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BLOW UP FOR SOME NONLINEAR PARABOLIC
PROBLEMS WITH CONVECTION UNDER
DYNAMICAL BOUNDARY CONDITIONS

JOACHIM VON BELOW AND GAELLE PINCET MAILLY

LMPA Joseph Liouville, FR 2596 CNRS,
Université du Littoral Cote d’Opale
50, rue F. Buisson, B.P. 699, F-62228 Calais Cedex (France)

Abstract. Blow up phenomena for solutions of nonlinear parabolic problems
including a convection term d;u = div(a(xz)Vu) + f(z,t, v, Vu) in a bounded
domain under dissipative dynamical time lateral boundary conditions c0iu +
Jdyu = 0 are investigated. It turns out that under natural assumptions in
the proper superlinear case no global weak solutions can exist. Moreover,
for certain classes of nonlinearities the blow up times can be estimated from
above as in the reaction diffusion case [6]. Finally, as a model case including a
sign change of the convection term, the occurrence of blow up is investigated
for the one—dimensional equation dyu = agu — u0zu + uP.

1. INTRODUCTION

This contribution is devoted to the occurrence of blow up of solutions
of nonlinear parabolic problems of the form

O = div(a(x)Vu) + f(z,t,u,Vu) in Q for t >0,

B, (u) := 00+ 0,u =0 on 0N for t >0, (1)

u(,0) = ¢ € C(Q),
in a bounded domain € in R™ with C? boundary, unless otherwise
stated, and with outer normal unit vector field v : 92 — R". As a
distinctive feature a dynamical boundary condition is imposed on the
time lateral boundary, relating the time derivative to the outer normal
derivative. Dealing with classical solutions, we always shall assume that

o€ CHo0N) (2)
and the dissipativity condition
c>0 on 0f). (3)
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Throughout, a, f and ¢ are supposed to fulfill the conditions

a€CHQ), a>0, (4)
feCH 2 x[0,00) x R x R™), (5)
f(+,0,0) >0 in [0,00), (6)
peC(Q), >0, p#0. (7)

The aim of the present contribution is to generalize the blow up re-
sults obtained in [6] for the reaction diffusion case to the present one
including a gradient term. In Section 2 the dependence of blow up
time of classical solutions on the initial data and the coefficient o is
investigated, while the nonexistence of weak global solutions is shown
in Section 3 in the proper superlinear case. Section 4 presents upper
bounds for the blow up time for a nonlinearity growing at least as a
power of u or bounded from below by an exponential function. The
final Section 5 summarizes some results for the one-dimensional model
problem with a convection term changing sign,

Ou = 0%u —udyu+u? inQ for t >0,
By(u) = 00u+d,u=0 ondQ for t>0, (8)
u(-,0) = ¢ € C(Q)

in an interval Q@ = (—b,b) and for 1 < p € R.

For further references and related topics, especially for local and global

existence results, we refer to [1]-[6], [8, 9, 12, 13].

2. COMPARISON OF BLOW UP TIMES FOR CLASSICAL SOLUTIONS

Let
u, € C(Qx1[0,7)NC> (2 x(0,T))

denote the maximal classical solution of Problem (1). Thus 7" = T'(o, ¢)
is the blow up time, that is the maximal existence time of u, with
respect to the L>*-norm

T(o,p) = inf {S > 0‘ 11}11 sup{ |uq(z,t)||x € Q} = oo} :

As for standard boundary conditions, it is well-known that 7'(o, ) can
be infinite, while some derivatives of u can explode in finite time, see
e.g. [8, Section 2|. By the flow positivity result in [4], u, > 0, and,
using the comparison principle l.c., T'(o,¢) is seen to decrease with
respect to the initial data ¢.

Theorem 2.1. Suppose @1, p2 € C(€2). Then 0 < 1 < o implies
T(Uv 901) > T(O‘, (202)
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In order to show the increasing character of the blow up time with
respect to the parameter o, we impose the constraints

atf(x>ta ) ) 2 Oa (9>
0 € C*(Q), div(a(z)Vy) + f(z,0,0,Ve) >0 in Q. (10)

Lemma 2.2. Under (9) - (10), a solution u € C*! (2 x [0,7]) of (1)
satisfies Gyu > 0 in Q x [0, 7].

Proof. Classical regularity results in [11] imply that u € C*2 (2 x [0,7]).
Thus, y := du € C*' (Q x [0, 7]) is a solution of

Oy = div(a(x)Vy)+ fi(z, t, u, Vu)+ fu(z, t, u, Vu)y+ fp(x, t, u, Vu)-Vy
in QO x [0, 7] satisfying B, (y) = 0 on 92x (0, 7] and y(z,0) = div(a(z)Vy)+

f(2,0,,Vp) > 0 in Q. Then by (9) and [4, Cor. 2.4], y > 0 in
Q% [0,7]. O

Theorem 2.3. Suppose that Conditions (9)-(10) are fulfilled. Then
0 < 0y < 09 implies uy, > Uy, in Q x [0,7(01,¢)) and

T(O’17Q0> S T(0-2790>'

Proof. By Lemma 2.2 we have dyu, > 0 and 020suy, + 0,u,, > 0. Then
the comparison principle from [4] yields uy, > . O
Using Theorem 2.3 and the comparison principle l.c., we can compare
solutions under different boundary conditions.

Theorem 2.4. Suppose that Conditions (9)—(10) are fulfilled. Then
Uy > Uy > v > w in the domains of definition of ug, u, and v respec-
tively, and

T(07 @) S T(O-a 90) S T<OO7 QO) S TO(®®7¢)7
where v € C (2 x [0,T(c0,¢))) N C*! (Q x (0,T(c0,¢))) is the max-

imal classical solution of
O = div(a(x)Vv) + f(z,t,v,Vv) in g x (0, T (00, )),
U('a O) = in Q’
V=1 on 98 x (0,T(o0, ¢)),
and w e C (2 x [0, Ty(o0,1))) NC* (Q x (0, Ty(c0, 1)) is the maxi-
mal classical solution of
Ow = div(a(z)Vw) + f(z,t,w, Vw) in Q x (0,Tp(c0,)),
U)(', O) = ¢ in ﬁ?
w =0 on 0 x (0,Ty(oc0, 1)),

with ¢ € C(Q),4 = 0 on 9Q and ¢ < ¢.
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Note that u, > w holds in the domain of definition of u, without (9)-
(10) by the comparison principle under Dirichlet boundary conditions
[14]. Under the additional hypothesis

f(x,t,u,0) < h(u), h € C([0,00):[0,00)), (11)
the maximal solution z € C'([0,%,)) of the ordinary IVP
zZ=h(z) in [0, tp),
12
L0 Sl 42

yields a lower bound for the blow up time by the comparison principle
from [4]. The solution u of Problem 1 satisfies

0 = Ju—div(a(z)Vu) — f(x,t,u,Vu) < 2 —div(a(z)Vz) — f(z,t, 2,0)
in Q for t > 0. Thus, Theorem 2.1 permits to conclude the

Theorem 2.5. Under Condition (11), z > u, for 0 <t < ty, and, if in
addition A(u) > 0 for u > 0, then
o 1

T(o,¢) = to = /SO”OO Wdﬁ-

Corollary 2.6. Suppose that either h(u) = w? with 1 < p € R or
h(u) = €™ with 1 < ¢ € R. Then, under Condition (11), the blow up
time of Problem (1) satisfies T'(c, p) > T'(0, ||¢||oo) With

1 1

700, [elloe) = ——=—m1 T(0, |[¢lloc) = = edllel
(p =Dl q

respectively.

Furthermore, the growth order can be determined for f(x,t¢,u, Vu) =
u?:

Corollary 2.7. Suppose that Conditions (9)—(10) are satisfied and that
f(z,t,u, Vu) = uP, with p > 1. (13)

Then there exists a positive constant C' such that

[t (- ) [loo < for t € [0,T(0,p)).

(T(o,p) —t)H/P"

Proof. Set u = u,, £ €]0,%] and T' = §. We first show that

36 >0: Gu > 6uP in Q x [£,T(0,p)). (14)

Since_u(-,T) € C2%(Q), standard regularity results [11] yield u €
C?%(Q x (0,T(0,¢))). By applying the strong minimum principle to
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the solution y := du € C*1(Q x (0,T(0,¢))) of
Oy = div(aVy) +purly  in Q x [T, T(0,9)),

y(wT) = Ou(-,T) >0 in Q, i
B, (y) =0 on 00 x [T, T (o, ¢)),

we can conclude that there exists ¢ > 0 such that
y:=0mu>c>0in Qx[¢T(0,9)). (15)

Now, define J in Q x [£,T(0,¢)) by J = dyu — duP, where § > 0
is sufficiently small such that J(-,£) > 0in Q thanks to (15). J €
C? (A x [¢,T(0,¢))) fulfills

O, —div(aV.J) —puP~tJ = dp(p—1)uP2a||Vul|* > 0 in Qx [, T(0,¢))

and J satisfies the boundary condition B,(J) = 0. Finally, the com-
parison principle implies .JJ > 0 in Q x [£,T(0, ¢)).

The remaining part of the proof is identical to the proof of [6, Thm.
2.9], but for the reader’s convenience we repeat the argument here.
Since u < z, it suffices to estimate ||u(-,t)||« for ¢ € [2,T(0,¢)). For
each x € Q the integral

/T Owu(z, s) e /u(x,T) ldn
¢ uP (:Ea 8) u(z,t) nP

converges as T " T(o, ). We conclude
ulip(xa T(Ja 90)) — ulip(ma t)
I-p

and at a blow up point x,

1 1 2T(07 ) ﬁ 1
u(,1) < (p—1)T7 max {5 (Tw B 1) } (T, ) =T

0

> 6(T(o,) = 1),

3. NONEXISTENCE OF WEAK GLOBAL SOLUTIONS

In this section we generalize a result on nonexistence from [2] to the
following convection problem on a bounded domain 2 with Lipschitz
boundary 0f):

Owu = div(a(z)Vu) +m(z,t) f(u) in Q x (0,7,
B, (u) :=c0u+ d,u =0 on 092 x (0,7, (16)
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In addition to (2)—(7) we require here that

m € L>*(Q2x (0,7)), m >0 (17)
f(s)>0fors>0, f(s), f/(s)>0forallseR, (18)
S:O % < oo for some positive s. (19)

Recall that u € 8 := L*((0,7), H'(R)), T > 0, is called a weak solu-
tion u of Problem (16) in (0,7) if O,u € L*((0,T), L*(Q)), trace dyu €
L2((0,T), L*(09)), f(u(-)) € L*((0,T), H'()) and

/Or (/Q oy dr + jgg cadyu) ds+/Qa(Vu,V¢) d:c) dt
:/OT (/mewdx) dt

for all 7 € (0,7) and for all ¥ € B, and ¢ € L*(Q) x L*(9N) with
lu(-,t) = @l 2@, || traceu(-, t) — @[ r2@0) — 0 as t — 0.

We shall prove that all solutions blow up in finite time if the ODE
2 = f(z) has no global solution for positive initial value. For that
purpose we first state the following lemma that can be shown exactly
in the same way as in [2].

Lemma 3.1. Let u be a weak solution of Problem (16) in (0,7") and h
be a weak solution of the homogeneous Problem (16) with f = 0 and
h(z,0) < p(z) a.e. in Q. Then h < u. Especially, if ¢ > 0 then u > 0.

Theorem 3.2. Suppose [, pdz + §,, 0pds > 0 and

t
/ (/m(:vm)d:v) dr — 00 as t — oo.
0o \Jao

Then Problem (16) has no global weak solution.

Proof. Suppose that u € B, := L*((0,00), H*(€)) is a weak solution of
Problem (16) in (0,00). By [1], let h € B, denote the unique solution
of the homogeneous linear problem

Owu = div(aVu) in Q x R,
B,(u) := 00+ d,u=0 on 00 x R, (20)
u(-,0)=¢ in Q2

Lemma 3.1 shows that u > h. By the spectral expansion results [1], [2]

biot) = e ([ pvndat §_opunds) (o) + b
n=1
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with

ngod:B—l—fBQ opds
Q| + faﬂads

where v¢,, and \,, ¢ € N denote all the eigenfunctions and eigenvalues
of the problem

h() =

—div(aVY) = M) in Q, 1, = g\ on 0N).
Since A,, > 0 for n > 0 we deduce that for all z € Q)

lim h(x,t) = hy.

t—00
By assumption hy > 0. Consequently, using higher regularity proper-
ties of h and the strong minimum principle from [4], for any € > 0 there
exists to such that u > ho — € in Q x (ty,00) and f(u) > ¢y > 0 for
t > to.
Let ¢ € % be a test function in the weak formulation of (16) on the
interval (to, 7). By Green’s formula and the dynamical boundary con-
ditions

/QaAuw dr = —/Q(V(aw),Vu) dx — fgﬂ oaOyu ds

and

/ ( / atuwdx+j§ Jaﬁtuwds> =
// (Vu, Vi) dxdtJr/ /mf¢dxdt

Set
S dg
5) =
=) e
choose ¢ = and get by using (18)

/g( (7. 2)) do— / <u(t0,x)>dx+]€maag(u(7,x))ds—]gﬂaag(u(to,x))ds

/ / ||v 12 de dt+/ /mdxdt>/ /mdmdt

But this is impossible since the r.h.s. tends to infinity whereas the 1.h.s.
remains bounded as 7 — oo. 0
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4. UPPER BOUNDS FOR THE BLOW UP TIME

In this section, we derive upper bounds for the blow up time by
comparing the present convection case with the reaction diffusion case.
We assume that the nonlinearity f grows as a power of u or is an
exponential function. Note that the latter case has not been considered
in [6]. Let A denote the minimal eigenvalue of —div(aV) in HJ(2) and
Y € H} () the eigenfunction belonging to A satisfying 0 < <1 inQ
and 1 € ¥(£2). Then we can state the following

Theorem 4.1. Let « > 0, T > 0 and p > 1 denote real constants and
let
ue C(Qx[0,T7)NC> (2 x(0,T))

be a maximal solution of
O > div(a(x)Vu) + au? in Q for t > 0,

u>0 B on 0N for t > 0, (21)
u(+,0) = ¢ € C(Q)

(2)77 el < [ evas

then u blows up in finite time 7' satisfying

If

1 o
T < 1 =:1;.
“Ap-—-1) n(oz—/\|Q|P—1(fQ gmpdx)l—l’> !

Proof. Introduce M (t) = [, ut dz. Then

MZ/div(aVu)@/)d:L‘—l—a/upi/}da:.
Q Q

Green’s formula and the behaviour of ) and 9,1 on the boundary imply

/div(aVU)@bdx: —/a(V@/),Vu) dmZ/div(aV¢)udm.
Q Q Q
Thus
M div(aVe)ud P dr = —AM ) da.
Z/QW(CL zp)ux—i-oz/ﬂuzﬁx +a/u1/1x

Q
Holder’s inequality leads to

M > =AM + a|Q' P M. (22)

This is the same differential inequality as in the reaction diffusion case,
and we can follow the proof of Theorem 4.1 in [6] in order to show that
u blows up at T < t;. O
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Corollary 4.2. Suppose the above conditions on p, a and ¢ to be
satisfied and, in addition, f(z,¢,u,Vu) > w? for u > 0. Then the
maximal solution of Problem 1 blows up in finite time 7" < t;, with #;
as in Thm. 4.1.

Spectral comparison used in the special case where h grows exponen-
tially yields to a similar upper bound. Here fQ e 1 dx plays the same
role as the first Fourier coefficient in the above case.

Theorem 4.3. Let u € C (Q x [0,7))NC*! (2 x (0,T)) be a maximal
solution of

O > div(a(z)Vu) + aeP® in Q for t > 0,
u>0 B on 0S for t > 0, (23)
u(+0) = € C(Q)

=
<5) 0] < /Qe‘pl/zdx, (24)
1

T< In = — ¢
T Ap-1) o — QP ([, e@wdx)l_p o

If

then

Proof. Set M(t) = [, e""¢dz. Cor. 7.3 in [6] yields u > 0 in Q x
(0,T), thus

M > / Y Oyudr > / div(aVu)y dr + a / Y e da.
Q Q Q

By following the proof of Thm. 4.1, we obtain

M > / div(avw)udas+a/ e dx > —)\/ e“@[zd:v—l—oz/(e“ V)P dx.

Q Q Q Q
Holder’s inequality, [,(e*¢)Pdz > [Q'"P ([, e ¢ dx)” leads to the
ODIE (22), that permits to conclude as above. 0
These last results are obviously valid in the case where ¢ = 1. In
particular, we deduce an upper bound for the blow up time for Problem
(23), which extends the results obtained in [6] to an exponential type
nonlinearity. Furthermore, in the case p = 1, i.e. f(z,t,u, Vu) > €*,
all solutions blow up in finite time independently of the size of €2 for
positive nonvanishing initial values, see [2].

Remark 4.4. The above results can be extended to the case where a
depends on z and u with a € C*(Q x R), a > 0 and a—a > 0, since
u
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0
in this case, div(aVu) = (Va, Vu) + a—a]VuP + aAwu with controllable
u

sign of the quadratic gradient term.

Energy type techniques apply also to the present case. Let us illustrate
this in the following classical case. Let E : H'(Q) N LPT(Q) — R be
the energy functional defined by

1 1
E(u)_Q/QGHVUHgdx—m/Qqud:U

and assume that the initial value ¢ belongs to Hi(Q) N C(Q).

Lemma 4.5. If u € C(Q x [0,7]) N C%Y(Q x (0,7]) is a solution of

O = div(aVu) + au? in Q for t > 0,
u=70 on 0f2 for t > 0, (25)

u(70) =pc CO<Q)7
then the function ¢ — FE(u(-,t)) is decreasing.

An estimation of the L?-norm of the solution of the Dirichlet problem
(25) yields an upper bound for the blow up time. Furthermore, by
comparison principles the next result involving the maximal solution of
Problem (1) can be deduced. Since the proofs are quite similar to the
ones in [6], we omit the details here.

Corollary 4.6. Suppose ¢ € HY(Q) N CQ), E() < 0and ¢ < ¢
and, in addition, f(u) > w? for u > 0. Then the maximal solution u of
Problem 1 blows up in finite time T satisfying

p+1 %~17p ~1|—2p ~ —1 p+]‘

T< =1 Q= el ™ = Nl =E(@)]4] o —1)
Remark 4.7. Note that the blow up time under dynamical boundary
condition with ¢ > 0 can be strictly greater than the one under the
Neumann boundary condition, see the example given in [6, 2.10]. An
example for a finite blow up time under dynamical boundary condition
with o > 0 and global existence under Dirichlet boundary condition is
given in [2, p.63].

5. A PROBLEM INCLUDING A SIGN CHANGE OF THE CONVECTION
TERM

In this section, we consider the following one-dimensional problem
including a sign change of the gradient term

O = 0%u — udyu + uP in Q for t>0,
By(u) :=00u+ 0,u =0 on 02 for t >0, (26)

u(g-,O) = e C()
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with 1 < p € R and Q = (—b,b) with b > 0. Moreover, we assume that
o > 0is constant. We present some results on blow up phenomena that
depend on the value of p, and on the growth behaviour of the solutions
when approaching the blow up time. For more details and results on
the blow up set we refer to a forthcoming paper [7].

In fact, for 1 < p < 2, the solutions of Problem (26) do not blow up
and exist globally. Let the initial value ¢ satisfy 0 < o < [|¢]|*;?, and
let @ and A be some positive constants satisfying

aa 1 —
AZ [[¢lloc ™, =2 a> el
Then the function y defined by
(o, 1) = Ac(++2)

is a globally bounded upper solution of Problem (26) with boundary
condition c0,u + d,u = 0 on 9 x (0,4+00). For p > 2 the situation is
different.

Theorem 5.1. For p > 2, the classical solutions u of (26) blow up in
finite time if ¢ > 0 in Q.

Proof. We can follow an idea from [10] as follows. Suppose that u is
a classical solution of Problem (26) with maximal existence time 7.
Introduce a symmetric hump function ¢ satisfying

¢ € Hy((=1,1)) N C*([=1,1)), (27)
0<@(x)=p(—z)in [—1,1], (28)
¢ (z) > 0in [—1,0),¢ (z) < 0in (0,]] (29)
AG+@P >0 in[—1,]] (30)

where [ € (0,b). Let @ be the maximal classical solution of the Dirichlet
problem

Oyt = Ali+ @ in [—1,1] x (0, 00),

a(£l,-) =0 for t >0, (31)
a(-,0) = ¢ in [—1,1].
Under (27), if ¢ has the non-positive energy
L[, 1 g
BE@)==[ ¢*de——— | @#Tde < 2
@ =3[ Fa-—g [ pras<o. @

it is well known by [6] that @ blows up in finite time 7', depending on
o and @. It is not possible to compare the classical maximal solutions
u and @ by using the classical comparison principle of [6] due to the
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changing sign of the gradient term. However, we can modify u into
a subsolution y of Problem (26) defined on a suitable network corre-
sponding to a subdivision of the interval 2. This subsolution y blows
up at the latest as u for t = T. Set

m(t) = u(0,t) = max a(x,t) for ¢ >0 and r(t) = /Otm(r) dr.

—I<z<l

Since p > 2, Thm. 2.9 from [6] yields r¢ := r(T") < oco. Introduce the
sets

Ry={0<z<bl0<t<T},
Ri={r(t)—ro<z<0/0<t<T},
Ro={r(t)—ro—b<az<r(t)—rl0<t<T}
and the function y defined by
u(x,t) in Ry,
y(x,t) =< m(t) in Ry,
w(x —r(t) +179,t) in Rs.
Clearly, y(-,t) and 0,y(-, t) are continuous on dRyNIR; and IR; NOR;
and y satisfies a classical Kirchhoff law. Furthermore, thanks to (28)-
(30) we can prove that 0,y —Ay+yd,y—y? < 0in Ry, Ry and R for 0 <
t <T. Then, by applying the comparison principle related to networks
from [3] or [5], we can conclude that y < win Ry U Ry U Ry x (0,7,
which proves that u blows up in finite time 7" < T. 0]

For p > 3, the growth order of the solutions of Problem (26) amounts
to p_Tll when t approaches the blow up time, under initial data fulfilling

we C*[=b,b), ¢" — oo+’ >0in[—b,b] (33)
Theorem 5.2. Suppose p > 3 and Condition (33) satisfied, then there

exists a positive constant C' such that

C

ol )l < oy~

fort €[0,T(o,¢)).

|oo”

Proof. Suppose & €10, %] with ¢ty = ”‘;'—1. Set p and ¢ such that

1
p>q>3 and p>q—|—§ (34)

and set v :=u, € C*'([-b,b] x [0,T(0,¢))) the maximal solution of
Problem (8). Then, we can prove that there exists § > 0 and 1 < M €
R such that

Opu > 6 exp(—Mt)(uf +u?) in Q x [, T (o, ). (35)
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[N Vaps

Set T = In the same way as in Cor. 2.7, we show by the strong
minimum principle that there exists a positive constant ¢ such that

y:=0wu >c>0in [-b,b] x [, T(0,¢)). (36)

Now, set d(t) = exp(—Mt) with M > 1 and k(u) = u” + u? and
introduce

J = 0w — od(t)k(u),
where ¢ > 0 is sufficiently small such that

J(-,§) >0 in [0, ] (37)
in the view to (36). J satisfies the boundary condition

By (J) = By (y) — ddk'(u) By(u) — 0dd'k(u) = 06 exp(—Mt)k(u) > 0.
Moreover, J € C*! ([=b,b] x [£,T(c,¢))) fulfills
O — AJ +udpJ — (puP™' — 0,u)J = §dH (u) in Q x [£,T(0,¢)),

where

d/
H(u) := puP'k(u) — K (u)u? + K" (u)(0pu)?® — Ek( u) — k(u)0,u.
In order to show that H ( ) > 0, we prove the following inequality
|0l (u” + uf) +uf) + (p— qu (38)

M (u”
+ (p(p — D% + q(q — 1u?) (O,u).

(38) is obvious when |0,u| < M. Now, we suppose that |0,u| > M. In
the case where u? < q(q — 1)|0,ul, (38) is fulfilled because u4|d,u| <
q(q — Dui™2(9,u)? and wP|0,u| < p(p — 1)uP~2(d,u)? since p > ¢. If
u? > q(q — 1)|0,ul, then we have u > 1 since M > 1 > and by
(34), we are led to
up+2 _|_uq+2 - 92
9l¢—=1) ~alg—=1)
which leads to (38). Now, the comparison principle implies J > 0

n [—b,0] x [£,T(0,¢)). Finally, the estimate of v when approaching
T(o,p) is shown exactly in the same way as for Cor. 2.7. O

1
q(g—1)°

(u” + u)|0zu] < u I < (p - qu T
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