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Abstract4

In this article, we consider a jump diffusion process (Xt)t≥0 with drift function b, diffusion5

coefficient σ and jump coefficient ξ. This process is supposed to be ergodic, exponentially β-6

mixing and stationary. It is observed at discrete times t = 0,∆, . . . , n∆. The sampling interval7

∆ tends to 0 and the time interval n∆ tends to infinity. We construct a robust, adaptive8

non-parametric estimator of the function ξ4 thanks to a penalized least-square approach. We9

provide bounds of the empirical and L2-risk of our estimator.10

Keywords: jump diffusions, nonparametric estimation, model selection.11

Subject classification: 62G05, 62M05.12

The code of the simulation study is available on math.univ-lille1.fr/~schmisse/recherche.13
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1 Introduction15

We consider the jump diffusion given by the one-dimensional stochastic differential equation16

dXt = b(Xt)dt+ σ(Xt)dWt + ξ(Xt−)dLt, X0 = η (1)

with η a random variable, (Wt)t≥0 a Brownian motion independent of η and (Lt)t≥0 a pure jump17

centred Lévy process independent of (Wt, η). It can be written18

Lt =

∫ t

0

∫
R
z(µ(dz, dt)− ν(dz)dt)

where µ is a Poisson measure of intensity ν(dz)dt. We do not assume that the jumps are of finite19

intensity, only that Lt is centred and has moments of any order.20

The diffusion is observed at discrete times t = 0,∆, . . . , n∆ under the asymptotic framework:21

n∆ → ∞ and ∆ → 0. Our aim is to construct adaptive non-parametric estimator of the jump22

coefficient ξ4 on a compact interval A ⊂ R.23

Jump diffusions are used to modelize dynamical systems where the noise is discontinuous or24

too intensive to be modeled by a Brownian motion, for instance polymerazation phenomenons25
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(Berestycki (2004)), telephone noise (Protter and Talay (1997)), or finance (see Aït-Sahalia and26

Jacod (2009) or Protter and Talay (1997) for instance). There are many articles on the estimation27

for jumps diffusions, although quite few estimate the jump coefficient nonparametrically.28

For the parametric estimation, we can cite Shimizu (2006) or Shimizu and Yoshida (2006) who29

estimate the three coefficients b, σ and ξ for stationary finite intensity processes thanks to a contrast30

function. Their estimators are consistent and asymptotically normal if the sampling interval ∆ is31

sufficiently small. The estimators of the parameter of b and ξ2 converge with rate
√
n∆, whereas32

the estimator of the parameter of σ2 converges with rate
√
n.33

For nonparametric estimation, Bandi and Nguyen (2003) use kernel estimators of the infinitesi-34

mal moments, M1 = b(x), M2 = σ2(x) + ξ2(x)
∫
z2ν(dz) and M4 = ξ4(x)

∫
z4ν(dz). Their estima-35

tors are asymptotically normal and converge with rate (n∆)−2/5. Their estimator do not depends of36

the regularity of the functions, and are not adaptive. Hanif et al. (2012) and Hanif (2016) construct37

estimators of the infinitesimal second moment σ2+ ξ2
∫
z2ν(dz) with reweighted Nadaraya-Watson38

and Gamma Nadaraya-Watson estimators respectively. Their estimators converge almost surely,39

and are asymptotically normal.40

To estimate σ2 or ξ2 non parametrically, a threshold is often used to suppress (or find) the41

jumps. For instance, Mancini (2009) estimate the integrated volatility. The estimator converge,42

and in the finite activity cas, the estimator is asymptotically normal. Mancini and Renò (2011)43

(for the finite intensity case) and Song et al. (2022) (for compound Poisson processes) estimate the44

diffusion coefficient σ2, using local time and kernel estimators. Schmisser (2019) construct a robust45

and adaptive estimator of σ2 and of the second infinitesimal moment, even for infinite intensity46

Lévy processes.47

Mancini and Renò (2011) for the finite activity case and Park and Wang (2021) for the finite48

intensity case both construct estimators for the jump coefficient ξ2, using local times and kernel49

estimator. The rate of convergence of the kernel estimator of ξ2 is (n∆)−2/5 +∆1/2.50

There are two possibilities to construct an estimator of the jump component. Either take the51

second infinitesimal moment when the increments are big enough (when a jump is suspected):52

indeed, for finite intensity processes (see for instance Park and Wang (2021, Section 5.2)).53

(X(k+1)∆ −Xk∆)
2

∆
1|X(k+1)∆−Xk∆|≥∆1/2−ε = ξ2(Xk∆)

∫
z2ν(dz) + centred terms + small terms.

The problem of this method is that the small jumps will not be kept. It is not very important if54

the Lévy process is a compound Poisson process, but if the jumps have infinite activity or infinite55

intensity, the small terms will not be so small.56

In this article, like Bandi and Nguyen (2003), we use the second possibility and consider an57

estimator based on the fourth moments of the increments:58

Tk∆ =
(X(k+1)∆ −Xk∆)

4

∆
= ξ4(Xk∆)

∫
z4ν(dz) + centred terms + small terms.

The Brownian terms are small because of the power 4, and it only remains the jumps. We introduce59

a sequence of increasing subspaces Sm of L2(A) and construct a sequence of estimators ξ̂4m by60

minimizing on each Sm the contrast function γn(t) = 1
n

∑n
k=1(Tk∆ − t(Xk∆))

2. When
∫
z4ν(dz) is61

known, its L2-risk is bounded by62

E
(∥∥∥ξ̂4 − ξ4

∥∥∥2
L2(A)

)
≲
∥∥ξ4 − ξ4m

∥∥2
L2(A)︸ ︷︷ ︸

bias term

+ Ξ
Dm

n∆︸ ︷︷ ︸
variance term

+∆
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where Dm is the dimension of the subspace Sm. The bias term decreases when the dimension63

Dm increases, whereas the variance term increases. To find a good bias-variance compromise, we64

introduce a penalty, p̂en(m), proportional to the variance term. To choose the dimension, we65

minimize the quantity γn(ξ̂4mI4) + p̃en(m) and deduce the "best" dimension m̃. Finally, we prove66

that the risk of the robust estimator, ξ̂4m̃, satisfies an oracle inequality.67

The paper is divided as follows: the model and its assumptions are stated in Section 2. In68

Section 3, we construct the estimator and bound its risk. Section 4 is devoted to the simulations69

and the proofs are gathered in Section 5.70

We introduce some notations.71

In all the paper, C means a constant that does not depend on n, ∆ or the dimension Dm, but72

may be different from one line to another. We note A ≲ B if A ≤ CB where C is a constant that73

does not depend on n, ∆ or Dm. R∗
+ is the set of positive numbers, and C r the set of fonctions t74

that are r times continuously differentiable.75

We set Ik =
∫
zkν(dz) if this quantity exists.76

For a function t in L2(A), and π a density, ∥t∥2π =
∫
A
t2(x)π(dx) and the empirical norm is77

∥t∥2n = 1
n

∑n
i=1 t

2(Xk∆). We consider three different projections: tm is the orthogonal projection of78

t on Sm (for the L2-norm), tm,π is the orthogonal projection of t on Sm for the ∥.∥π-norm and Πmt79

is the orthogonal projection on Sm for the empirical norm ∥.∥n.80

2 Model and assumptions81

We consider the stochastic differential equation given by (1) and assume the following assumptions:82

Assumption A1.83

a. The functions b, σ and ξ are Lipschitz.84

b. The drift function b is elastic:85

∃M > 0,∃C > 0 ,∀x, |x| ≥M ,xb(x) ≤ −Cx2.

c. The diffusion and jump functions σ and ξ are bounded from below and above: there exists86

σ0, σ1, ξ0, ξ1 ∈ (R∗
+)

4 such that87

∀x, 0 < ξ0 ≤ ξ(x) ≤ ξ1 and 0 < σ0 ≤ σ(x) ≤ σ1.

d. The Lévy measure has moments of any order: ∀k ≥ 2,
∫
R |z|kν(dz) < +∞.88

e. I4 =
∫
R z

4ν(dz) = 1.89

Item a ensures that SDE (1) has a unique strong solution (see Applebaum (2009, Theorem 6.2.9).90

According to Masuda (2007, Theorem 2.2 and Lemma 2.4), under Assumptions A1a-d, the process91

(Xt)t≥0 has a unique stationary distribution, is ergodic and exponentially β-mixing. Assumption e92

ensures that the model is identifiable: indeed, if we replace ν(.) by cν(c.) and ξ by ξ/c, we obtain93

the same process (Xt)t≥0. If this assumption is not fulfilled, our estimator will estimate ξ4(Xk∆)I4,94

wich enables us to see at least the shape of ξ.95

We can know assume:96
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Assumption A2.97

a. The process (Xt)t≥0 is stationary.98

b. Its stationary measure has a density π which is bounded on any compact set.99

c. the density π is bounded from below and above on the compact of estimation A:100

∃π0, π1;∀x ∈ A, 0 < π0 ≤ π(x) ≤ π1.

By Masuda (2007, Theorem 2.2), it implies that Xt has also moments of any order.101

Let us consider the σ-algebra Ft = σ (η, (Ws)0≤s≤t, (Ls)0≤s≤t).102

The following proposition helps us to control the increments of the process. It is proved for103

instance in Applebaum (2009, Theorems 4.4.21 and 4.4.23)).104

Proposition 1. According to the Burkholder-Davis-Gundy inequality, for any p > 0, there exists105

a constant Cp such that:106

E

(
sup

s∈[t,t+h]

∣∣∣∣∫ s

t

σ(Xu)dWu

∣∣∣∣p |Ft

)
≤ CpE

∣∣∣∣∣
∫ t+h

t

σ2(Xu)du

∣∣∣∣∣
p/2

|Ft


and107

E

(
sup

s∈[t,t+h]

∣∣∣∣∫ s

t

ξ(Xu−)dLu

∣∣∣∣p |Ft

)
≤ CpE

∣∣∣∣∣
∫ t+h

t

ξ2(Xu)du

∣∣∣∣∣
p/2

|Ft

 I
p/2
2

+ CpE

(∫ t+h

t

|ξp(Xu)| du |Ft

)
Ip.

To simplify the notations, let us set108

Bk∆ =

∫ (k+1)∆

k∆

b(Xs)ds, Zk∆ =

∫ (k+1)∆

k∆

σ(Xs)dWs and Jk∆ =

∫ (k+1)∆

k∆

ξ(Xs−)dLs.

The following lemma follows almost directly from the Burkhölder-Davis-Gundy inequality (see for109

instance Schmisser (2014, proof of Proposition 1)).110

Lemma 2. For any integer p > 0:111

∀u > 0, E
(

sup
0≤s≤∆

(Xs+u)
2p

∣∣∣∣Fu

)
≲ 1 + |Xu|2p

and112

∀u ≥ 0, E
(

sup
0≤s≤t

(Xs+u −Xu)
2p

∣∣∣∣Fu

)
≤ C2p

(
tξ2p1 I2p + tp

(
σ2p
1 + ξ2p1 Ip2

))
.

Then, as b, σ2 and ξ2 are Lipshitz: E
(
|Bk∆|2p

)
≲ ∆2p, E

(
J2p
k∆

)
≲ ∆p and E (Jk∆)

2p
=113

∆ξ2p(Xk∆)I2p +O(∆3/2).114
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We need to control the variance term, more precisely the moments of the jumps. The Lévy-115

Khintchine formula states that E
(
eiuL∆

)
= e−∆

∫
R(e

iuz−1−iuz)ν(dz). The following lemma is exactly116

Lemma 13 of Carpentier et al. (2021).117

Lemma 3. We get the following moments:118

E
(
L2
∆

)
= I2∆

E
(
L4
∆

)
= I4∆+ 3I22∆

2

E
(
L6
∆

)
= I6∆+ (15I2I4 + 10I23 )∆

2 + 15I32∆
3

E
(
L8
∆

)
= I8∆+ (35I24 + 56I3I5 + 28I2I6)∆

2 + (210I22I4 + 280I2I
2
3 )∆

3 + 105I42∆
4.

To bound the risk the adaptive estimator, we apply a Talagrand’s inequality. To this end, we119

need independent and bounded random variables. As we have an exponentially β-mixing process,120

we can construct independent random variables thanks to the Berbee’s coupling lemma. But to121

work with nearly bounded variables, we need the following assumption:122

Assumption A3.123

a. The jumps are sub-exponential: ∃M,C, λ ∈ (R∗
+)

3, ∀z, |z| ≥M ν([−z, z]c) ≤ Ce−λ|z|.124

b. ∃η, η > 1, such that ∆η = O(n−1).125

c. The Blumenthal-Getoor index is strictly less than 2: there exists β < 2,
∫ 1

−1
zβν(dz) < ∞.126

This is not a very strong assumption, as
∫ 1

−1
z2ν(dz) is already finite.127

Under Assumption A1 and 3, for any c ≤ λ/ξ1, any t > 0, E
(
ecXt

)
<∞.128

Proof. Apply Theorem 2.2 of Masuda (2007) with129

f∗(x) = e−cx1|x|≥1 + ec
(
1 +

c2

2
− 5c

8
+

3c− c2

4
x2 +

c2 − c

8
x4
)
1|x|<1.

Under this assumption, the increments can be bounded. The small jumps (smaller than
√
∆)130

have the same comportement than the Brownian motion terms. As we have only sub-exponential-131

jumps, the size of the bigger jumps is also nearly bounded. The following lemma is proved in132

Schmisser (2019, Lemma 2):133

Lemma 4. Under Assumptions A1-A3, we have:134

• ∀ε > 0, ∀r > 0, P
(
|Bk∆| ≥ ∆1−α

)
≲ n−r.135

• ∀r > 0, P
(
|Zk∆| ≥ rσ1∆

1/2 ln(n)
)
≤ 2n−r.136

• ∀p > 0, ∀r > 0, for any CJ and c(p) large enough:137

P
(
|Jk∆| ≥ CJr

2 ln(n)/λ
)
≲ n−r and P

 1

qn

qn∑
j=1

J2p
k∆ ≥ c(p)ξ2p1 (r + 1)2∆ ln2p(n)

 ≲ n−r

where qn ≥ 2 ln(n)/β, and β the β-mixing coefficient.138
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3 Estimation of the jump coefficient139

Our aim is to construct an adaptive nonparametric estimator of the jump function ξ on the interval140

A. To make the diffusion terms small, we consider the fourth moments of the increments:141

Tk∆ =
(X(k+1)∆ −Xk∆)

4

∆
=

(Bk∆ + Zk∆ + Jk∆)
4

∆
.

We can write Tk∆ = ξ4(Xk∆)I4 + Ek∆ + Fk∆ where142

∆Ek∆ := (Bk∆ + Zk∆ + Jk∆)
4 − (Zk∆ + Jk∆)

4 + E
(
(Zk∆ + Jk∆)

4
∣∣Fk∆

)
− ξ4(Xk∆)I4∆

∆Fk∆ := (Zk∆ + Jk∆)
4 − E

(
(Zk∆ + Jk∆)

4
∣∣Fk∆

)
.

The terms Ek∆ are small, whereas Fk∆ are centred. The following Lemma is proved in Section 5,143

using Lemma 2.144

Lemma 5.145

• E
(
E2

k∆

)
≲ ∆, E

(
E4

k∆

)
≲ ∆ and E

(
E8

k∆

)
≲ ∆.146

• E (Fk∆|Fk∆) = 0, E
(
F 4
k∆

)
≲ 1/∆3 and147

Var (Fk∆|Fk∆) =
ξ8(Xk∆)I8

∆
+O

(
1√
∆

)
.

3.1 Subspaces of approximation148

To construct an adaptive estimator of ξ4, we consider a sequence of increasing subspaces S0 ⊆ . . . ⊆149

Sm, . . . such that ∪mSm is dense in L2(A). We minimize a contrast function γn(t) on each Sm and150

then choose the best estimator by introducing a penalty function (see for instance Barron et al.151

(1999)). The rate of convergence of our estimator will depend on the regularity of the coefficient ξ,152

i.e. its modulus of smoothness.153

Definition (Modulus of smoothness). The modulus of continuity of a function f is defined by154

ω(f, t) = sup
|x−y|≤t

|f(x)− f(y)|.

If f is Lipschitz, the modulus of continuity is proportional to t. If ω(f, t) = o(t), then f is constant:155

the modulus of continuity cannot measure higher smoothness.156

We define the modulus of smoothness by157

ωr(f, t)p = sup
0<h≤t

∥∆r
h(f, .)∥Lp where ∆r

h(f, x) =

r∑
k=0

(−1)k
(
r

k

)
f(x+ kh).

If f ∈ C r (that is if f is r-times continuously differentiable), then for 1 ≤ p ≤ ∞:158

ωr(f, t)p ≤ trω(f (r), t)p.
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Definition (Besov space). The Besov space Bα
2,∞ is the set of functions:159

Bα
2,∞ = {f ∈ L2, sup

t>0
t−αωr(f, t)2 <∞}

where r = ⌊α+ 1⌋. The norm on a Besov space is defined by:160

∥f∥Bα
2,∞

:= sup
t>0

t−αωr(f, t)2 + ∥f∥L2 .

For more details see DeVore and Lorentz (1993).161

Assumption A4. We consider a series of vectorial subspaces of L2(A), (Sm)m∈Mn satisfying the162

assumptions163

a. The subspaces Sm have finite dimension Dm and are increasing: ∀m, Sm ⊆ Sm+1.164

b. The ∥.∥L2 and ∥.∥∞ norms are connected:165

∃ϕ1,∀m,∀t ∈ Sm, ∥t∥2∞ ≤ ϕ1Dm ∥t∥2L2 (A)

with ∥t∥2L2(A) =
∫
A
t2(x)dx and ∥t∥∞ = supx∈A |t(x)|. This implies that, for an orthonormal166

basis φλ of Sm,
∥∥∥∑Dm

λ=1 φ
2
λ

∥∥∥
∞

≤ ϕ1Dm.167

c. There exists a constant ϕ2 such that for any m ∈ N, there exists an orthonormal basis (ψλ)λ∈Λ168

of Sm such that169

∀λ, card(λ′, ∥ψλψλ′∥∞ ̸= 0) ≤ ϕ2.

d. For any function t ∈ Bα
2,∞,170

∃c, ∀m, ∥t− tm∥2L2 ≤ cD−2α
m

where tm is the orthogonal projection L2 of t on Sm.171

Assumptions A4 a, b and d are quite standard (see for instance Comte et al. (2007)). Assumption172

A4 c is an additional assumption, which is not satisfied by the trigonometric basis, for instance.173

However, it is fulfilled by subspaces generated by piecewise polynomials of degree r, spline functions174

of degree r, or compactly supported wavelets.175

3.2 Estimator with fixed m176

We then define the contrast function177

γn(t) =
1

n

n∑
k=1

(Tk∆ − t(Xk∆))
2 (2)

and for any m ∈ Mn = {m,D2
m ≤ (n∆)/ ln(n)}, we consider the estimator178

ξ̂4m = arg min
t∈Sm

γn(t). (3)

The easiest bound is obtained for the empirical risk.179
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Proposition 6. Under Assumptions A1-A4, for any m such as Dm ∈ Mn:180

E
(∥∥∥ξ̂4m − ξ4A

∥∥∥2
n

)
≤
∥∥ξ4 − ξ4m,π

∥∥2
π
+ 12Ξ

Dm

n∆
+ C∆+

C ′

n

where ξA(x) = ξ(x)1x∈A and181

Ξ = min

(
ξ81I8,

ϕ1
π0

Eπ

(
ξ8(X∆)

)
I8

)
.

The empirical risk is not very intuitive: indeed, the empirical norm is random, and the stationary182

measure π is unknown. Nevertheless, the L2-risk can also be bounded, even if the bound is less183

sharp.184

Corollary 7. Under Assumptions A1-A4, for any m such as Dm ≤ Dn =
√
n∆/ ln(n):185

E
(∥∥∥ξ̂4m − ξ4

∥∥∥2
π

)
≤ 5

∥∥ξ4 − ξ4m,π

∥∥2
π
+ 48Ξ

Dm

n∆
+ 4C∆.

Moreover,186

E
(∥∥∥ξ̂4m − ξ4

∥∥∥2
L2(A)

)
≤ 5

π1
π0

∥∥ξ4 − ξ4m
∥∥2
L2(A)

+ 48
Ξ

π0

Dm

n∆
+

4C

π0
∆.

3.3 Adaptive estimator187

We obtain a sequence of estimators of ξ4, and have to choose the best. If ξ4 belongs to the Besov188

space Bα
2,∞, then the bias term

∥∥ξ4 − ξ4m
∥∥2
L2 is smaller than D−2α

m and the risk is optimal for189

Dm = (n∆)−1/(1+2α). The optimal estimator satisfies:190

E
(∥∥∥ξ̂4mopt

− ξ4A

∥∥∥2
n

)
≲ (n∆)−2α/(2α+1) +∆.

The rate (n∆)−2α/(2α+1) is standard for nonparamatric estimation of ξ. As the regularity of ξ4191

is unknown, we have to choose the best estimator automatically. To this aim, we introduce the192

penalty function pen(m) = κΞDm/(n∆) and choose the best dimension m:193

m̂ = arg min
m∈Mn

{γn(ξ̂4m) + pen(m).}

Our estimator achieves the best rate of convergence (up to a multiplicative constant).194

Theorem 8. Under Assumptions A1-A3, for any κ ≥ κ0 with κ0 a universal constant,195

E
(∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n

)
≲ inf

m∈Mn

(∥∥ξ4 − ξ4m,π

∥∥2
π
+ Ξ

Dm

n∆

)
+

1

n∆
+∆.

The bound of the L2-risk of the estimator is the same:196

Corollary 9.

E
(∥∥∥ξ̂4m̂ − ξ4

∥∥∥2
L2(A)

)
≲ inf

m∈Mn

(∥∥ξ4 − ξ4m
∥∥2
L2(A)

+ Ξ
Dm

n∆

)
+

1

n∆
+∆.
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3.4 Robust estimator197

The constant Ξ = min(ξ81I8,
ϕ1

π0
Eπ

(
ξ8(X∆)

)
I8) is unknown, but can be estimated to construct a198

robust estimator. Let us first estimate h(x) = ξ8(x)I8. Let us note199

Vk∆ :=
(X(k+1)∆ −Xk∆)

8

∆
= ξ8(Xk∆)I8 +Gk∆ +Hk∆,

where Gk∆ is small and Hk∆ is centred:200

∆Gk∆ = (Bk∆ + Zk∆ + Jk∆)
8 − (Zk∆ + Jk∆)

8 + E
(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
− ξ8(Xk∆)I8

∆Hk∆ = (Zk∆ + Jk∆)
8 − E

(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
.

The following lemma bounds the moments of G and H:201

Lemma 10.

E
(
G2

k∆

∣∣Fk∆

)
≲ ∆, E

(
G4

k∆

∣∣Fk∆

)
≲ ∆,

E (Hk∆|Fk∆) = 0, E
(
H2

k∆

∣∣Fk∆

)
≲

1

∆
, E

(
H4

k∆

∣∣Fk∆

)
≲

1

∆3
.

As previously, we consider the contrast function γ2,n(t) = 1
n

∑n
k=1(Vk∆ − t(Xk∆))

2 and the202

estimator ĥm = argmint∈Sm γ2,n(t). This estimator is consistent:203

Lemma 11.
E
(∥∥∥hA − ĥm

∥∥∥2
n

)
≲ ∥h− hm∥2L2(A) +

Dm

n∆
+∆

where hA(x) = h(x)1x∈A.204

Let us set ĥ1 = supx∈A |ĥln(n)(x)|.205

Let us now estimate the second term, ϕ1/π0Eπ

(
ξ8(X∆)

)
I8. We consider the rectangular kernel206

K(x) := 1|x|≤1/2 and set207

π̂h(x) =
1

n

n∑
k=1

Kh(Xi − x) with Kh(x) =
1

h
K(x/h).

We take a grid (x1, . . . , xln2(n)) of equally spaced points of A, and compute the minimum of π̂√n∆208

on this grid:209

π̂0 := min
1≤j≤ln2(n)

π̂√n∆(xj).

Finally, we obtain an estimator of the constant Ξ:210

Ξ̂ := min

(
ĥ1,

ϕ1
π̂0
V̄n

)
+∆1/4 + 1/ ln(n)

with V̄n = 1
n

∑n
k=1 Vk∆.The estimator Ξ̂ is consistent:211

Lemma 12. Under Assumptions A1-3, we have that212

P
(
|Ξ̂− Ξ| ≥ C/ ln(n) + ∆1/4

)
≲ n−4.
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Let us set213

m̃ = arg inf
m∈Mn

γn(ξ̂m) + κΞ̂
Dm

n∆
.

The resulting robust estimator ξ̂m̃ is also optimal (up to a multiplicative constant):214

Corollary 13. The robust estimator satisfies the oracle inequality: Under Assumptions A1-A3,215

E
(∥∥∥ξ̂4m̃ − ξ4A

∥∥∥2
n

)
≲ inf

m∈Mn

(∥∥ξ4 − ξ4m,π

∥∥2
π
+ Ξ

Dm

n∆

)
+

1

n∆
+∆.

Moreover,216

E
(∥∥∥ξ̂4m̃ − ξ4

∥∥∥2
L2(A)

)
≲ inf

m∈Mn

(∥∥ξ4 − ξ4m
∥∥2
L2(A)

+ Ξ
Dm

n∆

)
+

1

n∆
+∆.

3.5 Comparison with the estimator obtained by thresholding217

Park and Wang (2021) and Mancini and Renò (2011) construct an estimator of ξ2 by taking the218

second infinitesimal moments and keeping only the increments big enough: they consider219

(X(k+1)∆ −Xk∆)
2

∆
1|X(k+1)∆−Xk∆|≥∆1/2−ε .

Then, they construct a kernel estimator of ξ2, in the case where the jumps have finite intensity and220

ξ2 belongs to C 2. Their estimator is asymptotically normal, and the risk for the optimal bandwith221

is bounded by222

E
(
(ξ̂2(x)− ξ2(x))2

)
≲ (n∆)−4/5 +∆.

Similarly, Schmisser (2019) estimate first the second infinitesimal moment g = σ2 + ξ2, then σ2 by223

thresholding. An estimator of ξ2 can be obtained by substraction. If g and σ2 belong to a Besov224

spaces of regularity αg and ασ2 , the risk of the adaptive estimator ξ̃2 is bounded by:225

E
(∥∥∥ξ̃2 − ξ2

∥∥∥2
L2(A)

)
≲ (n∆)2αg/(2αg+1) + n−2ασ/(2ασ+1) +∆1−β/2

where β is the Blumenthal-Getoor index (that is, β = infα≥0{
∫
(|z|α ∧ 1)ν(dz) <∞}). If the Lévy226

process has finite activity, then β = 0. If the intensity is finite, β ≤ 1. For both estimators, it is227

assumed than I2 =
∫
z2ν(dz) = 1.228

The problem is, the first estimator can only be calculated for finite intensity processes, and is229

not adaptive. Whereas the rate of convergence of the second depends on the Blumenthal-Getoor230

index, and on the regularity of σ2.231

In order to compare those bounds to the risk of our estimator ξ̂m̃, we can remark that232

∥∥∥∥√ξ̂4m̃ − ξ2
∥∥∥∥2
L2(A)

≤

∥∥∥ξ̂4m̃ − ξ4A

∥∥∥2
L2(A)

minA ξ2(x)
.

Therefore, we get that, if I4 is known:233

E

(∥∥∥∥√ξ̂4m̃ − ξ2
∥∥∥∥2
L2(A)

)
≲ (n∆)−2α/(2α+1) +∆.
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This bound is more general than the rate obtained by Park and Wang (2021), and sharper than234

the one obtained by Schmisser (2019). In particular, if the jump coefficient ξ is more regular than235

the diffusion coefficient σ2, the rate is better. Moreover, if the jumps have infinite activity, the236

remainder term is smaller.237

However, we assume in this paper than the fourth moment of the Levy measure, I4 =
∫
z4ν(dz),238

is equal to 1, which is not the standard assumption. If no assumptions are made on the moments239

of ν, the function ξ is not identifiable. So it can only be estimated up to a multiplicative constant.240

Even if we want to impose I2 = 1, it is interessant to know the shape of ξ.241

4 Simulations242

We choose to consider the linear subspaces Sm generated by the spline functions of degree r (that243

is, piecewise polynomials of degree r and C r−1. It is also possible to consider piecewise polynomials244

of degree r or subsepaces generated by wavelets. We choose the spline functions because they are245

explicits, contrary to wavelets functions, and because the resulting estimator is continuous if r ≥ 1,246

which is not the case for piecewise polynomials.247

We compute the series of estimators ξ̂4m,r for r between 0 and 4 andm between 0 and max(
√
n∆/ ln(n), 7)248

(for m = 7, we already have Dm = 128, for m bigger, the computations become too slow). To obtain249

the adaptive estimator, we minimise first with regard to m, then to r.250

We choose κ = 8 for the simulations. We consider 3 different models. For each model, we let n251

and ∆ vary and realize 200 simulations for each value of (n,∆). We compute the robust estimator252

ξ̂4m̃,r̃, the selected dimension Dm̃,r̃, the estimated penalty constant Ξ̂ and the L2-error253

risk =

N−1∑
j=0

(
ξ̂4m̃,r̃(xj)− ξ4(xj)

)2
(xj+1 − xj) ≃

∫
A

(
ξ̂4m̃,r̃(x)− ξ4(x)

)2
dx

for (x0, x1, . . . , xN ) a regular subdivision of A. We also compute the empirical error for each ξ̂m,r.254

Then we deduce the dimension (mopt, ropt) that minimizes the empirical error (denoted by errmin).255

To compare this oracle estimator to the robust one, we compute an oracle or which is the mean256

of the logarithmic ratio between the two errors. To compare our estimator to the one obtained257

by substraction, we also compute the error obtained by the square root of our estimator, risk1 =258 ∥∥∥∥√ξ̂4m̃,r̃ − ξ2A

∥∥∥∥2
L2

and the risk of the previous estimator obtained by thresholding and substraction259

in Schmisser (2019): risk2 :=
∥∥∥ξ̃2 − ξ2A

∥∥∥2
L2

. We add the empirical risks of the estimators of the260

diffusion coefficient σ2 and the second moment g(x) = σ2(x) + ξ2(x), also computed in Schmisser261

(2019).262

For each model, we provide two tables. The first one show some results for the estimator ξ̂4m̃,r̃:263

the mean and standard deviation of the risk of the robust estimator ξ̂4m̃,r̃ (in fact, the square root of264

these quantity, to have a norm), a criteria of comparison between the risks of the robust estimator265

and the ’oracle’ estimator; or = mean(ln(risk/err)), the mean and the standard deviation of the266

estimated penalty constant Ξ̂ and the mean and the standard deviation of the selected dimension267

Dm̃,r̃.268

On the second table, we write the mean and standard deviations of risk1 and risk2 (more269

precisely, the square roots of those quantities) in order to compare these two estimators. We also270

11



add the means and standard deviation for the risk of the estimators of g and σ2.271

4.1 Models272

In the first two models, Lt is simply a compound Poisson Process:273 ∫ t

0

ξ(Xs−)dLs =

Nt∑
k=1

ξ(Xt−k
)ζk

where Nt is a Poisson Process of intensity λ, t1, . . . , tNt
the times of the jumps, and (ζk)k≥0 are274

independent, identically distributed of binomial law: P (ζk = ±1) = 1/2.275

Model 1: Ornstein-Uhlenbeck Let us consider the process given by the equation:276

dXt = −2Xtdt+ dWt + dLt

with binomial jumps: P(ζ = 1) = P(ζ = −1) = 0.5 and the intensity of the Poisson process is 1.277

We have that I2 = 1, I4 = 1, I6 = 1, I8 = 1.278

Model 2: non-constant coefficient

dXt = −2Xtdt+
√

2 + 0.5 sin(πXt)dWt +

√
X2

t− + 3

X2
t− + 1

dLt

with binomial jumps: P (ζ = 1) = P (ζ = −1) = 0.5.279

Model 3: nearly stable processes

dXt = −2Xt +

√
3 +X2

t

1 +X2
t

dWt +
√

2 + 0.5 sin(Xt−)dLt

with Lt a nearly stable process: ν(dz) = 2−β
2|z|1+β 1|z|≤1. β is the Blumenthal-Getoor index of the280

process. We take β = 1/2 and we get that I2 = 1, I4 = 3/7, I6 = 3/11 and I8 = 3/15.281

4.2 Results282

The risk of the adaptive estimator ξ̂4m̃,r̃ decreases when n increases (for fixed ∆). When the period283

of observation (n∆) is fixed, the risk seems to be either stable, either decreasing with ∆, especially284

when ∆ is not small enough. When n∆ ≤ 100, our estimator nearly always select the smallest285

dimension, whereas for n∆ ≥ 103, the algorithm can select more complex models. Our estimator286

is truly adaptive, and the oracle seems to be quite small.287

For the estimated penalty constant Ξ̂, it can be noted than when n increases, the variance288

decreases as well: Ξ̂ converges to a constant depending on ∆. When ∆ decreases, this constant289

decreases as well. This is because290

V̄n → E (V∆) ≃ ∆−1E
(
(J∆ + Zk∆)

8
)
≥ E

(
ξ8(X∆)

)
I8.
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Figure 1: Model 1
dXt = −2Xtdt+ dWt + dLt with binomial jumps.

−0.4 −0.2 0.0 0.2 0.4
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1
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2
.0

−− estimator
√
ξ̂4m̃,r̃ . . . estimator ξ̃2 = ĝm̂ − σ̂2

m̃.
n = 105,∆ = 10−2.

Risk of ξ̂4m̃,r̃

n ∆ risk Ξ̂ Dm̃,r̃

mean sd or mean sd mean sd
103 10−1 0.67 0.75 0 27.5 43.3 1 0
104 10−1 0.61 0.36 0 27.7 24.0 1 0
105 10−1 0.60 0.21 0.0014 22.0 11.7 1.06 0.42
103 10−2 0.50 0.92 0 4.54 7.99 1 0
104 10−2 0.16 0.21 0 4.44 6.22 1 0
105 10−2 0.087 0.089 0 3.86 2.49 1 0
104 10−3 0.37 0.54 0 2.76 3.50 1 0
105 10−3 0.11 0.14 0 2.13 2.42 1 0

Comparison of the estimators
√
ξ̂4m̃,r̃ and ξ̃2.

n ∆ risk1 risk2 risk g risk σ2

mean sd mean sd mean sd mean sd
103 10−1 0.28 0.29 0.23 0.22 0.34 0.24 0.42 0.15
104 10−1 0.27 0.15 0.20 0.12 0.33 0.14 0.42 0.091
105 10−1 0.27 0.12 0.20 0.084 0.25 0.083 0.41 0.049
103 10−2 0.22 0.32 0.37 0.43 0.40 0.42 0.12 0.075
104 10−2 0.075 0.094 0.15 0.14 0.23 0.14 0.11 0.039
105 10−2 0.042 0.043 0.14 0.11 0.21 0.050 0.093 0.067
104 10−3 0.18 0.23 0.36 0.43 0.40 0.42 0.10 0.043
105 10−3 0.056 0.069 0.15 0.15 0.23 0.15 0.099 0.039
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Figure 2: Model 2

dXt = −2Xtdt+
√

2 + 0.5 sin(πXt)dWt +

√
X2

t−
+3

X2
t−

+1
dLt with binomial jumps.

−1.0 −0.5 0.0 0.5 1.0

1
.0

2
.0

3
.0

4
.0

−− estimator
√
ξ̂4m̃,r̃ . . . estimator ξ̃2 = ĝm̂ − σ̂2

m̃.
n = 105,∆ = 10−2.

Risk of the estimator ξ̂4m̃,r̃.
n ∆ risk Ξ̂ Dm̃,r̃

mean sd or mean sd mean sd
103 10−1 2.87 3.20 0.19 614 870 1 0
104 10−1 2.29 1.33 0.33 394 240 1.01 0.07
105 10−1 2.10 1.02 0.16 338 141 2.35 1.53
103 10−2 3.63 4.92 0.11 128 189 1 0
104 10−2 1.86 1.25 0.70 131 174 1 0
105 10−2 0.82 0.92 0.44 101 24 3.55 1.07
104 10−3 3.25 3.51 0.10 91 50 1 0
105 10−3 1.83 1.07 0.94 89 72 1.01 0.07

Comparison of the estimators
√
ξ̂4m̃,r̃ and ξ̃2.

n ∆ risk1 risk2 risk g risk σ2

mean sd mean sd risk sd risk sd
103 10−1 0.46 0.54 0.84 0.73 0.99 0.63 1.44 0.29
104 10−1 0.37 0.26 0.77 0.38 0.95 0.39 1.43 0.18
105 10−1 0.46 0.30 0.78 0.29 0.85 0.32 1.42 0.10
103 10−2 0.58 0.75 1.24 1.59 1.25 1.43 0.55 0 0.31
104 10−2 0.21 0.25 0.67 0.55 0.71 0.39 0.456 0.19
105 10−2 0.48 0.38 0.54 0.35 0.48 0.38 0.43 0.084
104 10−3 0.53 0.60 1.21 1.28 1.21 1.28 0.11 0.13
105 10−3 0.20 0.22 0.71 0.42 0.71 0.42 0.033 0.026
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Figure 3: Model 3:

dXt = −2Xtdt+

√
X2

t−
+3

X2
t−

+1
dWt +

√
2 + 0.5 sin(πXt−)dLt ν(z) = 1.5

2|z|1.51|z|≤1
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2
.0

2
.5

3
.0

−− estimator
√
ξ̂4m̃,r̃ . . . estimator ξ̃2 = ĝm̂ − σ̂2

m̃.
n = 105,∆ = 10−2.
Estimation of ξ̂4m̃,r̃.

n ∆ risk Ξ̂ Dm̃,r̃

mean sd or mean sd mean sd
103 10−1 3.91 2.83 0.0098 182 222 1 0
104 10−1 3.75 1.57 0.015 135 84 1.04 0.18
105 10−1 3.73 0.88 0.0081 117 45 1.58 0.55
103 10−2 1.41 2.24 0.23 23.0 61.9 1 0
104 10−2 0.86 0.66 0.67 17.3 18.4 1.03 0.17
105 10−2 0.61 0.35 0.20 15.1 8.1 2.11 0.97
104 10−3 1.07 1.33 0.29 12.8 27.9 1 0
105 10−3 0.68 0.45 1.16 10.2 17 1.14 0.35

Comparison of the estimators
√
ξ̂4m̃,r̃ and ξ̃2.

n ∆ risk1 risk2 risk g risk σ2

mean sd mean sd mean sd mean sd
103 10−1 1.60 1.01 1.33 0.77 0.97 0.58 1.99 0.34
104 10−1 1.58 0.61 1.30 0.47 0.94 0.36 1.99 0.21
105 10−1 1.66 0.58 1.28 0.26 0.86 0.32 1.99 0.13
103 10−2 0.59 0.86 0.93 0.97 0.84 0.72 0.82 0.37
104 10−2 0.36 0.42 0.83 0.49 0.65 0.23 0.78 0.23
105 10−2 0.59 0.36 0.71 0.31 0.24 0.28 0.76 0.11
104 10−3 0.48 0.62 0.84 0.69 0.84 0.70 0.11 0.11
105 10−3 0.33 0.50 0.64 0.30 0.65 0.30 0.057 0.038
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This is not a drawback, as the penalty should be the variance of the centred terms, more precisely291

Ξ∆ = ∆min

(
∥Var (Fk∆ |Fk∆ )∥∞ ;

ϕ1
π0

Varπ (F∆)

)
.

Ξ is an estimator of this quantity, that converges when ∆ → 0 and n∆ → ∞: by Proposition 6,292

Ξ∆ = Ξ+ C∆1/2. In the simple case where the jump and diffusion coefficients are constants, then293

Ξ∆ = ∆−1 Var (Fk∆) = ∆−1 Var
(
(ξLk∆ + σZk∆)

4
)

= ∆−1
(
ξ8E

(
L8
k∆

)
+ 28σ2ξ6E

(
L6
k∆Z

2
k∆

)
− ξ8(E

(
L4
k∆

)
)2
)
+O(∆2)

= ξ8I8 +∆
(
ξ8(34I24 + 28I2I6) + σ2ξ628I6

)
+O(∆2).

When ∆ is not small enough, the term in ∆ is not negligeable, neither is the term in O(∆2).294

Our estimator
√
ξ̂4m̃ is better than ξ̃2 as soon as the path of discretisation ∆ is small enough295

(∆ ≤ 10−2), even for compound Poisson processes.296

5 Proof297

5.1 Proof of Lemma 5 and 10298

According to Proposition 1, we have that299

E
(
B2p

k∆|Fk∆

)
≲ ∆2p, E

(
Z2p
k∆|Fk∆

)
≲ ∆p, and E

(
J2p
k∆|Fk∆

)
≲ ∆I2p +O(∆2). (4)

Let us set300

B̃k∆ = b(Xk∆)∆, B̄k∆ = Bk∆ − B̃k∆,

Z̃k∆ = σ(Xk∆)(W(k+1)∆ −Wk∆), Z̄k∆ = Zk∆ − Z̃k∆,

J̃k∆ = ξ(Xk∆)(L(k+1)∆ − Lk∆), J̄k∆ = Jk∆ − J̃k∆.

Conditionnally to Fk∆, B̃k∆, J̃k∆ and Z̃k∆ are independent. Moreover, we have that301

E
(
B̄2p

k∆

∣∣∣Fk∆

)
≲ ∆2p+1, E

(
Z̄2p
k∆

∣∣∣Fk∆

)
≲ ∆p+1, E

(
J̄2p
k∆

∣∣∣Fk∆

)
≲ ∆2I2p. (5)

Indeed, by Hölder inequality and Lemma 2, as the drift function b is Lipschitz,302

E
(
B̄2p

k∆

∣∣∣Fk∆

)
= E

(∫ (k+1)∆

k∆

(b(Xs)− b(Xk∆))ds

)2p
∣∣∣∣∣∣Fk∆


≤ ∆2p−1

∫ (k+1)∆

k∆

E
(
(b(Xs)− b(Xk∆))

2p
∣∣Fk∆

)
ds

≲ ∆2p−1

∫ (k+1)∆

k∆

E
(
|Xs −Xk∆|2p

∣∣Fk∆

)
ds ≲ ∆2p+1.
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By Proposition 1 and the same arguments, we get:303

E
(
Z̄2p
k∆

)
≲ E

((∫ (k+1)∆

k∆

(σ(Xs)− σ(Xk∆))
2ds

)p)

≲ ∆p−1

∫ (k+1)∆

k∆

E
(
(σ(Xs)− σ(Xk∆)

2p
)
ds ≲ ∆p+1

and304

E
(
J̄2p
k∆

∣∣∣Fk∆

)
≲ E

(∫ (k+1)∆

k∆

(ξ(Xs−)− ξ(Xk∆))
2p
ds

∣∣∣∣∣Fk∆

)
I2p

+ E

((∫ (k+1)∆

k∆

(ξ(Xs−)− ξ(Xk∆))
2ds

)p∣∣∣∣∣Fk∆

)
Ip2

≲ ∆2I2p +∆p+1Ip2 .

We first bound the moments of the small terms, Ek∆ in Lemma 5 and Gk∆ in Lemma 10.305

Bound of Ek∆. Let us decompose the bias term306

∆Ek∆ = (Bk∆ + Zk∆ + Jk∆)
4 − (Zk∆ + Jk∆)

4 + E
(
(Zk∆ + Jk∆)

4
∣∣Fk∆

)
−∆ξ4(Xk∆I4).

We can write Ek∆ = E
(1)
k∆ + E

(2)
k∆ + E

(3)
k∆ + E

(4)
k∆ where307

∆E
(1)
k∆ = E

(
(Jk∆ + Zk∆)

4 − (J̃k∆ + Z̃k∆)
4
∣∣∣Fk∆

)
∆E

(2)
k∆ = E

(
(J̃k∆ + Z̃k∆)

4 − J̃4
k∆

∣∣∣Fk∆

)
∆E

(3)
k∆ = E

(
J̃4
k∆

∣∣∣Fk∆

)
−∆ξ4(Xk∆)I4

∆E
(4)
k∆ = (Jk∆ + Zk∆ +Bk∆)

4 − (Jk∆ + Zk∆)
4.

The first three terms are conditional expectations, the last is random. For the first term, we factorize308

the difference of two squares: indeed, for any x, y ∈ R2, x4 − y4 = (x− y)(x+ y)(x2 + y2). Then309

∆E
(1)
k∆ = E

(
(J̄k∆ + Z̄k∆)

(
Jk∆ + J̃k∆ + Zk∆ + Z̃k∆

)(
(Jk∆ + Zk∆)

2 + (J̃k∆ + Z̃k∆)
2
)∣∣∣Fk∆

)
.

Then, as E
(
(J̄k∆ + Z̄k∆)

2
)
≲ ∆2, we obtain by Cauchy-Schwarz inequality and (4):310

∆E
(1)
k∆ ≲

(
∆2
)1/2

∆1/4∆1/4 ≃ ∆3/2.

Moreover, E(2)
k∆ can be written ∆E

(2)
k∆ =

∑4
j=1 C

j
4E
(
Z̃j
k∆J̃

4−j
k∆

∣∣∣Fk∆

)
. As Z̃k∆ and J̃k∆ are centred311

and conditionnally independent, by (4), we obtain:312

∆E
(2)
k∆ ≲

4∑
j=1

∆j/2 (∆1j<4 + 1j=4) ≲ ∆3/2.
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Furthermore, by Lemma 3, E
(
L4
k∆

)
= ∆I4 +O(∆2) and therefore:313

∆E
(3)
k∆ = ξ4(Xk∆)(E

(
L4
∆

)
−∆I4) ≲ ∆2.

As ∆E
(4)
k∆ =

∑4
j=1 C

j
4B

j
k∆(Zk∆ + Jk∆)

4−j , we get that314

E
((

∆E
(4)
k∆

)2p)
≲

4∑
j=1

E
(
B2jp

k∆ (Zk∆ + Jk∆)
8p−2pj

)
. (6)

By Cauchy-Schwartz inequality and (4), for 2 ≤ j ≤ 4,315

E
(
B2jp

k∆ (Zk∆ + Jk∆)
8p−2pj

)
≤
(
E
(
B4jp

k∆

)
E
(
(Zk∆ + Jk∆)

16p−4pj
))1/2

≤ ∆2jp
(
1j=4 +∆1/21j<4

)
≤ ∆4p+1/2. (7)

Moreover, as Bk∆ = ∆b(Xk∆) + B̄k∆, by Equations (4) and (5), for j = 1 we obtain:316

E
(
B2p

k∆(Zk∆ + Jk∆)
6p
)
≲ ∆2pE

(
b(Xk∆)

2pE
(
(Zk∆ + Jk∆)

6p
∣∣Fk∆

))
+ E

(
B̄2p

k∆(Zk∆ + Jk∆)
6p
)

≲ ∆2p+1 +
(
E
(
B̄4p

k∆

)
E
(
(Zk∆ + Jk∆)

12p
))1/2

≲ ∆2p+1 +∆2p+1/2∆1/2 = ∆2p+1.

Then E
((

∆E
(4)
k∆

)2p)
≲ ∆2p+1. As E

(
E2p

k∆

)
≲ E

((
E

(1)
k∆ + E

(2)
k∆ + E

(3)
k∆

)2p)
+ E

((
E

(4)
k∆

)2p)
, we317

get that, for p ≥ 1,318

E
(
E2p

k∆

)
≲ ∆.

Bound of Gk∆ We recall that319

∆Gk∆ = (Bk∆ + Zk∆ + Jk∆)
8 − (Zk∆ + Jk∆)

8 + E
(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
−∆ξ8(Xk∆)I8.

As for the bound of Ek∆, we can write Gk∆ = G
(1)
k∆ +G

(2)
k∆ +G

(3)
k∆ +G

(4)
k∆ with320

∆G
(1)
k∆ := E

(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
− E

(
(Z̃k∆ + J̃k∆)

8
∣∣∣Fk∆

)
∆G

(2)
k∆ := E

(
(Z̃k∆ + J̃k∆)

8
∣∣∣Fk∆

)
− E

(
J̃8
k∆

∣∣∣Fk∆

)
∆G

(3)
k∆ := E

(
J̃8
k∆

∣∣∣Fk∆

)
−∆ξ8(Xk∆)I8

∆G
(4)
k∆ := (Bk∆ + Zk∆ + Jk∆)

8 − (Zk∆ + Jk∆)
8.

Let us note JZ := Jk∆ +Zk∆ and J̃Z := J̃k∆ + Z̃k∆. Then by Cauchy-Schwarz, Equations (4) and321

(5),322

∆G
(1)
k∆ = E

(
(J̄k∆ + Z̄k∆)(JZ + J̃Z)

(
JZ2 + J̃Z

2
)(

JZ4 + J̃Z
4
)∣∣∣Fk∆

)
≲ (∆2)1/2∆1/4∆1/8∆1/8 ≲ ∆3/2.
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Moreover, as Z̃k∆ and J̃k∆ are conditionnaly independant, we get:323

∆G
(2)
k∆ =

8∑
j=1

Cj
8E
(
Z̃j
k∆J̃

8−j
k∆

∣∣∣Fk∆

)
≲

8∑
j=1

∆j/2 (∆1j<8 + 1j=8) ≲ ∆3/2.

By Lemma 3:324

∆G
(3)
k∆ = ξ8(Xk∆)(E

(
L8
∆

)
−∆I8) ≲ C∆2.

Finally, by (5)325

E
((

∆G
(4)
k∆

)2p∣∣∣∣Fk∆

)
≲

8∑
j=2

E
(
B2pj

k∆ (Zk∆ + Jk∆)
16p−2pj

∣∣∣Fk∆

)
+ B̃2p

k∆E
(
(Zk∆ + Jk∆)

14p
∣∣Fk∆

)
+ E

(
B̄2p

k∆(Zk∆ + Jk∆)
14p
∣∣∣Fk∆

)
≲ ∆2p+1.

Therefore326

E
(
G2

k∆

∣∣Fk∆

)
≲ ∆ and E

(
G4

k∆

∣∣Fk∆

)
≲ ∆.

Let us bound the centred terms, Fk∆ in Lemma 5 and Hk∆ in Lemma 10.327

Moments of Fk∆. The term Fk∆ = 1
∆

(
(Zk∆ + Jk∆)

4 − E
(
(Zk∆ + Jk∆)

4
∣∣Fk∆

))
is centred.328

Moreover, by Equation (4), for any p > 0,329

E
(
F 2p
k∆

)
≲

E
(
J8p
k∆

)
+ E

(
Z8p
k∆

)
∆2p

≲
1

∆2p−1
.

Then E
(
F 4
k∆

)
≲ ∆−3. It remains to bound the quantity Var (Fk∆ |Fk∆ )− ξ8(Xk∆)I8

∆ . By Equation330

(4),331

∆2 Var (Fk∆ |Fk∆ ) = Var
(
(Zk∆ + Jk∆)

4 |Fk∆

)
= E

(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
−
(
E
(
(Zk∆ + Jk∆)

4
∣∣Fk∆

))2
= E

(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
+O(∆2).

As332

E
(
(Zk∆ + Jk∆)

8
∣∣Fk∆

)
−∆ξ8(Xk∆)I8 = ∆G

(1)
k∆ +∆G

(2)
k∆ +∆G

(3)
k∆ ≲ ∆3/2,

we get:333 ∣∣∣∣Var (Fk∆ |Fk∆ )− ξ8(Xk∆)I8
∆

∣∣∣∣ ≲ ∆−1/2.

Bound of Hk∆. We only need an upper bound for the moments of Hk∆. We have that334

E
(
H2

k∆

∣∣Fk∆

)
≤ 1

∆2
E
(
(Jk∆ + Zk∆)

16
∣∣Fk∆

)
≲

∆8 +∆

∆2
=

1

∆

and335

E
(
H4

k∆

∣∣Fk∆

)
≤ 1

∆4
E
(
(Jk∆ + Zk∆)

32
∣∣Fk∆

)
≲

∆16 +∆

∆4
=

1

∆3
.
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5.2 Proof of Proposition 6336

We recall that the empirical norm is defined by ∥t∥2n = 1
n

∑n
k=1 t

2(Xk∆). Then for any t ∈ Sm,337

γn(t) =
1

n

n∑
k=1

(
Tk∆ − ξ4(Xk∆) + ξ4(Xk∆)− t(Xk∆)

)2
=

1

n

n∑
k=1

(Tk∆ − ξ4(Xk∆))
2 +

∥∥t− ξ4
∥∥2
n
+

2

n

n∑
k=1

(Tk∆ − ξ4(Xk∆))(ξ
4(Xk∆)− t(Xk∆)). (8)

As ξ̂4m minimizes γn(t), γn(ξ̂4m) ≤ γn(Πmξ
4) where Πm is the orthogonal projection on Sm for the338

∥.∥n-norm. Then by (8),339

∥∥∥ξ4 − ξ̂4m

∥∥∥2
n
+
2

n

n∑
k=1

(Tk∆ − ξ4(Xk∆))(ξ
4(Xk∆)− ξ̂4m(Xk∆)) ≤

∥∥Πmξ
4 − ξ4

∥∥2
n
+

2

n

n∑
k=1

(Tk∆−ξ
4(Xk∆))(ξ

4(Xk∆)−Πmξ
4(Xk∆)).

Moreover, as Tk∆ − ξ4(Xk∆) = Ek∆ + Fk∆, we get:340 ∥∥∥ξ̂4m − ξ4
∥∥∥2
n
≤
∥∥Πmξ

4 − ξ4
∥∥2
n
+

2

n

n∑
k=1

(Ek∆ + Fk∆)(ξ̂
4
m(Xk∆)−Πmξ

4(Xk∆)).

We have341 ∥∥∥ξ̂4m − ξ4
∥∥∥2
n
=
∥∥∥ξ̂4m −Πmξ

4
∥∥∥2
n
+
∥∥Πmξ

4 − ξ4
∥∥2
n

and
∥∥Πmξ

4 − ξ4
∥∥2
n
=
∥∥Πmξ

4 − ξ4A
∥∥2
n
+
∥∥ξ4A − ξ4

∥∥2
n
.

(9)
By substracting

∥∥Πmξ
4 − ξ4

∥∥2
n

in both sides of the inequality, we obtain:342

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
≤ 2

n

n∑
k=1

(Ek∆ + Fk∆)(ξ̂
4
m(Xk∆)−Πmξ

4(Xk∆)).

By geometric-arithmetic means inequality,343

2

n

n∑
k=1

Ek∆(ξ̂
4
m(Xk∆)−Πmξ

4(Xk∆)) ≤
1

6

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
+

6

n

n∑
k=1

E2
k∆.

We introduce the unit ball for the π-norm Bm = {t ∈ Sm, ∥t∥2π ≤ 1} and the contrast function344

νn(t) =
1
n

∑n
k=1 Fk∆t(Xk∆). Then by geometric-arithmetic means inequality,345

2

n

n∑
k=1

Fk∆(ξ̂
4
m(Xk∆)−Πmξ

4(Xk∆)) ≤
(∥∥∥ξ̂4m −Πmξ

4
∥∥∥2
π

sup
t∈Bm

ν2n(t)

)1/2

≤ 1

6

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
π
+ 6 sup

t∈Bm

ν2n(t).
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Collecting terms, we get:346 ∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
≤ 6 sup

t∈Bm

ν2n(t) +
6

n

n∑
k=1

E2
k∆ +

1

6

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
π
+

1

6

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
.

We have two different norms in the bound of the risk. For any deterministic function t, ∥t∥2π =347

E
(
∥t∥2n

)
. As ξ̂4 is random, we introduce the space Ωn on which the norms ∥.∥n and ∥.∥π are348

equivalent:349

Ωn =

{
ω, ∀m ∈ Mn,∀t ∈ Sm,

∣∣∣∣∣∥t∥2n∥t∥2π
− 1

∣∣∣∣∣ ≤ 1

2

}
.

Comte et al. (2007, Lemma 6.1) prove the following lemma for diffusion processes thanks to con-350

centration inequalities. However, its proof only relies on the boundedness of the stationary density351

π and of the mixing properties of the process (Xt)t≥0.352

Lemma 14. As353

i) (Xt)t≥0 is exponentially β-mixing,354

ii) (Xt)t≥0 is stationary and its stationary density π is bounded from below and above on A,355

iii) the vectorial subspaces Sm satisfy Assumption A4,356

then357

P(Ωc
n) ≤ c/n8.

We first bound the risk on Ωn, where the ∥.∥2π is controlled. On Ωn,
∥∥∥ξ̂4m −Πmξ

4
∥∥∥2
π

≤358

2
∥∥∥ξ̂4m −Πmξ

4
∥∥∥2
n
. Therefore359

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
1Ωn

≤ 12

n

n∑
k=1

E2
k∆ + 12 sup

t∈Bm

ν2n(t). (10)

The term supt∈Bm
ν2n(t) can be bounded in two ways. First, let us consider (φλ)λ∈Λm an orthonor-360

mal basis (for the ∥.∥π-norm) of Sm. As t ∈ Bm, it can be written t =
∑

λ aλφλ where
∑

λ a
2
λ = 1.361

Then, as ν is a linear function362

sup
t∈Bm

ν2n(t) = sup∑
λ a2

λ=1

ν2n

(∑
λ

aλφλ

)
= sup∑

λ a2
λ=1

(∑
λ

aλνn(φλ)

)2

≤ sup∑
λ a2

λ=1

(∑
λ

a2λ

)(∑
λ

ν2n(φλ)

)
≤
∑
λ

ν2n(φλ).
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By Lemma 5, E (Fk∆|Fk∆) = 0 and therefore:363

E
(
ν2n(φλ)

)
= E

( 1

n

n∑
k=1

Fk∆φλ(Xk∆)

)2


=
1

n2

n∑
k=1

E
(
φ2
λ(Xk∆)E

(
F 2
k∆|Fk∆

))
+

2

n(n− 1)

∑
j<k

E (φλ(Xk∆)φλ(Xj∆)Fj∆E (Fk∆|Fk∆))

=
1

n2

n∑
k=1

E
(
φ2
λ(Xk∆)E

(
F 2
k∆

∣∣Fk∆

))
.

By Lemma 5, we get that364

E
(
ν2n(φλ)

)
≤ 1

n2

n∑
k=1

E
(
φ2
λ(Xk∆)

(
ξ8(Xk∆)I8

∆
+

C√
∆

))
.

Using that E
(
φ2
λ(Xk∆)

)
=
∫
R φ

2
λ(x)π(x)dx = 1, and the boundness of ξ, we obtain365

E
(
ν2n(φλ)

)
≤ ξ81I8

n∆
+

C

n
√
∆
.

Therefore,366

E
(

sup
t∈Bm

ν2n(t)

)
≤
∑
λ

E
(
ν2n(φλ)

)
≤ ξ81I8

Dm

n∆
+
CDm

n
√
∆
.

The second way of bounding supt∈Bn
ν2n(t) nearly use the same arguments. Let us remark that if367

t ∈ Bm, then ∥t∥2L2 ≤ 1
π0

∥t∥2π = 1
π0

. Then, if we consider (ψλ)λ∈Λm
an orthonormal basis of Sm368

for the L2−norm.369

sup
t∈Bm

ν2n(t) ≤ sup
t∈Sm;∥t∥2

L2≤ 1
π0

ν2n(t) ≤
1

π0

∑
λ

ν2n(ψλ).

By Assumption 4 b,
∑

λ∈Λm
ψ2
λ(Xk∆) ≤ ϕ1Dm, and as the process is stationary:370

E
(

sup
t∈Bm

ν2n(t)

)
≤ 1

π0

1

n2

n∑
k=1

E

(
F 2
k∆

∑
λ∈Λm

ψ2
λ(Xk∆)

)
≤ ϕ1
π0

DmE
(
F 2
∆

)
n

.

Therefore, as E
(
F 2
∆

)
= E

(
ξ8(X∆)

)
I8/∆+O

(
1√
∆

)
:371

E
(

sup
t∈Bm

ν2n(t)

)
≤ Ξ

Dm

n∆
(11)

where Ξ = min
(
ξ81I8,

ϕ1

π0
Eπ

(
ξ8(X∆)

)
I8

)
. By Lemma 5, E

(
E2

k∆

)
≲ ∆. By (10) and (11), we372

obtain:373

E
(∥∥∥ξ̂4m −Πmξ

4
∥∥∥2
n
1Ωn

)
≤ 12Ξ

Dm

n∆
+ c∆. (12)
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As Πmξ
4 is the orthogonal projection for the ∥.∥n-norm,

∥∥Πmξ
4 − ξ4A

∥∥4
n
≤
∥∥ξ4m,π − ξ4A

∥∥2
n
. And as374

ξm,π and ξ are deterministic, E
(∥∥ξ4m,π − ξ4A

∥∥2
n

)
=
∥∥ξ4m,π − ξ4A

∥∥2
π
. Then by (9)375

E
(∥∥∥ξ̂4m − ξ4A

∥∥∥2
n
1Ωn

)
≤
∥∥ξ4m,π − ξ4

∥∥2
π
+ Ξ

Dm

n∆
+ c∆.

It remains to bound the risk on Ωc
n. The function ξ̂4m is the orthogonal projection (for the ∥.∥n376

norm) of (T∆, . . . , Tn∆) on the vectorial subspace {(t(X∆), . . . , t(Xn∆)) , t ∈ Sm}.377

We have:378 ∥∥∥ξ̂4m − ξ4A

∥∥∥2
n
=
∥∥ΠmT − ξ4A

∥∥2
n
=
∥∥Πmξ

4 − ξ4A
∥∥2
n
+ ∥ΠmE +ΠmF∥2n

≤
∥∥ξ4A∥∥2n + ∥E + F∥2n .

By stationarity and Cauchy-Schwarz:379

E
(∥∥∥ξ̂4m − ξ4A

∥∥∥2
n
1Ωc

n

)
≲ E

(∥∥ξ4A∥∥2n 1Ωc
n

)
+ E

[(
1

n

n∑
k=1

E2
k∆ + F 2

k∆

)
1Ωc

n

]

≲
[(

E
[∥∥ξ4A∥∥4n]+ E

[
E4

k∆ + F 4
k∆

])
P (Ωc

n)
]1/2

.

We obtain by Lemma 5:380

E
(∥∥∥ξ̂4m − ξ4A

∥∥∥2
n
1Ωc

n

)
≲

1

∆3/2n4
≤ 1

n
.

5.3 Proof of Corollary 7381

We again separate the risk on Ωn (where the empirical norm ∥.∥n is equivalent to the ∥.∥π-norm)382

and Ωc
n. As ξ4m,π is the orthogonal projection of ξ4 on Sm for the ∥.∥π- norm:383 ∥∥∥ξ̂4m − ξ4

∥∥∥2
π
=
∥∥∥ξ̂4m − ξ4m,π

∥∥∥2
π
+
∥∥ξ4m,π − ξ4

∥∥2
π
}.

As ξ̂4m and ξ4m,π both belong to the subspace Sm, on Ωn:384 ∥∥∥ξ̂4m − ξ4m,π

∥∥∥2
π
1Ωn ≤ 2

∥∥∥ξ̂4m − ξ4m,π

∥∥∥2
n
≤ 4

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
+ 4

∥∥Πmξ
4 − ξ4m,π

∥∥2
n

and as Πmξ
4 is the orthogonal projection of ξ4 on Sm for the empirical risk,

∥∥Πmξ
4 − ξ4m,π

∥∥2
n
≤385 ∥∥ξ4A − ξ4m,π

∥∥2
n
. By (12), we obtain that386

E
(∥∥∥ξ̂4m − ξ4

∥∥∥2
π
1Ωn

)
≤ 5

∥∥ξ4 − ξ4m,π

∥∥2
π
+ 48Ξ

Dm

n∆
+ C∆.

In addition, by Lemma 5 and Lemma 14:387

E
(∥∥∥ξ̂4m − ξ4m,π

∥∥∥2
π
1Ωc

n

)
≤
(
E
(
∥ΠmT∥4π +

∥∥ξ4∥∥4
π

))1/2
(P (Ωc

n))
1/2 ≲

1

n
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which give the bound for the ∥.∥π-norm.388

To bound the L2-risk, we simply remark that ∥t∥2L2(A) ≤ 1
π0

∥t∥2π and that
∥∥ξ4 − ξ4π,m

∥∥2
π

≤389 ∥∥ξ4 − ξ4m
∥∥2
π
≤ π1

∥∥ξ4 − ξ4m
∥∥2
L2(A)

. Then390

E
(∥∥∥ξ̂4m − ξ4A

∥∥∥2
L2(A)

)
≤ 5π1

π0

∥∥ξ4 − ξ4m
∥∥2
L2(A)

+
48Ξ

π0

Dm

n∆
+ C∆.

5.4 Proof of Theorem 8391

For any m ∈ Mn,392

γn(ξ̂
4
m̂) + pen(m̂) ≤ γn(Πmξ

4) + pen(m).

As previously, we decompose the risk on Ωn and Ωc
n. On Ωc

n, the bound is the same as in the393

previous proof. On Ωn, as in the proof of Proposition 6, we have:394 ∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n
≤
∥∥Πmξ

4 − ξ4A
∥∥2
n
+

1

12

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
n
+

1

12

∥∥∥ξ̂4m −Πmξ
4
∥∥∥2
π
+ 12

n∑
k=1

E2
k∆ + 12 sup

t∈Bm,m̂

ν2n(t)

+ pen(m)− pen(m̂)

where Bm,m′ is the unit ball for the ∥.∥π-norm of the vectorial subspace Sm + S′
m. On Ωn,395 ∥∥∥ξ̂4m −Πmξ

4
∥∥∥2
π
≤ 2

∥∥∥ξ̂4m −Πmξ
4
∥∥∥4
n
. By the triangular inequality,

∥∥∥ξ̂4m̂ −Πmξ
4
∥∥∥2
n
≤ 2

∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n
+396

2
∥∥Πmξ

4 − ξ4A
∥∥2
n
. Then397

∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n
≤ 3

∥∥Πmξ
4 − ξ4A

∥∥2
n
+ 2pen(m)− 2pen(m̂) + 24

n∑
k=1

E2
k∆ + 24 sup

t∈Bm,m̂

ν2n(t).

Let us set p(m,m′) = (pen(m) + pen(m′))/12. Then398 ∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n
1Ωn ≤ 3

∥∥Πmξ
4 − ξ4A

∥∥2
n
+ 2pen(m) + 24

n∑
k=1

E2
k∆ + 24( sup

t∈Bm,m̂

ν2n(t)− p(m, m̂)). (13)

It remains to bound399

E

(
sup

t∈Bm,m̂

ν2n(t)− p(m, m̂)

)
≤

∑
m∈Mn

E

(
sup

t∈Bm,m′

ν2n(t)− p(m,m′)

)
.

We can do so using concentration inequalities. The following lemma is deduced from the Berbee’s400

coupling lemma and a Talagrand inequality. It is proved for instance in Schmisser (2019, Appendix401

A).402

Lemma 15 (Talagrand inequality for β-mixing variables). Let us consider Z1, . . . , Zn some random403

variables exponentially β-mixing. Let us set b0 ≥ 1/β where β is the β-mixing coefficient). We define404

qn := 2b0 ln(n), pn = n/(2qn). We have that β(qn) ≤ ce−2βb0 ln(n) ≲ n−2. Let us consider405

In(t) =
1

n

n∑
k=1

Ft(Zk)− E [Ft(Zk)] .
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If we can find a triplet (M2, V and H) such that:406

∀i, sup
t∈F

Var

 1

qn

(i+1)qn∑
k=iqn

Ft(Zk)

 ≤ V

qn
,

sup
t∈F

∥∥∥∥∥∥ 1

qn

(c+1)qn∑
k=cqn

Ft(Zk)

∥∥∥∥∥∥
∞

≤M2 and E
[
sup
t∈F

|In(t)|
]
≤ H√

n
,

then we have:407

E
[
sup
t∈F

∣∣∣∣I2n(t)− 6H2

n

∣∣∣∣]
+

≤ C
V

n
exp

(
−k1

H2

12V

)
+ C ′M

2
2

p2n
exp

(
−k2

√
pnH√
qnM2

)
+ 2

M2
2

n2

where C, C ′, k1 and k2 are universal constants.408

The random variables (Fk∆, Xk∆) are exponentially β-mixing, with β-mixing coefficient pro-409

portional to ∆. Let us set Ft(Fk∆, Xk∆) := Fk∆t(Xk∆). We want to apply Lemma 15 to410

νn(t) =
1
n

∑n
k=1 Fk∆t(Xk∆). By Equation (11),411

E

(
sup

t∈Bm,m′

ν2n(t)

)
≤ Ξ(Dm +Dm′)

n∆
,

so we can take H2 = Ξ(Dm+Dm′ )
∆ . Let us set qn = c ln(n)∆ with c such that β(qn∆) ≲ n−2. By412

Lemma 5, as E (Fk∆|Fk∆) = 0, we have that, for any t ∈ Bm,m′ ,413

Var

 1

qn

(i+1)qn∑
k=iqn

Fk∆t(Xk∆)

 =
1

q2n

(i+1)qn∑
k=iqn

E
(
E
(
F 2
k∆

∣∣Fk∆

)
t2(Xk∆)

)
≤ ξ81I8
qn∆

.

Then we can choose V = ξ1I8/∆. It remains to bound the variables Fk∆ with high probability. We414

have the following decomposition:415

Fk∆ ≲
J4
k∆ + Z4

k∆

∆
.

Let us introduce a set where this quantity is bounded: for any 0 < α < 1,416

ΩB,α =
{
ω,∀k, ∀p ∈ N, p ≤ 8, |Bk∆| ≤ ∆1−α; |Zk∆| ≤ 6σ1∆

1/2 ln(n); |Jk∆| ≤ 36∆−α ln(n);

1

qn

(c+1)qn∑
k=cqn

Jp
k∆ ≤ 49∆1−α lnp(n)

 .

By Lemma 4:417

P(ΩB,α) ≲
1

n5
. (14)

On Ωn∩ΩB,α, if t ∈ Sm+Sm′ , t(Xk∆) ≤ (Dm+Dm′)1/2
√
ϕ1/π0, and Fk∆ ≲ (J4

k∆+Z4
k∆)/∆ ≲418

C ln4(n)∆−α. Then we apply Talagrand’s inequality (lemma 15) to νn(t) = 1
n

∑n
k=1 t(Xk∆)Fk∆419

with420

V =
ξ81I8
∆

, H2 =
ΞD

∆
, M2 = C

D1/2 ln4(n)

∆α
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with D = Dm +Dm′ . By Lemma 15, we obtain:421

E

(
sup

t∈Bm,m′

ν2n(t)− 12H2

)
+

≲
1

n∆
exp

(
−cD/∆

1/∆

)

+
D ln8(n)

p2n∆
2α

exp

(
−c′

√
pnD

1/2/
√
∆

√
qnD1/2 ln4(n)/∆α

)
+
D ln8(n)

n2∆2α

≲
1

n∆
exp(−c1D) +

D ln10(n)

n2∆2+2α
exp

(
−c2

√
n∆1+2α

ln5(n)

)
+
D ln8(n)

n2∆2α
.

We obtain that422

E

(
sup

t∈Bm,m̂

ν2n(t)− p(m, m̂)

)
≤

∑
Dm∈Mn

E

(
sup

t∈Bm,m′

ν2n(t)−H2

)

≤

√
n∆∑

D=1

E

(
sup

t∈Bm,m′

ν2n(t)−H2

)

≲
1

n∆
+

1

n∆1+2α
e
−
√

n∆1+2α

ln5(n) +
∆1−2α

n
.

As we can take α as small as we want, we get that423

E

(
sup

t∈Bm,m̂

ν2n(t)− p(m, m̂)1Ωn∩ΩB,α

)
≤ C ′

n∆
. (15)

The bound of the risk on (Ωn ∩ ΩB,α)
c is done as in the proof of Proposition 6.424

5.5 Proof of Corollary 9425

The proof is nearly the same as for the risk of the estimator with m fixed. We have that, for any426

m:427 ∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
π
≤ 2

∥∥∥ξ̂4m̂ − ξ4m,π

∥∥∥2
π
+ 2

∥∥ξ4m,π − ξ4A
∥∥2
π
. (16)

And on Ωn ∩ ΩB,α:428 ∥∥∥ξ̂4m̂ − ξ4m,π

∥∥∥2
π
1Ωn

≤ 2
∥∥∥ξ̂4m̂ − ξ4m,π

∥∥∥2
n
≤ 4

∥∥∥ξ̂4m̂ −Πmξ
4
∥∥∥2
n
+ 4

∥∥Πmξ
4 − ξ4m,π

∥∥2
n

≤ 4
∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n
+ 4

∥∥ξ4A − ξ4m,π

∥∥2
n
.

As
∥∥Πmξ

4 − ξ4A
∥∥2
n
≤
∥∥ξ4m,π − ξ4A

∥∥2
n
, by Equations (13) and (16), we obtain:429 ∥∥∥ξ̂4m̂ − ξ4m,π

∥∥∥2
π
1Ωn∩ΩB,α

≤ 8
∥∥∥ξ̂4m̂ − ξ4A

∥∥∥2
n
+ 8

∥∥ξ4A − ξ4m,π

∥∥2
n
+ 2

∥∥ξ4m,π − ξ4A
∥∥2
π

≤ 32
∥∥ξ4m,π − ξ4A

∥∥2
n
+ 2

∥∥ξ4m,π − ξ4A
∥∥2
π
+ 16pen(m)

+ 192

n∑
k=1

E2
k∆ + 192 sup

t∈Bm,m̂

(
ν2n(t)− p(m, m̂)

)
.
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The risk on (Ωn ∩ ΩB,α)
c is the same as for m fixed, so we get by (15):430

E
(∥∥∥ξ̂4m̂ − ξ4

∥∥∥2
π

)
≲ inf

m∈Mn

(∥∥ξ4m,π − ξ4
∥∥2
π
+ pen(m)

)
+

1

n∆
+∆

and431

E
(∥∥∥ξ̂4m̂ − ξ4

∥∥∥2
L2(A)

)
≲ inf

m∈Mn

(∥∥ξ4m − ξ4
∥∥2
L2(A)

+ pen(m)
)
+

1

n∆
+∆.

5.6 Proof of Lemma 11432

As in the proof of Proposition 6, we decompose the risk on Ωn and Ωc
n and get that, on Ωn,433 ∥∥∥ĥm −Πmh

∥∥∥2
n
1Ωn ≤ 12 sup

t∈Bm

ν2n,2(t) +
12

n

n∑
k=1

G2
k∆

where νn,2(t) = 1
n

∑n
k=1 t(Xk∆)Hk∆. By Lemma 10, we have that E

(
G2

k∆

)
≲ ∆. Moreover, for434

(φλ)1≤λ≤Dm
an orthonormal basis for the L2

π- norm of Sm, we have435

E
(
sup
t∈Sm

ν2n,2(t)

)
≤
∑
λ

E
(
ν2n,2(φλ)

)
=
∑
λ

1

n2

n∑
k=1

E
(
H2

k∆φ
2
λ(Xk∆)

)
≲
Dm

n∆
.

As
∥∥∥ĥm − hA

∥∥∥2
n
=
∥∥∥ĥm −Πmh

∥∥∥2
n
+ ∥Πmh− hA∥2n, and E

(
∥Πmh− hA∥2n

)
≤ E

(
∥hm,π − hA∥2n

)
=436

∥hm,π − hA∥2π, we get that437

E
(∥∥∥ĥm − hA

∥∥∥2
n
1Ωn

)
≤ ∥hm,π − h∥2π +

CDm

n∆
+ c∆.

And on Ωc
n, we get that438

E
(∥∥∥ĥm − hA

∥∥∥2
n

)
≲
[(

E
(
∥hA∥4n

)
+ E

(
G4

k∆ +H4
k∆

))
P (Ωc

n)
]1/2

≲
1

∆3/2n4
≤ 1

n

which ends the proof.439

5.7 Proof of lemma 12440

Let us set h1 = supx∈A h(x) and ĥ1 = supA ĥln(n)(x).441

Bound of h1 − ĥ1. We have that442

|ĥ1 − h1| ≤
∥∥∥ĥln(n) − h

∥∥∥
L∞(A)

≤
∥∥∥ĥln(n) − hln(n)

∥∥∥
L∞(A)

+
∥∥hln(n) − h

∥∥
L∞(A)

.

By DeVore and Lorentz (1993, 13, p182) and Barron et al. (1999, 4, Lemma 12), if h belongs to the443

Besov space Bα
2,∞(A), then444

∥hm − h∥2L∞(A) ≤ CD1−2α
m . (17)
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As ξ is Lipschitz, h = ξ8I8 belongs to B1
2,∞(A) and ∥hm − hA∥2L∞(A) ≲ D−1

m . It remains to bound445 ∥∥∥ĥm − hm

∥∥∥
L∞(A)

. As ĥm and hm belongs to Sm,446

∥∥∥ĥm − hm

∥∥∥2
L∞(A)

≤ ϕ1Dm

∥∥∥ĥm − hm

∥∥∥2
L2

≤ ϕ1Dm

π0

∥∥∥ĥm − hm

∥∥∥2
π
.

On Ωn,447 ∥∥∥ĥm − hm

∥∥∥2
π
≤ 2

∥∥∥ĥm − hm

∥∥∥2
n
≤ 2

∥∥∥ĥm −Πmh
∥∥∥2
n
+ 2 ∥Πmh− hm∥2n .

Those two terms are bounded thanks to a concentration inequality.448

Bound of ∥Πmh− hm∥2n. As Πmh is the orthogonal projection of h on Sm, ∥Πmh− hm∥2n ≤449

∥hm − hA∥2n. Its expectation is ∥hm − hA∥2π ≲ D−2
m . By (17), ∥hm − h∥2L∞(A) ≲ D−1

m . Moreover,450

Var

(j+1)qn∑
jqn+1

(hm − hA)
2(Xk∆)

 ≤ q2nE
(
(hm − hA)

4(X∆)
)
≤ q2n ∥hm − hA∥2L∞ ∥hm − hA∥2π

≲ q2nD
−3
m .

The following lemma is very useful to control the difference between a mean and its expectation.451

It is proved for instance in Schmisser (2019, Result 24).452

Lemma 16 (Bennet inequality for β-mixing variables). Let us consider Y1, . . . , Yn some exponen-453

tially β-mixing random variables. Let us set b0 ≥ 1/β where β is the β-mixing coefficient. We454

define qn := 2b0 ln(n), pn = n/(2qn). We have that β(qn) ≤ ce−2βb0 ln(n) ≲ n−2. Let us set455

Ȳn = 1
n

∑n
k=1 Yk. If there exists two constants V ′ and M ′

2 such that, for any j,456

Var

 (j+1)qn∑
k=jqn+1

Yk

 ≤ qnV
′ and

∣∣∣∣∣∣
(j+1)qn∑
k=jqn+1

Yk − E (Yk)

∣∣∣∣∣∣ ≤ qnM
′
2

then, for any x > 0,457

P
(∣∣Ȳn − E

(
Ȳn
)∣∣ ≥ x

)
≤ 2 exp

(
− nx2

2(V ′ + xM ′
2qn)

)
.

By Bennett inequality with V ′ = qnD
−3
m and M ′

2 = CD−1
m , as Dm = ln(n),458

P
(∣∣∣∥hm − hA∥2n − ∥hm − hA∥2π

∣∣∣ ≥ D−2
m

)
≲ exp

(
− cnD−4

m

qnD
−3
m + qnD

−3
m

)
= exp

(
−cpnD−1

m

)
≲ exp

(
−c n∆

ln2(n)

)
≲ n−5.

Then459

P
(
∥hm −Πmh∥2n ≥ D−2

m

)
≲ n−5. (18)
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Bound of
∥∥∥ĥm −Πmh

∥∥∥
n
. We know that, on Ωn,460

∥∥∥ĥm −Πmh
∥∥∥2
n
≤ 12 sup

t∈Bm

ν2n,2(t) +
12

n

n∑
k=1

G2
k∆. (19)

Moreover, for (φλ)λ∈Λm
an orthonormal basis for the L2

π-norm of Sm,461

sup
t∈Bm

ν2n,2(t) ≤
∑
λ

ν2n,2(φλ) =
∑
λ

(
1

n

n∑
k=1

Hk∆φλ(Xk∆)

)2

and we use again Bennett’s inequality. We recall that |Hk∆| ≲ ∆−1(Z8
k∆ + J8

k∆). For any t ∈ Bm,462

this term is centred: E (νn,2(t)) = 0. In addition, as E (Hk∆|Fk∆) = 0, its variance is bounded by:463

Var

 (j+1)qn∑
k=jqn+1

Hk∆φλ(Xk∆)

 = qn Var (H∆φλ(X∆)) ≲
qn
∆
.

On ΩB,α, as ∥φλ∥2L∞ ≤ ϕ1

π0
Dm ∥φ∥2L2 = ϕ1

π0
Dm, we have:464 ∣∣∣∣∣∣

(j+1)qn∑
k=jqn+1

Hk∆φλ(Xk∆)

∣∣∣∣∣∣ ≤ D1/2
m

√
ϕ1
π0

(j+1)qn∑
k=jqn+1

|Hk∆| ≲ qn
√
Dm ln8(n)∆−α.

And by Bennett’s inequality (Lemma 16) with V ′ = C/∆ and M ′
2 = C ′√Dm ln8(n)∆−α, we obtain:465

P
(
|νn,2(φλ)| ≥

1
√
Dm ln9(n)

)
≲ P

(
Ωc

B,α

)
+exp

(
−c n∆1+α

Dm ln18(n)

)
≲ n−5+exp

(
−n∆

1+α

ln19(n)

)
≲ n−5.

Then466

P
(

sup
t∈Bm

ν2n,2(t) ≥
1

ln18(n)

)
≤ P

(∑
λ

ν2n,2(φλ) ≥
1

ln18(n)

)

≤
∑
λ

P
(
|ν2n,2(φλ)| ≥

1

Dm ln18(n)

)
≲ Dmn

−5. (20)

Let us now bound Gk∆. We have that Gk∆ = G
(1)
k∆+G

(2)
k∆+G

(3)
k∆+G

(4)
k∆, with |G(1)

k∆+G
(2)
k∆+G

(3)
k∆| ≲467

∆1/2. Moreover, on ΩB,α, by Lemma 4,468 ∣∣∣∣∣ 1n
n∑

k=1

(
G

(4)
k∆

)2∣∣∣∣∣ ≲ ∆−2

n

n∑
k=1

8∑
j=1

B2j
k∆(Z

16−2j
k∆ + J16−2j

k∆ )

≲ ∆−2
8∑

j=1

∆2j−2jα

(
∆8−j ln16−2j(n) +

1

n

n∑
k=1

J16−2j
k∆

)

≲
8∑

j=1

∆2j−2jα−2
(
∆8−j ln16−2j(n) + ∆1−α1j<8 ln

16−2j(n) + 1j=8

)
≲ ∆1−3α ln16(n).
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Then, for n large enough:469

P

(
1

n

n∑
k=1

G2
k∆ ≥ ∆ ln(n) + ∆1−3α ln17(n)

)
≤ P

(
Ωc

B,α

)
≲ n−5. (21)

Therefore, by Equations (19), (21) and (20), we obtain:470

P
(∥∥∥ĥm −Πmh

∥∥∥2
n
≥ ∆1−3α ln17(n) +

1

ln9(n)

)
≤ P (Ωc

n) +Dmn
−5 + n−5 ≲ Dmn

−5. (22)

We recall that, on Ωn:471

|ĥ1 − h1| ≲
∥∥hln(n) + h

∥∥
L∞(A)

+ ln(n)
∥∥hln(n) −Πln(n)h

∥∥2
n
+ ln(n)

∥∥∥ĥln(n) −Πln(n)h
∥∥∥2
n
.

By Equations (17), (18) and (22), we obtain:472

P
(
|ĥ1 − h1| ≳

1

ln(n)
+

ln(n)

ln9(n)
+ ln18(n)∆1−3α

)
= P

(
|ĥ1 − h1| ≳

1

ln(n)

)
≲ P (Ωc

n) + n−4 ≲ n−4.

Bound of V̄n − E
(
ξ8(X∆)

)
I8. To bound this quantity, we use Bennett’s inequality.473

By Lemma 10,474

E
(
V̄n
)
= E

(
ξ8(Xk∆)I8 +Gk∆ +Hk∆

)
= E

(
ξ8(Xk∆)

)
I8 + C ′∆1/2.

Moreover,475

Var

 qn∑
j=1

Vj∆

 ≲ Var

 qn∑
j=1

ξ8(Xj∆)

+Var

 qn∑
j=1

Gj∆

+Var

 qn∑
j=1

Hj∆


≲ q2n + q2n∆+

qn
∆

= q2n +
qn
∆
.

And on ΩB,α:476 ∣∣∣∣∣∣
qn∑
j=1

Vj∆

∣∣∣∣∣∣ ≲
qn∑
j=1

B8
j∆ + Z8

j∆ + J8
j∆

∆
≲ qn ln

8(n)∆−α.

Then, with V ′ = qn + 1/∆ and M ′
2 = ln8(n)∆−α, by Bennett’s inequality, we get on ΩB,α:477

P
(∣∣V̄n − E

(
ξ8(X∆)

)
I8
∣∣ ≥ ∆1/4 + x

)
≤ exp

(
− nx2

2(V ′ +M ′
2xqn)

)
= exp

(
− Cnx2

1
∆ + ln(n)

∆ + ln9(n)x∆−α

∆

)

Taking x = 1/ ln(n), as ∆ = O(n−δ) and ln(n) = o(1/∆), we get:478

P
(∣∣V̄n − E

(
ξ8(X∆)I8

)∣∣ ≥ 1

ln(n)
+ ∆1/4

)
≲ exp

(
− cn∆

ln2(n)
(
1 + ln(n) + ln8(n)∆−α

)) ≲ n−5.
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Bound of π0 − π̂0. We have that π̂h(x) = 1
n

∑n
k=1Kh(Xk∆)− x. The expectation of this term is479

E (π̂h(x)) = πh(x) :=
∫
Kh(y − x)π(y)dy. We have the following bounds:480

Var

 (k+1)qn∑
j=kqn+1

Kh(Xj∆)

 ≲
q2n
h

and

∣∣∣∣∣∣
(k+1)qn∑
j=kqn+1

Kh(Xj∆)

∣∣∣∣∣∣ ≲ qn
h
.

Then by Bennett’s inequality (lemma 16) with V ′ = Cqn/h and M ′
2 = C ′/h, we get, for any x:481

P
(
|π̂h(x)− πh(x)| ≥ c

ln2(n)

(n∆)1/4

)
≲ exp

−nc
2 ln4(n)/(n∆)1/2

Cqn
h + C′cqn ln2(n)

(n∆)1/4h

 ≲ exp

(
−C

′′nh ln4(n)

(n∆)1/2qn

)
.

Let us take h = (n∆)−1/2, as qn is proportional to ln(n)
∆ , we obtain:482

P
(
|π̂h(x)− πh(x)| ≥ c

ln2(n)

(n∆)1/4

)
≲ exp

(
−C ln3(n)

)
.

Moreover, as π is continuous, by Tsybakov (2004, Proposition 1.2 with β = 1): |πh(x)−π(x)| ≲483

C ′h. Let (x1, . . . , xln2(n)) be equally spaced points on the interval A. Then484

|π̂0 − π0| ≤ min
1≤j≤ln2(n)

|π(xj)− π0|+ max
1≤j≤ln2(n)

|π̂(n∆)−1/2(xj)− π(xj))|

≲
1

ln2(n)
+

ln2(n)

(n∆)1/2
+ max

1≤j≤ln2(n)
|π̂(n∆)−1/2(xj)− π(n∆)−1/2(xj))|

and therefore485

P
(
|π̂0 − π0| ≥

1

ln(n)
+

ln2(n)

(n∆)1/4

)
≲ n−5

which ends the proof.486
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