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FINITE ELEMENTS FOR WASSERSTEIN W, GRADIENT FLOWS

CLEMENT CANCES, DANIEL MATTHES, FLORE NABET, AND EVA-MARIA ROTT

AsstracT. Wasserstein W), gradient flows for nonlinear integral functionals of the density
yield degenerate parabolic equations involving diffusion operators of g-Laplacian type,
with g being p’s conjugate exponent. We propose a finite element scheme building on con-
formal P; Lagrange elements with mass lumping and a backward Euler time discretization
strategy. Our scheme preserves mass and positivity while energy decays in time. Building
on the theory of gradient flows in metric spaces, we further prove convergence towards
a weak solution of the PDE that satisfies the energy dissipation equality. The analytical
results are illustrated by numerical simulations.

1. INTRODUCTION

We are interested in the numerical approximation of non-negative unit mass solutions
to the following degenerate parabolic equation

(1) 00 =V (oY @) + W TV (o) +9) =0, inRag X,

on a bounded convex polyhedral domain Q ¢ R? (where d = 2 or 3), with unit outward
normal n, complemented with no-flux boundary conditions

@) ~ (VG o) + V(@) +9) =0 onRag x 00,
and initial condition
3) p=p" on{0}xQ.

Here and throughout the paper, we denote by Rygp = {feR:t>0}and R,g = {reR: 7>
0}. The exponent g > 1 determines the degeneracy of the equation. Models of the form (1)
appear as diffusive approximations of the Euler or shallow water equations with high and
possibly non-linear friction, see for instance [2, 33, 16, 40].

We consider two sets of assumptions on the nonlinearity 7 : [0, +00) — R, and the
external potential ¥ : Q — R. Our basic hypotheses for well-definedness of the scheme
are:

Hypothesis 1. 71 is non-negative, continuous, smooth on (0, c0), and strictly convex with
superlinear growth at infinity. We consider both cases that

(Al) n' is singular at 0, i.e. lim~o7n'(r) = —00, or

(A2) 17(0) := lim o 77 (r) is a non-negative real number.

Moreover, Y is non-negative, independent of time, and Lipschitz continuous on €.
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Actually, non-negativity of 7(0) in [A2] is no significant hypothesis: one can always
replace 7 by 77 with 7(r) := n(r) — n(0) — " (0)r, which satisfies 77'(0) = 0, without changing
the evolution equation (1)—(3). Similarly, changing a potentially negative potential ¥ into
the non-negative ¥ := P — ming ‘¥ does not affect (1)—=(3).

In the potential free case ¥ = 0, one can choose 7 such that (1) turns into the transient
g-Laplace equation d,p = V(IVpIq’sz), see (86) and (87) for details. The corresponding
functions 7 satisfy either [A1] of [A2], depending on the value of g. For the convergence
analysis using variational methods, we need the following additional hypotheses. These
ensure that the corresponding energy functional & introduced in (4) below is A-uniformly
geodesically semi-convex in the sense of [4, Definition 9.1.1], which in turn implies that
&E’s local slope is a strong upper gradient. Note that here and below, we distinguish between
semi-convex, meaning that the convexity modulus A might be negative, and convex, when
only A4 > 0 is allowed.

Hypothesis 2. 1 satisfies McCann’s condition for geodesic convexity and the doubling
condition, see (13) and (14) below. Moreover, ¥ is semi-convex if g < 2, or convex if
q>2.

1.1. Gradient flow structure. The motivation for our numerical method and the proof
of convergence heavily rely on the variational structure of the boundary value problem
(1)&(2): it is the metric p-gradient flow of the energy functional

4 &) = fg (n(p) + p'P) dx

with respect to the L7-Wasserstein distance W, on the space $,.(€2) of probability densities
on Q, where p is ¢’s dual exponent, i.e. + + 1 = 1. We briefly recall some key elements of
the corresponding theory developed in [4]; more detailed information is given in Section 2
below.

A curve (p(1)),5, of probability densities p(r) on Q is a p-gradient flow with respect to
a strong upper gradient |0&] iff the energy ¢ +— E(p(1)) is an absolutely continuous function
that satisfies the energy identity

d 1 1
) =580 = —'P"(0) + ~ 108 (p(1))
t p q

for almost every ¢ > 0. Formally (see Propositions 2.1&2.2 for rigorous statements), the
metric velocity |p’| and the local slope |0&]| along a general curve (p;),>0 amount to

6) o'1P(8) = fg VO p() dx,  0E(p()) = fg VI (o(0) + P1|"0(2) dx,

where v(f) is a minimizing vector field for the above integral among all v satisfying the
continuity equation d,0(¢) + V - (o(¢)v) = 0 at a given instance of time ¢ > 0.

The key point is that the evolution equation (1)&(2), which is a relation on an infinite-
dimensional Banach space, is equivalently expressed as the single relation (5) between the
three scalar quantities E(p(1)), |0’|(f) and [0E|(o(7)). On a formal level, that equivalence is
easily derived by estimating inside the chain rule —(d/df)&(p(7)) < [0E](p(?)) |o’|(f) on the
left-hand side, and then using Young’s inequality a - b < %Ial” + élblq for vectors a, b € R,
which is sharp precisely if a = |b|~2b, with the choices a = v(¢) and b = V[’ (o(t)) + P]
on the right-hand side.

The gradient flow structure of (1)&(2) has been used in the seminal paper [1] to con-
struct weak solutions as limits of a variational time discretization, and in [4] to prove
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qualitative properties of solutions, like energy dissipation and instantaneous regulariza-
tion. Unfortunately, the theory for metric p-gradient flows with p # 2 is much weaker than
the one for p = 2, where e.g. &’s geodesic convexity would have significant consequences
on the long-time asymptotics, as shown in [39].

Here, we use the gradient flow structure in a particular way for our needs: our dis-
cretization (26) — although not truly variational — dissipates & in a good way. With that
dissipation at hand, we conclude via compactness and variational arguments the conver-
gence of the discrete approximations to a limit curve p, = (0.(f));»0 that satisfies the en-
ergy inequality (5). We thus obtain a p-gradient flow solution to (1)&(2), which is energy
dissipating and a weak solution of the PDE in the sense detailed below. By this approach,
we circumvent the use of methods a la Browder-Minty to identify the flux in the limit, i.e.,
the term |V[r/(p) + \I’]Iq’zV[n’(p) + V], and we obtain strong convergence results on the
gradient expressions for our method. The price we pay is the use of various results from
the theory of metric gradient flows as a “black box”, like an explicit characterization of
the subdifferential |0&| in terms of differential operators, see Proposition 2.1. For a more
detailed description of our method, see Section 3.6 further below.

1.2. Solution concept. The aforementioned gradient flow representation of (1)&(2) sug-
gests a particular weak formulation. First, introduce the non-negative, continuous and
increasing pressure function ¢ : Ryg — Ry via

(7 @(r) = rn'(r) = n(r) + n(0) = fo 51 (s)ds.

Since ¢'(r) = rn”’ (r) for all r > 0, we formally have that Vé(p) = p Vi’(0). The key point
is that, while weak differentiability of 77’(p) is a delicate issue on the set where p vanishes,
differentiability of ¢(p) is much better accessible.

Definition 1.1. p : R0 xQ — Ryq is a weak solution to the initial boundary value problem
(HER)EA) if

(1) p(t,-) is a probability density at each t > 0;

(2) p(t,-) converges to p° weakly-* as t \, 0;

(3) ¢(p) € Ly, (R0, WH(Q);

(4) the time-dependent vector field u : Ry x Q — R? defined by

) uz Vo0

+ V¥ on{p> 0}

and by u = 0 on {p = 0} satisfies plul? € L} (R X Q);
(5) (the distributional form of) the following nonlinear continuity equation

®) f f (0 dup + pluli™u - V) dxdr = 0
0 Q

holds for arbitrary ¢ € CZ (R, X ﬁ).

Notice that the no-flux boundary condition (2) is encoded in by validity of the continuity
equation (9) for test functions ¢ that do not necessarily vanish on 0Q.

1.3. Organization of the paper. In Section 2, we introduce some material related to the
gradient flow interpretation of the continuous problem (1)&(2). The finite element scheme
is described in Section 3. It is based on conformal Lagrange P; finite elements and mass
lumping, while the time discretization relies on the backward Euler scheme. The main
results of the paper are set out in Section 3.5 and we give the sketch of proof in Section 3.6.
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In Section 4, then we establish Theorem 3.1 by showing that the scheme admits solutions
for any time step size. In Section 5, we establish the a priori estimates our analysis will rely
on. These estimates are all consequences of the (global) mass conservativity and the energy
diminishing property of the scheme. Section 6 is devoted to the proof of the convergence
of approximate solutions (Theorem 3.2), which relies on compactness arguments. The
proof of strong convergence (Theorem 3.3) is the purpose of Section 7. Finally, numerical
experiments are collected in Section 8.

2. VARIATIONAL CONCEPTS

2.1. Spaces and distances. For general information on Wasserstein metrics and Wasser-
stein gradient flow, see [42, 43].

Denote by P,.(Q2) the space of absolutely continuous probability measures on Q. By
abuse of notation, we shall identify elements in £,.(Q2) with their Lebesgue-density p €
L'(Q), which is non-negative and of unit mass. From the various ways to define the L-
Wasserstein distance W ,(po, p1) between pg, p1 € Pac(£2), the dynamical one from [8] is
closest to the heart of this work,

1 I/p
(10) Wp(Po,P1)=(inf{ [ [ wroaras asp+V-<pv>:0}) ,
0 Q

where the pair (o5, Vi) seqo,1] Tuns over all distributional solutions of the continuity equation
that connect p(0) := pg to p(1) := p;. Since Q is bounded, convergence in W, is equivalent
to weak-#-convergence. Occasionally, we shall use the L'-Wasserstein distance W; — also
known as bounded Lipschitz distance — on P,.(€2), which is defined by (10) with p = 1,
or alternatively in the dual representation

J;, e(o1 = po) dx
Wi(po,p1) = sup o
0#0eC! (RY) Vel
We will make use in the sequel of the following classical identity which follows from
Kantorovitch’s dual representation of the optimal transportation problem [42]
(11) W (00, p1) < diam(Q)/4W, (po, p1)"/7.

2.2. Energy functional. Recall from Hypothesis 1 that  : Ry9 — R is continuous on
Rs0, smooth on R, convex function of superlinear growth, specifically

(12) lim 7'(p) = +o0.

p—+o0

For simplicity (and by abuse of notation), we identify r with its extension to R by n(r) =
+oo for r < 0. This extension is convex and lower semi-continuous, so that the subdifferen-
tial dn can be considered. Specifically, we have dn(r) = {n’(r)} for all » > 0, and In(r) = 0
for all < 0. At r = 0, there are two alternatives:

e in case (Al), when lim,\ o 77'(r) = —co, we have dn(0) = 0;

e in case (A2), when °(0) := lim\ o 7’ (r) € Ry, we have d1(0) = (=0, 17’ (0)].
In Hypothesis 2, we further assume McCann’s condition [36] on geodesic convexity,
(13) s (s~ —n(0)] is convex and non-increasing on R
and the doubling condition:
(14) AC>0st nls+3) < CA+n(s) +n(3)), Vs, 5 € Ry

The energy functional & : P,.(Q) — R U {+0c0} is defined by formula (4) from the intro-
duction.
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2.3. Metric slope. For the abstract definition of the metric (local) slope [0&] of &, see
[4, Section 1.2]. In the situation at hand, it is characterized as follows, see [4, Theorem
10.4.13].

Proposition 2.1. Let p € P,.(Q) be such that E(p) < oo. Then |0E|4(p) < oo if and only if
P(p) € WH(Q) with

(15) pu = Vo) +pVY a.e. onQ
for a measurable u : Q — R satisfying plul?! € L'(Q). In that case,
(16) [08]" ) = f plulf dx.

Q

Notice that any u satisfying (15) is p-almost everywhere uniquely defined as the quotient
that appears in (8). Actually, in view of the definition of ¢, there holds V¢(p) = pViy'(p) as
soon as p is regular enough (here, p bounded away from 0 is sufficient to justify the chain
rule). Equation (15) thus gives a rigorous meaning to the formally expected definition of
u, namely u = V(i7’(p) + V). Note that expression (16) is consistent with (6) provided (8)
holds true.

2.4. Metric velocity. Recall that p = g/(q — 1) is the Holder conjugate of ¢q. For the
abstract definitions of p-absolute continuity and the metric velocity |p’| of a curve (o(#)),>0
in P,c(€2) with respect to W, (or in any other metric space), see [4, Section 1.1]. In short:
the curve is p-absolutely continuous on (0, o), denoted by (0(¢));>0 € AC?, if there exists
a function m € LP(R.() with the property that

15)
W, (o(t1), p(12)) sf m(t)dt forall0 <t <t.

1
If this is the case, then there is a (pointwise a.e.) smallest such function m; it is called metric
derivative and denoted by |p’| € LP(R.). Here, we only need the following property, see
[4, Theorem 8.3.1].

Proposition 2.2. Ifv : R.oxQ — R with fooo fQ plv|? dx dt < co is such that the continuity
equation

17 Op+V-(ov)=0
is satisfied in the distributional sense, then (p(t));>0 € AC?, and

lo'IP (1) < f [v()IPo(t)dx fora.e. t > 0.
Q

2.5. p-gradient flows. Below, we need to assume in addition also Hypothesis 2: then,
the metric slope |0&] is a strong upper gradient in the sense of [4, Definition 1.2.1], which
follows from [4, Corollary 2.4.10] thanks to the geodesic convexity of & in W, see [4,
Proposition 9.3.2] and [4, Proposition 9.3.9]. The conditions stated in Hypothesis 2, in-
cluding ¥’s (semi-)convexity, are essential here.

In the context of gradient flows in metric spaces, see [4, Section 1.3], an absolutely
continuous curve (p(#));z0 € AC? is a p-gradient flow for the functional & in the metric W),
with respect to the strong upper gradient |0 if and only if # — E(p(¢)) is an absolutely
continuous function, and the following time-integrated version of the energy identity (5)
holds at every * > 0:

1 * 1 t*
(18) Et) + = f lo'IP(t)dt + — f 10EI7(p() dt = E(p").
P Jo q Jo
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Of the two inequalities behind this equation, the one with > is already contained in the def-
inition of the strong upper gradient, while the one with < characterizes the curve (o(f));>0
as gradient flow. Validity of (18) for every r* > 0 implies the distributional formulation
(5), and in particular also

19) =0, 8(p(1)) = 0’1" (1) = 10E|(p(1))

at almost every ¢ > 0, see [4, Remark 1.3.3]. Moreover, for the specific choice (4) of
&, the p-gradient flow also satisfies the weak form of the initial boundary value problem
()&(2)&(3) given in Definition (1.1). This follows by combination of Theorem 11.1.3
with Theorem 10.4.13 from [4], see also [4, Theorem 11.3.4] for the corresponding exis-
tence result.

3. ENERGY STABLE FINITE ELEMENTS

3.1. Discretization in space. The goal of this section is to introduce the basic material
on finite element to define the scheme and to initiate the analysis. Our approach relies on
lowest order conforming finite elements with mass lumping. The domain Q is assumed to
be tessellated into a simplicial conformal discretization 7, (made of triangles if d = 2 and
of tetrahedra if d = 3). Denoting by /7 the diameter of an element 7 € 7, and by dy the
diameter of the largest sphere included in 7, the size and regularity of 77, are respectively
defined by
hr

20 he = hr, = —.
(20) frggz;T {7, lglegzhch

We denote by Vr the set of the (d + 1) vertices of T € 73, and by V = Urer, Vr the set
of all the vertices of 77,.
Define the usual P1 Lagrange finite elements space corresponding to the mesh 77, by

Vv, = {v € C(Q) ‘ v}, is affine for all T € Th} .

The mass matrix A corresponding to classical P1 Lagrange finite elements is given by

@1) A = f Vavers
Q

where v, is the piecewise linear (hat) function that is equal to 1 at vertex a and O at all the
other vertices. Clearly, A is not diagonal. Mass lumping means to replace the non-diagonal
mass matrix A by the diagonal matrix M that is obtained by using the line sums of A as
diagonal entries:

M, = Z VeV fora €V, M,y =0 fora’ # a.
aey v

Alternatively, M is obtained by approximation of the integral expressions for A, in (21),
using a quadrature method with quadrature points located at the vertices V. We refer for
instance to [44] for a presentation of mass lumping in more generality.

Here, we rather build on another classical approach for representing mass lumping,
which consists in introducing the so-called Donald (or dual barycentric) mesh. To each
a € V we associate a cell w, containing a and delimited by the hyperplans joining

e ind = 2: the barycenters x7 and x, of all triangle T € 7, and edge e sharing a as
a vertex.

e ind = 3: the barycenters xr, xp and x, of all triangle T € 7, face F and edge e
sharing a as a vertex.
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With this construction, one has |w, N T| = d%|T| foralla € Vy, T € 7). An illustration
in the two-dimensional case is given on Figure 1. In what follows, we denote the set of

Figure 1. Construction of the Donald mesh cell w, for some a € V.

piecewise constant functions on the Donald mesh by
Xy ={ve L) | v, is constant for all a € V}.
Further, introduce the set of piecewise constant functions on 77 by

Vi ={ve L¥(Q) | v, is constant for all T € 75} .

In particular, the gradient Vv, of an element v, € V}, belongs to (\~/h)d.

3.2. Reconstruction operators. Both V;, and X}, are isomorphic to RY as the elements
of Vj, and X, are fully determined by their value at the vertices. We denote by ¢, the
unique element of X;, having the same nodal values as ¢, € V,,. The mapping ¢, — @, is
one-to-one and onto from Vj, to Xj,, and makes the mass matrix diagonal since

@2) [ 5= Y lwdi@mnta. Vi€ v

Q acV
Another remarkable property of mass-lumped finite elements is its compatibility with non-
linearities. More precisely, given f € C(R) and v, € V},, and denoting by fj the element of
V), such that f,(a) = f(vi(a)), there holds

(23) fi = fGw).

The combination of (22) and (23) is key to establish the energy stability of our scheme.
More generally, mass-lumping enhances the stability of finite elements, see for instance [19].
In our analysis, one also needs to reconstruct elements v, € Vj, from elements v, € V), by
setting

— 1
(24) vp(xr) = a1 ; vp(a), YT €Ty
ac’vr

3.3. Discretization in time. For the time discretization, one defines an increasing se-
quence ("),5o with f* = 0 and * — +c0 as n — +oco. We denote by " = " — *!
the n™ time step, and by T = max,; 7".
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3.4. Definition of the scheme. The initial boundary value problem (1)&(2)&(3) is dis-
cretized using a simplicial decomposition 77, of Q and a temporal mesh 0 = 1 < ¢! <2 <
.-+, with time steps 78 = X — f*~1. The sought solution p to (1)—(3) is approximated by a
piecewise affine in space and piecewise constant in time function pp..

The weak formulation of our time-iterative scheme uses mass-lumping: to the simplicial
decomposition 7, we associate a Donald mesh, see Figure 1 for illustration. And to a
piecewise affine (w.r.t. 7;) function f,€ V}, we associate its mass-lumped reconstruction
f»€ X, that is piecewise constant on the Donald mesh as prescribed in Section 3.2

Let W), be the piecewise affine approximation of ¥ that agrees with the original values
on the vertices, that is W), € V}, and

Y (a) = JC Ydx = Y dx, YaeV.

a

lwal Jo,

With this choice, the existence of some C; > 0 depending only on the regularity factor {7,
and on the dimension d such that

(25) IVPillzs @y < CLlIVPlls @y

has been established in the proof of [14, Theorem A.1].
For a given non-negative and of unit mass pZ;l € Vj, the piecewise affine functions
O = Pie(", -) are subject to

(26) f i f P
Q Q

for every piecewise affine test function w,€ Vj,. Above, the piecewise affine potentials yj
are such that

V (g, + \11,,)"’_2 V (1, +¥4) - Vwy = 0,

27 My (a) € on(py.(a)) at all vertices a,

where 0n(r) C R denotes the subdifferential of the convex function 7 at ». More explicitly,
under Assumption (A1), one has p} (@) > 0 and w;, _(a) = 17'(0} (@) at every vertex a, and
under Assumption (A2), also o} (a) = 0 and w1 _(a) < 7'(0) are admissible.

Several remarks on the seemingly complicated definition of our scheme are in order.
Unless ¢ = 2, the term |V(i7’(p) + P)|?"2 requires a full reconstruction of the gradient of
the potential. In space dimension d > 2, the convenient Two Point Flux Approximation
(TPFA) [25] is not anymore sufficient for consistency. We refer the reader to [28] for an
illustration of the TPFA’s failure in the context of W, due to hazardous geometrical effects
from the mesh, or to [29] where similar effects appear already for the simpler transient
g-Laplace equation. Instead, we make use of lowest order Lagrange finite elements as
in [45, 7], but with mass-lumping as a key ingredient of our method.

The TPFA approach with Delaunay regular meshes, or very specific finite volume meth-
ods [5] designed to approach strongly degenerate operators involving also a g-Laplacian
are able to preserve the monotonicity of the problem. Our method will not be monotone
in general. Instead, stability is obtained by energy methods, which is natural in view of
the gradient flow interpretation described below. Here we build on various recent contribu-
tions [12, 10, 14, 18], where energy dissipative methods for general meshes are designed
and analyzed. Unfortunately, these schemes are not positivity preserving under Assump-
tion (A2), but the latter is required for the gradient flow interpretation. As a remedy, we in-
troduce a Lagrange multiplier for the positivity constraint, and use an interior point method
inspired by [38]. We emphasize that the scheme we propose is not variational, but relies on
the cheaper backward Euler scheme. For variational discretizations building on the JKO
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scheme [31] in the much easier case ¢ = 2, see for instance [15, 34, 17]. Continuous in
time but discrete in space dynamics are also considered in [35, 20, 24].

3.5. Results: well-posedness and convergence. We have two main results. The first is on
the well-posedness of the fully discrete iteration scheme and the essential energy estimate.
For concise formulation, introduce the modified energy functional

&) = fg (1) + P Bl .

defined on densities p,€ X, that are piecewise constant on the Donald mesh introduced in
Section 3.1.

Theorem 3.1. Assume Hypothesis 1. Let a triangulation T}, of Q and a time step " be
given, and consider a piecewise affine datum pZ;le Vi, that is non-negative and of unit
mass. Then there exists a piecewise affine solution p} € V), to (26)&(27), non-negative and
of unit mass. Moreover, the following discrete energy—dissipation inequality holds:

28) D) + 7" f o
Q

The energy estimate (28) above is the key ingredient for the entire analysis that follows.
Its proof uses in an essential way properties of the discretization by mass lumped finite
elements. This makes mass lumping an indispensible element of our approach.

Theorem 3.1 gives rise to global-in-time fully discrete solutions in the usual way: as-
sume that simplicial meshes 7 and time steps (7") are given, parametrized by (4, 7).
For each (h, 1), consider the non-negative, unit mass and piecewise constant initial datum
ﬁ?”e X, defined by

(29) P (@) = f o’ VaeV,
w,

a

V(g + W) <&@, ez,

ht

where p is positive, of unit mass and such that fQ (%) < +o0.
Inductively applying Theorem 3.1 above, one obtains a sequence (o} ).”,. Denote the
advanced piecewise constant-in-time “interpolation” by p,,, i.e.,

(30) PO =ph. fort™' <t<t.
For these, we prove the following convergence result.

Theorem 3.2. Assume Hypotheses 1 and 2, and let a non-negative and unit mass initial
datum p° of finite energy E(p°) < oo be given. Assume that the simplicial decompositions
T, are of uniform regularity {7,, see (20), and that the initial data are given by (29). Define
the discrete solutions p,; as above.

Then, as (h,7) — (0,0) along a suitable sequence, pp(t) converges in W, locally
uniformly with respect to t > 0, and also in LIIOC(RZ() x Q) to a limit ps«. Moreover, the
Sunctions t — Ep(p,,.(1)) converge pointwise w.r.t. t > 0 to the absolutely continuous limit
t = E(p.(1)). Finally, the limit p.. satisfies the energy identity (5), and in particular, it is a
weak solution to (1)&(2)&(3) in the sense of Definition 1.1.

In the statement of the theorem, the phrase “along a suitable sequence” is important.
The family pj, may contain a multitude of accumulation points for (4, 7) — (0,0). Indeed,
uniqueness of the solutions to (1)&(2) is not guaranteed, not even in the class of gradient
flow solutions — this is in sharp contrast to the case p = 2 addressed in [9]. In our
numerical experiments, however, we always observed convergence to one and only one
limiting solution.
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A third result concerns strong convergence of the flux vector field. For a concise state-
ment, define

3D Upr 1= V[/Jh‘r + ¥, Vir 1= |uh‘r|q_2uh‘rs

so that |vy,.|” = |V[up + V3119, and the “limiting vector fields” u, and v. in accordance with

(8) by
Vo(p. _
(32) w, = M + VT, V. = |u*|q 2“* on {P* > O}s
P

andu, = v, =0on {p, =0}.
Denoting by py, the constant-in-time “interpolation” of the constant-in-space recon-
struction of py., i.e.,
Pty =0} fort" ' <t <,
where p}, € V,, is defined by (24), we have the following result.

Theorem 3.3. Under the same assumptions and with the same notations as in Theorem 3.2
above, the vector fields ay,, from (31) approximate ., from (32) in the following sense: for
each r € [1,q], the product |uhT|"1uhT,5;/T 7 converges to |u|""\u.pl/ strongly in L;I()/:(Rz() X

Q). Consequently, the fluxes converge strongly in L', that is

-2 ~ -2 . 1 -
[T Wi = T 0. in Ly (Rog X Q),

or equivalently, Vi:py, — V.0 in L}OC(RZO x Q).

The convergence of a related numerical method for degenerate equations involving g-
Laplace operators is also addressed in [21], see also [22] in the special case p = q =
2. The approach here, however, is not directly comparable to the one in [21], since the
general assumptions here and there are mutually incompatbile, and the two notions of weak
solution are different. Specifically for those problems of our type (1)—(3) that also fit the
framework of [21], the discrete energy dissipation inequality (28) does not follow under
the hypotheses therein. In [13], a discretization closely related to ours is proposed, and
in [22] a so-called gradient schemes related to the one from [21]. A numerical comparison
between the two is carried out in [11] on the example of the porous medium equation.

3.6. Strategy of proof. The central point in the proof of our convergence result in Theo-
rem 3.2 is to first establish a relatively weak convergence of the pj,; to a limit curve p, and
then to obtain the “significant half” of the integral form (18) of the energy identity (5) for
P, that is

*

(33) Ep.(1*) + - f oLlP di + f 1081 (p.) dt < E(°).
P Jo q Jo

All estimates for both parts — convergence and energy identity — rest on the strong energy
dissipation estimate (28) for fully discrete solutions.

Concerning the convergence: weak convergence of p,,.(¢) to a limit p.(¢) at every £ > 0
is a standard result from gradient flow theory, using the implied uniform (almost) Holder
continuity of the curves p,,. Stronger convergence in L'([0,7*] x Q) uses that the expres-
sion pp V[ + Wp] in the dissipation term in (18) controls V¢, where ¢, is a piecewise
affine approximation of the concatenation ¢(p;;). The proof of this control requires de-
tailed estimates for piecewise affine functions on simplicial meshes. The bound on V¢,
then provides sufficient compactness to apply the Aubin-Lions lemma, see Lemma 6.4.
A posteriori, we are able to identify both the limit of V¢, and the limit of p;,.Vuy,, with
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Vé(p.), see Lemma 6.7. This identification is crucial for the identification of the subdiffer-
ential later.
Concerning the proof of (33): there are four ingredients.

®

(ii)

(iii)

(34)

(iv)

(35)

Discrete energy dissipation inequality: By direct iteration of (28), the piecewise con-
stant interpolation in time, the definitions of uy,; and v, in (31), and finally that
% + é = 1, it follows immediately that

EnBrr*)) + f f Vel e v + f f el e v < 0.

The remaining steps are concerned with convergence of the three terms on the left-
hand side, to obtain the left-hand side of (33) as lim inf.
Convergence of the energy: In Lemma 6.11, we show that

8(p.(1*)) < liminf &4 (™)) at every 1* 2 0.

This is actually an immediate consequency of p;.(¢*)’s weak convergence and &’s
weak lower semi-continuity.
Convergence of the slope: In Lemma 6.13, we conclude that

1* 1 r*
f |0&|4(p,) df = f fp*lu*l(’ dxdr < lim inff fﬁthuhTI" dxdr.
0 0o Ja =0 Jo Ja

The existence of a limiting vector field u. such that pp.u,; — p.u, weakly follows
from step (i) above by means of the abstract convergence result in Proposition A.2,
and so does the liminf-estimate. The fact that u, has the form (32) relies on the con-
vergence of pu Vi, to Vé(p.), hence the characterization of |0E|(p.) in Proposition
2.1 yields the equation above.

Convergence of the metric velocity: In Lemma 6.14, we show that

t* t*
f Py dr < f f pulv.l dxdr < liminf f f PhelVael? dx dt.
0 0 Q

In view of (31) and (32), the right inequality in (35) just rephrases the respective
inequality in (34) above. The left inequality in (35) follows from Proposition 2.2 on
the metric velocity; the challenge here is to establish the continuity equation for p.,
and v..

0.

4. EXISTENCE OF A SOLUTION TO THE SCHEME

The goal in this section is to show that the nonlinear system (26) always admits at least
one solution o, > 0 with uj  such that uy (a) € dn(o; (@) at every a € V. Our strat-
egy is to first consider the easier case (A1), where 7" diverges at 0 and thus is a bijection
from R,y to R. The case (A2) of a regular 7 is then treated by approximation with sin-
gular 7’s. Throughout this section, the spatial discretization 77, the time step 7", and the
datum pz;l € V), are fixed. Most of the constants appearing below will depend on these
parameters.

We start by proving the a priori estimate (28) in a slightly more general form.

Lemma 4.1. Suppose that p; € V), is non-negative, and ;. € V), is such that p(a) €
on(p; (a)) at every a € V. Assume further that, for every wy, € Vj,

(36)

f I T f [V + B[ V(g + W) - Yy = 0,
Q Q
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where y € L'(Q). Then

37) 7" f Y|V + ol* <&@l - Enor).
Q

The estimate (28) is a particular consequence of this lemma; simply use y = p;’ = o} .

Proof. Thanks to the convexity of n, and by definition of the subdifferential dr, we have at
every a € V that

(38) 1 @) (@) = pii(@) < n(er (@) = n(oj; (@)
Therefore, using wy, := uh + ¥}, in (36) yields

o [y vl = [ me =m0+ [ 5% [ 5
Q Q Q
< f n@he ) = f n@;) + f i) - f 5 P
Q Q Q Q

= &P )~ EnDr):
which is (37). Note that mass-lumping allows us to transfer the inequality (38) at each
vertex to the piecewise constant pj,,. O

Our first existence result is:

Proposition 4.2. Assume that (Al) holds. If p}” U e V, is a positive probability density,
then there exists a solution to (26), which is such that pj_ is a positive probability density,
and uy (a) =1 (0} (@) at every a € V. Moreover, the a priori estimate (28) is satisfied.

The main technical tool for proving Proposition (4.2) is the following positivity result
about an approximation of (26).

Lemma 4.3. There exists a constant g; > 0 such that for every @ > 0, the following is true:
if p € Vy is a positive probability denszty if " € Vy is such that 11" (a) = ' (p) " (a))
foralla € V, and if

(39) f o —phT wy+ 1" fg max(a, p,") |V e LI’h)| - V(,uZ'T“ + \Ph) “Vw, =0

n,

1
for every wy, € Vj,, then p,”" > &) .

Remark 4.4. The significance of this lemma is that, although the solution p,* will depend
on a > 0 in general, the positive lower bound &, is uniform in a. In parttcular ifa<e,
then max(a, p)") = p)', and thus any solution to the modified problem (39) is actually a
solution to the original problem (26).

Proof of Lemma 4.3. To begin with, apply Lemma 4.1 with pj = p/** and y = max(a, p},).

It follows that
n,a 9 n,ax
V(/,zh; +‘Ph)’ +fph; |Vlyh|q)
Q

1 .
fph‘r |V'uh‘r| = 21 (\Lpi

_ 1 —n— — n,a
< 0! (— (7" - &) + V0 [ o )
Tn Q

Since p; " is positive and of unit mass and using the estimate (25) on the external potential,
there is a constant R — independent of @ — such that

0) [ etwelr < v
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n,a

Moreover, since p; " is positive and of unit mass, there exists a node ag € V such that

Pt (ao) = f ol =197, hence " (ag) = Mo :=1/(1Q7).

Now, let a; € V be a vertex sharing an edge with ay, i.e., there exists Ty € 7, having ag
and a; as vertices. Since the integrand in (40) is piecewise linear, we can replace p}_ by
o, and it then follows that

szp,ﬂ Vi | = 1Tolpy 0 Vi (o]

for all x € Ty. On the one hand,

Q!

~n,a _ na n,a > .
= ——= > o >_d+1ph,<o>_(d+l)
ae'VTO
And on the other hand,
n,aa _ n,aa
|V,u"”(x)| > #h‘r( 0) Iuh‘r( 1)‘
hr,

Combining the above, and setting A5 = minreg; |7, one has

1
R(d + l) a 7,0 n\—1
W) , hence Phr (a1) 2 (") (M) >0,

since 1" is one-to-one and onto from (0, +00) to R. Iterating the process provides a lower
bound M; > 0 on y1;""(a;) at any vertex located j edges away from ag, where M is defined
by means of the recursion

Rd+1) )5 ,
Mig1=M;,—hqy|——| , =0,1,2,...
= T(AT ) "(M;) J

Since Q is connected and made of a finite number of vertices, a finite number of iterations
allows to reach all the vertices of the mesh. The lower bound on p*" follows. O

wyt(a)) = My := My — h'r(

With the lower bound at hand, we proceed to the proof of Proposition 4.2.

Proof of Proposition 4.2. In view of Remark 4.4 above, it suffices to prove that there exists
a solution to the modified problem (39) for every @ > 0. Therefore, let @ > 0 be arbitrary
but fixed in the following.

We prove solvability of (39) by combining a variational with a fixed point argument.
Given p, €V, define the functional T"_ V>R

Tg;(ﬂh) = f (1" (@) = Pre Fp) + = fmax(a Pr) |V(/‘h +Th)'
Q
where 7 : R — R is the Legendre transform of 7,

(41) 1" (m) = sup [mr —n(r)].

r>0

Let M € R be such that the M-sublevel set Sy = {up € Vj | ‘Y’Z_ () < M} is not empty, e.g.,
h
M =", (0). Since

n° (@) > mon — 0@
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by (41), it follows for each y;, € Sy that

Q q Ja

M+ f n(ﬁZEl)}.
Q

TV (n + T )| = fT |V, +¥0)|" < B

Recalling that @ > 0, it follows further that

f VG + W) < B:= L
Q aTt

In particular, for any simplex T € 7,

at each x € T, and hence for arbitrary vertices a and @’ of T, thanks to estimate (25) one
has

lun(@) = pn(@)| < hr(CLIVE =y + (B/ITN').

As there is a finite number of vertices, this means that there is some constant R (recall that
the mesh is fixed) such that each y;, € Sy, satisfies

(42) max y;, — minyy, < R.
Directly from the definition (41), we also obtain that
0" () 2 2, P 12y ) and 7" (y) 2 =1(0),

and therefore, recalling that pZ;l is a probability density,

M > - f n(2p;c") + ming, and M > —|Qn(0) — max .
Q

In combination with (42), this implies the existence of bounds /7 and m such that 7z <
p < i for all u, € Sy. In particular, S is compact, and so the continuous functional
ng attains its minimum at some y; € S . By strict convexity of T;’Z, it is clear that the
minimizer y; is unique, and depends continuously on p, . Define accordingly p; € V;, by
pr(a) = (n’)"(,u;(a)) at every a € V; this function satisfies 7 < p;/ < 7 with bounds given
by 77(¥) = m and 1'(#) = /. Considering variations in uj, around x;, and recalling that
(") = ()7, it is easily seen that p;, and u; satisfy the Euler-Lagrange equation

(43) f oy — P )Wy + 1 f max(a, py) [V + ‘Ph)|HV(,u; +W,) - Vw, =0
Q Q

for all wy, € V},. Using in particular w;, = 1, it follows that p; has the same mass as pz;l, SO
pj, is a probability density.

We are finally in the position to define the fixed point operator. On the compact and
convex set

U:={pneVy|F <py <7},

define the continuous map S¢ : U — U via S%(p,) := p;, where p; is the unique mini-
mizer of Tg,. By Brouwer’s fixed point theorem, S possesses a fixed point p; € U. As

noted aboveh, p;, is a probability density. Recalling the Euler-Lagrange equation (43), the
functions ;" := p; and u;* € V;, such that u;""(a) = 17 (p; " (a)) for all a € V satisfy the

ht ht

relations (39). O
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To show the existence of a solution (o}, u; ) in the case (A2) of a regular i, we first
approximate 1 by a sequence (77:),.( of functions 7, satisfying (A1) as follows. For & > 0,
let B, € C(Rsg) N C'(Rsg) be given by

logp—ploge+1)+e ifp<eg,
(44) B.(p) = plogp — pllog 1Y
0 else,
and define
45) Ne =1+ Be, > 0.

The functions 7, satisfies (A1) and converge uniformly towards  as € — 0 since 0 < B, <
€. Proposition 4.2 guarantees the existence of strictly positive solutions p, € Vj to (26).
Since V), is finite dimensional, and since V;, N P,.(Q2) is a closed bounded (hence compact)
subset, there exists an accumulation point o, € V;, N Py () of (pZ’ wo)e>0- Thatis, up to a
subsequence,

(46) Phe = Py ase =0

uniformly on €. It remains to prove the existence of an accompanying u;; € V), with
47) (@) € On(p;.(a)) ateverya eV,

such that pj _and yj _satisfy (26).

Proposition 4.5. Assume that (A2) holds, and let p} _be given by (46). Then there exists
an accompanying u; _ satisfying (47) such that (26) holds.

Proof. For brevity, let i, € V) be given by p; (a) = (0}, (@) at all a € V. The proof

eV hre
uses an estimate on Vg of the form (28), uniformly in & > 0. Indeed, the approximate

solutions satisfy (28), with pj__ and y;_ in place of p_and 1, respectively, and with the
modified energy

Enelop) = fg [1:(B1) + Fr)-

Since 7, converges to r7 uniformly, the difference on the right-hand side of (28) is bounded
independently of € € (0, 1). In analogy to (40), we obtain an e-independent bound R such
that

(48) Ler,s|VﬂZ‘r,a|q <R
Split the set V of vertices into three disjoint subsets, V = V. UV, U Vy, where
V. =la € V| pj(a) > 0},
Vo =la € V|pj.(a) =0and p; (a') = 0 forall &’ € V sharing an edge with a},
Vo ={a e V|p}.(a) =0and p; (a’) > 0 for some a” € V sharing an edge with a}.
Let a € V.. Since 77, converges locally uniformly to " on R,
(49) Hire(@) = 1 (P} (@) ase — 0.
Next, let a € Vy. Then there exist T € 7, and @’ € V, such that a,a’ € V. We argue

similar as in the proof of Lemma 4.3: on the one hand, by (48),

R> [ o | =105 ol
T
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at every x € T’; on the other hand,

1 O e@)
-n - n 17 > 5 .
ph‘r,e(x) d+1 Z ph‘r’g(a ) = Td+1 5

a”eVr

and consequently,
- (d+ DhiR
ITIo], (@)
Since both o} _(a’) and i}, (a’) converge as &€ — 0, we conclude boundedness of Hye (@),

and thus convergence along a subsequence to a limit uj; (a). Observe further that 1, con-
verges to i’ from below, and so lim sup,_, 1, (a) < 17°(0). Hence

|t (@) = i (@) < |V ()|

(50) Hiree(@) = (@) € On(0) = (—o0,7'(0)] ase — 0.

Finally, let a € V. In this case, we do not expect that uj _(a) possesses an accumulation
point. Instead, we show that any choice of u} (a) € dn(0) is compatible with (26). Denote
by

To=A{T €T |Vr Vo)

the set of simplices T for which p}__(a) converges to zero at every vertex a € Vr, then
Vo = Urer, Vr as the mesh is made of simplices. Given wy, € V;,, the term

Ay=*§]ﬁﬁmng+TMﬂvw;+wwVw,

TeTy

that is part of the left-hand side in (26), tends to O since, by Holder’s inequality and estimate
(48),

1
q
Z fIth|qﬁ"hng] -0 ase—0.
T

TeTy

1
5 Al< ( f P [Vl + \ml") [
Q
Summarizing (46)—(51), we can pass to the limit € — 0 in (26) and obtain
[ G-m)mee Y, [ 7
Q T¢To T

while p7 = 0 on Uzer, T. O

(T ‘11,1)|q*2 V (1 +¥4) - Yy = 0,

Combining Propositions 4.2 and 4.5 with Lemma 4.1, we obtain Theorem 3.1.

5. UNIFORM ESTIMATES

Throughout this section, we assume that a simplicial decomposition 7, and a time dis-
cretization 7 are given. The initial data p° is discretized into 52, € X, following (29).
From Section 4 above, we know that the scheme (26) admits a solution at each time step
7". The goal of this section is to derive uniform estimates on a sequence (o} )~ satisfying
(26) that are independent of the discretization parameters s and 7. Any constant C that
may depend on the parameters Q, 1, P, the initial energy E(o°), or the mesh regularity {7, ,
but is otherwise independent of (%, T) will be called uniform.

Lemma 5.1. o} ,p),. and p}_are probability densities, at each n.
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Proof. Since non-negativity of o} is assumed for solutions to (26), one only has to check

that
[ 7= [ o= [ 7= [ 5= [ A= [ -0
Q Q Q Q Q Q

The first two equalities are provided by the exactness of quadrature rules, while the third
one directly follows from testing (26) by w;, = 1. A straightforward induction yields the
fourth equality, and the fifth one simply uses the definition of 5‘,2,. The last equality holds
since p € Poc(Q). o

Proposition 5.2. For all N > 1, there holds

N
. n 7 n q —\
(52) EPh) + )T f Oe [V (e +B0)|| < EnBR)-
n=1 Q
Proof. Simply sum the a priori estimates (28) over n = 1,..., N to obtain (52). O

A first consequence of the energy estimate is a time-uniform estimate on 7(p,, ) in L' (Q).

Corollary 5.3. There exists a uniform constant C such that

(53) fn(ﬁ,f,) < fn(ﬁﬁ,) < Cs, VYn > 1.
Q Q

Proof. Bearing the definition (4) of the energy and the non-negativity of ¥ in mind, one
gets that

f NGhe) < En@h) < EnDp)  Yn >0,
Q

and ah(p",i,)s &%) + Chy < C, owing to Jensen’s inequality applied on the Donald mesh
and to (25). This yields the second inequality in (53), and the first is a direct consequence
of Jensen’s inequality applied on the simplicial mesh. O

Another direct consequence of Proposition 5.2 is this.

Corollary 5.4. There exists a uniform constant C3 such that
N
ZT” prTIV,uZTI" <C3(1+1Y) forevery N > 1.
n=1 Q

Proof. Using the elementary inequality (a + b)? < 297! (a? + b?) for a, b > 0, one obtains

N N N
; % fg o Vi |"dx < 297! (; % fQ or V@ + W)l dx + Z:; % fg pZT|V‘I’h|qu).

The first summation is estimated by (52) above, in the second summation, the nth term is
bounded by a multiple of 7" — recall that V¥ is Lipschitz. Since ZnN:1 7" = ¢V, this yields
the desired estimate above. O

Recall the definition of ¢ : Ryp — Ry from (7), and introduce accordingly ¢ _€ Vj as
the piecewise affine function with ¢} (a) = ¢(o}(a)) for all a € V.

Lemma 5.5. There exists a uniform constant C4 such that

(54) Vg | < Capl [Vil],  Vn> 1.
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Proof. LetT € ‘Th, the vertlces of which belng denoted by ao i 0 let T be the reference
elements, with ao = Ogs and a = ¢; the i vector of the canonical basis of R?, let F be the
unique affine map sending a on a , and let J7 denote its Jacobian matrix. Then classical
results from the theory of ﬁmte elements (see for instance [23, Lemma 1.100]) combined
with elementary calculations show that

d +2\/3h7 and |J71], < i < «/‘5‘“

(55) det(Jp)| =dlIT|, Jrl <

with |- |, standing for the matrix norm inherited from the Euclidian norm of Rd . We deduce
from a change of variable that for all n > 1 and all T € 77, there holds

o

(56) Vg (x)| = f Vo | = d! |J7 614 ] < ﬁ‘“ﬁ lorgp.|.  VxeT,
T

where 674, is the vector of the variations of ¢} in T defined by
¢ZT(Q1T) )
6T¢ZT = :
¢h‘r(ad) ¢h.,(a(7;)
Let RY. be the diagonal matrix with positive entries defined by

$r@a)-dhay) oo 4T n (,T
(RY),, = |ttty M) # He(dp):
ll

Py (al) otherwise,
so that, setting
My (al) = ,uh,(ao )
Oy, = : ,
iy (al) = ,u,,,(a

there holds 676} = R}. 674 . Assume that p} (a]) > p|}_(a}). Then the definition (7) of ¢
and the fact that 17, € dn(py,,) respectively provide that

n T
e (@1)

¢ (al) — ¢} (a)) = f s (s)ds

P (ag)
and
; ; 0} (@)
t(al) = wh(ah) = ' (o) (a])) — 7' (Pl (ad)) f . 17" (s)ds.
Phe(ay

The above inequality is an equality if pZT(ag ) > 0, so that

Pi(ad) < (Ry),, < pip(al),

which clearly still holds when p} (af) = 0. Proceeding similarly if p}! (a]) < p}! (aj), one
gets that

d
(57 min(ph(a]). 05 (a)) < (R, < max (pf(a] ). P (@) < ) phela)),
hence

d
(58) [67%| < |07} [Z p%(a?)] = (d + Vg0 |oruf|. VxeT.
i=0
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On the other hand, using (55) once again provides

n - n d + \/E n d + \/3 n
(59) ldT:uh‘r| < |JT|2 |JT16T/'lh‘r| < —hT JC |V,uh7-| = —hT|V/'lh‘r(x)|
2d! T 2d!
holds for all x in 7. Combining (56), (58) and (59), one finally gets that (54) holds with
Cy=(d+ 1)"*{1347,,. o

The control on the gradient of ¢} from the previous lemma also provides a control on
¢ itself.

Lemma 5.6. There exists a uniform constant Cs such that

(60) f ¢;;Tsc5(1+ f |V¢ZT|dx).
Q Q

Proof. Define the following set of “small” values of pj ,
U= xeQp (<20, nzl,

with |[U"| > |Q|/2 thanks to Markov’s inequality. By monotonicity of ¢, we have 52, <
#(2IQI™") on U™. The Poincaré-Wirtinger inequality and the equivalence of norms for
affine and mass interpolated functions (see e.g. [12, Lemma A.6]) now imply that

f 52‘!’ - JCEZT dx’| dx < CTf ¢ZT - f ¢Zde’
Q Q Q Q

where the Poincaré constant Cp depends on Q’s geometry, and Cy depends on the quality
{7, of the mesh. Further, by the triangle inequality, and recalling that |[U"| > |Q \ U"|,

[ fanad o= [ [on-fanarfacs [ [5- fanar
Q Q Q\u" Q n Q

> (IU"] -1\ U")) f Gedd + | Gydx- f Fredxz [ e dr—1QI6QIQ1).
Un

Q\u"

dx < CPC‘Tf |V¢Z| dx,
Q

dx

Q\u”

By combination of the above, we obtain

f By, dx < Q1 6(2Q1") + f Bre dx < 2101 6(21QI") + CoCy f IV | dx,
Q Q\U” Q

which proves (60). m]

6. CONVERGENCE TOWARDS A GRADIENT FLOW SOLUTION

The goal of this section is to establish Theorem 3.2, that is the convergence of ap-
proximate solutions towards a solution of the continuous problem when the discretization
parameters &, 7 tend to 0. Our proof is based on compactness.

In agreement with the statement of Theorem 3.2, we denote — by slight abuse of nota-
tion — by pir 1 Ry9 X Q — R the time-dependent density obtained by the time-advanced
piecewise constant interpolation (30); accordingly, p,, and py. are the corresponding time-
dependent densities that are piecewise constant on the Donald and on the simplicial mesh,
respectively. Similarly, ¢, ¢,,, and e are the respective reconstructions of .
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6.1. Compactness in time. Our first lemma is about controlling variations of p. in time.
To this end, we define the piecewise constant function d;; : Ry X Q — R by

—n —n—1
Selt)y = AP gy e (01 ),
T

Lemma 6.1. There is a constant C such that
n
61 > W@ < C -

n'=m+1

and consequently,

(62) W1 (B1e (1), e (5)) < Clt = 1 + 7]
Moreover, there exists Cp depending on t* (but uniform w.r.t. h and t) such that, for any

@ € CI([0, *] x Q), there holds

tt
63) f f 51 < Cr Vel
0 Q

Proof. For a Lipschitz continuous test function ¢ : 2 — R with piecewise affine interpo-
lation ¢y € V), such that for any vertex a € V, ¢,(a) = JE; ¢ dx, the weak formulation (26)
of the scheme provides

[ @r-eas= [ G -p o
Q Q
= [P0+ ¥V + 90) Tena
Q

1/q
<Ol [ dvar) ([ ohfva+ wlt o
Q Q

Using the conservation of mass from Lemma 5.1, the energy inequality from Proposi-
tion 5.2 and the fact that |[Voulli~q) < ClIVellr=~q), see e.g. the proof of [14, Theorem
A.1], we readily recover (63). We also arrive at

1/p
w%ﬂﬂxﬂmemw%ﬂ.
By Holder’s inequality for sums, and by the fundamental energy estimate in (52),

n 1/p n 1/q
Z . LpZT|V(y27+‘Ph)|qu] [Z T”/)

n’'=m+1 n’=m+1

l/p

D W@ ) < C[
n’=m+1
< Cl&pp] P (" = ),
showing (61). By the triangle inequality, this immediately implies
Wi Bjes i) < C(A" = 1)1,
To derive (62) from here, assume ¢ > s and observe that the largest * with £ < s is at most

T away from s. O

Our next result is about the following uniform in time but weak in space compactness
property.
Lemma 6.2. There exists a weak-*-continuous curve (0.(t))s0 in the space P, such that

W (04 (1), ps (D) — 0 and W ,(p),(1), p.(£)) — 0 locally uniformly with respect to t > 0
along a suitable subsequence as h,7 — 0.
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Proof. Estimate (62) above is sufficient to apply the Arzela-Ascoli theorem in metric
spaces (see Proposition A.1 from the Appendix) and conclude local uniform convergence
of p,, to a Holder-continuous limit p.. Thanks to the triangle inequality and to (11), it
suffices to check that

(64) W10 (1), Pie(2)) — O

to ensure that the the convergence also holds for pj;.
Let ¢ be a Lipschitz continuous function on Q, and let @, be defined by

on(x) =JC @dx, VxeT, T eTy.
T

then since fT O dx = fT 0n:(t) dx, one has

fQ Bet) — Do) dx = fQ Bret) = Pre(D)(p — ) dx.

As llg — @il < hyllVelleo, and as p,,. () and py.(¢) are both absolutely continuous proba-
bility densities, one gets that

f(ﬁhr(t) = P dx < 2h7 |V gllco, Vo e Wh(Q),
Q
whence (64). ]

6.2. Compactness in space-time. In this section, we establish strong compactness of pj;
both in space and time. We start by an implication of the estimates on ¢, from Lemmas
5.5and 5.6

Lemma 6.3. The functions ¢y, are uniformly bounded in L1([0, t*1; WhL(Q)) and in L' ([0, t*]x
Q), for each t* > 0. Here r := min(q,d/(d — 1)).

Proof. Thanks to (54), we can apply Holder’s inequality to obtain

1/p l/q
le(ﬁZTldeC4L@T)1/p@T)l/q|VuZTldxSC4(f(;,5;’”dx) (Lﬁ’;wWﬂZT'qu) .

By combination with Lemma 5.1 and Corollary 5.4 (since the integrand in the last integral
is piecewise linear), we obtain

* q
f [ f |V¢ZT|dx] dr<C.
0 Q

A combination with Lemma 5.6 yields the desired bound in L4([0, t*]; W1 (Q)).
For the other claim, we use the Sobolev inequality

Al Lare-ney < Cllfllwra oy

for arbitrary f € W(Q). In combination with the estimate above, we obtain a bound on
¢nr in L7([0, 7] X Q). O

The next result is the decisive one about space-time convergence of the densities.

Lemma 6.4. Up to a subsequence, p,, — p. almost everywhere on [0,t*] X Q and in
LY([0, *] X Q), for every t* > 0.
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Proof. This is a consequence of the Aubin-Lions compactness principle. As an alterna-
tive to the classical approach consisting in estimating the time and space translates of the
solution (see [3] in the continuous setting and [26] in the discrete one), we build on ideas
introduced in [37] and adapted to the discrete setting in [6]. For alternative approaches, see
[41, Theorem 2] (for quasi-uniform time discretizations) or [27].

To begin with, define the increasing and bounded function 7 : Ryg — Ryo by n(r) =
@(r)/(1 + ¢(r)), then since z — z/(1 + z) is 1-Lipschitz continuous on Ry, one has

TVIZ] < TV[$,.],  Yn>1.

Here

TVIf] = sup{foVfdx £e Cl(Q;RY, sgplﬂ < 1}

is the total variation of a function f € L'(Q), and 7}, € X, stands for 7(p},).

For such a piecewise constant function on , the total variation equals to a finite sum:
TV[@ZT] = Y'rer, Gr, where the sum G runs over the modulus of the differences of the
two values across interior (d — 1)-dimensional interfaces, times the hypervolume of the
respective interfaces. On a given simplex 7', with two vertices a, b and an interior point x,
one clearly has

6@ (D) = $@e(@))] = I} (b) = B (@) < |b = al [V ().
Further, if H,, 7 := w, Nw, N T is the part of the hyperplane in T associated to a and b,
then one has |b — alH* ' (H,;7) < C|T|, with a uniform constant C thanks to the regularity
hypothesis on 77,. The contribution V7 on T to the total variation of ¢(p},.) thus amounts to

Gr= Y 6@ (b)) = ¢Gp@IH" ™ (Hopr)

a,beVy

< Vg (0| D 1b—alH* (Hypr) < C

a,beT

did+1)
2

IT| 1V}, (),

where the sum runs over all d(d + 1)/2 many pairs {a, b} of distinct vertices of 7. As a
consequence,

*

(65) f TV (7 (1] dtﬁf TV ()] dt < CIIVPpellL1(0.4x0)»
0 0

the latter being bounded thanks to Lemma 6.3. This yields some compactness with respect
to the space variable: extending 7, by 0 for x outside of Q and using the fact that 0 <
75 < 1, one infers from (65) that

t*
(66) f f [7The (2, x +y) — (2, x)| dx dt < Clyl, Vy e R%.
0 Ja

Besides, since 0 < 7, < 1, one can extract a subsequence such that

(67) TThe — . in the L®((0, t*) X Q)-weak-* sense

hr—
for some 7, to be characterized. The combination of estimates (63), (66) and (67) allows
to make use of [6, Proposition 3.8], which gives

(68) Poe e = P T weakly in L'((0, *) x Q).
T

As a consequence, for all k > 0 and all ¢ € L*(Rxp X Q), ¢ > 0, one has

ff (0« — k), — (k) pdx dt = lim ff ©Ope — KA (P,) — (k) @dxdt >0
(0,1%)xQ (0,r7)xQ

h,t—0
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as & is increasing. Since g is arbitrary, this implies that (o, — k)(. — 7(k)) > 0 a.e. in
Rso % Q for any k > 0, ensuring that

(69) . = m(p.) almost everywhere in Ryg X Q.

To conclude the proof, we still make use of the strict monotonicity of 7. As a conse-
quence of (67), (68) and (69), one has

lim f f B — PIAGe) = 7(p2)) = 0.
0,/)xQ

h,t—0

Since the integrand is non-negative, it converges in L! towards 0, thus almost everywhere
(up to yet another subsequence). As x is increasing, we obtain the desired pointwise con-
vergence of p,, towards p,. O

The strong convergence of p,, implies the strong convergence of essentially all reason-
able reconstructions of p. For a rigorous statement, define the piecewise constant in space
functions py, and Py, via

ﬁh‘r(t’ x) = ma%(phr(t’ xl)’ ,bh‘l'(t’ x) = mi;lph‘r(t, xl)a for all X € T and T € 7715
x'e x'e
which makes sense since p;.(t, x) is continuous in x by construction. Then we have:

Lemma 6.5. Along the chosen sequence (h,t) — (0, 0), the functions pp:, Phe, Pre and Ppe
all converge to p, in L'([0,*] x Q), for each t* > 0.

Proof. We start by proving convergence of py.: for each A, consider the linear operator Jj,
on L'(Q) that averages over cells of 77,

Jnf(x) = ff(x') dx’ forallxe€T and T € 75,
T

Then pp: = Jyp,,. Note that Jj, is 1-Lipschitz continuous in LY(Q), and that J,f — f
in L'(Q) as h — 0. Thus, the convergence p;,, — p. — 0 in L'([0,7*] x Q) implies the
convergence P — Juos = J1(0y, — o) — 0in L1([0, 1] x Q).

Next, we turn to py.. The inequality

164 = Piell 1y < @ + D[Bie = Biel 1y

is immediately verified by elementary considerations on each simplex of 7. Convergence
of p,,, and pj, to the same limit p, implies convergence of Jp, to the same limit as pj,, that
is p.. The argument for g is analogous.

Finally, convergence of the spatially affine interpolation pj to p. follows since pp, <

Phr = ﬁh‘r' o

The convergence of p has immediate consequences on weak and strong convergence of
the concatenation ¢(p) in various spaces.

Lemma 6.6. Up to a subsequence, we have for every t* > 0:

(70) b — d(p.)  strongly in L'([0,*] x Q),

(71) Vo — Vo(p.)  weakly in L'([0, 1] X Q).

Proof. A comparison of the piecewise affine hat functions and the indicator functions on
the Donald cells associated to 7, leads to ¢;,, < (d+1)¢,.. Therefore, since ¢, is uniformly

integrable in L' thanks to the bound in L’([0,*] x Q) with > 1 from Lemma 6.3, also
¢y, 1s uniformly integrable. On the other hand, continuity of ¢ implies convergence of
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e = 0(D),) to d(p.) ace. on [0,1%] X Q. So ¢, — ¢(p.) in L([0,*] x Q) by dominated
convergence.
Next, by the intermediate value theorem we have that

|61 = Bne| < PVl

on each simplex, and therefore

B}
0 = Bl ooy < 7 fo fg Vel drdr,

which goes to zero thanks to Lemma 6.3. Thus also ¢, — ¢(p.) in L'([0,*] x Q).
Finally, observe that |[V¢y.| < Cyop-|Vun-| by Lemma 5.5. Therefore, for any measurable
ocC[0,*]xQ,

1/q

1/p >
ff |V¢hT|dxdt < C(ffﬁhr) (j()‘ LﬁhrlvﬂhTVI] )

by Holder’s inequality. The second integral on the right-hand side above is uniformly
bounded by Corollary 5.4 — observe that for integration against the piecewise constant
function |Vuy,| on Q, one can replace py,: by ps.. Concerning the first integral on the right-
hand side: since pj, converges in L([0,#*] x Q) by Lemma 6.5 above, it is uniformly
integrable. The estimate above thus provides uniform integrability for |V¢y.| on the left-
hand side. Consequently, V¢ converges weakly in L'([0, #*] x Q) to some limit &, By the
above, ¢ is easily identified, since for any test vector field 8 € C((0, t*) x Q; RY):

r* r*
-@dxdr= lim V. - 0dxdr
I [ eoavar= tm [ v
r* r*
=— lim V-0dxdr = - )V - 6dxdt,
(h:)e(omfo L¢hT fo fgqb(p )

that is, £ is the distributional derivative of ¢(p.). O

6.3. Identification of the limit. The main ingredient for the convergence proof is the
identification of the weak limit of pj,, Vi, as Vé(p.). This will then allow to characterize
the local slope |0&|(p.) in the final step of the proof.

Lemma 6.7. Up to a subsequence, there holds

e Vitne — V(p.)  weakly in Ll (Ryo x Q).

loc

Proof. In view of (71), it is (more than) sufficient to establish that

(72) PVt = Ve — 0 in L] (Rso x Q)%

loc

LetT € 7j, and n > 1, then, building on the material introduced in the proof of Lemma 5.5,
one has

ﬁ |FI;TVIJZT - V¢ZT| =d!T| |‘];1 ﬁ’}ld - ng) 6TIUZT| ’

where I is the identity matrix of R and where

~n n _ 1 n
Pr = phelar) = ——= a;ph,(a)
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Then we deduce from (55) that

1 N
[ 1wt~ Vot < 11 e | 1 - G R
T
d+ Vd .
<ln —F= f‘(PT)” 1s—(p7) " R

Note that the term (Z)’;)_; R’ vanishes if p}. = 0 thanks to (57) since ¢ > 1. Multiplying
the above estimate by 7, summing over 7 € 7, and n = 1,...,n,, applying Holder’s
inequality and Corollary 5.4 yields

- n
|@)q JTléTluhT

( ) Vit -

d+ Vd |
\2

(T3) e Vithe = Vel ey < &7 ——=—C (1 + 27 [Farho |y o e

with "+ = 3™ 7" and

-~ ~n 4 R : n— n
Vielt, ) = (07)7 Ia = (07) ¢ Ry if (6,00 € ("', ") X T.
Owing to (57), to pur = Pnr to the concavity and to the subadditivity of u +— p ur there
holds
_ Vol . Nt . . L
|7111'|2 < (ph‘r) q |ph‘r _ph‘r| < P l(ﬂhr)” - (,Ohr)” < P |ph‘r —,Ohr|" .
Therefore, Lemma 6.5 implies that [y, tends to 0 in L{; (Rsp x Q), so that (72) holds
thanks to (73). ]

Lemma 6.8. Along a subsequence (h,t) — (0,0), there holds for every t* > 0:
V¥, — p. V¥ weakly in L'([0, 1*] x Q)“.

Proof. Recall that ¥ is Lipschitz on Q, and so is each affine approximation ¥ owing
to (25). Thus, VW), converges weakly-* in L ([0, *] x Q), and the limit is easily identified
as VY since by construction, ¥, — ¥ uniformly on Q. Combine this with the strong
convergence pyr — p» in L'([0, #*] x Q) from Lemma 6.5 to obtain the claim. O

6.4. Proof of the energy identity. The starting point of this section is the form (33) of
the energy inequality for the discrete solution. We recall it for the reader’s convenience:

Lemma 6.9. At every t* > 0, we have

(T4)  EFn*) + f f Ve dxdr + © f f e e dxdt < E,(B0,).

Proof. Since |v.|P = |uy|? by definition, and since 1/p + 1/g = 1, the inequality (74) is
identical to the fundamental energy estimate (52) if #* = ¢V is a point on the time mesh.
Note that (52) is formulated in terms of the piecewise affine pj., but since v,, and u,, are
piecewise constant, p,, can be replaced by py.. By the time-advanced piecewise constant
interpolation, and since &,(p},,) is non-increasing in n, the inequality (74) is also true for
t*’s in between mesh points. O

Below, we shall pass to the limit (inferior, on the left-hand side) in (74) along a suitable
sequence (h, 7) — (0, 0) to obtain

*

(75) Ep.(1*) + - f oLlP di + f 108%(p.) dr < E(0").
P Jo q Jo

Our first lemma establishes the convergence of the initial energy.
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Lemma 6.10. Let p° be a probability density such that n(p°) € L'(Q). Let ﬁ(h)T be defined
by (29), then

(76) @) = 16010y 72 0
AS a consequence,
(77) Enpy,) — &(°).

Proof. The function (o), as any element of L'(Q) is uniformly integrable, so by the de
La Vallée Poussin theorem, there exists a nondecreasing, convex and superlinear function
v : Ry — R, such that

fy o n(p®) dx < +oco.
Q

The function yon being convex, it follows from the definition (29) of 52, and from Jensen’s
inequality that

fvon(ﬁ(ﬁr)dXvaon(po)dx<+oo.
Q Q

In particular, (nﬁf))h>o is uniformly equi-integrable.

Moreover, ﬁgT converges in L' (Q) towards p°: this is easily shown for a smooth p° and
then for p° in L'(Q) by a density argument and the non-expansivity in L' (Q) of the mapping
o0 - 52,. In particular, one can extract a subsequence such that 527 converges almost
everywhere towards p°. Since 7 is continuous, so does 17(7)2,) towards n(p”). Applying
Vitali’s convergence theorem gives (76) along the subsequence. The convergence of the
full sequence follows from the uniqueness of its limit value.

The convergence of the energy (77) follows from the above convergences for 5‘,3, and
r](ﬁ(,)”) together with the uniform convergence of V¥, towards V. O

The liminf of the energy at positive times is easy.

Lemma 6.11. Along the considered sequence (h,7) — (0,0), we have for each t* > 0:

N - *)) > *Y).
(}},l‘r)nl_)l(l(}g)gh(phr(t ) = E(p.(17))

Proof. Recall that p,,.(t*) converges weakly-* to p.(t*) by Lemma 6.2. On the one hand,
we have thanks to convexity of 7 that

lim inf f 70, (*, x)) dx > f n(p.(*, x)) dx.
Q Q

(h,7)—(0,0)

And on the other hand, we have thanks to the uniform convergence of the continuous
approximations ¥j, to the limit ¥ that

lim 0, (1%, x)¥ dzf*t*,‘l’d.
(h’T)ﬁ(O’O)prhT( X)¥y(x) dx Qp( X)¥(x)dx

This gives the desired result. O

The limits of the time integrals are slightly more complicated to obtain. We start with
an auxiliary result.

Lemma 6.12. The functions w;,, and vy, defined in (31) are globally integrable in time:

(78) f f Vel e v < E,T00), f f 03l Bie v < E,T00).
0 Q 0 Q
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Proof. By definition, for ¢ € @M,

Vi (DI = [ (D17 = [V (i + Fp)I?.

Now simply pass to the limit n — oo in the energy inequality (52), recalling that &, > 0,
to obtain (78). m]

We are now in the position to estimate the slope term.

Lemma 6.13. Passing to a further subsequence for (h,7) — 0, one has for every t* > 0:

* *
(79) f 10E(E)I4(1) df < liminf f f Bielwpel? dx dt.
0 h,T—)O 0 Q

Proof. Inview of (78) and of Lemma 6.2, Proposition A.2 from the Appendix is applicable.
It yields the existence of a subsequence (not relabelled) and a limiting field u, : Ryo X Q —
R4 such that Py — p.u, weakly-= in LI(RZ() x ), and

r* r*
(80) f fp*lu*lq dxdr < lim inff fﬁhrluhflq dxdr
0 Q h,T—>0 0 Q

for each t* > 0. In Lemmas 6.7 and 6.8 above, the weak limit of p;-u;, has been identified
as Vo(p.) + p. VY. This means that at almost every ¢ > 0, we have p.(H)u.(¢) = V@(p.(1)) +
p:(0)V'P, and also that p,(H)u. ()| € L'(Q). Thus, at those ¢ > 0, we have

10EI (p.(1)) = fp*(t)lu*(t)lq dx
Q
thanks to Proposition 2.1. Substitute this into (80) above to obtain (79). O
Finally, we estimate the metric velocity.

Lemma 6.14. p. is an absolutely continuous curve from Rxq to W ,(Q), and passing to a
further subsequence for (h,7) — 0, one has for every t* > 0:

* *
81) f 0P (t) dt < liminf f f BrelVael? dx dr.
0 ht—-0 Jo Q

Proof. In full analogy to the proof of Lemma 6.13 above, we obtain from (78) by means of
Proposition A.2 the existence of a further subsequence (not relabelled) and a limit velocity
field v.. such that pj. v, — p.v. weakly-*, with

r* r*
(82) f fp*|v*|” dxdr < lim inff fﬁhTIVhTII’ dxdr
0 Q h,T—?O 0 Q

for every * > 0. The proof is finished by applying Proposition 2.2, which directly yields
absolute continuity as well as the estimate (81) from (82). For that, we need to verify that
(p«, v.) satisfies the continuity equation (17).

We shall derive (17) directly from the weak formulation (26) of the scheme. To that end,
letp € C(Rso x Q) be given, and define accordingly ¢, as the piecewise-constant-in-time
and piecewise-affine-in-space function such that for all # € (#*1, '], the function one(t;+) 18
given by affine interpolation on the triangles of the values ¢(*~!, a) at the vertices a € V.
Introduce further the temporal difference quotient

Pne(t",a) — i ("', )
P

6@ (1, x) 1= forallz e (', 7] and x € w,.
By smoothness of ¢,

(83) Vo = Vo, 6,5 — 0ip  uniformly a.e. on Ry X Q,
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where the almost everywhere simply accounts for the fact that Vg, cannot be evaluated
on edges.

Now substitute w), = (@1, ) into (26) and sum over n = 1,2,... — the sum is
actually finite — to obtain

- f fﬁhré‘ts_oh‘r dxdr + f fﬁh‘rvhr ' V‘1011‘r dxdr = 0.
0 Q 0 Q

By (83) above, by strong convergence of g to p., and by weak convergence of pj, vy, to
PV, We may pass to the limit and obtain

—f fp*6[¢dxdt+f fp*v*~Vgpdxdt:O,
0 Ja 0o Ja

which is just the distributional formulation of (17), finishing the proof. O

Conclusion of the proof of Theorem 3.2. Substituting the results from Lemmas 6.10, 6.11,
6.13 and 6.14 into the inequality (74), we directly obtain the energy dissipation inequality
(75) for p..

An immediate consequence of (75) is the integrability of the product |o’||0&|(o.) of
metric velocity and local slope with respect to time, thanks to Holder’s inequality. It thus
follows from |0E| being a strong upper gradient, and since p, is an absolutely continuous
curve, directly by means of [4, Definition 1.2.1] that the opposite inequality holds, that is
(75) with > in place of <. Consequently, the inequality (75) is actually an equality, and so
px is a p-gradient flow for & in the metric W .

A posteriori, the liminf used in the derivation of (75) is actually a true limit. That is,
along the chosen sequence (h, 7) — (0, 0), we have in particular that E,(p,,.(t*)) converges
to E(p.(t*)), for every t* > 0. O

7. FROM WEAK TO STRONG CONVERGENCE

The main ingredient in the proof of Theorem 3.3 is the observation that along the se-
quence (h, 7) — (0, 0) under consideration,

* *
(84) lim sup f f luyr %0 dx dt < f f lu*|?p0, dx dt
h,t—0 0 Q 0 Q

with u, from (32), which allows to conclude stronger convergence of uy,; by virtue of
Proposition A.2.

Lemma 7.1. Along the chosen subsequence with h,T — 0, the relation (84) holds.

Proof. From the discrete dissipation estimate (28) and the advanced interpolation in time,
we know that

"
f f pelBie dx dt < E(Pr) — En(B (1))
0o Ja

holds for each * > 0. By Theorem 3.2, we know that &,(p,.(1*)) — E(p.(*)) along the
considered sequence (h, 7) — (0, 0), and thus

t*
lim supf f [We| %P dx dt < E(P°) — E(p.(1%)).
0o Ja

h,t—0
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On the other hand, by the fundamental property (19) of the gradient flow, and since the
subdifferential is given by means of Proposition 2.1,

EP®) - E(p.(t%)) = f |0E|%(p,) dt = f f lu.|%p, dx dt.
Q

0 0
In combination, this proves (84). ]

Proof of Theorem 3.3. The idea is to combine Proposition A.2 with the strong convergence
of ppr in L'([0,7*] x Q). Fix an exponent » € [1,g]. For each M > 1, consider an
approximation Uy, : [0,*] x Q — R” of u, such that Uy, is continuous, satisfies the
uniform bound supg, [Uy| < M, and approximates u, in the sense that

t*
f f llu*lr_lll* - IUMI’_]UM|q/rp* dxdt -0 asM — oo.
0o Ja

Such an approximation exists since fot* fg |u.|?0. dx df < oo (so that the integral of |u.|9p,
over the set {|u.| > M} vanishes as M — o), and since p, is an integrable function, not
merely a probability measure (so that convergence in measure of continuous approxima-
tions of the measurable bounded function min(M, |“*|)IE_:I is sufficient). With U,, at hand,

we define the continuous function ¢, : [0, %] X Q x R? via

on(t,x,€) = |71 € = U (e, 01 " Upg(, 00|,

which clearly satisfies the estimate |@ (%, x, £)| < C(1 + |£|7) for an appropriate C (possibly
depending on M and ¢). Application of the second part of Proposition A.2 with the choice
¢ := @y for the test function yields that

[*
. _ q/r —
f f el e — U U] e
0 Q

t*
[ [l = O 0
0 Q

converges to zero as h, 7 — 0, for each fixed M > 1. This implies

> r/q
[f f ||wn|r_1u;1ﬁhrr/q — ju " 4x dt)
0 Q
r* y rlq
— — |
< (f f ||uh‘z'|r 1uh‘r - |UM|r 1UM|q Phr dxdt)
0 Q

* r/q

+ (f f ||UM|V_1UM(ﬁhTr/q - P:/q)|q/r dx dt)

0 Q

~ rlq
+ (f f“u*l’_lu* — OO p. dxdt)
0 Q

tr
sé(M,h,T)’/“Z( f f lu ", = Uyl Oy
0 Q

Now, given € > 0, it suffices to choose M sufficiently large to make the first integral in the
last line above less than £/4, and then 7 and 4 sufficiently small to have both 6(M, A, Ty <
/4 and [[pp:"7 — p7'|| 0 < €/(4M). For the last step, we have used that thanks to P — s
in L', we also have 524 7 pf/ 9 in L4/". This shows convergence of [y~ o9 to
. lw,p/? in L9/,

O(M,h,7) :=

rlq
p.dx dt] o M| = ],
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To prove convergence of the flux, choose r := ¢ — 1 above, yielding [u,|7 2w, pp: /P —
lu,]92u,p, in L?, and combine this with pj,'/¢ — p2? in L9, which holds by virtue of
Pie = px in L', Finally, the equivalent formulation in terms of v, instead of u, immediately
follows from the facts that vj,; = |[u,-|92uy,, and also v, = |u,|? 2u, by definition, see (31)
and (32), respectively. O

8. NUMERICAL RESULTS

8.1. On the effective resolution. We present in the next Subsection several numerical
experiments using the scheme (26)&(27). All numerical results were performed with
FreeFem++ (see [30]). Since the method to solve the problem is not fully classical we
detail here some important steps of the algorithm.

Assume first that assumption (A1) holds true. At the n iteration, we know pZ;l and we
search for pj and u}_, such that y_(a) = 1’ (0} (@)) for all a € V, solution to (26), and so
to a nonlinear system F"(p} ) = 0, which is equivalent to find

.
(85) (0f,) € argmin 17" (o)
P

As explained in Section 3.4, when assumption (A2) is satisfied and p} vanishes at some
nodes a € V, the quantity y; _(a) can no longer be written in terms of p;_(a). To circumvent
this difficulty, we take inspiration in the proof of Proposition 4.5 as we add a barrier func-
tion eu which is increasing and singular close to zero, so that we come back to the frame-
work of assumption (Al). More precisely, we replace u; (@) by 17'(0} (@) + (o} (@)
where € > 0 is a small parameter. We then solve this problem by paying attention to the
fact that the smaller the perturbation parameter ¢ is, the more difficult the problem is to
solve. The idea is to construct a sequence of solution (pi)kZo to the scheme (26) with

yZ’Tk(a) =7 (pZ’Tk(a)) + skﬁ(pz;k(a)) for a sequence of parameter (g;)r»o Which tends to zero.
More precisely, we begin with gy > 0 and we solve the problem using the iterative strategy
described below. At iteration k we choose as initial value the solution pZ‘Tk_l obtained in the
previous step. At the end of the step k, we stiffen the problem by setting ;. = we; with
w < 1. W? stop the a.lgorithm when &x < &x for a given &, > 0. Then we set p; = pZTk
For numerical convenience, we choose u(z) = —1/z.

We detail now the iterative algorithm. The main idea is to use a line search strategy.
Thus, at the iteration n and step k, we know pZ;’H and we look for for pZTk It is computed
as follows:

e first compute dp™* solution to DF (pZ’Tk)dp””‘ =-F (pZ’Tk);
e then choose dp™* as descent direction and set

d l 1. 7l
G(s) = — | SIF (01 + sdo™)IF), s €Rso.
ds\2

Thus, noticing that G(s) = (DF" Z‘Tk + sdp™*)dp™k, F" ZTk + sdp™)) we are able
to compute G(s) for any s.

e Since G(0) = —(F ”(pi), F ”(pZ’f)) < 0, we have the following alternative:
(1) either G(1) < 0, then we use a classical Newton step and we set

Z;k+1/2 — pZ;k + dpn,k;
(2) or G(1) > 0, and we search for s™* € (0, 1) such that G(s) < 0. Then we set

nk+1/2 _  nk nk 3 nk
Phr _ph‘r+s dp :
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o To make sure that the solution remains away from 0, we set

nk+l _ nk+1/2 -8
O, =max(o, =7, 107%).

8.2. Barenblatt solution of the g-Laplace equation. We begin by a convergence study
for an analytical solution to

86) 9=V -(IVpl"Vp) = dyp = V - (oI ()" 2 Vi (p)) = 0, in [0, 2] x Q,

where the internal energy density 7 is given by

plogp—p+1 ifg=2,
3
—1-1 ifg =2,
(87) npy=1 P 17leer) itg =7
et
9= (4= (% —1)=p+1]else.
q—2(2q—3 p p+1]else

The corresponding chemical potential is given by
loglp) ifp=g=2,
77/(;0) = 1 72—
ﬂ (p P 1) else.
The function 1 of (87) satisfies Hypotheses 1&2 provided g > 2. Assume that g > 2 (or
equivalently that p < 2), so that " does not blow-up near 0, as prescribed in the case (A2).
The Barenblatt profile

(88) pt,x) = (t + 1)~ (M - arlglP)")™

solves (86), cf. [32]. In formula (88), 7o > 0 is a parameter set to avoid blow-up at t = 0,
whereas
1

1 -2 (k\"! k
(89) k:m, aqu(E) s f:x(t+t0) 4,
The quantity M has to be set in order to ensure that p(z,) € P,.(Q). The Barenblatt
profile (88) is compactly supported, hence the no-flux boundary conditions (2) is satisfied
for a finite time provided 0 € Q and dist(0, Q) is large enough.

We study the convergence of the approximate solution towards the exact solution in
the 1-dimensional case for ¢ = 5 (and so p = %). In this case we have Q =] — 2,2,
M = 0.6868, the final time is fixed at # = 0.25 and we choose 7y = 0.05, the barrier
function is fi(x) = —%, gy = 0.5 and @ = 0.7. Two types of convergence are studied here:

e we fix &, and make the mesh size tend to O (see Fig. 2a);
o we fix the mesh size and make the parameter €, tend to O (see Fig. 2b).

We begin with a coarse mesh containing 10 vertices and a mesh size approximately equal
to 1, then we refine five times the mesh to obtain a fine mesh with 258 vertices and a mesh
size approximately equal to 0.105. Furthermore, the time step associated with the coarsest
mesh is 1072 and when we refine the mesh, we divide the time step by 4.

In each case we plot the relative error between the approximate solution and the exact
solution for the L2((0, #r) X Q) norm.

We observe on Figure 2 a second-order convergence in space and and an order of con-
vergence approximately equal to 0.65 for ;. As expected, we observe a saturation in the
convergence w.r.t. iy or g if & or hs are respectively chosen too coarsely.
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Ficure 2. Relative error for the L*((0, ;) X Q) norm

8.3. Solution of the g-Laplace equation with a non-zero potential. In this section we
focus on qualitative numerical results in 2 space dimensions of the g-Laplacian equation
described in (1) for a non-zero potential ¥. For the numerical tests presented here, the
energy density is given by n(p) = %pz and the initial density py € P,.(Q) is a cross as
described on Fig. 3a. The external potential is ¥(x) = k[(x; — $)* + (x, — $)*] and the
stationary state pe(x) = (M — ¥(x))., see Fig. 3b. The parameters M and k are chosen

such that po, € P,c(€2) and such that the support of p.,, which is the ball of radius %
centered at the point (1, 3), is included in Q = (0, 1) (here we choose /% = 0.4).

13.61 3.979

[ | | |
1021 2984
L 6,804 - 1.989
3402 09947
0.000 0.000
Max: 13.61 Max: 3.979
Min: 0.000 Min: 1.000e-08]
(a) Initial density (B) Stationary state

Ficure 3. Initial density and stationary state

We choose as final time # = 0.25, the time step is 7 = 0.000625, the mesh has 8192
triangles and the mesh size is approximately i ~ 0.022. We observe the behavior of the
solution for 3 different values of p (and ¢):

e p= % (and so ¢ = 3) on Fig. 4;
e p=g=2onFig.5;
e p=3(andsoqg = %)onFig. 6.
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In each case the barrier function is ji(x) = —}C, &, = 1073 but gy = 0.1 for p= % and p=2
and &y = 0.2 for p = 3. Note that the color scale varies from one snapshot to another in
order to better visualize the behavior of the solution over time.

6182 4286 4041
[ ]

4636 3215 3081

3091 2143 2021

1010

1545 1072

M oo01081 ooo0sia 00001609
Max: 6.182 Max: 4.286 Max: 4,041
Min: 0.0001609)

Min: 00001081 Min: 00001514

(a) t = 0.000625 (B) t =0.00375 (c) r=0.01625

Ficure 4. Evolution of the density for p = %
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Ficure 5. Evolution of the density for p = 2
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Ficure 6. Evolution of the density for p = 3

We also plot on Fig. 7 the evolution of the energy E(p} ) — E(pw) Where E(ps) = %M .

As can be seen from the Fig. 7, the energy decreases faster for p = % and therefore
the steady state is reached faster in this case. The saturation around 1073 is related to the
choice of &,.
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Ficure 7. Energy dissipation

APPENDIX A. SOME ABSTRACT CONVERGENCE RESULTS

First, we recall the refined version of the Ascoli-Arzela theorem from [4, Proposition
3.3.1], which is tailored to application in the proof of Lemma 6.2.

Proposition A.1. For t* > 0 and r > 1 fixed, consider a sequence (pg) of curves p¢ :
[0, %] = P..(Q) satisfying
lim sup W, (p(2), pe(s)) < w(|t — s|) forall 0 < t,s < t*, uniformly in €,

{—+0c0

with a modulus w € C(Rxo,Rsg) of continuity, satisfying w(0) = 0. Then there exists an
accumulation point p € C([0, t*], P(Q)) with

W,(o(2), p(5)) < w(|t — s) forall0 <t s <1,

such that, along a subsequence with {; — oo, one has p; (t) — p(t) narrowly at each
t € [0,r*].

Next, we recall a result on weak and strong convergence of sequences in Lebesgue
spaces with varying references density. It extends the following two results that are classi-
cal for the space L' (Qu;u) with r > 1 and Q. := Ry X Q for a fixed reference measure
e

o if a sequence (f;) is bounded in L"(Qq; 1), then one has weak convergence f;, —
f+ along a subsequence, and || f.|l;r < liminfy || fz [l
o if additionally ||f:|lz- = lim ||fz ||z, then the convergence is actually strong, fi, —
f
A generalization to the case where the reference measure varies with ¢ as well is given by
the following adapted and reduced version of [4, Theorem 5.4.4]:

Proposition A.2. Let an exponent r > 1 be fixed. Consider a sequence of time-dependent
probability densities pe : Rsg — Py that possesses a limit p, : Ryg = Pye with pe(t) —
ps(t) weakly-= for each t > 0, and consider further a sequence of time-dependent measur-
able vector fields w; : Rsg x Q — R%
o [f fom fQ |We|"pe dx dt is £-uniformly bounded, then along a subsequence with £; —
oo, the products W, pg, converge weakly-* in LY(Q) to W.p, for some time-dependent



FINITE ELEMENTS FOR WASSERSTEIN W, GRADIENT FLOWS 35

vector field w, : Rsg x Q — RY, and for every t* > 0,

r* r*
f f |w.| p. dxdt < lim inff f [we | pe, dxdr.
0o Ja k= Jo Ja

e [f additionally for every t* > 0

* *
f f |w.| p. dxdt > lim supf f [we | pe, dx dt,
o Ja k- Jo  Ja

then for each continuous function ¢ : QxR — R satisfying ¢(t, x,v) < C(1+[v]")
with a C for all (t,x) € Ryo X Qand v € R4, and every t* > 0, one has:

™ *
f f o(t, x, w.(t, x))p.(t, x) dx dt = klim f f o(t, x, we, (2, X)pr, (2, x) dx dt.
0 Jo —xJo Ja
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