N

N

Liouville-type theorems for the Lane-Emden equation in
the half-space and cones
Louis Dupaigne, Alberto Farina, Troy Petitt

» To cite this version:

Louis Dupaigne, Alberto Farina, Troy Petitt. Liouville-type theorems for the Lane-Emden equation
in the half-space and cones. Journal of Functional Analysis, 2023, 10.1016/j.jfa.2023.109906 . hal-
03721728v2

HAL Id: hal-03721728
https://hal.science/hal-03721728v2

Submitted on 2 Sep 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial - ShareAlike 4.0 International
License


https://hal.science/hal-03721728v2
http://creativecommons.org/licenses/by-nc-sa/4.0/
http://creativecommons.org/licenses/by-nc-sa/4.0/
http://creativecommons.org/licenses/by-nc-sa/4.0/
https://hal.archives-ouvertes.fr

LIOUVILLE-TYPE THEOREMS FOR THE LANE-EMDEN EQUATION IN THE
HALF-SPACE AND CONES

LOUIS DUPAIGNE, ALBERTO FARINA AND TROY PETITT

1. INTRODUCTION

Let d > 1 and p > 1. We consider the Lane-Emden equation
{—Au = [uff'u  in R%,

d
u =20 on ORY,

(1)

posed in the upper half-space Ri = {z = (2/,24): 2’ € R 1 24 € (0,00)} with homogeneous Dirichlet
boundary conditions. It is conjectured that the above equation has only one nonnegative solution, u = 0.
Gidas and Spruck in [12] showed that this is indeed the case if 1 < p < pg(d), where
d+2

ps(d) = -2

is Sobolev’s critical exponent. In the case p > pg(d), only partial results are available: Dancer [4] considered
bounded nonnegative solutions and proved in this case that « = 0 if p < ps(d — 1). The second named author
[10] improved Dancer’s result showing that the only bounded nonnegative solution is u = 0 if p < pyr(d — 1),
where py, is the Joseph-Lundgren stability exponent given by

(d—2)2—4d +8Vd—1 5

@10y, @
Finally Chen, Lin, and Zou [3] proved that no bounded nonnegative solution u # 0 of (1) exists for any p > 1.
In all these results, the fact that any nonnegative bounded solution of (1) is monotone in the z4-direction, i.e.
Ou/dxq > 0 in Ri, is crucially used. In fact, Sirakov, Souplet and the first named author proved in [7] that,
more generally, no nontrivial monotone solution of (1) exists, whether bounded or not. Note that monotone
solutions are stable, meaning they verify additionally that

p / 12 de < / Vol de, 3)

for all ¢ € C} (R‘i). Even more generally, consider solutions which are stable only outside a compact set
K C R4, ie. such that (3) holds for ¢ € C}(R% \ K). The second named author proved in [10, Theorem 9(b)]
that there is no such solution except u = 0, provided 1 < p < psr(d). We improve this result as follows.

prr(d) :=

Theorem 1. Let p > 1 and let u € C*(R%) N C(@) be a solution of (1) stable outside a compact set. Then
u=0.

The above theorem can be partly extended to the following class of weak solutions.

Definition 1. Let H denote the space of measurable functions u defined on the upper half-space R‘j_ such that
u € HY(RY N Br) N LPT(RL N Bg) for every R > 0 and w = 0 on ORY in the sense of traces. Then, u is a
weak solution of (1) if u € H and it satisfies the equation —Au = |u[P~ u in the sense of distributions.

Then,
Corollary 1. Let p > 1 and let u be a nonnegative weak stable solution of (1). Then u = 0.

Remark 1. Corollary 1 is sharp in the following sense. By Theorem 1.1 in [1], for p € (4}, ps(d — 1)), there

exists a singular solution of the form u(zx) = riﬁvw), where r = |z|, 0 = x/r and v € C?(ST 1) N HY (ST )
is positive and radial (w.r.t the geodesic distance to the north pole). Observe that w € H if only if d > 3 and
p € (ps(d),ps(d — 1)), so that the equation is satisfied in the weak sense. However, u is always unstable, see
Lemma 7 and Lemma 8 below. So, the stability assumption cannot be completely removed from the statement
of Corollary 1.

Next, we extend our study of the Lane-Emden equation to cones, i.e. we consider the equation
—Au = [u[P~u in Q,
u=20 on 0},
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where
Q={rf : r € (0,+x),0 € A}, (5)
d>2and A C S* ! is a subset of the unit sphere of dimension d — 1.

Busca proved that there are no positive solutions u € C2(Q2) N C(Q) of (4) in the case where  is a convex
cone strictly contained in R‘L see [2]. For such a cone, positive solutions are monotone (hence stable! in Q) and
A= QNS4 s geodesically convex (see Lemma 11), hence star-shaped with respect to the north pole (up to
a suitable rotation, see Lemma 13). So the following theorem extends both Busca’s result and Theorem 1.

Theorem 2. Let A be a C*% domain contained in the (open) upper-half sphere Si‘l, which is star-shaped with
respect to the north pole. Let Q be given by (5). If p > 1 and u € C*(Q) N C(Q) is a solution of (4) stable
outside a compact set 2, then u = 0.

Remark 2. We recall that a set A C S is said to be star-shaped with respect to a point Oy € A if for every
0 € A any minimal geodesic path from 0y to 6 remains inside A. Note that when A C Si_l, there is at most
one such minimal geodesic path.

Finally, for general cones (not necessarily star-shaped, not necessarily contained in a half-space), as follows
from the proof of Theorem 2, we have the following partial result

Corollary 2. Let Q C R? be a cone given by (5) and p > 1. Assume that

(d—2)?

p#ps(d) and pu—

where p = pzl (d— 1-— %) and Ay is the principal eigenvalue of the Laplace-Beltrami operator on A =
QNSL Ifue C*(Q) NC(Q) is a solution of (4) stable outside a compact set, then u = 0.

Remark 3. In particular, the Corollary applies to all p > po for some (explicitly computable) py depending on
d and \.

Remark 4. Since Q is not smooth at its vertex, some care is needed when dealing with regularity/integrability
properties of the solution. The reader interested only in the proof of Theorem 1 can safely skip these considera-
tions in the proof presented below.

2. PROOF OF THEOREM 2

We begin by proving that any classical solution of (4) is a weak solution of (4) in the following sense.

Definition 2. Set Qp := QN Br for every R > 0. We say that a measurable function u defined on § is a
weak solution of (4) if u € HY(Qr) N LPTY(QR) for every R > 0, u solves —Au = |u[P~ u in the sense of
distributions of 2 and if for all v € CH(R?) we have wip € HE ().

Lemma 1. Assume p > 1 and let u € C%(Q) N C(Q) be a solution of (4). Then, u is a weak solution of (4).
Furthermore, every weak solution u to (4) satisfies,

/ VuVep = / lulP~ ug, (6)
Q Q

for all ¢ € HE(Q) N LPTL(Q) with bounded support.

Proof. Multiply equation (4) by u¢?, ¢ € C%1(R?\ {0}), and integrate by parts to get

[1vupe = [lupric =2 [ uvu-ve

1
< [urtic g [19upe 42 [ wiver

Hence,
[1vure <2l [ ¢+ Al [196P: (7)

Choosing ¢ = ¥(,, where (, is a standard cut-off function away from the origin, and passing to the limit in the
latter inequality we see that (7) remains true for every ¢ = 1 € C}(R?). Hence, u € H'(Qg) N LP1(QR) for

every R > 0 and u is a solution to —Au = |u[P~'u in the sense of distributions of Q. Also, uy) € Hg(Qg) for
any R >> 1, since 1 has compact support,® and thus ui) € HZ(€2). Finally, (6) follows by a standard density
argument (by passing to the limit in the distributional formulation of —Au = |u[P~ u).

O

Li.e., they satisfy (3) for all ¢ € C1(Q).
2i.e., u satisfies (3) for all ¢ € C1(Q\ K), where K C Q is a fixed compact set.
3Recall that: v € H'(A) N C°(A) and v = 0 on AA implies v € HZ(A) for every open set A C R%.
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Remark 5. IfQ = Ri, Definitions 1 and 2 coincide.
Next we recall the following

Definition 3. A weak solution of (4) is

o stable if u satisfies (3) for all p € CH(Q),
e stable outside a compact set if there is a compact set K C § such that u satisfies (3) for all
v e CHOQ\K).

Let us focus next on

2.1. The subcritical and critical cases p < pg(d).

This part of the proof is inspired by [9] but some care is needed since the domain {2 is not necessarily smooth
(at the origin)* and so solutions might not belong to W24(Qg) with ¢ € (1, +0c) as in their case. The following
integral estimate holds.

Lemma 2. Let 1 < p < pg(d). Let u € C?(2) N C(Q) be a solution of (4) stable outside a compact set K.
Then, u € LPTY(Q) and |Vu| € L*(Q2).

Proof. Let u € C?(Q)NC(2) be a solution of (4) stable outside a compact set K and let ¢ € C1(R?) supported
on R?\ K. Then, ¢ = up? has bounded support and belongs to Hg(Q) N LPT1(Q) (thanks to Lemma 1 and

Definition 2) and so, from (6), we get
[ vuvtust) = [l Q

We estimate the left-hand side of (8) using the stability of v in 2\ K

[t = [ Vuvius?) = [1v@e)? - [ ver (9)
>p [Pt - [ vk,

where in the latter we have used that ¢ = up? belongs to H}(Q\ K), and so it can be inserted into (3).
Combining the above lines and observing that p > 1, we reach

p—1) /\u|p+1 2 ¢ /u2\V<p|2. (10)
P [ vl < [ vl (11)

Taking ¢ := 9™, for some some smooth non-negative function 1 € C}(R%) supported on R\ K and m > 1
gives

Returning to (9), it follows that

(p— 1)/|u|p+1¢2m < m2/“2¢2m’2lv¢l2-
Using Holder’s inequality,

_ 1 /|u|p+1 2m <m (/ulp-&-lw(m 1) P+1)> (/V’(/J|2p+l>

We can take m := ;%,

s
|
==

so the above inequality simplifies to

[ tuptiem < [p“ ] / VPR (12)

Fix Ry > 0 such that K C g, and let R > 2R so u is stable outside of Q. If Yg(z) = ¢1(z/R) is a standard
cutoff function, then ¢ = (1 — 9r,)¥r is supported in Bar \ K and so we may apply (12). It follows that

+1
| wrtse, / VP + VYRR < CpalRy T+ RO (13)
Qr\Q2R, Q2r\Q2R,
Using the same test function in (11) yields similarly
_9optl p+1
/ IVul? < Cpa(Ry 27" + RO2E), (14)
Qr\Q2r,

The lemma follows by letting R — —+00, since p < pg(d) implies d — 2% <0. O

Thanks to Lemma 2, we derive the following Pohozaev identity.

4Take e.g. A=S4"1n {z € R%: |z4] < 1/2} and observe in passing that 2 is not contained in a half-space in this case.
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Proposition 1. Under the assumptions of Lemma 2, there holds

d d
1- 2 2y Ot <o
( 2)/Q|Vu +p+1/ﬂ\u| 0

Proof. Let ({,) denote a standard truncation sequence near the origin and (6,,) a standard truncation sequence
near infinity. Set ¢, = (,0, for n > 1. Multiply equation (4) by (z - Vu)i,, and integrate by parts. Then,

du 1, |u|”+1
Au (x-Vu)y Vu Vi(z-Vu),] — (x-Vu)y |u|p z-V——r-
o0\ {0} 81/ p+ ].
ou
/ Vu-V(z-Vu)i, + / Vu - Vip(x - Vu) — / —(x - Vu), =
Q Q oo\{o} I
|ufP*? / |u[P*? / 11 \u| e
- dpn, +x - Viby,) + v n:— P b, -Vbn,).
e vy [ M@y g~ [ o )

It follows that

: lot) —— ou pery [l
Jvvvns [ (w0 v [ vy [ v, = - [ [ B e,

T vaP
R R i

u +1 ‘U|p+1
Vu -Vipp(x - Vu) — —(z - Vu)y, \ [Py, — x - Vib).
oo\ {0} OV
On 09 \ {0}, Vu = v and 0 = r0,u = x - Vu, since u = 0 on 9Q and  is a cone. Thus, z - Vu = u, (z - v)
and Ivul (x-v)=" (1’ 1/) =0 on 92\ {0} so both boundary integrals are equal to zero! It follows that
+1 |VU|2 \u|p+1

For n > 1, the 1ntegrands of the right-hand Slde can be bounded as follows
[Vu/? JuP*? 3 4 :
. < — = Q
‘ P (@ V)| < { IVul®+ P |z[-|Vipn| =: glz[-[Vipn|  in Q,

where g € L(Q) and g > 0. Taking the truncation functions of the form 6,,(z) = 6(x/n) and (,(z) = ((nz) if
d > 3 (and using log-type capacitary truncation functions if d = 2), we infer that

/g|x|-|<nwn| < ||vo||oo/ o '<2||vo||oo/ 90
Q Qm[n<\z|<2n] n QN[n<|z|<2n]

as n — 400 and similarly

/Q gl] - 18a VGl < 2]VC] o / g0,

QN[1/n<|z|<2/n]

Since Vu € L%(Q) and u € LPT1(Q), we may apply the dominated convergence theorem to pass to the limit in
(1=d/2) [o|Vul*¥n — 545 [q [ulP™4b, and the proposition follows. O

Next, in order to exploit Pohozaev’s identity, we establish the following elementary identity.

Proposition 2. Under the assumptions of Lemma 2, there holds

/ Vul? = / P+,
Q Q

Proof. Let (0,) be a standard truncation sequence near infinity and apply (6) with ¥ = 6, to get

/Vu~V(u9n):/ |ulPT10,.
Q Q

2 2
/\vu\“‘enJr/v”—.ven:/ |Vu|20n—/ Y Ag,,
Q o 2 Q o 2

where we used that © = 0 on 9Q and V6,, = 0 in B; UR? \ Ba,. In addition,

2 p—1

p+1 1 p+1
/UQAen < / |u[Pt / |AG,, |71 ,
Q QN[n<|z|<2n] QN[n<|z|<2n]

The left-hand side equals
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and since p < pg(d),

ptl _optl
/ |AG,|7—1 < Cnd=2=1 = 0,
QN[n<|z|<2n]

as n — 00. Since u € LPT1(Q) and Vu € L?(£), we may pass to the limit and obtain the desired conclusion. [J
Remark 6. Combining Propositions 1 and 2, we immediately conclude that uw =0 if p < ps(d).
To deal with the critical case p = ps(d), we prove the following

Proposition 3. Let p = ps(d) and u € C?(Q) N C(Q) be a classical solution of (4) in a cone Q such that O
s a graph in the x4 direction. Then, under the assumptions of Lemma 2, there holds

/ ud\Vu|2 =
oO\{0}

where vy is the d-th coordinate of the outward unit normal vector v.

Proof. We multiply (4) with the test function o ou y), (where v, has been defined at the beginning of the proof
of Proposition 1) and integrate by parts. The left hand side equals

ou ou Ou
A = [ Vu-v / cuon,,
/ u<8 dw ) Q " (5 d¢ ) 20\ {0} 6V8xdw

while the right-hand side equals

p+1 p+1
/ a2y, = / 9 <|“| > o = [ 10U
Q 0xy QOxg \p+1 Qp+1 8xd
where we used the fact that u =0 on 90\ {0}. Hence,
ou du |u\p+1 Oy,
/ Vu-V ( >1/1n / Vu - Vz/Jn 8a:d /39\{0} ey amdwn = PRSI

2
Since Vu -V (8%) = % |v2“| , we integrate by parts the first term and find

|Vul? Oy, / |Vul? / / Ou Ou / [Pt Oy,
- oy wat | Vu-Vi, = “in,
/Q 2 8$d a0\{0} 2 w vd “ w &vd o0\{0} aV &cdw p+ 1 8xd

Since Vu = u,v on 002\ {0}, 8—;; = u,vg on 9N\ {0} and so g',j 88;2 = u2yy = |Vul?vy on 9O\ {0}. We deduce

that ) o
Vu|* 0, 0 Loy, 1
[Vul” 09n +/ V- Vi o + u b 7/ Vul*nvq.
2 a.’]fd Q p+ 1 8$d 2 a0\{0}
By the graph property of 92, —vy > 0. So, in order to conclude, it suffices to prove that the left-hand side in
the above identity converges to 0 as n — 400 (using Beppo Levi’s theorem on 9 \ {0}). But

I(n)| < 3\l + Y (g 0,
Tl < [ (GIVul+ 2 ) 1V -

as n — +oo, as in the proof of Proposition 1. O

Remark 7. If 09 is a graph, then there exists p € 0Q\ {0} such that v4(p) # 0 and so there exists p € (0,1)
such that |[Vu|> = 0 in (0Q\ {0}) N B(p, p). By the unique continuation principle, u = 0 in Q.

Going back to the statement of Theorem 2, our cone {2 is star-shaped with respect to the north pole, so thanks
to Lemma 12 below, the boundary of the cone € is a graph in the x4 direction. Then we may apply Proposition
3 and by Remarks 6 and 7, we have just proved Theorems 1, 2 and Corollary 2 in the case 1 < p < pg(d).
Corollary 1 also follows for 1 < p < pg(d) since in that case and for Q = R‘i, any weak solution is in fact a

classical solution u € C? (@)

Remark 8. Regarding weak solutions, we observe that Lemma 2 remains valid for weak solutions stable outside
a compact set. Indeed, in these cases, (6) holds and so also does Lemma 2.

We turn next to

2.2. The supercritical case p > pg(d).
Observe that if u solves (4) and A > 0, then the function uy defined by

up(x) == )\P%lu()\x), x € (15)

is also a solution to (4). In order to understand the asymptotic profile of w at infinity, we consider the blow-down
family (uy) as A — +oo.
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2.2.1. A priori estimates and convergence of the blow-down family.

Lemma 3. Let p > pg(d). Assume that u is a weak solution of (4) stable outside a compact set. Then, there
exist constants C' = C(u,d,p) > 0 such that for all R > 1 and A > 1,

/ IVun|? + [ux [P < CRO205 (16)

Qr

This follows essentially from [10]. For completeness, we include a proof below.

Proof. Fix Ry = Ro(u) > 1 such that u is stable outside of Qp,. Then, given A > 1, uy is stable outside the
smaller domain Qg /5. Therefore, by proceeding as in the proof of Lemma 2, we obtain inequalities (13) and
(14) for uy. Hence, for R > 2Ry /),

2P+1

[T S Cpul (R ) 20,
Qr\Q2r( /2

where we have used that p > pg(d) implies d — 2% > 0.
On the other hand we also have

/ Va2 + uf ™ = 325 / Vul? + [ufp ! < / Vul2 + [ul ! = C(u, p, Ro(w)) < +00 (17)
Qarg/a 2Rg Q2r,
since A > 1. The lemma follows. O

Remark 9. Let p > ps(d). Assume that u is a weak solution of (4) stable outside a compact set. Then, the
following improved version of (16) holds for some v > 1 and all R > 1

-1 P+"/
/Q IV (lux 77 un) | + [ua[P*7 < C(1 4 RI72571), (18)
R

where C' is constant depending only on p,d,~y and u.

Precisely, as in Proposition 4 of [10], testing equation (4) with® |Ty(u)|" " Tk (u)p?, where Ty(u) is the
truncation of u at level k > 0, v € (1,2p+2+/p(p — 1)—1) and ¢ € C}(RY), and then inserting |Tk(u)|wTilTk(u)g02
20+l iy

p— p—

in the stability condition, we are lead to bounds (13) and (14), where the exponent d—22% is replaced by d—

Finally, choosing v such that d — 22%’1* >0 (and filling the hole) leads to the desired estimate (18).
We use the preceding remark to prove convergence of (u)) to a limit us in suitable spaces.

Lemma 4. Let p > pg(d). Assume that u is a weak solution of (4) stable outside a compact set. The rescaled
solutions converge along a sequence (uy,, ) to a limit us strongly in H*N LPY1(QR) for every R > 0, as A, — 0.
Furthermore, us is a weak, stable solution of (4).

Proof. By estimate (16) and (18) there is v > 1 such that (u,) is bounded in H' N LP*7(Qg) for every R > 0.
Thus, by a standard diagonal argument, there exists a measurable function u., defined on 2 and a subsequence
(uy, ) weakly converging to us, in H N LPTY(Qp) for every R > 0. In particular we get

/VuAnVVn%/VuooVn, (19)
Q Q

for all n € Hj () with bounded support.

We also observe that, by Rellich-Kondrachov’s compactness theorem, we may and do suppose that the
convergence is strong in L?(Qg), for every R > 0.5 To obtain strong convergence in LP*1(Qg), we apply the
following interpolation inequality

0
[Jux — u<>0||LP+1(QR) < ux — uOOHL2(QR) lux — UOOHLPM(QR)

where 0 = 272 5> as follows from Hélder’s inequality. Since (uy, ) converges to us in L2(g) and (uy, ) is

(p+v-2)(p+1
bounded in LP*7(Qpg), it follows that (uy,) converges strongly to us, in LPT1(Qg) for every R > 0. Therefore,

we can find a subsequence (still denoted by (uy,)) and g € LP*1(QR) for every R > 0 such that

ux, | < g a.e. in £,
| | . (20)
Uy, — Uso a.e. in €.

S5For any 8 > 0, the function |Tj (w)|?T)(v)©? belongs to H3(Q) N LP+1(Q) and has bounded support. Indeed, pick £ € CE(R%)
such that £ = 1 on a neighbourhood of the support of ¢, then u& € H& (). The latter implies |T} (ué)|P Ty (ug) € H& (©2) and so
also | T (u€)|P Ty (u€)p? belongs to HE(2). Then observe that |Tj (uf)|P Ty (u€)p? = |Ti (u)|PT)(w)¢? on Q. Since it is clear that
| Ty (w)|P T (u)@? belongs to LPT1(Q) and has bounded support, the desired claim follows.

SIndeed, let (¢)) be a sequence of standard cut-off functions of class C!(R%). Then, for every fixed k, the sequence (u A, Pr) s
bounded in H{ (£235) and by Rellich-Kondrachov’s compactness theorem, it is compact in L2(€23) which, in turn, implies that the
sequence (uy,,) is compact in L2(Qk). The desired conclusion then follows by a standard diagonal argument.
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The latter and Lebesgue’s dominated convergence theorem imply that

/QIUAnlp_1UAnn—>/Qluool”_luoon, (21)

for all n € LP*1(Q) with bounded support.
Recalling that uy, is a weak solution to (4), we see that the combination of (21) and (19) gives

/ V1 Vi = / toe [P~ e, (22)

for all n € H}(Q) N LPT1(Q) with bounded support.

Next we observe that u..¢ € HY(Q) for every ¢ € C}(R?) and that (uy,() converges weakly to us( in
H(Q), thanks to the weak convergence of (uy,) in H*(Qg) for every R > 0. Hence, uo.¢ € H(Q) for every
¢ € CHRY), since H}(Q) is weakly closed in H!(€2). The latter and (22) prove that u. is a weak solution to
(4) and

/ Vitoo ¥ (1100 p?) = / sl l? Ve CLRY (23)
Q Q

since 1.2 belongs to H () N LPT1(Q) and has bounded support.
Next we claim that uy, ¢ — usp in HE (). In view of (23) and (8) we can compute as in the first line of

) and find that, for every ¢ € C(R?)
/ Vi) = [ [t = [ P9l + [l = [ 9l
Q Q Q
where in the latter we have used (20) and Lebesgue’s dominated convergence theorem. It follows that (uy,¢)
converges to Usp in HE (), for every ¢ € CL(R?) and, in particular uy, — us in HY(Qg) for every R > 0.
Stability of the weak solution u«, follows from the strong convergence of (uy,) in LPT1(Qg) and the fact that
for fixed n, uy, is stable outside K/, (here K C €2 is any compact set such that u is stable outside K). g

Remark 10. One may wonder if Lemma 4 still holds if p = ps(d). If one works in all of R, the answer is

no. Indeed, a constant multiple of the function u(x) = (1 + |x\2)_% solves the equation and is stable outside
a compact set, thanks to Hardy’s inequality. Yet, the family (uy) is clearly not compact in LPT1(By).

2.2.2. Monotonicity formula. Define the functional

i1 1 1 1
B(u; \) = \*5 1 d/ (IW |u|f’“> do+ AT / o do, (24)
a, \2 p+1 —1 Janas,

where A > 0, Q) = QN B, and u € C*(Q) N C(Q) is a classical solution to (4)
Remark 11. Note that E satisfies the following simple scaling relation: given A\, R > 0,
E(u; AR) = E(ux; R)

The main result of this section is the following monotonicity formula, which extends a result due to Pacard
[14].

Lemma 5. Let u € C?(Q)NC(Q) be a solution of (4) and X > 0. Let E be as in (24). Then X\ — E(u;\) is a
non-decreasing function. Furthermore, E(u;-) € C*(R%) and for all X > 0,

2
dE(u A) = ApTt2e d/ aquiE do. (25)
dA QNOBy Lr

Proof. Fix € € (0,1). Let

1 1
B (u \) = AQ”“*d/ Lo - 2 ) da (26)
2 \2xe 2 p+1

For A > 0, let also uy be defined by (15). Then, uy satisfies the three following properties: given A > 0, uy
solves (4),
Ef(u; A) = Ef(ux; 1), (27)

and

2
A0 uy = = +7roruy  for every (z,\) € Q@ x R (28)
p—

By standard elliptic regularity, uy € C%(Q; \ Q.) . So A — E$(u;\) is C! and differentiating the right-hand
side of (27), we find

dE$
Lu;\) = / Vuy - Voyuy dx — / |un|P~ upOruy da.
dA Q\Q Q1\ Q.
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Integrating by parts, using the equation, the boundary condition and the fact that 2 is a cone, we find

dE3
L (u,)\) = / 8TU)\8)\U)\ do 7\/ 8TU)\8)\U)\ do.
dA QNoBy QNOB.

Using (28),
1

A

< Clluallzz@nos) IVusllL2@nos.) + el Vuallzonos.)

2
/ ’U,,\ar’u,\ + 5(87«11,)\)2 do
onop. P— 1

/ 8TU)\6)\’LL)\ do
QNoB.

< Cel|Vualliznas.)»

where we used (the sharp) Poincaré inequality in H}(0B. N ) in the last inequality. Since uy € H(Q4),
liminf, ¢ (¢]In ‘9|)Hv“>\||2L2(QmaBa) = 0 and so there exists a sequence &,, — 0 such that

1
2
IVuallz2(onos., ) < sl
And so
dE
C| lnsn\_l > L (u; \) —/ OrurOruy do
d)\ QNoBy
dES" 2
> L(u; ) — )\/ (Ouy)? do + —— ux(Oruy) do
dA QnOB; P —1Janas,
d ( 1
>— [ B (s \) + —— u3 da) - A (Ozup)? do| .
dA ! p—1Janos, A QNOB,

For any fixed A > 0, take 0 < A\; < A2 < X and integrate the above inequality between A1 and A\o. Then, letting

€, — 0, we find that
Az

B o) — E(u: \y) = / A (Oyus)? do dA. (29)
A1 QNOBy
Hence, A — E(u; A) € C*(R?%) and scaling back the above quantity, the lemma follows. |

Remark 12. Let u € C?(2) N C(Q) be a solution of (4). If the function X\ — E(u;\) is constant on (0, +00),

' ' 2
then by (25) it follows that u is homogeneous of degree e

Remark 13. The proof of Lemma 5 immediately extends to solutions defined on Qg, R >0 i.e. let R >0 and
u € C%(Qr) N C(QR) be a solution of
{ —Au = |[ulP" in Qg,

30
u=20 on 0N Bg. (30)

For A € (0,R) let E be as in (24). Then A — E(u;\) is a non-decreasing function. Moreover, E(u;-) € C1(0, R)
and, for all X € (0, R),

dE 4 2w\’
—(u; A) = /\ﬁ”*d/ <8ru+ ) do. 31
d>‘( ) QNOB, p—1r (31)
and for any 0 < A1 < Ay < R we find that
A2
B(u: o) — E(u: \) :/ A (Oyua)? do dA. (32)
A1 QNoBy

Remark 14. The monotonicity formula remains valid for weak stable solutions in the sense that the function
defined on RY by A\ — E(u;\) is monotone, absolutely continuous and its derivative is given by (25) for a.e.
A€ (0,400).

Indeed, if u is weak stable solution of (4), then, by Proposition 13 in [6], for every R > 0, there exists a

sequence of non-negative solutions ull € C*(B},) such that uf =0 on ORY N By, ulf — w a.e. in Qp = BY,
and uft — w in HY(QR), as n — +oo. By Remark 13, A — E(uf¥; \) is a non-decreasing function of \ € (0, R),
E(uf;-) € C*0,R) and for any 0 < A\; < Ay < R we find that

A2

E(uf: \a) — BE(uFs \) :/ A (On () )2 dor dA. (33)
A

no
1 QNIB1

Passing to the limit in (33) as n — 400, our claim follows.
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2.2.3. Analysis of the limiting profile us. In this section, we will show that u., (given in Lemma 4) is a
homogeneous function. To do so, first note that given a weak solution u of (4), if uy = u for all A > 0, then u

is homogeneous of degree —p%l, and so it must have the form

u(r,0) = 710(), (34)

for some measurable function v: A C S?~! — R. This is a simple consequence of taking A = |z|~! in (15). Note
that by (34), uy = u automatically excludes the possibility that u is a classical solution of (4) because of the
singularity near = 0 (unless v = 0).

Now we prove an important property of the limit function u, given in Lemma 4.

Lemma 6. Let p > ps(d) and assume that u € C?(2) N C(Q) is a solution of (4) stable outside a compact
set. The blow-down limit us is homogeneous of degree ——2— and thus has the form (34) for a suitable v €

1
H} N LPFL(A).
Proof. After fixing two radii Re > R; > 0 we set

ay, := E(uy,;

n

and ¢y, :=ay, — by, -
We use the fundamental theorem of calculus and the monotonicity formula (25) to express ¢y, as

R 4B Rz g
ey, = E(uy, ;Re) — E(uy,; R1) = —(up,; A)dA = —(E(ux, a;1))dA
R, dA R, dA

Ro 9 Ro 1 2 2
= / / A (O U)\n)\) dod\ = / — <U)\n)\ + |z|0, u,\n)\> do d\
R JoBino r JominaA\p—1
R, 2 2
= )\ﬁ’d/ ( uy,, + |z|0r u>\”> do dA
Ry 0 BN p - 1

2
2
- / |x|ﬁ_d < ux, + |0, uAn) dz.
QNBg,\Br, p—1

Since (uy, ) converges strongly in H!(Qz), we deduce that

2
2
lim ¢y, = / |z| 7714 ( Uoo + |7|0y uoo> dr.
n—+oo QNBry\Br, p—1
Next, we prove that
Cx,, —7 0.

By Lemma 3 and the trace inequality [, o u’do < C(R [, o |Vul?de +R7' [ u’dz), the sequences
(ax,) and (by,) are bounded. Using the monotonicity formula (25), we deduce that (ay,) and (by,) are
nondecreasing and converge to the same finite limit.

Hence,
4 2 2 2 2
0 :/ ] 7T ( oo + |2[0r uoo> dz :/ |z[2~d ([“)T(|x|ﬁuoo)) da
ONBp,\Br, p—1 QNBr,\Br,
so that w := |$|1’2qu0 is homogeneous of degree zero. Therefore we can find a measurable function v: A C

S9! — R such that w(z) = v(ﬁ) and thus us, has the form (34). Note that w € H* N LPH1(Qy \ 1), since
Uso € HY N LPTL(QpR) for every R > 0, and so v € H' N LPT(A) by Fubini’s theorem. To conclude we need to
prove that v belongs to Hg (A). To this end we set w,, = |z =0 », and observe that the sequence (w,,) converges

to w in H'(Q\ Qy), that is, ff N (|wn —w]? + |V (w, — w)|2> (r)ri=tdodr — 0, as n — oo. Therefore, up
2

to a subsequence, for almost every r € (3,2) we get that [, (|wn —w|? + |V (w, — w)|2> (r-)doe — 0 and so we
can find 7 € (1,2) such that

/A (|wn —w|2—|—|V’(wn—w)|2)(f.)dU —0,

where V' is the Riemannian gradient on the (d — 1)-dimensional sphere. The latter and the fact that w4 = v
imply that the sequence of C2(A) functions # + w,(70) converges to v in H'(A). It follows that v € HE(A)

since wy (7-) = 0 on JA.
O
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2.2.4. Homogeneous and stable solutions. In the previous section, we have shown that the blow-down limit
of the rescaled solutions u) is a weak solution of (4), and it is homogeneous and stable. Here we study such
solutions with the goal of proving that they are necessarily equal to 0.

Given a homogeneous solution u(r,0) = r_%v(e) of (4), one can make a simple formal computation to
conclude that the nonradial factor v satisfies the following equation

~Av+pv = P v in A, (35)
v=20 on 0A,
where p 1= p%l (d -1- g—i) and —A is the Laplace-Beltrami operator on the (d — 1)-dimensional sphere. If

u is also stable then v satisfies the following inequality for suitable test functions :

_ 9\2
&ﬁf)ﬁ¢%myﬂww&w>pﬁww*ww, (36)

where V’ is the Riemannian gradient on the (d — 1)-dimensional sphere, see e.g. [15, pp. 5245-5246] for the
proof” of (36). We work in the class of weak solutions of (4) and make these considerations precise in the
following lemma.

Lemma 7. Let u be a weak, homogeneous, and stable solution of (4). Then v € HE N LPTY(A) is a weak
solution of (35) which satisfies the stability-type estimate (36) for any ¢ € H(A).

Proof. To prove (35), we begin by testing (4) with the test function ¢(r,8) = x(r)¥(0) where x: Ry — [0,1] is
a smooth, positive function compactly supported away from 0, and ¢ € H{(A) N LPFL(A). Setting a = -2

p—1’
VuVedr = | 0-(r"*)v(0)0,x(r)¥(0) dx —|—/ 2 (r)V'u(0)V'4(0) dx
Q Q Q
11 12
= [ @O o0) 6(0) d
I3
We perform a separation of variables of the three integral terms.
I = fa/ r*a*2+darx(r)dr/ v(0)(0)do
0 A
=ald—2-— a)/ r7°‘73+dx(r)d7“/ v(0)1(0)do.
0 A
I, = / o3y (r)dr / V'0(0)V'y()do,
0 A
I3 = / r_p"‘_1+dx(r)dr/ [v(0)|P~ () 1 (0)do.
0 A
Since a + 2 = pa, we can cancel all of the integral terms involving r to conclude
/ VoV do + a(d—2 — a)/ vy do = / |v[P~ vy do. (37)
A A A
That is, v € H} N LPT1(A) is a weak solution of (35). d

We conclude this section by proving a Liouville-type result for weak solutions of (35) which satisfy estimate
(36), under the additional condition for p > 1

d—2)?2
i — % + (@ -1\ =0, (38)
where \; is the first eigenvalue of the Laplace-Beltrami operator on A. Note that the term (p — 1)A\; in (38)
2
gives an improvement of the condition in [10]: 1 < p < pyr(d) <= pu— % > 0. In other words, the

condition 1 < p < p;r(d) is optimal only for stable solutions in the whole space R,
Lemma 8. Let v € H} N LPTL(A) be a weak solution of (35) which satisfies the stability-type estimate (36).
Then for all p satisfying (38), v = 0.

"In [15, pp. 5245-5246], 1 is supposed to be smooth but the result remains valid for 1) € H}(A)N LP+1(A) with the same proof
and can be extended to any v € H& (A) by Fatou’s lemma.
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Proof. First, we take the solution v (multiplied by p) as a test function in (37) to obtain

pu/ U2d0'—|-p/ |V’U|2dcr=p/ [v|Pv do.
A A A

Likewise, testing (36) with v yields

—92)2
M/ ’U2d0'+/ |V'v|]2do > p/ [v|Pv do.
4 A A A

Combining these two lines gives

d—2)?
<pp — ()> / v?do + (p — 1)/ |V'v|*do < 0.
4 A A
We use the trivial identity

/|v'v\2da= - ()\1/ deo—/ |V’v|2da) +)\1/ vido
A A A A

2

(PM - @ +M(p - 1)) /AUQdO <(p- 1)/,4 (Mv? = Vo) do <0, (39)

where the final inequality follows from Poincaré’s inequality on A with optimal constant A;. By (38) and (39),
v is a principle eigenfunction of the Laplace-Beltrami operator on A. Combining this with the fact that v also
satisfies (35) leads trivially to the conclusion that v = 0. O

to deduce the following;:

2.2.5. A PohoZaev-type result on subdomains of S’fl. The following Pohozaev-type result is proven by Bidaut-
Véron, Ponce, and Véron in [1, Theorem 2.1] for smooth solutions v to (35). Since we deal with weak solutions,
we construct smooth approximations vy of v and use the H}, . convergence of uy to us (along a sequence) to
prove that the inequality also holds for the blow-down limit us.

Lemma 9. Let A be a C*>® domain of Sfl which is star-shaped with respect to the north pole, and let
Uoo (1, 0) = riﬁjv(e) be the blow-down limit of (uy) as above. Then v € HO ) satisfies

d—3 d-1 L d—1(d—pu(p
(2 _p+1>/,4|vv¢da_ 2 ( p+1 )/ "$do <0, (40)

where V' is the tangential gradient to S‘fl, and ¢(0) = 04 is an eigenfunction of the Laplace-Beltrami operator
—A in H} (S‘i_l) associated to the principal eigenvalue /\1(81_1) =d—1.

Proof. We begin with a simple geometric lemma. Denote by (,) the inner product on the tangent space to S¢~1,
#(0) = 04, and V'¢ its Riemannian gradient on S*~!. Then,

Lemma 10. Let A C S‘fl denote a C' open set with outward unit normal direction v. If A is star-shaped with
respect to the north pole, there holds (V'¢,v) <0 on JA.

Proof. Apply the stereographic projection 7g from the south pole to the set A. Then take a point © € 7g(A) C
B; C R%! and consider the unique minimal geodesic g contained in A connecting the north pole to 7r§1 (z) =: 6.
Its projection 75(7g) is a straight line connecting the origin to = and is contained in 75(A4). So 7g(A) C R~ is
star-shaped (in the usual Euclidean sense). Since the stereographic projection is conformal (it preserves angles),
(V'¢,v) has the same sign as V' - n, where V = drg(V'¢p) = v(1+7 ) = (1_7_%)2%, r € R r = |z|, and
n = drg(v) is the outward unit normal direction of mg(A). In view of the Lemma in [8] p. 554, we conclude

that (V'¢,v) <0 on 0A. O
Let us return to the proof of Lemma 9. To simplify the appearance we set C; = (% - Zﬁ) and Cy =
a1 (%). Let u € C?(Q)N C(Q) be a solution of (4). Since for any A > 0, uy(x) = AT u(Ax) is also

a smooth solution of (4), we set vy to satisfy

up(z) = r_fjm(r,ﬂ).

Plugging this expression of u) into (4), it follows that vy is a classical solution of the following equation:

{—A/U)\ +pvy = |oaP7roy+ex in Q, (41)
v

v =0 on 09,
where the error term ey is

4
<d —1- 1> rovx + 7“2831))\.
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. . .. 4
Again for simplicity, we define C3 = (d —-1- zﬁ)

Following [1, pp. 186-188], we apply the divergence theorem to the vector field
P= <V/¢), VIU)\> V/U)\,
to eventually reach the following relation

d—1
C’l/ |V’v>\\2¢d0—|—C’2/ U?\qi)dcr—i/ eAvAgde—F/ (V'¢p,V'vy) exdo
A A p+1/a A

1

(42)
:*/\VWFW%JMTSQ
0A

2

where v is the unit outer normal. The right-hand side of (42) is nonpositive since A is star-shaped. Next, we
multiply all terms of (42) by a standard cutoff function n: Ry — R4 compactly supported away from 0 and we
integrate in the radial direction (including the factor 74=1). We begin with the first error term:

/ /e,\v,\qbrd_lndadr:Cg/ /(arv,\)v,\cbrdndadr—l—/ /(8311)\)11)\¢7‘d+177d0'd7“
o Ja o Ja o Ja

203/ /(&v)\)v)\(brdndod?“—/ /(8TU)\)2¢rd+1ndodr—/ /(&v)\)v)\qﬁar(?“‘”ln) do dr,
o Ja o Ja o Ja

where we have integrated by parts in the second integral of the first line. Now, by the fact that vy, — v = Tp%luoo
in H1(Qg) (along a sequence) and that v does not depend on r, we can pass to the limit as A — oo to conclude

lim / / e,\v,\gbrdfln dodr = 0.
A—o0 Jo A
For the second error term in (42), we proceed as follows:
V'uy, V'¢) exr®'ndodr = V'uy, V'¢) (Csrdrvy + r20%vy) r 1y dodr
( ] & U
0o Ja 0o Ja

= 03/ / (V'ux, V'¢) 0,vx rindodr
0o Ja
Iy
—/ /IZ‘(V'U,\,V’@ drvy 0, (rin)dodr
0
Ip)
—/ /(V'&.v,\,V'@ drorrtndodr,
0o Ja

I3

where we have integrated by parts in the r variable. Since vy — v in H*(Qg) (along a sequence) and since v
does not depend on 7, I; and I tend to zero as A — oo. We deal with I3 by recalling that ¢ is an eigenfunction
and so

7/0 /A<V/(9T”U>\,V/¢> oruar?ndodr = 7%/0 /A<V’((’9rv>\)2,vl¢> ré=tndodr

—1
= 221 [ (oun)ends,
2 Ja

where in the latter we have used an integration by parts over A and the fact that d,vx =0 on 992\ {0}.
This term then tends to 0 as A — oo, since vy converges to v in H*(Qz) (along a sequence).
Now we deal with the other solid integral terms arising from integrating (42) with the test function r?~!'z in

the r variable. Since uy converges to u in H'(Qg) for every R > 0 along a sequence, so does vy to v. Since v
does not depend on r, we can apply Fubini’s theorem at the limit to obtain

lim / / (C1|V'0A|? + Cov3) ¢ ¥ I ndodr = / rdflndr/ (C1|V'v]2 + Cv?) ¢do < 0,
A= Jg o JaA 0 A
where C; and Cs are the fixed constants defined at the beginning of the proof. Dividing by the positive constant

J° v tndr yields (40). O
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2.2.6. Proof of Theorem 2.

Proof. By an elementary computation, ps(d) < ps(d — 1) < psr(d). Recall also that if p < py(d), then (38)
holds. So all p > pg(d) either satisfy (38), p > ps(d — 1), or both. Suppose first that (38) holds. By Lemmas
6, 7, and 8, it follows that u., = 0. In the remaining case p > pg(d — 1), Lemma 9 implies that v = 0 (which
of course implies that u., = 0). Then, since (uy,) converges strongly to us, in H' N LPT1(QR), it follows that
E(uy, ;1) — 0 as A, — oo. Furthermore, by the monotonicity formula (25), the convergence to 0 is monotone
non-decreasing.

To conclude, we study the behavior of F(uy;1) = E(u; A) as A — 07, By definition (24) of the monotonicity

formula, we have
pt1

1 b
E(u, ) = —7>\2ﬁ_d/ |u[PT! dx = _C)\Qp%][ ulP da
p+1 Qs .

Since u is bounded in a neighourhood of 0, we deduce that limy_,o+ E(u; A) > 0. Since E(u, ) is nondecreasing,
we deduce that

E(u;A) >0 forall A>0 (43)
Now, limy_ 100 E(u; A) = E(uc; 1) = 0 and so, since E(u, -) is nondecreasing and nonnegative, E(u;\) = 0 for
every A > 0. By (25), u is homogeneous, which is possible only if u = 0 since u € C(Q). O

3. PROOFS OF COROLLARY 1 AND COROLLARY 2 IN THE SUPERCRITICAL CASE

3.1. Proof of Corollary 1. We just need to inspect the proof of Theorem 1 and adapt it as follows. Let u be a
nonnegative weak stable solution. By Remark 14, the monotonicity formula remains valid and so® does Lemma
6. So, the blow-down limit ., is homogeneous. Regarding Pohozaev’s identity Lemma 9, we use Proposition 13
in [6] to deduce that u. is also the limit (in H'(B})) of classical solutions uf (with zero value on OR% N Bp)
and so the same proof applies. Finally, we adapt Section 2.2.6 by observing that by the same proof E(uf; \) > 0
for all A € (0, R) and so E(u; A) is nonnegative for all A > 0. As before, this forces u to be homogeneous, hence
u = 0 by our classification of homogeneous weak solutions.

|

3.2. Proof of Corollary 2. In the supercritical case p > pg(d), the proof is identical to that of Theorem 2. We
only need to observe that in the range (38) of exponents p, no geometrical condition on the cone § is needed.
O

3.3. Positive solutions in convex cones. In this last section, we explain more carefully how Busca’s result
[2] for positive classical solutions defined on convex cones can be recovered thanks to Theorem 2. This is the
content of Lemma 13 below. First, we extend the following natural result proven in [11, Proposition 2] in the
case where () is convex.

Lemma 11. Let Q be defined as in (5) for some A C Si_l. Then § is convex (resp. star-shaped) if and only
if A is geodesically convex (resp. geodesically star-shaped).

Proof. Let Q be convex. Now take two points ¢1,ps € A. (By the hypothesis that A C S‘fl, 1 and o may
not be antipodal points.) By convexity, tys 4+ (1 — t)¢1 € Q, so

t 1-—-t¢

g = W2t d=te

[tz + (1 —t)¢1 |
for all ¢ € [0,1] by the cone property of . It can be directly verified, for example using a stereographic
projection from —¢y, that {S;}o<i<1 coincides with the unique geodesic curve from ¢q to ¢o. Finally, since
{Si}+=0 C A, we have that A is geodesically convex.

Conversely, let us choose two general points x1, 22 € 2. In the same way as above, we can show that

t 1-—t
{ z2 + (1 —t)ay } cA
|tl‘2 +(1- t)l‘l‘ 0<t<1
is a geodesic curve on A, whereby we find that tze + (1 — t)z1 € Q due to the cone property of Q.

In the case of star-shaped domains, we repeat the above method with 5 and x5 fixed taken to be the points
with respect to which A and €, respectively, are star-shaped.

O

Lemma 12. If A C S‘fl is star-shaped with respect to some direction pg € A, then Q is convex in that direction
in the sense that for all x € Q andt > 0, x 4+ tpg € Q. In particular, the boundary of the cone € is a graph
with respect to the direction pg € A.

8In the second part of the proof of Lemma 6, in order to prove that v € H(% (A), one just needs to replace the sequence (uy,,)
by the approximating sequence (uf‘), R =2, from Remark 14.
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Proof. First, by virtue of the radial scaling property of cones, it is enough to prove the result for all x = p; € A.
It can then be verified that the curve

1 + tpo d—1
S—{St}t>0—{} C S,
|901 + t<P0| t>0 *
coincides with the unique minimal geodesic connecting 1 to g (for example by taking the stereographic
projection from —¢g). Then, since A is star-shaped with respect to g, S; € A for all ¢, whereby x + tpg € Q2
due to the cone property of 2. O

Lemma 13. Assume that A C Sfffl is geodesically convex. Then, a suitable rotation of A is star-shaped with
respect to the north pole and still contained in Sfl.

Proof. If the north pole 77 belongs to A the statement is trivially proven because convex sets are in particular
star-shaped. Therefore, let us assume that 7i does not belong to A. Then Q N (7i) = () by the cone property
of Q, and Q is convex by Lemma 11. So by the geometric form of the Hahn-Banach theorem, there exists a
hyperplane H normal to some v € S?~! (w.l.o.g. take v = (—1,0,...,0)) which includes the x4 axis and which
satisfies H N Q = (. By the convexity assumption, Q (resp. A) must lie on one side of H (resp. H N S‘fl).
That is, w.lo.g, A C ST ' n {z; > 0}.

Let us consider the great circle G = {(z1,0,...,0,2z4): z; € [-1,1],]z| = 1}. Up to a suitable modification
of the choice of v, we can assume (by convexity of A) that there is a point a = (c0s8,,0,...,0,sin6,) e GN A
for its corresponding 6, € (0,7/2). Then we take the rotation that sends a to 7. This rotation has a specific
form: for a general p = (a,cos,xa, - ,xq-1,,sin6) € A for its corresponding ay, € [0,1], 6 € (0,7/2), we
have

m . (T
P (ozpcos (5 — 0, —l—@) , X2, , L1, Op SN (5 —0, +t9)) .

Since 6,0, € (0,7/2), it can be verified that the image of A under this rotation is still contained in Si‘l.
(]
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