′t is decisive in the range above the critical angle, while the imaginary
component θ ′′t is dominant for angles below critical. Consequently, within this approach the
reflection coefficient for a smooth surface can be expressed in terms of δ and β parameters, which
are available from CXRO base [54].

In fact, a real surface of glass is not ideally smooth and its quality is important factor for
describing the transport properties of X-rays through the polycapillary. In the existing models
describing the interactions of photons with rough surfaces, the well known approach is the
exponential damping factor (EDF) [30]. According to the EDF model the modified REDF X-ray
reflectivity is described as follows:

REDF(θi) = RF(θi) · exp
(︃
−
(4πσ sin θi)2

λ2

)︃
, (9)

where σ is the root-mean-square (rms) surface roughness parameter, and λ is the wavelength
of the incident X-ray. As it is noted in Ref. [30], the EDF model overestimates the roughness
correction, because it describes only the specular reflection of the photons in the direction for
which the incident and reflection angles are equal, and thus it neglects the dispersion of reflected
X-rays around the specular direction. The other model taking into account also the diffuse
scattering of X-rays at rough surfaces was described by Kimball et al [53] and an example of
application of this model is presented in Ref. [30,40]. In this approach, the X-ray strikes on the
surface at the angle θi smaller than critical θcrit for the total external reflection. The reflected
beam consists of a specular RS(θi) component (assuming equality of incidence θi and reflection
θr angles) and a diffuse RD(θi) component (describing reflection at an angle different from the
angle of incidence). The absolute reflectivity according to the Kimball approach, RK(θi), is given
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as the sum of specular RS(θi) and diffuse RD(θi) reflection coefficients:

RK(θi) = RS(θi) + RD(θi). (10)

The specular component can be expressed by the modified Fresnel formula RS(θi) = RF(θi) −
∆RS(θi) (see Ref. [53]), where RF(θi) is the Fresnel formula and∆RS(θi) is the decrease coefficient.
In this approach the scattering of photons from a rough surface at the small angles is characterized,
by three dimensionless parameters:

η =
θi
θcrit

, τ =
σ

D
, φ =

s
P

, (11)

where the η is the ratio of the incident angle to the critical angle, the τ is the ratio of the rms σ to
the penetration depth D (in normal direction to the surface) and φ is the ratio of the roughness
correlation length s to the penetration path length P = 2D/θcrit (in parallel direction to the
surface). The decrease ∆RS(θi) of the Fresnel reflection coefficient is defined as:

∆RS(θi) = 4ητ2[
√

rA cos(ξA/2) −
√

rB sin(ξB/2)], (12)

rA =

√︂
(1/φ)2 + η4, rB =

√︂
(1/φ)2 + (1 − η2)2,

tan(ξA) =
1
φη2 , tan(ξB) =

1
φ(1 − η2)

.

The diffuse component RD(θi) can be expressed by the differential form:

dRD

dη′
= ηη′

2
τ2 8
π

(︃
φ

1 + φ2(η2 − η′2)2

)︃
, (13)

where η′ = θscat/θcrit is characterized by the scattering angle θscat. Integration of the Eq. (13)
over η′ gives the probability of diffuse scattering by the rough surface.

The reflectivity of X-rays hitting the SiO2 surface, calculated using Fresnel formula (RF)
(Eq. (7)) valid for the ideally smooth surface, EDF model (REDF) (Eq. (9)) and Kimball theory
(RK) (Eq. (10)), which includes corrections for the surface roughness, for 8.4 keV photon energy
is shown in Fig. 4. The contributions of specular (RS) and diffuse (RD) reflectivity to the Kimball
approach are also shown. For σ = 0 reflectivity curves for EDF and Kimball models coincide
with the curve of Fresnel formula (ideal surface) (RF). In that calculations the σ and s parameters
were chosen respectively as 3 nm and 10 µm, which corresponds to typical values for SiO2 [30].
It can be observed, that surface roughness significantly reduces the reflectivity. Additionally,
the decrease of reflectivity in the EDF model is greater than the decrease in Kimball theory. Its
caused by taking into account the diffuse scattering in Kimball model [53]. The diffuse scattering
is described by correlation length s expressing inequality in a direction parallel to the surface.
The increase of correlation length reduces specular reflectivity with simultaneously growth of
diffuse component. These models of reflectivity was used to simulate a transmission of X-rays
through the SiO2 polycapillary applied to collimate quasi-parallel photons beam from a small
X-ray fluorescence emission spot.

2.2. Simulation of X-ray polycapillary optics properties

The simulation of polycapillary properties in focusing or collimating geometries are discussed in
context of applications with the synchrotron radiation. In the simulations the X-ray transmission
and focusing properties, such as focal distance, spot size and photon beam divergence were
studied. The simulations were performed for the polycapillary made of SiO2 (see Table 1), for
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Fig. 4. Comparison of calculated reflectivity for X-ray of energy 8.4 keV reflected from
SiO2 material according to different models describing surface roughness: Fresnel formula
(RF), EDF model (REDF), Kimball theory (RK) and its components: specular (RS), and
diffuse (RD).

Table 1. Summary of characteristics of
the polycapillary installed in PBWDS
spectrometer mounted at ESRF ID21

beamline. Data contained in the table are
provided by the manufacturer XOS [55].

Polycapillary installed in PBWDS spectrometer

Entrance: 3.5 mm Focal distance: 10 mm

Exit: 7.2 mm Capture angle: 20.04◦

Length: 28 mm Focus size: 50 – 100 µm

Transmission Divergence

@1.5 keV: 33% @8 keV: 3.4 mrad

@8 keV: 14%

X-ray energy range 1.45 keV – 8.5 keV. Based on the SEM photo [12], the single fiber diameter
and wall thickness were assumed to be 10 µm and 1.5 µm, respectively.

A divergence of quasi-parallel photons beam formed by the polycapillary was studied with
Monte-Carlo simulations using Kimball theory describing real surface. The Kimball theory
was chosen because it includes both specular and diffuse reflectivity, and therefore contains the
correct description of reflection of X-rays from the surface. The total divergence ∆ω (double
deviation of photons trajectory from symmetry axis of the polycapillary) was determined as a full
width at the half of maximum of exit angle profile (Fig. 5). The simulated profiles of exit angle
show that the total divergence strongly depends on the X-rays energy – decrease with increase of
X-ray energy. These profiles show also the presence of a deep minimum intensity for an exit
angle close to zero. This low intensity indicates a small number of photons passing through the
polycapillary without reflection. The simulations of the divergence ∆ω as a function of photons
energy is shown in Fig. 6. For photon energy close to 10 keV, the exit angle is determined by the
critical angle, that shows the good agreement between solid line (Eq. (6)) and simulated points.
However, for small X-rays energy (about 2 keV) observed discrepancy between critical angle
and simulated divergence is caused by geometrical limitations. As can be seen in Fig. 2(a), the
fiber bending increases with increasing the entrance distance from the axis of the polycapillary,
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that causing a growth of the entrance incident angle. For the fiber localized on the outer edge
of the polycapillary, this angle, has a value of 9.3 mrad, which is smaller than critical angle
for 2 keV photon energy. Therefore, for the X-ray energy about 2 keV, the beam divergence on
polycapillary exit is determined by geometrical shape on polycapillary entrance.

Fig. 5. Dependence of the total divergence ∆ω of the X-ray beam outgoing the polycapillary
for different photon energy, calculated with Monte-Carlo simulations.

Fig. 6. Comparison of the theoretical critical angle with a Monte-Carlo simulations of total
beam divergence for Kimball theory.

Simulated total divergence for X-rays with energy 8 keV is ∆ω = 3.6 mrad, that corresponds
with manufacturer data equal 3.4 mrad (see Table 1). The beam divergence is also visible in the
Fig. 7 showing the simulated beam profiles for 8 keV X-rays at different distances (10 mm, 110
mm and 650 mm) behind the polycapillary. The middle picture on this figure clearly shows a
structure containing local maxima on the X-rays intensity distribution. Similar structure was
earlier observed [36,49,56] at the transition of photons by monocapillary. This structure is
observed for distance in range of 50 mm – 190 mm behind the exit of polycapillary. For average
distance between local maxima, equal 0.5 mm, this range corresponds to total beam divergence
∆ω on the polycapillary exit. A number of observed maxima (on each slope) on the beam profile
is equal to the most common number of X-ray reflections inside the polycapillary. This number,
which is known from Monte-Carlo simulations, is six. The local maximum is generated by the
group of photons with defined number of reflections. The group of X-rays with a higher number
of reflection, exits the polycapillary with greater angle in respect to its axis. A higher number of
reflections also means a lower probability of leaving the polycapillary, and lower intensity on the
edges of the profile. Absence of structure in close distance behind the polycapillary (0 – 40 mm)
is due to the fact that the group of photons with different number of reflection have not been yet
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separated. With increasing the screen distance behind the polycapillary, the next maxima appear
at the top and move down the slope. For distance of 250 mm behind polycapillary, the structure
disappears, due to the divergence of each photon groups, and the slope becomes smooth. The
cross-section through the photons beam, simulated for 650 mm behind polycapillary shows the
intensity distribution on the surface of the spectrometer crystal.

Fig. 7. Simulated intensity distribution for 8 keV X-rays along the central cross-section
in distance of 10 mm (top), 110 mm (middle) and 650 mm behind (bottom) the exit of
polycapillary having an opening diameter of 7.2 mm.

The influence of the polycapillary shape on the basics properties such as transmission or
divergence of beam of outgoing photons was also tested. The change of the shape of polycapillary
was introduced by adding the distortion described by Gauss function, what enables the continuous
adjustment of the effective curvature of the polycapillary. In this model, the Eq. (1) takes the
form:

T(x, h) =
(︂
C0(h) + C1(h)x + C2(h)x2 + C3(h)x3

)︂
·

(︄
1 + A · exp

(︄
−
(x − µG)

2

2σ2
G

)︄)︄
, (14)

where A is the magnitude of distortion, µG and σG are the position and rms width of distortion,
respectively. The distortion was applied in the middle part of polycapillary (10 mm<µG<20 mm),
and σG = (5% − 10%)L. Simulations have shown that the change of polycapillary shape over 5%
of its diameter (which corresponds to approx. 15 fibers diameter) causes an almost 50% decrease
in transmission. This result is consistent with the data of the paper describing the manufacturing
process [50,51], which emphasizes that the profile of the polycapillary must be controlled with
extremely small tolerance during production, to achieve the designed transmission, because any
local distortions significantly worsen the properties of the polycapillary.

2.3. Simulations of X-ray track in the spectrometer

The simulation starts from generation of six random numbers, namely two photon emission
angles ξ and φ in a spherical coordinate system, three coordinates (xs, ys, zs) of a point of photon
emission and the photon energy E taking into account a natural linewidth of the transition
given by the Lorentz energy distribution. In terms of two angles ξ and φ, a direction of the
emitted photon in Cartesian coordinate system is determined. Each X-ray photon emitted by the
source/sample is traced from the source to the polycapillary. The process of transition of X-rays
through the polycapillary was described in details in Sec. 2.2. Parallel beam formed at the exit of
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the polycapillary is directed on the flat crystal. The possible diffraction point of the photon at
crystallographic plane (xk, yk, zk) is determined by solving an equation system of a straight line of
photon path and crystal surface: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x = xp + PX · t,

y = yp + PY · t,

z = zp + PZ · t,

Υx + Φy + Ψz +Ω = 0,

(15)

where the coordinate (xp, yp, zp) and [PX , PY , PZ] represent the point and direction vector of
photon on the exit of polycapillary respectively, the Υ, Φ , Ψ , Ω are the coefficients of the crystal
plane in the coordinate system, and the photon trajectory is described parametrically by t. This
system of equations describes an intersection point (xk, yk, zk) on a crystal surface. For each
calculated diffraction point (xk, yk, zk), the angle θ between photon direction and crystallographic
plane is calculated. The difference ∆θRCV = θ − θB , where θB is the Bragg angle, determines
the probability of X-ray diffraction according to the dynamical theory [5,6,57] described by the
diffraction profile called crystal rocking curve, obtained from XOP2.3 [29] using XCRYSTAL
module which is dedicated to flat perfect and mosaic crystals. The Bragg angle θB binding the
crystallographic structure of a crystal with the wavelength of incident photons as described by
Bragg’s law [16]:

mλ = 2dhkl sin θB, (16)

where m denotes the order of diffraction, λ is the X-ray wavelength, and dhkl is the spacing
constant of the diffraction planes (hkl). The photon diffracted from the crystal with a direction
−→K = [KX , KY , KZ] is traced on its way to the X-ray detector. The point (xd, yd, zd) of recording
of the photon is calculated by solving the system of equations describing the intersection of a
straight line diffracted photon path and a plane representing the detector surface.

In a typical simulation Nrand = 108 photons were randomly generated to obtain of about
N = 2.5 · 104 photons hitting the X-ray detector. For practical reasons the photons were generated
in a cone with opening angle 15◦ covering only a small fraction of the full solid angle which
was safe and efficient solution allowing to speed up the simulations. For these conditions, the
typical statistical uncertainties of the maxima of simulated energy profiles (

√
N/N) were in the

range of 3% – 5%, allowing thus to estimate the FWHM energy resolution of these profiles at
the level of accuracy of less than 3%, and transmission at the level of accuracy of 5%. The
computing time needed to simulate this number of events was about 60 min for a standard personal
computer, where most of the time required for the computation was consumed by calculating the
transmission process through the polycapillary.

The Monte-Carlo simulations of X-ray-tracing in the spectrometer allowed for the determination
of the polycapillary transmission as well as the spectrometer energy resolution.

3. Experiment description

The results of simulations were next compared with the experiment data. The experiment was
carried out at the European Synchrotron Radiation Facility (ESRF). The PBWDS spectrometer
is integrated with the Scanning X-ray Microscope (SXM) chamber on the ID21 beamline (see
Fig. 8). At this beamline the photons beam was produced by an undulator and monochromatized
by a double-crystal Si(111) monochromator, which gives the energy resolution of ∆E/E = 10−4.
The photons beam passed to SXM was focused to the spot size of order 1 × 1 µm2 and photon
flux of 109 – 1010 per second. The sample was placed at an angle of 60◦ to the synchrotron X-ray
beam.
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Fig. 8. Scheme of the measurement system on ID21 beam line with installed PBWDS
spectrometer.

The polycapillary was installed at the angle of 60◦ to the sample surface and at the distance of
about 10 mm from the sample. The θ-2θ stage is mounted independently within the distances
polycapillary-crystal and crystal-detector about 65 cm and 7 cm, respectively. The spectrometer
is equipped with different flat crystals: ADP(101), Si(111), Ge(220) or LiF(220). All crystals
were 60 mm wide (meridional plane) and 40 mm high (sagittal plane). The spectrometer can
work in Bragg angle range of 20◦-70◦. The X-rays were detected by a gas-flow proportional
counter with 12 µm thickness Be window and diameter of 22 mm. This detector is filled with
P10 gas mixture (10% methane and 90% argon) with a flow rate of about 25 s.c.c.m (standard
cubic centimeters per minute) at the atmospheric pressure and the thickness of the gas layer
inside is 38 mm. Each fluorescence spectrum was recorded by scanning the desired angular
range. The exposure time was 1 s per point/step, the number of measured points depended on the
sample and was between 200 and 400 which corresponds to energy steps of 1 eV or 2 eV. Each
measurement was preceded by reading current beam photon flux and optimizing the polycapillary
focal position on the sample.

The experimental transmission Tcap(Ei) was determined from recorded fluorescence lines. The
number of photons registered by detector is connected with the photon flux by formula:

I(E0, Ei) = I0Fsmp(E0, Ei)

(︃
Ω

4π

)︃
Tcap(Ei)Reff (Ei)εdet(Ei), (17)

where I0 is the intensity of primary beam on the sample, Fsmp(E0, Ei) is coefficient of intensity
of X-ray fluorescence, Ω/4π is the capture angle of polycapillary with transmission Tcap(Ei),
Reff (Ei) is the effective reflectivity of the crystal and εdet(Ei) is the detector efficiency.

The coefficient of fluorescence intensity of X-rays with energy Ei excited in the sample having
the thickness dsmp by the primary beam E0 incident on the sample at an angle θin and observed at
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an angle θout is expressed by:

Fsmp(E0, Ei) = Q
∫ dsmp

0
e−

µtot (E0)ρ
sin θin

x
·
µph(E0)

sin θin
· e−

µtot (Ei)ρ
sin θout xdx, (18)

where µtot(E0), µtot(Ei) are total mass absorption coefficients of primary and fluorescence photons
respectively, µph(E0) is photoelectric mass absorption coefficient of primary beam and ρ is the
sample density. The excitation factor Q = Jfω is expressed as the product of transition probability

f , fluorescence yield ω and the absorption jump ratio J =
r − 1

r
, where r is jump factor. These

factors are taken from XRAYLIB data table [58]. The effective crystal reflectivity Reff (Ei) is the
probability that the photons with density distribution ω(θ) incident on the crystal characterized
by rocking curve R(θ) will be diffracted.

The effective crystal reflectivity can be expressed by formula Reff (Ei) =
∫

dθR(θ)ω(θ), where∫
dθR(θ) = Rint(Ei) is the integrated reflectivity of crystal [59]. The values of the crystal effective

reflectivity Reff (Ei) used to determine the experimental value of polycapillary transmission
Tcap(Ei) can be obtained from computer simulations. Using the Monte-Carlo method the effective
reflectivity can be expressed as the ratio of the number of X-rays diffracted from the crystal

Ndiff to the X-rays departing from polycapillary Ndep, that is Reff (Ei) =
Ndiff

Ndep
. The uncertainty

of the measured X-ray transmission results mainly from crystal perfection (quality). Based on
available data, this uncertainty can be estimated at the level of 30%–40% [60], which has a
decisive influence on the measured X-ray transmission value through the polycapillary.

The efficiency of gas detector εdet(Ei) was calculated taking into account the transmission
through a detector window Tw, absorption Adet in the gas and probability of X-ray escape Pesc
from the detector and can be expressed as εdet = TwAdet(1 − Pesc) [61].

4. Comparison of simulations with measurements

As a first application, series of X-ray fluorescence spectra of Kα, Kβ and Lα, Lβ lines for several
elements from Al to Sn were measured. In the Fig. 9, as examples, the X-ray fluorescence
spectra of Al, Sc and Mn are shown. These spectra were measured for ADP(101), Si(111) and
Ge(220) crystals and for three energies of the synchrotron beam E0 (4.1 keV, 4.5 keV, 7.15 keV),
respectively. All of these crystals provide good resolution of the spectrometer and separation of
Kα and Kβ emission lines. In the case of Al a small peak on the higher-energy side of the Kα
fluorescence corresponds to L-line satellite [62]. The experimental X-ray lines were compared
with the simulated curves and good agreement was observed.

In order to show an influence of the polycapillary on the measured X-ray lines, simulations
of X-ray profile of Mn Kα line for PBWDS spectrometer in configuration with and without a
polycapillary optics were performed. The results, shown in Fig. 10, clearly indicate a significant
advantage of using of polycapillary for collimating the quasi-parallel X-ray beam. Application
of polycapillary optics causes both the hundredfold increase of the peak intensity as well as a
significant improvement of spectrometer energy resolution.

The Fig. 11 shows the simulated energy resolution compared with experimental data for
ADP(101), Si(111) and Ge(220) crystals for different beam energies. The uncertainty value
of experimental energy resolution of the PBWDS spectrometer was estimated at the level of
10%. The diffraction profile for silicon and germanium crystals were calculated with XOP
software, while for ADP crystal it was generated using Gaussian distribution with parameters
reported by Feldman [63]. The results of the Monte-Carlo simulation are in good agreement with
experimental data. For ADP(101) crystal the resolution between 4 eV and 27 eV was achieved
for photon energy in range between 1.45 keV and 3 keV. The results obtained for Si(111) crystal
are between 5 eV and 25 eV for photon energy in the range between 2.5 keV and 4.5 keV. For
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Fig. 9. Examples of X-ray fluorescence lines of Al Kα, β, Sc Kα, β and Mn Kα, β lines
measured for ADP(101), Si(111) and Ge(220) crystals, respectively, registered by PBWDS
spectrometer (points) and obtained in Monte-Carlo simulations (solid lines).
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Fig. 10. Simulated X-ray profile of Mn Kα line obtained for Ge(220) crystal and the
configuration with (Left) and without (Right) a polycapillary optics.

Ge(220) crystal results are between 6 eV and 32 eV for photon energy range 3.5 keV – 6.5 keV.
As can be seen in Fig. 11, the energy resolution of PBWDS spectrometer with germanium crystal
is about two times better than the energy resolution measured with silicon crystal. Similarly,
the energy resolution of the spectrometer with silicon crystal is about two times better than the
energy resolution with ADP crystal. The experiment also confirmed the simulations, that the
energy resolution of the PBWDS spectrometer with flat crystal and polycapillary, is a linear
function of photon energy.

Fig. 11. Comparison of the measured energy resolution of the spectrometer and the Monte-
Carlo simulations for Si(111), Ge(220) and ADP(101) crystals. Results of the simulations
(open symbols) are connected with solid lines to guide the eye.

The influence of angular divergence of the X-ray beam (∆θ) on the energy resolution (∆E) can
be derived from the Bragg law (Eq. (16)) by calculating the derivative of E as a function of the
Bragg angle θB, which leads to:

∆E = E · ∆θ · cot θB. (19)

In case of PBWDS spectrometer the divergence of the beam (∆θ) is expressed by the convolution
of beam divergence on the polycapillary exit (∆ω) and crystal rocking curve (∆θRCV ). However
the crystal response (∼100 µrad) is an order of magnitude smaller than the divergence of the
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beam at the exit of polycapillary (∼mrad, see Fig. 5) and its contribution is very small. As
follows from the computer simulation, the beam divergence is the inverse function of photon
energy (∆θ ∼ const

E ) (see Fig. 6), and from the Bragg law (Eq. (16)) the sine of Bragg angle is
also the inverse function of photon energy (sin θB ∼ const

E ), therefore the expression on the energy
resolution can take the form ∆E ∼ E cos θB. For the X-ray energy for which the angle θB is
small, the energy resolution linearly depends on the photon energy. When the photon energy is
accordingly small (large Bragg angle θB), the factor cos θB plays an important role and the energy
resolution is no longer linear. Numerical calculations show that the factor cos θB is significant for
the energy corresponding to the Bragg angle greater than 65 degrees. This Bragg angle range
was not used in this study.

The Fig. 12 shows the comparison of transmission of the polycapillary, measured (points) and
calculated (lines), with respect to discussed in Sec. 2.2 theories, for X-ray energies in the range
of 1.5 keV – 8.0 keV. The theoretical value of the transmission with a perfectly smooth surface of
fibers presents the curve described by Fresnel formula [26](TF). The transmission calculated after
taking into account inequality of the surface of fibers, is illustrated by curves described by EDF
[30] (TEDF) and Kimball [53] (TK) models, respectively. A significant decrease of transmission
efficiency at around 1.9 keV, is caused by the absorption edge of silicon, the component of the
polycapillary glass material.

Fig. 12. Comparison of measured and simulated transmission of polycapillary installed
on PBWDS spectrometer as a function of incident photon energy. Theoretical predictions
were calculated for smooth (TF) and rough surface calculated according to the EDF model
(TEDF) and Kimball theory (TK) for surface roughness rms = 3 nm. Experimental points
were obtained from recorded fluorescence spectra.

From the comparison of the experimental data of transmission with the simulations, it may be
noted that qualitative changes in transmission are properly described by Fresnel (TF) and Kimball
(TK) models. The transmission calculated using Kimball model best describes the experimental
values of transmission. On the other hand, the EDF model does not describe correctly the
transmission, because it does not take into account a diffusion reflectivity on polycapillary surface.
Additionally, the dependence of X-ray transmission through the polycapillary as a function of
photons energy, obtained in the Monte-Carlo simulation, is consistent with the simulation results
presented at the work [41].

As the example of the spectrometer application, the spectra of few mineral samples were
measured at the synchrotron micro-spectroscopy ID21 beamline at ESRF. In the Fig. 13 the
spectrum of Monazite mineral ((La,Ce,Nd,Gd)PO4) measured with PBWDS spectrometer
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equipped with Ge(220) crystal for primary photon energy of 7.15 keV is shown. Measurements
of mineral samples have shown that it is possible to separate the fluorescent lines of lanthanide
L-series, which is a typical problem in X-ray fluorescence analysis.

Fig. 13. Fluorescence spectrum of Monazite ((La,Ce,Nd,Gd)PO4) measured with PBWDS
spectrometer equipped with germanium (220) crystal.

5. Conclusions

The proposed Monte-Carlo simulations program, allows for a tracing of X-rays passing through
the polycapillary optics, as well as for the optimization of the parallel-beam wavelength-dispersive
(PBWDS) spectrometer. The X-ray-tracing program provides the information on transmission
efficiency, divergence of the beam outgoing the polycapillary for different photons energy, and
X-rays intensity distribution behind the polycapillary. This program allows also to calculate the
efficiency and energy resolution of the PBWDS spectrometer designed for X-rays energy range of
1.45 keV – 8.5 keV. The predictions of the X-ray-tracing Monte-Carlo simulations, concerning the
instrumental polycapillary transmission and energy resolution of the spectrometer, were compared
with the results of experimental studies at ID21 beamline at the ESRF (Grenoble), showing good
agreement. Slight differences are due to the unknown deviations of the polycapillary shape
compared to the assumed one.
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