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A non-local system modeling bi-directional traffic flows

Felisia Angela Chiarello and Paola Goatin

Abstract We present a non-local model describing the dynamics of two groups of agents moving in opposite directions.
The model consists of a 2 x 2 system of conservation laws with non-local fluxes, coupled in the speed functions. We

prove local in time existence of weak solutions and present some numerical tests illustrating their behaviour.

1 Introduction

Conservation laws with non-local flux are suitable to describe several phenomena arising in many fields of application.
In this paper, we are interested in describing two groups of agents moving in opposite directions using this class of
equations.

The first macroscopic traffic flow model based on fluid-dynamics equations was introduced in the transportation
literature in the mid-fifties of last century, with the Lighthill, Whitham and Richards (LWR) model [10, 11]. In recent
years, “non-local” versions of the LWR model have been proposed in [2, 3, 6, 8]. In most of these models, the speed
depends on a weighted mean of the downstream traffic density, describing the behaviour of agents that adapt their
velocity with respect to what happens in front of them. Therefore, the flux function depends on a “downstream”
convolution term of the density of agents with a kernel function. In [4, 5], the authors consider a multi-class traffic
model expressed by a system of conservation laws with non-local fluxes obtained generalizing the n—populations model
for traffic flow introduced in [1], where each equation of the system describes the evolution of the density p; of the
vehicles belonging to the i—th class. In particular, the non-local multi-class model takes into account the distribution
of heterogeneous agents characterized by their maximal speeds and look-ahead visibility in a traffic stream.

In this paper, we consider two non-local conservation laws describing two classes of agents moving in opposite
directions. The resulting system is a non-local version of the model presented in [7], where the authors study a mixed
type system of conservation laws describing two populations moving in opposite directions. The latter model is not
hyperbolic for certain density values, because the Jacobian matrix of the flux exhibits complex eigenvalues in a subset
of the phase space, and oscillations arise in the elliptic region. In particular, existence and uniqueness of solutions are
still open problems. On the contrary, we will show that introducing a non-local dependence in the speed function allows
to prove existence of solutions through the convergence of a suitable finite volume scheme, at least for sufficiently small

times.
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The paper is organized as follows. In Section 2 we present a non-local version of the mixed system studied in [7]
and we discretize it with an upwind scheme; in Section 3 we recover uniform L* and BV bounds on the sequence
of approximate solutions, which allow to prove the existence of weak solutions locally in time. Finally, in Section 4,
we exhibit some numerical simulations showing the behaviour of weak solutions of our system considering different

kernel and velocity functions. In particular, we compare non-local solutions to their local counterpart presented in [7].

2 A non-local bi-directional traffic flow model

We consider the following system

0rp1 + Ox (p1u1(r * w1)) =0, W
01 p2 = Ox (P202(r * w2)) = 0,
where

r=p1+p2

X+
Few(t,x) = / w1y = X)r(t.y)dy,
X

v wonlt,x) = / " anly = (e, y)dy.

-
In (1), p; = p1(t, x) is the density of the population moving in the direction of increasing space coordinate with speed
v1 = v1(r * wy) depending on the downstream weighed mean of the total density r, while p, = p»(t, x) is the density of
the population moving in the opposite direction, with non-local speed v;.

In the following, we will assume

HLY, € CY[0,m];R"), w, € CY([-n2,0;R"), n; > Ofori € {1,2},w| < 0 and w, > 0, /0771 wi(x)dx =
[_0,]2 wr(x)dx = 1; we set Wnax := max{w1(0),w2(0)};

(H2) : R* — R*, i € {1,2}, are smooth non-increasing functions such that v;(0) = V" > 0 and v;(r) = 0 for r > 1.

We couple (1) with an initial datum
,0,'(0,)() = p?(x)’ i= 1’2’ (2)

and we construct a sequence of finite volume approximate solutions as follows. We fix a space step Ax and a time step
At subject to a CFL condition that will be specified later. Let x;,1/> = jAx for j € Z and n € N be the cells interfaces,
x; = (j — 1/2)Ax the cells centers and " = nAt the time mesh. We aim at constructing finite volume approximate
solutions of (1) of the form pA* = (p¥, p5*) with p2*(t,x) = P} fori=1,2,(1,x) € C} = [, " X[xj-1 2, Xj21 2]
To this end, we approximate the initial data with piece-wise constant functions

1 Xj+1/2

Py = ~ pd(x)dx, VjezZ, i=1.2. (3)
X Xj-1/2
Similarly, for the kernels, we set
1 (k+1)Ax
Wik = — wi(x)dx, VkeZ i=12, (@)
Ax kAx

so that Ax ZZf—m Wik = /_ 4:0 wi(x)dx = 1 (extending w;(x) = 0 outside their domain).

We use the following upwind scheme:

At
1
o = o= S [ Ry )~ o 1) o
At
Pt =ph + Ax [pg,jHUZ(Rg,j) =P, (Rs ‘1)] ' (Sb)



A non-local system modeling bi-directional traffic flows 3

where
0

+00
n n n
Ry =Ax Z Wik Ry =Ax Z W2KT e (6)
k=0

k=—c0

where the sums are indeed finite due to the compact supports of w; and w;.

3 Existence of weak solutions

In this section, we prove existence of weak solutions for sufficiently small times.

Theorem 1 Let p?(x) € BV NL®)(R;R*), fori = 1,2, and assumptions (H1) - (H2) hold. Then the Cauchy problem
(1), (2) admits a weak solution on [0,T[ XR, for some T > 0 sufficiently small.

The proof relies on the following estimates, which ensure the convergence of the numerical scheme (5).

Lemma 1 (Positivity)
For any T > 0, under the CFL stability condition

At < 1
Ax ~ max{[|vi]le 02l }

(1)
the scheme (5) is positivity preserving on [0,T] X R.
Proof Let us assume that P} iz Oforall j € Zandi € {1,2}. Let us show that the same holds for p:‘jl . Let us compute
015 = (1= e RE) o+ o o (RL)
5= (1= een(RE ) 8+ 2 e (RE )
By assumption (1), we ensure pl’.lj.l >0fori e {1,2} and forall j € Z. (]

Corollary 1 (L'-bound)
If p?, ;2 Oforall j € Zandi € {1,2} and the CFL condition (1) holds, the approximate solutions constructed via
the scheme (5) satisfy
HP?III loill, =1, @

for any n € N, where ||p “1 : norm of the i-th component of p™*

Proof Thanks to Lemma 1, we have
I, = szpm = Aprl J [pl JORY ) = P'f,j—lvl(R?,j)] =Ax ) A
J
|p2+1”1 _ szpnﬂ - szpzj [pzj+lyz(R2]) Py va(Ry ;- 1)] szp;}.,
J

proving (2). (]

Lemma 2 (L*°-bound)
If p?j > Oforall j € Zandi € {1,2} and (1) holds, then the approximate solution p™* constructed by the algorithm
(5) is uniformly bounded on [0,T] X R for any T such that
1
< ; . o
4max{[lof||., o3 . yomx [l
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Proof Let us define p = max{p’l"j_l, pq”j, p;”j, pg,j +1)- Then we get

At At
1
o1 = (1= Feon @) ot + Sen R ot

At _
<|{1- Ax (UI(R?J.;.]) - UI(R?,J'))) P
n+l _
Prj = Ax

At At
(1 - —vz(R;,j_l)) pgyj + A—XUZ(R;,,')P;,J‘H
( Ax

At —
1-— (UZ(R;’j_l) - UZ(R;,]'))) P>
and

UI(R?,]') — U] (R?,]'H)

+00 +oo
’ n n
v (&jr1p2) [Ax Z WLKT gy — DX Z WL
=0 k=0

+00
- Ax |U{(‘$j+l/2)| Z((,U],k_l - w1,k)r;l+k - wl,O r;L
k=1
< 4 Ax w1 (0) ||of]|, 10" oo - ®)
0 0
Uz(Rg,jq) - Uz(Rg,j)‘ = [v3(&j-1)2) (Ax Z wz,kr;ikfl - Ax Z wz,k”;ﬂrk)
k=—co k=-co

-1
Z (2,41 = W2y — w2077

k=—c0

< 4 Ax w2(0) |63 119" 1o @)

= Ax [v3(&j-12)|

where &j,12 € i(R;’,j,RI"jH), with I (a,b) = [min{a, b},max{a, b}], and ||p"|, = H(p’f,pé’)”oo = Il’llEJlX |p:’]) So, until

"l < K for some K > HpOHw, we get

I 0 < e (1 4K (ol A )
with wnax = max{w(0),w,(0)}. This implies

19"l < [10°]], €™,

where C = 4K max{”v{”m , ||v§||m}wmax. Therefore we get that ||p(¢, )|l < K for

1 K

1
t< In
4KmaX{”UI||OO,HUé”oo}wmax (”pO”oo

~ demax{||v]| .. ||o5]l.. }wmax ||0°]l.,

where the maximum is attained for K = e || p0||oo . Let us iterate the procedure: at time t"*, m > 1, we set K = ¢ || pOH00

and we get that the solution is bounded by K until #”+! such that

m

<y )
dem max{of], . lo3l] . Y wmax [0°]],

Therefore, the approximate solution remains bounded, uniformly in Ax, at least for # < T with

1 iﬂ 1

< < :
dmax]loflly o3l wmax %l 5=t €™~ 4max{floflly s flog ]} wmax [l

Lemma 3 (Spatial BV-bound)

Let p? € BV NL®)(R;RY) fori € {1,2}. If (1) holds, then the approximate solution p**(t,-) constructed by the
algorithm (5) has uniformly bounded total variation for t € [0,T] for any T such that
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T < min —1 >
i=L.2 H (TV(p?) + 1)

where H = 211" g s (12110" loomaxof [ o]} + max(og s ozl )

Proof Let us consider the component p; and subtract the identities

At
1 _
Prll,+j+1 = prll,j+1 T Ax [p?,jHUl(R?,Hz) - pT,jvl(R?vj”)]
At
P =l - Ax [P'f,jvl(RTl,jH) _pqlsf“vl(R?’j)] ’

analogously for the second component p»,

At

1

PESL = Pt e 0202 (RE ) = P82 (RE )|

n+l _ n At n R n R
P = P + A_x P27j+11)2( z,j)_Pz,jW( 2,]'_1) .
Setting A?,j+l/2 = pl’.”jﬂ - pl’."j fori € {1,2}, we get
At
1 _
A?,Jrj+1/2 = Arll,j+1/2 T Ax (P?,jﬂ”l(R?,ﬂz) - 2P?,j”1(R?,j+1) + p?,j—lul(R?,j))’

At
1
Ag;+1/2 =AY apt Ax (pg,jJrZUZ(R;,jJrl) —2p5 ;1 02(Ry ) + pg,jv2(Rg,j—l)) .
We can write
At
1 _
AE’H/Z = (1 - EUl(R?,j+2)) A?,j+l/2
At n n n n
- Epl,j (UI(RL]'+2) - 2UI(R1,]'+1) + Ul(Rlsj))

At
+ A_xA?,j—lﬂul(R?,]‘)’

and
At
n+l n n
Ay = (1 - EW(RZ,]'—])) As v

At
P (02(RE ) = 202(RE ) + (R, )
At

+ BAS,]'+3/2U2(R§,]'+1)-

Observe that assumption (1) guarantees the positivity of (6) and (8). The term (7) can be estimated as

R~ 20 (R, + 8L

+00 +oo

— n _ n

= (szwl,krj+k+2 20; szwl»krj+k+1 + 1y
k=0 k=0

+00 +00

_ sien n _ n

- Ul(é‘:l,j+3/2)Ax Z WLk k42 Z WLET 4 ket
k=0 k=0

+00
n
AxZwl,krﬁk
k=0

+00 +00
’ n n n
- 01(51,j+1/2)Ax Zwlskrj+k+l - Zwl,krjurk
k=0 k=0
+00
_ Iien _ n _ n
=01(&] j132)A% Z(wl,k—l WL sl ~ @107
k=1

+00
— V(€] oy )X (Z(wl,k—l — WLy~ wl,orf)
=1

®)

(6)

(7

®)

9
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+00 2
= Ul/,(fﬁj+1)('§:fl,j+3/2 - ffl,j+1/2)Ax (Z W1,k Z A:l,j+k+3/2)
=1

k=0 i

+oo 2
’ n n n
+ (&7 j112)Ax Z Z(““JH —WLOA 1 — @LOA o |
k=1 i=1

with 51",!.”/2 € I(R;"j, R" . )and 51”,,'“ € 1(51”,/41/2’ g—‘;fj+3/2). For some 6, u € [0, 1], we compute

1,j+1
+00 2 +00 2
n n _ n _ n
&1 jasn — €1 jr1jp = 0AX Z W1,k Zpi,j+k+2 +(1-6)Ax Z Wik Z Pi j+k+1
k=0 i=1 k=0 i=1

+00 2 +oo 2
— uAx Z w1,k Z plr-l’j+k+1 = (1 - wAx Z w1,k Z p?,j+k
-1 k=0 i=1

k=0 i

+00 2 +00 2
— n _ n
_GAxZwl,k_l Zpi,j+k+l +(1 Q)AxZwl,k Zpi,j+k+l
k=1 i=1 k=0 i=1

+oo 2 +00 2
n n
- “szwlsk Zpi,jJrkH = (1= pAx Z Wlk+1 Zpi,j+k+l
k=0 i=1 k=—1 i=1
+00 2

=Ax ) [wii-r + (1= Owik — pwr ik — (1 = g | Zp?’j+k+]
k=1 i=1
2 2

+Ax(1 = O)wi o ZP?JH —Axpwip Z P}

i=1 i=1
2 2
—Ax(1-p) (0)1,0 Zplr{j + w1 Zp?’j“) :
i=1 i=1

By monotonicity we have

Owi -1 + (1 = Owy ik — pwix — (1 = Wwi g1 2 0.

Taking the absolute values, we get

+00
&l i3 ffl,j+1/2‘ < Ax {Z w11+ (1= O)wr i = pwr e = (1 = Wi ] + 40)1’0} 2l
k=1
< 12Ax w1 (0) [|p" oo -

Applying the same argument to the second component, we compute

UZ(RSJH) - ZUZ(RSJ) + UZ(R;,j_l)

0 2
_ M En n n n
=0 (fz,j)(‘fz,jﬂ/z - 52,j-1/2)Ax Z W2,k Ai,j+k+1/2)
k=—co i=1
0 2
+ 035y ) Ax Z Z(wz,k—l — w2 A f1p — w200y ]
k=—0c0 i=1

with ], € T(RY LRy Dand & e T(& &0 ), and

& & 1| < 1283 @2(0) 19"

Let now K; > 0 be such that Z]- |Afj‘ < K fori € {1,2}, £ =0,...,n. Taking the absolute values and rearranging

the indexes, we have

2

A?f;’il/z‘ = Z )A?,j+1/2’ (1 -4 (UI(R?,j+2) - Ul(R?,jH))) + ArHK;,
J
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Z Agj£r1/2| Z)Ag,j+l/2|( (02(R 5 1)~ vz(jo))) + At HK,,
J ki

where H = 211" |, wmas (12110

T+ max{“v’

}) . Therefore, by (3)-(4) we get

i,j+1/2 l]+l/2

J
Ywmax || |- We thus obtain

GnAt HK At
Z ’A;l,j+1/2) <e?" |Az]+1/2| -1,
J

NGS, ’ ‘(1 +AIG) + At HK,,

with G = 4max{||v’

that we can rewrite as

TV(piAx)(nAt, )< eg"AtTV(p(.)) + eHKinAr _

‘}(KlnAt (TV(pO) + 1) _ 1

since H > G and it is not restrictive to assume K| > 1.
Therefore, we have that TV(piAX) < K for

t <

| Ki+1 )

n
0

HK, \TV(p?) + 1

where the maximum is attained for some K| < e (TV(p?) + 1) — 1 such that

K +1
n
TV(e?) +1

_K1+1.

Therefore the total variation is uniformly bounded for

1
= He (TV(p?) +1) -

Iterating the procedure, at time t"*, m > 1 we set K| = ¢™ (TV(p?) + 1) — 1 and we get that the solution is bounded by

K until #™*! such that
m

Hem (TV(p?) +1)

thrl < tm (10)

Therefore, the approximate solution has bounded total variation for r < T with
1
S
H(TV(p)) + 1)

Corollary 2 Let p? € (BV NL*®) (R;R*Y). If (1) holds, then the approximate solution p** constructed by the algo-
rithm (5) has uniformly bounded total variation on [0,T] X R, for any T satisfying (5).

Proof If T < At, then TV(piAx; [0,T] xR) < TTV(p?). Let us assume now that T > At. Let np € N\{0} such that
nyAt < T < (ny + 1)At. Then, fori € {1,2},

TV(p:*;[0,T] X R)

nr—1 nr—1
1
2 2y =i+ T - w0 Qi = e 2y Qi - el
anGZ n=0 jezZ

<T supepo, 7 TV ()2,

‘We then need to bound the term
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nr—1

n+1 n
2 2ot =ty
n=0 jeZ

From the definition of the numerical scheme (5a)-(5b), we obtain

At
Prs = = = o R ) = oo (RY )|
At
= Ax [prf,j—l (UI(R?,J') - Ul(R?,j+1)) +o1(Ry 11p) (p?,j—l - p?,j)] ’
n+1 noo_ At n R n R"
Prj P = Ax pz,jHUZ( z,j)_pz,jUZ( 2,1;1)
At

~Ax [Pg,jﬁ (UZ(RS,J') - UQ(RZJ‘_O) + UZ(RZj_l) (PE’,,-H - Pﬁ',j)] .

Taking the absolute values and using (3)- (4) we get

At /

Pt =l < A (4Axw1(0)”vlﬂw p" lleo PT,H’ +llorlles ‘97,1—1 _prf’f‘)
At

pgjl - Pl < o (4 Ax w3(0) |3]|, 12" o 5 1| F 02l |pg,j+l ~ P )

Summing on j, we get

Poaxlprtt = gt | < 4w [lofll el Ar Y Ax|pt |+ llnllo ar Y oy = o
JEZ JEZ JEZ
oax|pntt = g | < dwn© [l 0"l At Y Axlo |+ lenlloo e Y oy = o8]
JEZ JEZ JEZ
which yields, for i € {1,2},
n-r—l
D D Ax|ont -l
n=0 jezZ

<max{[lvillo> ll02lleo} T sup TV(0;¥)(,")

1€[0,T]

+ 4 max {w1(0), w>(0)} max {

01l lloall 3 1p" oo T suw .|l

that is bounded by Corollary 1, Lemma 2 and Lemma 3.

O

Proof (of Theorem 1) To complete the proof of the existence of solutions to the Cauchy problem (1)-(2), we apply

Helly’s theorem and follow a Lax-Wendroff type argument as in [2, 3, 4], see also [9], to show that the approximate

solutions constructed by scheme (5) converge to a weak solution of (1)-(2).

4 Numerical tests

4.1 Kernel support tending to zero

O

In this subsection, we observe the solution behaviour as the length of kernel support diminishes. We consider the space

domain given by the interval [—1, 1] and the space discretization mesh size is set to Ax = 0.001. We impose absorbing

conditions at the boundaries, adding N = n;/Ax ghost cells at the right boundary for the first population p; and at the

left boundary for the second population p,, where we extend the solution constantly equal to the last value inside the

domain.

We take the following linear decreasing kernel and velocity functions:
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wi(x) = E(l—i), wy(x) = 3(1+i); (1a)
m m m m

vi(p) =1-p, np)=1-p. (1b)

In Figures 1 and 2, we consider the same initial data of [7, Figures 5 and 6], observing that the solutions have a similar
behaviour, especially when the kernel supports 177 = 17, are taken sufficiently small. Moreover, comparing Figures 3
and 4 with the numerical tests in [7, Figures 14 and 15], we note that when we consider initial data in the elliptic region

of the local system, oscillations increase as the kernel support diminish.

densities at time t=1.000000 densities at time t=1.000000
1k —p ] 1k —n
— P2 — P2
p1+p2 p1+p2
0.8 1 08¢f 1
2:.0.6 1 2,0.6 r
= =
c c
[ J9)
Qoa4t 12041
0.2 0.2
0 0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
xr x

Fig. 1: Test 1. Solution to (1) with (1) andp‘l) =02x%(x<0)+0.1*(x >=0) andpg =0.1 %(x <0)+0.2 % (x >=0) with
171 =172 = 0.1 on the left and 77; = 77, = 0.01 on the right.

densities at time t=1.000000 densities at time t=1.000000
1 |- 7pl 4 1 L — — 7/)1
P2 | “ —
p1+p2 | p1+ 2
0.8+ 1 08r ‘ | R
[ |
]
=06 1>06f ‘ }
k7] ‘@ ’ |
C c ‘
[ [ [
Coaf Bo4f ‘ “
| 17 o
|
0.2 i 02— B
O A ]
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x x

Fig. 2: Test 2. Solution to (1) with (1) and p; = 0.2%(x < 0)+0.1 % (x >=0)and pp = 0.1 % (x < 0)+ 0.3 % (x >=0) withr; =1, = 0.1
on the left and 77; = 77, = 0.01 on the right.

4.2 Asymptotic behaviour in a periodic setting

We consider now periodic initial data with periodic boundary conditions, see Figure 5. In the following we set
Ax = 0.001, the CFL condition is as in in (1). We are interested in the behaviour of solutions with different types of
kernel functions and velocities.

For Test 5, let us consider the linear kernels and velocity functions
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densities at time t=1.000000 densities at time t=1.000000
1L — P ] 1L T —p1
—p2 ‘ | : — P2
p1+ p2 { || p1+ p2
] [ Il ]
| |
] |
| I
i
|
|
|
]
|
|
|
1 0.5 0 0.5 1 1 0.5 0 0.5 1
x T

Fig. 3: Test 3. Solution to (1) with (1) and p} = 0.1 * (x < 0) + 0.4 x (x >=0) and p; = 0.2 % (x < 0) + 0.5 * (x >= 0). With
11 =12 = 0.1 atleft, 17; = 77, = 0.01 at right.

densities at time t=1.000000 densities at time t=1.000000

1L —p1 I R
—p2 |‘ —p2

‘ 1
|
pL+ P2 i pLtp2
08" 1 osrf | 1
\ |
| |
\ I
>067T 1>06F I 1
‘» K I
@ -
[0} |
S04 \N 04— 1
|
02+ 02t .
|

-0.5 0 0.5 -0.5 0 0.5 1
T T

G

(2]

Densny

-
-

Fig. 4: Test 4. Solution to (1) with (1) and p(l) =04 (x <0)+0.1%(x >=0)and pg =0.5%(x <0)+0.2 % (x >=0). With
1 =1 = 0.1 atleft, 71 = 77, = 0.01 at right.

1t —p
—p2
p1+ p2
0.8F 1
2
‘w2 0.6+
C
[}
©
=
=041
£
- /\/\/
ol 1
-1 -0.5 0 0.5 1

X

Fig. 5: Initial condition for tests 5, 6 and 7 with periodic boundary conditions. o} = 0.3 + 0.2sin(27rx) and p; = 0.1 + 0.1 sin(27x).

wi(x) = 3(1—1), wa(x) = 3(1+1); (2a)
m m m2 m

vi(p) =1-p, n)=1-p, (2b)

see Figure 6. From Figure 7 we can observe that the solutions tend to a steady-state as the time increases.
For Test 6, let us consider concave kernel functions and linear decreasing function velocities with different maximum

velocities Vlmx = 0.8 and Vzmax =1.3:
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densities at time t=1.000000 densities at time t=1.000000
1L — P —p1
—p2 —p2

o pLtp2 —pLtp2

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
T T

Fig. 6: Test 5. Solution to (1) with (2) and p] = 0.3 +0.2sin(27rx) and p, = 0.1 +0.1sin(27rx) with 77; = 772 = 0.1 at left, 17; = 172 = 0.01
at right.

time t=5.000000 time t=5.000000

5
-0.5 0 0.5 -0.5 0 0.5
4 T

time t=5.000000 time t=5.000000 time t=5.000000

time t=5.000000

5 1
0.8 4 0.8
0.6 3 0.6
t
- -
0.4 2 0.4
0.2 1 ' ‘ 0.2
\ . Nl ,
0 0.5

-0.5

0
2

Fig. 7: (¢, x)—plot solutions of (1) with (2) and initial conditions p? =0.3+0.2sin(2zrx) and p3 = 0.1 + 0.1 sin(27x), see Figure 5; from

top to bottom: 171 = 17, = 0.1, 0.01; from left to right: py, p; and p; + p3.

_ 3 (2 2 _ 3 (2 o).
@) = 35 (1f - ). ) = 5 (73 - ) Ga)
vi(p) = V"™ (1 - p), v(p) =V, (1 - p); (3b)

In Fig. 8 we can see the profile of the solutions where the agents of the second class are faster than the agents belonging
to the first class. Also in this case, reducing the supports of the kernels, oscillations increase. Figure 9 is very similar
to Figure 7; here we observe that solutions tend to a steady-state after time 2.

For Test 7, let us consider the concave kernel functions (3a) with different supports and same maximum velocities
Vit = V' = 1 in (3b). In Figure 10, we can observe the behaviour of the solutions when the agents of the two
classes have different look-ahead distances, i.e. kernel supports. We can notice that, when one group of agents has a
sufficiently large look-ahead distance, oscillations are not evident. From Figure 11, we see that the solutions reach the

steady-state as the time increases.
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densities at time t=1.000000 densities at time t=1.000000
L — 1 L — P 1
1 1 ,
—m 1 -/ r \f - —
o ptpe ——pitp
0.8 1 08r 1

Fig. 8: Test 6. Solution to (1) with (3), V"™ = 0.8 and V;™* = 1.3, and p] = 0.3 + 0.2 sin(27rx) and p; = 0.1 + 0.1 sin(27x);
171 =172 = 0.1 on the left, 777 = 172 = 0.01 on right.

time t=5.000000 . time t=5.000000 1 5 time t=5.000000 ;
08 08 4 08
06 06 3 06

t t
04 04 . 04
02 02 J 02
0 0 0 0
-0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5

time t=5.000000 time t=5.000000 time t=5.000000

1
08
06
04
0.2
0
-0.5 0 0.5
xT
0

Fig. 9: (z, x)—plot solutions of (1) with (3) and initial conditions p? =0.3+0.25in(27x) and p, = 0.1 + 0.1 sin(27rx), see Figure 5; from

top to bottom: 171 = 17 = 0.1, 0.01; from left to right: py, p» and p; + p>.

densities at time t=1.000000 densities at time t=1.000000
1F —p 1 1L — 1
—] —
o ptpe M N o pitp

Fig. 10: Test 7. Solution to (1) with (3), V/"* = V™ =1, and p(l) =0.3+0.2sin(27x) and pg =0.1+0.1sin(2nx); 71 = 0.1, 17, = 0.01
on the left, 77; = 0.01, 172 = 0.1 on the right.
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time t=5.000000 time t=5.000000

time t=5.000000

5 1
4 0.8
% S
3 0.6
t . '
2 04
1 " 0.2
0 0
-0.5 0 0.5 -0.5 0 0.5
x T

time t=5.000000 time t=5.000000

5 1

4 0.8

"

t

2 04

0 0
-0.5 05

0

time t=5.000000

V.

.

-0.5 0 0.5
x T T

Fig. 11: (¢, x)—plot solutions of (1) with (2) and initial conditions p(l) = 0.3 +0.2sin(27rx) and pg = 0.1+ 0.1sin(27x), see Figure 5;
from top to bottom: 177 = 0.1 17, = 0.01 and 77; = 0.01 772 = 0.1; from left to right: p;, p2 and p; + 2.

4.3 Maximum principle

The simplex
S :={(p1,02) € R?: pr+p2 <1, p,20 fori=12}

is not an invariant domain, as we can see in Figure 12, as we already noticed for the multi-class system presented in [4].

In particular, we observe that the sum r(z, x) can exceed 1 even if the initial condition is such that p; (0, x) + p2(0,x) < 1.

densities at time t=0.020000 densities at time t=0.500000
L e —— \j — P 4 1 . — P
| —p BN —p2
N — = p1+p2|] T |-t
0.8 1 08 1
>06 12061
= =
c c
[ J
Qo4 12041
0.2 1 02f Lﬁ
or 1 0f 1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
xr x

Fig. 12: Solution to (1) obtained with initial data p(l) =0.9%(x <0)+0.1(x >=0)and pg =0.1%(x <0)+0.75 % (x >= 0), linear
kernels, 771 = 0.01 and 77, = 0.1, V"™ = 1.5 and V" = 0.8 and absorbing boundary conditions.
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