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Abstract

We present a unified framework for goal-oriented estimates for elliptic and parabolic
problems that combines the dual-weighted residual method with equilibrated flux and potential
reconstruction. These frameworks allow to analyze simultaneously different approximation
schemes for the space discretization of the primal and the dual problems such as conforming
or nonconforming finite element methods, discontinuous Galerkin methods, or the finite
volume method. Our main contribution is twofold: first in a unified framework we prove
the splitting of the error into a fully computable estimator n and a remainder, second this
remainder is estimated by the product of the fully computable energy-based error estimators
of the primal and dual problems. Some illustrative numerical examples that validate our
theoretical results are finally presented.

AMS (MOS) subject classification: 65N30, 65N15, 65M15.

Key Words: goal-oriented estimates, quantity of interest, elliptic and parabolic problems.

1 Introduction

Many engineering problems require computing some quantities of interest, like the local or global
mean value of the solution. These quantities of interest are usually linear functionals on a vector
space that contains the solution of the considered boundary value problem. Error estimation on
such functionals is called goal-oriented error estimation. The main ingredient for a such error
estimation relies on the computation of the solution of the dual problem. Several approaches have
been proposed for elliptic problems, namely: goal-oriented error estimates based on energy norm
of the errors on the solutions of the primal and dual problems (combined with different a posteriori
methods to estimate these errors) [39, 36, 2, 1, 18], the dual weighted residual method, for which
the local information derived from the dual solution is used in the form of weights multiplied
by local residuals [7, 8, 3, 29, 6, 13, 35|, the constitutive relation error based on Saint-Venant’s
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principle [22, 21, 40, 41|, and the equilibrated flux and/or potential reconstruction method based
on higher order approximation of the dual problem and the construction of equilibrated fluxes
and /or potential reconstruction of the solutions [30, 26, 28, 37, 44]. Let us note that "potential
reconstruction" is an ad hoc denomination used in the literature, which corresponds to a given
reconstructed (more regular) field of a scalar quantity. To the best of our knowledge, there exist
few papers concerning goal-oriented error estimation for parabolic problems [31, 32, 33|, where
the estimation is based on energy norm of the errors on the solutions of the primal and dual
problems. Goal-oriented a posteriori analysis of nonlinear problems (under quasi-static conditions
or not) and/or nonlinear quantities of interest are considered in |21, 14, 20, 23, 24, 25, 11, 5, 43|,
and we believe that our approach can be used in such situations but it is outside the scope of
this paper.

The goal of this paper is to extend the equilibrium flux reconstruction method (combined
with the dual-weighted residual method) by proposing a unified framework for the approximation
of general reaction-diffusion problems and to parabolic problems. Indeed based on equilibrated
flux and potential reconstructions, we furnish a decomposition of the error £ on the quantity of
interest in the form

& =ngor +R, (1)

where ngo; = Z}]:l n;, each term 7; being fully computable, with some positive integer J
depending on the problem, is our proposed estimator on the quantity of interest, while the
remainder term R may depend on the solution of the primal and dual problems but for which
we have the bound

R < Cnn’, (2)

where C is a positive constant independent of the meshsize (and time step size) as explicit as
possible, and 71 (resp. n*) is an estimator of the error of the solution of the primal (resp. dual)
problem using an approximation in a finite dimensional space Vj, (resp. V}*) not necessarily
included into the energy space. These two properties lead to the new estimate

1E] < Ingor| + Cnn*, (3)

that was not obtained before in our settings. As a consequence, one can choose as error estimator
Ingor| + Cnn* to implement an adaptive algorithm, this will be investigated in a forthcoming

paper.

On the other hand, if we use a higher order approximation space V;' to approximate the dual
problem, one may hope to obtain an efficient error estimator (effectivity index close to unity)
[2, 30], if this is the case, the remainder term is negligible, hence it may be disregarded and the
sole term |ngor| can be used as error estimator. More precisely since the estimator ngor and
the right-hand side of (2) are fully computable, we can estimate the ratio

R
nQor ’

during a refinement procedure based on the use of 7gor and check if it tends to zero or not. In
the positive case, due to the identity (1) this means that the ratio

&
nQor

tends to one and will validate the asymptotic exactness of the estimator [ngor|. Note that there
are some exceptions to this general rule as the example from subsection 4.1.2 shows. It is worth
noting that this point does not seem to have already been reported in the literature.



For a purely diffusion problem with piecewise constant diffusion tensor and piecewise polynomial
righ-hand sides, this approach was successfully developed in [28]. We here extend their approach
to reaction-diffusion problems and to parabolic problems. For a diffusion problem, the decomposition
(1) is also obtained in [30], but with an a priori bound for the remainder, which is less interesting
for adaptive purposes.

In many cases, the use of |ngor| is sufficient to obtain an efficient error estimator, but it has
been observed in [21, 22, 28| that it can overestimate the error. As we can compare all n; and nn*,
we can improve the approximated value of the quantity of interest by adding the dominant term
from ngor. For instance if 1 reveals to be a dominant term, we can add 7; to the approximated
value of the quantity of interest and use |ngor — mi| + Cnn* as error estimator, see [22, Figure
10] and [28, Remark 4.7 and Theorem 4.8|.

In summary, the developed approach is flexible and may be then adapted to the different
situations to treat. Furthermore, unlike the majority of the papers mentioned above that
treat specific approximation of the (primal and dual) particular elliptic problems, our unified
framework applies to general reaction-diffusion and parabolic problems and to various finite
element methods (conforming or not) as well as finite volume methods.

Let us introduce some notation used in the paper. In the whole paper Q@ C R%, d € N,d > 2,
is an open, bounded and connected domain with a Lipschitz and polyhedral boundary 9€2. The
usual norm and semi-norm of H*(€2) (s > 0) are denoted by | - ||s,o and | - |, respectively. In
this paper we consider real valued function spaces. For s = 0 we drop the index s. Similarly, the
inner product (resp. norm) in L?(2) will be denoted by (-,-) (resp. || -||). The duality pairing
between H1(Q) (the dual space of H}(2)) and H}(Q) will be denoted by (-,-). By a < b, we
mean that there exists a constant C' > 0 independent of a, b, such that a < Cb.

The paper is organized as follows. Section 2 is devoted to the reaction-diffusion problem.
The problem is defined in subsection 2.1 and the goal oriented functional as well as the adjoint
problem are introduced in subsection 2.2. Then the discrete setting is defined in subsection
2.3 and the error representation given in subsection 2.4. The main results about the reaction-
diffusion problem are obtained in Theorems 2.1 and 2.4. Similarly, section 3 is devoted to the
parabolic problem and follows the same process from subsection 3.1 to subsection 3.4. The main
results about the parabolic problem are obtained in Theorems 3.1 and 3.3. Finally, section 4
presents some numerical tests in order to illustrate the previous theoretical results.

2 The reaction-diffusion problem

2.1 Problem definition

In this section we consider the following reaction-diffusion problem

—div(DVu) +ru= f in , (@)
u =0 on 0f),

where D € L>(€; R¥*?) is a diffusion tensor which is supposed to be a symmetric matrix-valued

function such that
D(z)¢- €2 |3 VEERY and ae. x € Q,

while r € L*>(Q) is the reaction function supposed to be nonnegative. The source term f is
supposed to be in L?(Q).



By setting
B(u,v) = / (DVu - Vo + ruv) dz, ¥ u,v € Hj(Q), (5)
Q

and
F(v) = / fodz, Vv e Hy (),
Q
the variational formulation of problem (4) is
B(U,U)IF(U), VUEHé(Q), (6)

that has a unique (weak) solution u in H} ().

2.2 Goal-oriented functional and the adjoint problem

We here consider the output functional that represents the physical quantity of interest [30, 28|
given by

Qv) = /qu dz, ¥ v € L*(Q), (7)
where ¢ € L?(12) is a given function. As we want to have
Q(u) = B(u,u*) = F(u"), (8)
where u* is solution of the dual problem, we define the adjoint problem as
B(v,u") = Q(v), Y v € Hy(Q), (9)

that has a unique (weak) solution u* in H}(2). Accordingly its strong formulation is

(10)

—div(DVu*) +ru* =¢q in Q,
u* =0 on 0.

Note finally that (9) is equivalent to
B(u*,v) = Q(v), Vv e H}(Q),

because B is here symmetric.

2.3 The discrete setting of the reaction-diffusion problem

To discretize problems (6) and (9), we suppose given a partition 7 of € into polygonal elements
T that covers exactly 2. For simplicity, we assume that the mesh is simplicial and matching
(extensions to general polygonal and nonmatching meshes are possible). On such a mesh we
introduce the so-called broken Sobolev space

HNT)={veLl*Q)|vreH(T), VT €T}

As in [17, 28|, in order to analyse simultaneously different approximation schemes, the primal
problem is approximated in a finite dimensional subspace Vj, of H(T), while the dual problem
will be approximated in a finite dimensional subspace V;* of H L(T), that may be different from V.
In other words, we suppose given an approximation uy € Vj, of the solution u of (6) and uj € V;*
of the solution u* of (9). We further assume that a flux reconstruction 6y, is available (using
up, and the datum f), belongs to H(div,{2) and satisfies the following conservation properties
(compare with [17, identity (18)])

(div O, +rup — f,1)p =0, VT €T. (11)



In the same manner, we assume that a flux reconstruction ; can be constructed, belongs to
H(div, ) and satisfies the following conservation properties

(dive; +rup, —q,1)r =0, VT € T. (12)
Using 6}, and 67, in the spirit of [30] (see also [28]), let us show that the error £ = Q(u)—Q(us)
on the quantity of interest can be expressed into a fully computable expression and a remainder

that will be estimated by a fully computable quantity (but is usually of higher order and can
then be disregarded). Let us note that thanks to the linearity of @, we also have £ = Q(u — uy,).

2.4 The error representation of the reaction-diffusion problem

Theorem 2.1 Let s, € H}(Q) be a potential reconstruction of uy, then we have
€ = Q(u—up) =ngor +7R, (13)
where the estimator ngor is given by
nQor = /QQ(Sh — up) dz (14)
+ /(f —div by, — rup)uj, dx
Q
- /(9h+Dvsh)-D—19;;dx
Q
- / rup, (s, — up) dz,
Q

while the remainder term R is defined by

R=Ri+Ra+Rs with

Ri = /Q(f —div by, — rup)(u* — ujy) dz,
Ry = — /Q(Gh + DVsy,) - (D105 + Vu*) du,
Rs = —/Qr(u* —uy)(sp — up) dz.
Proof. By the definition of the error and Green’s formula we have
&€ =F(u") = Qun).
Introducing artificially sp and using (9), this is equivalent to

& = F(u') = Qun — sn) (15)
— / (DVu* - Vsp + ru’sp) de.
Q

Adding and subtracting the term

/ Vu* -0, dx
Q



we find

& = F(u')—Qup — sn)
— / Vu* - (DVSh + Gh) dr
Q

+ /(Vu* -0 — ru”sp) dx.
Q

Using Green’s formula in the fourth term of this right-hand side we find

E = Fu")—Qun — sn)
— / Vu* - (DVsyp, + 0y) dx
Q

+ / u*(—div 0y, — rsp,) dz.
Q
Replacing sp by s, — up + uyp, in this last term and recalling that F'(u*) = fQ fu* dz, we obtain
& = —Qun—sp)
- / Vu* - (DVSh + eh) dr
Q
+ / u*(f —div 0y, — ruy) dz
Q
— /ru*(sh — up) dx.
Q

Writing v* = uj + u* — uj and DVu* = —6; + DVu* + 6}, we arrive at (13). =

Note that we do not need the conservation properties (11) and (12) to obtain the splitting
(13) from Theorem 2.1, but they are minimal assumptions to guarantee that 6, (resp. 6;) is a
reasonable approximation of the continuous flux —DVu (resp. —DVu*).

Remark 2.2 In the case where uy € H&(Q), then we take sp, = up, so that the first and the
fourth terms arising in the right-hand side of (14) as well as R3 are equal to zero.

Remark 2.3 (Comparison with earlier literature)
1. In the spirit of |30, Theorem 1 and Remark 1|, our estimator ngor admits the decomposition

nQor = No +nv + nu,

where
no = /Q(f —div by, — rup)uj dz,
nv o= /Q(eh+Dvsh)-D—19; dx
o = /QQ(Sh —up) dr — /Qru;;(sh — uy) dz.

Here nep would represent the data oscillation with respect to the primal problem weighted by
the dual approximate solution if div 6}, + ru; would be equal to the L?(2)-projection of f on the
approximation space used to compute uy, (it slightly differs from the one from [30] because of
our weaker assumption (11)), the flux estimator 1y measures the deviation of —DV'sy, from the
reconstructed flux 0}, and 7 measures the deviation of uy, from H{(£2), these two last quantities
also differ from the ones from [30] due to the use of the reconstructed field sy,.



2. We recover the splitting (4.13) from |28, Remark 4.7] if » = 0, D is constant and the data f
and ¢ are piecewise polynomials simply by replacing in the expression of ny from (14) the factor
0y by —DVs;, where s} € H&(Q) is a potential reconstruction of u; and using the term

/Q (6n + DVs) - D=1(6; + DVs?) da,

in the remainder. More generally in the expression of 1y, we may replace the factor ¢; by
6, = (1 — a)0; — aDVs;j,

with @ € R and plug the term

/ (6n + DVsp) - D (65 — 67 da = / (0n + DVsy) - D-Y(0; + DVs}) da
Q Q

in the remainder. For o = &, we recover the splitting (4.17) from [28, Remark 4.7].

Let us now show that the remainder can be explicitly estimated using the error estimators
for v and u* obtained in {17, Theorem 7|. Namely denote by 7 (resp. n*) the error estimator
mainly obtained in this reference (for D diagonal and constant but easily extended to the case
treated here) using the discrete spaces V}, (resp. V}*) to approximate the solution u of the primal
problem (6) (resp. u* of the dual problem (9)), so that

|u —uplln < n, (16)
[u” = uplln < 07, (17)
where the mesh-depending norm || - ||, is defined by

lwlfy = 1D Wy + r2w]?, ¥ w e H(@) UV,
where Vjw means the piecewise gradient of w, namely

Viw=VwonT, VT €T,

and
n? = Z (UJQVC,T + 77?%1 + nQDF,T)a
TeT
with
nver = |lun — sullaTs
nrr = mr||f—divo, + rupllr,
NDFT = D=2 (6, + DVup)| 7,

recalling that
lwl|lpr = /(DVw -Vw +rw?) de, Yw € HY(T),
T

. -1 -1
mr = mln{Cp7T||D 2 ||oo,T7 ”T 2 ||007T}’

and that Cpr is the Poincaré constant, namely the smallest positive constant such that

lp = Mrolr < Crr|Velr, ¥ ¢ € HY(T), (18)



where Mt is the mean of ¢ in T, namely

Mrg = [T / o() de.
T

Let us note that since T is considered being a convex bounded Lipschitz domain, we can introduce
the constant Cp such that Cpr = Cp hy, so that (18) is equivalent to

o — Mrollr < Cphr||Velr, ¥ ¢ € H(T),

where Cp is no more dependent on T but satisfies Cp < 77!, see [4, Theorem 3.2] (see also [38]).

We further notice that by convention we set ||r_% lloo,7 = o0 if infyer r(x) = 0. The expression
of n* is similar by replacing uy by uj, 05 by 8}, s, by s}, and f by gq.

Theorem 2.4 With n and n* as defined before, we have
R| < 4o’ (19)

Proof. We estimate each term of R separetely. For the first term, using the property (11), we
have

Ry = /(f—div@h—ruh)(u*—u,’fb) dr = Z (f—divlp—rup) ((u* —up) — Mp(u* —uj)) de.
Q TeT T

By Cauchy-Schwarz’s inequality, we find

Ra| < If = div 6, — rupllzll(u* = uj) — Mo (u® = uf)|r. (20)
TeT

Let us now show that

1w —up) = Mr(u" —up)llr < melju” —up [ (21)

Indeed first using the estimate (18), we find

IN

1(u" = up) = Mr(u” —up)lr Cpr |V(u" —up)llr
1 1
Cpr|[|D72 |loo.r[| D2V (0" = up)|l7

_1
< Cprl D72 ||leorllu® — uy,

IN

h,T-

This shows (21) if infer 7(z) = 0. On the contrary if inf e r(x) > 0, then we directly write
1w —up) = Mr (" —wp)lr < [lu” —wpllr < {772 |loo ol (r2 (u* — uj) |7

In that case, this estimate combined with the previous one yield (21).
Coming back to (20) and using (21), we get

Ra| < IIf = div O, — rupllpmr|ut — uhlnr-
TeT

By discrete Cauchy-Schwarz’s inequality, the definition of the estimator 7 and the estimate (17),
we find
[Ra| <. (22)

For the second term, by Cauchy-Schwarz’s inequality, we have

IRa| < | D730y + DVsp) ||| D% (65 + DVu?)]|.



Replacing Vu* by Vj,(u* —uj) + Vpuy and using the triangular inequality, one gets
_1 B * 1 * *
[Ra| < [[D72(0n + DVsp)[[(|1D72(0), + DV yuy)|| + [[D> Vi (u” — up)]])-
Using (17) and the definition of 1 and n*, we obtain
Ra| < 2nn°. (23)

For the last term R3, again Cauchy-Schwarz’s inequality yields

1 1
72 (u® = ) |72 (sn = un)|

IN

R = \ [ i) — ) o
Q

IN

m’,

again by (17) and the defintion of 7.
This estimate and the estimates (22), (23) lead to the conclusion. m

Remark 2.5 According to the observations from |22, Figure 10| (see also [28]), the flux estimator
may overestimate the error due to the previous Theorem 2.4 and point 2 of Remark 2.3, therefore,
if necessary, it may be added to the approximate quantity of interest.

Remark 2.6 Since the estimator ngos and the right-hand side of (19) are fully computable, we
can estimate the ratio

R
noor’

dnnx

by computing ﬂ, during a refinement procedure based on the use of ngor and check if it
NQOoI

tends to zero or not. In the positive case, due to the identity (13) this means that the ratio

&
nQor

tends to one and will validate the asymptotic exactness of the estimator ngor.
In any case, we can use the estimate

€] < [nqorl + 4m”*, (24)

that follows from (13) and (19), and then choose as estimator |ngor| + 4nm* to implement an
adaptive algorithm.

Remark 2.7 As mentioned in the introduction, one may hope to obtain an effectivity index close
to unity if we use a higher order approximation space V;* to approximate the dual problem |2, 30].
This fact is confirmed by the numerical tests from subsection 4.1. However approximating u* by
a higher order finite element scheme takes more CPU time, which limits the practical interest
of such techniques. To overcome this issue, we can use a local higher order approximation of
uy € V), as proposed in [8, p. 41], a local subproblems approach (each subproblem lives on a
small subset of elements, that can be solved efficiently and in parallel using higher order finite
elements) as proposed in [42, p. 196], or a reconstruction of uj, € Vj and uj € Vj on a coarse
mesh of size 2h with a higher order approximation as proposed in [42, p. 196]. These alternative
solutions can be used as they enter in our framework, recalling that in our approach uj is not
necessarily a Galerkin approximation of the solution u* of the dual problem and since V3 and
V¥ are not necessarily included into Hg ().



Remark 2.8 Our approach applies to the diffusion-reaction equation with mixed boundary
conditions
—div(DVu) +ru=f inQ,
u=20 on I'p, (25)
—DVu-n =gy on 'y,

where I'p and I'y are two open parts of 9§ such that Tp NIy = 9Q, and gy € L*(T'y). Its
variational formulation is (6) by replacing H}(Q), by
H%D(Q) ={uec HY(Q) |u=0o0nTp},

with B defined by (5) and
Fv) = / fvdx —/ gnvdo(z), Vo € HE (),
Q I'n

while the weak formulation of the adjoint problem is still (9) by replacing Hg(Q2) by H%D(Q).
For this problem, the flux reconstruction 6, € H(div, ) has to satisfy (11) but furthermore

/(9h~n—gN)da(3:):O, Ve€& st eCly,

while the potential reconstruction sy of uy has to be in HllD () NV} and to satisfy fQ spdx =0
if meas I'p = 0 and r = 0 (a.e.). Similarly the flux reconstruction 6} € H(div,2) has to satisfy
(12) and

/Gz-nda(x) =0,Ve€&st eCly,

e

while s; has to be in H%D(Q) and [, s; dz = 0 if meas T'p = 0 and 7 = 0 (a.e.). With these
slight modifications, Theorem 2.1 remains valid with the same definition for the estimator except
for no which is here given by

no = /(f — div 0y, — rup)uy, do +/ (0 -1 — gn)uy do(x),
Q I

N

the remainder being modified accordingly. Further using the results from [15, 17|, estimates like
(16)-(17) are available, allowing to prove a result like Theorem 2.4.

Remark 2.9 Even if it is beyond the scope of this paper, our approach also applies to the
convection-diffusion-reaction equation

{ —div(DVu —wu) +ru=f in{, (26)

u =0 on 0,

where w € L>(Q)9 is divergence-free. Its weak formulation is given by (6) with
B(u,v) = /((DVU —wu) - Vv + ru) dz, Y u,v € HY(Q),
Q

while the weak formulation of the adjoint problem is given by (9). In this setting, Theorem 2.1
remains valid with a slight difference in the definition of 7y that here takes the form

nv = / (0 + DVsy, — wsp,) - D™H07 + wu}) d.
Q

Further using the results from [15, 17|, estimates like (16)-(17) are available, allowing to prove a
result like Theorem 2.4.
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Remark 2.10 As in [28], the quantity of interest could be replaced by
Qv) = / qudx + (DVv -n,up),
Q

for all v € HY(Q) such that div(DVv) € L?(2), where n is the outward unit normal vector
along O), up, is a fized function in Hl/z(OQ) and the bracket means the duality pair between
H=Y2(09Q) and HY?(09). In such a case, Theorem 2.1 remains valid by adding to ngor the
term

((DVup, + 0y) - n,up)
Moreover assuming that s, = uj, on the boundary, then the estimate (17) remains valid (up to
some multiplicative factors in the definition of the different terms of n*, see Lemma 7.1 of [45]
and the proof of Theorem 2 of [17]); and consequently Thereom 2.4 remains also valid.
3 The parabolic problem

3.1 Problem definition

We here consider the following heat type equation:

%—diV(DVu):f inC:=Qx1,
u(.,t) =0 on 00 x I,
u(.,0) = ug in Q,

where the time interval I = (0,7), with a fixed time T, D € L>®(£2;R%*?) is a diffusion tensor
satisfying the same assumptions than in section 2. The datum f is supposed to satisfy f € L?(C)
and the initial value ug € L?(Q2). Under these assumptions, problem (27) or equivalently

(Opu(-,1),v) + (DVu(-t), Vo) = (f(-,t),v), Yv € Hy(Q), ¥ ae. t €, (28)

has a unique (weak) solution in Y := {y € X = L*([; H}(Q))| 0w € X' = L*(I; H1(Q))}.
Note that Y is a Hilbert space with the norm

1ylly = llyllx + 0yl x,

where the space-time energy norm is given by
T
2 i 2
bl = [ 1DV dr vy e X,
0

Let us further notice that by [27, Theorem 3.4.1], Y is continuously embedded into C(I; L?(12)),
which gives a meaning to the initial condition in (27). For further purposes, we denote by Cy
the smallest positive constant such that

Iyl oz < Cvllylly, Yy €Y. (29)

Note that an explicit upper bound on Cy can be obtained, namely if we denote by Cq the
smallest positive constant such that

lullo, < Col|D2Vul, ¥ u € HY(Q),

then one can show that

Co
Cy < —=+/2,
Y_ \/T

see [12, p. 55]. Let us finally remark that Cq < ||D%||OO’Q\ZI>7dQﬂ', where dg is the diameter of €,
see [10, Theorem VI-3 and p. 301]

11



3.2 The goal oriented functional and the adjoint problem

We here consider the output functional that represents the physical quantity of interest given by
(see [32, 33| for a similar choice)

Q(’U) = /I(g('vt)vv) dt + (u%vv("T))’ Vove C(I_’ L2(Q))’ (30)

where g € L*(C) and u}. € L*(Q) are given functions. As before the formulation of the adjoint
problem is based on the fact that we want to have the identity (8), where u* is solution of the
dual problem. We therefore reformulate problem (28) in the space-time variables, by taking a
test-function v € Y and integrating in I to find

B(u,v) = F(v), Yv €,

where

B(u,v):/l((atu( 1), 0) + (DVu(- 1), Vo)) dt+/ w(w, 0)v(z, 0) dx,

//fa:t z,t) d:cdt+/u0( Yo(z, 0) dz.

Hence the adjoint problem consists in finding u* € Y solution of
B(v,u*) = Q(v), Yv €Y. (31)
Indeed from the definition of B and @), this problem is equivalent to

/I(<8tv(-,t)7u*> + (DVo(-,t),Vu")) dt —l—/Qu(x,O)u*(x,O) dx = /I(g(',t),v) dt + (up,v(-,T)).

Due to the regularities of v and u*, the following integration by parts formula is valid
[ttt == [0 006, it (0T T) = (000,07 0)

Inserting this identity into the previous one, we obtain

/l(—@tu*(-,t), o( 1)) + (DVU* (-, £), Vo) — (g, ) dt—l—/ﬂ(v(w, T)(u* (2, T) () d = 0, Wo € Y.

Taking appropriate test-functions v and using Green’s formula, we find that u* is solution of
the backward heat type equation

_Ou iv(DVu*)=¢g inC:=Qx1,
u (., t) =0 on 00 x I,
u*(.,T) = up in Q.

As before, its weak formulation is
—{(Opu* (-, 1),v) + (DVU*(-, 1), Vo) = (g(-,t),v), Vv € H}(Q), ¥V ae. t e, (33)

whose unique (weak) solution u* has the same regularity than before, namely u* € L?(I; H}(2))N
C(I; L*(Q)) with opu* € L*(I; H-(Q)). Integrating (33) in time and using the arguments above,
we see that this solution satisfies (31) and directly deduce that the identity (8) holds, which in
particular yields

Q) = /I (F(o£), 0 (- 1)) dt + (o, u*(0)). (34)
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3.3 The discrete setting of the parabolic problem

To discretize problem (27), we suppose given a sequence of discrete times {t"}»_,, with N € N*

n=0"
such that t0 =0, tV =T and t" < t"*! foralln =0,--- ,N—1. Foralln =1, ---, N, we define
I, = [t""1,¢"[ and let 77 = t" — "1 be its length. For alln = 0,--- , N, we also suppose given a
partition 7" of polygonal elements T' that covers exactly €. As before for simplicity, we assume
that the meshes are simplicial and matching. For all n =0,--- , N, we set h” = maxpcyn hp.

In a standard a posteriori error analysis of the primal problem (27), the initial mesh 770 is
used to approximate the initial data ug, while for n > 1, 7™ corresponds to a refinement or a
coarsening of 7! as time evolves. Here the situation is more involved since our estimator is
also based on the solution of the dual problem. Anyway, since we use an implicit scheme in time
(for the primal and the dual problems), we suppose that for all n = 1,--- | N, 7"~ and 7" has
a common refinement mesh 7717,

For all n =0,---, N, we finally suppose given two finite-dimensional spaces V}* and V,;k ™ of
HY(T™).

For a vector space W (of functions defined on §2), and k£ = 0 or 1, we denote by
PEW) = {v € L*(0,T,W) | v, € P*(I,,W), Vn=1,--- N},

where PO(I,,, W) (resp. P'(I,,W)) denotes the space of functions from I,, to W constant (resp.
affine) in time. Note that any function v € P}(W) is uniquely determined by its values v™ :=
v(-,t") at t", n = 0,---, N. On the contrary, any function v € P%(W) is uniquely determined
by its values v = v (-, t)‘ 7,»m=1,---,N. Let us finally observe that the time derivative d;v of
v € P}(W) belongs to PY(W) and that

" — Un—l

(8tv)":8tv|1n: ,Vnzl,‘--,N. (35)

n

For shortness we set 90" = (0yv)™. .
Let us also introduce an approximation f € P2(L?(f2)) of f defined by

= 1
fr=—=[ fC.tydt,¥n=0,--- ,N.

Tn JI,

As in [16], we suppose given an approximation uy, € P(L?(£2)) of the solution u of (28) such
that up_ = up,(t") € V', for all n = 0,--- ,N. Similarly, we suppose given an approximation
uj, € PHL?*(Q)) of the solution u* of (33) such that u;™ = uj_(t") € V""", foralln =0,--- , N.

We also assume that a flux reconstruction 6, and a potential reconstruction sy, are available
and satisfy the following conservation properties. 6, € P°(H(div,(2)) and satisfies (compare
with [16, identity (4.5)])

(Bul, +diver — f" 1)p=0,YT €T n=1,--- N. (36)
On the other hand, s;, € P}H(H}(£2)) and satisfies
(st D = (up, Do, VT € T = 0,--- | N. (37)
A direct consequence of this property is that (see [16, Lemma 3.1])
(Orsyr, 1) = (Opupy, V), YT € T, n=1,--- N, (38)

holds.
Note further that (38) and (36) lead to

(Opsit 4+ diver — f" 1) =0, VT €T n=1,---,N. (39)
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In the same manner, we assume that a flux reconstruction ¢; _ and a potential reconstruction
sy are available and satisfy the following conservation properties: 60; € PY(H (div,)) and
satisfies

(=" +divey" — " 1)r =0, VT €T",n=0,--- ,N — 1. (40)

As before, s;_ € PL(H}() is such that
(527:7 1)T’ = (u;;fv 1)T’a v € Tn—l,n’ n=0,--- aN7 (41)

which yields
(Osy” V) = (Bpuy”, 1), VT € T, n=0,--- ,N — 1. (42)

3.4 The error representation of the parabolic problem

The error on the quantity of interest is defined by

€ = Q(u) — Qunr). (43)

Inspired by section 2.3, we show that it can be decomposed into a fully computable expression
and a remainder that will be estimated by a fully computable quantity.

Theorem 3.1 With the previous notation, we have

& =mngor + R, (44)
where the estimator ngor is given by
77QOI = (U(] - ShT(O)v ’U,ZT(O)) + (UZ;{Vv ShT(T) - uhNT) - /(g(a t)a Upr — ShT) dt (45)
I

+ /(f(-,t) — div O, (-, 1) — OrSpr, uf, (- 1)) dt
I

+ //(9;” + DVsy,) - D705 dadt,
I1JQ
while the remainder term R is defined by

Ro= (uo = snr(0), (u" = i )(0)) + (up — wp sur(T) — upy) (46)

S (CUR AR ISIE

+ /I(f'(-,t) — div O, (-, 1) — OrSpr, (u* —uf, ) (-, 1)) dt

— //(th + DVShT> . D_l(DVU* + 027) dxdt.
I1JQ

Proof. Using the definition (43) of the error and the identity (34), we have

5:Aﬁhmfhﬂﬂﬂﬂmwmm—/whmmﬁﬁ—W%w&fﬂ

I

Introducing artificially sy, we get

5:LU@@WWWDﬁ+WmW@»—/@@UWM—%Jﬁ‘/@@ﬂﬁmﬂ“ﬁ%ﬂm@T»

1 1
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Using (32), this is equivalent to

£ = / (s 8), 0 (-, £)) dit -+ (g, u"(0)) — / (90 1), unr — spr) dt

I 1

+ /(atU* +diV(DVU*)7ShT) dt — (uéUuhT('vT))‘
I

As sy, is in HY(I, H}(Q)) an integration by parts in space and in time leads to

/(div(DVu*),shT)dt = //DVU*'Vsthxdt,
1JQ

I
/(8tu*, Spr)dt = — /(u*, Oespr) dt + (u*(T), spr(T)) — (u*(0), sp-(0)).
I I

Inserting these identities in (47) we find
E = (up— snr(0),u*(0)) + (u*(T), spr(T) — uby ) — /(g(-, t), upr — Spr) dt
I

s [0 - @ om)) d

- //DV’LL*'VSth$dt.
1Jo

Adding and subtracting the term
// Vu* - 0, dxdt,
1JQ

£ = (uo—snr(0),u*(0)) + (u'(T), s (T) — upy) - /](g(n t), unr — spr) dt

we find

+ /I (F(+8) = Busnr ™ (1)) dt

+ // Vu* '9}”- dxdt
1JQ

— //(G;U + DVsp;) - Vu™ dxdt.
1JQ

Using Green’s formula in the fourth term of this right-hand side we find
€ = (uo—snr(0),u*(0)) + (u*(T), 0 (T) — ) — /(g(-, t), unr — spr)dt
I
+ /(f(vt) —diVGhT(‘,t) _atSthu*('at))dt
I
— //(OhT + DVsp;) - Vu™ dxdt.
1JQ
Replacing f by f — f + f, we find

E = (up— snr(0),u%(0) + (u* (T), 51 (T) — ) — /] (90, 1), wnr — s dt
+ /I (Frt) = Fou( 1)) dt

b [0 = st = B
I

— //(Q;W + DVsp;) - Vu™ dxdt
1Jo

Writing u* = uj_ +v* —uj_ and DVu* = —0; _+ DVu* + 07, we arrive at (44). m
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Remark 3.2 As in Remark 2.3, our estimator ngor admits the decomposition
nQor = Mo + v + N,

where

o = [t = i (o) de
b [t =i O 0) = Dusir i - )
nw o= // (Onr + DVsy,) - D105 dxdt,
= (0= 517(0) 0, ) + (s (T) =) = [ a18) 07— 51r)

As before np represents the data oscillation with respect to the primal problem weighted by the
dual approximate solution, the flux estimator 7y that measures the deviation of —DV sy, from
the reconstructed flux 0y, and ny that measures the deviation of up, from H&(Q)

Let us now show that the remainder can be explicitly estimated using the error estimators for
u and u* obtained in [16, Theorem 3.2|. Namely denote by n (resp. n*) the estimator obtained
in this reference using the discrete spaces V;* (resp. Vh* ™) to approximate the solution u of the
primal problem (28) (resp. u* of the dual problem (33)), so that

[ — unelly <n+3l1f = fllx, (48)
[u* = uhlly < 0" +3llg — gllx, (49)
where
N 2
n = 3{2/ > k() +nprr(t)? dt} + 110
n=1 I"TGT"
N 1
+ {Z/ Z (Mye1,r(t) } {Z / Z nnce,r(t dt} ;
n=1"In pen In pen
with

nic = V2|s, — uoll,
and foralln=1,,N,te€ I, and T € T",

Mpr(t) = 7D s rhr|l f — Ousnr — div O |7,
Mher(t) = |D72(0h + DVshr)|7.
Myerr(®) = D2V (snr — une)|7,
Moor(®) = 7 D73 |oorhrllO(shr — une)" 7.

The estimator n* of the dual problem is defined similarly by replacing un, by uj_, 0p by
0y, shr by s7_, s?” by 32’3, up by wpy, f by ¢, and 0; by —0;.

Theorem 3.3 With n and n* as defined before, we have

Rl < Dy 0+ (shr — un) (D) + 1f = Fllxr) (0 + (s — ) O + g = Gllx7) (50)
+ WD 2 ol £ 1) — Fllen®,

with Dy = v/2max{1,3Cy} + 11.
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Proof. We estimate each term of R separetely. For the first term, by Cauchy-Schwarz’s
inequality we have

|(uo = sn7(0), (u™ = up,)(0))] < fluo = snr (0)|[[| (u™ = u, ) (0)]]- (51)

Note that
[ug — spr(0)]| < 2742, (52)

therefore it remains to estimate the second factor of the right-hand side of (51). But since uj
does not belong to Y, we write (u* — uj_)(0) = (u* — s;.)(0) + (s}, — u;.)(0), and use the
triangular inequality to find

(" = up ) O)] < (W = 53 ) O + [l (shr — wir)(O)]]- (53)

For the first term of this right-hand side we use the continuous embedding Y < C([0, T; L*(12))
to find (see (29))
1w = s ) (O] < Cyflu” = s [ly - (54)

Then using the identity

N 1

* * * * L * * 2

lw = silly =l = sio)l2orm-o) + (3 /I > IDEV( - s dt)
n=1

" TeTn-Ln

inserting artificially uy = and using the triangular inequality, we find

lu* = sholly < 19" — w22 + 196t = sho)ll 2o

N-1 L 1
P (X)X v o)’

nTGT"7177l

N-1 . 1

1 ¥ % 2

(X)X I - sl )
n=0’In peTn—tn

According to the definition of the norm Y for u* — u}_ and to the definition of n*, we find
[u* = shrlly < = v lly + 0" (55)
+ N0%(uhr — she)ll L2011 (0)-

For this last term, for all ¢t € (0,T), we define the H~!(Q)-norm by*

* * O¢(uy, — s7.)(t)pdx
10c(upr = shr) (D)l 1) = sup o 91w . hr) (1) ‘
PEHG (Q),0#0 |ID2V|

(56)
Hence using (42), we may write

/Qat(u;m‘ - SZT)(t)QOdJJ = Z Lat(uZT - S;km')(t)(so - MT(/O) dz,

TeTn

where M7 is the mean of ¢ on T. Therefore by the Poincaré inequality stating that

o — Mrollr < 7 hrleh,r,

we find . .
o — Mrollr < 7 hy | D72 oo || D2 Ve |7,

las D is bounded and positive definite this norm is equivalent to the usual one.
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and hence

* * — -1 * * 1
/Qat(uhT—shT)(t)sodx <7t Y b D72 o |0k = she) ()] D2 Vel 7.

TeTn

Using the discrete Cauchy-Schwarz’s inequality and inserting this estimate in (56), we obtain

1

* * — —1 * * 2

10 (wir = s ) (Ol -1y <74 (D0 BHIDTHE plor(us - si ) (01F)
TeTn

Integrating the square of this estimate in 0,7") and using the definition of n*, we arrive at
10c(upr — shr) Ol 20.1,5-10) <05
and using it into (55) yields
lu* = shelly < llu = w5+ 207
The estimate (49) then leads to
[u" = shelly < 30" +[lg — gllx)- (57)
Combining this estimate with (54) leads to
[(u* = s3,) O)] < 3Cy (n* + llg — gllx),
that can be used in (53) to find
(" = up ) (0)]] < max{1,3Cy }(n" + [[(sh, — s, ) O)]| + llg — gllx7)- (58)
Coming back to (51) and using this last estimate and (52), we finally find
* * -1 * * * ~
|(uo = 51 (0), (0" = up,)(0))] < 272 max{1,3Cy }n(n" + [[(sh, — up)(0)[ + llg — gllx7).  (59)
The second term is the symmetric of the first one by exchanging the rule of u and u*, hence
* -1 v *
(g = s sne (T) = upy)| < 272 max{1, 30y} + [[(snr — wnr) (D) + 11 = Fllx)n™ (60)

Concerning the third term, we again introduce artificially s} _ to get

Rj = /I(f(vt) - fv (U* - u;krr)(‘vt)) dt = /I(f(7t) - f7 (U’* - SZT)('at)) dt

N ~
+3 /In(f(-,t)—f (55 — uf) (1)) db,

and by using a duality argument for the first term and Cauchy-Schwarz’s inequality for the
second one, we obtain

Rsl < IfCot) = Fllxllu” = sirllx

N ~
+ Z/J > G = Pzl = whe) (0 1 dt.
n=1

" PeT -1

Due to the property (41) and the Poincaré inequality, we find

Ral < FCot) = Fllrllu” = sirllx

N
F 60 Pl Dl

n TGTn,n—l
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Using the definition of the broken gradient of uj_ and the fact that hy < A" for all T' € Tn-bn,
we get

Ral < IfCot) = Fllxllu” = sirllx

N
—1pn -1 mn Lon—1n/ *
+ 7 'h HD 2"00792/1 Z Hf(7t)_f HTHD2V b (sh‘f‘_uhr))('vt)HTdt'
n=1

mTeT™
Hence using Cauchy-Schwarz’s inequality, we find
~ _ 71 ~
Rs] < IF (1) = fllxllu™ = shollx + 7 R [D72 [lso gl (1) = fllon™

Finally as by definition ||u* — s} _||x < [|u* — s}_||y, the estimate (57) yields

[Rsl <3IIF(.t) = Fla(n* + llg — dllx) + 7 B[ D72 ol £ ) = Fllen™ (61)

For the fourth term again inserting artificially sj _ we get

= Z/I Z (f(, 1) — div O (-, ) — Byspr, (u* — s5.)(- 1)) dt

N
+z_:1/1 ST t) — divOr (- t) — Besir, (5 — 1wl ) ()7 dt.

nTeT™

For the first term using (39), we can replace u* — s;_ by u* —s;_— Mp(u* —s; )on T € T,
while for the second term we reorganize the summation on the triangulation 77 1" and then
find

N
Ry = Z_:l/ (" (ot) = divOpr () — Qusne, (u” — sh) (1) — Mop(u® = s},))p dt

In pern

N
+ 221/1 Z (f(,t) — div O (- 1) — Oysnr, (55— ul ) (-, 1)) dt.

n T/eTnfl,n

Using Poincaré inequality for each term of this right-hand side (recalling the property (41)), we
find

N
AEE DY / S hp D73 oozl (1) — div Or (-, 8) — Besne |2 DEV (u — sf,) (-, 1) |7 dt
n=1"In 77N

N

_ _1 ~ . 1o, .

+r /1 > b ID7E o | £ () = div e (- 8) — Oesuellr | DEV (s5,, — )|l dt.
n=1 n Tle']‘nfl,n

Using Cauchy-Schwarz’s inequality and reorganizing the summation in the second term (using
the fact that hps < hp, for all T € 7" 1" such that T C T € T"), we get

[Ral < nlllu” = spelly +n%).
As before the estimate (57) yields

[Ral < 30"+ llg = gllx) + ™. (62)
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It remains the last term that can be transformed as
Ry = //(GhT + DVsp,) - D™YDVu* + 605 dadt

I1JQ

_ / / (Onr + DVispr) - V(i — 7, ) dadt
I1JQ

+ //(Q}W + DVspr) - D_I(DVS}W +0;.) dxdt.
I1JQ

Hence Cauchy-Schwarz’s inequality directly yields

Rs| < nlllu® = sp.lly +n%)-

With the help of the estimate (57) we again obtain

IRs| < 3n(n" +1lg — gllx) +nm*. (63)

The conclusion follows from the estimates (59), (60), (61) (62), and (63). =
Note that Remark 2.6 remains valid for our parabolic problem (27). ,

4 Numerical examples

In this section, we present some illustrative numerical examples that validate our theoretical
results. Before going on, let us notice that all numerical simulations are realized by the free
scientific computing software FreeFem-+ [19].

4.1 Diffusion-reaction problems

In this subsection, we aim to illustrate the theoretical results obtained for diffusion problems,
and specifically Theorems 2.1 and 2.4. These tests are performed in the case u;, € HE(2), so
that we always take s, = up,.

4.1.1 Diffusion problem : regular solution

We first consider the same benchmark as the one proposed in [30], section 8 and [28], section
6.1. The primal problem (4) is defined with d = 2, Q@ =]0,1[%, D = Ig2 2 and » = 0. The
exact solution is chosen equal to u(z,y) = 10%z(1 — z)y(1 — y)e 1000CEV)* with p(z,y) =
((x—0.75%) 4 (y—0.75)%)1/2 (see Figure 1(a)), and the right-hand side f is computed accordingly.
The dual problem is defined by (10) with ¢ = 1, and w = {(z,y) € Q: 1.5 <z +y < 1.75} (see
Figure 1(b)).

The approximation uy of u solution of the primal problem is made using standard conforming
P; finite elements on regular meshes made of triangles (see Figure 2 for the first three refinements),
and the corresponding flux reconstruction 6y is approximated using some standard RT; finite
elements (Raviart-Thomas finite elements of degree 2 on each triangle). The approximation uj
of u* solution of the dual problem is made using standard conforming P finite elements on the
same meshes, and the corresponding flux reconstruction 6} is approximated using some standard
RT; finite elements (Raviart-Thomas finite elements of degree 3 on each triangle).

For each mesh, the value of £ = Q(u — uy) defined by (7) is computed, as well as the one of
noor defined by (14). We plot on Figure 3(a) the values of £ as well as the ones of ngor and
4nn* as a function of h in a log-log scale. Using (13), we also plot the value of |R| which can be

2here and below, Iz2 means the 2 x 2 identity matrix
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(a) (b)

Figure 1: Diffusion problem with regular solution: (a) exact solution; (b) loading term ¢ in dual
problem.

Mesh 1-h=1/4 Mesh 2- h =1/8 Mesh 3 - h =1/16

Figure 2: Unstructured regular meshes, first three refinements.
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computed by R = Q(u — up) — ngor-

First of all, we remark that £ goes towards zero at the order O(h?), which is the expected
behaviour since u € H?(2) and uy, is approximated by P; finite elements. Moreover, the estimator
ngor converges towards zero also in O(h?), while the remainder R superconverges. Figure 3(b)
displays the effectivity index I.¢s defined by

Lepr = |€/nqorl- (64)

Whatever the value of h, the effectivity index I, s is always nearly equal to one, what illustrates
on this benchmark the asymptotically exactness of the estimator ngor. Coming back to Figure
3(a), we observe that the value of 4nn* goes towards zero faster than £ and ngor, while remaining
quite larger for coarse meshes. Let us now introduce the total effectivity index Ié‘}? defined by

115 = 1€ /(Ingor| + 4nm*). (65)

We see in Figure 3(c) that Ié;’ff is smaller than one as theoretically expected (see (24)). But
thanks to the superconvergence of 4nn*, it is also expected to converge towards one when h goes
towards zero.

| o tot
= log - |eff

10! 4 35 -3 25
Log(h) Log(h)

(a) (b) ()

Figure 3: Diffusion problem, D = Ir2, regular solution: (a) rates of convergence; (b) effectivity
index I.fy; (c) total effectivity index I/%;.

Remark 4.1 If we solve the same problem, but this time using conforming P1 finite elements
for the computation of uj and RTy finite elements for the computation of 0} (in other words, the
same finite element spaces for the dual problem than for the primal one), then the results are not
the same. Figure 4 displays the same quantities as the ones in Figure 3. As previoulsy, it can
be observed in Figure j(a) that the error € and the estimator ngor both converge towards zero
at the order O(h?). Nevertheless, the remainder R does nmot superconverge anymore, even if it
remains here very small compared to £ and ngor. It explains the fact that I.z5 is slightly worse
(around 0.93 instead of 1 for the smallest values of h, see Figure 4(b)). Moreover, it can also be
seen in Figure 4(a) that 4nn* is no more superconvergent. It remains larger than £ and ngor,
converging towards zero at the same order. That is why the value of Ié?tf converges towards a
constant significantly smaller than one. This test illustrates the fact that for a regular solution,
if the dual problem is approrimated by the same spaces than the ones used for the resolution of
the primal problem, then the remainder term R (or its bound 4nn* ) is not necessarily negligible,
and that the asymptotic exactness can be lost. Nevertheless, it is clear that Ié‘}tf always remains

bounded by one, and that the estimator |ngor| +4nn* is always an upper bound for the error |E],
as theoretically expected from (24).
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Figure 4: Diffusion problem, D = Ir2, regular solution with same finite element spaces for primal
and dual problems: (a) rates of convergence; (b) effectivity index I.sy; (c) total effectivity index

et

4.1.2 Diffusion problem : singular solution

This time we consider a singular case. The primal problem (4) is defined with d = 2,
Q =] —1,1[?> and 7 = 0. The diffusion coefficient D is piecewise constant in { and defined by
D =d;Ige in Q;, 1 <i < 4, with Qy = (0,1) x (0,1), Q3 = (=1,0) x (0,1), Q3 = (—1,0) x (—1,0)
and Q4 = (0,1) x (—=1,0), 0 < dy =d3 =a < 1 and dy = d4 = 1. Defining the singular exponent

a = —arctan(y/a), the exact solution as shown in Figure 5(a) is given by
T

u(aj,y) = p($7y) S(xv y),

where p(z,y) = (1 — 2*)(1 — y*) is a truncation function and S(z,y) = p®v(#) with

oL 9:{ arctan(y/x) %n Q1 U Qy,

m+arctan(y/z) in  QaUQs,

( sin <a(9—%>> in  Q,

Vvacos (a(%—ﬁ)) in o,

sin (a(%r — 0>> in Qg,

—+v/acos (oz(E + 0)) in 4.
\ 4
The right-hand side f is computed accordingly. Let us note that in such a configuration, for
any € > 0 we have u € H'T27¢(Q) (see e.g. the appendix of [9] for a similar configuration).
The dual problem is defined by (10) with ¢ = 1, and w = (0,0.5) x (—0.25,0.25) (see
Figure 5(b)). All the spatial discretizations are done similarly to the regular case of section 4.1.1.

and

The obtained results are respectively displayed in Figures 6 and 7 for a = 1/5 and a = 1/20,
respectively leading to the values of a = 0.53 and « = 0.28. From these figures, we may notice
that the error, the estimator ngos and 47n* all converge towards zero with order O(h?®). In both
cases, I, ¢y remains in the order of unity but is no more close to one. The remainder R seems to
be no more superconvergent. Moreover, 4nn* significantly overestimates the value of |R|, leading
to the convergence of Ié‘}tf towards values less than one. This means that for such problems with
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(a) (b)

Figure 5: Diffusion problem with singular solution: (a) exact solution; (b) loading term ¢ in dual
problem.

singular solutions, an adaptive algorithm should be based on the sum of the estimator |ngor|
and of the product 4nn*, since they have the same rate of convergence, even with a higher order
approximation of the dual problem.
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Figure 6: Diffusion problem, singular solution, a = 1/5: (a) rates of convergence; (b) effectivity

index Isy; (c) total effectivity index I/9;.

4.1.3 A boundary layer problem

Now, we investigate the behaviour of the estimator in the case of a solution with a boundary
layer, in order to test the robustness of the estimator in this configuration. For an arbitrary
e € Ry, we consider the problem (4) with d = 2, Q =]0,1[?, D = £2Ig2 and r = 1. We choose

f(xvy) = 2621}6(:1;) + y(l - y)7 V(I’,y) € Qv
with
ve(z) =1+ e — (1+ap)es, Va) € (0,1), and op = ———,

so that the exact solution w. is given by u.(z,y) = ve(z)y(1 —y). Clearly we have u. = 0 on 052,
and a boundary layer appears in the vicinity of the boundaries x = 0 and = 1 when ¢ tends
towards zero (see Figure 8).

Like in section 4.1.1, the dual problem is defined by (10) with ¢ = 1, and w = {(z,y) € Q:
1.5 <z +y < 1.75} (see Figure 1(b)). Figures 9, 10 and 11 display the rates of convergence and
the effectivity index, similarly to Figure 3, respectively for e =1, ¢ = 107! and ¢ = 1072
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Whatever the value of ¢, the conclusions are the same as the ones of section 4.1.1 devoted to
the pure diffusion regular problem : £ as well as ngor go towards zero at the order O(h?). I, if
tends towards one when h goes towards zero. Finally, the value of 4nn* goes towards zero faster
than £. Consequently, in accordance with the theory, the estimation is robust in €.

4.2 Parabolic problems

In this subsection, we aim to illustrate the theoretical results obtained for parabolic problems,
and specifically Theorems 3.1 and 3.3. These tests are performed in the case u}_ € H{(Q), so
that we always take sp, = up,.

4.2.1 The heat equation

We start to propose a simple problem, defining the primal problem by (27) with d = 2, Q =0, 1[,
T =1.0 and D = Ig>. We choose the exact solution being equal to u(z,y,t) = 2%y*(z — 1)(y —
1)%sin(t) and compute the right-hand side f accordingly. The dual problem is defined by (32),

@w)?
where we choose g =0 and wj, = e~ #2010 with plz,y) = ((x —0.5)2 + (y — 0.5)%)1/2,
Concerning the time approximation, we use the definition of (Jyu)™ given in (35) to compute

an implicit-Euler time integration for the computation of the approximated solution of the primal
problem, where u" is the approximation of u(t,,-) and solution of the elliptic problem:

n__ ,n—1 ~
L div(DVe) =" i Q,
-
u™ =0 on 01, (66)
u? = ug in €.

Since the scheme is fully implicit in time, there is no need to impose any stability condition
linking A and 7. For accuracy reasons, we choose 7 = h. Similarly to the stationary tests, the
spatial approximation uj of u™ is made using standard Py finite elements and the corresponding
flux reconstruction 6 is approximated using some standard RT; finite elements. The time
integration of the dual problem is also done using an implicit-Euler scheme (with 7 = h), where
u™"™ is the approximation of u*(t,,-) and solution of:

*n _ %k n—1
_ “ —div(DVu*" ) =g inQ,
-
wonl =0 on 0, (67)
u N = uk, in Q.

The spatial approximation uzn of u™™ is made using standard Ps finite elements on the same
meshes, and the corresponding flux reconstruction 6} is approximated using some standard RT,
finite elements.

For each mesh, we compute the value of £ = Q(u — uy,) defined by (43) as well as the one of
noor defined by (45). We plot on Figure 12(a) the values of £ as well as the ones of ngor and
nn* as functions of h in a log-log scale. First of all, we remark that the error £ goes towards
zero at the order O(h), which is the expected behaviour since even if u is regular enough and
uyp, is approximated by P; finite elements, the time integration is of order one and the choice
of 7 = h leads to a global rate of convergence equal to one. Moreover, the estimator ngor
converges towards zero at the same rate of convergence. Figure 12(b) displays the effectivity
index I.fr = £/ngor as a function of h. As for the stationary tests with regular solutions, it
is always nearly equal to one and converges towards one. Consequently the estimator ngor is
asymptotically exact. Finally, coming back to Figure 12(a), we see that the value of nn* goes
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towards zero faster than £ (here around the order O(h!7)), what illustrates the fact that R is

clearly superconvergent (see (50)).
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Figure 12: Heat equation: (a) rates of convergence; (b) asymptotical exactness.

4.2.2 A moving Gaussian

Finally we consider a more difficult test coming from [34]. This time, the primal problem is
defined by (27) with d = 2, 2 =]0,1[?>, T = 1.0 and D = Ig>. We choose the exact solution being
equal to u(z,y,t) = B(t) e 00@¥D)® with r(z,y,t) = ((x — 0.4t — 0.3)2 + (y — 0.4t — 0.3)2)1/2
and f(t) defined by:

_ ¢—50(0.981+0.01)2

1 if <05,
B(t) = { 1 — ¢—50(1-0.98¢+0.01)?

else.

It consists in a moving Gaussian from the position (0.3,0.3) to the position (0.7,0.7) at a non
constant speed. As usual, the right-hand side f is computed accordingly. The dual problem is

o.y)2
defined by (32), where we choose g = 0 and uw}, = e~ St with plx,y) = ((x —0.7)% + (y —
0.7)%)1/2,

For the numerical simulation, we set 7 = h/10, all the other numerical parameters are the
same as the ones of section 4.2.1. We can see in Figure 13(a) that once again, the estimator ngor
converges towards zero at the order O(h) as theoretically expected, whereas the product nn* goes
faster towards zero (in the order O(h':7)). As expected by Theorems 3.1 and 3.3, Figure 13(b)
illustrates the asymptotic exactness of the estimator since the effectivity index I.rr = £/ngor
goes towards 1 when h goes towards zero.

5 Conclusion

In this paper, we have performed goal-oriented a posteriori error estimations for conforming
and nonconforming discretizations of elliptic and parabolic problems. It is based on H(div)-
conforming flux reconstructions and H!-conforming potential reconstructions. Our main novelty
is a decomposition of the error into a fully computable error estimator and a remainder, this
remainder being bounded by the product of the estimators of the direct and dual problems, up
to an explicit multiplicative factor (see Theorems 2.1 and 2.4 for reaction-diffusion problems
and Theorems 3.1 and 3.3 for parabolic problems). Various numerical results illustrate that the
error in the quantity of interest is estimated precisely by the error estimator, with an effectivity
index of order 1. Nevertheless, in some particular cases, we have observed that this asymptotic
exactness does not hold and that the use of the additional term, namely the product of the
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estimators of the direct and dual problems (that we prove that it bounds the remainder), should
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Figure 13: Moving Gaussian: (a) rates of convergence; (b) asymptotical exactness.

be required in adaptive algorithms.

29




References

1]

2]

3]

[4]

[5]

(6]

7]

8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

M. Ainsworth and J. T. Oden. A Posterior Error Estimation in Finite Element Analysis.
Wiley, New York, 2000.

M. Ainsworth and R. Rankin. Guaranteed computable bounds on quantities of interest in
finite element computations. Internat. J. Numer. Methods Engrg., 89(13):1605-1634, 2012.

W. Bangerth and R. Rannacher. Adaptive finite element methods for differential equations.
Lectures in Mathematics ETH Ziirich. Birkh&user Verlag, Basel, 2003.

M. Bebendorf. A note on the Poincaré inequality for convex domains. Z. Anal
Anwendungen, 22(4):751-756, 2003.

R. Becker, M. Brunner, M. Innerberger, J. M. Melenk, and D. Praetorius. Rate-optimal
goal-oriented adaptive FEM for semilinear elliptic PDEs. Comput. Math. Appl., 118:18-35,
2022.

R. Becker, E. Estecahandy, and D. Trujillo. Weighted marking for goal-oriented adaptive
finite element methods. SIAM J. Numer. Anal., 49(6):2451-2469, 2011.

R. Becker and R. Rannacher. A feed-back approach to error control in finite element
methods: basic analysis and examples. East-West J. Numer. Math., 4(4):237-264, 1996.

R. Becker and R. Rannacher. An optimal control approach to a posteriori error estimation
in finite element methods. Acta Numer., 10:1-102, 2001.

M. Costabel, M. Dauge, and S. Nicaise. Singularities of Maxwell interface problems. M2AN
Math. Model. Numer. Anal., 33(3):627-649, 1999.

R. Courant and D. Hilbert. Methods of mathematical physics. Vol. I. Interscience Publishers,
Inc., New York, N.Y., 1953.

V. Dolejsi, O. Bartos, and F. Roskovec. Goal-oriented mesh adaptation method for nonlinear
problems including algebraic errors. Comput. Math. Appl., 93:178-198, 2021.

J. Droniou. Intégration et Espaces de Sobolev & Valeurs Vectorielles. working paper or
preprint, Apr. 2001.

M. Duprez, S. P. A. Bordas, M. Bucki, H. P. Bui, F. Chouly, V. Lleras, C. Lobos, A. Lozinski,
P.-Y. Rohan, and S. Tomar. Quantifying discretization errors for soft tissue simulation in
computer assisted surgery: a preliminary study. Appl. Math. Model., 77(part 1):709-723,
2020.

B. Endtmayer, U. Langer, and T. Wick. Reliability and efficiency of DWR-type a posteriori
error estimates with smart sensitivity weight recovering. Comput. Methods Appl. Math.,
21(2):351-371, 2021.

A. Ern, A. F. Stephansen, and M. Vohralik. Guaranteed and robust discontinuous Galerkin
a posteriori error estimates for convection-diffusion-reaction problems. J. Comput. Appl.
Math., 234(1):114-130, 2010.

A. Ern and M. Vohralik. A posteriori error estimation based on potential and flux
reconstruction for the heat equation. SIAM J. Numer. Anal., 48(1):198-223, 2010.

A. Ern and M. Vohralik. A unified framework for a posteriori error estimation in elliptic
and parabolic problems with application to finite volumes. In Finite volumes for complex
applications VI. Problems € perspectives. Volume 1, 2, volume 4 of Springer Proc. Math.,
pages 821-837. Springer, Heidelberg, 2011.

30



[18]

[19]
[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

O. A. Gonzéalez-Estrada, E. Nadal, J. J. Rédenas, P. Kerfriden, S. P. A. Bordas, and F. J.
Fuenmayor. Mesh adaptivity driven by goal-oriented locally equilibrated superconvergent
patch recovery. Comput. Mech., 53(5):957-976, 2014.

F. Hecht. New development in freefem++. J. Numer. Math., 20(3-4):251-265, 2012.

P. Ladevéze, B. Blaysat, and E. Florentin. Strict upper bounds of the error in calculated
outputs of interest for plasticity problems.  Comput. Methods Appl. Mech. Engryg.,
245/246:194-205, 2012.

P. Ladevéze and L. Chamoin. Calculation of strict error bounds for finite element
approximations of non-linear pointwise quantities of interest. Internat. J. Numer. Methods
Engryg., 84(13):1638-1664, 2010.

P. Ladevéze, F. Pled, and L. Chamoin. New bounding techniques for goal-oriented error
estimation applied to linear problems. Internat. J. Numer. Methods Engrg., 93(13):1345—
1380, 2013.

P. Ladevéze. Upper error bounds on calculated outputs of interest for linear and nonlinear
structural problems. Comptes Rendus Mécanique, 334(7):399-407, 2006.

P. Ladevéze. Strict upper error bounds on computed outputs of interest in computational
structural mechanics. Comput. Mech., 42:271-286, 2008.

F. Liand N. Yi. A posteriori error estimates of goal-oriented adaptive finite element methods
for nonlinear reaction-diffusion problems. J. Comput. Appl. Math., 412:Paper No. 114362,
18, 2022.

M. Licht and M. Maier. Flux reconstruction for goal-oriented a posteriori error estimation,
2017.

J.-L. Lions and E. Magenes. Probléemes aux limites non homogénes et applications. Vol. 1.
Travaux et Recherches Mathématiques, No. 17. Dunod, Paris, 1968.

G. Mallik, M. Vohralik, and S. Yousef. Goal-oriented a posteriori error estimation for

conforming and nonconforming approximations with inexact solvers. J. Comput. Appl.
Math., 366:112367, 20, 2020.

M. S. Mommer and R. Stevenson. A goal-oriented adaptive finite element method with
convergence rates. SIAM J. Numer. Anal., 47(2):861-886, 2009.

I. Mozolevski and S. Prudhomme. Goal-oriented error estimation based on equilibrated-
flux reconstruction for finite element approximations of elliptic problems. Comput. Methods
Appl. Mech. Engrg., 288:127-145, 2015.

J. Munoz Matute, E. Alberdi, D. Pardo, and V. M. Calo. Time-domain goal-oriented
adaptivity using pseudo-dual error representations. Comput. Methods Appl. Mech. Engryg.,
325:395-415, 2017.

J. Munioz Matute, V. M. Calo, D. Pardo, E. Alberdi, and K. G. van der Zee. Explicit-in-time
goal-oriented adaptivity. Comput. Methods Appl. Mech. Engrg., 347:176-200, 2019.

J. Munoz Matute, D. Pardo, V. M. Calo, and E. Alberdi. Forward-in-time goal-oriented
adaptivity. Internat. J. Numer. Methods Engrg., 119(6):490-505, 2019.

S. Nicaise and N. Soualem. A posteriori error estimates for a nonconforming finite element
discretization of the heat equation. M2AN Math. Model. Numer. Anal., 39(2):319-348, 2005.

31



[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

R. H. Nochetto, A. Veeser, and M. Verani. A safeguarded dual weighted residual method.
IMA J. Numer. Anal., 29(1):126-140, 20009.

J. T. Oden and S. Prudhomme. Goal-oriented error estimation and adaptivity for the finite
element method. Comput. Math. Appl., 41(5-6):735-756, 2001.

N. Parés, N. C. Nguyen, P. Diez, and J. Peraire. A posteriori goal-oriented bounds for
the Poisson problem using potential and equilibrated flux reconstructions: application to
the hybridizable discontinuous Galerkin method. Comput. Methods Appl. Mech. Engrg.,
386:Paper No. 114088, 29, 2021.

L. E. Payne and H. F. Weinberger. An optimal Poincaré inequality for convex domains.
Arch. Rational Mech. Anal., 5:286-292 (1960), 1960.

S. Prudhomme and J. T. Oden. On goal-oriented error estimation for elliptic problems:
application to the control of pointwise errors. volume 176, pages 313-331. 1999. New
advances in computational methods (Cachan, 1997).

V. Rey, P. Gosselet, and C. Rey. Strict bounding of quantities of interest in computations
based on domain decomposition. Comput. Methods Appl. Mech. Engrg., 287:212-228, 2015.

V. Rey, P. Gosselet, and C. Rey. Strict lower bounds with separation of sources of error
in non-overlapping domain decomposition methods. Internat. J. Numer. Methods Engrg.,
108(9):1007-1029, 2016.

T. Richter and T. Wick. Variational localizations of the dual weighted residual estimator.
J. Comput. Appl. Math., 279:192-208, 2015.

M. E. Rognes and A. Logg. Automated goal-oriented error control I: Stationary variational
problems. SIAM J. Sci. Comput., 35(3):C173-C193, 2013.

7. Tang, S. Lou, A. Benabou, E. Creusé, S. Nicaise, J. Korecki, and J.-C. Mipo. Guaranteed
quantity of interest error estimate based on equilibrated flux reconstruction. IEFEE
Transactions on Magnetics, 57(6):1-4, 2021.

M. Vohralik. A posteriori error estimates for lowest-order mixed finite element discretizations
of convection-diffusion-reaction equations. SIAM J. Numer. Anal., 45(4):1570-1599, 2007.

32



