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Null controllability of the parabolic spherical

Grushin equation®

Cyprien Tamekue!

Université Paris-Saclay, CNRS, CentraleSupélec, 91190, Gif-sur-Yvette, France

June 10, 2022

We investigate the null controllability property of the parabolic equation associated
with the Grushin operator defined by the canonical almost-Riemannian structure
on the 2-dimensional sphere S?. This is the natural generalization of the Grushin
operator G = 92 + 16285 on R? to this curved setting, and presents a degeneracy at
the equator of S2.

We prove that the null controllability is verified in large time when the control
acts as a source term distributed on a subset @ = {(x1,22,73) € §? | a < |x3] < B}
for some 0 < a < 8 < 1. More precisely, we show the existence of a positive time
T* > 0 such that the system is null controllable from @ in any time 7" > 7™, and
that the minimal time of control from @ satisfies Ty, > log(1/v/1 — a?). Here, the
lower bound corresponds to the Agmon distance of @ from the equator.

These results are obtained by proving a suitable Carleman estimate by using uni-
tary transformations and Hardy-Poincaré type inequalities to show the positive null-
controllability result. The negative statement is proved by exploiting an appropriate
family of spherical harmonics, which concentrates at the equator, to falsify the uni-
form observability inequality.

Key words: Null controllability, Carleman estimates, singular/degenerate parabolic
equations, Hardy-Poincaré type inequalities, Grushin operator, unitary transforma-
tion, spherical harmonics, almost-Riemannian geometry.
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1 Introduction

During the last decade, there has been a lot of interest in studying the null controllability of
degenerate parabolic equations, that is to say, parabolic equations whose principal symbol can
vanish inside the domain. In [3], it has been shown that null controllability for the Grushin
equation, which is an example of a degenerate parabolic equation, requires a non-trivial positive
time. This is in stark contrast with what happens for the usual heat equations (see, for instance,
[15, 18, 21, 23]), which are null controllable in an arbitrarily short time.

The study of properties of null controllability of parabolic, spherical Grushin equation is
relevant since the latter is both degenerate and singular at different locations. So it is natural
to expect that such a study would be a bit more subtle than that of dimension 2. Before going
further, let us start by recalling some well-known results going in our direction.

1.1 The 2D parabolic Grushin equation

Since its introduction in Baouendi [2] (see also Grushin [19]), the so-called Grushin (or Grushin-
Baouendi) operator, defined in the bidimensional setting as

G = 92 + 2202, (1)

where (z,y) € R?, received considerable attention in the field of differential geometry, as well as
in control theory as a prototypical example of a degenerate elliptic, hypoelliptic operator, see
for instance [3, 8, 9, 11, 19].

More recently, in [3] the authors investigated the properties of null controllability for the
degenerate parabolic equation associated with (1), showing that they exhibit a wider range of
behaviours. In particular, null controllability may hold true or not depending on the geometry
of the open set w and the time horizon 1. More precisely, the authors considered the following



parabolic equation, which presents a degeneracy at = = 0:

f(t,z,y) =0, (t,z,y) € (0,T) x 09y, (2)
f(()?x?y):fo(x?y)? (%,y) € Qo,

where 7' > 0, Qo = (—1,1) x (0,1), wo C 2 is an open subset, f is the state, u is the control
function, fp is the initial datum. Then, we have the following, see [3, Theorem 1].

Theorem 1.1 ([3]). Let w = (a,b) x (0,1), where 0 < a <b < 1. Then, we have

2
Tnin := Inf{T > 0 : system (2) is null controllable from wy in time T} > %.

This result is to be interpreted in the following sense: there exists a positive time 7% > 0 such
that system (2) is null controllable from wp in any time 7' > T™ and that the minimal time Ty,
required for the null controllability of system (2) from wy satisfies Ty > “2—2

Following this line of investigation, in [4, Theorem 1.4], Beauchard, Dardé, and Ervedoza
consider the more general operator G, = 92 + q(:r)28§, where ¢ is a real function, satisfying for
some Ly > 0 the following:

q(0) = 0, q € C*([~L-, L)), inf ¢ >0. (3)
(_L*7L+)
For the associated parabolic degenerate equation on Q = (—L_, L;) x (0,7), with boundary
control at the vertical side I'y = {L;} x (0,7), and with initial datum fo € H}(Q) the authors
are able to obtain the sharp value of the minimal time:

T, L") 4
min — q’(O)/o Q(S) S. ( )
Note that the integral in (4) can be seen as the Agmon’s distance associated to potential g
between {L4} (related to the control support) and {0} (related to the degeneracy location). See
also [5] for preliminary results in this direction.

1.2 Setting, main results and strategy of proofs

Let us consider the 2—dimensional sphere S? = {p = (21,22, 73) € R® : 23 + 23 + 23 = 1}. We
let X, Y and Z be vector fields generating the counter clock-wise rotations around the x1, xo
and x3 axes respectively, viz.

X = _$38x2 + :L‘ang, Y = —1‘36361 + :I)laxg, 7 = —1’28331 + 1131812. (5)

Here, we are using the identification of vector fields with derivations. These vector fields, usually
known as the Killing vector fields on S? span at each point p of S? the tangent space TPSQ.

Observe that { X, Y} are linearly independent outside of the equator £ := {x3 = 0}. Neverthe-
less, since [X,Y] = Z, the system of vector fields {X, Y} is bracket-generating and determines a
sub-Riemannian structure on S? which is a 2—almost-Riemannian structure (2—ARS for short)
on S? (see for instance [1, 8, 9, 11, 14, 32] for more details). The pair {X,Y} is called the
generating frame of the 2—ARS.



In this work we are interested in the hypoelliptic operator defined by
L:=div,oVp = - XTX - YTY. (6)

Here, Vg is the sub-Riemannian gradient defined by Virep = (X¢)X + (Y)Y for any ¢ €
C*(S?), while div,, denotes the divergence w.r.t. the standard Riemannian volume form g on
S?, as induced by the Euclidean Lebesgue measure. Moreover, Xt and Y+ denote respectively
the formal adjoints of X and Y taken in the space L?(S?; 1), the Hilbert space of measurable and
square-integrable functions over S? with respect to p. As it will be evident from the coordinate
expression that we will present in the following, this is a degenerate operator that generalizes
to the sphere S? the Grushin operator. Note that, C°°(S?) is canonically defined as the space of
the restrictions to S? of functions that are C*° on an open neighbourhood of S2. Such functions
have compact support since S? is a compact manifold.

The operator £ is essentially self-adjoint on C°°(S?), and we will henceforth consider its self-
adjoint realization. See Section 2. Our main result is then the following.

Theorem 1. Let fo € L*(S% ) and u € L*(0,T; L?(S% u)). Let @ = {(x1,72,73) € S? | a <
|zg| < B} with 0 < o < f < 1. We consider the following equation

{E)tfﬁf:uﬂw, in (0,T) x S2, )

fle=0 = fo, in §%.

Then, the minimal time of null controllability from @ satisfies Tinin > log(1/v1 — a?). Moreover,

there exists T* > 0 such that, for every T > T, system (7) is null controllable from @ in time T'.

It should be noted that we will prove in this paper the Theorem 1 only in the interesting
case when a > 0, i.e., when the control region @ does not touch the degeneracy & = {x3 = 0}.
However, let us emphasise that if & = 0 then the equation (7) is null controllable in any time
T > 0. This result can be proved using a classical cut-off argument (as done for instance in
[3, 5] for the 2-dimensional parabolic Grushin operator) by taking advantage of the fact that the
equation is null controllable in both hemispheres Si and S% in any time 7' > 0 by the result of
Lebeau and Robbiano [23] (see also Fursikov and Imanuvilov [18]) since £ is a uniformly elliptic
operator on the two hemispheres Si and S2.

To prove Theorem 1 and, by the way, understand how the operator L is connected with the
Grushin operator, we use spherical coordinates. To this end, it is slightly easier to consider the
vector fields (5) as the restriction of S? of the vector fields in R? given by the same formulae.

Let

Q= (—m/2,7/2) x [0,27), and U:=R} xQ, (8)
and consider the latitude x and longitude y coordinates, viz.
F: U —R?
(r,x,y) +—— F(r,z,y) = (rcosxcosy,rcoszsiny, rsinz), (9)

so that F~1(S2\{IV, 5}) = {1} x Q = Q. We let & := F |, then up to a rotation of angle y — Z,
the pull-back by ® of the vector fields of the generating frame read

*X = (dF " X)|o(rzy) = O, 'Y = (dF " Y)|p(rry) = tanzd,, (10)

where d F~! denotes the inverse of the Jacobian matrix of F.
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Figure 1: The equator &£ (in red), a control region @ (in green), north and south pole (in blue).

Let us denote by D(p) the linear span of the two vector fields ®*X and ®*Y at a point
d~1(p), p € S2\{N,S}. One can easily check that, D(p) is 2—dimensional except on the
equator ®~1(€) = {z = 0} where it is 1—dimensional. We may also observe that, due to the
system of coordinates, the vector field ®*Y is singular at £7/2. The standard rotation-invariant
measure on {2 in these coordinates is given by

do = cos zdxdy. (11)
Observe that the diffeomorphism @ : Q — S?\{NN, S} induces a unitary transformation
Ty : L*(Q0) — L*(SP\{N,S};p) (12)
v — Tov=vo0® !

and that ®*X = T;' X Tg and ®*Y = T;'Y Tg. Here Ty' is the inverse (or the adjoint) of
Tg. From now on we let the spherical Grushin operator be the coordinate representation under
® of L. That is, the operator defined by

P*L:=Ty L To. (13)

In particular, ®*L is self-adjoint with core Tg'(C°((S?))). See Section 2.1 for a characterization
of its domain and corresponding boundary conditions.
In terms of the local generating family of vector fields {®*X, ®*Y'} we have

1
P L = —(&*X)T(D*X) — (&*Y)T(d*Y) = o Ou(cos0y) + tan® 20y, (14)
with (®*X)* and (®*Y)* being the formal adjoints of ®*X and ®*Y respectively, taken in the
space L?(Q;0).

Remark 1.1. The singularity of (14) at north and south poles is due to the latitude-longitude
chart ®. We stress that whatever chart is chosen, this phenomenon of singularity will always
occur since global coordinates do not exist' on S?.

n fact, S? is not a local surface of R? in the sense of Berger and Gostiaux [6, p. 348], meaning that there is
no open set U C R? and an immersion ® € C*°(U;R?) such that ® is a homeomorphism between U and its
image S* = (V).



Throughout the following, we let the real numbers 0 < a < b < 7/2 be such that a = sina
and S =sinb, o and § being as in Theorem 1. We set

W = wgyp X (0,2m) and Wap = (—b,—a) U (a,b). (15)
Hence, Theorem 1 is equivalent to the following.

Theorem 2. Let fo € L*(Q;0) and u € L*(0,T; L*(;0)). Let w be defined as in (15). We
consider the following equation

{6tf —(®*L)f =uly, in (0,T) x Q,
fle=o0 = fo, in Q.

Then, the minimal time of null controllability from w satisfies Tin > log(1/ cosa). Moreover,
there exists T* > 0 such that, for every T > T*, system (16) is null controllable from w in time T'.

(16)

Recall that system (16) is null controllable from w C Q in time T > 0 if, for every fy € L*(Q;0),
there exists a control u € L?(0,T; L?(2; o)) supported in (0,7T) x w such that the solution f of
(16) satisfies f(T,-,-) = 0.

The following remark, although formal, illustrates the connection between the spherical Grushin
operator ®*L and the 2D Grushin operator G.

Remark 1.2. We consider (11) and (14). Taking the first order Taylor expansion of cosx and
tanx at x ~ 0 we observe that do ~ dxdy and ®*L ~ 02 + 53205, so that ®*L behaves like the
Grushin operator (1) in a neighbourhood of the degeneracy. As a consequence, we may expect
the same properties of null controllability for the parabolic equation (16) associated to ®*L as
for the 2D parabolic Grushin equation (2).

Let us briefly discuss our strategy of proof. As it is now classical, Theorem 2 is a straightfor-
ward consequence of the Hilbert Uniqueness Method [24] meaning that the null controllability
property of system (16) is equivalent to the observability of the adjoint system associated to
(16).

Thus, Theorem 2 is equivalent to the following.

Theorem 3. Let go € L%(Q;0) and w be defined as in (15). Consider the adjoint system of (16),
Og— (®*L)g=0, in (0,T)xQ,
: (17)

gli=0 = 9o, in €.

Then, the minimal time required for observability in w satisfies Tynin > log(1/ cosa). Moreover,
there exists T* > 0 such that, for every T > T*, system (17) is observable in w in time T

Recall that system (17) is observable in w C 2 in time T' > 0 if there exists C(T,w) > 0 such
that, for every go € L?(£); o), the solution g of system (17) satisfies

/Q|g(T,:U,y)|2da < O(T,w) /OT/w|g(t,:c,y)|2dadt. (18)

The observability inequality (18) means that the energy of the solution of (17) concentrated in
w yields an upper bound of the energy in time T' everywhere in €.
Finally, note that the proof of Theorem 3 is divided in two distinct steps:

1. Prove that for any time 7" < log(1/ cos a), the equation is not observable in w in time T

2. Prove that there exists T > 0 such that, for every T > T*, the equation is observable in
w in time T'.



1.3 Comments and open questions

The lower bound of minimal time T1,;, in Theorem 2 appears to be the Agmon distance between
the control region w = w,p X (0, 27) and the degeneracy (the equator in fact) ®~1(€) = {z = 0},
that is to say, the lower bound of T}y, satisfies (4) with ¢(z) = tanz and L, = a. However, it
should be noted that the result of [4] can not be directly applied to our case.

In fact, in [4], the authors investigate the boundary null-controllability of the 2D parabolic
Grushin equation with more general potential satisfying assumptions (3). In our case, equation
(16) is the coordinate representation of equation (7), posed on the whole sphere S?, which is
a compact manifold without boundary. Moreover the potential ¢(z) = tanz does not satisfies
assumptions (3) on (—7/2,7/2).

The presence of two spherical crowns in the control region is a technical assumption required in
the proof of the Carleman estimate in Section 4 and is related to the symmetry of the singularity
locations (the north and south poles) with respect to the equator ®~1(€) = {x = 0}. The case
where the control function acts only on one spherical crown (i.e., w = (a,b) x (0,27)) remains
open. Another interesting open question is to show the sharpness of the lower bound of the
minimal time, as done in [5] for the 2D parabolic Grushin equation.

Remark 1.3. If the elevation angle (latitude) a of the control region w with respect to equator
s equal to zero, i.e., if w contains the equator, then the strategy used in Subsection 5.1 to obtain
the lower bound of the minimal time Ty, can not be applied. On the other hand, if the control
acts only on one spherical crown (i.e., w = (a,b) x (0,27) ), the proof presented here still applies
and shows that the lower bound of minimal time is still log(1/ cosa).

1.4 Structure of the paper

The first part of the paper, contained in Section 2, is devoted to general results about parabolic
Grushin equation (16). Here we prove the well-posedness of equation in Subsection 2.1, we study
the properties of Fourier components of solution of the adjoint system (17) in Subsection 2.2 as
well as their dissipation rate. In Subsection 2.3, we present the strategy of the proof of Theorem
3, that is, we show how the uniform observability estimate of Fourier components yields the
observability estimate of solution of the adjoint system.

In Section 3, we recast the equation satisfied by the Fourier components in spaces L? without
weight using unitary transformations.

In Section 4 we prove a global Carleman estimate for the 1D parabolic equation satisfy by
the Fourier components for non zero frequencies in a space L? without weight.

Finally, Section 5 is devoted to the proof of Theorem 3 (or equivalently of Theorem 2 and
therefore the proof of Theorem 1). In Subsection 5.1 we prove the negative statement of Theorem
3 and the positive statement in Subsection 5.2.

Acknowledgement. This work started when the author was a Master 2 student at the Institut
de Mathématiques et de Sciences Physiques in Dangbo, Benin. The author would like to thank
its thesis advisors Yacine Chitour and Dario Prandi for bringing this problem to its attention
and for interesting and fruitful discussions. He would like to thank also the reviewers for the
careful reading of the paper and for their valuable comments having enhanced the presentation
of the paper.



2 Well-posedness, Fourier decomposition and strategy for the proof

2.1 Well-posedness of Cauchy problems

It is interesting and useful to start with the well-posedness of the parabolic equation (7) asso-
ciated to the intrinsic operator £ as defined in (6). Since {X,Y,[X, Y]} generates the tangent
space T,S? for any p € S?, it follows from Strichartz [32, p.260-261] that —£ with domain

D(L) ={ue€ L*(S%*u): Lu=—X"Xu— Y Yue L*(S*pn)}, (19)

is a densely-defined, self-adjoint operator on L?(S?; ), hypoelliptic [20, Theorem 1.1] and has
a compact resolvent. Therefore, its spectrum is real, discrete and consists of eigenvalues with
finite multiplicity, labelled in increasing order, that is, (Ap)mens, with 0 =XA; < Ag <--- <vv e
with A, — oo as m — oo. Moreover, there exists an orthonormal Hilbert basis (@, )men+ of
L?(S%; 1) consisting of eigenfunctions of £ associated with the eigenvalues (A )mens-

Remark 2.1. It should be noted that the sub-Riemannian manifold S* endowed with the 2—ARS
described in Subsection 1.2 is obtained as restriction of complete Riemannian manifolds. So, it is
completes as metric space. It follows that, the sub-Riemannian Laplacian L defined on C*(S?) is

essentially self-adjoint in L*(S?; 1) and the domain of its unique self-adjoint extension coincides
with (19) (see, Strichartz [32, p.261], [31, p.50 and Theorem 2.4]).

We define the intrinsic semigroup on L?(S?; ) denoted (e'%)i>q, as the family of operator
L?(S% ) — L2(S? ) defined as follows for every ¢t > 0: given fo € L2(S%u), et“fy is the
unique solution at time ¢ of the homogeneous equation of (7), which is C* on ]0, +oo[xS? (by
the hypoellipticity of operator £) and given by

e“fo=>" e fo,0m) 1252 Pm- (20)
meN*

Let us state the following well-posedness result of the intrinsic parabolic equation (7) whose
proof is classical (see, e.g., [29, Chapter 4]).

Proposition 2.1. Given T > 0, fo € L2(S* 1) and v := 1,u € L?(0,T; L?>(S?; ), there exists
a unique solution

fec(o,1); L*(% w)) N L*((0,T7); D(L))

of equation (7), and f is given by Duhamel’s formula
t
F(t) = et fo + / e=)Ly(s)ds, ¢ e [0,T]. (21)
0

We now can provide an argument about the well-posedness of the parabolic equation (16)
associated with the spherical Grushin operator ®*£ defined in (13) (or equivalently in (14)).

Let H, := L?(Q;0), and denote by (-,-)yz, and || - ||m,, respectively, the scalar product and
norm in H,.We have that (£,D(L£)) and (®*£,D(®*L)) are unitarily equivalent, where we let

PL=Tz'LTes on  D(@L) =T,z (D(L)). (22)

Here, T4 is the unitary transformation defined in (12), T;l being is inverse. So, ®*L with
domain D(®*L) is a densely-defined, self-adjoint operator on H, and has compact resolvent. We
also remark that v € D(®*£) means v = u o ® for some u € D(L). So, we have the following.



Lemma 2.1. Let v € D(®*L). Then, we have that v, ®*Lv € H,, the function y — v(7/2,y)
(resp. y — v(—m/2,y)) is constant, and y — v(x,y) is 2w-periodic for any x € [—7/2,7/2].
Moreover, the following functions are well defined and real-valued:

y €[0,2m) = 0pv(m/2,y), y€0,2m) = Opv(—7/2,y), (z,y) € Q— tanzdyv(z,y). (23)

Remark 2.2. We stress that boundary conditions of Lemma 2.1 are naturally associated to
Cauchy problems (16) and (17).

Let {Wypn}een —e<n<¢ denotes the family of spherical harmonics, defined by

2041 —n)!
dr (L +n)!

—~

Wen(z,y) = P}'(sinz)e™, Ve € [-n/2,7/2] x [0,2m), (24)

with P;' being associated Legendre functions of the first kind. Then we can check that each
Wi, lies in D(®"L) and the operator ®*L satisfies (see, [11, p.9] and references within)

— (D LYW = MenWen, Nen =Ll +1)—n?  V|n|<leN. (25)

Moreover, by using the identification H, = L2?((—7/2,7/2);cos xdx) ® L*((0,27),dy), we have
that {Wy,, }een,—e<n<¢ form an orthonormal Hilbert basis of the space H, [30, p.137] so that,
D(®°L) is a non-empty and dense subspace of H,.

The spherical Grushin semigroup on H, denoted (e >0 is then the family of operators
H, — H, defined as follows for every ¢ > 0: given fy € Hy, et® L fo is the unique solution at
time t of the homogeneous equation of (16), which is C* on |0, +oo[x 2 and given by

t@*ﬁ)

e o= " e fo, Won)u, Wen. (26)
|n|<leN

We now can state the following well-posedness result of the parabolic equation (16) associated
with the spherical Grushin operator ®*L (see, e.g., [29, Chapter 4]).

Proposition 2.2. Given T > 0, fy € Hy and v := 1,u € L*(0,T;H,), there exists a unique
solution

fec([0,T];Hy) N L*((0,T); D(®" L))

of equation (16), and f is given by Duhamel’s formula
t
f(t) =e®Efo + / et Ly(s)ds, te[0,T]. (27)
0

We end this section by the following Hardy-Poincaré inequality in the Sobolev space Hg (—7/2,7/2).
The reader could find another proof of such inequality in [28, p.92].

Lemma 2.2. Let w € H}(—7/2,7/2). Then, it holds

/g w@)l ), < 4/5 ' () 2. (28)

© cos2zx
2

Wl



Proof. First of all, highlight that, the main theorem of [13, p. 199] is valid in the space
L%([0,7/2)) by repeating the same proof with 7/2 playing the role of co. Note that, such
results are consequence of lemma of [17, p.42], adapting the proof in the case at hand. Let
f € L*(=w/2,7/2). Then,

[P U@P + 1) Pyde = [ 1f(@) P,
0

_xr
2

so that, f, f € L*([0,7/2)), where f(z) = f(—z),z € [0,7/2). We adopt the notations of [13],
then [13, eq.(1.3)] recasts

SN = o) [T v, v e [0.7/2). (29)

We let ¢(z) = 1/cosx and 9(z) = 1 for all x € [0,7/2). Thus, v € L%([0,7/2)), ¢ € L?([0,q])
for all 0 < aw < 7/2 and

| et par / wifdt= (G —a) o<1, Vo o2

so that, [13, eq. (2.1) to (2.3)] are satisfy with K := 1. It follows that S defined in (29) is a
bounded operator from L2([0,7/2)) to itself and the following holds for all f € L([0,7/2)),

/0g (S f)( )|2dx<4K/ 2)| dx—4/ o) da. (30)

Let now w € H}(—n/2,7/2), then w,w’ € L*(—n/2,7/2) and w(£n/2) = 0. Letting f = w’ in
(29) we find

(Sw')( /w _ @ 0,n/2).

COS T

d <4 z)|*d.
COS2

We argue similarly for w, and comblnlng both mequahtles we complete the proof of lemma. [

Hence (30) leads to

2.2 Fourier decomposition of solution

Using a complete orthonormal eigenbasis of L?((0,27);dy), we can separate the space H, =
@iy Hn, where H, = L?((—7/2,7/2); cos zdzx). Therefore, one has for every t > 0,

1L
etcb*ﬁ _ @ €t£n7 (31)

nez

where for any n € Z, the operator L, is defined on H,, by

D(L,) = {v € Hp : Lrv € Hp, v(x7/2), V'(£72) € R}, (32)
_1 N2 2
Lo = cosx(cos zv') — n®tan® xv, Yo € D(L,,). (33)
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Since the solution g of (17) belongs to C([0,T]; Hy), the function y — g¢(¢,x,y) belongs to
L?((0,27);dy) for a.e. (t,z) € (0,T) x (—7/2,7/2). So, the adjoint system (17) is formally
equivalent to the following family of one-dimensional parabolic equations indexed by n € Z,

{atgn —Lngn =0, ae. in (0,7) x (—7/2,7/2), (34)
gn(0,2) = gon(z), z€(—7m/2,7m/2).
Here, the n-th Fourier component g, is given by
2 .
gult) = [ gltwy)edy, () € 0.7) x (~n/2,7/2) (35)
0

We derive in the following lemmas some properties of functions belonging to D(L£,,) as well as
their behaviour at +m/2. We begin by the case n = 0.

Lemma 2.3. Let v € D(Ly). Then v belongs to the Sobolev space H'(—7/2,7/2) and v is
locally absolutely continuous on [—7/2,7/2]. Moreover, it holds

lim () = lim o/'(z) = 0. (36)

_n+ i
TH—5 T3

Proof. Letv € D(Ly). Thenv, Lov € Ho = L*((—7/2,7/2); cos zdz) and v(+n/2),v' (£7/2) € R.
One has,

1113 = —(Lov,v)2, < 0. (37)
Since it is clear that sin xzv’, cos zv, \/cos zv, y/cos zv" € Hy, it holds
Hv”%ﬂ(—w/znﬂ) =2 [(Eov,cos zv — sinzv’)y, + |[v/cos 2|3, + H\/cosa:v'H%_LO] <oo. (38)

It follows that v belongs to the Sobolev space H(—7/2,7/2) — Wll(—x/2,7/2), and then v
is locally absolutely continuous on [—7/2,7/2]. On the other hand, one has

P cos? z
2

[ME]

IN

[VE]

_ /5 |Lov(x)|? cos wda + |/ (7/2) 2 + v/ (—7/2)* < . (39)

[NE]

Since cos(£m/2) = 0 this implies (36). Moreover (39) also shows that v" € Hy. In particular,
tan zv’ € Ho, since Lov € Ho and v” € Hg. This completes the proof of lemma. O

In the case n € Z\{0}, we have the following

Lemma 2.4. Letn € Z\{0} andv € D(L,,). Then v belongs to the Sobolev space H(—7/2,7/2)
and v is locally absolutely continuous on [—m/2,7/2]. Moreover, it holds
v(z)

lim v(z)= lim v(xz)=0 and lim = lim v(z)

z——ZF =5~ z——2FT \/COST T~ \/COST

—0.  (40)

11



Proof. Let n € Z\{0} and v € D(L,). Since v, L,v € H, = L*((—m/2,7/2);cos xdr) and
v(£m/2), v'(£72) € R, one has,

v']3,, < /_2 (\v’(:c)]Q + |ntan xv\Q) coszdr = —(v, Lyv)y, < 00, (41)

Wl

showing in particular that tanzv € H,. It follows that
| cos™ av|, = ltanzoll3,, + lo]Z, < oo, (42)

and by Cauchy-Schwarz’ inequality,

0117220 2) < Nl cos™ @vllag, 0], < oo. (43)
So,
| cos ™! v]|2 = ||v||? + 1 —Lnv, —— - : tan z|v(z) |’ dz| < oo
L2 (=m/2,m/2) = WL (=m/2,m/2) 77 2 "eosa/y,  Joz :
(44)
It is clear that sinzv’ € H,, so that,
Hv'H%Q(ﬂr/Zﬂ/m = —2(Lyv,sinzv’ )y, +n? /E sin 2(3 + tan® z) |v(x)|*dz < oo, (45)

us
2

by (42), (43) and (44). Thus, v belongs to the Sobolev space H!(—7/2,7/2) — Wl (—m/2,7/2),
and then v is locally absolutely continuous on [—7/2,7/2]. So

€2

(@) — v(@1) = / V(s)ds  Vai,ws € [—7/2,7/2]. (46)
x1
On the other hand, since tanzv € H,,, the first identity of (40) immediately follows. Let us
turn to an argument for the second identity of (40). Let £ > 0, then by the first identity of (40),
and (46) one has for all v € D(L,,), n # 0,

(549

™

_§+5
< [ W@t < vl

s
2

Hence,
by @ gl €
lim < v lim —— = 0.
_r+ \/COS.CE 8 /COS E || ||oo e—0 v/sin €
The proof of the limit at 7/2 is similar. O]

Remark 2.3. Lemmas 2.3 and 2.4 show in particular that, for all v € D(L,), Ly,v has a
meaning a.e. in (—m/2,7/2). Moreover, Lemma 2.4 also shows that the domain D(L,) is a
subspace of the Sobolev space Hg(—m/2,7/2) in the case n € Z\{0}. Therefore, Lemma 2.2
holds true in D(Ly).

The following proposition is the direct consequence of the section 2.1. We also refer to [27, p
68] in which the theory of singular Sturm-Liouville equation is well-elaborated.
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Proposition 2.3. Letn € Z. Then, —L,, : D(L,) C Hy, — Hy is a densely defined, self-adjoint
positive operator with compact resolvent.

One can check that the functions v, ¢ defined for £ € N, n € Z and |n| < £ by

20+1
Une(x) = T(

—

¢ —n)!
{4+ n)!

Pj'(sinz), Vo € [—-7/2,7/2], (47)

form a complete orthonormal set of the Hilbert space H,,, with P;* being the associated Legendre
function of the first kind. Moreover, each v, ¢ lies in D(L,,) and we have

—Lpvpe= (L(L+1) - 77,2)1}”,7(.

So the functions v, ¢ are the eigenfunctions of operators —L,, with eigenvalues A, = ¢({+1) —n?.
Thanks to Proposition 2.3, it is then straightforward to prove the following

Proposition 2.4. Let T > 0. For every n € Z, the n-th Fourier component g, of g, as given
by (35), is the unique solution of (34) lying in the class

C([0,T); ) N C((0, T); D(£,)) N CH((0, T); H). (48)
Moreover, it is equal to
e gom =Y € G010 Vi) 3 Vot (49)
£eN

2 .

where gon € Hp s given by gon(z) = / go(z,y)e™dy, and go being the initial condition in
0

equation (17).

Remark 2.4. In fact, we may show by an inductive argument that for all n € Z
gn € CZ((0,T); D(Ly)). (50)
Moreover, g, is C* on ]0,4o00[x(—7/2,7/2).
By Proposition 2.4, the following dissipation rate of Fourier component g, is satisfies
19 (T, e, < €™ g (2, ) I34,., vt € (0,T). (51)

Notation 2.1. In what follows, to simplify the notation, we shall assume n € N. The same
considerations hold for n € Z_ by replacing n with |n|.
2.3 Strategy for the proof of Theorem 3 and uniform observability

We show in this subsection how the proof of Theorem 3 reduces to the proof of an observability
inequality for the 1D parabolic equations (34) that is uniform with respect to n € N. Recall
that if g is the solution of (17), then it can be represented by

g(t,z,y) = Z gn(t,z)e™, for a.e. (t,z,y) € (0,T) x Q. (52)
nez
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We also emphasize that, by Bessel-Parseval’s equality, one has, for a.e. ¢t € (0,7) and every
—7T/2 S al S bl S 7T/2, that

by 27r
/ / g(t,z,y)|do = Z/ |gn(t, x)|? cos zdz. (53)
nez

Thus, if there exists a positive constant C' > 0, independent of n € N, and such that the following
uniform observability holds true for the system (34)

[

then, we can easily show that the observability inequality (18) is verified. Indeed, thanks to
(52), (53) and (54), we find

lgn (T, ) |2dz < C/ / |\gn(t, x)|? cos xdadt, (54)
Wa,b

us
2

/]ngdea— Z /Tr]gnTac cos zdx
3

|n|<feN

2m
<C Z / / |gn(t, )|? cos xdxdt = C/ / / lg(t, z,y)|Pdodt. (55)
Wa wWab /0

In|<¢eN

This immediately yields (18). Hence, in order to prove Theorem 3 it is necessary and sufficient
to study the observability of system (34) uniformly with respect to n € N.

Definition 2.1. (Uniform observability) Let w,p be defined as in (15). Then system (34) is
observable in wqyp in time T uniformly with respect to n € N, if there exists C > 0 such that, for
every n € N, and gon, € Hn, the solution of (34) satisfies (54).

3 The 1D equations in the space L? without weight

In this section, we recast the 1D equation (34) in the space L?(—7/2,7/2) without weight in
the cases n € N\{0} and in the space L?(—1,1) when n = 0.

3.1 The 1D equation in the space L?(—1,1) and observability inequality when n = 0

Let us consider the unitary transformation

V: L*((—7/2,7/2);cosxdr) — L*(—1,1)
v — (Vv)(x) = v(arcsin x).

We define the unbounded operator Mg on the space L?(—1,1) by
Moy =V Ly V", D(Mp) = VD(Ly). (56)
Here, V* is the adjoint of the unitary operator V, that is,

V*: L*(—1,1) — L*((—7/2,7/2); cos zdx)
w — (Vw)(z) = w(sinx).

14



We then have the following expression of operator Mg:
Mow = ((1 —z?)w'), Yw € D(Mp) . (57)

Since the differential operator 0y commutes with the unitary transformation V, one deduces
easily that, when n = 0, system (34) is equivalent to the following

{atgo —Mogo=0, ae. in(0,T)x (—1,1), (58)

gﬁ(()?m) :g0,0(x)v T € (_171)‘

In particular, the solution gy = V gg lies in the class (see Proposition 2.4 and Remark 2.4)
C([0,T]; L*(=1,1)) N C*((0,T); D(My)). (59)

We characterise in the following some useful properties of functions belonging to the domain
D(My), that are obtained by Lemma 2.3.

Lemma 3.1. Let w € D(My). Then w belongs to the Sobolev space H'(—1,1) and w is locally
absolutely continuous on [—1,1]. Moreover, it holds

w(£l) e R and  w'(z)V1— 22|41 = 0. (60)

Proof. Let w € D(Mp). Then w(x) = v(arcsinz) for some v € D(Lp) and a.e., z € (—1,1).
Since v(£7/2) € R, the first property in (60) immediately follows. Similarly, since v € Hy =
L?((—m/2,m/2); cos xdx), and using (39), it holds

™

1 z 1 T ()12
/ lw(z)|dr = /2 |v(z)|? cos zdx < oo and / |w'(x)|2dx = /2 Mdm < 00,
—1 —1

_z — COST
2

%
so that, w,w’ € L?(—1,1). Finally, w'(x)V1 — 22|,241 = v'(£7/2) = 0, by (36). O

Remark 3.1. We note that an observability inequality for equation (58) was established in [25]
by Martinez and Vancostenoble. Indeed thanks to Lemma 3.1 we aim at proving an observability
inequality for the following equation

Ow — Ogz(a(x)0,w) =0, a.e. in (0,T) x (—1,1),
(a(x)0pw)(t,£1) =0, te(0,7), (61)
w(0, z) = wo(z), xz € (-1,1),

where a(x) := 1—a2, wy € L*(—1,1) and the solution w belongs to the class (59). We observe that
the weight function a satisfies 0 < a € C?([—1,1]), a(£1) =0, a > 0 on (—1,1), ﬁ € L'(-1,1)
and

(1+z)d (x)
a(x) z——1+ ! and a(x) z—1-

So, we are in the framework of [25].

Then [25, Theorem 3.4] gives the following
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Lemma 3.2. Let T > 0 and a,b € R be such that 0 < a <b < §. Let @,p := (—sinb, —sina) U
(sina,sinb). Then, there exists a positive constant Co > 0 such that every solution w of system
(61) satisfies

1 T
/ (T, )2dz < Co / /~ lw(t, ) 2dadt. (62)
-1 0 Wa,b
Finally, thanks to the above lemma and the fact that w := V gg is the solution of system (61),
we deduce the following observability inequality for equation (34) when n = 0.

Proposition 3.1. Let T > 0 and wyyp be defined as in (15). Then, there exists a positive
constant Cy > 0 such that the first Fourier component gy, which is the solution of equation (34)
when n = 0 satisfies

5 T
/2 190(T, z)|? cos zdx < Co/ / lgo(t, z)|? cos zdxdt. (63)
7% 0 Wa,b

Remark 3.2. We highlight that the result of [25, Theorem 8.4] ensures that when n = 0, system
(34) is observable in any subset w CC (—m/2,7/2) and in arbitrary time T > 0.

3.2 The 1D equations in the space [?(—7/2,7/2) without weight in the cases
n € N

In these cases, we consider the unitary transformation
U: L*((—7/2,7/2);cosxdx) — L*(—7m/2,7/2)
v — (Uv)(z) = V/cos zv(x).
We define for all n € N* the unbounded operator M, on the space L?(—7/2,7/2) by
M, = U £, U*, D(M,) = UD(L), (64)

where, U* is the adjoint of the unitary operator U. So, we deduce the following expression of
operator My:

My w = w” — gn(7)w, Vw € D(My), (65)
where, for all n € N*, the potential ¢, is given by
qn(x) = (n* —1/4) tan?z — 1/2, Vo € (—7/2,7/2). (66)

Remark 3.3. Let us emphasis that, since U is an unitary transformation, then the unbounded
operator (My,, D(M,)) defined on the space L*(—7/2,7/2) inherits some properties of the oper-
ator (Ly,D(Ly)). That is, the operator (—Mp,D(My)) is a densely defined, self-adjoint, and
positive operator with compact resolvent on L*(—7/2,7/2) for all n € N*.

Since the differential operator 0; commutes with the unitary transformation U, one deduces
easily that system (34) is equivalent to the following

{atgn —MuGn =0, ae in(0,T)x (—7/2,7/2), (67

gn(0,2) = gon(z), z€(—7/2,m/2).

In particular, the solution g, = U g, lies in the class (see Proposition 2.4 and Remark 2.4)
C([0, T); L¥(—/2,7/2)) 1 C=((0, T); D(My ). (63)

In the following, we collect some properties of the functions lying in the domain D(M,,) (n € N*)
which will be useful in the proof of a global Carleman estimate for system (67) in Section 4.
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Lemma 3.3. Let n € N* and w € D(M,,). Then w' belongs to L*(—m/2,m/2) and w is locally
absolutely continuous on [—m/2,m/2]. Moreover,

lim w(z)= lim w(x)=0, lim w'(z) = lim w'(z)=0. (69)

x—)—%+ T3 x—>—1+ T3

Proof. Let n € N* and w € D(My). Then w = (/coszv for some v € D(L,) and a.e., z €
(—m/2,7/2). Since v(£7n/2) € R, the first identity in (69) immediately follows. Similarly, since
tanzv € H,, (see, (41)), it holds

| ten 20]32( /5,02y = Il tan 2], < 0.

By deriving w, we find that w’ + tan zw/2 = \/coszv’ belongs to L?(—7/2,7/2), due to (41),
and then w' € L?(—7/2,7/2). Since v'(+7/2) € R, it holds

1 sinx
™+

oI gs—IF 2\/cosa:

by the second identity of (40). The proof of the limit at 7/2 is similar. It then follows that w
is locally absolutely continuous on [—7/2,7/2]. O

v(z) + Veosxv' (1) =

lim w'(z)= lim

Remark 3.4. The above lemma also shows that for alln € N*, the domain D(M,) is a subspace
of the Sobolev space HY (—m/2,7/2). Therefore, Lemma 2.2 holds true in D(My).

4 A global Carleman estimate in the cases n € N*

The purpose of this section is to obtain a global Carleman estimate for systems (67) in the case
n € N*. This will allow us, using the dissipation rate (51), to prove the uniform observability
inequality (54) in Section 5.2. We drop the tilde and the index n to simplify the notations.

Proposition 4.1. Let w,p be defined as in (15). Then there exist a weight function [ €
CH[—m/2,7/2]) and positive constants Ro,R1 > 0 such that for every T > 0, n € N* and
s > Romax(T + T%,T?n), every g € C([0,T); L*(—n/2,7/2)) N C*((0,T); D(M,)) satisfies

R//( mwmuﬁmmﬂa%%m
' : i (HT —1))37

2sB(x)
/ / 3|g(t 2)Pe” t>d:cdt+/ / Pog(t, z)|?e” T dadt. (70)
Wa,b

™

2

Here, R; := Ri(5,a,b), i = 0,1 and we let
Ppi=0; — 02+ qu(x)  with qu(x) = (n® —1/4)tan®z — 1/2.

Before proving the above proposition, let us present some important remarks and comments
which are essential to understand the proof.

As it is now well-understood, the main difficulty in the proof of Carleman estimates as (70) is
to identify a suitable weight function § which is able to deal with the specificity of the parabolic
operator under consideration. For example, for the standard parabolic operator see the pioneer
work by Imanuvilov [21] or Fursikov and Imanuvilov [18]; for the standard parabolic operator

17



with interior quadratic singularities (resp. boundary singularity) see the work by Ervedoza [16]
(resp. Cazacu [12] or Biccari and Zuazua [7]); for the 2D parabolic Grushin operator, see the
work by Beauchard and al [3, 4, 5] and Koenig [22]; for 2D parabolic Grushin operator with
internal (resp. boundary) singular potential see the work by Morancey [26] (resp. Cannarsa and
Guglielmi [10]). We remark that in general, the function £ is chosen to be strictly monotone
outside of the control region, and concave, so that the term in s? is the leading one. Particularly
in the singular cases, this choice allows to get rid of the singular terms which can not be bounded
at the singularity, usually by taking advantage of Hardy-Poincaré type inequalities.

In the case at hand, the potential g, is singular in +7/2. Thus, we shall apply the Hardy-
Poincaré inequalities of Lemma 2.2 (see, Remark 3.4) to get rid of the singular terms which can
not be bounded at +7m/2.

Remark 4.1. The proof of Proposition 4.1 will be split into several lemmas using the classical
strategy [18] by Fursikov and Imanuvilov (we refer to [15, p.79] for a pedagogical presentation,).
Let us emphasize that functions in D(My,) have the regularity in the space variable that we need
in order to apply integrations by parts (see, e.g. Lemma 3.3).

Notation 4.1. Let us introduce the general notations which will be used in what follows. We
let ' and V' are real numbers such that

O<a<d <b <b<m/2 and [a’, 0] C (a,b). (71)
We consider the subdomains
Weon = (=, —a") U (d', 1), Weg i= (—d',d), Wy = (—7/2, =vyu (¥, m/2), (72)

so that
(=7/2,7/2) = Whdy U Waeg U Weon and Weon C Wap-

We also introduce the weight function

o(t,x) = s0(t)B(x), (t,z) e Q:=(0,T) x I, I:=(—7/2,7/2), (73)

where the positive constant s = s(T,n, 3) > 0 will be chosen later on and the temporal weight 0

s given by
1

HT —t)

We end this part of notations introducing for alln € N* and every g € C([0,T]; L*(—n/2,7/2))N
C2((0,T); D(My)), the change of function

o(t) = te(0,7). (74)

2(t,x) = g(t, x)e P2, (t,z) € Q. (75)
In the following lemma we design the weight function 5.

Lemma 4.1. The function 3 € C4([—m/2,m/2]) satisfies
g >1, on (—7/2,7/2), (76)

log |sin x| + Aq|z| + A if X € Way,
B(z) = 22 . -
logcosw — & 4+ Az(x +1) if T € Wieg,
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Figure 2: The spatial weight function §. The subcontrol region w, p is in blue.

where the positive constants A;, 1 < i < 3 are such that (76) is verified and

‘@) =m, € Wy,
{’/B/ (IIJ)‘ Z M x Wbdy (78)
6 (l’) = n2, HAS Wdeg

for some positive constants ni,m2 > 0.

Remark 4.2. We stress that the explicit expression of the weight B is only needed near +m/2,
in order to get rid of the singular terms which can not be bounded at £m/2. Apart from this,
assuming that B is strictly monotonous and concave outside the subcontrol region weo, suffices.

The following lemma gives some useful properties of the temporal weight # which are obtained
by direct computations.

Lemma 4.2. Let the temporal weight 6 be given by (74). Then we have for all t € (0,T),
0'(t) = (2t — T)0%(t), 0" (t) = 20%(t)(1 + (2t — T)%0(1)),

and the following inequalities hold
o) <27, 100 <270, 0o ()] < T, 10"(0)] < 2T203<t>-

Moreover, one has

lim 0(t) = lim 6(t) = .
A 010 = g 00) = e

In the following lemma, we give some useful properties of the function z introduced in (75)
which are obtained by direct computations applying Lemmas 3.3 and 4.2

Lemma 4.3. Let n € N*, then the function z introduced in (75) belongs at least in the class
C([0,T); L*(—7/2,7/2)) N C%((0,T); D(My)) and satisfies

2(0,2) = 2(T,x) = 0,2(0,x) = 0,2(T,z) =0, =xz€[-7/2,7/2], (79)
z(t, £m/2) = Opz(t, £7/2) = 0y2(t, £7/2) =0, te€ (0,T).
Moreover, one has
P2+ Py z=e Py, (80)

where Py, is the parabolic operator introduced in Proposition 4.1, and we let

Prz=—Myz+ (0o — |0p0)2 and Pz = 0z — 20,20, — (020)2. (81)
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Let Q = (0,T) x (—m/2,7/2) and dQ = dxdt. Observe first that, P;fz and P, z belong to
L?(Q) by the definition of D(M,) and Lemma 3.3. So, developing the L?(Q) squared norm in
identity (80), leads to

1
/ PraPr2dQ < - / e Pogl dQ. (82)
Q 2Jq

In the following we compute the scalar product in the left hand side of (82) using integration
by parts and Fubini’s Theorem.

Lemma 4.4. Let n € N*, then we have

/ PPy 2dQ = —2 / 0210,22dQ + / 0pl27dQ + / Dupd, (2)|2[2dQ

~ 5 | (00— 20u00ue) oPaQ + [ Duonone — 0sel= Q. (59

Proof. Let n € N* and z be defined in (75). We compute the six terms of the left hand side of
(83) using integration by parts and Fubini’s Theorem.
1. The three terms involving operator — M, z are

_ / M, 20;2dQ + 2 / M, 20, 2050dQ) + / M, 2022dQ.
Q Q Q

So, one has using (79),

s T
_/ M, 20,2dQ — { —0,20,(0:2)] 3%+/ fat (1052]2) d:c}dt—i—/ [\2‘2]0 dz
N 3
_ 2/2 {10:2(T. 2)|? — 10,2(0,2)*} dz = 0. (84)
2
2 [ Muz0,20,00Q = - / Pop|0n2[2dQ + / O (gn (2)D00) |24 Q
Q

wu

+ [Hinelouel?y ~ lan@onel=P1 7 fat
=~ [ Bel:2PdQ+ [ 0:(a.(@)00) |2 dQ. (85)
Q Q

Observe that boundary terms [|8xz|28$cp]§ 0 and [g,(2)dz|2)? ] = = 0 due to (69) and (40).
2

Remember that z(t,-) € D(M,) implies z(¢,-) = y/coszv(t, ) for some v(t,-) € D(L,).
The third term is

1
[ MazotondQ = — [ lo.aPdQ 5 [ otelePdQ - [ au@odelzPdQ.  (56)
Q Q 2 Jq Q

vl

2. The three terms involving (dyp — |0,|?) 2 are

/Q (Orp — |02¢0]?) 202dQ — 2 /Q (Orp — |0p]?)20,2054pdQ — /Q (Oup — |02p|*) 02| 22 dQ.
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So one has,

1
| (0rp = Voupl?)2002dQ = =3 [ 21(0up — Vol =P, (57

Here, the boundary term vanish as ¢t — 0%, T~ because owing to (75), (76) and Lemma 4.2 one
has

|(Bep — |00l |21?] < 6%e™*|s|2t — T8 + (s68')?|lgI,

and the right hand side tends to zero as t — 07, T~ for every x € [—7/2,7/2]. Using (79) one
get

~2 [ (B~ 10upl) 202000 = [ Dul(Bre — |9uel?)0u) a0 (35)

Finally, the third term is just
- | (0~ 0up )00l a0 (59)
By combining (84)-(89), we complete the proof of the lemma. O

We are going now to bound from below the right hand side of (83). Since @ := (0,T) x
(=7/2,7/2) = (0,T) X (wWpdy UWeon UWdeg), We separate the integrals of the right hand side over
(0,T) x J, where J € {wydy, Weon,Wdeg}- Using Lemma 4.1 we immediately get

Lemma 4.5. Let n € N* and assume (83). Then one has

T T T
/ PPy 2dQ = / Kpay dQ + / K eon dQ + / / KaegdQ,  (90)
Q 0 wbdy 0 Weon 0 wdeg

where
K _ ( 2 +2>\8 ‘2+ sin? +xsinx | ’2
deg = % cos? x % 2costz | 2cosx )
2n2s0 1
+ { " 28 + 25303 (2 + 1) (—tanx — T+ A3)2} ’2‘2
cos? x cos? x
2n? —1/2 t
456 {A3(714/) + 250 (—tanx — x + A3)? — 22 a;m:} |2|?
costx cos?
9// 2
—%(logcosa:— %+A3(:c+1))|2|2, (91)
256 25303 /cosz . 2
Kpay = e {|8le2 + ]z\Q} + . (sina: + Aq 51gn(:r)) |2|?
2 "
+ {25299' <C9” + A sign(m)) — - (log |sin @[ + Aula| + Az>} |2
sinx 2
3s6 s6(2n% —1/2) . 2
{_sin4x + - (1 + Ay sign(z)tanx) p |z]7, (92)
and

. 9ﬁ<4) / 9 1) sinz 9" 12/ 1 2 o1 2 1" 2
Kcon—s{ 5 +6p (Qn —2) oSs 9 +25054(0" — s68") ¢ |2 — 25057 |0z2|*. (93)
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In the following lemmas, we bound from below (91) and (92) by positive terms.

Lemma 4.6. Letn € N* and Kqeg be given by (91). Then there exists a positive constant sy > 0
such that, for all
s > symax(T + T?,T*n), (94)

the following inequality holds

T T
|| Kewd@= [ [ astlonz + uste’|zPa0. (95)
0 Wdeg 0 w

deg
with n2 as in (78).

Proof. Let n € N* and Kgeg be given by (91). Since zsinz > 0 for all € [—m, 7], we obtain
using (78) that

9" 2
Kaeg > 450|105 z|? + 4155363 | 2| — %(logcosx - + Az(x +1))|2)?
t
+ {28299/(— tanx — x + A3)2 — 2s6n? i0:;$} |z |2 (96)
x

For all € wgey we have owing to Lemma 4.2

" 2

0
‘28299,<— tanx — x + A3)2‘ < 20,5°T63, ‘—82(logcosm — % +As(z+ 1)) <

%ST%?’,

where C1 = Cy(a’) := |tand’ + a’ + A3|? and Cy = Cy(a’) := |logcosa’ — a?/2 + Az(a’ +1)|. It

follows that, if s > max (27?1, V;;g ) T, then (96) yields to
2

t
Koo > 450|052 + 235563 |2[% — 2s0n> 2 |22, (97)
cos? x
Due to Lemma 4.2, one has for all z € wyeg,
tan
‘—259 2T lanT < 2n2C'482_4T4¢93
cos? x
where Cy = Cy(a’) := a’tana’/ cos® a’. So, if
2C71 V5 1
s > max 1, s max (T, T?n), (98)
m 2m T\ 8 8
then
Kaeg > 450|0,2| + 135°0%| 2|2 (99)

Therefore, owing to (98)-(99), we deduce that, for all n € N* if s > sy max(T + T2, T?n), with

s1 = s1(a’) := max 201, C: 1 U A503 U Cs (100)
ns 2mp

Kaog > 450|102 + 1350%| 2|2 (101)

then

This completes the proof of lemma. O
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Lemma 4.7. Let n € N*. Then there exists a positive constant sa > 0 such that, for all
s> 5o(T +T?), (102)

the following inequality holds

T T 2
/ Kpay dQ > / / 250|0,2| + 250]2|* + 5303|2240, (103)
0 Whdy 0 Whdy 2

with m as in (78) and Kpqgy be given by (92).
Proof. Let n € N* and Kypqgy be given by (92). Due to Lemma 4.2, one has for all 2 € wyqy,
‘—359/ sin® m’ < 3C5s274763, ‘23209’ cosz/sinx + Aj sign(x ‘ < 20652763,
and
|—(s0”/2)(log | sin x| + A1|z| + A2)| < 5 x 272C7sT?0>.
Here, Cs = C5(V) := 1/sin?b, Cg = Cs(V) := (cost//sin b’ + Ay sign('))? and C7 := A, (F+1).

So, if s > so(T + TQ), with sg = s2(b') := max (—V;;g"’, —Vslcﬂ 87%), then
1

2 6(2n? — 1/2
Kpay > 250[0,2| + 2s6]2|* + 772—15393|z]2 + s(n—2/)(1 + Ay sign(z) tanz)|z>.  (104)
cos? x

Observe now that, since 0 < sign(z)sinz < 1 for all z € wpgy = (—7/2, =) U (V/,7/2), we
obtain

T 1+ Agsi
0</ /( + 181gn(:v)tanx)| |dQ</ /2 |z(t, z)|? dQ—i—A/ /2 lu(t, z)|?
0 Jwpay cos? x cos? x Ccos?x
(105)

by Hardy-Poincaré inequalities (28) (see, Remarks 2.3 and 3.4). Remember that z(¢,-) € D(M,)
implies z(t, ) = \/coszv(t, ) for some v(t,-) € D(L,,). So, the above two inequalities lead to

T T 772
/ Kpay dQ > / / 250/, 2|2 + 250|122 + "L 363|2|2d0Q,
0 Whdy 0 Whdy 2

completing the proof of lemma. O
The following lemma is a straightforward combination of Lemmas 4.6 and 4.7.

Lemma 4.8. Let n € N and Ry = Ro(d, V') := max(s1, s2). Then for all
s > Romax(T + T2 T?n), (106)

it holds

T T T
[ wawde+ [ [ K@ = [ [ @l +Cusolf)aq. (o7
0 Whdy 0 w 0 I\ weon

deg

We let Cg = Cs(a’,b') := min(n?,m3) > 0 and I\ Weon := (—7/2,7/2)\ Weon = Whdy UWdeg-
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In the subcontrol region weep, = (=, —a’) U (a/,b'), we have the following

Lemma 4.9. Let n € N* and assuming (93) and (106). Then there exist positive constants
Cy, C12 > 0 such that the following inequality holds

| Keon | < Cys6|0,2|? + C125°03| 2|2 (108)

Proof. Let n € N*, then by Lemma 4.2, (93) and (106) we have

4) . "

Ken| < 292 4 s0p <2n2—1> sine 0B 02082000 — 56287 |22 + 12508"||0, 2

2 2) cosdx 2

4
< Cosh|0,2* + C118°0° |2 + Qin2503|z|2,
where
Co = Cy(B) := 2max{|p"(x)| : x € [V, —d'| U [d,V]},
— o (4) sinz . ol Y
Cio = Cuo(8) = max { [s0(0)] + | 252 (a) s € [-¥, ~a| U [, |
and
_ . 5R52H/6H00 —5p—2 —1 / 2. VAN ! 7/

Cii=Cu(B) = ———=+27R;*Cio+ (R + Cy) max{|f'(z)|* : x € [V, —d'] U [d,V]}.

4
Finally, due to (106), we complete the proof with C1o = Cia(a’,b', 3) := C10 + C11/8RE. O
Thanks to (82), (90), Lemmas 4.8 and 4.9, we immediately obtain the following.

Lemma 4.10. Let n € N*. Then for all s > Romax(T + T?,T?n), one has

T
// (26010522 + CsP0%|2|2)dQ <
0 JI\wecon
’ 2 303,12 1 - 2
/ / (C950|02|" + C125°0°| 2] )dQ+§/ le™¥Ppg|” dQ. (109)
0 Weon Q

In the following lemma, we come back to g.

Lemma 4.11. Let n € N* and assume (109). Then there exist positive constants C13, Ci¢ and
C17 such that for all s > Romax(T + T2, T?n), it holds

[ (Crastlong + (Co/258 gl 2dQ <
Q
T 1
|| Custlong? + Cus'lgPre22aq+ 5 [ |e#Pugl*dQ. (110)
0 Wecon Q

Proof. By (75), one has 0,z = (0,9 — g0z¢)e”¥. So, we obtain for all € > 0,
~2902902 > —0a9/*/ (1 + €) — (1 + €) |0al* |97,
so that

250)0:g — Oupg|? + Css30%|g|* > 250¢]0,9? /(1 + €) + s303(Cs — 2¢|8'()]?)|g]*.
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Letting now e = () := 272||8'||32Cs, we have for all s > Comax(T + T2, T?n),

T
| [ (Crostiongl? + (Co/215°6%Ig)e22dQ <
0 JI\

Wceon

T 1
| [(Cuustlong? + Css' gy 22d@ + 5 [ |e#Pagl dQ. (1)
0 w Q

con

where Ci3 = 013(,8) = 28/(1 —|—6), Ciy = 014(5) = 2Cy, and C15 = Cw(ﬂ) = Ci9 +
2Cy max{|f'(z)]? : x € [V, —ad’| U [d/,]}. By adding the same quantity

T
/ / (Cu350|0ag]? + (Cs/2)5%0°|g|2)e=22dQ
0 Weon

to the both sides of (111), we complete the proof of lemma, with C1g = C14(8) := C13 + Cha
and C17 = 017(6) = 08/2 + Cs. ]

Let us prove that terms similar to the second term of the right-hand side of (110) dominate
the first one. We achieve this by the use of a smooth cut-off function.

Lemma 4.12. Let n € N* and assume (110). Then there exists a positive constant Cig > 0
such that for all s > Romax(T + T%,T%n), one has

T
[ (Crastivngl + (Co/258 g 2dQ < [ [ CustlgPe0dQ + [ e gl dQ.
Q 0 Wa,b Q
(112)

Proof. Recall that weon = (=, —a’) U (¢/,0') C wep = (—b,—a) U (a,b) since 0 < a <a’ <V <
b < 7/2. Choosing a cut-off function p € C>*(R) such that 0 < p <1 and

p=1 on Weon

p=0 on I\wgp, (113)

we get
—2 2 1 2 —2
/Q (Png)gpbe™=¥dQ > /Q [gatg—gé’xg—z!g phe”*¥dQ. (114)

Or, one has
1
/Q grgphe2dQ = /Q S192p(2000 + (T — 20)6%)e~2%dQ,

and
2
[ —oapbe22dQ = [ pe2%010:0PaQ — [ Ee200" — a'ae + pllonel? — 20200
Q Q Q
Thus, from (114), we obtain for all s > Romax(T + T?,T?n),

T
/ Cros0|0ng2e29dQ < / Chs0p|Ong|2e~ 290
0 Weon Q

IA

1 T
3 Ll PuaPiQ+ [ | Cus'PlgPe0a, (115)
Wa,b
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where the positive constant,

o P8 Nlso + 118" llso + 4llBllse | 9+ 119" llo
Cio = (9, = i i 12, + 1 Ul £ A0 9 s

So we deduce from (110) and (115) that, for all s > Rgmax(T + T2, T?n), one has
T
/ (Crss0]ng|* + (Cs/2)5°0°|g]*)e™*2dQ < / Cros°0°|g|"e™*0dQ + / e Pug|* dQ,
Q 0 Wa, b Q

and this completes the proof of lemma with C19 = C19(8, p) := Cis + Ci7. O
We can complete now the proof of Carleman estimate (70).

Proof of Proposition 4.1. It suffices to consider Lemma 4.12, and let

min(Clg, 08/2)
max(1, Clg)

R1=TRu(B,p) =

5 Proof of Theorem 3

In this section we present the proof of Theorem 3, along the following lines:

1. The proof of the negative statement, presented in Section 5.1, relies on the use of appro-
priate test function (which concentrate at zero when n = [ — 400) to falsify uniform
observability inequality (54) when 7" < log(1/cosa);

2. The proof of the positive statement, presented in Section 5.2, relies on the uniform ob-
servability inequality (54) in large time, by using the global Carleman estimate for system
(34), proved in the previous section.

5.1 Proof of the negative statement of Theorem 3

The goal of this subsection is to prove

Proposition 5.1. Let a,b € R be such that 0 < a < b < 7/2 and T < log(1/cosa). Then
system (34) is not observable in (a,b) in time T uniformly with respect to n € N*.

Remark 5.1. Note that, the not null observability result provided here remains true in (—b, —a)U
(a,b) by symmetry and parity. However, this concerns only the cases n € N* (see, Remark 3.2).

Proof. We use a particular function which solves (34) and for which the observability inequality
(54) fails under the condition T' < log (1/cosa). More precisely, in what follows, we design a
sequence of solutions of (34) such that

T b
/ / |gn(t, z)|? cos xdxdt
0 a

/5 |gn (T, z)|? cos zdx

— 0 as n— +oo. (116)

VB
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We recall that the highest weight spherical harmonics of degree n present extreme concentra-
tion around the equator. These are defined by

(=)™ [(2n+1)!
ALY 47

Wiy (z,y) = ™ cos™ i, (117)

where n € N*, (z,y) € [-7/2,7/2] x [0,27). Consider the function

wp(z) = (2_71173:1 (2n+ 1)!(cosz)", neN* xe[-n/2,7/2]. (118)

By Wallis’ formula, we have for every n € N*, [;? cos?" ™! zdz = 22*(n!)?/(2n+1)!. So for every
n € N*, we deduce

jus

2 2n +1)!
/2 w? (z) cos xdr = % /2 cos®™ gdr = 1.
_g 2 ”(n') 0

We check easily now that for every n € N*, the function

nt

gn(t,x) = e Mwp(z), teR, zvel[-n/2,7/2], (119)
solves the system (34) and [ |g,(T,)|? coswdr = e~2"T. To get (116), it suffices to prove
2

that
e

2nT  rb
/ wy(2)?dz — 0 as n — +oo. (120)
2n Ja

b
Since 0 < a < b < /2, we have / (cosx/ cosa)*dx < (b — a). Then, we obtain

a

eQnT

2n

b 2n +1)!
/a wy(z)? coszdr < e2n(THncos G)M(b —a)cosa. (121)

By Stirling’s formula, we have n! ~ v/2mnn"e™" as n — +o00. Thus, we deduce from (121) that
e2nT

2n

cosa (2n + 1)
2/ n3/2

b
/ wy(2)? coszdr < (b— a) — 0 as n — +oo,

since we are assuming 7' < log (1/cosa). This completes the proof of the proposition. O

5.2 Proof of the positive statement of Theorem 3

This subsection is devoted to the prove of following proposition using the Carleman estimate
(70) and dissipation rate (51),

Proposition 5.2. Let a,b € R be such that 0 < a < b < /2. Then there exists a positive time
T* > 0 such that, for every T > T*, system (34) is observable in wqp = (—b, —a)U (a,b) in time
T uniformly with respect to n € N.

Proof. We obtain the uniform observability inequality (54) in large time from observability in-
equality (63) and Carleman estimate (70). Let n € N* and g,, = U g, € C([0, T); L*(—n/2,7/2))N
C2%((0,7); D(M,)) be the solution of system (67), where g, is the Fourier component (35) and
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U, the unitary transformation introduced in Section 3.2. Then by the Carleman estimate (70)
one has

T
Ri [ Planto)feodq < [ 0l(ta)e e
Q 0 Wa b

for all s > Romax(T + T2 T?n), and for some constants R, R1 > 0 independent of n, T and
. From now on we set

s := Romax(T + T2, T?n).
For t € (T/3,2T/3), we have owing to dissipation rate (67)

— <4 )

SO0 < oy and /_5 15,(T, 2)Pde < e—%nT/

Integrating over (71'/3,27/3), we have using (122)

(ME]

Gn(t, 2)|*dz.

jus
2

1 7% 6
3/ (T, z)|?dx <

2

T
e~ 5T 255*/ / i (t, )2 dzdt
7?, 64853,6’3 €T 0 wa’b|gn(7$)| rat,
where (3, := min{f(z) : x

[—7/2,7/2]} and B* := max{5(z) :
following two cases may occur

First case: n < 1+ 1/T. Then s = Ro(T + T?), and thus (123) yields
2 1 7° 18 o ro(ri12)e [T
T, 24 o(T+T7)p / / o (+ dxdt
/_g n(T2)l e < o S sRBT T2y ,, It el de
Second case: n > 1+ 1/T. Then s = RoT?n, and thus (123) yields
/g |Gn (T, )| ?dx < 11 18 ¢ 31T InRoB” /T/ |G (t, ) |Pddt
_g = Ry GA8RIT(1+ 1/T)3p2 ony

It then suffices to observe that —2nT/3 + InRoS* < 0 assoon as T > T

= * = 277?,06*/2
So, in both cases, there exists a positive constant C) > 0 which is independent of n € N*
such that i

T
/ |gn (T, ) |? cos zda < C{)/ / |gn(t, z)|* cos xdxdt
7% 0 wayb
provided T > T*.

Then the above identity and (63) assure existence of a positive constant
C := max(Cp, Cj) > 0 independent on n € N such that (54) holds true, provided T' > T™*. This
completes the proof of the proposition

O
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