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LIOUVILLE-TYPE THEOREMS FOR THE LANE-EMDEN EQUATION IN THE
HALF-SPACE AND CONES

LOUIS DUPAIGNE, ALBERTO FARINA AND TROY PETITT

1. INTRODUCTION
Let d > 1 and p > 1. We consider the Lane-Emden equation

—Au = |uP7'u in R?,
u =0 on 8Ri,

(1)

posed in the upper half-space R? := {z = (2/,24): 2’ € R¥" ! 24 € (0,00)} with homogeneous Dirichlet
boundary conditions. It is conjectured that the above equation has only one nonnegative solution, v = 0.
Gidas and Spruck in [12] showed that this is indeed the case if 1 < p < pg(d), where
d+2
ps(d) = ————
(d—2)4
is Sobolev’s critical exponent. In the case p > pgs(d), only partial results are available: Dancer [4] considered
bounded nonnegative solutions and proved in this case that u = 0 if p < pg(d — 1). The second named author
[10] improved Dancer’s result showing that the only bounded nonnegative solution is v = 0 if p < pyr(d — 1),
where pj, is the Joseph-Lundgren stability exponent given by

(d—2)2 —4d +8Y/d =1 )
d-2d-10), ®

Finally Chen, Lin, and Zou [3] proved that no bounded nonnegative solution u # 0 of (1) exists for any p > 1.
In all these results, the fact that any nonnegative bounded solution of (1) is monotone in the z4-direction, i.e.
Ou/dzq > 0 in Ri, is crucially used. In fact, Sirakov, Souplet and the first named author proved in [7] that,
more generally, no nontrivial monotone solution of (1) exists, whether bounded or not. Note that monotone
solutions are stable, meaning they verify additionally that

p [ Pt de < [ VP a (3)

for all ¢ € Cg(Ri). Even more generally, consider solutions which are stable only outside a compact set
K C R%, ie. such that (3) holds for ¢ € C}(R% \ K). The second named author proved in [10, Theorem 9(b)]
that there is no such solution except u = 0, provided 1 < p < pyr(d). We improve this result as follows.

psr(d) =

Theorem 1. Let p > 1 and let u € C*(RY) N C(@) be a solution of (1) stable outside a compact set. Then
u=0.

The above theorem can be partly extended to the following class of weak solutions.

Definition 1. Let H denote the space of functions u such that w € H'(RL N Br) N LPT(RL N Bg) for every
R>0andu=0 on 8]1%1 in the sense of traces. Then, u is a weak solution of (1) if u € H and it satisfies the
equation in the sense of distributions.

Remark 1. By approzimation, any weak solution satisfies

/Vu Vo dr= / |u|P~ up de, forall o € H. (4)
Then,
Corollary 1. Let p > 1 and let u be a nonnegative weak stable solution of (1). Then u = 0.

Remark 2. Corollary 1 is sharp in the following sense. By Theorem 1.1 in [1], for p € (4}, ps(d — 1)), there

exists a singular solution of the form u(zx) = riﬁv(G), where r = |x|, 0 = x/r and v € 02(81_1) N Hg (S‘i_l)
is positive and radial (w.r.t the geodesic distance to the north pole). Observe that w € H if only if d > 3 and
p € (ps(d),ps(d — 1)), so that the equation is satisfied in the weak sense. However, u is always unstable, see
Lemma 7 below.

1



2 LOUIS DUPAIGNE, ALBERTO FARINA AND TROY PETITT

Next, we extend our study of the Lane-Emden equation to cones i.e. we consider the equation

—Au = |[ulP"tu in Q,
{ _ ()
u=20 on 0f).
where
Q={rf : r€(0,+0),0 € A}, (6)
d>2and A C S ! is a subset of the unit sphere of dimension d — 1. Busca proved that there are no positive
solutions u € C?(Q)NC(Q) of (5) in the case where (2 is a convex cone strictly contained in R, see [2]. For such
a cone, positive solutions are monotone (hence stable) and A = QNS?~! is geodesically convex (see Lemma 10),
hence star-shaped with respect to the north pole (up to a suitable rotation, see Lemma 12). So the following
theorem extends both Busca’s result and Theorem 1.

Theorem 2. Let A be a C*% domain contained in the (open) upper-half sphere Si_l, which is star-shaped with
respect to the north pole. Let Q be given by (6). If p > 1 and u € C*(Q) N C(Q) is a solution of (5) stable
outside a compact set, then u = 0.

Remark 3. A set A C S ! is said to be star-shaped with respect to a point 6y € A if for every € A any
minimal geodesic path from 0y to 60 remains inside A. Note that when A C Sflfl, there is at most one such
minimal geodesic path.

Finally, for general cones (not necessarily star-shaped, not necessarily contained in a half-space), as follows
from the proof of Theorem 2, we have the following partial result

Corollary 2. Let Q C R be a cone given by (6) and p > 1. Assume that
(d—2)

p#ps(d) and pp—

p—1
QNSL Ifue C*(Q) NC(Q) is a solution of (5) stable outside a compact set, then u = 0.

where ji = —2 (d— — Z_i}) and My 1is the principle eigenvalue of the Laplace-Beltrami operator on A =

Remark 4. In particular, the corollary applies for p > py for some (explicitly computable) py depending on d
and \i.

Remark 5. Since Q is not smooth at its vertez, some care is needed when dealing with regularity/integrability
properties of the solution. The reader interested only in the proof of Theorem 1 can safely skip these considera-
tions in the proof presented below.

2. PROOF OF THEOREM 2

The case p < pg(d) follows from Theorem! 9 in [10]. So, we assume henceforth that p > pg(d). Observe that
if u solves (1) and A > 0, then the function uy defined for z € Q by

ur(z) == ArTu(Az) (7)

is also a solution. In order to understand the asymptotic profile of u at infinity, we consider the blow-down
family (uy) as A = +oo.

2.1. A priori estimates and convergence of the blow-down family.
We begin by proving that any classical solution is a weak solution.

Lemma 1. Let u € C%(Q)NC(Q) be a solution of (5). Then, u is a weak solution, in the sense of Definition 1.
Proof. Multiply equation (5) by u¢?, ¢ € C%}(R?\ {0}), and integrate by parts to get

[1vupe = [lupric =2 [ uvu-ve

1
< [lureic g [19upe 42 [ wiver

Hence,

[ 1w < 2ul,, [+l [ 196P. ®

ITheorem 9 in [10] is stated for smooth domains, but the proof remains valid in our setting, thanks to Lemma 1, in the case
p < ps(d). If p = ps(d), thanks to Lemma 11, the boundary of the cone € is a graph with respect to some direction and up to
rotation, we may assume that this direction is the north pole. The conservation laws Proposition I.1 and 1.2 in [9] remain valid
with some work.
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Choosing ¢ = (,, where (, is a standard cut-off function away from the origin, and passing to the limit
in the latter inequality we see that (8) holds true for every 1 € C1(R?). Hence, uyp € H(Q) and u is a weak
solution of the equation. O

Remark 6. By the same proof, any weak solution u is such that uyp € H}(Q) for any 1 € C}(R9).

Lemma 2. Let p > pg(d). Assume that u is a weak solution of (5) stable outside a compact set. Then, there
exists a constant C = C(u,d,p) and Ry = Ry(u) > 1 such that for all R > Ry and X\ > 1,

/ [Vus 2 + [uy [P+ < ORI, (9)
Qr
where Qr = Br N Q and By is the ball of radius R centered at the origin.

This follows essentially from [10]. For completeness, we include a proof below.

Proof. Let u be a weak solution of (5) stable outside a compact set K. Test the equation with ug?, where ¢ is
some smooth function supported on By \ K, to get

[ vuvtust) = [ (10)

We estimate the left-hand side of (10) using the stability of u

/ P+ g = / Vv (up?) / IV (ug)|? - / 2| Vf? (11)
>p / P+ p? — / W2Vl

Combining the above lines and observing that p > 1, we reach

(v-1) / P p? < / 2|Vl (12)

p—1 2 2 2
P [ vl < [ vl (13)

Taking ¢ := ¢™, for some some smooth function ¢ supported on Br \ K and m > 1 gives

p—l)/|u|p+lz/}2m S m2/u2w2m—2|vw|2.

Returning to (11), it follows that

Using Hélder’s inequality,

[

p—

(p— 1)/|U|P+1w2m < m? (/ulp-‘rl,(/}(m—l)(p-i-l)) (/ Vw|2p+1> pF1 .

We can take m := 2L 50 the above inequality simplifies to

p—1’
[ tuptiem < [p“ ] / V. (14)

Fix Ry > 0 such that K C Qg, and so u is stable outside of Qg. If ¥g(z) = ¢¥1(x/R) is a standard cutoff
function, then ¢ = (1 — g, ) is supported in Qs \ K and we may apply (14). It follows that

p+1
/ [t < G, / VP + G, VOPFT < Cpa(Ry " + RO
Qr\Q2r, Qag, Q2r\Q2R,
Using the same test function in (13) yields similarly
9 d—22+L d—
/ Vul? < Cypa(RE2FT 4 R2ET), (15)
Qr\Q2r,

Given A > 1, uy is stable outside the smaller domain g, /5, so that applying the above inequalities to uy yields
_op+l
/ [Vus|? + [ualP*! < Cpa,r, R0,
Qr\Qa2pry/2
where we used that p > ps(d) and R > 1. Inside Q35 /5, using again that p > ps(d) and A > 1, we notice that
[ vnP gt [ et [Pt < e, (16)
Qarg/a 2Rg Q2R

The lemma follows. O



4 LOUIS DUPAIGNE, ALBERTO FARINA AND TROY PETITT

Remark 7. Assume p > ps(d). Then, the following improved version of (9) holds for some v > 1

/ W (us] = w)|? + fus 47 < ORI, (17)
Qr

Precisely, as in Proposition 4 in [10], testing equation (5) with |Tj(u)|Y = up?, where Ty (u) is the truncation
of u at level k and v € (1,2p 4+ 24/p(p — 1) — 1) leads to a bound similar to (15) while choosing v such that
21;% —d <0 leads to a bound similar to (16).

We use the preceding remark to prove convergence of (u)) to a limit u in suitable spaces.

Lemma 3. Let p > pg(d). The rescaled solutions converge along a sequence (uy, ) to a limit us strongly in
H'' N LPYY(QR) for every R > 0, as N\, — 0o. Furthermore, u, is a weak, stable solution of (5) satisfying
Usoth € HE(Q) for every ¢ € CL(R?).

Proof. By estimate (17), (uy) is bounded in H' N LPT7(Qg) for every R > 0 and for some v > 1. Thus a
sequence (uy, ) converges weakly to uo, in H* N LPT7(Qg) for every R > 0. In particular we get

/VuAnV¢—>/Vuchp, (18)
Q Q

for all p € H.

We also observe that, by Rellich-Kondrachov’s compactness theorem, we may and do suppose that the
convergence is strong in L?(Q2g), for every R > 0.2 To obtain strong convergence in LP*1(Qg), we apply the
following interpolation inequality

0
[Jux — uOO||LP+1(QR) < flua — “ooHL?(QR) lux — uOO"LP+“f(QR) )

2v—2
(r+7—-2)(p+1)°
weakly to to u, in LPTY(QR), it follows that (uy,) converges strongly in LPT1(Qg) to us for every R > 0.

Therefore, we can find a subsequence (still denoted by (uy,)) and g € LP*1(Qg) for every R > 0 such that

(19)

where 6 = as follows from Holder’s inequality. Since (uy, ) converges to us, in L?(Qg) and (uy,,)

lua, | < g a.e. in S,

U, — Uso a.e. in Q.

The latter and Lebesgue’s dominated convergence theorem imply that

/Q P, = /Q oo Mttt (20)

for all ¢ € H. The latter and (18) proves that u., is a weak solution of (5), i.e.,

/ YV Vi — / to P use (21)
Q Q

forall p € H.

Next we observe that u,¢ € HY(Q) for every ¢ € C1(R?) and that (uy, () converges weakly to u.( in H(Q),
thanks to the weak convergence of (uy, ) in H'(Qg) for every R > 0. Hence, us¢ € H () for every ¢ € C}(R?)
by Remark 6 (and (uy, ¢) converges weakly to u..¢ in H}(Q2)). In particular we have u.¢ € HE ()N LP‘H(Q)
for every ¢ € C(R?). Hence we have

/vum (UosC) = /\u Py (usC) V¢ € CHRY). (22)

Next, we claim that uy, ¢ — uso in H3 (). In view of (10) and (22) we can compute as in the first line of
(11) and find that, for every ¢ € C}(R?)

/ IV (ur, )] / s, PVl + / fun, P12 = / oo PV + / s P = / IV (1oep)|

where in the latter we have used (19) and Lebesgue’s dominated convergence theorem. It follows that (uy, )
converges to Usp in H} (), for every ¢ € CL(R?) and, in particular uy, — us in H'(Qg) for every R > 0.
Stability of the weak solution u., follows from the strong LP*1(Qg) convergence of (uy,) and the fact that for
fixed n, uy, is stable outside K/\,. O

Remark 8. One may wonder if Lemma & still holds if p = ps(d). If one works in all of R?, the answer is

no. Indeed, a constant multiple of the function u(x) = (1 + |m\2)*% solves the equation and is stable outside
a compact set, thanks to Hardy’s inequality. Yet, the family (uy) is clearly not compact in LPT1(By).

2Indeed, let (¢)) be a sequence of standard cut-off functions of class C!(R%). Then, for every fixed k, the sequence (u A, Pr) s
bounded in H{ (£235) and by Rellich-Kondrachov’s compactness theorem, it is compact in L2(€23) which, in turn, implies that the
sequence (uy,,) is compact in L2(Qk). The desired conclusion then follows by a standard diagonal argument.
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2.2. Monotonicity formula. Define the functional
E(u; A) = Azﬁ%*d/

Qx

where A > 0, Q) = QN B, and u is a solution to (5).

1 1 1
(IW—luI“l) da + AT / u? do, (23)
2 p+1 p—1 Jonos,

Remark 9. Note that E satisfies the following simple scaling relation: given X\, R > 0,
E(u; AR) = E(uy; R)

The main result of this section is the following monotonicity formula, which extends a result due to Pacard
[14].

Lemma 4. Let u € C2(Q)NC(Q) be a solution of (5) and X > 0. Let E be as in (23). Then A — E(u;\) is a
non-decreasing function of X. Furthermore, E(u;-) € C*(R%) and for all X > 0,

E 2 2
d—(u; A) = /\Pil+27d/ Oru + = ") o (24)
dA QNOB, p—1r
Proof. Fix € > 0. Let
» 1 1
ES(u; \) = A%fi—d/ (|Vu2 - |u|P+1> da. (25)
23\ e 2 p+1

For # € Q, A > 0, let also uy be defined by (7). Then, uy satisfies the three following properties: given A > 0,
u) solves (5),
Ef(u; A) = Ef(ux; 1), (26)
and
Ao uy =

2
—uxt ropuy  for ae. (z,\) € Q@ x RYL. (27)
By standard elliptic regularity, uy € C?(Q1 \ Qc) . So A — E5(u;\) is C* and differentiating the right-hand
side of (26), we find

dE§
L (u; A) = / Vuy - Vo uy do — / |u,\|p_1uA8>\uA dx.
dA Ql\QE QI\QE
Integrating by parts and using the equation, we find
dE§
! (u; )\) = / 8ru,\8,\u,\ do — / 87,11,)\8)\1@\ do.
dA QNoB, QNOB.
Using (27),
1 2 9
OrurOyuy do| = — uxOruy + e(0ruy)” do
QNoB. AlJanos. p—1

< Clluallzz@non,) IVusllzz@nos.) + el Vualzz @nos.)
< Ce|VuallZzanos. )

where we used (the sharp) Poincaré inequality in H}(0B. N ) in the last inequality. Since uy € H(Q4),
liminf. o (¢|In 5|)Hvu>\||2L2(QmaB5) = 0 and so there exists a sequence &,, — 0 such that

1
2
IVuallzz(onos., ) < e’
And so
dES
Cllng,|™* > L (u; \) —/ OruxOuy do
d)\ QNoB1
dES™ 2
> Lo(u;\) — )\/ (Ozup)? do + —— ux(O\uy) do
dA QNOB, b= QNOB,
d < 1
> | | ES* (w; \) + —— u3 da> - )\/ (Oxuy)? do|.
dx "t p—1Jorom QNOB,

For any fixed A > 0, take 0 < A\; < A2 < X and integrate the above inequality between Ay and A\o. Then, letting

€, — 0, we find that
A2
B(us o) — Blus \r) = / A (Onun)? do d. (28)
A1 QNOBy
Hence, A — E(u; ) € C*(R7) and scaling back the above quantity, the lemma follows. |
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Remark 10. If E(u; ) is constant with respect to A > 0, then by (24) it follows that u is homogeneous of

degree —%1.
P

2.3. Analysis of the limiting profile u.,. In this section, we will show that u, is homogeneous. Given a

weak solution u of (5), if uy = u for all A > 0 (u is homogeneous of degree —1%), u must have the form

u(r,0) = r 710(0), (29)

for some function v: A C S9! — R. This is a simple consequence of taking A = |z|~! in (7). Note that by
(29), u) = u automatically excludes the possibility that u is a classical solution of (1) because of the singularity
near = 0 (unless v = 0).

Now we prove an important property of the limit function u., given in Lemma 3.

Lemma 5. Let p > ps(d). The blow-down limit uis homogeneous of degree —% and thus has the form (29)
for a suitable v € HE N LPTL(A).

Proof. After fixing two radii Ry > R; > 0 we set
ax, = E(uy,; Ra),
b)\n = E(’U,)\R;Rl),

and Cx, = ax, b,\n.
We use the fundamental theorem of calculus and the monotonicity formula (24) to express ¢y, as
2 dE 2 g
Cx, :E(U)\H;Rg) —E(U)\H;Rl) / ( n,)\)d)\: f(E(U)\n)\;l))dA
X R, dA

2
1U>\n>\ + |z|0, u>\n>\> do d)\

:/ / a)\ U, >\ dJ d\ = / / l <
8 B1NQ 8 B1NQ A\p
9 2
= /\77‘1/ ( uy, + |z|0r uAn> do d\
Ry aByn \P—1

s 2 ?
= / || 7=1 ¢ ( uy, + |z|0: u,\n) dx.
QNBg,\Br, p—1

Since (uy, ) converges strongly in H!(Q2g), we deduce that

4 _
lim ey, / || P=T d (
n—+00 QNBr,\Br, p

9 2
— oo + ||y uoo> dx.

Next, we prove that
Cx,, — 0.

By Lemma 2 (and the trace inequality |u|lz298zn0) < C(R)|ullfg1@nBgr)), the sequences (ay,) and (by, ) are
bounded. Using the monotonicity formula (24), we deduce that (ay,) and (by,) are nondecreasing and converge

to the same (finite) limit.
Lo (2
QNBr,\Br, D=

Hence,
and us, has the form (29). O

2
T Uoo + |20 uoo) dr =0,

2.4. Homogeneous and stable solutions. In the previous section, we have shown that the blow-down limit
Uso Of the rescaled solutions uy is a weak solution of (5), and it is homogeneous and stable. Here we study such
solutions with the goal of proving that they are necessarily equal to 0.

Given a homogeneous solution u(r,0) = riﬁv(Q) of (1), one can make a simple formal computation to
conclude that the nonradial factor v satisfies the following equation

—Av+pv =Pty in A4, (30)
v=20 on 0A,
where p 1= p%l d—1-— % and —A’ is the Laplace-Beltrami operator on the (d — 1)-dimensional sphere. If

u is also stable then v satisfies the following inequality for suitable test functions :

Y
-2y /A Wdo + /A V2o > p /A [ofP~ 42 do, (31)
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where V' is the Riemannian gradient on the (d — 1)-dimensional sphere, see e.g. [15, pp. 5245-5246] for the
proof? of (31). We work in the class of weak solutions of (1) and make these considerations precise in the
following lemma.

Lemma 6. Letu € H'N LPT1(QR) be a weak, homogeneous, and stable solution of (5). Thenv € Hi N LPT(A)
is a weak solution of (30) which satisfies the stability-type estimate (31) for any 1 € H}(A).

Proof. To prove (30), we begin by testing (1) with the test function ¢(r,8) = x(r)¥(0) where x: Ry — [0,1] is

a smooth, positive function compactly supported away from 0, and ¢ € Hg(A) N LPT1(A). Setting a = pfl,

/Vquadx:/ 37,(7’70‘)1)(0)&)((7“)1/1(9)der/ rfafzx(r)V’v(G)V’w(Q) dx
Q Q

Q

- /Q T IX () (O 0 (8) ¥(6) da

I3

We perform a separation of variables of the three integral terms.
L= —a / =024 (1) dr / w(8)0(8)do
0 . A
=ald-2- a)/ r_o‘_3+dx(r)dr/ v(0)(0)do.
0 A

I = / b O3y (1) dr / V'0(0)V'(0)do,
0

A
I = / rpe 1y (e [ [o(6) P o(6) $(0)do.
0 A
Since a + 2 = pa, we can cancel all of the integral terms involving r to conclude
/ VoV do + ald—2 — a)/ vy do = / |v[P~ vy do. (32)
A A A
That is, v € H} N LPT1(A) is a weak solution of (30). 0

We conclude this section by proving a Liouville-type result for weak solutions of (30) which satisfy estimate
(31), under the additional condition for p > 1

d—2)?
pH— % + (-1 M >0, (33)
where \; is the first eigenvalue of the Laplace-Beltrami operator on A. Note that the term (p — 1)\; in (33)
2
gives an improvement of the condition in [10]: 1 < p < pyr(d) < pu — @ > 0. In other words, the

condition 1 < p < pyr(d) is optimal only for stable solutions in the whole space R<.

Lemma 7. Let v € H} N LPYL(A) be a weak solution of (30) which satisfies the stability-type estimate (31).
Then for all p satisfying (33), v = 0.

Proof. First, we take the solution v (multiplied by p) as a test function in (32) to obtain

p,u/ v2d0+p/ |V'v|2d0:p/ |v[Pv do.
A A A

Likewise, testing (31) with v yields

—92)2
M/ v2da—|—/ |V'v|2do > p/ |v|Pv do.
4 A A A

Combining these two lines gives

d—2)?
<pu - ()> / v2do + (p — 1)/ |V'v|?do < 0.
4 A A
We use the trivial identity

/|V'v\2daz — ()\1/ vzda—/ |V'v|2da> +)\1/ vido
A A A A

3In [15, pp. 5245-5246], 1 is supposed to be smooth but the result remains valid for 1) € H}(A)N LP+1(A) with the same proof
and can be extended to any v € H& (A) by Fatou’s lemma.
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to deduce the following:

(pu - @ +M(p— 1)) /Av2d0 <(- 1)/A (Mv? = |[V'0]?) do < 0, (34)

where the final inequality follows from Poincaré’s inequality on A with optimal constant A;. By (33) and (34),
v is a principle eigenfunction of the Laplace-Beltrami operator on A. Combining this with the fact that v also
satisfies (30) leads trivially to the conclusion that v = 0. O

2.5. A Pohozaev-type result on subdomains of Si‘l. The following PohoZaev-type result is proven by
Bidaut-Véron, Ponce, and Véron in [1, Theorem 2.1] for smooth solutions v to (30). Since we deal with weak
solutions, we construct smooth approximations vy of v and use the Hlloc convergence of uy to us (along a
sequence) to prove that the inequality also holds for the blow-down limit we.

Lemma 8. Let A be a C* domain of Si‘l which is star-shaped with respect to the north pole, and let
Uoo (T, 0) = r_p%lv(ﬂ) be the blow-down limit of (uy) as above. Then v € H}(A) satisfies

d—3 d-1 /9 d—1/(d—pu(p-1)-1 / 9
- — <
< 5 1)/ |[V'v|*¢do 5 < T vipdo <0, (35)

where V' is the tangential gradient to Sjlfl, and ¢(0) = 04 is an eigenfunction of the Laplace-Beltrami operator

—A" in HY(STY) associated to the principal eigenvalue M (ST") = d — 1.

Proof. We begin with a simple geometric lemma. Denote by (,) the inner product on the tangent space to S,
#(0) = 04, and V'¢ its Riemannian gradient on S?~!. Then,

Lemma 9. Let A C Si_l denote a C* open set with outward unit normal direction v. If A is star-shaped with
respect to the north pole, there holds (V'¢,v) <0 on JA.

Proof. Apply the stereographic projection g from the south pole to the set A. Then take a point © € 7g(A) C
B; € R4 and consider the unique minimal geodesic 74 contained in A connecting the north pole to 7751 (z) =: 6.
Its projection m5(7g) is a straight line connecting the origin to z and is contained in 75(A). So mg(A) C R~ is
star-shaped (in the usual Euclidean sense). Since the stereographic projection is conformal (it preserves angles),

(V'¢,v) has the same sign as V - n, where V = dng(V'¢) = V(};—;z) = ﬁ%, r € RI7L ¢ = ||, and
n = drg(v) is the outward unit normal direction of 7g(A4). In view of the Lemma in [8] p. 554, we conclude
that (V'¢,v) <0 on 0A. O

Let us return to the proof of Lemma 8. To simplify the appearance we set C; = (% — ;l)_—i) and Cy =
a1 (%). Let u € C?(Q)N C(Q) be a solution of (5). Since for any X > 0, uy(z) = AFTu(Ax) is also

a smooth solution of (5), we set vy to satisfy
ux(z) = riﬁw\(rﬁ).

Plugging this expression of u) into (1), it follows that vy is a classical solution of the following equation:

—A'vy + vy = |valP7 oy +eyn in Q, (36)
vy =0 on 09,
where the error term ey is
4
ey = (d —-1- 1) 10V + 7‘28311)\.
Again for simplicity, we define C3 = (d —-1- ﬁ).
Following |1, pp. 186-188|, we apply the divergence theorem to the vector field
P = <V/¢a VIUA> V/U)\a
to eventually reach the following relation
d—1
Cl/ |V’v>\\2¢da+02/ vipdo — —— emqbdwr/ (V'$,V'vy) exdo
A A P+1J4 A (37)

1

= f/ (V'up|2 (V'p,v)dr <0,
2 Joa

where v is the unit outer normal. The right-hand side of (37) is nonpositive since A is star-shaped. Next, we
multiply all terms of (37) by a standard cutoff function n: Ry — R4 compactly supported away from 0 and we
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integrate in the radial direction (including the factor 7=1). We begin with the first error term:

/ /€>\’L})\¢’I" Yndodr = Cg/ / (Orux)uror ndeTJr/ / 321))\ v>\¢rd+177d0dr
:C’g/ /(&m)mqﬁrdndodr—/ /(3,.v>\)2¢rd“ndodr—/ /(&m)vwﬁ&.(rd“n) do dr,
0 A 0 A 0 A

where we have integrated by parts in the second integral of the first line. Now, by the fact that vy — v = rv%luoo
in H'(QR) (along a sequence) and that v does not depend on r, we can pass to the limit as A\ — oo to conclude

lim/ /@mgbrdilndod?":O.
A—00 0 A

For the second error term in (37), we proceed as follows:
/ / (V'or,V'¢) exr®Indodr = / / (V'ox, V'¢) (C3r0rvy + r20%v)) ri=tn dodr
0 Ja 0o Ja

=C3/ /(V’v,\,V'@ drvy rindodr
0o Ja
I
- VX, rUN Op(T nj)aocar
V'ux, V'$) 0pvy O (r*Tin)dod
o Ja
Iz
- rUN, FONTT T Tndodr,
V0., V'¢) Opvuar®Indod
o Ja

I3

where we have integrated by parts in the r variable. Since vy — v in H*(2g) (along a sequence) and since v
does not depend on 7, I1 and I tend to zero as A — co. We deal with I3 by recalling that ¢ is an eigenfunction
and so

/ / (V'0pux, V' @) Opoard™ 1ndadr——7/ /(v (0rvr)2, V'¢) 1 Indodr
_ 2
— 9 /Q(arvk) qﬁnd:z:,

where in the latter we have used an integration by parts over A and the fact that d,vx =0 on 9Q\ {0}.

This term then tends to 0 as A — oo, since vy converges to v in H*(Qr) (along a sequence).

Now we deal with the other solid integral terms arising from integrating (37) with the test function r?~!z in
the r variable. Since uy converges to u in H!(Qg) for every R > 0 along a sequence, so does vy to v. Since v
does not depend on r, we can apply Fubini’s theorem at the limit to obtain

lim / / (C’1|V’v>\\2 + C’gvi) ¢ tndodr = / rdflndr/ (C’1|V’U|2 + CQU2) odo <0,
A 0 A

A—o0 [

where C7 and Cs are the fixed constants defined at the beginning of the proof. Dividing by the positive constant

Jo 7 i~ ndr yields (35). O

2.6. Proof of Theorem 2.

Proof. By an elementary computation, ps(d) < ps(d —1) < pyr(d). Recall also that if p < p;r(d), then (33)
holds. So all p > pg(d) either satisfy (33), p > ps(d — 1), or both. Suppose first that (33) holds. By Lemmas
5, 6, and 7, it follows that u., = 0. In the remaining case p > pg(d — 1), Lemma 8 implies that v = 0 (which
of course implies that 1o, = 0). Then, since (uy,) converges strongly to us, in H! N LPT1(QpR), it follows that
E(uy,;1) — 0 as A\, = co. Furthermore, by the monotonicity formula (24), the convergence to 0 is monotone
non-decreasing.

To conclude, we study the behavior of F(uy;1) = E(u; \) as A — 07. By definition (23) of the monotonicity
formula, we have

E(u,\) > —L)\Q%i*d/ JuPtt de = _C)\2§%1][ P+ da
p+1 o .

Since u is bounded in a neigbourhood of 0, we deduce that limy_,o+ E(u; A) > 0. Since FE(u, ) is nondecreasing,
we deduce that

E(u;A) >0 forall A >0 (38)
Now, limy 1o F(u;A) = E(us; 1) = 0 and so, since E(u,-) is nondecreasing and nonnegative, E(u; A\) = 0 for
every A > 0. By (24), u is homogeneous, which is possible only if u = 0 since u € C(Q). O
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3. PROOFS OF COROLLARY 1 AND COROLLARY 2

3.1. Proof of Corollary 1. We just need to inspect the proof of Theorem 1 and adapt it as follows. Let u
be a nonnegative weak stable solution. By (the proof of) Proposition 13 in [6], for every R > 0, there exists a
sequence of solutions u?f € C?(Bj,) such that uf = 0 on OR? N Bg, uf S wa.e. in Qp, and uf — uin H(Qp),
as n — +00. So choosing R > A2, we may apply (28) to ulf, pass to the limit as n — +o0o and conclude that
the monotonicity formula F(u; A) is monotone, absolutely continuous and its derivative is given by (24) for a.e.
A > 0. Regarding Pohozaev’s identity Lemma 8, we use again [6] to deduce that the blow-down limit us, is also
the limit (in H'(Bj,)) of classical solutions (with zero value on on ORY N Bg) and so the same proof applies.
Finally, we adapt Section 2.6 by observing that using the same approximating procedure, (38) remains true i.e.
E(u; M) is nonnegative. As before, this and the blow-down analysis force u to be homogeneous, hence u = 0 by
our classification of homogeneous weak solutions. O

3.2. Proof of Corollary 2. In the subcritical case, the proof of Theorem 9 in [10], stated for smooth domains,
remains valid in our setting, thanks to Lemma 1. In the supercritical case p > ps(d), the proof is identical to
that of Theorem 2. We only need to observe that in the range (33) of exponents p, no geometrical condition on
the cone (2 is needed. O

3.3. Positive solutions in convex cones. In this last section, we explain more carefully how Busca’s result
[2] for positive classical solutions defined on convex cones can be recovered thanks to Theorem 2. This is the
content of Lemma 12 below. First, we extend the following natural result proven in [11, Proposition 2] in the
case where (2 is convex.

Lemma 10. Let Q be defined as in (6) for some A C S‘fr_l. Then Q is convex (resp. star-shaped) if and only
if A is geodesically convex (resp. geodesically star-shaped).

Proof. Let Q be convex. Now take two points 1,92 € A. (By the hypothesis that A C S‘fl, p1 and o may
not be antipodal points.) By convexity, tps 4+ (1 — t)¢1 € £, so

S, = toz + (1 — )¢ cA
|tz + (1 — 1)1
for all ¢ € [0,1] by the cone property of Q. It can be directly verified, for example using a stereographic
projection from —¢s, that {S;}o<i<1 coincides with the unique geodesic curve from ¢q to go. Finally, since
{St}t>0 C A, we have that A is geodesically convex.
Conversely, let us choose two general points x1, 22 € (. In the same way as above, we can show that

t 1-—t
{m + 1=ty } cA
tes + (1 = t)21] J o<y
is a geodesic curve on A, whereby we find that tzs + (1 — t)z1 € Q due to the cone property of Q.

In the case of star-shaped domains, we repeat the above method with s and x5 fixed taken to be the points
with respect to which A and 2, respectively, are star-shaped.

O

Lemma 11. If A C S‘fl is star-shaped with respect to some direction pg € A, then Q is convex in that direction
in the sense that for allx € Q and t > 0, x + typg € .

Proof. First, by virtue of the radial scaling property of cones, it is enough to prove the result for all x = p; € A.
It can then be verified that the curve

v1 + tvo d—1
S =15 =4 T C S5,
{St}>0 {|%01 +t<Po|}t>o *

coincides with the unique minimal geodesic connecting ;1 to g (for example by taking the stereographic
projection from —¢g). Then, since A is star-shaped with respect to g, Sy € A for all ¢, whereby x + tpg €
due to the cone property of (2. |

Lemma 12. A convex set A C Sffl is star-shaped with respect to the north pole and still contained in Sfl[l
after taking a suitable rotation.

Proof. If the north pole 7 belongs to A the statement is trivially proven because convex sets are in particular
star-shaped. Therefore, let us assume that 7 does not belong to A. Then Q N (fi) = () by the cone property
of 2, and (2 is convex by Lemma 10. So by the geometric form of the Hahn-Banach theorem, there exists a
hyperplane H normal to some v € S*~! (w.l.o.g. take v = (—1,0,...,0)) which includes the z4 axis and which
satisfies H N Q = (. By the convexity assumption, Q (resp. A) must lie on one side of H (resp. H N S‘fl).
That is, w.l.o.g, A C ST ' N {z1 > 0}.

Let us consider the great circle G = {(z1,0,...,0,24): z; € [-1,1],|z| = 1}. Up to a suitable modification
of the choice of v, we can assume (by convexity of A) that there is a point a = (cos8,,0,...,0,sinf,) € GN A
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for its corresponding 6, € (0,7/2). Then we take the rotation that sends a to 7i. This rotation has a specific
form: for a general p = (a,cos,xa, - ,xq-1,q,s8in6) € A for its corresponding o, € [0,1], 0 € (0,7/2), we
have
7r . (T
P (ozpcos (5 — 0, +9) , X2, 0, g1, Op SN (5 — 0, +9>) .

Since 0,0, € (0,7/2), it can be verified that the image of A under this rotation is still contained in S%'.
(]
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