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1 Introduction and outline

The w1+∞ algebra and its loop generalization Lw1+∞ have been identified recently in the
structure of asymptotically flat spacetimes using techniques from celestial holography, as
a consequence of the infinite tower of tree-level soft graviton theorems [1–4]. Classically,
such asymptotic symmetries act on the charges that obey local flux-balance laws at null
infinity and which are conserved at spatial and timelike infinity. A universal formulation for
these conserved quantities in terms of higher spin-weight operators was found and shown
to reproduce the classical soft theorems and the Lw1+∞ algebra structure at least in the
linear theory [4]. This uncovers an infinite-dimensional symmetry structure that supple-
ments the previously found BMS, dual BMS and generalized BMS asymptotic symmetry
algebras [5–23].

In this paper, we will elaborate on the physical meaning of the Lw1+∞ conserved
charges, and their relationship to the multipole expansions of the gravitational field close
to null and spatial infinity. The non-linear expansion of the metric close to null infinity
has long been known in the Bondi-Sachs expansion [7, 8, 11, 24, 25], but, only recently,
all the local flux-balance laws have been explicitly written down in a form amenable to
analysis from the point of view of infinite towers of soft theorems and memory effects [26].
All Bondi aspects, defined at increasing orders 1/rn+1 in the radial expansion around null
infinity, i.e. the mass aspect (n = 0) in guu, the angular momentum aspect (n = 1) in
r−1gua and the infinite tower of 2-dimensional symmetric trace-free (STF) Bondi aspects
(n ≥ 2) in the expansion of the spherical components r−2gab, obey evolution equations
whose fluxes contain non-linear interactions of the Bondi shear, news and aspects at most
of order max{2, n+ 1}. These evolution equations can be written as an equality between
linear terms in the Bondi news, sometimes called “soft” or “memory” terms, and the sum
of retarded time derivatives of Bondi aspects and non-linear flux terms which provide the
source of ordinary and null memories, respectively.
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In order to express an arbitrary n ≥ 0 Bondi aspect in terms of the source causing
gravitational radiation, further information is required beyond the Bondi-Sachs expansion.
One approach consists in combining the Bondi-Sachs expansion with the multipolar post-
Minkowskian expansion in de Donder/harmonic gauge [27–30]. The dictionary between the
so-called canonical momentsML(u) and SL(u), that parametrize a generic post-Minkowskian
metric without incoming radiation, and the Bondi aspects have been derived so far at linear
order and for quadratic tail and memory terms [31].

In this work, we first define the complete set of (real-valued) celestial charges that
label a generic vacuum asymptotically flat spacetime around null infinity with no incoming
radiation. We further re-express the (real-valued) celestial charges in terms of the complex
basis of helicity s charges as defined in [4, 23] at the linear level. The celestial charges

PL(u), P−L (u), KL(u), JL(u), Q±n,L(u), n ≥ 2, (1.1)

consist of the “supermomenta” PL, the “dual supermomenta” P−L , the “super-center-of-
mass” KL, the “super-angular momenta” JL, and the “n ≥ 2 celestial charges” Q±n,L
for any n ≥ 2. The non-linear metric in Bondi gauge is uniquely determined, up to a
residual BMS transformation, in terms of the past history of the news tensor as well as the
celestial charges at early retarded times [7, 8, 11, 23–26]. We distinguish two qualitatively
distinct classes of celestial charges depending on whether or not they contain a linear term
in the news (i.e. the “memory” term) in their associated flux-balance law. Discarding
NUT charges, the “memory-less charges” are the ten Poincaré charges and the n ≥ 3
Newman-Penrose charges defined as the celestial charges Q±n,L(u) with 2 ≤ ` ≤ n− 1. The
complementary “memory-full charges” are the complementary set of celestial charges. The
motivation for this distinction is that the corresponding flux-balance laws have different
physical implications. The memory-full flux-balance laws can be used to determine the
memory effects due to the radiation process [32–37], while the memory-less flux-balance
laws characterize radiation-reaction effects, i.e. they determine how the source reacts to the
emitted radiation [38–45].

Second, we describe the action of linear gravitational SO(2) electric-magnetic duality [46]
in terms of canonical multipole moments. We find that the even parity M+

L (u) ≡ML(u) and
odd parity M−L (u) ≡ 2`

`+1SL(u) canonical multipoles are rotated into each other at the linear
level. Moreover, since a non-linear metric with no incoming radiation can be perturbatively
constructed out of the canonical multipole moments, we find that any non-linear extension
of the linear duality defined above induces an automorphism on the space of solutions.
Imposing that the symplectic structure at null infinity and the celestial charges at past null
infinity are preserved under duality rotations fixes unique non-linear corrections and thus
defines the gravitational electric-magnetic duality at the non-linear level. This provides
a non-linear perturbative completion of the duality described in [46] at the level of the
non-linear solution space.

The third and main result of this article is that in non-radiative regions, the celestial
charges split into two qualitatively distinct sets of conserved charges: (i) the non-radiative
multipole charges M±L,k with 0 ≤ k ≤ ` that entirely parameterize non-radiative spacetimes
without incoming radiation, and (ii) the n ≥ 3 Newman-Penrose charges.
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The non-radiative multipole charges are in one-to-one correspondence with the Geroch-
Hansen multipole moments, the generalized BMS charges (including the Poincaré charges)
together with the n ≥ 2 celestial charges Q±n,L with n ≤ `. As we will argue in the main
text, the non-radiative multipole charges completely determine an arbitrary non-radiative
spacetime. Radiative processes can be therefore thought of as inducing a transition from
an initial to a final state both labelled by a set of celestial charges M±L,k with 0 ≤ k ≤ `.
The towers of conserved non-radiative multipole charges are summarized in tables 1 and 2.
They can be decomposed as follows: the charges M+

L,k for ` = 0, 1, as well as M−L,0 for ` = 1
are the Poincaré charges, while M±L,0 for ` ≥ 2 are respectively the stationary mass and spin
multipole moments defined by Geroch [47] and Hansen [48], up to a normalization constant.
For the highest value k = `, the charges M+

L,` are the supermomenta proportional to the
constant part of the shear, i.e. the displacement memory field, while M−L,` for ` ≥ 1 are the
dual supermomenta [17–19] that are usually set to vanish for standard boundary conditions.
The intermediate charges for 1 ≤ k ≤ `− 1 are super-Lorentz [10–16] and n ≥ 2 celestial
charges [22, 23] related to subleading memory effects [26, 33, 35, 49–54].

The n ≥ 3 Newman-Penrose charges are the complementary subset of celestial charges,
namely Q±n,L with 2 ≤ ` ≤ n − 1. They identically vanish in the linearized theory in
non-radiative regions. In linearized gravity, canonical multipole moments therefore suffice
to characterize a generic non-radiative spacetime, as is well-known, see e.g. [42]. In non-
radiative regions, the n ≥ 3 Newman-Penrose charges are non-vanishing once non-linear
interactions are included, but, by completeness, they are functionals of the non-radiative
multipole charges. The distinguished example of such non-linear conserved charges are
the 10 n = 3 Newman-Penrose charges [55] Q±3,ij corresponding the lowest order n = 3,
` = 2, which have indeed been proven to be non-linear combinations of non-radiative
multipole moments [8]. Interesting, all Newman-Penrose charges have the property that
their associated flux-balance laws are memory-less: they admit no “soft” term, on the same
footing as the 10 Poincaré flux-balance laws.

The identification of the complete set of conserved charges in non-radiative regions such
as at spatial and timelike infinity provides a new interesting perspective in the programme
of reconstructing an asymptotically flat metric from holographic data. The method that we
employed, the post-Minkowskian formalism formulated in de Donder gauge combined with
a Bondi expansion is perfectly suited for that purpose since it combines the reconstruction
of the bulk metric in de Donder gauge with the identification of the holographic data in
Bondi gauge. Much work remains to be performed to write a full non-linear metric to order
G2 and G3 outside of sources in terms of celestial charges.

Multipole moments can be defined in a gauge invariant way at least at spatial infinity [47,
48]. The dictionary that we derived between the multipole moments and the complex
charges forming the Lw1+∞ algebra (at the linear level so far) brings promising perspectives
in the gauge invariant quantization of the gravitational field with asymptotically flat
boundary conditions.

Notation. We use a, b, c, d to refer to coordinates on the sphere, and i, j, · · · , n to denote
Cartesian indices. We implement the multi-index notation of ref. [31], where L ≡ i1 . . . i`,
with ik = {x, y, z} being Cartesian indices. Multi-index tensors used here are symmetric
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trace-free (STF), unless otherwise mentioned. The STF part of a tensor is denoted by
angle brackets 〈· · · 〉 around its indices. Embedding the celestial sphere in R3, one defines
ni ≡ xi/r. The STF harmonics n̂L ≡ n〈i1 · · ·ni`〉 represent the rotation group. A generic
function on the sphere can be decomposed as T (θ, φ) = TLn̂L. A natural basis for the
sphere embedded in R3 is eai = ∂ni

∂θa that can be used to project a tensor onto the sphere.
We define the dual of forms and vectors on the sphere as Ṽa = ε b

a Vb, Ṽ a = εabV
b. For any

STF tensor T ab on the sphere, we define its dual STF tensor as T̃ ab ≡ εacT b
c = εbcT

ac.
Similarly, the dual of a higher rank STF tensor is defined from the dualization of the first
tensorial index.

2 Local flux-balance laws and conserved charges

In a Bondi coordinate system (u, r, θa) and after expanding the metric in integer powers
of 1/r, Einstein’s equations reduce to a set of algebraic constraints except for a countable
infinite set of local flux-balance equations on future null infinity I+. Such local flux-balance
equations, once integrated over the range −∞ < u < ∞, give rise to a corresponding
countable infinite set of global flux-balance laws on I+, labelled by an integer n ≥ 0, which
upon quantization leads to the subn-leading soft graviton theorems [56–58].

The spherical metric gab in Bondi gauge takes the form [26]

gab = r2

√
1 + CcdC

cd

2r2 γab + r Cab, Cab ≡ Cab +
∞∑
n=2

r−n Eab
(n)
, (2.1)

where Cab is STF with respect to the unit sphere metric γab. The news tensor is defined as
Nab = ∂uCab. Our conventions for the Bondi mass aspect m and angular momentum aspect
Na can be read from the metric components

guu = −1 + 2m
r

+O
(
r−2

)
, (2.2)

gua = 1
2D

bCab + 2
3r

(
Na −

3
32Da

(
CbcC

bc
))

+O
(
r−2

)
, (2.3)

and agree with [26, 34]

2.1 Local flux-balance laws and Bondi aspects

The local flux-balance laws take the form1

n = 0 : 1
4DbDcN

bc = −F(u) + ∂um, (2.4a)

n = 1 : − u

2DcD〈aDb〉N
bc = −Fa(u) + ∂uNa, (2.4b)

1The local flux-balance laws are invariant under the field redefinition Q... → Q... + ∆Q..., F... →
F... + ∂u∆Q... for each charge aspect Q... = m, Na, . . . and corresponding flux F , Fa, . . . . This ambiguity
is partially fixed by the requirement that the fluxes are at least linear in the news. One should then add
more terms at least linear in the shear to the charges in order to ensure that the charges are invariant under
a change of foliation. Such a program has been completed only for n = 0 and n = 1 and the corresponding
expressions are given here. The expressions for n ≥ 2 instead follow [26].
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n = 2 : u2

12STFab
[
DaDcD〈bDd〉N

cd
]

= − Fab
(2)

(u) + ∂u Eab
(2)
, (2.4c)

n ≥ 3 : (−u)n

6n! Dn−3 · · · D0 STFab
[
DaDcD〈bDd〉N

cd
]

= − Fab
(n)

(u) + ∂u Eab
(n)

. (2.4d)

The differential operator Dn on the sphere for any n ≥ 0 integer is defined as [26]

Dn ≡ −
n+ 2

2(n+ 1)(n+ 4)
(
∆ + n2 + 5n+ 2

)
. (2.5)

In a multipolar decomposition, the operator Dn annihilates only the ` = n+ 2 spin 2 tensor
harmonics. Explicitly, any STF tensor Tab can be decomposed as

Tab = −2D〈aDb〉T
+ + 2εc(aDb)D

cT−. (2.6)

The harmonic modes T± = T±L n̂L constitute the kernel of D`−2. Therefore, Dn−3 · · · D0Tab
annihilates all harmonic modes of T± of rank ` = 2, · · ·n− 1.

We also define the tensor that includes the Bondi mass aspect and dual Bondi mass
aspect [18, 19, 59]

mab ≡ mγab + 1
2D[aD

cCb]c = mγab +m−εab, m− ≡ 1
4DcDdC̃

cd, (2.7)

where C̃ab ≡ εacCcb is the dual shear. Here, εab defines a complex structure as εacεcb = −δab,
and therefore there is an isomorphism between mγab + m−εab and the complex number
m+ im−.

The finite energy fluxes, sometimes called the “hard” terms, which are defined to vanish
when the news vanishes, are given by2

F ≡ −1
8NabN

ab,

Fa ≡
1
4N

bcDbCca + 1
2CabDcN

bc − 1
4NabDcC

bc − 1
8∂a

(
CbcN

bc
)
− uDaF , (2.8)

Fab
(2)
≡ 1

4NcdC
cdCab −

u

2∂u (C c
ambc)− uD〈a

( 1
12N

cdD|dCc|b〉 + Cb〉cDdN
cd
)

+ u2

6 D〈aDb〉F ,

while Fab
(n)

= Dn−2 Eab
(n−1)

+ . . . , where dots indicate non-linear terms.

The Bondi aspects appearing in the flux-balance laws are: for n = 0 the Bondi mass
aspect m; for n = 1 the “dressed angular momentum aspect” [16, 45]

Na ≡ Na −
1
4CabDcC

bc − 1
16∂a

(
CbcC

bc
)
− uDbmab; (2.9)

for n = 2 the “dressed n = 2 Bondi aspect”

Eab
(2)

=Eab
(2)
−u2C

c
(amb)c −

u

3D〈aNb〉 −
u2

6 D〈aD
cmb〉c, (2.10)

2Note that one can show Fa = 1
4Ha(Nbc, Cbc) − uDaF where Ha(Nbc, Cbc) is the hard super-Lorentz

operator [45, 60] after using the property CacDbN
bc = CbcDaNbc − CbcDbNac valid for any pair of STF

tensors on the 2-sphere.
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and for n ≥ 3 the “dressed n ≥ 3 Bondi aspects”

Eab
(n)

= Eab
(n)
−u Gab

(n−1,−1)
+
n−2∑
p=1

(−u)p

p! Dn−3 · · · Dn−2−p

(
Eab

(n−p)
− u

p+ 1 Gab
(n−1,p−1)

)

+ (−u)n−1

3(n− 1)!Dn−3 · · · D0D〈a

(
Nb〉 −

u

n
Dcmb〉c

)
, (2.11)

where Gab
(n−1,p)

are non-linear terms defined in [26].

Corresponding to n = 0, 1, following the conventions of [45], the generalized BMS
charges are defined as

PL =
∮
S
mn̂L, −JL = 1

2

∮
S
εab∂bn̂LNa, KL = 1

2

∮
S
∂an̂LNa, (2.12)

while the dual supermomenta are defined as [18, 19, 59]

P−L =
∮
S
m−n̂L = 1

2

∮
S
mabε

ab n̂L. (2.13)

The 10 Poincaré charges are E ≡ P∅, Pi, Ji, Ki.
Using eq. (2.6), for each n ≥ 2, we decompose the field Eab

(n)
into its parity even and

parity odd ` ≥ 2 harmonic components, which allows to define the parity even and parity
odd “n ≥ 2 celestial charges”

Q+
n,L(u) ≡

∮
S
Eab
(n)

DaDbn̂L, Q−n,L(u) ≡
∮
S
Eab
(n)

εacDbD
cn̂L. (2.14)

The n ≥ 2 celestial charges Q±n,L vanish by construction for ` = 0, 1. We will not attempt
to associate the charges (2.14) with asymptotic symmetries and we will therefore restrain
from calling them Noether/Hamiltonian/canonical charges. They are yet surface charges in
the sense that they are defined from an integral over the sphere of dressed Bondi aspects
exactly as the generalized BMS charges. We note however that Q+

`−1,L is the momentum
multipole moment in the language of [61] which are defined as Noether charges associated
with momentum multipole symmetries; see eq. (4.10) of [61].

We can parameterize the entire set of celestial charges including the BMS and dual
BMS charges by introducing the notation

Q+
0,L(u) ≡ PL(u), Q−0,L(u) ≡ P−L (u), Q+

1,L(u) ≡ KL(u), Q−1,L(u) ≡ −JL(u).
(2.15)

This definition will be justified by the covariant transformation law under gravitational
electric-magnetic duality (3.11). The entire set of celestial charges is then compactly and
uniformly written as Q±n,L(u), n ≥ 0.

The multipolar decomposition of the local flux-balance laws (2.4) reveals two qualita-
tively distinct sets: the “memory-less” flux-balance laws where the left-hand side of eq. (2.4)
vanishes, and the “memory-full” flux-balance laws where it does not. The memory-less
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flux-balance laws are as follows: for n = 0, the ` = 0 and ` = 1 scalar spherical harmonics
give the standard energy and momentum flux-balance laws

Ė ≡ ∂u
∮
S
m =

∮
S
F , Ṗi ≡ ∂u

∮
S
mni =

∮
S
Fni. (2.16)

For n = 1, the ` = 1 vector harmonics give the standard angular momentum and center-of-
mass flux-balance laws [45]

J̇i ≡ −
1
2∂u

∮
S
Naεab∂bni = −1

2

∮
Faεab∂bni, K̇i ≡

1
2∂u

∮
S
N a∂ani = 1

2

∮
Fa∂ani.

(2.17)
For n = 2 there is no memory-less flux-balance law. For n ≥ 3, all harmonics 2 ≤ ` ≤
n − 1 give rise to memory-less flux-balance laws. For each of the two parities, there are∑n−1
`=2 (2`+ 1) = n2 − 4 such flux-balance laws. The n ≥ 3 memory-less flux-balance laws

are defined for 2 ≤ ` ≤ n− 1 and take the form

∂uQ+
n,L(u) =

∮
S
Fab
(n)

DaDbn̂L, ∂uQ−n,L(u) =
∮
S
Fab
(n)

εacDbD
cn̂L. (2.18)

We will call the set of charges Q+
n,L(u), 2 ≤ ` ≤ n− 1, n ≥ 3 the n ≥ 3 Newman-Penrose

charges. In particular, for n = 3 (and ` = 2), one gets the 10 conserved Newman-Penrose
charges [55].3

The n ≥ 2 memory-full flux-balance laws defined for n ≤ ` take the form

∂uQ±n,L(u) =
∮
S
Fab
(n)

DaDbn̂L + (−u)n

6 n!

∮
S
n̂LD

ab
±Dn−3 · · · D0DaDcD〈bDd〉N

cd, (2.19)

where we defined the even and odd parity second order differential operators Dab
± as

Dab
+ ≡ D〈bDa〉 and Dab

− ≡ −εc〈aDcD
b〉. The first term on the right-hand side is the “hard”

term and the second term depending upon the moments of the news tensor is the “soft” or
“memory” term. In non-radiative regions, the news identically vanishes. Since the right hand
side of eqs. (2.18), (2.19) are at least linear in the news, they also vanish by construction.
The charges Q±n,L(u) for any 2 ≤ `, n ≥ 2 are therefore conserved in non-radiative regions.

The linear terms in the right-hand sides of eqs. (2.19) can be written as

∂uQ±n,L(u)|lin = (−u)n

6 n!

∮
S
n̂LD

ab
±Dn−3 · · · D0DaDcD〈bDd〉N

cd

= (−u)n

6 n!

∮
S
n̂L

n−3∏
k=0

(Dk + 4αk)Dab
±DaDcD〈bDd〉N

cd

= (−u)n

6 n!

∮
S
n̂L

n−1∏
k=2

αk−2 [∆ + k(k + 1)]Dab
±DaDcD〈bDd〉N

cd, (2.20)

3Our equation (2.14) for n = 3 corresponds to eqs. (5.48)-(5.49) of [19] except that we use Eab
(3)

instead of

their Eab

(3)
in order to have a conserved charge in non-radiative regions.
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where we used Dn = αn(∆ + βn) defined in eq. (2.5). In the second equality, we have used
the following commutator relations for STF tensors

[Db, D
2]Ta1···an = −2

n∑
s=1

(
DasTa1···as−1bas+1···an − γasbDcTa1···as−1cas+1···an

)
−DbTa1···an ,

[Da1 , D2]Ta1···an = (2n− 1)Da1Ta1···an . (2.21)

This algebra is facilitated by using the formula for STF tensors derived in eq. (39) of [62]
and by using a complex off-diagonal basis for the metric over the sphere. We now use
the properties

DcD〈bDd〉N
cd = D〈bDd〉DcN

cd = 1
2DbDdDcN

cd + 1
2D̃bDdDcÑ

cd, (2.22a)

D〈bDa〉DaDcD〈bDd〉N
cd = 1

4∆(∆ + 2)DaDbN
ab, (2.22b)

−εc〈aDcD
b〉DaDcD〈bDd〉N

cd = 1
4∆(∆ + 2)DaDbÑ

ab, (2.22c)

where D̃a ≡ εabDb implying that

∂uQ+
n,L(u)

∣∣
lin = un

2n n!
n− 1

(n+ 1)!

n−1∏
k=0

[−`(`+ 1) + k(k + 1)]
∮
S
n̂LDaDbN

ab, (2.23a)

∂uQ−n,L(u)
∣∣
lin = un

2n n!
n− 1

(n+ 1)!

n−1∏
k=0

[−`(`+ 1) + k(k + 1)]
∮
S
n̂LDaDbÑ

ab. (2.23b)

Using the convention of eq. (2.6), we can further simplify DaDbN
ab = −∆(∆ + 2)N+,

DaDbÑ
ab = ∆(∆ + 2)N−.

2.2 Celestial charges in the Lw1+∞ basis

The “spin-weight” s of a tensor (qs)a1...ak
b1...bl

on the sphere is defined from its transformation
laws under SO(2), and is equal to l − k i.e., minus the number of its contravariant indices
plus the number of its covariant indices. Following [4], it is useful to define the spin-weight
s = −2,−1, 0, 1, 2 tensors

qab−2 ≡
1
2∂uN

ab, (2.24a)

qa−1 ≡
1
2DbN

ab, (2.24b)

q ≡ 1
2γ

abmab + 1
8CabN

ab = m+ 1
8CabN

ab, (2.24c)

q̃ ≡ 1
2ε

abmab + 1
8CabÑ

ab = 1
4DaDbC̃

ab + 1
8CabÑ

ab, (2.24d)

qa ≡ Na, (2.24e)

qab ≡ 3
(
Eab
(2)
− 1

16CabCcdC
cd

)
. (2.24f)
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Such tensors are Weyl covariant [22].4 We note the following two algebraic identities

∂uq
a
−1 = Dbq

ab
−2, (2.25)

∂uq̃ = 1
2Daq̃

a
−1 + 1

4Cabq̃
ab
−2. (2.26)

The first three local flux-balance laws (2.4a)–(2.4b)–(2.4c) implied by Einstein’s equations
can be compactly rewritten as

∂uq = 1
2Daq

a
−1 + 1

4Cabq
ab
−2, (2.27)

∂uqa = ∂aq + ∂̃aq̃ + Cabq
b
−1, (2.28)

∂uqab = D〈aqb〉 + 3
2
(
Cabq + C̃abq̃

)
. (2.29)

The tensor q0a
b = qδa

b + q̃εa
b is spin-weight 0 since both δab and εab are SO(2) invariants.

It corresponds to the complex spin-weight 0 charge q0 = q + iq̃. We note from the previous
equations that ∂bq0a

b = ∂aq + ∂̃aq̃. Equations (2.26) and (2.27) can alternatively be
written as

∂uq0a
b = 1

2δ
b
aDcq

c
−1 + 1

2ε
b
a Dcq̃

c
−1 + 1

2Cacq
cb
−2. (2.30)

Holomorphic basis. We now define an holomorphic frame consisting of a pair of null
vectors (ma,ma) on the sphere such that mam

a = 1. The metric and Levi-Civita tensor
can be written as γab = mamb +mamb and εab = −i(mamb−mamb). We assign ma helicity
+1 and ma helicity −1, so that T a1···ak

b1···bl mal . . .makm
b1 . . .mbl has helicity s = l − k. In

particular, an STF tensor Ta1···as , s ≥ 1, has only two nontrivial components in this basis,
with opposite helicity, given by

Ts = ma1 · · ·masTa1···as , T−s = ma1 · · ·masTa1···as . (2.31)

The shear C = Cabm
amb has helicity +2. Note that m̃a = −ima, m̃a = +ima. The

Geroch-Held-Penrose differential ð [63] (which reduces in spherical coordinates to the
Newman-Penrose differential [55]) acts on spin-weighted quantities as

ðT = ma1 . . .mapmb1 . . .mbqm
bDbT

b1...bq
a1...ap , (2.32)

ð̄T = ma1 . . .mapmb1 . . .mbqm
bDbT

b1...bq
a1...ap . (2.33)

The Laplacian reads ∆ = 2ð̄ð, and the commutator is [ð̄, ð]Ts = sTs for any spin-weighted
scalar Ts with helicity s. Note that ð and ð̄ change the helicity by +1 and −1 respectively,
while ∂u does not change the helicity.

Remarkably, the s = −1, 0, 1, 2 conservation laws (2.25)–(2.30)–(2.28)–(2.29) can be
expressed in the unified form [4],

∂uqs = ðqs−1 + s+ 1
2 Cqs−2. (2.34)

For the case s = 0, eq. (2.30) is recovered after using

mamb = 1
2δ

a
b + i

2ε
a
b. (2.35)

4Na is denoted as Pa in [22].
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Higher order flux-balance laws and Lw1+∞ algebra. The conjecture of [4] is that
the local flux-balance laws of Einstein’s equations take the form (2.34) for any s ≥ −1 (this
was proven for s = 3 in [4]). In particular, the flux-balance laws (2.34) for s > 2 can be
explicitly written in terms of spin-weight s tensors as

∂uqa1···as = D〈a1qa2···as〉 + s+ 1
2 C〈a1a2qa3...as〉. (2.36)

The renormalized helicity s complex charges Qs(τ) are defined for any s ≥ 0 as [4, 23]

Qs(τ) ≡
∮
S
τ−s(xa)q̂s(u, xa), q̂s(u, xa) ≡

s∑
n=0

(−u)s−n

(s− n)! ð
s−nqn . (2.37)

Here, the smearing function τ is a complex function over the celestial sphere.
The main result of [4] is the remarkable realization of the loop algebra Lw1+∞ at

linear order in the radiative data. More precisely, the flux-balance laws (2.4) can be
used to write the n ≥ 0 Bondi aspects as multiple retarded integrals of polynomials
of (angular derivatives of) the Bondi shear and news only. One then expands these
polynomials in terms of the total power of the Bondi shear and news (both counted as order
1 quantities), Qs(τ) =

∑
n≥1Q

[n]
s (τ). The linearized bracket {Qs(τ), Qs′(τ ′)}lin is defined

as {Q[1]
s (τ), Q[2]

s′ (τ ′)}+ {Q[2]
s (τ), Q[1]

s′ (τ ′)} since the Poisson bracket { , } [64, 65] decreases
the power of the polynomial by 2. At linear order, one can then obtain the bracket [4]{

Qs (τ) , Qs′
(
τ ′
)}lin =

(
s′ + 1

)
Q

[1]
s+s′−1

(
τ ′ðτ

)
− (s+ 1)Q[1]

s+s′−1
(
τðτ ′

)
. (2.38)

Dictionary between celestial charges and renormalized complex charges. Let
us now establish the relationship between the charges Qs(τ−s) for any s ≥ −2 and the
real-valued celestial charges at the linear level. From the dictionary (2.24), the relationship
is clear for s = −2,−1, 0. In order to discuss the case s ≥ 1, we will first introduce a
real basis of charges. Given a symmetric trace-free tensor τa1···as(xa), we define the real
renormalized charge for any s ≥ 1 as

QRs (τ) =
∮
S
τa1···as(xa)

(
qa1···as +

s−1∑
n=1

(−u)s−n

(s− n)! Dan+1 · · ·Dasqa1···an

+ (−u)s

s! Da1 · · ·Das−1Dbq0as
b

)
. (2.39)

By convention, summed terms are removed in the absence of summation, e.g. in the case
s = 1 here. The last term can be included as the n = 0 term in the summation but we
expand it given its particular index structure. We note the property D〈bq b

0a〉 = Dbq
b

0a. For
clarity, the lowest orders are given explicitly by

QR1 (τ) =
∮
S
τa
(
qa − uDbq0a

b
)
, (2.40)

QR2 (τ) =
∮
S
τab

(
qab − uDaqb + u2

2 DaDcq0b
c

)
, (2.41)

QR3 (τ) =
∮
S
τabc

(
qabc − uDaqbc + u2

2 DaDbqc −
u3

6 DaDbDdq0c
d

)
. (2.42)
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Using eqs. (2.36) and (2.39) and eq. (2.22a), the time derivative of QRs (τ) is

∂uQ
R
s (τ) = (−u)s

2 s!

∮
S
τa1···asDa1 . . . Das−1D〈bDas〉DcN

bc + non-linear terms. (2.43)

Therefore QRs (τ) is conserved at linear level in non-radiative regions where the linear news
identically vanishes. The relationship between the complex charge Qs(τ) of [4] and our real
basis is explicitly

Qs(τ) = 1
2
(
QRs (τ) + iQRs (τ̃)

)
, (2.44)

from which we deduce that the charges are “self-dual” for any s ≥ 1:

Qs(τ̃) = −iQs(τ) . (2.45)

The number of polarizations of a spin-weight s STF tensor Qs is 2 for any s ≥ 1. In order
to project into the two polarizations, we first define the following tensors for any s ≥ 1,

τa1...as
+,L ≡ D〈a1 . . . Das〉n̂L, τa1...as

−,L ≡ D̃〈a1Da2 . . . Das〉n̂L, (2.46)

where D̃a = εabDb. We further extend the definition to s = 0 as follows:

τ+,L ≡ n̂L, τ−,L ≡ −in̂L. (2.47)

We define the real-valued charges

QR+
s,L = QRs

(
τ = τa1...as

+,L

)
, QR−s,L = QRs

(
τ = τa1...as

−,L

)
. (2.48)

We also define the helicity −s quantities τ−s,±,L as

τ−s,±,L = τa1...as
±,L ma1 · · ·mas , (2.49)

for s ≥ 1. Note that τ̃−s,+,L = τ−s,−,L, τ̃−s,−,L = −τ−s,+,L. As a consequence of eq. (2.44)
we have

Qs(τ−s,+,L + iτ−s,−,L) = QR+
s,L + iQR−s,L , Qs(τ−s,+,L − iτ−s,−,L) = 0. (2.50)

Equivalently, since Qs is linear in its argument,

Qs(τ−s,+,L) = 1
2Q

R+
s,L + i

2Q
R−
s,L , Qs(τ−s,−,L) = 1

2Q
R−
s,L −

i

2Q
R+
s,L , (2.51)

which is the multipolar analogue of eq. (2.44). Note that the complex conjugated charge
Q∗s(τ−s,+,L) is not proportional to either Qs(τ−s,+,L) nor Qs(τ−s,−,L).

From the dictionary (2.24), the relationship between the charges for n = 0, 1, 2 defined
in eq. (2.48) and in eqs. (2.12), (2.13), (2.14) at the linear level is easily found to be

QR+
0,L = 2PL = 2Q+

0,L, QR−0,L = 2P−L = 2Q−0,L, (2.52a)

QR+
1,L = 2KL = 2Q+

1,L, QR−1,L = −2JL = 2Q−1,L, (2.52b)

QR+
2,L = 3Q+

2,L, QR−2,L = 3Q−2,L, (2.52c)
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where we used (2.15) in the second equality. Using eqs. (2.12), (2.51) and (2.52), the
super-Lorentz charge QR associated with arbitrary infinitesimal Diff(S2) vector Y a =
y+
L∂

an̂L + y−L ε
ab∂bn̂L and the supermomenta QT associated with an arbitrary infinitesimal

Vect(S2) scalar T = tLn̂L are given by

QY ≡
1
2

∮
S
Y aNa = y+

LKL − y
−
LJL = ReQ1(Y a) + non-linear terms, (2.53a)

QT ≡
∮
S
Tm = tLPL = ReQ0(T ) + non-linear terms. (2.53b)

We note in passing that these charges obey the generalized BMS algebra diff(S2) n
vect(S2) [12, 15, 66, 67],

{QT ,QT ′}lin = 0, (2.54a)

{QY ,QT }lin = −QT ′≡Y a∂aT− 1
2DaY

aT , (2.54b)

{QY ,QY ′}lin = −QY ′′≡[Y,Y ′], (2.54c)

where [Y, Y ′]a is the Lie bracket between Y a and Y ′a.
Using the formula for STF tensors derived in eq. (39) of [62], we can express the

integrand of eq. (2.36) as

D〈bDas−1 . . . Da1〉Da1 . . . Das−1D〈cDb〉DdN
cd = 1

2s
s−1∏
k=0

[∆ + k(k + 1)]DaDbN
ab, (2.55)

D〈bDas−1 . . . Da2D̃a1〉Da1 . . . Das−1D〈cDb〉DdN
cd = 1

2s
s−1∏
k=0

[∆ + k(k + 1)]DaDbÑ
ab. (2.56)

Therefore,

∂uQR+
n,L = un

2n+1n!

∮
S
n̂L

n−1∏
k=0

[−`(`+ 1) + k(k + 1)]DaDbN
ab + non-linear terms, (2.57a)

∂uQR−n,L = un

2n+1n!

∮
S
n̂L

n−1∏
k=0

[−`(`+ 1) + k(k + 1)]DaDbÑ
ab + non-linear terms. (2.57b)

Comparing eqs. (2.57) and (2.23), we deduce for any n ≥ 2

QR±n,L = (n+ 1)!
2(n− 1)Q

±
n,L + non-linear terms (2.58)

where n = 2 reproduces (2.52). This provides the explicit relationship between the Bondi
aspects defined in [26] and the complex helicity n ≥ 2 charges defined in [4] at the linear level.

While the prescriptions in [26] and [4] lead to conserved charges when the Bondi news
vanishes, the non-linear extensions of the respective charges do not match because they are
constructed from different criteria: the charges in [4] are required to be Weyl-covariant, while
the charges in [26] are constructed with an ansatz based on the splitting of the gravitational
flux into its “hard” and “soft” contributions. We shall not settle the uniqueness of the
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non-linear extension of the charges here. However, we would like to emphasize that the
definition of the mass aspect in [26] leads to the standard definition of Bondi mass

∮
Sm

that obeys positivity theorems [68–70] while the definition of [4] leads to
∮
S q which has no

definite sign.

2.3 n ≥ 2 celestial charges from canonical multipole moments

As just described, the local flux-balance laws allow to define two infinite sets of charges Q±n,L,
n ≥ 2, in non-radiative regions. We will now derive the value of these charges in the linear
theory, which will allow us to give them an interpretation in terms of multipole moments.

In the linear theory, Bondi gauge is equivalent to Newman-Unti gauge. The linear
Bondi fields were obtained in [31]. Using such fields in the definitions of section 2 and
defining N(n),a ≡ Na − u

nD
cmac, we obtain successively,

Eab
(n)

= 4ei〈ae
j
b〉
n−1
n+1

∑
`≥n

1
`!

(`+n)!
2nn!(`−n)!nL−2

[
M

(`−n)
ijL−2+ 2`

`+1εipqnpS
(`−n)
jqL−2

]
+O(G),

N(n),a = eia
∑
`≥1

(`+1)(`+2)
2(`−1)! nL−1

(
1− u

n
∂u

)[
M

(`−1)
iL−1 + 2`

`+1εipqnpS
(`−1)
qL−1

]
+O(G),

D〈aN(n),b〉= ei〈ae
j
b〉
∑
`≥2

(`+1)(`+2)
2(`−2)! nL−2

(
1− u

n
∂u

)[
M

(`−1)
ijL−2+ 2`

`+1εipqnpS
(`−1)
qjL−2

]
+O(G).

(2.59)

Upon acting with ∆ on D〈aN(n),b〉 we can use

(∆ + `2 + `− 4)
[
ei〈ae

j
b〉nL−2

(
T+
ijL−2 + εipqnpT

−
jqL−2

)]
= 0. (2.60)

We also note the properties

Db
[
ei〈ae

j
b〉nL−2(X+

ijL−2 + εipqnpX
−
jqL−2)

]
= −`+ 2

2 eianL−1
(
X+
iL−1 + εipqnpX

−
qL−1

)
,

(2.61a)

Da
[
eianL−1

(
X+
iL−1 + εipqnpX

−
qL−1

)]
= −(`+ 1)nLX+

L , (2.61b)

εbaDb

[
eianL−1

(
X+
iL−1 + εipqnpX

−
qL−1

)]
= −(`+ 1)nLX−L , (2.61c)

for any STF tensors X+
L , X

−
L . Substituting this expression in eq. (2.14), using

TLT
′
L′

∮
S
nLnL′ = TLT

′
Lδ`,`′`!/(2`+ 1)!! (2.62)

for STF tensors TL, T ′L′ , we deduce for each n ≥ 2

Q+
n,L(u) =



an,`M
(`−n)
L +

∑n−3
p=0 qn,`,pu

p+1M
(`−n+p+1)
L

+bn,`un−1 (1− u
n∂u

)
M

(`−1)
L +O(G), ` ≥ n,

∑n−3
p=n−`−1 qn,`,pu

p+1M
(`−n+p+1)
L

+bn,`un−1 (1− u
n∂u

)
M

(`−1)
L +O(G), 2 ≤ ` ≤ n− 1,

, (2.63)
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where

dn,` = − n+ 2
2 (n+ 1) (n+ 4) ((n+ 2) (n+ 3)− ` (`+ 1)) , (2.64a)

an,` = (`+ 2) (`+ 1) (n− 1) (`+ n)!
2n−1 (n+ 1)! (`− n)! (2`+ 1)!! , (2.64b)

bn,` = (−1)n−1

(
Πn−3
m=0dm,`

)
(`+ 2)2 (`+ 1)2 ` (`− 1)

12 (n− 1)! (2`+ 1)!! , (2.64c)

qn,`,p = (−1)p+1

(p+ 1)! an−p−1,` (Πp
m=0dn−m−3,`) . (2.64d)

The expression for Q−n,L(u) is identical to (2.63) with ML replaced with M−L = 2`
`+1SL,

consistently with gravitational electric-magnetic duality, see section 3. Note that qn,`,−1 =
an,`. In summary, we obtained the exact expression of the n ≥ 2 celestial charges Q±n,L(u)
in terms of canonical multipole moments in the linear theory. We can therefore equally call
the celestial charges Q±n,L as the n ≥ 2 celestial multipoles.

3 Gravitational electric-magnetic duality

The linearized Einstein-Hilbert action admits a SO(2) duality symmetry under the rotation(
Rαβµν
?Rαβµν

)
7→
(

cosψ sinψ
− sinψ cosψ

)(
Rαβµν
?Rαβµν

)
≡ R(ψ)

(
Rαβµν
?Rαβµν

)
, (3.1)

where the dual Riemann tensor is defined as ?Rαβµν ≡ 1
2εαβγδR

γδ
µν [46]. This duality

transformation is formulated in terms of tensors and is therefore independent of the choice
of coordinates. Let us take as a boundary condition the absence of incoming gravitational
radiation. In harmonic coordinates denoted by x̄µ = (t̄, x̄i) with retarded time ū = t̄− r̄, the
most general linearized metric, up to residual gauge transformations, takes the canonical
form [42, 71]

h̄00 = 4
+∞∑
`=0

(−)`

`! ∂̄L

(
ML(ū)
r̄

)
, (3.2a)

h̄0j = −4
+∞∑
`=1

(−)`

`!

∂̄L−1

M (1)
jL−1(ū)
r̄

+ `

`+ 1 ∂̄pL−1

(
εjpqSqL−1(ū)

r̄

) , (3.2b)

h̄jk = 4
+∞∑
`=2

(−)`

`!

∂̄L−2

M (2)
jkL−2(ū)
r̄

+ 2`
`+ 1 ∂̄pL−2

εpq(jS(1)
k)qL−2(ū)
r̄

 , (3.2c)

where h̄µν = h(1)µν − 1
2ηαβh

(1)αβηµν is the trace-reversed metric perturbation, h(1)
µν is the

metric perturbation, ∂̄µ = ∂/∂x̄µ and superscripts (i) on ML, SL, i = 1, 2, . . . denote the

– 14 –



J
H
E
P
1
1
(
2
0
2
2
)
0
0
1

number of ū derivatives, i.e. X(n) ≡ ∂ūnX. The corresponding metric in Bondi coordinates
(u, r, θa) reads up to a BMS transformation as [31]

guu = −1 + 2G
+∞∑
`=0

(`+ 1)(`+ 2)
`!

∑̀
k=0

αk`
(k + 1)(k + 2)

nLM
(`−k)
L

rk+1 , (3.3a)

gua = Geia

{
−

+∞∑
`=2

`+ 2
`! nL−1

[
M

(`)
iL−1 −

2`
`+ 1εipqnpS

(`)
qL−1

]

+ 2
+∞∑
`=1

`+ 2
`! nL−1

∑̀
k=1

αk`
k + 2

1
rk

[
M

(`−k)
iL−1 + 2`

`+ 1εipqnpS
(`−k)
qL−1

]}
, (3.3b)

gab = r2
[
γab + 4Gei〈ae

j
b〉

+∞∑
`=2

1
`!
nL−2
r

{
M

(`)
ijL−2 −

2`
`+ 1εipqnpS

(`)
jqL−2

+
∑̀
k=2

k − 1
k + 1

αk`
rk

[
M

(`−k)
ijL−2 + 2`

`+ 1εipqnpS
(`−k)
jqL−2

]}]
, (3.3c)

where αnk = (k+n)!
2nn!(k−n)! . The metric is functionally dependent upon the two sets of canonical

multipole moments that are conveniently defined as

M+
L (u) = ML(u), M−L (u) = 2`

`+ 1SL(u) (3.4)

in terms of the retarded time u. The Riemann tensor of that linearized metric can be
thought of as a functional of the canonical multipole moments M±L (u) as well as of the
coordinates, i.e., Rαβµν = Rαβµν(M±L (u);xµ). The duality symmetry implies that the dual
Riemann tensor of a linearized solution is equal to the Riemann tensor of another linearized
solution, which also takes a canonical form (3.2) or (3.3). Using a computer algebra software,
we obtain that

?Rαβµν
(
M+
L (u) ,M−L (u) ;xµ

)
= Rαβµν

(
M−L (u),−M+

L (u);xµ
)
, (3.5)

i.e. the dual linearized Riemann tensor is the linearized Riemann tensor of the metric
glin
µν(M−L (u),−M+

L (u);xµ) with dualized moments M+
L (u) 7→ M−L (u), M−L (u) 7→ −M+

L (u).
Under a finite duality rotation (3.1) the multipole moments are transformed as(

M+
L

M−L

)
7→
(
?M+

L
?M−L

)
≡ R(ψ)

(
M+
L

M−L

)
=
(

cosψ sinψ
− sinψ cosψ

)(
M+
L

M−L

)
. (3.6)

In the multipolar post-Minkowskian scheme [42], the most general non-linear metric solution
of vacuum Einstein’s equations with no incoming radiation is uniquely constructed, up
to gauge transformations, from the linear metric glin

µν(M+
L (u),M−L (u);xµ). Therefore, the

linear duality symmetry (3.6) maps a full solution of general relativity to another one.
This way, we can promote the action of the linear duality symmetry (3.6) of the linear
solution space onto the non-linear solution space with no incoming radiation. More precisely,
the non-linear perturbative solution of Einstein’s equations in the exterior zone outside
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of sources reads as gµν(M+
L ,M

−
L ;xµ) = ηµν +

∑∞
n=1G

nh
(n)
µν where h(n)

µν , n ≥ 2 are built
from the post-Minkowskian algorithm from h

(1)
µν (M+

L ,M
−
L ;xµ) for any M±L (u). Given a set

M±L (u) we define the dual metric as gµν(?M+,n.l.
L , ?M−,n.l.

L ;xµ) where ?M±,n.l.
L (u) are the

non-linear dual moments

?M±,n.l.
L (u) = ?M±L (u) +G ?M±L

(1)
(u) +O

(
G2
)
. (3.7)

The linear terms are defined from the right-hand side of eq. (3.6). The dual metric
is a perturbative solution simply because the post-Minkowskian algorithm is defined for
any sets of functions M±L (u) and, in particular, for the dual set ?M±,n.l.

L (u). This proves
that the duality [46] extends to the non-linear solution space considered for any choice of
subleading corrections O(G) in (3.7).5 We will prove that there is a nonlinear definition of
the duality such that it is a symmetry of the symplectic structure at null infinity. However,
we don’t show that transformation is a symmetry of the action.

At linear level, the shear is transformed under duality as(
Cab(u, θa)
C̃ab(u, θa)

)
7→
(
?Cab(u, θa)
?C̃ab(u, θa)

)
≡ R(ψ)

(
Cab(u, θa)
C̃ab(u, θa)

)
, (3.8)

where R(ψ) is a duality rotation. The transformation of the news follows by differentiation
with respect to u. Let us now promote the duality transformation (3.8) to the non-
linear theory. In the terminology of [42], eq. (3.8) amounts to defining dual radiative
multipole moments ?UL(u), ?VL(u) as a function of ML, SL and the angle ψ. The functional
definition of the radiative multipole moments in terms of the canonical multipole moments
U±L = U±L (M±L ) reads as (see, e.g., eqs. (88) of [42] with U−L ≡

2`
`+1VL),

U±L = M
±(`)
L +G U±L

(1)
+O

(
G2
)
. (3.9)

We then define the O(G) corrections to the dual canonical multipole moments ?M±,n.l.
L

from solving the equations ?U±L = U±L (?M±,n.l.
L ). For ψ infinitesimal, we can expand the

duality operation as ? = I + ψδ? +O(ψ2) where I is the identity and δ? is the differential
operator that infinitesimally varies ML into the dual ?ML and we truncate to linear order
in ψ. The equation at order G takes the form

?M
±(`)
L

(1)
(u) = ±

(
U∓L
(1)

(u)− δ? U±L
(1)

(u)
)
. (3.10)

Qualitatively similar equations are obtained at higher order in G. These equations admit a
unique (non-local) solution for the corrections ?M±L

(n)
, n ≥ 1 up to integration constants which

5We can further extend the duality in the presence of incoming radiation after linearly superposing to
glin
µν(M±

L (u); xµ) the incoming solution parametrized by a second set of canonical multipole moments M±
L (v)

that are functions of advanced time. The non-linear perturbative metric in G has not been constructed to
our knowledge but by construction is functionally dependent upon the four sets of multipoles which are
exchanged as pairs under duality.
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are nothing else than the higher G corrections to the celestial charges in the non-radiative
asymptotic region, see section 4. We complete the definition of the duality by imposing
that the conserved charges at past infinity transform as(

Q+
n,L

Q−n,L

)
7→ R(ψ)

(
Q+
n,L

Q−n,L

)
, (3.11)

for any n ≥ 0 after using the definition (2.15) for the cases n = 0, 1. Eqs. (3.8) and (3.11)
uniquely define the duality SO(2) rotation in the non-linear theory.

Since the Bondi-Sachs expansion at any order n admits at most interactions of order
max(2, n+ 1), the non-linear duality symmetry induced by the SO(2) rotation of canonical
multipole moments (3.6) acts at each order in the Bondi-Sachs expansion. At leading order
in the large radius expansion, the dual of the n = 0 flux-balance law (2.4a) is given by

1
4DbDcÑ

bc = −F− + ∂um
−, (3.12)

where the flux identically vanishes F− ≡ 0 since NabÑ
ab = 0. This coincides with eq. (2.26)

for the dual mass aspect. Einstein equations are therefore covariant under duality at leading
order in the Bondi expansion. We expect that at each higher order in the Bondi expansion
the flux-balance laws will similarly transform covariantly under duality. This remains to be
explicitly derived. If this is true, we expect that the transformation law of the charges (3.11)
will hold not only at past null infinity by construction but at any u. This remains to be
investigated.

The above symmetry transformation can be generalized by making the rotation angle
dependent upon the individual harmonic L, i.e., ψ = ψ(θa). Such transformation still maps
a linearized solution to another one, which again can be promoted to a transformation of the
non-linear solution space as described above. This transformation induces (through (4.2)
below) a local transformation of the shear and the news on the celestial sphere(
Cab(u, θa)
C̃ab(u, θa)

)
7→ R(ψ(θa))

(
Cab(u, θa)
C̃ab(u, θa)

)
,

(
Nab(u, θa)
Ñab(u, θa)

)
7→ R(ψ(θa))

(
Nab(u, θa)
Ñab(u, θa)

)
,

(3.13)

where R(ψ(θa)) is a duality rotation that depends on the angles on the celestial sphere.
As was shown in [53, 54], this localized transformation is a symmetry of the symplectic

structure of the radiative phase space at null infinity, i.e.

LεΩ = 0, Ω = 1
8G

∫
du

∮
S2
δNab ∧ δCab. (3.14)

Here Lε = δiε + iεδ is the phase space Lie derivative along a vector field corresponding
to the field variation δε and δεCab = iεδCab = ε(θa)C̃ab where the rotation matrix is
infinitesimally expanded as (R(ψ(θa))ab = δab + ε(θa)εab. This symmetry is therefore
canonically generated by a Hamiltonian charge, which naturally appears in the gyroscopic
gravitational memory [53, 54].
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While gravitational electric-magnetic duality is a symmetry of the solution space of
Einstein gravity constructed from arbitrary canonical multipoles M±L , this solution space
contains solutions that are usually discarded by boundary conditions. In particular, Taub-
NUT charges are ruled out because of the presence of closed timelike curves [72]. For
standard boundary conditions [73], the shear is imposed to be purely electric at early and
large retarded times u → ±∞ in accordance with the soft graviton theorem [74]. These
two conditions amount to the vanishing of the dual Bondi supermomenta at early and
late times:

limu→±∞P−L = 0 ↔ SL,` = 0, ∀L, ` ≥ 0. (3.15)

The second equality follows after using eq. (4.9) since spacetime is non-radiative as u→ ±∞.
Restricting the phase space by imposing (3.15) breaks the duality symmetry. Extended
boundary conditions that allow non-vanishing dual Bondi supermomenta (` ≥ 2), while
keeping the NUT charges zero (` = 0, 1), can also be considered [75], as they might
accommodate physically relevant solutions [76].

4 Complete set of conserved quantities for non-radiative spacetimes

We will now prove in the linear theory and argue in the non-linear theory that the non-
radiative spacetimes are entirely characterized by the data of the celestial charges excluding
the Newman-Penrose charges, which are derived quantities. We will call the complete set of
non-radiative data the non-radiative multipole charges and denote them as M±L,k, 0 ≤ k ≤ `.

In regions where the news vanishes, we have M (`+1)
L = S

(`+1)
L = 0 in the linear theory

and therefore the linear canonical multipole moments admit the expansion

ML(u) =
∑̀
k=0

ML,ku
k, SL(u) =

∑̀
k=0

SL,ku
k, (4.1)

which implies M (`−n)
L (u) =

∑n
k=0ML,k+`−n

(k+`−n)!
k! uk. A non-radiative linear metric is

therefore uniquely characterized by the set of constants ML,k, SL,k with integer labels ` ≥ 0
and 0 ≤ k ≤ `. In the case of a transition between a non-radiative region at u ≤ ui to
another non-radiative region u ≥ uf , the expansion (4.1) is only valid at early and late
times. In the simple case of scattering of massive particles, the canonical multipole moments
ML, SL can be expressed in terms of the initial positions and momenta of the incoming or
outgoing particles. In general, the quantities ML,k, SL,k are functionals of the incoming
and outgoing states.

The coefficients ML,0, SL,0 encode, up to a normalization coefficient, the stationary
Geroch-Hansen multipole moments, while the coefficients ML,k, SL,k for 1 ≤ k ≤ ` encode
non-radiative non-stationary features. In particular, ML,`, SL,` for ` ≥ 2 encode the
time-independent shear

Cab = 4ei〈ae
j
b〉

+∞∑
`=2

nL−2

[
MijL−2,` −

2`
`+ 1εipqnpSjqL−2,`

]
. (4.2)
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No known astrophysical source generates a constant odd-parity shear and the charges SL,`
for ` ≥ 2 are assumed to be vanishing for standard boundary conditions as already stated
in eq. (3.15) (see however [76]). The difference of charges ML,` for ` ≥ 2 between an initial
u = ui and final u = uf non-radiative region equivalently encodes the (linear) displacement
memory. This directly follows from integrating the n = 0 flux-balance law (2.4a) between
u = ui and u = uf . The charges ML,k, SL,k, 1 ≤ k ≤ ` − 1 encode further non-radiative
non-stationary features that are independent from the displacement memory effect since
they do not affect the linear shear. The difference of the value of these charges at early
and late times in non-radiative regions encodes, by uniqueness, the subleading memory
effects [26, 33, 35, 49–51, 53, 54]. This can be deduced from integrating eqs. (2.4b)–(2.4c)–
(2.4d) between u = ui and u = uf . Since the linear news is zero in non-radiative regions,
one can integrate the left-hand side of each flux-balance law by parts and obtain an equality
of the type [Q±n,L]u=uf

u=ui ∼ [M±L,`−n]u=uf
u=ui +O(G) for all n ≥ 1 after using eq. (27) of [31]. The

proportionality factor will be computed in the following. This indicates that M±L,`−n, n ≥ 1
are precisely the charges encoding the subleading memory effects.

We now derive the value of the n ≥ 2 celestial charges Q±n,L (2.14) in terms of the
coefficients ML,k, SL,k. Using eq. (2.63) we obtain

Q±n,L = 0 +O(G), 2 ≤ ` ≤ n− 1 (4.3)

and

Q±n,L = an,`(`− n)!M±L,`−n +O(G), ` ≥ n, (4.4)

where the duality-covariant notation (3.4) makes the final result elegant. This provides
a clear and physical interpretation of the conserved n ≥ 2 celestial charges. There are
two qualitatively distinct sets defined in the range 2 ≤ ` ≤ n − 1 and ` ≥ n. For ` ≥ n,
the conserved n ≥ 2 celestial charges parametrize non-radiative non-stationary features
of the gravitational field at null infinity. While the stationary Geroch-Hansen multipole
moments M±L,0, ` ≥ 0, first appear in the large radius expansion at order r−`−1 in guu,
r−1gua and r−2gab, the non-stationary non-radiative multipole moments M±L,k first appear
at rk−`−1 in guu, r−1gua and r−2gab for any 1 ≤ k ≤ `. The cases 2 ≤ ` ≤ n − 1 where
all charges identically vanish in the linear solution space considered exactly correspond to
the memory-less flux-balance laws. In particular, the 10 charges Q±3,ij for n = 3, ` = 2 are
precisely the n = 3 Newman-Penrose charges which vanish at linear level in G consistently
with known quadratic expressions in terms of multipole moments [8].

The fact that our explicit computation gives conserved charges independent of u also
validates the u-renormalized quantity (2.11) of Grant-Nichols [26] at the linear level, and it
provides a non-trivial cross-check of the coefficients (2.64).

The conserved charges Q±n,L, ` ≥ n ≥ 2 provide the quantities ML,k, SL,k for all ` ≥ 2
and 0 ≤ k ≤ ` − 2, which is not the complete set of quantities in eq. (4.1). In fact, the
complementary set is given by the generalized BMS charges (2.12), including the dual
supermomenta (2.13). For a non-radiative region, using eq. (4.1) and the expressions
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eq. (25) of [31] that we report here for the ease of the presentation,

m =
+∞∑
`=0

(`+ 1)(`+ 2)
2`! nLM

(`)
L +O(G) , (4.5a)

Na = eia

+∞∑
`=1

(`+ 1)(`+ 2)
2(`− 1)! nL−1

[
M

(`−1)
iL−1 + 2`

`+ 1εipqnpS
(`−1)
qL−1

]
+O(G) , (4.5b)

the Bondi supermomenta and super-Lorentz charges at the leading order in G read as

PL = (`+ 2)!
2(2`+ 1)!!ML,`, ` ≥ 0, (4.6)

JL = −`
2(`+ 1)(`+ 2)

2(2`+ 1)!! (1− u∂u)S(`−1)
L = − `(`+ 2)!

2(2`+ 1)!!SL,`−1, ` ≥ 1, (4.7)

KL = `(`+ 1)2(`+ 2)
4(2`+ 1)!! (1− u∂u)M (`−1)

L = (`+ 1)(`+ 2)!
4(2`+ 1)!! ML,`−1, ` ≥ 1. (4.8)

Using eq. (27) of [31] and the relations (2.61b), the dual Bondi supermomenta (2.13)
are obtained as

P−L = 1
2

∮
S
mabε

ab n̂L =
∮
S
m−n̂L = `(`+ 2)!

(`+ 1)(2`+ 1)!!SL,`, ` ≥ 1. (4.9)

As a part of standard boundary conditions (3.15), the dual supermomenta vanish in non-
radiative regions. As a non-trivial check of the coefficients appearing in (4.6), (4.7), (4.8),
(4.9), one can verify that the transformation laws under gravitational electric-magnetic
duality (3.11) are obeyed, see section 3.

Let us now argue that the set of charges M±L,k, 0 ≤ k ≤ ` completely characterizes a
non-radiative spacetime (at all retarded times u) including perturbative interactions. A
generic non-linear metric perturbatively constructed from the post-Minkowskian expansion
with no incoming gravitational wave flux is entirely determined by the linear canonical
multipole moments M±L (u). If the non-linear terms in the news tensor vanish when the
`+ 1 derivatives of M±L (u) vanish, the linear canonical multipole moments given by eq. (4.1)
still parameterize a generic non-radiative solution. It is known to be the case for the
tail interactions and hereditary terms in the quadrupole-quadrupole approximation [31].
Assuming this behaviour remains valid for any interactions, we have now demonstrated
the following completeness relation. The set of charges Q±n,L, ` ≥ n ≥ 2 together with PL,
` ≥ 0 and JL, KL, ` ≥ 1 are complete in the sense that they span the entire phase space of
non-radiative spacetimes in the post-Minkowskian expansion. For the ease of the reader,
we provide in tables 1, 2 the list of the sets of conserved charges for ` ≤ 3 which can be
extended straightforwardly to arbitrary `.

We can further express the non-radiative multipolar conserved charges M±L,k, 0 ≤ k ≤ `
in the language of [4] as follows. Let us first consider 0 ≤ k ≤ `− 2. In that range, using
eqs. (2.58) and (4.4) and substituting n = `− k we obtain

M±L,k = m`,kQR±`−k,L, m`,k ≡
2`−k(2`+ 1)!!

(2`− k)!(`+ 2)(`+ 1) . (4.10)
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M∅,0 ∼ E
Mi,0 ∼ Ki Mi,1 ∼ Pi

Mij,0 ∼ Q+
2,ij Mij,1 ∼ Kij Mij,2 ∼ Pij

Mijk,0 ∼ Q+
3,ijk Mijk,1 ∼ Q+

2,ijk Mijk,2 ∼ Kijk Mijk,3 ∼ Pijk

Table 1. First sets (` ≤ 3) of parity-even conserved charges of non-radiative asymptotically flat
spacetimes. The symbol ∼ means “is proportional to”.

Si,0 ∼ Ji Si,1 ∼ P−i
Sij,0 ∼ Q−2,ij Sij,1 ∼ Jij Sij,2 ∼ P−ij
Sijk,0 ∼ Q−3,ijk Sijk,1 ∼ Q−2,ijk Sijk,2 ∼ Jijk Sijk,3 ∼ P−ijk

Table 2. First sets (` ≤ 3) of parity-odd conserved charges of non-radiative asymptotically flat
spacetimes. The symbol ∼ means “is proportional to”.

Using eq. (2.51) to substitute QR±`−k,L = 2ReQ`−k(τ−`+k,±,L) = ∓2 ImQ`−k(τ−`+k,∓,L)
we obtain

M±L,k = 2m`,kReQ`−k(τ−`+k,±,L), (4.11)

where we choose to write the right-hand side in terms of the real part of the charge.
Remember from tables 1 and 2 that the cases k = `− 1 and k = ` complete the expressions
of the non-radiative multipoles in terms of the celestial charges. In fact, equation (4.11) is
also true for k = `− 1 and k = ` as a consequence of eqs. (2.47), (2.52), (4.6), (4.8), (4.7)
and (3.4). This is a non-trivial check of our normalization factors for n = 0, 1 since the
generic n ≥ 2 cases are now extended to n = 0, 1 with the single numerical factor m`,`−n.
The equality (4.11) therefore holds for the entire range 0 ≤ k ≤ `.

Note that gravitational electric-magnetic duality under a π/2 rotation mapsM±L as (3.6).
It therefore maps M+

L,k 7→M−L,k and M−L,k 7→ −M
+
L,k, or, equivalently,

Qs(τ−s,±,L) 7→ ±Qs(τ−s,∓,L). (4.12)

Finally, the algebra of celestial multipoles M±L,k can be deduced from the algebra of
the real part of the helicity s complex charges using the dictionary (4.11). Using complex
algebra, we can write explicitly

{ReQs(τ),ReQs′(τ ′)}lin = 1
2Re {Qs(τ), Qs′(τ ′)}lin + 1

2Re {Qs(τ), Q∗s′(τ ′)}lin. (4.13)

The first bracket {Qs(τ), Qs′(τ ′)}lin is given in eq. (2.38) as derived in [4]. The second
bracket {Qs(τ), Q∗s′(τ ′)}lin involving the complex conjugated charge Q∗s′(τ ′) was not derived
in [4]. Completing the evaluation of this second bracket is the last step in order to obtain the
algebra of non-radiative multipole moments. We leave the remaining part of the derivation
of the algebra of non-radiative multipole moments for further work.
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