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Erik Burman’ Guillaume Delay* Alexandre Ern®

July 12, 2022

Abstract

We are interested in solving the unique continuation problem for the heat equa-
tion, i.e., we want to reconstruct the solution of the heat equation given its (noised)
value in a subset of the computational domain. Both initial and boundary data can
be unknown. We discretize this problem using a space-time discontinuous Galerkin
method (including hybrid variables in space) and look for the solution that minimizes
a discrete Lagrangian. We establish discrete inf-sup stability and bound the consis-
tency error, leading to a priori estimates on the residual. Our main result, proving
the convergence of the discrete solution to the exact solution, combines this a priori
bound with a conditional stability estimate at the continuous level. The rate of con-
vergence depends on the conditional stability, the approximation order in space and
in time, and the size of the perturbations in data. Quite importantly, the weight of
the regularization term depends on the time-step and the mesh-size, and we show how
to choose it to preserve the best possible decay rates on the error. Finally, we run
numerical simulations to assess the performance of the method in practice.

1 Introduction

In the present work, we are interested in solving numerically a data assimilation problem

subject to the heat equation. In this problem, neither the boundary conditions nor the

initial data are known. In order to compensate for the lack of initial and boundary data,

we use the knowledge of the solution in a subdomain. We also investigate the influence

of noise on this additional datum. Specifically, we consider a bounded Lipschitz domain

Q Cc R de {1,2,3}, asubset @ C , and a time interval J := (0,Ty) with final time
Tt > 0. Our goal is to approximate the function v : J x 2 — R that satisfies

ou .
L(u)::E—Au:f in J x €, (1)
u=g inJXxw, (2)
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where f € L?(J x Q) is a given source term and g € H'(J; H'(w)") N L?(J; H'(w)) is
some datum resulting from measurements. The model problem (1)-(2) is ill-posed. Indeed,
whenever a solution exists (this is the case whenever g satisfies the heat equation (1) in
J xw), it is unique, but there is no a priori estimate on the solution in the usual Hadamard
sense. Another difficulty is that we want to consider perturbed data gs instead of g to
account for some noise in the measurements.

Although we do not have usual stability estimates, so-called conditional stability es-
timates are available. This type of estimate will play a key role in our error analysis.
Conditional stability estimates essentially allow one to control the norm of a function in a
target subdomain by means of weaker norms in a larger domain. Our analysis hinges on
the following result.

Lemma 1 (Theorem 1 from [7]). Let B be a connected subset of Q0 such that w C B and
BCQ Let0<Ty <Ty < Ty There exist Cgp, > 0 and a € (0,1] such that for all
ve HY(J; H1(Q) N L2(J; HY(Q)), we have

[oll L20ry o (8)) < Cotb (100l 220712y + L) 122501 (02)))
e
X (vl r2(rc2@)) + 1L 21 0)) - (3)

The conditional stability estimate from Lemma 1 will be used to prove the convergence
of our approximation method. The constant « therein has an influence on the convergence
rate. For instance, if h is the mesh size and 7 the time step, if polynomials of degree k > 1
(resp., £ > 0) are used for the space (resp., time) discretization, and provided the noise in
the measurements is small enough, our main result establishes an error bound with decay
rate O((h* + TZ+%)O‘) in the target subdomain B (see Theorem 9). We also mention that
Lemma 1 admits some interesting extensions. First, Lemma 1 still holds true if w ¢ B as
can be verified by using the arguments from [22]. Moreover, in the case of known boundary
conditions (i.e., if we add the additional constraint v = 0 on 0Q2), then Lemma 1 remains
valid with Tp = Ty, B = Q, and o = 1 (see Theorem 2 from [7]). This setting will be
considered in our numerical experiments as well. Moreover, in the case of known initial
conditions (i.e., if we add v(0,.) = vg in 2 for some vy € L?(€2)), then Lemma 1 remains
valid with T1 = 0 provided |lvo||q is added to || L(v)||p2(s;m-1(q)) in (3) [21]. Other stability
estimates are available in the literature, for instance using Cauchy data on the boundary
instead of interior data [19]. For an overview on analysis techniques of unique continuation
for parabolic equations, we refer the reader to [25].

Since the problem (1)-(2) is ill-posed, a regularization must be considered to devise
a reasonable approximation method. The usual approach is to regularize the continuous
problem before embarking on any discretization method. Several regularization methods
are available, for instance the quasi-reversibility method [2, 3, 14] or the Tikhonov regu-
larization [17]. These methods have already been applied to solve the data assimilation
problem subject to the heat equation in the one-dimensional case; see [24, 1]. Other nu-
merical approaches have also been proposed and analyzed for the one-dimensional heat
equation, see [18, 26], but, to the best of our knowledge, none of the above-mentioned
references provides an error analysis balancing the stability of the regularization method,
the conditional stability estimate, and the approximation order of the discretization in
space and in time.



An alternative approach is to first discretize the ill-posed problem and then regularize
it at the discrete level. The main advantage of discretizing first and then regularizing is
that it makes it possible to design regularization terms that allow for a rigorous numerical
analysis, leading to error estimates with rates that match the best possible rates deduced
from the conditional stability estimates. The discretize-then-regularize approach has al-
ready been considered for instance in [4, 5, 8] for the stationary version of the present
problem. The authors have also extended this method to the data assimilation problem
subject to the Helmholtz equation using a high-order discretization [10]. Data assimila-
tion subject to non-stationary problems was considered in [11] for the wave equation and
in [7, 9] for the heat equation with known Dirichlet boundary data for the numerical tests.
In particular, [7] considers the semi-discretization in space using lowest-order Lagrange
finite elements, discussing several different stability situations, whereas [9] deals with the
full discretization of the problem using the backward Euler scheme in time and still lowest-
order Lagrange finite elements in space. In the latter reference, only the case of unknown
initial data, but known boundary data, is considered. In [13]|, a method minimizing the
dual norm of the PDE residual augmented by the least-squares error on data fitting was
proposed, together with error estimates for the reconstruction problem. Also in this latter
work, the boundary data are assumed to be known.

In the present work, we use higher-order methods for the discretization in space and
in time. Specifically, we employ a discontinuous Galerkin (dG) method in time and a
hybridized dG method in space (recall that such methods attach discrete unknowns to the
mesh cells and to the mesh faces). The use of a dG method in time is the natural way to
extend the backward Fuler scheme to higher order. Furthermore, the use of a hybridized
dG method in space reduces the number of stabilization terms that are needed with respect
to standard finite elements (irrespective of the order of approximation). Indeed, as we shall
see below (see the inf-sup condition from Lemma 3), the hybridized dG method naturally
gives a control on the residuals without the need of any stabilization (which is needed for
standard finite elements). Notice that, at the algebraic level, the discrete unknowns are
globally coupled in time, as is anyway the case for all the methods to solve such problems.

To sum up, the added value of the present work is that we consider the data assimilation
problem with unknown boundary conditions (and initial conditions) and that we devise a
higher-order method in space and in time to discretize the above ill-posed problem. The
salient feature of our approximation method is that the regularization term matches the
decay rates of the approximation method. We also emphasize that we rigorously derive an
a priori error estimate that decays at the best possible rate in view of the approximation
capacities of the discretization and of the conditional stability of the continuous problem.
Finally, we mention that the analysis entails various subtleties because some of the usual
arguments in the analysis of time dG methods cannot be applied here. The reason for this
is that, because of the ill-posed nature of the problem, we cannot invoke a plain coercivity
argument that gives control in the L?(.J; H}(Q))-norm. As a consequence, we need to add
a stabilization term controlling the time jumps of the discrete solution (and of its gradient)
at all the discrete time nodes.

The rest of this work is organized as follows. In Section 2, we present the high-order
discretization method in space and in time. In Section 3, we perform the error analysis
through the following steps: inf-sup stability of the discrete problem, consistency error



bound, a priori bounds on the residual and some dual norm on the error. These steps
prepare the stage for our main results, which are the error estimate (Theorem 7) and the
devising of the regularization to achieve optimal error decay rates (Theorem 9). Finally,
in Section 4, we present some numerical results that corroborate our theoretical results.

2 Problem discretization

In this section, we describe the space and time discretization, and we present the numerical
scheme studied in the present work.

2.1 Time discretization

In what follows, for two integer numbers p < ¢, we use the notation {p:q} :={m e N, p <
m < q}. We discretize the time interval J using a uniform time step 7 := Ty/N (for
simplicity), where N € N* is the number of time steps. We then have 0 =tg < t; < ... <
tny = Ty where t,, := n7 for all n € {0:N}. We define I,, := (t,—1,t,) for all n € {1:N}.

For a piecewise smooth function ®” defined on J, we use the shorthand notation
" = 7|y, for all n € {1:N}. We define ®7(t,,) := ®"(t,), ®7(¢;}) := ®"F1(¢,) and
[®7]" := ®7(t}) — ®7(t,,;). For convenience, we also set [®7]° := 0; this convention is
motivated by the fact that there is no initial condition to enforce in the present problem.
Finally, 0] ¢ denotes the broken time derivative of ¢” such that (97 ¢7)|, := 9y¢™ for all
n e {1l:N}.

2.2 Space discretization

Let (Tn)n>0 be a family of matching meshes of 2. In principle, the meshes can have cells
that are polyhedra with planar faces in R?, and hanging nodes are also possible. How-
ever, the analysis below requires the mesh to be such that the underlying discontinuous
polynomial approximation space has a global H'-conforming subspace with optimal ap-
proximation properties. For simplicity, we will therefore restrict the discussion to meshes
composed of simplices (one can also readily consider meshes composed of cuboids). The
mesh cells are conventionally taken to be open subsets of R%, and ny denotes the unit
outward normal to the generic mesh cell T € Tj,. For a subset S C R?, hg denotes the
diameter of S, and for a mesh 7}, the index h refers to the maximal diameter of the mesh
cells.

The mesh faces are collected in the set JF; which is split into the set of the mesh
interfaces, Fi™ and the set of the mesh boundary faces, ]:;? . Any mesh interface F' € }"}lnt
is oriented by a fixed unit normal vector nr. Moreover, for a piecewise smooth function
v and any mesh interface F' € Fi"*, [v]r denotes the jump of v across F in the direction
of np. We also use the broken gradient and Laplacian operators, Vs and Ay, which are
defined such that (V7¢)|r := V(¢|r) and (A7¢)|r := A(¢p|r) for all T' € Tp,.

To avoid technicalities, we assume henceforth that the mesh family (75)n>0 is quasi-
uniform. Therefore, we will use h to measure the diameter of any mesh cell or any mesh
face. Moreover, we assume that all the meshes are fitted to the subset w.



2.3 Discrete spaces and bilinear forms

Let k£ > 1 be the polynomial degree of the hybridized dG method in space and let £ > 0
be the polynomial degree of the dG method in time. We denote by P¥(S) the set of
polynomials of total degree at most k on the subset S C ). Moreover, for a linear space U
composed of functions defined on €2, we denote by IP’E(I ; U) the set of U-valued polynomials
of degree at most £ on I C J = [0,Ty].

The discrete unknowns in space are piecewise polynomials of degree k attached to the
mesh cells and of the same degree k attached to the mesh faces. We define the discrete
spaces

UF = Uk x Uk, UL :=Xper, PM(T), Uk := Xper,PF(F). (4)
For a generic pair 0, € U[f, we write v, = (vr,vr) with vr = (vp)reT;, € U%“— and

vF = (vp)rer, € UL We denote by U,’fo the linear subspace of [A],]f in which all the
degrees of freedom attached to the mesh boundary faces are null. For a generic pair
oy € U, }]f, its degrees of freedom associated with a generic mesh cell T' € T, are denoted by

b7 = (v, var = (VF)FeFyy) € U = PF(T) x P*(Far), (5)

where P*(For) := Xper, PH(F) and For := {F € F, | F C 0T} collects the mesh faces
composing the boundary of T'. We introduce the space-time discrete spaces

U = {0} € L*(J;UF) | 071, € P'(1,; UF), Vn € {1:N}}, (6)
Uy = {0} € U] | 9}|1, € P(I,; Uf,), Vn € {1:N}}. (7)

Notice that we have (7,: = Ur x UZ with
U7 = {vF € L*(J;UF) | v = 0T |1, € P(I; UF), Vn € {1:N}}, (8)
UL = {vk € L}(J;UL) | v% := v}, € PY(I,;UK), ¥n € {1:N}}. (9)

For a generic function 9] € (7,:, we write 0] := (v}, vF) with v7- € UL and v} € UZ.

We can now introduce the various bilinear forms needed to formulate the discrete
problem. Let 07, ] be generic functions in (7; (primal variables) and let f,:, 7y, be
generic functions in U 7o (dual variables). We use the subscript ; to indicate the bilinear
forms related to the space discretization, and the superscript ™ to indicate those related to
the time discretization. The two bilinear forms associated with the discretization of the
heat equation are

an (07, 7) = > {(Vor, Vp) sxr — (VVlnr, nf — nbp) sxor

TET,
— (v — vy, Vinpnr) yxor } (10)

0 (wrng) = Y {OF i) + (FI" L arEE)a ) (11)
ne{l:N}

The stabilization bilinear forms read as follows:
sp (0, Wr) = dp(h,0f,) + d7 (v, wT), (12)
on(ChyMn) = (V¢ Vrnr)oxa + dn(Crs k), (13)



with
dn (07, @7) := > h™ (vr — vor, wr — wor) sxor, (14)
TET,
d"(vF,wh) = ) (" TwH e + ([Vror]", [Vrwi] e} (15)
ne{l:N—-1}

(Notice that the stabilization bilinear form for the dual variable is only related to the
space discretization.) Finally, the bilinear forms associated with the regularization and
the measurements are

t;-L(U';—? w';—) = ’YC(Ta h)Q(U’;V w’;’)]xﬁy (16)

M (0, wT) 7= (V7 WT) I xaoy (17)

where v > 0 and the value of ¢(7, h) will result from the error analysis (we shall obtain
c(r,h) = h* + 73 see (56)). Finally, for later use, we define

[wT 5 = me(wh, wh),  L(w]) = (f,w])ixa (18)

2.4 Lagrangian and discrete problem

We want to find the saddle-point of the Lagrangian defined for all (¢, fg) eU boX U no by

1 T T 1 T (AT AT 1 i AT
Ly (07, () = ||U; — 96l 7ww + Sth (U, v7) + 58k (0h, 0) — Son (G Gr)

+ an(0F, () + b7 (U7, ¢F) — £(CF), (19)
where g5 := g + 0 denotes the available perturbed measurement of g. Notice that there
is no boundary condition on the primal variable, whereas there is a Dirichlet boundary
condition on the dual variable.

The discrete problem is derived by seeking a critical point of the Lagrangian and reads
as follows: Find (4],£]) € Uh X Uh0 such that

Mo (W, W) + 8 (ul, wi) + 7, (@, @7) + an(@F, &) + b7 (wF, &) = me(gs, w),  (20)

an (@, i) + b7 (W, my) — on(&h,i7) = Eny), (21)

where the first equation holds for all W) € U » and the second for all 7); € (7,:0. For all
(0F, fg) and (wj,n}) in U] x Uy,, we define the bilinear form

AL (07, G, (], i7)) = M (VT wh) + 6, (v, w) + sf (6], @F) + an(@F, )
+ 07 (W, CF) + b7 (VT ) + an (6], i) — on(CL ). (22)

The discrete problem (20)-(21) can be rewritten as follows: Find (], £7) € U boX U 1o such
that

AT ((af, ), (0], 7)) = me(gs, wh) + £(n5), V(@ i) € UL x Ufy.-



3 Analysis

This section is organized as follows. We first introduce a time reconstruction operator to
rewrite the bilinear form b”. This operator is classical in the context of dG methods in time;
see, e.g., [16, Section 69.2.3] or [23, Section 2.3] and the references therein. Then, we study
the stablity properties of A} in a suitable residual norm. Next, we introduce interpolation
operators in space and in time and we bound the consistency error. This allows us to bound
the residual in various norms. We combine these bounds with the abstract conditional
estimate from Lemma 1 to derive error estimates in the target subdomain B introduced
therein. Finally, we state the approximation properties of the interpolation operator, we
tune the size of the stabilization parameter and we establish the convergence rates for the
method.

In what follows, we use the convention A < B to abbreviate the inequality A < CB
for positive real numbers A and B, where the constant C' > 0 does not depend on h, 7, the
solution of the continuous and discrete problems. Unless explicitly specified, the constant
C is also independent of the parameter ~.

3.1 Time reconstruction operator

For all vT- € UZ, its time reconstruction R™(v}) € CO(J;UK) is defined such that
R™(vI)(t3) = vI-(t$) and such that, for alln € {1:N}, R"(v]) := R" (v})|1, € PHY(1,; UK)
satisfies

(O:R™(vF), 4F) 1, xa = (O, ¢ < + (WF" 1 dp (6 _1))es (23)

for all ¢% € P“(I,; U%). Since the function R”(v7) is continuous in time, its time derivative
is well defined over the whole time interval J. The main consequence of (23) is that the
bilinear form b" can be rewritten as

b (v, n7) = (OB (7)) axa, V(0T A7) € Uy x Upy. (24)

Moreover, it is well-known that the reconstruction operator can be rewritten as

IR/
RY07)(0,2) = v 0,2) — [or ] @) ) (e~ Lo o 0, (25)

for all (¢,x) € I, x 2, where Ly is the Legendre polynomial of degree ¢ defined on (—1,1)
and T, is the affine mapping from (—1,1) to I,,. A consequence of (25) is that

R*wi)(t;) = vi(t;), Vn € {L:N}. (26)

The following stability properties are useful for the present analysis (the proof is outlined
in Section 3.8.1).

Lemma 2 (Stability properties of R"). For all vI- € UT, we have

T (DT ()T T L TaL
10 (R™(vF) —vP)|laxe S 7 2d" (v, vF)2, (27)

1 1
IR (v7) = oFlloxe + IV (R (v7) = v7)llixa S 72d" (07, v7)>. (28)



Moreover, for all 05 = (v, v%) € (7;, we have

S

_1 _ U
172 [RT (o)) Fintl| g pime = R IR 0PI plxr ) S du(0F,07)2. (29)
h h
FeFjm
3.2 Residual stability
For all (27, f;) el b X U, o> we define the residual norm
197, GEIZ == 0T I& + 10T 5w + th (07 0F) + s7(8F, 87) + on(CR G, (30)
with
1
[0 IR = 1RO (0F) = A7vi) 3 + B2 IVOF e el e (31)

and Hh% [[VU%—]]fint-nfimﬂixf}iLm = ZFG}-;LM h|[[VoH]pnp|3y . Our key stability result
is the following inf-sup condition.

Lemma 3 (Inf-sup condition). The following holds for all (07, A}TL) € ﬁ,: X 17,:0,

o7, Gl < sup AR (@7, Gp), (F, 77))

(w7, i )€U x U7, \{(0,0)} o7, 7

(32)

Proof. Let us denote by S the right-hand side of (32).
(i) We first use the test functions @] := 0} and 7} := —(] to get
[V + 8 (05, 0F) + s7(0F, 07) + on(C, GF) = AR((OF, G (8F, —C7))
< Slog, ¢ill-

(ii) Let 7], := (0, (n}) per,) With 05 := h[Vul]p-np for all F € F™ and 5}, := 0 for
all F € F2. Since [|0,7]] = ah(ﬁ;,ﬁ;)%, we have

1 JU
[hz [[Vl’;ﬂf;;‘t'nf;nt H‘Q]Xﬂnt = an(0f,, 7y,
= A5 (0, ¢h)s (0,77)) + on(Chy 1h)
a7 Ay L AT AT
< Son(hs M) 2 + onl(Ch,r)
Ar Ary i AT AT
< (S +on(Ch, Ch)2)on(Mh,Mr)2-

(NI

Moreover, we also have

~ ~ ~ ~ _ 1
(i i) = A ) = 3 0 Il 3wor < DA V0T mn g 3, e
TeTh

This implies that

172 [V 7] ine mggne |5 ame S S + 0w (CE -



= (OR (W7, 15 s+ > {(V0F, Vi) sxr — (VoFng, nf) sxor
TEeTh,
— (v — V3, Vnpnr) sxor )
= (R (v]) = A ) axa — Y (0F — g, Vpnr) sxor.
TeT,

Using the definition of 7] and recalling the rewriting (24) of b”, we have

IO R™ (vF) — A7) [Tk
= an(0h, 1) + 07 (07 15) + Y (vF — vhp, Vipnr) sxor
TET,

- A‘frz(({}gv C;;)? (077?2)) + Uh(é}:, ﬁg) =+ Z (U} - UgTv vnf‘lr"nT)JxaT
TeTh

AT cTAT AT ATV\Y % AT AT
S SN0, 950 + (on(Chy Gh) + dn (D7, 0)) 2on(Mh, 15) 2,

N

since a discrete trace inverse inequality implies that

> hlIVarnrieor S IV Txa < on(ih, 0h).
TET

Furthermore, invoking again inverse inequalities, we have

oni i) = > (V0 3er + b~ IF 3o )
TeTh

SR 07 5 w0 = 1RORT (vF) — Arv) |-

This implies that
1R (vF) = Arv)5xe S 5% + da(0h, 07) + on((, CF)-

Gathering the previous estimates leads to the expected inf-sup condition. O

3.3 Interpolation operator and error decomposition

In this section, we define the space-time interpolation operator used in the error analysis.
Its definition is motivated by orthogonality properties. To facilitate the reading, the
approximation properties of this interpolation operator are discussed later in Section 3.7.

Let us first consider the approximation in time. For all v € H(J; HY()) and all
n € {1:N}, we define I%(v) € PX(I,; H'(Q)) by

L, (v)(t;) = v(tn), (33)

/ () — 0,40 =0, Vq" e B (I, H(Q)). (34)
Iy
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Furthermore, the approximation in space is realized by using L?-orthogonal projections.
Let y € HY(Q). For all T € T, we define I1%(y) as the L2-orthogonal projection of y|r
onto P¥(T), i.e., (T(y), qr)r == (y,qr)r for all gr € PK(T). For all F € F,, we define
I1%(y) as the L%-orthogonal projection of y|p onto P*(F), ie., (IX%(y),qr)r == (y,qr)F
for all gr € P*(F).

We can now define our space-time interpolation operator by setting, for all v €
H'(J; H'Y()), N

Iy (v) := (I7(v), I (v)) € Uy,

where I7-(v) € U and I%(v) € Ur are such that, for all n € {1:N}, all T' € Tj, and all
F e Fy,

I{(v) = I7(0)l1, = Tp(Iy(v),  L3(v) =I5 ()5, = T (L, (v)). (35)

We notice that the approximation operators in space and in time commute. Moreover,
proceeding as in [16, Lemma 69.16], we derive the following useful orthogonality property:
For all v € H'(J; HY(Q)) and all w} € PY(J; UL),

(O — LR (IZ-(v)), w5) yxqr = 0. (36)

Let us finally define the discrete and interpolation errors on the primal unknown.
Recall that u denotes the solution to the exact problem (1)-(2) and that (uj, ég) denotes
the solution to the discrete problem (20)-(21). The discrete and interpolation errors on
the primal unknown are then defined as

& = ap — (), 0f = (uulm,) — I (w), (37)

so that we have é,Tl = (07)reT,, (0%)Frer,) with 07 := u|p — I7.(u) for all T € T, and
0% = u|lp — I (u) for all F € Fy,.

3.4 Consistency and a priori residual bound

We now bound the consistency error in the discrete formulation. To this purpose, we
consider the norm

16715 == V70715 xq + 1RATOT T e + 16715 0

1 1 1
+ > {Ih2VOLl5cor + IR 2071 or + 1205715 or )
T€ETh

+ > AT G + IV 6T I8 + TlloF 07117 o (38)
ne{l:N—1}

Recall that the stability norm || - || is defined in (30)-(31). In what follows, we assume that

we HY(J; H (Q)) N LA(J; H*(Q)). (39)

Lemma 4 (Consistency). Let (4},£]) denote the solution to the discrete problem (20)-

(21). Let €} and 971 be the discrete and interpolation errors on the primal unknown defined
in (37). Under the regqularity assumption (39), we have, for all (w},n;) € Uy x Uf,

T((AT ¢T AT T T(TT T 1 AT
AL (&5, &0), (7, 0)) S (105114 + 110l s + 6 (L7 (w), I7-(w))2) l07, Ol (40)
|AR((€R: €1) (0,97))] S 0R 1110, 9711 (41)
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Proof. (i) Proof of (40). Using (&],€7) = (4], &) — (IF(u),0), the equation (20) in the
discrete problem, the definition (22) of A}, and g5 = g + 0, we have, for all wj € U},

((emfh) (wha ))
= M (g5, W) — My (F(u), W) — t (I(u), wT) — s% (1] (u), 0]
= M (6, wT) + me (07, W) — t7,(I7-(u), wF) — s; (] (u), BF).

The Cauchy—Schwarz inequality yields

M (6, wr)| + e (07, wr)| < (10| 7xw + 107 |1xw) w7 || 7x,
[47.(FF (), w7 )| S H,(FF (), I (w) 27, (wF, w]) 2,
s (L7 (), )| < sh (I (), I (w)) 2 s (4, 7).

Moreover, we have

shIp(w), I () = - h M I (w) = (W) wor
TeTh

+ > {Ie"IR + Vo™ < 167113
ne{l:N—1}

The bound (40) follows by gathering the above estimates.
(ii) Proof of (41). Proceeding as above and using now the equation (21) in the discrete
problem, we have, for all 7] € U,

AR((ERE0), (0,07)) = (fs 07 ) 7xe — 07 (17(u), ) — an(If (u), A7)
= - ah(f;;(u)vﬁg) - (AUﬂ?T)Jxm

where we used that f = dyu—Au in J xQ and (9yu, 7). x = 0™ (I7(u),n7) owing to (36)
and (24). Recalling the definition (10) of aj, we infer that

AR (R, &), (0,0) = Y { = (VIF(W), Viug)sxr + (VIF(uw)nr, 0y — 13) sxor

TET,
+ (IF(u) = Iip(u), Vop-nr) jxor — (Au,nf) sxr )

= Y {(VO7, Vnp) sxr — (VO7-nr, 07 — 0hr) sxor
=n

+ (05 — 0%, Vn-nr) yxor }

where we used the assumed regularity of u and the fact that n7. = 0 for all ' € ]-',? to
infer that ZTeTh (Vunr,nhr)sxer = 0. Using Cauchy-Schwarz and inverse inequalities,
we readily obtain (41). O

Lemma 5 (A priori residual bound). Under the regularity assumption (39), we have

m\»—‘

JURUR | .
+ sp (@, 17)2 S 0714 + 116173 + 6 (T7(w), T7(u)) 2.

N

ller, ER 1l + ¢ (uFr, uF)
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Proof. Using inf-sup stability (Lemma 3) yields

~ AT "T’ cT , AT’ AT
[ERARS sup A((h. €4, (05, 7)),
(@F A7) €07 x U7, \{(0,0)} 17, 27l

Moreover, owing to consistency (Lemma 4), we have, for all (@], 7]) € ﬁg X ﬁgo,

AT AT AT AT T T(TT T L ar ar
| A7 (&R &1)s (s )L S (N0R 1 + 1101 g3 + 8, (L7 (w), I7-(w)) 2) |l @og,, 4 -

Combining the two bounds gives

NJ\»—-

167, 00 S 116714 + 1615w + th U7 (u), I3-(w)) 2.

Finally, observing that

(I (w), Tr(u) 7 + llég, &7,
u 07l + €5, €11,

NI

th (ulr, )2 < (I (u), (u))? + 6], (eF, )

~ PN 1
sp (g, U5)2 < Sg(fh( ), Ih( )2 + sp(ep, ep)
concludes the proof. O

Remark 3.1. (Lemma 5) The a priori residual bound involves three terms, one de-
pending on the interpolation error of the exact solution measured in the ||| x-norm, one
resulting from the presence of noise in the measurements, and one resulting from the
regularization.

3.5 Bound on dual error norm

In this section, we prove another important result bounding some dual norm of the error.
Recall the operator L := d; — A so that, for all v € H(J; L?(Q)) N L*(J; HY(Q)) and
all n € L*(J; H}()), we have (L(v),m) 21y, 23y = (Orvsm)axa+ (Vv, V) o, where
()2 (r-1),22(ap) stands for the duality product between L3(J; H71(Q)) and L2(J; HE(Q)).
The operator L can be extended to discrete functions v7- € H'(J; UL) by setting

(L7 (7). L2y, 20y = (Oevsm)axe + (Vror, Vi) sxa. (42)

The corresponding dual norm is

I L7 L2051 (0)) = sup {8, n)1xa + (V7v, V) sxa}-
neL?(J;HL(Q))
Vallsxe=1

It is also useful to introduce the data oscillation term
Of = f—1I"(f), (43)

where TI7(f)|7, := % (f|1,) for all n € {1:N}, and I, denotes the L?-orthogonal projec-
tion from L2(I,; L?(Q)) onto P!(I,; L?()).



13

Lemma 6 (Bound on dual error norm). Under the reqularity assumption (39), we have
L7 (R (uF) — u)ll L2 (7;-1(0))
-1 T T(TT T 1
S A+ 77200515 + (161l sxe + R (7 (w), IF(w) 2 + |Of]lsxo-
Proof. Let n € L?(J; H}(S2)) with |[Vn]|yxo = 1. Recalling the definition of ©, we have
(L7 (R (uT) — ), 77>L2(H—1),L2(H3)
= (R (ur),m)axa + (VTR (uy), V) 10 — (7 (f);m)axa — (©,m)sx0
= (O R (u), 11" () sx0 + (VTR (uF), V) uxa — (L, 1I7(0) sxa — (©f, 1) 1x0;

where we used the L?-orthogonality properties of II". Let )y, € U no be such that

i1, = (LI (nlr))re,, (LI (lr) rer,) € PX(In; Upy),
for all n € {1:N'}. Invoking the second equation (21) in the discrete problem and recalling
the rewriting (24) of b™ gives
(O:RT (), ) sxa + an(@h, 1) — on(Eh. k) = (F:17) sxa-

Subtracting this equation from the above expression, recalling that f = dyu — Au, and
re-arranging the terms leads to

(L7 (R™(wF) — w)sm) p2eg—1y, 02y = A1 + A2 + As,
with
Ay = (O(R(u) — u) — Ag(uf — u), 1T (1) — 17).1x0;
Ay = (V7R (), V) sy — an(af, i) + (Ao, 17 () — ) e
A3 = O-h(g;;’ﬁ}:) - (@f777)J><Q'
A straightforward calculation using the definition (10) of the bilinear form a; shows that
Ay = (V7 (R (uF) —uf), V)yxa + Y, (uf — udp, ViF-nr) rxor,
TETh
since we have
(V7uT,Vn)xa — an(ig,, 0y,)
= (Vruf, VeI (n) —n7))sxo

+ 3 {(Vufnr, uh = n5r)sxor + (W5 — whp, Vi) seor
TeT,

= (_ATU% HT(U) - U’Tr)JxQ

+ Z {(Vu%-nT, 07 (n) — njr)sxor + (up — ujy, Vﬁ%'"T)JxaT}
TeT

= (“A7up, () =n7)uxa + 3 (uf = uhr, Viipnr)sxor,
TeTh
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where we used that (Vyul-, V(n —II"(n)))sxq = 0 in the first equality and the fact that
(Vulnr)|n, xor € PY(I1;;P*(For)) and the definition of 77, in the third equality. It
remains to bound Ay, Ag, As.

(i) Bound on A;. This is the most delicate term. We observe that

Oy (R (ur) —u) = Ar(ur —u) = O R (ur — I7(u)) — A7 (uy — IT(u))
+ ORI (u)) —u) = Ar(I7(u) — u).
Recalling the definition (31) of the ||-||g-norm, we have
(O R (uf — I7(u)) — Ag(ur — I7(w), " (n) — n7)sxal S lleFlrlIVallrxa,
where we used that
T (n) — n7llsxae < RIVAllixe.

Owing to Lemma 5, we have |[e7-|[r < 167114 + 110] 7xew + th (I (u ),I%(u))% Moreover,
the triangle inequality, the estimate (27), and the above bound on ||II7 (1) — 97| 7xq give

(2
\(C%(RT(I%( u)) — ), I (n) = n7) 10
< (o7 (R (17 (u) — I7(u ))HJxﬂHlat (u = I7(u)Lrxe) Rl V1l sxa

< (d (I (), T (w) 2 + 72|
Finally, we have

(A7 (IF(u) — u),II"(n) — n7)sxal S RIATOF sxal Vil sxa-

Gathering the above estimates gives

1
AL S (472D 07l + 1811w + 87 (7 (), I () 2) [ V]l
(ii) Bound on Ay. Owing to the Cauchy-Schwarz inequality and (28), we have

1 1
(V7 (RT(uT) = uT), Vi)ixal S 72d" (uf, u7) 2 [Vl 1xq-

Moreover, using Cauchy—Schwarz and inverse trace inequalities, we have

ORIt
S dn(@g, a3) 2 [Vl sxo-

16767l 7x0) T 2 Bl V]l sx.

’ Z (up — uhp, Vnpnr) sxor
TeTh

Thus, we have
1 1 T 1
|[Aa| < (r2d7 (uF, uT)2 + di(af, 47)2) [Vl sxe-
Using 7 < 1 and Lemma 5 yields

AT AT AT T(TT T 1
|A2| S 7.7, 87)2 [ Vnllsxe S (1071 + 101lsxe + 6.7 (w), I7-())2) [ V]l -
n)

(iii) Bound on As. Since oy, (7], 77) = (V7054 wo+dn (7], A7), we infer that oy, (7], ﬁ;)% <

| Vnllsx. This implies that on (&, 7)| S on(&F. &) 2on (i, 7)? S on(& )2 [ Vnlloxo

and Uh(ﬁh,éh)2 is bounded in Lemma 5. Moreover, the bound |(©f,7)sxa| S |Of]l7xallVallixo
results from the Cauchy—Schwarz inequality combined and the global Poincaré inequality

in 2. Hence, we have

1
[43] S (19711 + 11811y + t7.(1F-(w), I7-(w))2 + 04 ]L1x0) V7]l sx0.

(iv) Combining the above estimates and recalling that || V7| sxq = 1 gives the expected
bound. 0
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3.6 Main result: error estimate in the target subdomain

We are now ready to derive our main error estimate. The idea of the proof is to combine
the results of Sections 3.4 and 3.5 with the conditional stability estimate from Lemma 1.
We use the target (semi)norm

[vlltrg == [Vl L2 (71 10522(B))

where T3, T, and B are defined in Lemma 1. Recall the quantities Cyy, > 0 and « € (0, 1]
introduced in Lemma 1. Recall that the ||-||#-norm is defined in (38), the data oscillation

term Oy in (43), that HAZ is the interpolation error defined in (37), and that the coefficient
(7, h) is used to weight the regularization bilinear form ¢} defined in (16).

Theorem 7 (Error estimate in target subdomain). Under the regularity assumption (39),
we have

= g S Can(1+ 77 R) (14 77 A+ 2e(r, )7 e
T T 1
< (1071l + 18]l sxeo + 6 (I7(w), I7-(w))2 + [|©]l1x)- (44)
Proof. (i) Using an averaging operator in space (see [6, Lemmas 3.2 and 5.3] or [15,
Chap. 22] and the references therein), we can build a piecewise polynomial function u7- €
{vT- € HY(J; HY(Q)) | v]| 1, x7 € PTL(L; PH(T)),n € {1:N},T € Ty} such that
1~ - _1
Ih=H (@5 — BT (uf))lgxa + IV (@ — BT (u))|laxe S 172 [RT (W) ]z [ g mpe
< dn(i, 47)2, (45)

where the first bound results from the approximation properties in space of the averaging
operator and the second bound from (29) (see Lemma 2). Invoking the triangle inequality
yields

[ = wrllug < lluF = @ llug + [[u = @ [lirg,

and we are left with bounding the two terms on the right-hand side.
(ii) Bound on ||uf — u%-||trg. We observe that

luF = uTllwg < (V7 (w7 = R (ur))llsxe + V7 (@ = BT (ur)) [ sx0-

The first term on the right-hand side is estimated by invoking (28) (see Lemma 2) and
the second term by invoking (45). Owing to Lemma 5 and since 7 < 1, we infer that

o oy r ol
S OR N + 10llrxe + 7 (7 (w), I (w)) 2.

(iii) Bound on ||u — @} |lg. Since W} —u € HY(J;HY(Q)) ¢ HY(J;H(Q) N
L?(J; HY(R)), we can invoke the conditional stability estimate from Lemma 1. This gives

(0%
1 — wllrg S Co (17 =l + 1L = W)l 210

-«
% (7 = ulloxa + 1L@F = )l 2m10p) -
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It remains to bound ||Elfr — Ullyxaws 07 — ulljxq, and [|L(aF — u)|[z2(7.5-1(0)-
(iii.a) Bound on ||} — || jxw. We have

[ = ullyxw < llu = Ir(W)lixe + lvr = IF(u)llxe + lur = 07 xw,
where I7-(u) is defined in Section 3.3. We have
Ju = Il = 10 e < 105
[ = I (W)llixw = le7llixe < 1€ &l
Furthermore, the bound (28) (see Lemma 2) and the bound (45) imply that
o — Wl < 5 = B @)L+ 1B (0F) — e
< r2d (U5, uk)? + hdy(a], 0])2.

Gathering the above estimates and using Lemma 5 (and 7 < 1, h < 1) gives

[

1@ = ullaxe S 67N + 18]|.1xe + 8 (7 (w), I7-(u)?.
(iii.b) Bound on |[u7 — ul[;xq. Using the same decomposition, we have
[ = ullxa < llu = I7(W)llsxe + ur = I7(W)llrxe + llur = uFllixo-

The terms [|u—I7(u)|| 7x0 + ||uF — 47| 7xq are estimated by using the same arguments as
in Step (iii.a). The bound on ||u7 — I7-(u)| sxn uses, however, a different argument since
we can only invoke here the regularization. This gives

1 1
luf = I7(u)llsxe = lleFllixa = v~ 2e(r, h) "' th (T, ) 2.

Invoking Lemma 5 gives

N|=

~T -1 — NT T(TT T
[0 — ullixa S U+ 2e(m ) ) (107114 + 16]l7xw + ;I (w), I7-(u))

(iii.c) Bound on ||L(u% — u)|2(7;m-1(q))- We have
IL(uF — wllr2m-19) < L7 — R (ur)| 22 (7.m-1(0)
+|[L7 (R (uy) — w)l| L2 (g1 (02))-

For the second term on the right-hand side, we invoke Lemma 6 to infer

_1o\uar
L7 (R (ur) = w)ll 2 (a1 S (L +772h)[|0; ] 4
1
01l + (17 (w), I7(u))2 + [[O]1x0-

To estimate the first term on the right-hand side, we bound the dual norm by considering
an arbitrary test function n € L?(J; H}(Q)) with |[Vn||sjxq = 1. On the one hand, we
have

|@:(ug — BT (ur)), m)sxal S 10:(ur — BT (u))|Lrxallnllrxe

R ~ 1
< v hdp (A, A7) 2 ||Vl gxos
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where we used an inverse inequality in time, the estimate (45), and a global Poincaré

inequality in 2. On the other hand, using again (45) gives
~T T (0T ~T AT\
[(Vr (@ — R™(uT)), Vi) oxal S daldy, @) | Vlloxe.

Combining the last two bounds and invoking Lemma 5, we infer that

~ (T - AT aT\E
| L7 (@5 — R™(u)|| 21y S (147 h)dn (@, 07)2

Altogether, this gives

I1L(a7 = )l L2192
- T T(TT T 1
S @+7 R (1071 + 10lLrxe + (I (w), I7-(u)2) + [|©¢[Lrxe.

(iv) Combining the bounds from the above steps proves (44).

3.7 Weighting the regularization

[SIE

<
S @+ ) (107112 + 18]l sxe + G (I (w), I7-(w))

).

The last step in our error analysis is to identify the weighting coefficient ¢(7,h) in the
regularization bilinear form. The interpolation operator defined in Section 3.3 fulfills the

following convergence properties (the proof is outlined in Section 3.8.2).

Lemma 8 (Approximation). The following holds for all n € {1:N}, all T € Ty, and all

v € H Y (L HA(T)) 0 HY (s HF(T)),

¢
+1HUHHZ+1(IR;L2(T)) + thrleHHl(In;Hk+1(T))a

117:(v) = vllLxr S 7
IV (v) = )l xr S 7—£+1”UHH“1([TL;H1(T)) + thUHHl(In;H’“Jrl(T))a
B2V (IF©) = 0) 10w S 027 ollgees 1oy + B8 ol (1, .
hIIA(I7(v) = V)|l L xT S hT”lHUHHHl(In;HQ(T)) + hk”UHHl(In;H’H'l(T))v
10 (I7(v) — V)| 1 xT < TEHUHH”l(In;LQ(T)) + thHUHHl(I,L;HkH(T))'

Moreover, we also have for all s € I,

1
[(I7(v) = v)(s)lr < LA HUHHZH(I,L;B(T)) + hk+1”“||H1(1n;Hk+l(T))a
n 1
IV (Z7(0) = 0)(s)llr S 72 oll eer gsm ) + B0l b s (-

Finally, we have

1 1
h=2|[I7(v) — v|| 1, xor + R~ 2|[1gp(v) — V|1, <01

_1 k
S B T ol gessrm ey + B0l gy -

We consider the functional space

U, = H2(J; L2(Q)) N HH (T, HA(Q)) N H (J; HFH(Q)),

(46)
(47)
(48)
(49)
(50)

(53)

(54)
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equipped with its natural norm ||-||«. An important consequence of Lemma 8 is that, under
the assumption u € Uy, we have

10714 + 1 (I (w), IF(w)2 + O luxa S (1 4+~ 7) 272 4 B + 52 e(r, 1)) |[ull., (55)

where we used that 7 < 1 and h < 1 to simplify the expression. Notice also that u € Ui,
implies that f € HT1(J; L2(Q)).

Theorem 9 (Decay rates). Assume that u € U, and that 7 < h, h < 7. Set
e(t,h) = e 4 pk, (56)
We have the following decay rates on the errors:

AT FT ToT T\ T(AT ATVE 1
€%, €l + ¢ (uFr, ul) 2 + sh(af, a7)2 S (772 + BF)Jull + (18]l sx (57)
1 1 _
lu = W lleg S Cotn (772 + B (Jull + (777 + B5) 76| rxc0)- (58)

where the hidden constant scales as max(7y, 1)% in (57) and max(%*yo‘_l)% in (58).

Proof. Plug (56) into Lemma 5 and Theorem 7 and use (55). O

3.8 Technical proofs

In this section, we outline the proofs of Lemma 2 and Lemma 8. The proofs use standard
arguments from finite element approximation theory.

3.8.1 Proof of Lemma 2

Let 47 := (vF, v%) € Uy
(i) Proof of (27). For all n € {1:N} and all ¢% € P‘(,; U%), we have

(R (vF) = V1), ¢F)1axe = (71" ¢ (6_1))e-
Invoking a discrete trace inequality in time implies
_1 _
10:(R™ (vF) = vl raxe S 772 IIv7]" e (59)

Summing over n € {1:N'} proves (27) since 1. ny [[oF]" I3 < d7 (v, v7) (recall that
[-]° = 0 by convention).

(i) Proof of (28). Since we have (R"(v})—v})(t,, ) = 0 (see (26)), a Poincaré inequality
in time over I,, and the bound (59) yield

1 —
IR (v7) = vl rxe S TI0(R" (v7) = v nxe £ 72 [[v7]" e

Summing over n € {1: N} proves as above that

[N

IR (vF) — 03| yxa S 72d7 (V5 vF)?. (60)
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Moreover, (25) shows that the operators R™ and V7 commute. Hence, using the same
arguments as above shows that

1 —
IV (R (v7) = vP)lrxe S T2 IIVFO7]" " o
Summing over n € {1:N} and since >, c1.ny || [Vrur]™ 3 < d7(vT, vT) gives
IV (BT (7)) = v a S md7 (0, 0F). (61)

Summing (60) and (61) proves (28).
(iii) Proof of (29). For all I € Fi™ the operators R™ and []z commute. In particular,
we have, for all n € {1:N} and all ¢} € P*(1,,; P¥(F)),

O([R™(vF) = v} R)s df) roxr = (o7l Rl ai (6 1)) s

and [R"(v}) — v}]F(t;,) = 0. Hence, using the same arguments as above shows that for
all n € {2:N},

IR (vF) = vilFll<r S TI0([R" (vF) = o7]p) I rxr
L T n— T
S 2 e S 17l ell, aun)xr-

Summing this relation over n € {2:N}, we get

1 _1
R 2[R (vF) — U%H}‘}I“tHJx}‘}I“t Sk [[U;’]]}‘}L“tHJX}‘}LHt'

Finally, (29) follows from

1 1 1
IR R (0Pl e < 1A IR (0F) = 05 i i+ 1073 03 g e
_1 L
NI 2[[”%’]]?@“||fo;?° < dn(p,,07)2.

3.8.2 Proof of Lemma 8

Let v € H™Y(I,; H3(T)) N HY(I,; H**1(T)). Recall that I'(v) := T4 (I(v)) for all
n € {1:N} and all T € T, (see (35)), where II%, is the L2-orthogonal projection onto P*(T’)
and I is the approximation operator defined in (33)-(34). The stability and approximation
properties of II5. are classical (see, e.g., [15, Sec. 11.5.3]); those of Y are discussed in [16,
Sec. 69.3.2 & Ex. 69.7].

(i) Proof of (46). The triangle inequality gives

1277(0) = vl ryxr < WL (0) = I (0) | roxr + 15 () = 0l x7-
The first term on the right-hand side is bounded as
51 (0) = L) roxr S BT (0) | L2y S B0l g mesr

where we used the approximation properties in space of H’% in the first estimate and the
H'-stability in time of I in the second estimate. Moreover, the second term on the
right-hand side is bounded as

4 ¢
[15(v) = vllxT S 7 +1’\U||Hé+l(1n;L2(T))a
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where we used the approximation properties in time of fﬁ. Combining these two estimates
proves (46).

(i) Proof of (47), (48), (49), and (50). We can use similar arguments to those invoked
in Step (i) since we have

IV (I (0) = o)l rxr < IV (I (0)) = () |t + 11(V0) = Vol r,xr,
10u(T7(v) = 0)llr,x7 < [T (B: L, (v)) = Oy (V) | + 10T (v) = V)1, 5,

because the operators .ff; and V commute, as well as the operators Hl} and J;. A similar
argument can also be used when replacing V by A.
(iii) The proofs of (51), (52), and (53) employ similar arguments.

4 Numerical results

In this section, we present numerical experiments to check the convergence rates estab-
lished in Theorem 9.

All the errors are computed as the difference between the numerical solution and the
L?(J; L?(2))-orthogonal projection of the exact solution. These errors are measured in
the L?(Ty, Ty; H'(B))-seminorm, where (T1,T») x B is specified below for each test case.
A noise is added to the measurements in the following way: at each evaluation of the
exact solution u to compute g (i.e., at each space-time Gauss node that belongs to J x w),
the random noise added to the exact solution is computed as §(¢, x) := a * rand(), where
rand() is a C++ function returning a random number in [—1,1]. The noise amplitude is
chosen as a € {0,1075,1073}. Moreover, the Tikhonov regularization coefficient is always
set to v := 1073,

All the tests are run with the DiSk++ library [12], and all the linear systems are solved
using the Pardiso solver from the MKL library. During the matrix assembly process, we
compute the value of the coefficients for the first time interval I; and for its coupling with
the next time interval I5. Then, since the time step is constant, the coeflicients associated
with the following time intervals are the same and therefore do not need to be recomputed.

4.1 One-dimensional test cases

In this section, we consider the following one-dimensional setting:
2:=(0,1), w:=(0.25,0.75), Tr:=2, wu(t,x):= cos(nt)sin(rz).
All the errors are estimated in the subdomain
(Th,T>) x B :=(0.2,1.8) x (0.125,0.875).

We consider two settings. First, the case with unknown initial data but with known
Dirichlet boundary data on J x 0€2. In this situation, the boundary conditions can be
enforced in a strong way on the boundary face degrees of freedom by searching j in U o
and not in U ,- Notice that in this case, we have a = 1 in Lemma 1 (see Theorem 2 from
[7]). We then expect the same convergence rates as for a well-posed problem, i.e., k in
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Figure 1: L?(T1,Ty; H'(B))-seminorm errors for the 1d test case without any noise. Both
cases with known or unknown boundary data are considered. Left: space convergence
(M € {16,32,64,128}, N = 128, ¢ = 3). Right: time convergence (N € {10,20,40,80},
M = 256, k = 3).

space and £+ % in time. Then, we consider the case where both initial and boundary data
are unknown.

We use a uniform mesh in space and in time (N cells in time and M cells in space).
Four levels of refinement are considered in space (M € {16,32,64,128}) and in time
(N € {10,20,40,80}). We run two convergence studies. At first, for a good precision
in time (N = 128, ¢ = 3), we study the error for several successive space mesh sizes
M € {16,32,64,128} and several polynomial orders k& € {1,2,3}. Then, for a good
precision in space (M = 256, k = 3), we study the error for several successive time mesh
sizes N € {10, 20, 40,80} and several polynomial orders ¢ € {0,1,2}. The results without
any noise are reported in Figure 1. We observe optimal space convergence at rate k for
k € {2,3}. Instead, we obtain superconvergence at rate 2 for k = 1. Moreover, we observe
time convergence at rate /+1, for £ € {1, 2}, which is slightly better than the expected rate
{4+ % from Theorem 9. (Recall that the errors are computed as the difference between the
numerical solution and a projection of the exact solution.) Another relevant observation
is that a higher-order scheme is more efficient in terms of degrees of freedom. Indeed,
the scheme with ¢ = 1 and N = 40 has the same number of degrees of freedom as the
backward Euler scheme with ¢ = 0 and N = 80, but delivers better results. The same
remark can be made for £ = 2.

Let us now consider some noise in the observations. In this situation, we obtain the
same results as above until the error becomes small and then the convergence stops. To
illustrate this point, let us focus on the case with unknown initial and boundary data. The
results are reported in Figure 2 for £ = 2, M = 256, k = 3, and various mesh refinements in
time. As expected, the higher the noise, the larger the value at which the error stagnates.
Notice that in the case of known boundary data, the sensitivity to noise is much smaller
(results not shown for brevity).
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Figure 2: L?(Ty,Ty; H'(B))-seminorm errors for the 1d test case. Initial and unknown
boundary data with three levels of noise. Left: space convergence (M € {16, 32,64, 128},
k=3, N =128, ¢ = 3). Right: time convergence (N € {10, 20,40,80}, ¢ = 2, M = 256,
k= 3).

4.2 Two-dimensional test case
In this section, we consider the following two-dimensional setting:

Q:=(0,1)% w:=0)\/(0,0.875) x (0.125,0.875), T} :=2,
(Ty,Tz) x B := (0.2,1.8) x (0.125,0.875)%, u(t,z,y) := cos(nt) sin(wz) sin(7y).

We show in Figure 3 the domains @ and B. Notice that BN dQ = () and that @ ¢ B.
Both cases with and without boundary data are considered.

Figure 3: The domains w (left) and B (right) for the 2d test case (in red).

The space convergence is performed with the three triangulations shown in Figure 4
and k € {1,2}. Notice that these meshes are not fitted to w or B. In practice, we consider
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Figure 4: The three meshes used for the 2d test case.

that a triangle is in w (respectively, in B) if its barycenter belongs to w (respectively, to
B); see Figure 4. Moreover, we used N = 10 time intervals and the time degree ¢ = 2.
The time convergence is performed with N € {5,10,20}, ¢ € {0,1} and k = 2 with the
rightmost mesh from Figure 4. Notice that the linear system is generally ill-conditioned,
thus precluding the use of effective iterative solvers. The study of adapted preconditioners
could help solving this problem, see for instance [20], but we postpone further studies of
this point to future work.
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Figure 5: L2(T%, Te; H'(B))-seminorm errors for the 2d test case with noised data (a =
1073). Left: space convergence (N = 20, £ = 1). Right: time convergence (third mesh
from Figure 4, k = 2).

The L?(T1,Ty; H'(B))-seminorm errors obtained with noised data are reported in Fig-
ure 5. The convergence in space (left panel) indicates that that a better convergence rate
is obtained in the case of known boundary data since the convergence rate is k in this
situation. Moreover, this convergence rate is reduced in the case of unknown boundary
data: we get a convergence at rate less than 0.5 for k = 1. For k = 2, it seems that we
still get a convergence rate around 2, but it is not as clearcut as when boundary data are
known. Also notice that, since the convergence rate for £ = 1 is 1 in the case of known
boundary data, we can conjecture that the superconvergence observed in the 1d test case
was due to the fact that the domain was one-dimensional.

The convergence in time (right panel of Figure 5) seems to correspond to a convergence
at rate £ + %, even if the boundary conditions are not known. Notice that for the one-
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dimensional case, we got £+ 1 for £ € {1,2}. However, according to Theorem 9, we should
get a convergence rate of (¢ + %)a. Thus, it seems that, in this numerical experiment,
the reduction of convergence due to the lack of boundary data affects only the space
convergence.
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