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MONOGAMY OF ENTANGLEMENT BETWEEN CONES

GUILLAUME AUBRUN, ALEXANDER MULLER-HERMES, AND MARTIN PLAVALA

ABSTRACT. A separable quantum state shared between parties A and B can
be symmetrically extended to a quantum state shared between party A and
parties Bi,..., By for every k € N. Quantum states that are not separa-
ble, i.e., entangled, do not have this property. This phenomenon is known as
“monogamy of entanglement”. We show that monogamy is not only a feature
of quantum theory, but that it characterizes the minimal tensor product of
general pairs of convex cones C4 and Cp: The elements of the minimal tensor
product C4 ®min Cp are precisely the tensors that can be symmetrically ex-
tended to elements in the maximal tensor product C4 ®max C%m""‘k for every
k € N. Equivalently, the minimal tensor product of two cones is the intersec-
tion of the nested sets of k-extendible tensors. It is a natural question when
the minimal tensor product C 4 ®min Cp coincides with the set of k-extendible
tensors for some finite k. We show that this is universally the case for every
cone C,4 if and only if Cp is a polyhedral cone with a base given by a product
of simplices. Our proof makes use of a new characterization of products of
simplices up to affine equivalence that we believe is of independent interest.

1. INTRODUCTION

Let V denote a finite-dimensional vector space over the reals and C C V' a convex
cone. We say that the cone C is proper if it is closed, does not contain any line,
and is not contained in any hyperplane. Any proper cone C C V' can be described
in terms of its dual C* C V*, given by

C'={feV": f(z) 20 for any = € C},

since by the bipolar theorem we have (C*)* = C. While any proper cone can be
described from the inside by its extremal rays, the bipolar theorem describes the
cone from the outside as an intersection of half-spaces. This duality is fundamental
in the study of convex cones and it is a basic problem in convex analysis to switch
between these two descriptions.

We will be interested in the two canonical tensor products of any pair of proper
cones. Given proper cones C4 C V4, Cp C Vg, we may form the minimal tensor
product

CaA®minCp =conv{z®y : £ €Cx, ye Cp} C V4R Vg,

and the mazimal tensor product
CA®maxCB = (Cj{@mlncg)* = {Z S VA oy VB : (f ®g)(z) P Oa f S CZ, g€ C*B}

For proper cones C4 and Cp both tensor products are again proper cones. Moreover,

the tensor products may be iterated and since they are associative we may define

the k-fold versions C®mink and C®max* for any proper cone C. The two tensor

products reflect the aforementioned descriptions of convex cones: The minimal

tensor product is described by specifying generating elements and the maximal
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tensor product by an intersection of half-spaces. Moreover, their discrepancy can
be seen as a general form of quantum entanglement [1].

A central feature of quantum physics is known as monogamy of entanglement.
In our language, it can be described using the cones of positive semidefinite d x d
matrices MI with complex entries, which is a proper cone inside the real vec-
tor space M¥* of Hermitian d x d matrices. A bipartite quantum state is given
by a matrix pap € M;rAdB ~ (Mg, ® Mg,)t C ML@maXMjB for some integers
da,dp > 2 and it is called entangled if it does not belong to l\/Ijl'A R min l\/I;l"B. The
monogamy theorem [6l, [16] asserts that a quantum state pap € (Mg, ® Mg,)" is
entangled if and only if there exists an integer k£ > 2 for which no quantum state
0AB,--B, € (Mg, ® M?g)* satisfies the equation

PAB = (IdefZ ®7;fr) (0aB,-B)
where i
1 , ,
Tr _ — ®R(—1) sa ®(k—j)
W=7 Z;Tr @ldye ©Tr
=
corresponds to (symmetrically) discarding all but one out of the k tensor factors
labelled by Bj,..., Bi. Physically, this means that a bipartite quantum state is
entangled if and only if it cannot be partially shared with arbitrarily many parties.

Our first main result establishes a similar property for general minimal and maximal
tensor products.

Theorem 1. Consider proper cones Cy C V4 and Cg C Vg and a linear form ¢
in the interior of Cy. Then, we have

(1) CatminCs = () (1dv, @97 (Ca@maxCH).
k>1

where, for an integer k > 1, the kth reduction map 7,? : Vé@k — Vg is defined as

k
,.Y;f — Z ¢®(j*1) ® IdVB ® ¢®(k*j).
j=1

ol

Our Theorem [I shows that the monogamy property of quantum entanglement is
actually a common feature of the most general forms of entanglement for any pair
of cones. The question whether Theorem [l holds has been asked in [11, §2.4.1].
Even for cones of positive semidefinite matrices our results are new: They show
that entanglement cannot be partially shared with arbitrarily many parties even if
we allow for unphysical quantum states represented in the maximal tensor product.

Equation () produces a decreasing sequence of outer approximations to the
minimal tensor product, called the extendability hierarchy. A natural question is
whether this sequence stops after finitely many steps. We answer this question in
terms of combinatorial properties of the base Ky = Cp N ¢~1(1). We have the
following theorem:

Theorem 2. Consider a proper cone Cg C Vg and a linear form ¢ in the interior
of Ci. Then, for every integer k > 1, the following are equivalent:

(i) For every proper cone C4 C V4, we have the identity

CatninCa = (1dv, ©77) (Ca®maxCh")
2



(ii) The base Ky is affinely equivalent to a Cartesian product of < k simplices.

As a byproduct of our proof, we obtain a characterization of products of simplices
as the only polytopes (up to affine equivalence) for which the operations “intersec-
tion” and “affine hull” commute when applied to the face lattice (see Figure[lfor an
illustration). We denote by aff(X) the affine hull of a subset X of a vector space,
using the convention that aff() = 0.

Theorem 3. Let P be a polytope. The following are equivalent:

(i) The polytope P is affinely equivalent to a Cartesian product of simplices;
(ii) For every faces (F;)ier of P, we have

(2) aff (ﬂ Fl> = maff(Fi).

i€l il
In the case of dimension 3, Theorem [3] means that the only polyhedra with-

out stellation are the simplex, the cube and the triangular prism, extending an
observation by Wenninger [I5, p.35].

FIGURE 1. The planar case of Theorem Bt if a polygon is neither
a triangle nor a parallelogram, it has disjoint edges whose affine
hulls intersect.

Conventions and preliminaries. Given an integer n > 1, we denote by [n] the
set {1,...,n}. All the vector spaces we consider are implicitly assumed to be
finite-dimensional. If V' is a vector space, the action of f € V* on x € V is denoted
as f(x), (f,z) or (z, f). We always identify the double dual V** with V itself.
Similarly, for an integer k > 2 we always identify (V®*)* with (V*)®*.

Given vector spaces V7, V5, the adjoint of a linear map ® : V7 — V4 is denoted as
O* VS — Vi*. If X C V, the affine hull aff(X) is the set of elements of the form
Az + -+ Apxy for an integer n > 1, elements z1,...,x, in X and real numbers
Aty .-y A such that Ay +---+ X\, = 1. An element y € V belongs to aff(X) if and
only if every affine function f: V — R which vanishes on X vanishes at y.

Structure of the paper. After reviewing the basic properties of the symmetric
subspace, we discuss the basic properties of the generalized extendibility hierarchy
(Section 271)), a useful dual formulation (Section 22) and some examples (Sec-
tion [Z3]) including the case of quantum theory. In Section Bl we prove Theorem [II
by making use of a generalization of the de Finetti theorem due to Barrett and
Leifer [3]. The proof of Theorem 2lis presented in Section @l It relies on Theorem 3]
which we prove in Section



2. BASIC PROPERTIES OF THE EXTENDIBILITY HIERARCHY AND EXAMPLES

Let V' be a finite-dimensional real vector space and k£ > 1 an integer. The
symmetric group &, acts naturally on V&F: if ¢ € &y, we define U, : VO — &k
as the linear map such that

Up(1 @ ®@Tk) = To-1(1) @+ ® To-1(p)

for every x1,...,2; € V. We define the symmetric subspace Sym, (V') as the sub-
space of V®F which is invariant for this action

Sym (V) = {z € V" . U,z = x for every o € Gy}
The symmetric projection is the operator Py, (v) : V®F 5 V®% defined as

1
Py, (v) =77 D Us

ceSy

Rk

)

It is a projection whose range equals Sym,, (V). If we identify (V®%)* with (V*)
we have the relation

PS*yrnk(V) = PSymk(V*)'

Moreover, if C C V is a proper cone, then

PSmG V)(C®m1n ) C®mink N Symk(V),
PSymk V)(C®max ) C®maxk N Symk(V).

2.1. The extendibility hierarchy. Consider proper cones C4 C V4, Cp C Vg
and ¢ € int(C%). For an integer k > 1, denote by

) Ext(Ca, Cr6) = (v, @ 77) (CaBmanCiet)

the cone appearing in Theorem [l Since 7,‘? = (Idy, ® ¢®*=1) o Py, (v), an
element x € V4 ® Vg belongs to Exti(Ca,Cp, ¢) if and only if

Fyk € (Idv, © Poym,(vs)) (CA®maxC®“‘“ ) P x= (IdvA ® Ildy, ® ¢®<k71)) (Uk)-

Such an element y; is called a k-extension of x and Extg(Ca,Cp, @) is called the
cone of k-extendible elements. Observe that

(IdVA ® PSymk Ve ) (CA®maxC®mdx ) = (VA & Symk(VB)) N (CA®maxC%man)

and therefore, whenever yy, is a k-extension of z, then (Idy,, ®Id%ék_1) ®o)(yk) is a
(k — 1)-extension of x. It follows that the sequence Ext(Ca,Cp, @) is a decreasing
sequence of cones. We also define

Extoo(Ca,Cp,¢) = [ ] Extx(Ca, Cp, 0).
E>1

The first level of this hierarchy is the maximal tensor product itself, i.e., we have
Ext1(Ca,Ch,¢) = CA®maxCp, and Theorem [ asserts that Exto(Ca,Cp,¢) =
CA®minCB-
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2.2. The dual of the extendibility hierarchy. The adjoint of the kth reduction
map 7,? is the map (vl‘f)* : Vi — (V3)®k which for ¢ € V}; reads as

(V) () = Psym, (v (¥ @ P®E=1),
Let ¢ € Vi @ V5. Tt follows immediately from (@) that
(4)  (E€Bt(Ca,Cp0)" = (v, ® (1))(C) € Ch@umin(Ch) =",
In particular, we can write down a statement which is dual to Theorem [I1

Theorem 4. Let C4 C Va4 and Cg C Vg be proper cones. For every x €
int(Ca®maxCp) and y € int(Cp), there is an integer k > 1 such that

(Idv, ® Py, (v)) (@ @ y°* V) € Ca@minCE".

Proof. By Theorem [I] applied to C% and C%;, we have

*A®min *B = EXtoo(C:kéh *Buy) = ﬂ Eth(Cj47C*Buy)
keN

Using the bipolar theorem in the form (C*)* = C whenever C is a not-necessarily-
closed convex cone, this is equivalent to the dual equation

CA®maxCp = <ﬂ Ext (C%, *B,y)> = |J Extx(C4, Chp)".

keN keEN

Since = € int(CA®maxCpr), there is an integer k > 1 such that x € Ext,(C%, C, y)*.
By (@), this means that (Idy, ® (7/)*)(z) € Ca®minCE™"", which is the desired
conclusion. [l

2.3. Examples.

Simplicial cones. We say that a cone C C V is simplicial (or classical) if any of
its bases is a simplex. Since Wf’ is the identity operator for any nonzero linear
form ¢, the case k = 1 of Theorem [l says that a cone Cp is simplicial if and only
if CA®minCs = C4®maxCp for every proper cone C4. This result can be traced
back to [I2] and is much simpler to prove than the case k¥ > 1 of Theorem
A strengthening of the k = 1 case was recently obtained [I]: given two proper
cones C4, Cp, we have CA®minCp = CA®maxCp if and only if either C4 or Cp is
simplicial.

Cone over a square. Consider the following vectors in R3
(5) xy0 =(1,1,0), z_o = (1,-1,0), 2o+ = (1,0,1), 29— = (1,0,—1)

and let Cp be the cone they generate (see Figure [2).
The dual cone C} is generated by the following linear forms, identified with
vectors in R3

1 1 1 1
Yyt = 5(17 L1), - = 5(17 L=1), ¥4 = 5(17 —L1), ¢ = 5(17 —1,-1).

Consider the linear form ¢ = (1,0,0). The corresponding base K, of Cp is
the square whose vertices are the vectors ([@). The second reduction map satisfies
5
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FIGURE 2. The cone Cp over a square

v (u®v) = 432 for every u,v € Kg. One can check that it can be rewritten, for
y€ R®*®@R3, as

295 (y) = (Yt @i +¥4- @91 4)(y) - T4o
+ W4 @Y+ Y ®Y_1)(y)
+ (W4t @V + ¥4 @4 )(y)
+ (Wy— @V + Y @9 )(y)

Let C4 C V4 be a arbitrary cone. For any z € CA®paxCB®maxCp, this formula
shows that (Id4 (Xwg)(z) belongs to C4®minCpg, since it produces a decomposition
into a sum of 4 terms (with nonnegative weights) of the form x4 @ xp with x4 € C4
and zp one of the vectors in ().

We also observe that the choice of the linear form ¢ is crucial. If we choose
¢’ € int(C%y) which is not proportional to ¢, then the corresponding base Ky is
a quadrilateral which is not a parallelogram. Theorem [2] then implies that the
extendibility hierarchy for ¢’ does not stop after finitely many steps.

. ‘T—O
" To+

To—.

The quantum case. Consider an operator pap € (Mg, ® Mg,)" and an integer
k > 1. We say that pap is k-max-extendible if there exists an operator cap,...5, €

I]]H,Xk:
M;r Qmax (I\/I;FQ)® such that

1
PAB = (Ideﬁ ®Wgr) (0aB,.By,) -

If moreover the operator o4p,...p, can be chosen to be positive semidefinite, we
say that pap is k-PSD-extendible. An operator which is k-PSD-extendible is also
k-max-extendible, and the following proposition shows that the converse is false.

Proposition 5 (Proved in Appendix [Bl). There is an operator pap € (M3 ® M3)™
which is 2-maz-extendible but not 2-PSD-extendible.

The usual monogamy theorem [6], [I6] states that an operator which is k-PSD-
extendible for every integer k > 1 is separable; the stronger version given by The-
orem [l is that an operator which is k-max-extendible for every k > 1 is separable.

Finally, let us mention the following consequence of Theorem [l To our knowl-
edge, this result does not appear in the quantum information literature.

6



Corollary 6. Let pap € (Mg, @My, )" be of full rank. Then there exists an integer
k =1 such that the operator on Mg, ® l\/Iffzk defined as

k
1 ®(k—1
z E PAB, = (IdMZBI ®PSymk(M§‘;)> (pAB & 1d2( )>
=1

s fully separable, i.e., belongs to M;Z@min (l\/l;l:)®mi“k.

3. PROOF OF THEOREM [I]

One direction is easy: if # € C4®minCp, we may write z = ). a; ® b; with
a; € C4 and b; € Cg. We may assume by rescaling a; that ¢(b;) = 1. The formula
Yp =2, 0; ® b?k shows that x is k-extendible for every integer k.

The other direction of the proof relies on a specific choice of extensions. We say
that (yx)r>o0 is a compatible sequence (for (Ca,Cp,¢)) if the following conditions
hold:

(i) We have yo € C4 \ {0};
(ii) For every k > 1, we have y;, € (VA ® Symk(VB)> N (CA®maXC%mxk>;

(iii) For every k > 1, we have

Ye-1 = (IdVA oIy Ve ¢) (yx)-

Iterating the last property shows that whenever (yx)r>0 is a compatible sequence,
then yy is a k-extension of y; for every k > 1.

Our proof strategy is to first show in Lemmal[Zlthat for every € Exts,(Ca,Cp, @)
the extensions can be chosen such that they form a compatible sequence. Then we
use a representation of compatible sequences given by Proposition [§] to finish the
proof.

Lemma 7. Let x € Exto(Ca,Cp,@). Then there exists a compatible sequence
(yr)k>0 such that y; = x.

Proof. We necessarily have y; = z and yo = (Idy, ® ¢)(x). For every k > 2,
let xp be an arbitrary k-extension of z. The compatibility can be enforced by a
compactness argument. For k < n, the vector

Yo = (Idy, © Idyer @ 60 0) (@)

is a k-extension of x. Since for every integer k the set of k-extensions of z is
compact, by a diagonal extraction process (see, e.g., [I3, Theorem 1.24]), we may
find an increasing function g : N — N such that the limit yx = lim,— o0 Yk g(n)
exists for every k > 2. The sequence (yx)r>o0 is compatible, as needed.

Proposition 8. Let C4 C V4, Cg C Vg be proper cones and ¢ € int(Ch). Let
(yr)k>0 be a compatible sequence. Then there exists a couple (m, ), where

(i) m is a Borel probability measure on Ky,
(ii) o: Ky — Va4 is a Borel map such that 7({o € Ca}) =1,
(iii) for every integer k >0,
(6) Yk = / a(w) @ w® dr(w).
Ky

7



Moreover, if (7', ) is another couple satisfying these three conditions, then m = 7’

and 7({a =d'}) = 1.

The result of Proposition [ is very similar to (and could be deduced from) a
theorem by Barrett and Leifer [3] which is a version of the de Finetti theorem for
arbitrary cones (see also [5] for related results). This extends the argument given
in [4] for the quantum case. For the reader’s convenience, we will present a new
simpler proof of Proposition [§ using directly the classical de Finetti theorem.

Let us recall the statement of the de Finetti theorem. Let F' be a finite set and
(Ys)n>1 be a sequence of F-valued random variables which is exchangeable (i.e.,
for any integer n > 1 and any permutation o € &, the tuples (Y7,...,Y;) and
(Yo(1), - - - Yo(n)) have the same distribution). The de Finetti theorem asserts that
there is a unique Borel probability measure 7 on the set Prob(F') of probability
measures on F' such that for every n > 1 and x4, ...,x, € F",

Prob(F)

We need a small extension of this statement. Assume that W is an additional
random variable taking values in a finite set F and such that the sequence (X,,) is
exchangeable conditionally on W. Then there is a unique family (71;);cp of positive
Borel measures on Prob(F') such that, for i € E

(M) P(W:i,Xlle,...,Xn:xn):/P gy P1) - Ple) i),

We necessarily have 7 = >, m;. For i € E, denote by «; the Radon-Nikodym
derivative of m; with respect to m. We can rewrite () as

B8) PW=iX1=u1,....,.Xp=a,) = /P o a;(p)p(x1)...p(z,) dr(p).

We also use the following simple lemma.

Lemma 9. Let K C R" be a convex body, i.e., a compact convex set with non-
empty interior. There is a sequence (Ag)g>1 of simplices such that A = K.

Proof. Without loss of generality, assume that 0 € K. It suffices to show that for
every © € R™ \ K, there is a simplex A containing K but not . This can be
seen as follows: by the Hahn—Banach separation theorem, there is a linear form f;
such that fi(z) > B := maxg f1. We may find linear forms fo, ..., fo4+1 such that
0 € intconv(f1,..., fnt1). For A >0, the set

{reR" : fi(z) < B, filx) <Aforie{2,...,n+1}}
is a simplex which does contain z; for A large enough, it contains K as needed. [

Proof of Proposition[8 Suppose first that the cones C4 and Cp are simplicial.
Without loss of generality, we may then identify C4 and Cp with the cone of
positive measures on some finite sets £ and F, and K, with the set of probability
measures on F. Up to rescaling, we may also assume that yg is a probability mea-
sure on F. In that case, the conclusion is equivalent to the conditional de Finetti
theorem as in ().

Consider now the general case. We use repeatedly the fact that the sequence
(yk)k>0 is a compatible sequence for (C,C’, ¢) whenever C and C’ are proper cones

8



containing respectively C4 and Cp, and such that ¢ € int(C™). In particular,
choosing C and C’ to be simplicial cones, we obtain the existence of a positive Borel
measure 7 = 7c,cr on A ;= C'N ¢~1(1) and a Borel map o = ac,cr such that for
every k > 0

Yk = /A a(w) ® w®* dr(w).

To finish the proof, it suffices to show that (i) the measure 7 is supported on Ky
and (ii) the function « is m-almost surely C4-valued; the uniqueness property for
(Ca, Cp) then follows from the uniqueness property for (C, C’).

Let Ay be another simplex in the affine hyperplane ¢—1(1) such that K, C Ay
and As a third simplex such that A U A; C A,. By the uniqueness property
for (C,cone(Ay)), it follows that 7 = ¢ cone(a;) = TC,cone(a,)- 1N particular, the
measure 7 is supported in A N A;. Applying Lemma [0 proves that 7 is supported
on K.

Similarly, let C; be another simplicial cone such that C4 C C; and Cq a third
simplicial cone such that CU C; C Cy. By the uniqueness property for (Ca,C’),
we have a = ac, 0 = ac,,c 7a.s. It follows that a takes m-a.s. values in CN Cy.
Applying Lemma [A proves that « takes m-a.s. values in C4. O

Proof of Theorem [ By Lemmal7] given an arbitrary element z € Ext(Ca,Cp, ®),
there is a compatible sequence (yx k>0 with y1 = . Equation (6l applied with k£ = 1
shows that z = y; € CA®minCp. .

Remark 1. Theorem[I]can be extended to the case of more than two factors. Given
proper cones Ca,Cp,,...,Cp, and for every i € [d] a linear form ¢; € int(Cjp, ), the
minimal tensor product C4®minCp, Omin - - - @minCp, is equal to

N (IdVA B R ® ’Y;f;) (CA®maXC%;ax’“1®max L ®maxcg,;axkd) .
o keg>1

The proof of this result is similar to the proof of Theorem [II The correspond-
ing classical de Finetti theorem is the following. Suppose that (X;)neN’ie[d] is
a family of random variables such that, for every finitely supported permuta-
tions o1,...,04 of the integers, (Xf,i(n))neN,z'e[d] has the same distribution as
(X} )nen,iclg- Then (X[) is distributed as a mixture of ii.d. variables, each el-
ement in the mixture being distributed as an independent tuple (Y;);c(q. We omit
details.

4. PROOF OF THEOREM

Fix a proper cone C C V and ¢ € int(C*). The kth reduction map 7,? (VeE Ly
can be viewed as a tensor, namely the unique element of (V*)®* @ V such that

Px1) +--- + P(an)
k

9) (Wl @ @, @) =

for every 1,...,71 € K¢y and ¢ € V™.

We say that the kth reduction map *y,f is entanglement-breaking if, as a tensor, it
belongs to (C*)®minkg « C. We use the following basic property of entanglement-
breaking maps (see for instance |2, Proposition 2.2]). Given proper cones C; C V;
and Cy C V5 and a linear map ® : V7 — V5, the following are equivalent:

(i) The map @, as a tensor in Vi* ® Vs, belongs to Ci®uminCa;
9



(

(ii) For every proper cone C4 C V4, we have
(IdVA & (b)(CA@maxCl) g CA®minC2-

Using this equivalence for the cones C; = C®max* Cy = C and the map ® = 'y,f, we
may reformulate Theorem 2l as follows.

Theorem 2F. Let C C V be a proper cone, ¢ € int(C*) and k > 1 an integer. Set
Ky, =Cn¢~1(1). The following are equivalent:

(i) The kth reduction map ”y;f is entanglement-breaking;
(ii) The base K¢ is affinely isomorphic to the Cartesian product of < k sim-
plices.

If P is a polytope, we denote by V(P) the set of its vertices and by F(P) the set
of its facets (=faces of codimension 1). We will start by proving the easy direction:

Proof that (ii) implies (i) in Theorem[d’. A basic observation is that given two poly-
topes P and @, the faces of the Cartesian product P x @ have the form F x G,

where F' is face of P and G is face if Q). Consider simplices Ay, ..., A, possibly

0-dimensional, and the polytope IT = Aj x --- x Ag. Its vertices have the form

(v1,...,v) for v; € V(A,;) and its facets have the form

(10) AlX"-XAZ'_1><FXAZ'+1><---><A;€,

for i € [k] and F' € F(A;). Assume that K, is affinely isomorphic to II. We may
label the vertices of Ky as

{Zoy,..vn Vi €V(A)}
and define, for every i € [k] and v € V(A;), an affine map ¢} : aff (Ks) — R by
v 1 ifyy=vw
Y (I'Ul »»»»» 'Uk) = {

0 otherwise.

We may extend v} to a linear map defined on V', which we still denote by v}, and
which is an element of C*. We observe that for every j € [k],

(11) o=y U
vEV(Aj)

since both sides evaluate to 1 on any vertex of K,. Let ¢ € [k], v € V(4;) and
21,...,2r € K4. We compute, using the fact that PS*ymk(V) = Psym, (v+) and ()
for every j # i,

Z Z PSymk(V*)(T/ﬂfl®"'®¢Z’c)®xv1 VVVVV uk,21®"'®zk®¢;}>

’U1€V(A1) ’UkEV(Ak)

= Z Z l{vi:v}<w7fl®"'®1/)]Zk7PSymk(V)(zl®"'®Zk)>
v1EV(A1) v EV(Ag)
= (0D @ @ ¢®* ) Py (vy(21 @ @ 21))
_Pi(z) + -+ ()
k
=1, 10 Q2 YY),

10



Since elements of the form 21 ® - - - ® z; ® Y span the space V®* @ V*, we conclude
that

”Y;f: Z Z PSymk(V*)(wfl ®®¢Zk)®xv1 ..... v

v1EV(A1) v EV(Ag)
and therefore the map 7,‘? is entanglement-breaking. (I
The second half of the proof of Theorem [ requires a couple of preparatory

lemmas and some terminology about polytopes. Let P denote a polytope. The
avoiding set of a vertex x € V(P) is given by

Av(z)={F e F(P) : = ¢ F},
i.e., the set of facets not containing x. We say that a tuple (Fy,...,Fy,x) €
F(P)* x V(P) is admissible if Av(z) C {F1,..., Fi}.
Lemma 10. If ’y,f s entanglement-breaking, then Ky is a polytope.

Proof. By assumption, there exist an integer N > 1, elements x;,..., 2y in Ky
and (f?)ie[N],je[k] in C* such that

K2

N
(12 =S feefen
=1

For every y € K4, we have

N k
y=70 @) =Y _([[H® | =
i=1 \j=1
It follows that Ky C conv{zy,...,zn} and therefore Ky = conv{zy,...,zny}. In
particular, K, is a polytope. O

We now assume that ”y;f is entanglement-breaking and hence that Ky is a poly-
tope. To every facet F' € F(K4) we associate an element ) € C* with the property
that F' = K4 Nker¢p (this determines ¢ up to a positive scalar).

Lemma 11. If 7,? 1s entanglement-breaking, then 7,‘? belongs to the cone generated
by elements of the form g, ®- - - @Y r, @z, where (F1, ..., Fj, 1) € F(Ky)*xV(Ky)
is admissible.

Proof. For every facet F € F(Ky), pick an arbitrary element zp in the relative
interior of F'. With this we define the vertez-facet tensor as

(13) w= Y P eyre VoV,
FeF(Ky)

Since Yp(zp) = 0, it follows from (@) that (fy,f,wk> =0.
Given a tuple (Fi,..., Fy,z) € F(Ky)k x V(K,), we have

K k
(Wr @ - @Ypozw) = Y Yr@) [[vr@r)= Y ¢r@) []vr@e).
FeF(K,) j=1 FeAv(x) =1
1



This quantity is nonnegative and vanishes if and ouly if, for every F' € Av(z), there
is j € [k] such that ¢r, (xr) = 0. By definition of zr, we have ¢p, (xr) = 0 if and
only if F = F;. We conclude that

with equality if and only if (Fi,..., F, ) is admissible.
Since C* = cone{yp : F € F(Ky)}, we may expand the decomposition (I2)) in
the form

v = }: e }: E: ARy, FoaVm @ - ®@Yp, @

FIEF(K¢) FkE.F(K¢) IEV(Kd,)

for some Ap, .. ..o = 0. Since <7;f, wk) = 0, we conclude from (I4) that Ap, . p0 =
0 whenever (Fi,..., Fi,x) is not admissible. This finishes the proof. O

Proof that (i) implies (ii) in Theorem[X. Assume that the map 7,? is entanglement-
breaking. By Lemma [Tl the base K, is a polytope. We now show that

n n

(15) aff | () Fy | =) aff(F)),
j=1 j=1
for any integer n > 1 and Fi,..., F, € F(K,). Since any face is an intersection of

facets, (IH) implies that K satisfies the condition (ii) from Theorem[Band therefore
is affinely equivalent to a product of simplices.

Note that aff () F;) C (aff(F;). Conversely, consider a € ()aff(F;) and any
h € V* which vanishes on (| Fj. For every j € [n], we have ¥, (a) = 0 since
a € aff(F}). For any admissible (G1,...,Gy,y) € F(Ky)F x V(Ky), we have

(16) <wG1 K- ® ka & Y, a®k ® h> = 1/101 (a’) cee ka (a’)h(y) =0.

To prove (L6), observe that if h(y) # 0, then y & [ F; and hence there is an index
j € [n] such that y ¢ F;. This means that F; € Av(y) and therefore F; = G; for
some i € [k]. We obtain that g, (a) = ¢F,(a) = 0, proving (I8

By Lemma [T} it follows that (v¢,a®* @ h) = 0. By @), we have h(a) =
(v?,a®* @ h) and therefore h(a) = 0. Since every h € V* which vanishes on () F}
vanishes at a, we have a € span(() Fj). We conclude the proof of (IH]) by observing
that a € aff(Ky) Nspan(() F;) = aff (N F;).

Theorem [ tells us that K, is affinely isomorphic to II = Ay x --- x A; for
some integer [ > 1 and nontrivial simplices Ay, ..., A;; we still need to show that
I < k. By Lemma [II] there is at least one admissible tuple (Fy,...,Fy,x) €
F(Kg)* x V(Kg). In particular, card Av(z) < k. On the other hand, we observe
from (I0) that the polytope II has the property that the avoiding set of any vertex
contains exactly [ elements. It follows that [ < k. (|

Further remarks: We finish this section with two remarks about concepts ap-
pearing in the previous proof.

(a) Tt is easy to see that if K is the product of k nontrivial simplices, then
card(Av (z)) = k for every vertex x € V(K). For k = 1 the converse holds as well.
It would be interesting to determine which polytopes K have the property that
card(Av (x)) = 2 for every vertex x € V(K). It was observed by Martin Winter [9]
that this class of polytopes is closed under taking free joins. Therefore, it contains
examples that are not products of simplices, e.g., the free join of two squares.

12



(b) The vertex-facet tensor wy, from (I3)) is an interesting object encoding certain
combinatorial properties of the polytope K4. For example, we have the following
proposition:

Proposition 12. Consider a polyhedral cone C with base K4 = ¢~1(1)NC for some
functional ¢ € int(C*) and an integer k > 1. Then, the following are equivalent:

(i) We have
wy; € int (C®“‘a"k Omax C°) 5
(ii) For every vertex x € V(Ky), we have card(Av (z)) > k.

Proof. For any proper cone Co C Vj, the interior of Cj is the set of linear forms
f € Vi such that f(x) > 0 for every z € Cp \ {0}. Using this observation for the

cone Co = (C*)®™"* ©,;,C shows that (i) is equivalent to the statement
VFy,...,F; € ]‘—(K¢), Vo € V(K¢), dF € ]:(K¢) \ {Fl, .. ,Fk} : ’lﬁF(,T) >0,

which is equivalent to (ii). O

Since <7,‘f,wk> = 0 always holds, Proposition [12] implies directly that 7,? is not
entanglement-breaking whenever card(Av (z)) > k for every vertex € V(Ky).

5. PROOF OF THEOREM [

Before proving Theorem Bl we recall some facts about polytopes. Given a poly-
tope P and a vertex v € V(P), we denote by P/v the vertex figure of P at v (see
[8 Chapter 2.1] for definition). A d-polytope P is said to be simple if any vertex
is contained in exactly d facets, or equivalently if all its vertex figures are (d — 1)-
simplices. A polytope P is said to be 2-level if for every facet F' € F(P), all vertices
not in F lie in the same translate of aff(F). Since the complement of any facet in
the graph of P is connected [14] p. 475|, P is 2-level if and only if any face disjoint
from any facet F' € F(P) lies in a translate of aff (F').

We use the following characterization of products of simplices. For characteriza-
tions of products of simplices up to combinatorial equivalence, see [17].

Theorem 13 (Kaibel-Wolff, [10]). A polytope is affinely equivalent to a product of
simplices if and only if it is simple and 2-level.

A polytope P C R" is said to be a 0/I-polytope if its vertices are a subset of
{0,1}™. Kaibel and Wolff proved in [I0] that a simple 0/1-polytope is a product
of simplices. Since any 2-level polytope is affinely equivalent to a 0/1-polytope
(see []), this implies Theorem [I3

Proof of Theorem[d. The fact that a simplex satisfies (ii) is a consequence of the
following observation: if (x;);cs are affinely independent, then for every Jy, Jo C I,
we have

aff({xl cie JinN Jg}) = aff({aci NS Jl}) n aff({aci NS JQ})

By induction, to prove (i) = (ii), it suffices to prove that the class of polytopes

satisfying (ii) is closed under products. Let P and @ be polytopes satisfying (ii)

and consider a family (F;);c; of faces of P x Q. There are faces (G;);er of P
13



and (H;);er of @ such that F; = G; x H; for every i € I. Using the relation
aff (A x B) = aff (A) x aff (B) whenever A, B are subsets of vector spaces, we obtain

(1) o (e < (1) o () < (1)

el icl icl icl icl

= (ﬂ aff(Gi)> X (ﬂ aff(Hi)> = (aff(G:) x aff(H;) = () aff(F))
iel iel iel iel
and the implication (i) = (ii) follows.

Conversely, let P be an n-polytope satisfying (ii). We first show that P is
simple. Consider a vertex € V(P) and facets F1,..., F,_1 € F(P) containing z.
The set (aff (F;) is the nonempty intersection of n—1 affine hyperplanes, hence has
dimension > 1. By (@), the face [ F; has dimension > 1. By the 1-1 correspondence
between faces of P containing x and faces of P/x (see [8, Proposition 2.4]), the
(n — 1)-polytope P/z is dual-(n — 1)-neighbourly, i.e., any n — 1 facets have a
common point. Since a d-polytope which is dual-k-neighbourly for k£ > |d/2] is a
simplex (see [8, p. 123]), it follows that P/z is a simplex for every x € V(P) and
therefore P is simple.

Let F € F(P) and G be a face of P such that FNG = (. By (), we have
aff(F) Naff(G) = 0 and therefore G lies in a translate of aff(F'). This means that
P is 2-level. By Theorem [I3] it follows that P is affinely equivalent to a product
of simplices. (I
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APPENDIX A. PROOF OF PROPOSITION

We denote by (|1),|2), |3)) the canonical basis of C3. As common in the quantum
information theory literature, we write |ij) as a shortcut for i) ® |j). Consider the
operators

Xapy = Oéz i) (@il + 8 lig)(igl+ ) lid) (]

i#] i#j
o g g
B
B
B
= | o g
B
B
B
g g a



with parameters «, 8, v € R. This operator is positive semidefinite if 3 > 0 and
a>v>0.Set n =1—+/2/2. Consider the operator

1 3—2V2
Y = X177771 = ZX4’1’2\/§+1 + TXQJJ S (Mg X M3)+

Observe the following facts.
e The operator X, ;5 5, I8 2-PSD-extendible, an extension being given by

[P1) (1| + [1h2) (Wa] + [13) (3], with
1) = V2|111) +|212) + |221) + [313) + [331),
lihe) = V/2]222) +[323) + |332) + [121) + [112),
3) = V2|333) + [131) + [113) + |212) + [221).

e The operator Xy 1,1 is 2-max-extendible, since its partial transpose is 2-
PSD-extendible, an extension being given by [¢) (1|, with

) = |123) + |132) + [213) + [231) + |312) + |321).

e By the two previous points, the operator Y is 2-max-extendible as a positive
combination of 2-max-extendible operators.

e To show that Y is not 2-PSD-extendible, consider the operator W =
X1,n,—2n. It is easy to check numerically that the operator

Wy = (Idm, ® Psym,(my)) (W @ 13)

is positive definite. Assume that Y is 2-PSD-extendible, with extension
Y; € (M?3)+. We would then have

Tr(YaWs) = Te(YW) =3-14+6-9° +6- (—2n) =0,

showing that Y2 = 0, leading to a contradiction.
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