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Artificial boundary conditions for linearized stationary
incompressible viscous flow around rotating and
translating body.

P. Deuring, S. Kracmar, S. Necasovd

1 Introduction
We consider the systems of equations

—Au(z) + (Te; — peg X z) Vu(z) + oer x u(z)
T(u(z) - V)u(z) + Vr(z) = F(z) (1.1)
divu(z ):0f0rz€R3\D

—Au(z) + (te1 — ger X 2) - Vu(z) + ge1 X u(z) + Vr(z) = F(z)
divu(z) =0 for z € R*\ D

where D C R? is open and bounded, with Lipschitz boundary. Problems (1.1) and (1.2)
together with some boundary conditions on 0D constitute mathematical models (linear
and non-linear, respectively) describing stationary flow of a viscous incompressible fluid
around a rigid body which moves at a constant velocity and rotates at a constant angular
velocity. More details concerning of deriving the model can be found in the work of Galdi
or Farwig [9, 7|. The aim of this paper is two folds:

First, we would like to derive the pointwise estimates for the pressure in the linear and
also in the non-linear cases in order to complete the pointwise estimates for the velocity
and its gradient from [4, 5| by the pointwise estimates of the pressure in order to get
complete decay information of all parts u, m of solutions to systems (1.1), (1.2). Let us
mention that the decay of pressure was also investigated in work of Galdi, Kyed [10].

Second, to solve the linear system (1.2) in a truncation Dy := Bg\D of the exterior
domain R? \ D under certain artificial boundary conditions on the truncating boundary
O0Bpg, and then compare this solution with the solution of (1.2) in the exterior domain,
i.e. to get some sort of error estimates of the method of an artificial boundary condition.
For this aim we use pointwise estimates of the velocity and of the pressure.

This type of problem was only investigated in the case of the Navier-Stokes equations
without considering rotation of body. This is first result in case of motion of viscous fluids
around rotating and translation body with artificial boundary condition.

(1.2)

The paper is organized as follows: In the rest of this section we introduce notation
and give some auxiliary results. The next section 2 deals with pointwise estimates of the
pressure of the linear system (1.2). In Section 3 we consider the linear system (1.2) with
artificial boundary conditions. The error estimate of the velocity is derived comparing to
the solution to the system given in the exterior domain. First let us introduce notation:
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Definitions and notation related to the rotational system
Define s(y) := 1+ |y| — y; for y € R3,
Dg := Bg \ D, where B := {r € R3; |z| < R} for R > 0.

00 O
Fix 7 € (0,00), p € R\ {0}, and put e; := (1,0,0), Q:=p |0 0 —-1],
01 O

so that  x z = pe; x z for z € R3.
For U  R? open, u € W2 (U)?, z € U, put

loc

(Lu)(z) := — Au(z) + 701u(2) — (pe1 x 2) - Vu(z) + per X u(z),
(L*u)(2) == — Au(z) — 1O1u(2) + (pe1 x z) - Vu(z) — pe; x u(z).

Put
K(z,t) := (4mt) 3R /U0 (2 e R3¢ € (0,00)),
A(z,t) == (K(z,t)(Sjk + 02;0% (/ (4m|z — y|)_1K(y,t)dy))
R3

1<j,k<3
(z € R? t>0),
D(z,y,t) = Az — 7te; —e Py, 2) - e
U(z,y,t) == Az + 7te; — ey 1) - e (2,9 € R?,t > 0),

Z(x,y) 22/ D(z,y,t)dt, Z(z,y) rz/ T (z,y,t)dt,
0 0
(z,y €eR® x #y).

For g € (1,2), f € LY(R3)3, put

R(A@) = [ 2@ ft)dy (@€ R

see |3, Lemma 3.1]. We will use the space

Dy* (D) := {v € LSD")? N HL.(D)? : Vv € L*(D")°, v|dD = 0} equipped with
the norm || Vulls.

For p € (1,00), define M, as the space of all pairs of functions (u,7) such that
we W2P(DY, = e WHP(D"),

loc loc

ulDp € W (Dr)3,  #|Dp € LP(Dy), u|ld0D € W /PP (9D)?,
divu|Dy € W'YP(Dy), L(u) + Va|Dp € LP(Dr)?

for some T € (0, 00) with D C Br.



We write C' for generic constants. It should be clear from context which are the
parameters these constants depend on. In order to lift possible ambiguities, we sometimes
use the notation C'(7y, ..., 7,) in order to indicate that the constant in question depends
in particular on 7, ..., 7, € (0,00), for some n € N. But the relevant constant may
depend on other parameters as well.

Auxiliary results to asymptotic behavior of the pressure
Lemma 1.1 (Weyl’s lemma). Letu € N, U C R" open, u € Ly, (U) with [, u-Aldz =0
forl e C°(U). Then ue C*(U) and Au = 0.

Proof: An elementary proof is given in [12, Appendix| O
For ¢ € (1,3/2), h € L1(R3), put

N((a) = [ ~arle = o) hody (o € R,

For q € (1,3), h € LY(R?), put

S(h)(x) := ( / (e =y - ), h(y)dy) (z € B).

1<5<3

For q € (1,3), h € LY(R3)3, put

P(h)(e) = [ amla =yl®) (2 =) - ho)dy (o € B)
Note that S(h) is a vector-valued function with h being scalar, whereas P(h) is a
scalar function with h being vector-valued.
Lemma 1.2 Let ¢ € (1,3/2), h € LY(R%). Then N(h) € W24(R?) N L1/a=2/37(R?),
AN (h) = h. If h € WY(R?), then ON (h) = N(9ih) (1 <1< 3).
Let ¢ € (1,3), h € LYR?). Then S(h) € WLI(R?)?, divS(h) = h. If ¢ € (1,3/2),
then VN (h) = S(h). If h € WY4(R?), then S(h) € W2I(R?)3.
Let g € (1,3), h € LY(R3)3. Then

P(h) € Wil (R?) N LY=o (R?),

(1/g-1/3)7+  \ Ma71/3
(/ﬂgg(/ﬂggu—yr?m(y)wy) da:> < Ol

Proof: Well known (Hardy-Littlewood-Sobolev inequality, Calderon-Zygmund inequality,
density arguments). O



Lemma 1.3 [11, Lemma 2.2] Let B € R, S € (0,00). Then
/ s(z) P do, < C(S,B) - R2-Mn{LB} . o(R) (1.3)
dBr

for R € [S,00), with o(R) :=1if B# 1, and c(R) =In(1+R) if B = 1.

2 Decay estimates

In first part of this section we recall some known results from [3] and [5] about the decay
of the velocity part of the solution of the system (1.2), and in order to get the full decay
characterization of the solution we derive the decay of the pressure part of solution of
(1.2). In the second part of this section we extend the result for the pressure to the
non-linear case of (1.1).

Decay estimates in the linear case
Our starting point is a decay result from [5] for the velocity part u of a solution to (1.2).

Theorem 2.1 (|5, Theorem 3.12|) Suppose that D is C*-bounded. Let p € (1,00),
(u,m) € M,. Put F = L(u) + Vm. Suppose there are numbers Si,S,v € (0,00),
A€ [2,00), B €R such that Sy < S,

D Usupp(divu) C Bs,, wu

Bs € L%(B%)?, Vulpg € L*(Bg)°,

A+min{l, B} >3, |F(2)| < 7|z| *s(z)" " for z € BS,.
Then
u(y)] < C (lyls(y)) " las(y), (2.1)
[Vu(y) < O (lyls(y)) =2 s(y)mexO72A=0) (2.2)

fory € BS, where function 4 g is given by

1 if A4 min{l, B} >3
max(1,in(y)) if A+ min{l, B} =3.

The requirements u
conditions on wu.

It may be deduced from Theorem 2.1 that inequalities (2.1) and (2.2) hold under
assumptions weaker than those stated in that theorem. We specify this more general
situation in the ensuing corollary, which in addition indicates some properties of F' that
will be useful in the following.

B € L°(BS)*, Vulpy € L*(Bg)? should be interpreted as decay



Corollary 2.2 Let p € (1,00), 7, S1, S € (0,00) with D C Bs,, S; < S, A €
[2,00), B € R with A+ min{1, B} > 3. Let F : D° — R? be measurable with
F|Ds, € L?(Ds,)* and |F(2)| < v|z["s(2)~" for z € Bg,.

Let u € W,;(D°)® with u|pg € LY(BS)®, Vulpe € L*(BE)?, supp(divu) C Bs,,

loc

/DC[Vu-Vg0+ (TO1u—(0er x 2)-Vu+ (0er xu)—F)-¢ldz (2.3)
=0 for ¢ € CX(D°)? with divy = 0.

Then inequalities (2.1) and (2.2) hold for y € Bg.
Moreover F € LY(D°)? for q E (1 pl. If p > 6/5, the function F may be considered as
a bounded linear functional on D 2(D°)3, in the usual sense.

Proof: For z € Bg,, we have

|F(2)] <7 C(S1, A) |2] 2 s(2) 4278 <y C (S, A) |2| 72 s(z) AT min{L. B}
<~ C(S1,A) 2] 7% s(2)

Thus for ¢ € (1,00), with Lemma 1.3,

/ ]F(z)]qdng/ / qdozdr<0/ r 20t dr < oo,
51 S1 OB, S1

Tt follows that F' € LI(D)? for ¢ € (1,p]. According to [8, Theorem I1.6.1], the inequality
lvlle < C||Vv|2 holds for v € Dy*(D)3. Thus, if p > 6/5, hence F € L/5(D°)3,
this function F' may be considered as a linear bounded functional on Dé’2(2_30)3. The
LP-integrability of F' and the assumptions on u imply that the function

G(z) :=F(z) — (1e1— (0e1 x 2) ) - Vu(z) — (0er x u(z)), =z eD’, (2.4)

belongs to LY (D°)?. Fix some number Sy € (0,S;) with D U supp(divu) C Bg,. This
means in particular that div (u|Bs, ) = 0. This equation, (2.3), the relation G € L (D°)?
and interior regularity of solutions to the Stokes system (see 8, Theorem 1V.4.1] for
example) imply that u|Bs,” € W2?(Bg, ) and there is 7 € W,2"(Bg,") with L(u|Bs, ) +
Vr = F|Bs,". Put Sy := (So + S1)/2, Asyr = Br\Bg, for R € (S}, 00). Then u|Ag; €
W2’p(A56’R)3 and 7T|AS{),R S V[/vl’p(AAséﬁ)‘3 for R € (S[/MOO), SO (U|AS{),R’ W‘As(l)?R) S Mp,
with Bg; in the role of D. Note that Sy < S, < S; < S. Thus the assumptions of Theorem
2.1 are satisfied with D replaced by Bg;. As a consequence inequalities (2.1) and (2.2)

hold. U

Remark 2.3 Solutions as considered in Corollary 2.2 exist if, for example, Dirichlet
boundary conditions are prescribed on OD. In fact, as stated in [8, Theorem VIII.1.2],
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if Fis a bounded linear functional on the space Dy*(D")®, and if b € HY/*(0D")?, then
there is a function u € LS(D°)> N WL (D) such that Vu € L*(D°)° and u satisfies the
equations (2.3) and divu = 0 (weak form of (1.2)), as well as the boundary conditions
u|0D = b.

The main result of this section, dealing with the asymptotics of the pressure, is stated
in

Theorem 2.4 Let p, v, S1, S, A, B, F, u be given as in Corollary 2.2, but with the
stronger assumptions A =15/2, B € (1/2, 00) on A and B. Let = € L, (D°) with

loc

/YDC[VU-VQO—F (701w —(0e1 x 2)-Vu+ (0er Xxu)— F) - (2.5)
—mdive]dz=0 for g€ C(D).
Then there is cg € R such that
|7(z) 4+ co| < C|z|™? for x € BE. (2.6)

Proof: By Corollary 2.2 we have F € LY(D°)® for ¢ € (1,p]. As in the proof of that
corollary, we note that the function G introduced there (see (2.4)) belongs to L? (D).

loc

Also as in that proof, we fix some number Sy € (0, S1) with D U supp(div u) C Bs,, and
note that div (u|Bs, ) = 0. Thus, in view of (2.5) and because G € L? (D°)?, interior

loc

regularity of solutions of the Stokes system ([8, Theorem IV.4.1]) yields that u|Bg, €
W2P(Bs, )®, w|Bs,” € WiP(Bs, ), and L(u|Bs, ) + V(n|Bs, ) = F|Bs, . Note that

SO < S < S. Take Qb € COO(R?’) with
OB,y 1(s-s1) = 0 @B, 135-5,) = 1

and put @ = ¢-u, 7 := ¢-m, with u, 7 to be considered as functions in R3. By the choice
of ¢ and the properties of u and 7, we get u € W2(R?)?, # € W,oU(R?) for ¢ € [1,p],

U|BS = u|BS € LS(R3)3, Va|BS = Vu|BS € LA(R3)?. Put

M)

a(z) :=— [8k¢(z)8kul(z) + Agb(z)ul(z)] + 7010(2)w(2)
- 2(761 X 2)k - Op@(2) - w(2) + Oip(2)7(2)

for z € R3, 1 <1< 3, and set v := diva. Then

supp(g) C Bs,13(5-s1)/4 \ Bsi+(5-s1)/4, 9 € LI(R?)? for ¢ € [1,p],
Lu+Vr=g+¢-F, y=Vo¢-u, (2.7)



in particular supp(y) C Bs,+3(s-51)/4\Bsi+(s—s1)/4; 7 € WH4(R?) for ¢ € [1,p], g+¢-F €
LY(R?)3 for g € (1,p]. Let x € R?, & > 0 with B.(x) C Bg,. Since u|Bs, =0, 7|Bs, = 0,

it follows from |5, Theorem 3.11] with D replaced by B.(z) that
i(y) = Rig+ 0F)(y) + S()(y) for y € Be(w)

Since this is true for any z € R? ¢ > 0 with B.(x) C Bg,, it follows that
i =R(g+¢F) +S(y) in R®.
But S(v) € W24(R?)? for ¢ € [1,min{3,p}) by Lemma 1.2, so from (2.8)

loc

R(g + ¢F) € W29(R?)® for ¢ € [1, min{3,p}).

loc

This relation and [3, (3.11) and the inequalities following (3.15)] imply

sup | |Z(z,y) - (g+ ¢F)(y)|dy < oo.

2€R3 JR3

Let ¢ € C5°(R3)3. Due to (2.9), we may apply Fubini’s theorem, to obtain
A= [ VIR + 6PN @) = [ (L) @R+ 0F)(a)ds

= [, [ 1@ 2@ (a+ 0P wdyds

= [ M) 2 - o+ 6P )dady,

But for a,b, z,y € R? with z # v,
at - Z(z,y)-b= / a’T(x,y,t)bdt,
0

hence with |3, Lemma 2.10],

[e.9]

a’ - Z(z,y)-b= a’ - e A (e x — Ttey — y,t) - bdt

[e.e]

b e A (e r — Tte; — y, 1) adt

bl A(ex — tey — y, t)e - adt

[e.e]

V' A(y + ttey — e t)eadt

[e.9]

be(y, z,t) - adt = b" - Z(y,x) - a.

Il
Nc\ﬁ:\%

(2.8)

(2.10)



Therefore from (2.10)

A= | (g+oF)w)" - | Z(y.2)- (L*Y)(x)dwdy. (2.11)

R3 R3
Since 1 € C§°(R?)3, we may choose 7y € R3, & > 0 such that

B:(9) C R\ supp (1)).

Thus we get from |2, Theorem 4.3| with D, U, w replaced by B.(xy), Te1, —peq, respectively,
and with 7 = 0, that

[ Za) - ()@ = viy) - S(iv i) )

for y € R?\ B.(xg). Since this is true for any zy € R? ¢ > 0 with B.(z) C R*\ supp(v),
the preceding equation holds for any y € R3. Tt follows from (2.11)

g (@) (LR(g + ¢F))(x)dx = /RS (9+0F)(y) - (¥(y) — S(dive)(y))dy (2.12)
Again recalling that g + ¢F € LI(R3)? for ¢ € (1,p], we get with Lemma 1.2 that
g Y(x)VP(g+ ¢F)(x)dx = /}R3 —diviy(z) - P(g+ oF)(x)dx. (2.13)

Put ¢o := min{6/5, p}, and note that ¢y € (1,3/2), qo < p.
Thus, by Hoélder’s inequality and Lemma 1.2,

. |div () P(g + ¢ F)(z)| dx

= /R | [dive(z)(dnle - y*) Mz —y) - (9+ oF)(y)|dydx

< [|div ] (4/3-1/g0)1

< /R , ( /R (e - y[*) (g + ¢F)(y)|dy) o dx)

< C - | divella/z—1/g0)-1 - [lg + ¢F gy < 0.

1/go—1/3

As a consequence, we may apply Fubini’s theorem to deduce from (2.13) that
| o@ 9P+ 6P @) (2.14)
— [ [ o)l - yF) o - o) (g + 0F)w)dody
R3 JR3
= [ (g+ 0F)(0) - S(aiv ) )y



From (2.12) and (2.14),
[ W@LR(g +6F)(w) + TPl + 0)))de
= [ v@)(g + oF)a)ds

Since this is true for any v € C5°(R?)3, we have found that
LR(g+ ¢F) +VP(g+ ¢F) = g+ oF. (2.15)
On the other hand, by (2.8) and (2.7)
LR(g+ ¢F) + LS(y) + V7 = Lu+ V7 = g + ¢F.
By subtracting this equation from (2.15), we get
VP(g+ ¢F)— LS(y) — V7 = 0. (2.16)

Next we consider the term div( LS(v)). Recall that g9 < 3/2 and v € W24(R?) for
q € [1,p], so by Lemma 1.2

loc loc

VA7) = (). (217)

{5( v) € W2P(R3)3, divS(y) =7, N(7) € W2P(R3),

Since e, x S(v) = (0, —S3(7), Sa(7)), we may conclude
div(e; x S(7)) = —0:85(7) + 0382(7) = —020sN (7) + 030N (7) = 0
Moreover, for z € R3, 1 < j < 3,
(e1 % 2) - VS;(7)(2) = —230:8;(7)(2) + 220585 (7)(2),
hence with (2.17),

diva((er x 2) - VS(1)(2))
= —23007(2) + 22037(2) — 9283(7)(2) + 0352(7)(2)
= —23007(2) + 22037(2) — 020N (7)(2) 4+ 030N (7)(2) = p(2),

where p(2) := —230077(2) + 22037(2). Let ¢ € Cg°(R?). Then it follows that
V- (per x S(7))dx = 0,
R3

Vo) l(per x 2)- VSMENdz = [ 0(:) (—p(2))d

RS



Obviously, again with (2.17),

/ Vi - AS(y)dx = VAY - S(y)de = —/ A - ydr = / - (—A5)dz,

and similarly,

Vi (raiS(y)) = g Y(=7017)dz.

R3
Combining these equations, we get

Vi - LS(y)dx = /R3 V(e + Ay — 1017)dz.

R3

Now from (2.16)
VY[VP(g+ ¢F) — V(¢r)|de = (e + Ay — 7017)dx. (2.18)
R3 R3

Since v € W4(RR3) for ¢ € [1,p] and supp(y) C Bs\Bs,, we have o+ Ay —710,y € LI(R?)
for g € [1, p], so we may consider N (¢ + Ay — 7017). Lemma 1.2 yields

N(p+ Ay — 78y7) € WEP(R?),

loc

AN (o + Ay —7017) = ¢ + Ay — TO17.

Therefore from (2.18)
. VY[VP(g+ ¢F) — VN (p + A¢p — 1017y) — V(om)|dx = 0
Lemma 1.1 now yields
Q:=P(g+oF) — N(p+ Ay —7017) — ¢ € C°(R?), AQ = 0. (2.19)
Now we again apply Lemma 1.2. Since g + ¢ - F' € L%(R3)3, we have
Plg+ ¢oF) € LVo= 137 (R3),

Moreover ¢ + Ay — 70y € L®(R3), so

N (o + Ay — 7y7y) € LW0=2/397 (R3),

Since qo < p, and in view of our remarks at the beginning of this proof we
know that u‘BSOC S W27qO<BSOC)7 7T‘BSOC € WLqO(BSoC)v L(”’BSOC> + v(TrlBSOC) =

loc loc
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F|Bs,, div(u|Bg,") = 0 and F € L®(R?)3. By the choice of u in Corollary 2.2, we
have u|Bg € L°(B)3. Now [5, Theorem 2.1] yields there is ¢q € R such that

T+ co| Bsg € L*®/C70)(B5 o) + L*(Bs ).
But by (2.19),
Q—co=Plg+oF)—N(p+Ay—7107) — ¢ (7m+co) + (¢ — 1) co,
where supp(¢ — 1) C By and supp(¢) C Bg . Therefore we may conclude that
Q — ¢ € LW/ (RS) 4 LM/ 00237 (R3) 4 [0(R?) (2.20)
+ L300/ G20 (R3) 4+ L3(R?).

Let € € (0,00), and let (Q — o). be the usual Friedrich’s mollifier of Q) — ¢y associated
with e.

Due to (2.19), (2.20) and by standard properties Friedrich’s mollifier, the function
(Q — co)- is bounded and A(Q — ¢p). = 0. Now Liouville’s theorem yields (Q — ¢p). = 0.
Since this is true for any ¢ > 0, we may conclude that ) — ¢q = 0, that is,

¢ (m+co) =Plg+¢F) = N(p+ Ay —7017) + (¢ — 1) co,
hence
T+ co|Bs = P(g + ¢F) — N(¢ + Ay — 7017)| B, (2.21)

where we used that supp(¢ — 1) C Bg and ¢|B¢ = 1. Since supp(g) C Bs,+3(5—5,)/4, We
have
|P(g9)(x)| < c-|x|? for v € BS. (2.22)

Due to the assumptions A = 5/2, B € (1/2, co) and because ¢F|Bg,1(s—s,)/4 = 0 and
S1 < S1+4 (S —51)/4 < S, we get by |6, Theorem 3.2] or [11, Theorem 3.4]' that

|P(¢ F)(x)| < c|z|? for z € Bg. (2.23)
Define ((z) = —x37(z), ((z) := z27y(z) for € R3. Then supp(¢) U supp(¢) C Bs \ Bg,,

¢,.( € W2I(R®) for ¢ € [1,p],
¢ = 0oC + 05C.

It follows with Lemma 1.2 that

N(p) = BN (() + 9N (() = S2(¢) + S5(0).

!The result stated in both these theorems is not optimal, with respect of logarithmic terms: No
logarithmic term appears e.g. in the case A =5/2, B = 1. Nevertheless we need not this case.
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Similarly, since supp(y) C Bs \ Bs,, 7 € W24(R?) for ¢ € [1,p],

3

N(Ay = 71017) =Y Su(07) — 781 (7).

k=1

Together
3

N+ Ay —=7017) = S2(¢) + 85(C) + D Si(dry) — 781(7)-

Since supp(¢) Usupp(¢) Usupp(y) C Bg,+3(s—s;)/4, We may conclude that
N (@ + Ay = 701y) ()| < Cla|™ for €] € B, (2.24)
Inequality (2.6) follows from (2.21)-(2.24). O

We remark that Theorem 2.4 remains valid if the assumptions on A and B are replaced
by the conditions A > 5/2, A+ min{l, B} > 1, which are weaker than those in Corollary
2.2. This observation is made precise by the ensuing corollary. Tts proof is obvious, but
this modified version of Theorem 2.4 still is interesting because its requirements on A and
B are closer to the ones in Corollary 2.2 than those stated in Theorem 2.4.

Corollary 2.5 Let p, v, 51,5, A, B, F, u be given as in Corollary 2.2, but with the
stronger assumptions A > 5/2, A+ min{l,B} > 3 on A and B. Let 7 € L! (D)
such that (2.5) holds. Then there is cy € R such that inequality (2.6) is valid.

Proof: Put B’ := A—5/2+4min{1, B}. Since A+ min{1l, B} > 3, we have B’ € (1/2, ).
Moreover, since A > 5/2, we find for z € BS, that

[F(2)] S 7 C(S1, A) |22 5(2) 4278 <y O (81, A) 2|72 5(2) 77"

Thus the assumptions of Theorem 2.4 are satisfied with B replaced by B’ and with a
modified parameter +. This implies the conclusion of Theorem 2.4. U

Decay estimates in the non-linear case

Let us assume now the non-linear case, i.e. the system (1.1). First, recall the result about
the decay properties of the velocity in this non-linear case:

Theorem 2.6 [{, Theorem 1.1] Let v, Sy € (0,00), po € (1,00), A € (2,00), B €
[0, 3/2] with D C Bs,, A+ min{B,1} >3, A+ B > 7/2. Take F : R* — R® measurable
with F|Bs, € L"(Bs, )%,

[F(y)l <7v-lyl™" - s(y)™" fory € BS,.
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Let u € LS(D° ) N WL (D), 7 € L} (D) with Vu € L*(D")?,divu = 0 and

/ [Vu-Ve+ ((te; — pey X z) - Vu+ pe; X u

D
+7(u-Vu—F)-p—mndivy] de =0

for p € C(D)3. Let S € (Sy,00). Then

0%u(z)| < C (|o]s(x) 2 for x € BS, o € N} with |a| < 1. (2.25)

Now, using Theorems 2.4 and 2.6, we are in the position to prove the result on the
decay of the pressure in the non-linear case:

Theorem 2.7 Consider the situation in Theorem 2.6. Suppose in addition that A > 5/2.
Then there is cy € R such that inequality (2.6) holds.

Proof: Observe that (u - V)u € L32(D°)®. Thus, putting p := min{3/2, po}, F :=
F —7(u-V)u, we get F|Ds, € LP(Ds,)®. Put B’ := min{5/2, A+ B — 5/2}. Since
A >5/2, we have

|F(2)| <~y C(Sy, A) 2| ?5(2)"% for 2z € Bg,.
On the other hand, by Theorem 2.6 with (S; +.5)/2 in the place of S,

[(u(z) - V)u(z))| < Clz| 2 s(2) 72 < Ol 2 5(2)

for 2 € B . g)/o- In this way we get |F| < C 2|2 s(2)"8 for z € Bfs, 152

We further note that B’ € (1/2, oco). This is obvious in the case B’ = 5/2. If B’ < 5/2,
we have B’ = A+ B — 5/2. Due to the assumption A 4+ min{1, B} > 3 in Theorem 2.6,
we thus get B’ € (1/2, o0). (The requirement A + B > 7/2 in Theorem 2.6 even yields
B’ > 1, but if this requirement is weakened in a suitable way, pointwise decay of u and
Vu could still be proved. However, this point is not elaborated in [4], and therefore is
not reflected in Theorem 2.6. But we still take account of it here by avoiding to use the
assumption A+ B > 7/2.)

We further have v € W,2P(D°)?, n € WP (D), and equation (2.5) holds with F
replaced by F. Since in addition u|BS € LS(BS)3, Vu|BS € LA(B%)? and divu = 0, we
see that the assumptions of Theorem 2.4 are satisfied with p as defined above and with
(S1+S5)/2, B, F in the role of S;, B and F, respectively. Thus Theorem 2.4 implies the

conclusion of Theorem 2.7. O
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3 Formulation of the problem with artificial boundary
conditions

Recall that we defined Dp = Br \ D. We introduce the subspace Wx of H'(Dg) denoting
Wg:={v & H' (Dg)* : v|gp = 0}.
Lemma 3.1 (|1, Lemma 4.1]) The estimate
lullz < C(R[IVullz + RY? [[ulos,]|2)
holds for R € (0,00) with D C Bg and for u € Whg.
We introduce an inner product (-, -)® in Wy by defining
(v, w) B = Ip, Vv -Vwdr + [, (7/2)v - wdo, for v,w € Wg.

The space Wg equipped with this inner product is a Hilbert space. The norm generated
by this scalar product (-,-)# is denoted by | - |/, that is

0] = (IV]l3 + (7/2)][vjap, 13)"/? for v € Wh.
We define the bilinear forms

ar : HI(DR)B X H1<DR)3 — R,
Br : H'(Dgr)® x L*(Dr) — R,
6r : H'(Dg)® x H'(Dg)* — R,

ar(u,w) ::/ [Vu - Vw + 7Dyu - w]dx
Dr

T T

+§/63R(u(x)-w(x)) (1- ) do..
Br(w,o) ZZ—/D (divw) odz,
or(u, w) ::/D [—((0e1 x ) - V)u+ (01 x u)] - wdz
for u,w € H'(Dg)?, o 2 L*(Dg), R € (0,00) with D C Bg.
Lemma 3.2 Let R € (0,00) with D C Bg. Then
lar(u, w) + dp(u,w)| <C(R) Ju|™ Jw|

for u,w € H'(Dg)3.
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Proof: Use of Lemma 3.1.
The key observation in this section is stated in the following lemma, which is the basis
of the theory presented in this section.

Lemma 3.3 Let R € (0,00) with D C Bg, and let w € Wg. Then the equation
(|w|")? = ag(w,w) + 6r(w,w) holds.

Proof:

agr(w,w) + dr(w,w)

We applied that
i(wxx)w:()for T, w € R
As in 1], we obtain that the bilinear form S is stable:

Theorem 3.4 ([1, Corollary 4.3]) Let R > 0 with D C Bg. Then

inf sup M > C(R).

pEL?(DR),p#0 veWg w#£0 |U’ HIO||2
We introduce an extension operator & : H'/2(9D)3 — H'(D")? such that div &(b) =

0
Theorem 3.5 There is an operator ¢ : HY?(OD)* s WoI(D)? such that VE(b) €
L2(D")°, €(b)|9D = b, diveE(b) = 0 and €(b)|Dr € H'(Dg)® for b € HY2(ID), R €
(0,00) with D C Bg.

Proof: By |8, Exercise I11.3.8], there is an operator € : HY2(9D)? — W21 (D)3
such that VE(b) € LA(D°)°, €(b)|dD = b, divE(b) = 0 and |[VE®)|» < Oubulm for
b € HY2(9D)>. (The latter inequality is not needed here.) Due to [8, Lemma I1.6.1], we
may conclude that &(b)|Dg € H'(Dg)? for R € (0,00) with D C Bp. O

In view of Lemma 3.2 and 3.3 and Theorem 3.5 and 3.4, the theory of mixed variational
problems yields

15



Theorem 3.6 Let S > 0 with D C Bg, R € [25,00), F € L53(Dg)3, b € HY?(9D)>.
Then there is a uniquely determined pair of functions (V, P) = (V(R, F,b), P(R, F,b) ) €
Wy x L*(Dg) such that

ar(V,9) +0r(V,9) + Br(g, P) (3.1)
— [ Fegts—an(€®)IDn 9) ~ 5n(€D)Dr.g) for g€ W

Br(V,0) =0 for o € L*(Dyg), (3.2)
where the operator € was introduced in Theorem 3.5.

Let us interpret variational problem (3.1), (3.2) as a boundary value problem. Define
the expression used in the boundary condition on the artificial boundary 0Bp :

Lp(u,m)(z) = (JZI 8juk(x)% — m(x)d; % + g (1 — %) uk(x)>

1<k<3
for x € OBg, R € (0,00) with D C Bg, u € W%52(Dg)3, 7 € WH6/5(Dp).
Lemma 3.7 Assume that D is C*-bounded. Let R € [2S,00) with D C Bg, F €

L5/5(Dg)® and b € WU/SS/59D). Put V = V(R,F,b) + €(b)|Dg, with V(R,F,b)
from Theorem 3.6 and &(b) from Theorem 3.5. Suppose that V. € W?2%/5(Dg)? and

P = P(R, F,b) € WH5/5(Dg), with P(R, F,b) also introduced in Theorem 8.6. Then

—AV(z) 4+ (ter — per x 2) - VV(z) + ge; X V(2) + VP (2) = F(z2),
divV(z) =0

for z € Dy, and V|0D =b, Lg(V,P)=0.

(3.3)

The proof of Lemma 3.7 is obvious. This lemma means that a solution of variational
problem (3.1), (3.2) may be considered as a weak solution of the modified Oseen system
with rotation in Dg, under the Dirichlet boundary condition on 0D and under the artificial
boundary condition Lg(V,P) = 0 on 0Bg. The solution of (3.1), (3.2) will be now
compared to the exterior modified Oseen flow introduced in Corollary 2.2:

Theorem 3.8 Suppose that D is C*-bounded. Let v, S; € (0,00) with D C Bg,, A €
[5/2, 00), B € R with A+ min{l,B} > 3. Let F : D° +— R® be measurable with
F|Ds, € L5/5(Dg,)® and |F(z)| < v|z["*s(z)75 for z € B, .

Let b € W/6/5(9D)3 v € WL (D)2 N LS(D")? such that Vu € L*(D°)°, divu =
0, u|0D = b and equation (2.3) is satisfied.

For R € 281, 00), put Vi := V(R, F,b) + &(b), with €(b) from Theorem 3.5, and
V(R, F,b) from Theorem 3.6. Then

|ulp, — VR|(R) <CR' for Re [25, 00).
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We note that since W29/5(D) c H*(D) by a Sobolev inequality, we have W7/6:6/5(9D) c
H'2(9D), as follows with the usual lifting property. As a consequence, b € H'/2(9D)3, so
the term &(b) is well defined. We further remark that by Corollary 2.2 with p = 6/5, the
function F' may be considered as a bounded linear functional on Dy*(D°)®. Therefore, as
explained in Remark 2.3, a function u with properties as stated in Theorem 3.8 does in
fact exist.

Proof of Theorem 3.8: All conditions in Corollary 2.2 are verified if v, S;, A, B, F, u are
given as in Theorem 3.8, and if p = 6/5 and S = 25;. Note in this respect that the

conditions on u in Theorem 3.8 obviously imply u € W'li’cﬁ/ 5(1_96)3. Corollary 2.2 now

yields that F' € L%5(D°)? and that the function u satisfies inequalities (2.1) and (2.2)
On the other hand, since u € VV;)’CG/5

proof of Corollary 2.2 (see (2.4)) belongs to L?O/CE’(@C)i‘. Therefore, by interior regularity

of solutions to the Stokes system (see [8, Theorem IV.4.1]), we may deduce from the
equations (2.3) and divu = 0 that u € W2%%(D")3 and that there is 7 € W,>%°(D")3 with

loc loc
L(u)+V7 = F. In particular the pair (u, 7) verifies (2.5). In view of our assumptions on A
and B, we thus see that the requirements in Corollary 2.5 are fulfilled for v, Sy, A, B, F, u
as in Theorem 3.8 and for p = 6/5 and S = 25;. As a consequence, Corollary 2.5 yields
that there is ¢y € R such that (2.6) holds with S = 2.5;.

Take R € [25), 00). Since u € W.25°(D)3, we have u|dD € W7/55/5(9D)3. Com-
bining this relation with the assumption b|0D € W7/%6/5(9D)3 and the boundary con-
dition u|0D = b, we get u|0Dgr € W7/>%/5(9Dg)3. Moreover our requirements on u
yield that u|Dr € W1H%5(Dg)3. Since F € LS/5(D)3, as already mentioned, we get
G|Dr € L%°(Dg)?, with G from (2.4). Recalling that D is supposed to be C?-bounded,
we may now apply the result in [8, Lemma IV.6.1] on boundary regularity of solutions to
the Stokes system. This reference yields that u|Dr € W5/°(Dg)?, 7|Dgr € Wh%/5(Dpg)
and that the pair (u,7) solves (1.2).

Let Pr := P(R, F,b) be given as in Theorem 3.6, and put w := u — Vg, k:=m — Pg,
and let g € Wg. Note that by Theorem 3.6, we have agr(Vg,g) + 0r(Vr, 9) + Br(g, Pr) =

(D°)3, the function G already considered in the
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fDR F - gdx. Thus

ar(w, g) + 6r(w, g) + Br(g, k)
= ag(ulpy, 9) + Or(ulpy, 9) + Br(9, 7lp,) — (ar(Va, 9) + 6r(Va, 9) + Br(g; PRZ)

~
:fDR F-gdx

:/ (Vu-Vg+71du-g—(0e1 x ) - Vu-g+ (0e1 X u)- g
Dr

—’/Tdng—F~g)d.’L'

+% /613 u(x) - g(x) <1 - %) do,

:/ [—Au-g+Tou-g—(0e1 X x)-Vu-g+ (0e; X u)-g
Dr

+Vrm-g—F-glde

[ (3 (0mtor )% = oo+ ko) -t - )

J

g

ZIOBR [/R(uvﬂ')'g do

Since the pair (u, ) solves (1.2), we now get

ar(w, g) + r(w, g) + Balg, &) = / Lalu,m)(z) - g(x) doy. (3.4)

OBpr

Let ¢ € R be an arbitrary constant. For g := w we get with Lemma 3.3 that

(|w|(R))2 = agr(w,w) + dgp(w,w) + Br(w, K)

= . Lp(u, 7+ ¢)(x) - w(x)do,, (3.5)

because: / cjpwi(z) j]dox:/ cw-ndox—}-/ cdivwdzr = 0.
9Br 12 DR Dr

Let ¢q be the constant introduced above as part of estimate (2.6). Because

Lr(u, 7+ co) (@) - w(x) doy < || Lr(u, 7+ co)ll2 |wlopllz < C | Lalu, 7+ co)ll2 - [w]™,
OBR

we get from (3.5)
jw|® < C||Lr(u, m+ co)|a-

18



The last step is estimation: [|[Lg(u, ™ + co)|ls < C - R7L.

|LRr(u, ™+ co)ll2 /
< C[IVtlmglla + wta) + cllele+ ([ (1= 5) lwlao.) .

As explained above, inequalities (2.1), (2.2) and (2.6) are valid with S = 2.S;. According

0 (2.1) and (2.6), we have |u(z)| < C(|z|s(z))7!, and |7(z) + ¢o| < C|z|™2 for x €
B . Inequality (2.2) yields |Vu(z)| < C |z|3s(x)~F for x as before, with B’ := 3/2 —
max{O 7/2—A— B}. If B> 1, we recall that A > 5/2, getting A+ B > 7/2, hence
B’ = 3/2. On the other hand, if B < 1, then max{1, B} = B, so that the assumption
A + max{1, B} > 3 becomes A + B > 3, hence B’ > 1. Thus we get in any case that
B’ > 1> 1/2. In view of these observations, and with Lemma 1.3, we obtain

1/2 1/2
(/ |$|_38($)_2B/ d0x> + (/ |7T(I) + Co|2d0z>
O0BR OBR
1 1/2
+ ( (|z| — z1)? |u(1’)|2d0x>
OBRr
1 . )1/2 ( 1 / )1/2
de + | = 1d0x
( 3/833 R4 OBRr
1 B 1/2
(g [ staPlelsto) o,
OBRr
1\ 12 1 1/2
— — 1
() () (], )

This completes the proof of Theorem 3.8. Il

|Lr(u,m+co)lla < C

IN

< C < CR .
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