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Abstract

In this paper, we provide regularizing effect for continuous bounded from below viscosity
solutions of a discontinuous Hamilton-Jacobi equation posed on a junction. We consider
different quasi-convex and coercive time-space Hamiltonians on each branch and a flux limiter
condition at the junction point. We then prove that the derivative with respect to time of the
solution is bounded. As consequence, we deduce that the solution of the equation is locally
Lipschitz continuous.

AMS Classification: 35F21; 35D35; 35D40

Keywords: Regularizing effect, viscosity solutions, discontinuous Hamilton-Jacobi on
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1 Introduction

The term regularizing effect indicates that the solution of a non-linear PDE becomes more regular
for t > 0 than it is at the initial time ¢ = 0. Such effects were studied in the framework of first
order continuous Hamilton-Jacobi equations in many papers like [3, 6, 12, 15]. In these works,
the regularizing effect is obtained for Hamiltonian H satisfying that (H, -p — H)(p) is large when
|p| is large or when H(p) is large. This regularizing effect can be used to study the large time
behavior of viscosity solutions. For example, in [6] the authors proved that the viscosity solution u
satisfy u; > —n(t)e*. This result implies first more regularity in space: local Lipschitz continuity
if the Hamiltonian is coercive and Holder regularity for hypo-elliptic Hamiltonian. As a second
application, this result can be used in the study of the large time behavior of the viscosity solution
if n(400) = 0. For more details, the reader can refer to [6, 7, 4]. Let us mention also the work [15]
where authors exploited the regularizing effect for a Hamilton-Jacobi equation in order to study
the large time behavior of the stochastic viscosity solution.

In this paper, we want to develop regularizing results for discontinuous Hamilton-Jacobi equa-
tions. The study of discontinuous (in space) Hamilton-Jacobi equations is recent (see [1, 11])
but the basic results, like comparison principle, existence, stability, homogenization are now well
understood (see [10, 13, 5, 9, 16, 2, 14, 8]) and we are now able to attack more difficult problems
like the regularity or the regularizing effect.

More precisely, in this paper, we consider regularizing effect for a Hamilton-Jacobi posed on a
junction, which is a metric space formed by the union of a N branches Ji, Jo, .., Jy glued to one
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point called junction point. For i € {1,..., N}, the branch J; is isometric to R* and the junction
point is z = 0. We denote by J the junction and it is defined by

J= |J i with J; #J;ifi #j.
i=1,..,N
To be more precise, the definition of elements in J is given by the following definition: if z € J,
then
x=x;-e,x; >0if v € J = J;\{0} or x=(0,0)

where e; is a unit vector in R? and e; # e; if i # j. We define on the junction J the geodesic
distance by

d(.’b )_ |xi_yi| ifx7y€‘]i*a
W= |zi| + |y;| ifx € J;and y € J; with ¢ # j.

For T > 0, let u : [0,7] x J — R be a real function. The space gradient of v at (t,x) € [0,T] x J
is defined by

, if *
ot 7) = {&u(t,x) if z € Jf,

(01u(t,0),...,Onu(t,0)) ifz=0
where 0;u(t, z) is the derivative of w with respect to = € J}. We consider a continuous bounded by

below viscosity solution of the following Hamilton-Jacobi with flux limited condition at the point
0 introduced in [10] and given by

u + Hi(t,z,uy) =0 if (¢,2) € [0,T] x JF, (1.1)
ug + Fa(t,0,u,) =0 ift €[0,7], '
where for each i € {1,..., N}, the Hamiltonian H; satisfies the following assumptions:
H; € C([0,T] x J; x R),
for all (t,x) € [0,T] x J;, the Hamiltonian H, (¢, z,-) is quasi-convex,
for all (¢,x) € [0,T] x J;, the Hamiltonian H,(t,x,-) is coercive.
For t € [0,T] and p = (p1,...,pn) € RY, the flux limiter function Fj is defined by
FA(t,0,p) = max (A(t), _max H; (¢, O,pi)) (1.2)

where H, (,0, -) is the non-increasing part of H;(¢,0, ). The function A is called the "flux limiter"
and we assume that A € C([0,T]). Moreover, we suppose that for ¢ € [0,T],

A(t) > in H;(t,0,p).
()*ie{r{f?fN}iPén%l (t,0,p)

Additional assumptions (H) (see below) are required to obtain a regularizing effect. These as-
sumptions are satisfied for example by the following Hamiltonians,

m;

Hi(ta x,p) = |A7.(t7 l‘)

where m; > 1, f; is non negative (or bounded by below), A; and f; are space-time Lipschitz con-
tinuous functions and there exists 0 < § < 1 such that

§ < |Ai(t, )| < % for (t,x) € [0,T] x J; .
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More precisely, we will provide a lower bound for the time derivative of the viscosity solution wu.
Up to constant addition, we can assume that © > 0. We will prove that there exists a time t, > 0
and function 7 defined on (0, t,) such that for all ¢ € (0,¢,) and x € J, we have

_ u(t,z)
t — . .
up > —n(t)e (1.3)

Using inequality (1.3), we can prove that w is locally Lipschtiz continuous in J x (0,%.) (see
Proposition 2.2 ). To obtain (1.3), we will first provide a lower gradient bound on each branch of
the junction using the assumption ((H;), - p — H;)(¢, x,p) is positive and large when p is negative
and small (Lemma 4.3). This bound, joint to the idea of studying the sign of the derivative of
d?(z,y) used in the proof of the comparison principle in [5] will allow us to obtain our main result
by exploiting the assumption ((H;),-p—H;)(t, z,p) is positive and large when H; (¢, z, p) is positive
and large.

Organization of the paper In section 2, we state the assumptions imposed on the Hamiltonians
and then we give the main result (Theorem 2.1) of this paper. In section 3, we derive consequences
from assumptions of section 2 and then we give examples of Hamiltonians. In section 4, first,
using the variable change v = —e™", we obtain a new Hamilton-Jacobi formulation and we derive
properties of the new Hamiltonians G;. Then, we prove the main result of this paper using this
new equation (Theorem 4.2). In the last section, as application of Theorem 2.1, we show that our
solution is locally Lipschitz.

2 Assumptions on the Hamiltonians and main results

2.1 Assumptions (H)

Our main goal is to process the proof in the vicinity of the junction point x = 0. Far from it, we
work with one type of Hamiltonian and we can impose weaker assumptions (like non-coercivity)
on the Hamiltonians. To be more precise, far from the junction point, we can use the assumptions
on Hamiltonians provided in [6]. Therefore, all the assumptions we will see below can be imposed
on a neighborhood of the junction point. For simplicity, we assume that they are satisfied for all
x € J. Let u:[0,T] x J — R be a continuous, non-negative viscosity solution of (1.1). We set

C, = min (e~“9) > 0. 2.1
tg[gg](e ) > (2.1)

We state now the assumptions concerning the Hamiltonians.

(HO) Forallie {1,..,N}andforallt € [0,T],z € J;, the Hamiltonian H; (¢, x, -) is quasi-convex
and coercive on R and H; is continuous in [0, 7] x J; x R.

1) We assume that there exists an interval [p; (¢,z),p; (¢, )] such that

H;(t,x,-) is non increasing on (—oo, p; (t,z)),
H,(t,z,-) is constant on [p; (¢, z),p; (t, )],
H;(t,x,) is non decreasing on (p; (¢, z), +00).
Moreover, we assume that p; is bounded in [0, 7] x J; and that p; is continuous in [0, 7] x J;.

2) We assume that for all i € {1,..., N}, there exists a continuous, quasi-convex and coercive
function h; such that for all ¢ € [0,7] and p € R,
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For i € {1,..., N}, there exists an interval [p, ,p; ] such that

h; is non increasing on (—o0,p;, ),
h; is constant on [p;_,p;_],

h; is non decreasing on (p; , 4+00).

3) For all i € {1,..., N}, there exists a constant ¢; such that

¢; > max (te[or}%ﬁ% lp; (t, )|, [Py, |Ou>

such that:

— the function H; is locally Lipschitz continuous in a neighborhood of the set {(¢,z,p) €
[OvT] X Jz X R;p < _Ci}'

— There exists a continuous, positive and decreasing function ¢; defined on (—oo, —¢;)
such that for some B; > ¢;,

400 1
/Bi 7S¢i(7$)ds < 400 (2.2)

and for almost all t € [0, T],z € J; and p € R,
(Hi)p-p— Hi)(t,z,p) > ¢i(p) ae. in{(t,z,p) € [0,T] x J; x R;p < —¢;}. (2.3)
— There exists k; > 0 such that

|(Hz)p(t7xap)| S Ki - ((Hz)p “p— Hl)(t,iﬂ,p) a.e. in {(t7$7p) € [O7T] X J’L X R’p S *Ci}-

(H1) Let C > 0 satisfying the following property: for all ¢ € {1,..., N},

hi(p) > C > minh;(p) < p > T (t,0 < min p; (¢,0).
(p) =2 > min (p) p_tg?%pz( )orp_tm&npz( )

] Sy

There exists a constant ¢ satisfying

o
> C At hi (p; (t,0)), hi [ ——=
¢ = max < ,tIEI%(E)l,)ZI{”H ( )|’te[O,T]I,Iil€a{Xl,...,N} (i (1,0)) ie{ril,?j.),(N} < >>

such that

o for all i € {1,..., N}, the function H; is locally Lipschitz continuous in a neighborhood of
the set {(¢t,z,p); H;(t,z,p) > c}.

o There exists a continuous, positive and increasing function ¢ defined on (¢, +00) such that
for some B > ¢,

+oo 1
——ds < 400 2.4
[ we 24
and for all 4 € {1,..., N}, and for almost all ¢t € [0,T],z € J; and p € R,

o There exists k > 0 such that for all i € {1, ..., N},

|(Hi)17(t7x7p)‘ S K- ((Hz)P p— Hi)(taxap) a.e. in {p§ Hi(tvxap) 2 C}'
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(H2) Forallie{l,..., N}, we define the following set
I ={peR; p<p, and hi(p) > c}.
Then, we have that
& (hi(p)) hi(p) < ¢i(Cup)hi(p)p a.e. in I,.
The next two assumptions concern the dependence of the Hamiltonians on the space and the

time.

(H3) For all i € {1,..., N}, there exists t; > 0 such that H; is locally Lipschitz in z in a
neighborhood of the set {(t,z,p);t € [0,t;],z € J;,p < —n;(t)} and for all t € [0,T],z € J; and
peR,

[(H;)o(t,z,p)| < %m(t) (p(H;)p — H;) (t,z,p) aein {(t,z,p);t € [0,t;],2 € Ji,p < —ni(t)}

(H4) For all i € {1,..., N}, there exists 7; > 0 such that H; is locally Lipschitz in ¢ in a
neighborhood of the set {(¢,z,p) € [0,7;] X J; x R; H;(t,,p) > n(t)} and for all t € [0,T],z € J;
and p € R,

1 .
|(Ha)e(t 2, p)| < 59 (0(2)) (p(Hi)p — Hi) (8, 2,p) aein {(t,2,p) € [0,7:] x Ji x R; Hi(t, 2, p) 2 1(t)}

where 1) is defined in (3.3).

2.2 Main results

The main result of this paper is given by the following theorem.

Theorem 2.1. Assume (H). Let u be a continuous, non-negative viscosity solution of (1.1). Then,
there exists t* and a continuous function n such that for allt € (0,t.) and x € J, we have

ug(t,2) > —n(t)e ),
A consequence of this result is the following local Lipschitz coninuity of wu:

Proposition 2.2. Assume that (H) holds. If u is a non-negative continuous viscosity solution of
(1.1), then u is locally Lipschitz continuous on (0,t.) x J.

3 Remarks on the assumptions and examples

In this section, we first exhibit some consequences of the assumptions and we construct in particular
the function 7. We then provide typical examples of Hamiltonians satisfying the assumptions.

3.1 consequences of the assumptions

In this subsection, we derive consequences from assumptions (HO)-(H2).

Consequence of (H0). The function F; : (¢;, +00) — (0, F;(¢;)) defined by
*“  do
Fry=2| —%
0= 5
is decreasing and invertible. We define for s € (0, Fj(c;)) the function 7;(s) = F; '(s). We can
easily check that the following hold:

ooy Mi(8)di(—ni(s))
() = 2 (3.1)
n; is decreasing, positive and 7;(0") = +oo.
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Consequence of (H1): The function F : (¢,4+00) — (0, F(c)) defined by

F<T)2/T°°U(ZE’U)

is decreasing and invertible. We define for s € (0, F(c)) the function n(s) = F~1(s). We can easily
check that the following hold:

oy N(s)o(n(s))
n'(s) = 2 (3.2)
n is decreasing, positive and n(0") = +o0.

Moreover, © — = + ¢(x) is increasing from (¢, +00) to (¢ + ¢(c), +00). We consider its inverse
function denoted by . We have that

Y(x+¢(x)) =z for z € (¢, +00). (3.3)

Consequence of (H2). Fort € (0,F(c)) and x € J;, we define the continuous function ¢; (¢, z)
by

q; (t,z) = min{p < p; (t,z); H;(t,x,p) = n(t)}.

Then, for t € <O,min <F(c), ‘ {IlninN}E;(ci)>), we have for any i € {1,..., N},
reql,...,

—n:(t) > gq; (t,0)Cy (3.4)
where C,, is defined in (2.1).

Proof of (3.4). Let g, (t) < p,,, such that h;(q, (t)) = n(t). We remark that g, (t) exists because
n(t) >c> miﬂr%} hi(p). In addition, we have
pe

qa,,(t) > q; (£,0). (3.5)

where hi_1 is the inverse of the function h; | Moreover, we have

(=00:py,.)"
Hi(t,0,q,,(t)) < hi(q,, (t)) = Hi(t,0,q; (t,0)) = n(t). (3.7)

Using (3.6) and (3.7), we deduce (3.5). We claim that
=ni(t) > g, (¢)Cl. (3.8)

Using that n(t) = hi(q, (t)) > c > hi(—C%) with —% <p,,, we get

Therefore, using the inverse of 7n;, (3.8) is equivalent to

t> Fi(=q; (£)Cy). (3.9)
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We have

+oo do
Fi(—q (1)C., :2/ L
Cawea=2f

Setting the variable change o = —g,, (s)C., we obtain

B N
Fz( qhi(t)C“) 72/15 q};(s)d)i(qa(s)CU)d .

Deriving the equality hi(g; (s)) = n(s), we get

¢ (hi(gn, (3)))hi(gp, (s))
2hi(qy, (s)) '

(4,)'(s) = —
Replacing the last equality in the integral, we get

/t o(hilay, (s))hilay, (s))
o ¢ilay, (s)Cu)hi(ay, (s))ay, ()

Using assumption (H2), we get (3.9) and (3.8). Finally, (3.5) and (3.8) implies (3.4).

ds.

Fi(_qg,; (t)cu) =

3.2 Examples of Hamiltonians

We give now examples of Hamiltonians satisfying assumptions (H). Let us first consider the model
Hamiltonians defined for ¢ € {1,..., N} by

m;

p|™ — fi(t,z) (3.10)

with

m; > 1,
fi is non negative,

A; and f; are space-time Lipschitz functions,

1
there exists 0 < 6 < 1 such that 6 < |A4;(t,z)| < = for (¢,z) € [0,T] x J; .

)
For such Hamiltonians, our assumptions are satisfied for ¢; = 0 and ¢ = n%éu;] |A(t)| where
te(o,

A(t) is the flux limiter. We take ¢;(s) = (m; — 1)6™i|s|™, ¢(s) = (m — 1)C's and h;(p) = |§m
and C < (02C,)™ where m = min m; and m = max m;. Moreover, the function 7 is
ie{l,...,N} ie{l,...,N}

defined for s € (0, F'(c)) by
2
§) = =———.
() C(m—1)s

For i € {1,..., N}, the function 7; is defined for s > 0 by
1

09 =5 (s ™

Concerning (H3) and (H4), we have the following
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m;

(Hi)p - p— Hy)(t,@,p) = (m; — )| Ai(t,2)|™ [p|™ + filt, z),

|(H)o (t, 2, p)| < mial (Ai)o (£, @) | Ai (8, )™ p|™ + [(fi)a (8, 2)],

[(Hi)e(t, 2, p)| < ma| (Aa)e(t, @) || Ai (L @)™ pl™ + [(f)e(E )]
We can easily verify that (H3) is satisfied if we take t < t; with

nl(t’b) 2 max 4K1m" , 4K2 my+1
(mi - 1)527”7:—1 (mi — 1)57”7‘,

where K; and Ky are respectively bounds of [(A;).| and |(f;).|. Assumption (H4) is satisfied if
we take t < 7; with

n(r;) > max <4K3mi<<m —1C+1). <4K4((m ~1)C + 1)>;>

(m; — 1)g2mi—1 (m; — 1)

where K3 and K4 are respectively bounds of |(A;):| and |(fi)+].
Another example is the following Hamiltonians:
Hy(p) = €l
Hy(p) = |p[™,
Hs(p) = |pI" —p,
Ha(p) = [p|log(1 + |p])
with m,n > 1. In this case, H; = h;. For s negative and small enough, we define for i = 1,2, 3,4,
¢i(s) = o(hi(s))
with ¢(s) = (log(s))?. We remark that for s negative and small enough, we have that

hi(s) > |s| > 1.

/+OO 7dg < /+OO 7d0 < 400
- 0¢i(—o) "~ J;  o(log(c))? '

Moreover, we can easily verify that

Therefore,

elPl(|p| = 1) = ¢1(p) & 400 asp — —oo
(m —1)[p|™ — ¢2(p) = +o0 as p — —o0
(n—1D)p|" = ¢3(p) - +o0  asp — —o0
Ip?
1+ |p|

Hence, we deduce that for all ¢ € {1, 2, 3,4}, there exists ¢; positive and big enough such that (HO)
is satisfied for ¢;(s) = @(hi(s)).

Concerning (H1)-(H2), we can take ¢(s) = C¢(s) = C(log(s))? with C' < C2. There exists c
big enough such that (H1) and (H2) are satisfied. In fact, we have

— ¢a(p) = 400 as p — —oo.

ell(|p| = 1) — p(el?l) = +o00 as |p| = +o0

(m = 1)|p|™ = ¢(|p|™) = 400 as |p| — 400

(n—1lp|™ = ¢(Ip|" —p) = +o0  as|p| = +oo
Ip|?

— o(|p|log(1 + |p|)) = +o0 as |p| = +o0.
T+ 17 (Ip[1log(1 + [pl)) p|
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We recall that the above inequalities imply that h}(p)p — hi(p) > ¢(hi(p)) > 0 for |p| big enough.
Thus, to prove (H2), it’s sufficient to prove that

Co(hi(p)) < ¢(hi(Cup)) in I;.

For ¢ big enough, the last inequality is true for any ¢ € {1,2,3,4} since we have

¢(h1(Cup))

im — =C*>C
p==co p(hi(p))
and for i = 2, 3,4,
i 20ilCup) A
p==o0 ¢(hi(p))
4 Proof of Theorem 2.1
Adapting the same strategy in [6], we consider the function v(t,z) = —e~"“(**). To prove Theorem

2.1, we will prove that for all ¢t € (0,¢,) and = € J, we have
ve > —n(t).

This is done in Theorem 4.2. Before to do that, we give some properties of the equation satisfied
by v

4.1 Viscosity solutions

The function v is a continuous viscosity solution of

ve + Gi(t,z,v,0,) =0 if (¢,2) € [0,T] x J7,
v+ Ga(t,0,v,0,) =0 ifte|0,T)

where
Gi(taxavap) = (7U)Hi (t,SC, 78) y P € Ra
[

GA(t,O,U,p) = (_U) max (A(t)7i_maXNHi <t707 _ZZ;)) , b= (plaan 7PN) € RN

=1,...,

The definition of viscosity solutions of (4.1) can be derived from the one of (1.1). For the reader
convenience, we state it: for T > 0, set Jr = (0,T) x J. We define the class of test functions on
J % (0,T) by

C'(Jr) = {¢ € C(Jr) such that the restriction of ¢ to (0,T) x J; is C* for all i € {1,..,N}}.
Definition 4.1. Let v : Jp — R be a continuous function. We say that v is a viscosity sub-solution

(resp. super-solution) of (4.1) in Jr if for any test function ¢ € C(Jr) touching v from above
(resp. from below) at some point (to,xo) € Jr, we have

@t(t07$0) + Gi(to,l‘o,’U(to,IQ),(px(to,Io)) S 0 (T@Sp. Z 0) Zf To € ‘]i*
©i(to,0) + G a(to, 0,v(to,0), vz (to,0)) <0 (resp. > 0) if xg = 0.

If v is viscosity sub-solution and viscosity super-solution, we say that v is a viscosity solution.
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4.2 Properties of G;

We derive properties of the Hamiltonian G;(t,z,v,p) = (—v)H; <t, x, p> from the assumptions
—v

(H). The derivative of this function are involved and we will state new conditions (G0)-(G1)-(G2)
and (G3). We define first the time ¢, for which assumptions (H) are satisfied. We set

t, = min <T, ‘_minN n; *(ci),n ' (c), min ¢;, min Ti> . (4.2)

i=1,..., 1=1,..., i=1,...,

By simple computations, we can check that the function G; has the following properties.

(GO) Letie{l,...N}. Forallte (0,t), if p < —n;(t), then by using (HO), we have that
(Gi)o(t,m,v,p) > ¢1(p) and |(Gi)p(t,$,ﬂ,p)| < ki ( i>v(t7x7v7p) and (Gi)p(tﬂx7v7p) <0.

(G1) Letie {1,...,N}. For all t € (0,t.), if G;(¢t,z,v,p) > n(t), then by using (H1) we have
that

(Gi)v(t7m7v7p) Z (b(Gz(t,.T,’U,p)) and |<Gi)p(tax7v7p)| S K - (Gi)v(taxavap> .
(G2) Letie{l,...,N}. Forallte (0,t),if p < —mn;(t), then by using (H3) we have that

(Go)alt, 2,0,9)] < ZH G (1,0,

(G3) Letie{l,..,N}. Forallte (0,t.), if Gi(t,z,v,p) > n(t), then by using (H4) we have
that

(Gt 2,0, 0)] < S9(Galt, 2,0,8) (Gi)olt, 2,0,1).

4.3 The main result wrote on v

Theorem 2.1 is a direct consequence of the following result on v.

Theorem 4.2. Assume (H). Let u be a continuous, non-negative viscosity solution of (1.1). Then,
for allt € (0,t) and x € J, the function v = —e™" is a viscosity solution of (4.1) and it satisfies:

v(t,x) —v(s,x) > —n(s)(t—s) f0<s<t<t,andzeJ.

To prove Theorem 4.2, we need the following lemma in which we obtain a gradient lower bound
on each branch.

Lemma 4.3. Assume (H). Let u be a continuous, non-negative viscosity solution of (1.1). The
functionv = —e™™ is a viscosity solution of (4.1) and it satisfies the following: for alli € {1,..., N}
and t € (0,t.), if x,y € J such that v = x; - e; and y = y; - e; with x; > y;, then

v(t,x) —v(t,y) = —ni(t)d(z,y).
Proof of Lemma 4.3. Let i € {1,...,N}. We define

M= sup {o(t,y) —v(t,z) —mi(t)d(z,y) }-
te(0,ts);z,y€J 5 xi >y >0

By contradiction, we assume that M > 0. We introduce
M, — sup {utt.) = o660 = mttate ) - L5 - 2 - ado) - g2
t,5€(0,t.);z,y€J )i >y >0 d(O, y)
Since M > 0, we deduce that M, , > 0 for , @ small enough. Using that —1 < v < 0, we have
1
0 <M, <1—ad(0,z). This implies that d(0,z) < — < +o0o0. Moreover, using that M, - is a
@

supremum of a continuous function, we deduce that it’s reached at some point (¢, s, z,y).
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Step 1: t,s # 0 and t,s # t,.: Using that n;(t) — 400 as t — 0 and
have that ¢t # 0 and ¢ # ¢, for all v > 0. Moreover, we have

— 4oo0 if t — t,, we

*

(t—s)?
2v

<1 (4.3)

Inequality (4.3) implies that |t — s| — 0 as v — 0. Thus, for v small enough, we have that s # 0
and s # t,.

2
d(0,y)
get that d(0,y) > 0 and thus y; > 0. Assume that there exista v — 0 such that we have z; = y;.
This implies that

Step 2: y; # 0 and x; > y; for v small enough. Using that — +oo if d(0,y) — 0, we

ot z) — v(s,x) > tl (4.4)
*
. 1
Using that d(0,z) = z; < —, we deduce that x converges (up to a sub-sequence) as v — 0.
a

Denoting by t (resp. ) the common limit of t and s (resp.  and y), and taking v to zero in (4.4),
we obtain

o(, ) — v(i,T) > tl >0
which gives a contradiction. Therefore, x; > y; for v small enough.

Step 3: Use of the viscosity inequalities. Using the viscosity inequalities, we obtain

/ Ti— s t_is # 1 [ -7 - i
Zzit)s( i —Yi) + » +(t*—t)2+GZ <taya (t,y), —mi(t) (yi)2> <0

v +Gz (S,%U(S,fﬂ)v*m(t)*a) ZO

This implies

o
(1:)?

Denoting by ¢ the common limit of ¢ and s and by T (resp. ¥) the limit of = (resp. y) as v
goes to zero and using the continuity of G; and v, we obtain after taking v to zero,

n;(t)(xi - yi) + i )2 + G (tay>v(t7y)7 _ni(t) - ) - G; (87:1?,’0(8,%)7 _ni(t) - a) <0.

(t, —t

e — 2 T n Y = _ -
nz(t)(m’t - y’L) + m + Gz <ta Yy, v, _nl(t) - (yl)g) - GZ (t,I,’UQ, _T]Z(t) - a) <0 (45)

where v1 = v(t, ) and vy = v(t, T).
For o € [0,1], we define

£U = (Ea'faWQa_ni(E) - Oé) +o (ng_favl _’U2a_% +Oé>
%

We argue as if G; is C! (otherwise a standard mollification argument allows to reduce to this
case). Using (4.5), we have

ni ()@ — i) + ﬁ +/O %Gi(fa)da <0. (4.6)
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Step 4: Getting the contradiction. We have that

£ Gi(6) = (G (&)= 2) + (Gu(&)on —va) + Gyl (T + )
=hL+1+1;
with
= (Gi)a(&) (5 — ) + 5(Gi)u (&) (01 = v2),
- %(Gz)v(ga)(vl - UZ) (Gi)p(ga)av
—(Gi)p(& )

Bound for I;: We recall that
£y = (f,a? +0(y—T),ve + o(vy — vg),p)

with

pni(t_)a+a<72+a>.

Using that p < —n;(t), we can use (GO) and (G2) and we have
(Gi)v(ga) > (bzl(p) d)z( ( ))
|(Gz)z(£a)| < §(Gz)v( ) ( )

where we use that ¢; is decreasing. Using that

vy — vz > ni(6) (2 — i) + ti—f +ax;

we obtain that

I >0.

Bound for I5: Using again (GO0), we have

(Gplee) = il G)u(6o).
We obtain that

I > S (Gu(Eo) (01 — v2) — il Go)ulEr)a
3OO~ 7) + (Gu(6) (oo + 51~ va

> 50— ®n(d(@: - )

Y

where we use that (G;),(§,) > 0 and 2:

*

— ki > 0 for a small enough.
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Bound for I3: Using (GO), we have (G;),(§+) < 0 and thus Is > 0. Using bounds of Iy, I
and I3, we obtain in (4.6)

s @ ) (30 + @@ ) <o

which gives a contradiction.

We turn now to the proof of Theorem 4.2.
Proof of Theorem 4.2. We introduce

M= sup {v(s,z) —v(t,z) — n(s)(t —s)}.
0<s<t<ty,x€J

By contradiction, assume that M > 0. We define

Ma—  sup {v<s,x> —u(tz) — ()t — ) — Br(s) —

0<s<t<ts,xeJ

- ad(O,m)Q} :

te — 1

M
We have that M, > - > 0 for 8,§ and a small enough. We classically have that M, is reached

5
at some point (84, ta, Te). Using that n(s) — 400 as s — 0 and P— — +00 as t — t,, we have

Sa # 0 and t, # t.. If t, = s4, we get a contradiction using that M, > 0. Till the end of this
proof, we will denote

V(Sa, To) = a and v(ta,zq) = b.

Case 1: z, =0. Forie {1,.., N}, we define the constants \; and ; that satisfy the following:

{)\i >; and %Zb > pf (ta,0),

(@.7)
GT(S(M 0,a, >\’L) > 77(504) - n,(sa)(ta — Sa + ﬂ) and G:r (ta,(), b, ’Yi) < U(ta)

where
GF(t,0,v,p) = (—v)H; (t,O, pv)

with —1 < v < 0 and H; (¢,0,) is non-decreasing part of H;(t,0,-). For ¢ > 0 small, we define

Ma,s = sup {’U(S, 37) - U(tvy) - 77(5)(15 - S) - 577(5) - - ad(oax)2

0<s<t<t.,z,yEBR(0) te — 1t

T 2
_ % — L(s,t,2) — p(z) + ¥(y)}

where

L(S,t, I‘) = (S - Sa)2 + (t - ta)2 + d(xoux)Qa
50(33) = Nz; if x = x5e; € J;,
U(z) = yx; if & = xie; € J;.

We have M, > M, > 0 and M, . is reached at some point (s,?,z,y). Classically, we have
d(z,y) >0 ase— 0.
Denoting by 5 (resp. ¢, ) the limit of s (resp. ¢,z and y) as € — 0, we have
My < My < My — L(5,t,2) — o(z) + 9(Z).
Using that ¢(x) — ¢(x) < 0, we obtain that L(s,¢,Z) = 0 and hence (5,t,Z) = (Sq, ta,0).
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Case 1.1: s =ux;-¢; € JF,y =y, -e; € J; with i # j. Writing the viscosity sub-solution’s
inequality, we obtain

n'(s)(t — s+ B) —n(s) +2(s — sa) + Gi(s,z,v(s, ), pe + 20z; + 22; + N;) <0

with p. = m Using that
€

Gi(s,z,v,p) > G (s,z,v,p),
De + 20 + 225 + Xy > N
we get
' (s)(t = s+ B) —n(s) + 2(s — sa) + G (5,2, 0(s,2), Ai) 0.
Taking ¢ to zero, we obtain a contradiction using (4.7).

Case 1.2: z = 0 and Jj such that y € J:. Writing the viscosity super-solution’s
inequality, we obtain

1)
Gj(t,y,v(t,y),pe +75) = n(s) + (DR +2(t — ta)

with p. = ~ Y This implies that for £ small enough,
€

m+w>
H;(t,y,————= ] >n(s) >n(t 4.8
5 (1 2220 ) > 000) > i) (@8)
where we use that 7 is decreasing. We deduce that
Pty g (t.y) or
—u(t,y) (4.9)
u <q; (t y) .
_U(t7 y) 7
where ¢; (t,y) and q;-r (t,y) are defined by
q; (t,y) = max{p > p; (t,y); H;(t,y,p) = n(t)}
q; (t,y) = min{p < p; (t,y); H;(t,y,p) = n(t)}.
Using successively Lemma 4.3 and (3.4) , we have
pe +v; = —n;(t) > q; (£,0)Cy
which implies for £ small enough
pe +7; > q; (y)(—v(t,y)).
Therefore, we obtain Pe E: Vj) > gq; (t,y). Using (4.8) and (4.9) , we deduce that
—UuL, Y
Pe +
=L > ¢l (t,y) (4.10)

7v(t7 y)

and

G;r (t7 yvv(t7y)7p6 + ’YJ) > 77(t>

But using that p. < 0, we have for € small enough

G (ty,v(t,y),pe +75) < GF (ty,v(t,y), ;) < n(t)

where we use (4.7). This gives a contradiction.
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Case 1.3: =0 and y = 0. Writing the viscosity super-solution’s inequality, we obtain

Gua(1,0,0(1,0).9) 2 (s) + 1+ 201 — 1a) = max A(0) + 33 +2(t —1,)

* *

with p = (71,72, ..., Yn). This implies

_ Yi 1)
; > — — . .
max (A(t), nax H; (t,O7 "y O))) > I[&?ﬁA(t) + 2 +2(t —ta) (4.11)

Taking € to zero, we obtain a contradiction using (4.7). In fact, using that j—zb > pf (ta,0), we

have

H (ta,o, jib) = min Hi(0,0,9) < Aa).

Therefore (4.11) implies (after taking e to zero) that

]
Alte) > Alta) + ok

Case 1.4: Ji such that z,y € J. Writing the viscosity sub and super-solution’s inequalities,
we have

n'(s)(t — s+ B) —n(s) +2(s — sa) + Gi(s,z,v(s, ), pe + 20; + 22, + N;) <0 (4.12)
and
)
—n(s) — m —2(t —ta) + Git,y, v(t,y),p- +7i) = 0 (4.13)
where p. Ti” Ji Using the super-solution inequality, we have
€

H; (t,y, ng:;;)) > n(s) > n(t). (4.14)

Arguing as in case 1.2 (see (4.10)), we can prove that for & small enough

De + i +
— >p; (¢,0). 4.15
~oftyy P 1)
We claim that
Pe 1% > max pj (7,0). (4.16)

—v(t,y) ~ rel0,tx]
Using the fact that h; > H;, inequality (4.14) and n(t) > C, we have for ¢ small enough,

%+%)
h; > C.
( —’U(t7 y)

Using the definition of C' in (H1), we obtain that

i Pe + Vi . _
> max p7(7.0) o < =(7.0).
ot y) 2 e pl(m0) or Zoam s < min pi(70)
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De + Vi
_U(t7 y)

Pe +7i > max pj (7,0).
—v(t,y) ~ rel0,tx]

But, from (4.15), we know that

> p; (t,0). Therefore, we deduce that

The coercivity of H; and inequality (4.12) implies that
Ipe + 2aw; 4 22; + Ni| < Gy s 0(a)
and in particular
[Pl < Ctys0,0(a) +0() + 27 + Ai.

We deduce that up to a sub-sequence, lim._, p. exists and we denote by p = lim._,g p.. Inequalities
(4.12) and (4.13) gives after taking e to zero

1) _ _
m + n/(sa)(ta — S+ B)) + Gi(sa707a7p+ )\’L) - Gi(tomoabap'i_’yi) =

e st —sa 480+ [ A Giein <0 (@17

where &, = (to + (S0 — ta), 0,0+ 0(a —0),p+vi + o(A; — ;) and o € [0,1]. We have that

%Gi(fo) = (8a —ta)(Gi)i(&s) + (a = b)(Gi)u(&s) + (Ni — 1) (Gi)p(&s)

=hL+L+13

with

I = (50— £a)(@O1lEr) + 3 (0~ B)(G ()

1

I = 5(‘1 = b)(Gi)v(&s),

Is = (N = %)(Gi)p(&o)
Our goal is to prove that

L+ DL+1;> W(m—swﬁ). (4.18)

To obtain our result, we need the following lemma whose proof is postponed.

Lemma 4.4. For all o € [0,1], we have

1(sa) < Gi§s) <nlsa) + d(1(sa))- (4.19)
We prove now (4.18). We denote by ¢, =t4 + 0(Sa — ta). Using (4.19) and (G3), we have

12 5 (50 — ta)(Gi)o(€)0n(ta) + 5(a— B)(G (&)

2
> 2 (GulE) (W0(t0)) (50 — ta) + (a — b))
> 2 (Go(6o) e — 50)(n(50) — V(1)) (420)

where we use that a — b > 1(sq)(ta — Sa). Using (4.19), we have

Y(n(ts)) < v(n(sa)) < V(Gi(r)) < v(n(sa) + 0(1(sa))) = 1(5a)
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where we use that 7 is decreasing, 1 is increasing and ¥ (z + ¢(x)) = x. Injecting this inequality
in (4.20), we get that

I, > 0.

Concerning Iz, we use (G1) to obtain

I, >

N(8a)(ta = Sa + B)d(10(5a))-

N |

We will show now that I3 > 0. Using (4.16), we have that

’%b%‘ > pF(to + 0 (50 — ta),0).
This implies that

p+yi+ohi—7)
—b—o(a—b)

Z p;r(ta + J(Sa - toz)a 0)

and therefore (G;),(¢,) > 0. Hence, I3 > 0. Finally, injecting (4.18) in (4.17), we obtain

d / 1n(8a)P(n(s4))
er(ta*SaJrﬂ) <77 (Sa)+2) <0

which gives a contradiction and the proof is now complete.

Case 2: z, # 0. In this case, there exists i € {1,..., N} such that z, = zy.e; € JF. We
then define M, . without the function ¥(y) — ¢(z). The supremum M, . is reached at some
point (s,t,x,y) with z,y € J* for e small. Writing the viscosity inequalities, we get equation
(not necessarily the same @) (4.17) with {, = (ta + 0(sq — ta), Ta, b+ 0(a —b),p + 02az, ;) and
o € [0,1]. We get that

%Gi(&) = (Sa = ta)(Gi)t(&s) + (a = b)(Gi)u(&o) + (2020,i)(Gi)p(&o)
=L +1

with

We proceed as in case 1.4. The difference comes from the term (2axq,;)(G;)p(&5). Using Lemma
4.4, we can use (G1) and we get

N(5a)P(1(sa))(ta — 80 + B)

Iy > 5

+ (@l (57 - 2020 )

Finally, using that az,,; — 0 as a — 0, we have — 20z, > 0 for a small enough.

*

We turn now to the proof of Lemma 4.4.
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Proof. Firstly, we will show that for ¢ € [0, 1],

Gi(EU) < 77(504) + ¢(77<soc))-
We have

Gi(&1) <n(sa) — n/(sa)(ta — 8o+ )

< sa) + I g

gn(sa)+¢("(%))’7(5ﬂ)<1_i>

<n(sa) + ¢(n(sa)) (4.21)
5

where we use that 1 > a — b > n(sq)(ta — Sa) + T By contradiction, assume that there exists
o € [0,1) such that G;(&) > n(sa) + d(n(sa))- We define
5 = sup{o € [0, 1] such that Gi(€,) > n(s) + G(1(5))} -

By (4.21), we have that & < 1. By definition of &, we also have

Gi(&s) = n(sa) + ¢(n(sa))-

Using the continuity of G;, we deduce that there exists € (7, 1] such that for o € [7,7], we have

Gi(&r) € [1(sa),n(sa) + 8(1(s4))] and Gy(0) < Gy(5).

d _
However, arguing as above, we can prove that —G;(¢,) > 0 for o € [7,5]. This gives a contra-
diction and therefore G;(&,) < 1(sa) + ¢(N(sa)). Let us now prove that

Gi(&s) = 1(8a)-

The proof is similar to the above case. We have G;(&) > n(sa). We define

¢ = inf{o > 0 such that G;(¢,) < n(sa) } -

We have ¢ > 0, G;(&5) = n(sa) and G;(&,) € [1(sa), 1(sa)+¢(n(sa))] for o € [0,5]. The inequality
G;(&) > G;(&5) gives a contradiction.
U

O

Remark 4.5. We remark that the function n depends on the time T. The main reasons of this

dependence are two: firstly, we need that n(t) > ¢ > H?gujg]A(t). Secondly, we need to satisfy
telo,

assumption (H2) in which the bounds of the solution uw on [0,T] are involved. For example, if

we consider the model Hamiltonians (3.10) with A; = 1,f; = 0 and A(t) = A > 0, we obtain

H;(p) = |p|™. Although that the Hamiltonians are not space-time depending, we still need

2

with C' < (C,)™. The constant C is needed to satisfy assumption (H2). However, if u is bounded
in R" x {0}, we can construct n without T-dependence (since C,, does not depend on T). Let us
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mention that if u(-,0) is bounded for t > 0, then we can obtain our main result (Theorem 4.2) for
t>0 and

n(+00) = 0. (4.22)

In fact, for the Hamiltonians H;(p) = |p|™, taking A =0, we can take ¢ = 0 and in this case n is
defined on (0,400) and n(+00) = 0. It may be useful to exploit (4.22) in any future study of the
large time behavior of viscosity solutions of (1.1). In fact, having (4.22) in the case of continuous
Hamilton-Jacobi equation was a key idea to obtain the large time behavior of the viscosity solutions,
see Corollary 6 in [6] and Theorem 10.6 in [4]. However, we believe that we can not easily extend
the aforementioned results. In fact, a crucial idea in [7] was the use of the periodicity assumption to
construct the ergodic constant. This property is missing even in the case of Hamiltonian depending
only on the gradient variable.

5 Local Lipschitz bound

The proof of Proposition 2.2 is a consequence of the following lemma.

Lemma 5.1. Let z = z;e; € Jf and s € (0,t.). Let r > 0 be such that z; —r > 0 and the ball
B.(z) C (0,t.). There exists a constant K; depending on z;, t. and r such that for all z,y € B,(2)
and for allt € B,(s), we have

lu(t, ) — u(t,y)| < Kid(z,y). (5.1)
Proof of Lemma 5.1. From Lemma 4.3, we have for ¢ € (0,t,),x = z;e;,y = y;e; and x; > y;,
u(t,x) —ult,y) = —ni(t)Kd(z,y) > —ni(s — r)Kd(z,y)

where K = el

max
(1,1)EB,-(8)x By (2)

It remains to prove the upper bound. Let P; > max pi(t,x) such that for all

(t,z)€Br(s)XBr(2)
(t,z) € B.(s) X Br(2),
H;(t,z,P;) >n(s—r)K.
Let (to,y) € Br(s) x By(z). Let v > 0 and define
t—tp)?
M- sup {utt0) = sttor) - P -y - L0
tEB,.(s),x=z;e;,xEB(2),y; <w;<zi+T 2v

We claim that M < 0. Assume by contradiction that M > 0. For 6 > 0 small enough, we define

(t—to)* ) }

2v Zi +1r— T

Ms = sup {u(t, x) —u(to,y) — Pi(xi —yi) —

tEB,(s),x=x;e;,xEB(2),y;<z;<zi+T
Classically, Ms > 0 for ¢ small enough and is reached at some point (¢,z). If x; = y;, we get

) )
< 0. If z; = z; + r, we get a contradiction using that ———  — +00. We deduce that
zZi+7r Zi +1r—x;
Yi < x; < z; +r. On the other hand, using the continuity of u, there exists a constant C , . such

that

(t— to)Q'

0<Ms < Cr,s,z -
2v

We deduce that t € B,.(s) for v small enough. Writing the viscosity inequality, we get

to—t
<0

)
Hi ta 7Pi =~
(oo P ) =
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to—t

Using Theorem 2.1, we have < n(t)K. Therefore, we obtain

H; (t,z,P;) < H; (t, x, Py + ) <nt)K <n(s—r)K

(zi +7r —x;)?

where we use that H;(t,z,q) > H;(t,z,p) if ¢ > p > p;j (t,z). We get a contradiction using the
definition of P;. Therefore, M < 0, and taking t = o, we get the desired result. Finally, we can
take K; = max (P;,n;(s — r)K).

O

Proof of Proposition 2.2. The proof of this proposition can be easily derived from the previous
lemma. In fact, let us consider the ball B,.(0) and take z,y € B,(0) such that v € J; and y € J;
with 7 # j. Using (5.1), we have

fu(t,2) — ut, y)] < Kid(0,2) + K;d(0,y) < max(Ks, K;)(jas] + y;]) = max(K,, K;)d(z, y).
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