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Abstract
Let u be a solution of the Fisher-KPP equation

ou = Au+ f(u), t>0, xRN,

with an initial datum wg. We address the following question: does u
become locally planar as t — 4o00? Namely, does u(t,,z, + -) con-
verge locally uniformly, up to subsequences, towards a one-dimensional
function, for any sequence ((t,,Zn))nen in (0,+00) x RY such that
t, — 400 as n — +oo? This question is in the spirit of the cele-
brated De Giorgi’s conjecture concerning stationary solutions of the
Allen-Cahn equation. Some affirmative answers to the above question
are known in the literature: when the support of the initial datum ug is
bounded or when it lies between two parallel half-spaces. Instead, the
answer is negative when the support of ugy is “V-shaped”. We prove
here that u is asymptotically locally planar when the support of ug is a
convex set (satisfying in addition a uniform interior ball condition), or,
more generally, when it is at finite Hausdorff distance from a convex
set. We actually derive the result under an even more general geometric
hypothesis on the support of ug. We recover in particular the afore-
mentioned results known in the literature. We further characterize the
set of directions in which u is asymptotically locally planar, and we
show that the asymptotic profiles are monotone. Our results apply in
particular when the support of ug is the subgraph of a function with
vanishing global mean.
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time dynamics, symmetry, monotonicity.
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1 Introduction

In this paper, we are interested in the large time description of solutions of
the Fisher-KPP reaction-diffusion equation

Ou = Au+ f(u), t>0, z e RY, (1.1)

with N > 2. The Fisher-KPP condition of [9} 7] is

f(0)=r(1) =0,
f(s) >0 for all s € (0,1), (1.2)
s /() is nonincreasing in (0, 1].

S

As long as the regularity is concerned, we assume that f € C''(]0,1]). These
assumptions on f will always be understood to hold.

We consider the Cauchy problem associated with (|1.1)). The initial condi-
tion u(0, -) = wup is assumed to be a characteristic function 1y of a measurable

set U C RY, i.e.
1 ifzeU,
= 1.3
to(@) { 0 ifz e RN\U. (1.3)

This Cauchy problem is well posed and, given ug, there is a unique bounded
classical solution u of such that u(t,-) — ug as t — 07 in L} (RY).
Furthermore, 0 < u(t,z) < 1 for all t > 0 and x € R, from the maximum
principle. For mathematical convenience, we extend f by 0 in R\ [0, 1], and
the extended function, still denoted f, is then Lipschitz continuous in R.

Instead of initial conditions ug = 1y, we could also have considered
multiples aly of characteristic functions, with o > 0, or even other
more general initial conditions 0 < ug < 1 for which the upper level set
{x € RN : up(z) > h} is at bounded Hausdorff distance from the support
of ug, for some h € (0,1) (see Section [8 below). But we preferred to keep
the assumption ug = 1y for the sake of simplicity of the presentation of the
statements.

The goal of the paper is to understand whether, and under which condi-
tion on the initial datum, the solution of eventually becomes locally pla-
nar as time goes on. To express this property in a rigorous way, we consider
the notion of the Q-limit set of a given bounded function v : RT x RV — R,
which is defined as follows:

Qu):={y € L®RY) : u(tn,zy + ) = ¢ in L2 (RY) as n — +oo,
for some sequences (t,)nen in R diverging to +oo, (1.4)
and (zp)ney in RV}



Roughly speaking, the Q2-limit set contains all possible asymptotic profiles of
the function as t — +o00. Notice that, for any bounded solution u of ,
the set Q(u) is not empty and is included in C2(R”), from standard parabolic
estimates. We say that w is asymptotically locally planar if every ¢ € Q(u)
is one-dimensional, that is, if 1(x) = ¥(x - e) for all x € RY, for some
U € C?(R) and e € SN~!, where SV~ := {z € RV : |2| = 1}, |-| denotes the
Euclidean norm in RY, and “” denotes the Euclidean scalar product in RY.
Furthermore, we say that v is one-dimensional and (strictly) monotone if 1
is as above with ¥ (strictly) monotone.

This property reclaims the De Giorgi conjecture about bounded solu-
tions of the Allen-Cahn equation (that is, bounded stationary solutions of
the reaction-diffusion equation Au + u(1 —u)(u —1/2) = 0 in RV, obtained
after a change of unknown from the original Allen-Cahn equation), see [5].

Let us review the results in the literature about the asymptotic one-
dimensional symmetry. Consider, as before, solutions emerging from indica-
tor functions of a set U. First, the asymptotic one-dimensional symmetry
is known to hold when U is bounded, as a consequence of [16]. The case
of unbounded sets U has been much less studied in the literature. How-
ever, the asymptotic one-dimensional symmetry is known to hold when U is
the subgraph of a bounded function, by [2, B, 13, 19, 27]. Conversely, the
property fails when U is “V-shaped”, i.e. when U is the union of two half-
spaces with non-parallel boundaries, as follows from the methods developed
in [12], see Proposition below for further details. The properties listed
in this paragraph are known to hold for other types of function f as well,
see [2, 8, [10] 111 20} 21, 22 25] and Section

A possible interpretation of these results is that the asymptotic one-
dimensional symmetry holds provided U is “not too far” from a convex set.
This is indeed what we will show.

2 Statement of the main results

In order to state our main results, we define the notion of positive-distance-
interior of a set U C R as

Us := {a: e U : dist(z,0U) > (5}, 0> 0,

where dist(z, A) = inf {|z —y| : y € A} for a set A C RV, with the
convention dist(z, A) = +oo if A = (). Throughout the paper, we denote

B(z) ={yeR":|z—y| <r} and B, := B,(0),



for any x € RY and r > 0. We will also make use of the Hausdorff distance
between subsets of R, which is defined, for A, B ¢ RY, by

dy (A, B) := max (sgg dist(z, B), sgg dist(y, A)),
x y

with the conventions that
dyp(A,0) =dyu(0,A) =400 if A#Q and dy(0,0)=0.

Theorem 2.1. Let u be the solution of (L.1) with an initial datum uy = 1y
such that U C RV satisfies

30 >0, dy(U,Us) < +o0. (2.1)

Assume moreover that U is conver or nearly convex, that is, that there
exists a convex set U' C RN satisfying dy(U,U’) < 4+o0. Then any function
in Q(u) is one-dimensional and, in addition, it is either constant or strictly
monotone.

Theorem extends the known results about the asymptotic one-
dimensional symmetry for the Fisher-KPP equation that, we recall, have
been established under the assumption that U is bounded [16], or it is the
subgraph of a bounded function [2, 3], 13}, 19, 27].

Condition means that there exists some R > 0 such that, for
any x € U, there is a ball Bs(zg) contained in U of radius § and centered at
a point g such that |z — x| < R. It is fulfilled in particular if U satisfies
a uniform interior ball condition. It is not hard to see that, in dimension
N = 2, for a convex set U, property is equivalent to require that U
has nonempty interior. The role of assumption is cutting off regions
of U which play a negligible role in the large-time behavior of the solution
of the Cauchy problem. This assumption is necessary, otherwise one could
take a set U’ for which the asymptotic one-dimensional symmetry fails (for
instance V-shaped), then consider the set U := U’' U Uycyn B,—x2(k): the
set U is nearly convex, being at finite Hausdorff distance from the convex
set RV, but it does not satisfy and the asymptotic one-dimensional
symmetry fails for U, see Proposition below for further details.

In order to explain the ideas of the proof of Theorem 2.1} let us start with
reviewing the proofs of the known results in the literature. First, when U is
the subgraph of a bounded function, the one-dimensional symmetry can be
derived combining [3] or [13], 19, 27] with the Liouville-type result of [2],
which asserts that an entire solution trapped between two translations of
a planar traveling front is necessary a planar traveling front — hence one-
dimensional at every time. The Liouville result is proved using the slid-
ing method. The proof of [16] concerning the case where U is bounded is



much quicker. It relies on the same reflection argument used in the mov-
ing plane method. This very elegant proof works for arbitrary nonlinear
terms f, but unfortunately fails as soon as U is unbounded. To circumvent
this obstacle, we develop a technique that allows one to extend the reflection
argument to the case where U is unbounded. Such a technique is the main
technical contribution of the present paper.

The idea is to approximate the solution through a suitable truncation of
the initial support U. The subset of U we want to keep after the truncation
needs to be small enough to allow us to apply the reflection argument, but
large enough in order to approximate well the solution. It turns out that
the choice of the truncation cannot be made once and for all, but it rather
depends on the time at which we want to approximate the solution. In order
to control the approximation error, we exploit a new family of retracting
supersolutions obtained as a superposition of a large number of traveling
fronts, see Lemma [3.2] below.

O(z) = cosa y
o

Figure 1: The definition of the opening function O.

As a matter of fact, the convex-proximity assumption on U in Theo-
rem is a very special case of a geometric hypothesis under which we
prove the one-dimensional symmetry, that we now introduce. For a given
nonempty set U C RY and a given point € RY, we let 7, denote the set
of orthogonal projections of = onto U, i.e.,

Ty i={6 €U |z —¢ =dist(z,U)}, (2.2)

and, for # ¢ U, we define the opening function as follows:

r—§ y—¢§
O X)) .= Sup . ,
) cems,ye\{e} 1T =& |y —¢]

(2.3)



with the convention that O(z) = —co if U = ) or U is a singleton (otherwise
—1 < O(z) < 1). Namely, when O(z) # —oo, one has O(x) = cos a, where
« is the infimum among all £ € 7, of half the opening of the largest exterior
cone to U at £ having axis x — £, see Figure

Here is our most general asymptotic symmetry result.

Theorem 2.2. Let u be a solution of (L.1) with an initial datum uy = 1y
such that U C RN satisfies (2.1) and moreover

lim ( sup (9($)) <0. (2.4)
R=+4o0 \ zerw, dist(z,U)=R

Then any function in Q(u) is one-dimensional and, in addition, it is either
constant or strictly monotone.

It is understood that the left-hand side in condition is equal to —oo
(hence the condition is fulfilled) if sup,cp~ dist(z, U) < 400 (and indeed in
such case the asymptotic one-dimensional symmetry trivially holds because
condition yields that u(t,r) — 1 uniformly with respect to z € R¥
as t — 400, see Proposition below). We remark that the limit in
always exists, because the involved quantity is nonincreasing with respect
to R, see Lemma [1.3] below.

The optimality of hypotheses and is discussed in Section
below. Hypothesis means that the angle « in Figure |1{ tends to a value
larger than or equal to m/2 (which means that the exterior cone contains a
half-space) as dist(xz,U) — +oo. Theorem yields Theorem because,
firstly, convex sets satisfy O(x) < 0 for every z ¢ U (actually, they are
characterized by such condition in the class of closed sets) and, secondly,
if holds for a given set, then it holds true for any set at finite Haus-
dorff distance from it, as stated by Lemma [4.3] However, the class of sets
satisfying is wider. It contains for instance the subgraphs of functions
with vanishing global mean, i.e.,

U={z=(a,2n) € RV xR : oy < v(z)}, (2.5)

with v € L2 (RV~1) such that

loc

V(=) =)
|2 = /|
Actually, when U is given by (2.5)-(2.6]), we show more precisely that all
functions in the Q-limit set depend on the z v variable alone, see Corollary [2.5]
below.

Theorems [2.1] and are concerned with locally uniform convergence
properties along sequences of times (t,)nen diverging to +o0o and sequences

— 0 as |2 —9y| = +oo. (2.6)



of points (xy,)nen. We now assert an asymptotic property which is satisfied
uniformly in RYV. It is expressed in terms of the eigenvalues of the Hes-
sian matrices D?u(t,z) (with respect to the z variables). For a symmetric
real-valued matrix A of size N x N, let A\j(4) < --- < An(A) denote its
eigenvalues, and let

op(A) == Y N(A) x - x A (4), 1<E<N,
1<ji<<jk<N

be the elementary symmetric polynomials of eigenvalues of A (o (D?u(t, z))
is also called k-Hessian).

Theorem 2.3. Let u be as in Theorem [2.2] Then,
V2< k<N, op(D%u(t,z)) =0 ast— +oo uniformly in x € RV,

The proof of Theorem is based on the asymptotic local one-
dimensional symmetry given in Theorem and on standard parabolic
estimates. We point out that, if ¢ : RN — R is of class C?(R") and one-
dimensional, then o1 (D%*(z)) = 0 for all 2 < k < N and = € RY, since the
quantities o (D?(x)) involve sums of products of at least two eigenvalues
of D?y(z) (but o1(D?*(x)) # 0 in general). However, the converse property
is immediately not true (for instance, the function 1 : (w1, z2) — 22 + 2o
satisfies o2(D%*(x1,22)) = 0 for all (x1,72) € R2, but it is not one-
dimensional).

Once the asymptotic one-dimensional symmetry and monotonicity prop-
erties are established, it is natural to ask what are the directions in which the
solution actually becomes locally one-dimensional. Namely, we investigate
the set

E={ec SN 39 € Q(u) such that ¥(z) = ¥(z - €)

) (2.7)
for some strictly decreasing function ¥ € C*(R)}.

Under the assumptions of Theorems or the set & is then the set
of the directions of decreasing monotonicity of all non-constant elements
of Q(u) (by the direction of decreasing monotonicity of a —necessarily one-
dimensional by Theorems or non-constant function ¢ € Q(u), we
mean the unique e € SV~! such that ¢(z) = ¥U(z -e) for all z € RV,
with ¥ decreasing). Observe that the constant functions ) are excluded in
the above definition, which is necessary because they are one-dimensional
in every direction. Thus, a direction e belongs to £ only if, along diverging
sequences of times, the solution flattens in the directions orthogonal to e but
not in the direction e, along some sequence of points. We characterize the
set &£ in terms of the initial support U.



Theorem 2.4. Let u be as in Theorem[2.2] Then the set £ defined in (2.7)

s given by

x p—
EI{GESN_I : nignﬁe as n — 400,
|0 — &nl

for some sequences (Tp)nen, (&n)nen in RY

such that dist(z,, U) — +00 as n——+oo and &, € wy,, for all nEN}.

In particular, £ = 0 if and only if U is relatively dense in RN or U = ().

We remark that, without the assumption , the last statement of
Theorem may fail. Indeed, if U = {0} then u(t,xz) = 0 for all t > 0,
r € RN, hence € = (), but U # () is not relatively dense in RY.

When U is bounded with non-empty interior, it follows from Theorem [2.4]
that £ = S¥~1. On the one hand, this conclusion gives an additional prop-
erty —namely the strict monotonicity— with respect to the result contained
in [16]. On the other hand, still when U is bounded, the same conclusion
is also a consequence of [7, 24], where it is proved by a completely differ-
ent argument. The characterization of the directions of asymptotic strict
monotonicity in the case of unbounded sets U is more involved. The proof
of Theorem is based on an argument by contradiction and on the accel-
eration of the solutions when they become less and less steep.

Theorem implies that if U is of class C! then &£ is contained in the
closure of the set of the outward unit normal vectors to U. If U is convex
then & coincides with the closure of the set of outward unit normal vectors
to all half-spaces containing U. When U is the subgraph of a function v with
vanishing global mean, i.e. satisfying , then we show that & = {en},
where ey := (0,---,0,1). Namely, in such a case we have the following.

Corollary 2.5. Let u be the solution of with an initial datum
ug = 1y, where U is given by with v € ijc(RN_l) satisfying .
Then any function » € Qu) is of the form Y(x',xy) = ¥(xy) for all
(z',xn) € RN X R, with ¥ € C?(R) either constant or strictly decreasing.
Moreover, it holds that £ = {en}.

Since, by parabolic estimates, the convergence in the definition (|1.4)) of
the Q-limit set holds true in C2_(RY), up to subsequences, Corollary
implies that

Veu(t, o', xy) — 0 as t — 400, uniformly in (z/,zy) € RV 7! x R.

A way to interpret this result is that the oscillations of the initial datum
are “damped” as time goes on through some kind of averaging process.



We point out that Corollary does not imply the existence of a func-
tion ¥ : RT x R — R such that u(t,2’,zy) — ¥(t,zny) — 0 as t — 400
uniformly in (2/,zy) € RV~! x R, and indeed such a function ¥ does not
exist in general (as shown in [26] when N = 2 and the limits limg_,4 ., y(2’)
exist but do not coincide). Condition is satisfied in particular when ~
is bounded, and in such a case the conclusion of Corollary [2.5] can also be
deduced from [2] 3, 13| 19} 27].

It is possible to relax the uniform mean condition of v in Corol-
lary at the price of restricting the 2-limit set. With this regard, we will
derive a directional asymptotic symmetry result, Theorem below.

Outline of the paper. The rest of the paper is organized as follows. In
Section [3] we show a general uniform spreading result, which is itself based
especially on the construction of retracting super-solutions as finite sums
of planar fronts. Section [4] is the central section, devoted to the proofs of
Theorems and on the asymptotic one-dimensional symmetry of
the solutions under the general hypotheses and . Some counterex-
amples to the main results, when at least one of these assumptions is not
fulfilled, are also shown. Section |5 contains the proof of Theorem [2.4]on the
set of directions of asymptotic strict monotonicity. The case of a subgraph
with vanishing global mean is dealt with in Section [6] where Corollary [2.5]is
proved. The case when U is only assumed to be included into a non-coercive
subgraph is considered in Section [7} where the notion of directional -limit
set is introduced. Lastly, some extensions, as well as some open questions
and conjectures, are presented in Section

3 A uniform spreading speed result

It is well known since [I7] that, for equation (|1.1)), propagation occurs with
an asymptotic speed of spreading equal to ¢* := 2,/ f/(0), and that the latter
coincides with the minimal speed ¢ of traveling fronts, i.e., solutions of the
type

u(t, ) = p(x-e—ct), 0=p(+o0) <p<p(—o0)=1, c€R, e € SN (3.1)
where ¢ : R — (0,1) is of class C?(R) and decreasing. The precise result
is derived in [I] and asserts that, for any solution u to (1.1)) with an initial

condition 0 < ug < 1 which is compactly supported and fulfills infgug > 0
for some ball B ¢ R with positive measure, it holds that

Vee (0,¢"), inf wu(t,z) > 1 as t— +oo, (3.2)
|z <ct
Ve>c*, sup u(t,z) -0 as t— +oo, (3.3)
|z|>ct



with ¢* = 24/f(0).
In the sequel, we will need the following uniform version of the above
properties for initial data of the form ug = 1y with U unbounded.

Proposition 3.1. Let u be a solution of (1.1) emerging from an initial
datum uy = 1y with U C RY. Then, for any 6 > 0 such that Us # 0, the
following convergences hold:

Vee (0,c¢), inf u(t,z) =1 as t — +oo, (3.4)
z€RN  dist(z,Us)<ct

Ve >, sup u(t,z) -0 as t — +oo. (3.5)
z€RN dist(z,U)>ct

The reason why involves Uy instead of U is to neglect subsets of U
(such as isolated points) which do not affect the solution u at positive times.
The role of hypothesis in our main results is precisely that it allows us
to replace Uy with U in .

The uniform “invasion property” will be immediately deduced
from (3.2). Instead, property does not follow from . In order
to prove it we construct a family of supersolutions whose upper level sets
are given by the exterior of balls retracting with a speed larger, but arbi-
trarily close, to ¢*. These supersolutions will also directly be used to prove
Theorem 2.2l Here is their construction.

Lemma 3.2. For any ¢ > ¢* and A\ > 0, there exist R > 0 (depending on
N, f,c and \) and a family of positive functions (v!)rso of class C*(RxRY)
such that, for each T > 0, vT is a supersolution to in R x RN and
satisfies

{ v1(0,2) > 1, for all x such that |z| > R + T, (3.6)
; .

T(t,0) <\, forallte0,T).

Proof. The functions v” will be constructed as the sums of finitely many
positive solutions to ((1.1)), hence they will be supersolutions to (1.1]) due to
the following standard consequence of the Fisher-KPP condition (|1.2):

Va,b>0, fla+b) < fa)+ f(b). (3.7)

To show the above inequality, assume to fix the ideas that a < b, with b > 0
(otherwise the inequality trivially holds because f(0) = 0). Then, observing
that the function f, which we recall is extended by 0 outside [0, 1], fulfills
the third condition in on the whole half-line (0,400), we get

f(0)

fla+b) < 52 a+b) < fa) + ().

10



Now, let ¢ > ¢* and A > 0. Take € € (0,1/2) small enough to have that
(1 —¢&)c > ¢*. Consider a finite subset S of the unit ball S¥~! such that

SN—I

Vee , dist(e,S) <e

The set S only depends on N and e, which in turn depends on f,c. We
define the family of positive functions (v)7s, of class C2(R x RY), by

T(t,x) —22 e —c*(t—T)+ R/2),

where ¢ is the traveling front with speed c*, as in , normalized by
©(0) = 1/2, and R > 0 is such that ¢(R/2) < A\/(2n), with n being the
number of elements of S. With this choice of R (which only depends on
N, f, ¢, \) we have, as desired, v (¢,0) < X for all T > 0, t € [0,T]. Observe
that each term of the sum in the definition of v” is a positive solution to ,
hence v’ is a positive supersolution to as discussed at the beginning of
the proof.

It remains to check that each v fulfills the first property in . Let
T >0 and z € RY satisfy |2| > R+ ¢T, and consider ¢’ € S such that

e +f
]| =

We have that
vT(0,2) > 2¢(x - + T + R/2).

Since z - € < —|z| + ¢|z|, we deduce

e +cT+R/2<(e—1)(R+T)+ T+ R/2

<
<(e—-1/2)R+[(e = 1)c+c'|T,

which is negative because ¢ < 1/2 and (1 — ¢)c > c¢*. It follows that
vT'(0,2) > 2p(0) = 1. This concludes the proof. O

We can now prove the uniform spreading speed result.

Proof of Proposition 3.1 We start with (3.4). Let 6 > 0 be such that Us # 0
and let v be the solution to emerging from the initial datum vg = 1p5;.
Take ¢ € (0,c*). For any x¢ € Us, we have that ug(xzg + -) > vo in RV and
therefore u(t, zo + x) > v(t, ) for all ¢t > 0, z € RY thanks to the parabolic
comparison principle. Applying to v we deduce that

1> inf  w(t,zo+x) > inf v(t,z) > 1 as t— 4oo.

z0€Us, |z|<ct |z|<ct
This is property (3.4)).

11



Let us turn to . Take ¢ > ¢*, ¢ € (¢*,¢), A > 0, and consider the
family of supersolutions (v!)rsq given by Lemma associated with the
speed ¢/. Namely, there exists R > 0 such that they fulfill with ¢
instead of ¢. For T' > R/(c — ¢) it holds that ¢I" > R + ¢/T and thus,
if 7o € RV is such that dist(zg,U) > T, then dist(xo,U) > R+ T
and implies that 0 < ug(zo +-) < v7(0,-) in RV, hence by comparison
0 < u(T,r0) < v'(T,0) < \. This shows that

vT > 0< sup u(T,zo) < A

iy / b —
c—-c 2o €RN | dist(xo,U)>cT

From this, property (3.5|) follows by the arbitrariness of ¢ > ¢* and A > 0. [

4 Asymptotic one-dimensional symmetry

We first prove our most general symmetry result, Theorem[2.2] in Section[4.2]
after the proof of a preliminary approximation result in Section Next,
we derive the proof of Theorem [2.1] in Section [£.3] by showing that its hy-
potheses imply the ones of Theorem Lastly, Section [£.4] provides some
counterexamples to the main results when the assumptions or are
not satisfied, while the proof of Theorem is carried out in Section

4.1 An approximation result by truncation of the initial da-
tum

The cornerstone of the proof of Theorem hence of the whole paper, is
an approximation result. Before stating it, let us introduce some notation.
We recall that Br(wg) and By stand for the balls in RY of radius R and
center xo and 0 respectively. A generic point € RY will sometimes be
denoted by (2/,zx) € R¥~! x R, and the ball in RV~! of radius R and
center zj, € RV~1 is denoted by B (z}), or just B, if 2, = 0.

Lemma 4.1. Let u be a solution to (1.1)) with an initial condition ug = 1y,
where U C RN satisfies, for some § >0, L >0, and o € (0,c*/2),

Us N By, # ),
U\ (B, xR) C {(a:’,xN) ERVIxR : ay< 2 \m’]} (4.1)

- 2c*

Let (uf*) g=q be the solutions to (L.1)) emerging from the initial data (ul})r>o
defined by

uff = Lyn(B,xR)-
Then, for any € > 0, there exists 7. > 0, only depending on N, f,6,L,0,¢,
such that

Vr>1, u(r,) —uT ) <e (4.2)

(7, ')Hcl(B;,TxRJr
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Proof. In order to get the C! estimate (4.2)), it is sufficient to show an L™
estimate at a later time, that is,

V1>, Hu(7+1,-) — (1 + 1, ) <& (4.3)

e,

where 7. > 0 depends on N, f,0, L,o and ¢, and C; is the half-cylinder
C,:=B/_xRT.

Indeed, once is proved, observing that u — u3°7 is nonnegative (by the
comparison principle) and it solves a parabolic equation that can be written
in linear form, one infers from the parabolic Harnack inequality and interior
estimates, given for instance by [18], that holds with € replaced by Ce,
where C' only depends on f and N. Then, to prove the lemma it is sufficient
to derive for an arbitrary € > 0.

Fix ¢ > 0. Consider the family of solutions (w?)r-o to emerging
from the initial data (w{%)ro given by

wit = 1yr with W= {(a:',a:N) eRNIxR : |2/| >R, zny < 2(2* ]m’]}

By it holds that ug < min(uff + w{t, 1) in RY for every R > L. Hence,
since the KPP condition yields , the minimum between 1 and
the sum of two solutions ranging in [0, 1] is a supersolution. We infer by
comparison that, for R > L,

0 <u® <u <min(u? 4+ w? 1) in [0, +o0) x RY.
Thus, property (4.3) holds for some 7. > L/(30) if we show that
V12> 10,
sup [ min (u?’W(T—l—l,x) + w37 (141, 2), 1) — USUT(T—i—l,:L“)] <e (44
(L’ECT

In order to prove (4.4), we consider a value ¢ € (20,c*), that will be
specified later, and divide the half-cylinder C, into the subsets

Cl:=(B,, xR )N B,  C¢:= (B, xR")\ B

We will derive (#.4) by showing that u?°7(7 + 1,-) > 1 — ¢ in C. while
w37 (1 +1,-) < ¢ in CL, for 7 sufficiently large; see Figure [2| to visualize the
different sets involved in the proof.
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Figure 2: The sets CZ, C¢ and W3°7.

Let us first deal with the set C., with an arbitrary value ¢ € (20, c*).
By the first condition in (4.1)), there exists a ball Bs(zg) C U with
|zo| < L, hence Bs(xg) C U N (B}, s x R). We deduce by comparison that
ulto(t,2) > v(t,x — xo) for all t > 0 and = € RY, where v is the solution
to (|1.1) with initial datum 1p,. Then, applying the spreading property
to v we infer that, for 71 > 0 large enough, depending on N, f,¢,d,¢ (recall

that ¢* = 2,/f7(0)), it holds that

Y71 >, inf uF(r+1,2) > 11—«
"EEBC*-‘rC (330)
2 T

Since the family (u?) g>g is nondecreasing with respect to R, by the parabolic
comparison principle, up to increasing 71 so that 301y > L + §, we derive

V12>, inf W+ 1,2) > 1—¢
xeBc*-{—c (zU)
2] T

(with 71 also depending on L and o). Finally, from the inclusions
CL C Ber C Beryr(0), which hold for all 7 > 0, and B 1.(w0) C Bes e (o),
2

which holds if %T > L, we find a quantity 7 > 0 depending on
N, f,c,d,L,0,e such that

V7 >1, inf «*7(r41,2) > inf uT(r+1,z) > 1 —e.
zeCy TE€EB 1. _(20)
2 T

This shows that, for any choice of ¢ € (20,c*), the estimate (4.4) holds
when C; is replaced by C: and 7. is equal to the above quantity 7o.

14



Let us consider now the set C¢. We will show that w3°7 < e there by
estimating the distance between C¢ and W3°T and then applying Lemma
In this paragraph, 7 > 0 is arbitrary and ¢ € (20, ¢*) will be fixed at the
end of the paragraph. Take two arbitrary points x = (2/,xy) € C¢ and
y = (y,yn) € W3°T. There holds

o
2c*

1 )
\x/]<07§§’y/! and  xy >V —o?71, yy < /1.

We compute
4
o —y* = |2 = /[ + (v —yn)* = GlY'[P + (@n —yw)*

If oly'|/(2¢*) > V¢ — a2 7, neglecting (zn — yn)? in the above inequality
we get
16 2 16
|1‘ o y|2 > 5(C>n<)2<% o 1)7_2 > 3(6*)27_2
since ¢ > 20 > 0. Instead, in the opposite case o|y'|/(2¢*) < V2 — o2 T,
one has yy < aly’|/(2¢*) < V¢ — 0?7 < xn, whence

4 o 2
w =y > S+ (V=02 — )

2c*
4 o2 o
=g+ =o?)r+ 1) W= Z Ve = a2y,

and we estimate the negative terms by observing that

412 29 O o (o _ 9 sa 3

G2 =0 = V@ =y = | (Gl - ZVE = 0?r) 20
since |y'|/3 > o1 > ov/¢? — o?7/c¢*. Thus, in such case one has

90472

4(c*)?’

g

2
4(c*)

lz —y|? > A2 +

2|y/|2 ZC2T2+

which is larger than (c*)272 for ¢ € (20,c*) close enough to ¢*, depending
on ¢* = 2,/f'(0) and ¢ only. Summing up, we have shown the existence of
some ¢ € (20,¢*) and ¢ > ¢*, depending on ¢* = 2,/f/(0) and o, such that

V7 >0, Voels, dist(z, W) > 7. (4.5)

At this point, we invoke the supersolutions (v”)rsg provided by Lemma
associated with ¢ := (¢* 4+ ¢/)/2 and A\ = ¢; they satisfy with ¢ in-
stead of ¢ and a quantity R depending on N, f,¢,e (hence, R depends
on N, f,o,e, since ¢ depends on ¢* = 2,/f’(0) and ¢ and the latter de-
pends on ¢*,0). Take 73 > 0 large enough (depending on R,¢,c’, hence
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on N, f,o,e) so that R+ ¢(T +1) < ¢T for all T > 73. Thus, on one
hand, vT*1(0,2) > 1 for |z| > ¢T and T > 73. On the other hand, for all
7 > 0 and zp € CE, we know from that By, (zo) N W3T = (), which
implies that w37 (z + z0) = 0 for |z| < ¢/7. This means that, for 7 > 73,
w37 (0, - +x0) < v7H(0,-) in RY, and thus w37 (¢, - +z0) < vt (¢,-) in RY
for all ¢ > 0 by comparison. We conclude by that

V7 >3, Yoo €Cl wi(r+1,20) <o +1,0) <.

This yields that holds in the set C¢ too, for a suitable choice of ¢
depending on ¢* = 2,/f/(0) and o, and for all 7 > 73 > 0 with 73 de-
pending on N, f,o0,e. Therefore holds true in the whole C;,, for some
Te > max(7g,73) > 0 depending on N, f,d, L, 0,e. The proof of the lemma is
complete. O

4.2 Proof of Theorem [2.2]

Lemma allows us to derive Theorem by applying the reflection ar-
gument “a la Jones” [I6] to the solution with the truncated initial datum.
This actually yields an additional information about the direction in which
becomes locally one-dimensional, that will be used to prove one inclusion of
the characterization of the set £ in Theorem Here is the description of
the Q-limit set that shows in particular Theorem

Theorem 4.2. Let u be a solution of with an initial datum ug = 1y
such that U C RY satisfies and (2.4). Let v € Q(u) and let (tp)nen
and (xp)nen be the corresponding sequences given by definition . The
following properties hold:

dist(zn, U) .
(i) if hgquls(x) < & then ¢ = 1;
dist(zn, U) .
(i) if limsupM > c* then 1 =0;
n—+o0o n
dist(x,,, N . _
(131) if lim dist(@n, U) = ¢ and if (§)nen is any sequence such that

n—4o00 tn
&y € My, for alln € N, then, up to extraction of a subsequence,

Tn *gn
‘xn _gn‘

and Y(z) = U(x - e) for some function ¥ € C?*(R) which is either
constant or strictly decreasing.

SN*l

—ec as n — +0o0o,

Hence, in any case, ¥ is one-dimensional, and it is either constant or strictly
monotone.
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Proof. Statement (i) is a direct consequence of property , because in
such a case there is ¢ > ¢* such that, for any x € RY, dist(z,, +z,U) > ct,
for infinitely many n € N.

In the case (i), there is ¢ € (0,¢*) such that dist(z,,U) < ct, for in-
finitely many n € N. Hence, since dist(-,Us) < dist(-,U) + dy (U, Us), for
given ¢ € (c¢,c*) it follows from hypothesis that, for any = € RY,
dist(x,, +z, Us) < 't,, for infinitely many n € N. The invasion property
eventually yields that ¢ = 1.

We are left with statement (ii4), that is, calling for short &, := dist(z,,, U),
we now have

];—n — " as n— +oo, (4.6)
n

In order to show that v is one-dimensional, we proceed in several steps:
we first define some new convenient coordinate systems; next, assuming by
contradiction that 7 is not one-dimensional, we show that a line orthogonal
to a level set of u at time ¢, is far from a suitable half-cylinder with radius
of order t,,, which in the following step is used to define an approximation
of u through a truncation of its initial support U. Then Lemma will
ensure that the error in this approximation is small (this is where the ge-
ometric assumption is used), and this in turn will allow us to obtain
a contradiction by applying Jones’ reflection argument to the solution with
the truncated initial support. In the final step of the proof, we will derive
the monotonicity of ¢ in the desired direction by using again the reflection
argument together with Lemma

Step 1: coordinates transformations. For n € N| let &, belong to the set 7,
of the projections of z,, onto U (i.e., &, € U and |z, — &,| = k,). Up to
extraction of a subsequence, we have by that k, > 0 for all n € N.
We set

e 1= Tn —&n _ Tn — &n .

kn |xn - §n|

Next, we consider a family of N x N orthogonal transformations (M, )nen
such that M,(ey) = e,, with ey := (0,---,0,1). Up to subsequences,
(en)nen and (M,)nen converge respectively to some direction e € S¥~1 and
some orthogonal transformation M, with M(ey) = e. We define, for ¢t > 0
and z € RV,

un(t, z) == u(t, &, + Myp(x)).
These are still solutions to (1.1)), because the equation is invariant under
isometry. It follows that

Un (tn, knen + ) = U(tn, Tot- My (z)) = ¥(M(z)) =1b(z) as n— 400, (4.7)
locally uniformly in # € RY. Moreover, u,(0,-) = 1y, with

Un = M, (U) —{M,; (&)}
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The set U, is a rigid transformation of U and it is constructed in a
way that 0 € U, is an orthogonal projection of k,ey onto U,, whence
dist(knen,Upn) = kn — 400 as n — +oo by and therefore the ge-
ometric assumption ([2.4) (which, being invariant by isometries, is fulfilled
by U, too) yields

Uy C {(«',2n) € RV"IxR:zy < ap|@’|} with an, —0 as n—+o0. (4.8)

Step 2: the choice of the truncation. Firstly, by interior parabolic estimates,
the L (RY) convergence (d.7) holds true in C? (RM). We claim that

loc
Vyy =0 in RY, (4.9)
which will yield, in the original coordinate system,
Butp =Vip- (M~ Y) =0 in RY

for any direction ¢/ € S¥~! such that M~1(e/) L ey, thatis, ¢’ L M(ey) = e.
This will imply that ¢(z) = ¥(z - €) for some ¥ € C?(R).

Assume by contradiction that the above claim fails, that is, that
Vop(Z) # 0 for some 7 € RY. Let us call for short 3 := Vi(Z), hence
B=(p,Bn) € RV"1 x R with 3’ # 0, and it holds that

Vup(tn, kney +) — 5 as n — +oc. (4.10)

Take a real number ¥ > 0, that will be fixed at the end of this paragraph.
Let (H,)nen be the family of closed half-cylinders in RY defined by

H, = % X (—00, Oty).
Consider also the conical sets (V},),en given by
Vi i={knen +Z+s(B+():s€R, ( € By}. (4.11)
We look for 9 > 0 small enough so that
H,NV,=0 for all n sufficiently large. (4.12)

To this end, consider a generic point P = (P’, Py) € V,,. It can be written as
P = kpen+z+s(8+() for some s € R, ( € By. Suppose that Py < 9t,, thus

Otn > kn — |Z| = (185] + D)]s]-
By (4.6)), for n large enough we have k,, > (c¢*/2)t,, and therefore

|S| > (C*/2 _ﬂ)tn — "f’
- |BN|+ 0

(4.13)
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The component P’ is estimated as follows:
[P'| > (168" = 9)|s] — |-

We impose ¢ < || and, for n sufficiently large, we can invoke (4.13]) and

get
o B =0 ey oy (1A .
|P’| — Uty > <|BN|+19(C /2 —1) 19) 2 <|5N|+1) |Z|.

Thus, one can find ¢ € (0, min(|5’], ¢*/2)) sufficiently small, only depending
on ', By and ¢*, such that, for n large, |P’| > ¥t,, i.e. P ¢ H,. This means
that, with this choice of 9, condition holds. This fixes our choice of 4
and thus of the family of half-cylinders (H,,)nen-.

Step 3: the approximation procedure. We now apply Lemma to the
sequence of solutions (u,)nen. Take § > 0 from hypothesis (2.1]), and call

9 9
0:=g > 0, L:=dyU,Us)+1>0, e=3 > 0, (4.14)

where ¥ > 0 is given in the previous step. One has 0 < o < ¥ < ¢*/2 and
0 < L < 400 by (2.1). We further have, on the one hand, that

(Un)s N B # 0, (4.15)

because 0 € U,, and dy (U, (Uy)s) = dg(U,Us) < L. On the other hand, it
follows from (4.8) that, for n large,

U, C {($',$N) eRV IR : a2y < ;—*\Cﬂ}
c

This means that the sets U, fulfill the hypotheses (4.1]) of Lemma for n
large enough. Therefore, for such values of n, considering the solution u?"
of (|1.1) whose initial datum is given by the indicator function of the set

Un N (By,, % R),

the estimate (4.2)) implies

Y
HUTL(tn,) _ugtn(tn,-)HCl(B/ XR+) < 5, (416)

Itn /3

provided that t,, is larger than a quantity depending on ¢ but not on n.
This means that the above estimate holds for all n sufficiently large. Fur-
thermore, (4.15) implies that, for all n large enough,

U, N (Bq’%n xR) D Bs(yn), (4.17)
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for some y,, € Br. Since u,, fulfills (4.10f), one then infers from (4.16) that
‘Vuzt" (tn, knen + ) — ﬁ’ < ¥ for all n sufficiently large. (4.18)

This entails that, for such values of n, the line I',, passing through the
point kpey + T and directed as Vuzt" (tn,knen + Z) is contained in the

set V,, defined in (4.11)), and therefore, by (4.12]),
(Fn N Hn) C (Vn N Hn) = for all n sufficiently large.

Next, owing to (4.8, we also have that U, N (By,, xR) C H, for all n
sufficiently large, hence

suppul(0,-) C H,, for all n sufficiently large, (4.19)

where supp u?"(0,-) denotes the support of u’t» (one has u2(0,-) = 0

in RV \ H,,).

Step 4: the reflection argument. Let H,,V,,, T, and u’*» be as in the previous
steps. For n large enough, the half-cylinder H,, and the line I';, are convex,
closed and disjoint; we can then separate them with an hyperplane, which,
up to translation, can be assumed without loss of generality to contain I',.
Namely, for n large, there exists an open half-space €,, such that

I, CcoQ, and H, CQ,. (4.20)

Let R,, denote the affine orthogonageﬂection with respect to 0€),. Then
define the function v™ in [0, +00) x €, by

V™ (t, x) = uPt (t, Ru(x)).

The function v™ coincides with u2! on [0, +00) x 9€,. Furthermore (0, -)
vanishes identically in €2,,, while

uztn =1 in Bg(yn) cU,nN (B:%n X R) C H, CQ,,

provided n is large enough for (4.17), (4.19) and (4.20) to hold. Then, for

such values of n, it follows from the comparison principle that v™ < ugt”

in (0, +00) x Q,, and moreover, by the Hopf lemma, that 9, v™ > 9,, u?
on (0,400) x 99, where v, is the exterior normal to €,. Since clearly
Oy, 0" = —0,,ul on (0,4+00) x 9y, this means that J,, u’» < 0
on (0,+00) x 99, and thus in particular that 9, ubt (t,, knen + &) < 0,
because kpey + € I, € 09,. This is however impossible because
Vulte (t,, kney + ) is parallel to T, and thus orthogonal to v,. We have
reached a contradiction. This therefore shows ([4.9), and then ¢ (z) = ¥(z-¢)

for some function ¥ € C%(R).
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Step 5: the large monotonicity property. Let us now show that W is non-
increasing, that is, 0,1 < 0 in RY. We fix an arbitrary ¢ > 0 and an
arbitrary 2 € RY. As in Step 3, we apply Lemma to the sequence of
solutions (uy)nen. Namely, we take § > 0 from hypothesis and call

o= — L :=dy(U,Us) + 1. (4.21)

As seen before, with these values, we have that the sets U, fulfill (4.1)) for
n large enough. Therefore, calling uf the solution with initial datum given
by the indicator function of the set

U, N (BR x R),

for such large values of n, one can apply Lemma and infer that

/2
V27, [un(r,) —up T ')Hcl(B;*T/exnv) <&
where 7. only depends on N, f,d, L,e. As a consequence, for n large enough

such that the above holds, and in addition ¢, > 7., we deduce that

Hun(tn, ) St 2, ')Hcl(B’ ) <€ for all n large enough. (4.22)

c*tn /6

Next, consider the half-space
Q= RV x (=00, ky + T - en],

so that kyen +7 € 09Q,. By (4.6) and (4.8]) one has U,, N (Bé*tn/2 xR) C Q,
for n sufficiently large (also depending on ), that is, the support of the
initial datum of w;, t/2 is contained in Q),,. The same reflection argument as

in Step 4 eventually yields
8xNuf:t”/2(tn, kneny +2) <0 for all n sufficiently large.

Combining this with (4.22) we infer that 8xN1Z(§) < ¢, and thus Bxsz <0
in RY by the arbitrariness of ¢ > 0 and z € RV.

Step 6: the strict monotonicity property. We have shown in the above steps
that ¢¥(x) = ¥(z - e) with ¥ nonincreasing. It remains to show that ¥ is
either constant or strictly decreasing in the whole R. To do so, consider the
functions (t,z) — wu(t, +t,x, + M,(x)) for n € N, which satisfy the same
equation as u, but for ¢ > —t,. From standard parabolic estimates,
there is a solution us : R x RV — [0,1] of (L.I), which is a solution also
for ¢t < 0, and such that, up to extraction of a subsequence,

u(ty +t, 2, + My (2)) = uso(t, ) as n — +oo locally uniformly in R x RV,
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We apply the results derived in the Steps 1-5 to the sequences (¢, —1),en and
(Zn)nen. Observe that also these sequences fulfill the condition of statement
(131). Moreover, the direction e associated with these new sequences, as
defined at the beginning of Step 1, only depends on (zy,)nen and (§,)nen,
hence it is the same before. We deduce the existence of a nonincreasing
function ® : R — [0, 1] such that us(—1,2) = ®(x -e) in RY. Notice also
that us(0,7) = U(z - e) in RY. Now, if the function ® is constant in R,
which means that ue.(—1,-) is constant in RY, then so is ux(0,-) in RY
(because u«, solves for all t € R), that is, ¥ is constant in R. On the
other hand, if ® is not constant in R, then, for each h > 0,

Uoo(—1, 7 + he) < uo(—1,2) and uso(—1,7 + he) Z us(—1,z) in RY,

hence o (0, 2 + he) < uso(0,2) in RY from the strong parabolic maximum
principle, yielding ¥(s + h) < U(s) for all s € R. As a conclusion, ¥ is
either constant or strictly decreasing in R. The proof of the theorem is
complete. O

Theorem is a direct consequence of Theorem We also point out
that in the case (ii7) of Theorem it may still happen that ) is constant,
and this actually occurs for instance when U is bounded. Indeed, in such a
case, ¥ coincides with some translation of the profile ¢ of the critical front
(hence it is not constant) if and only if the quantity

N+ 2
dist(x,,U) — "t + % Int,
c

stays bounded as n — +oo (that is, if and only if |z,| — ¢*t, + 22 Int,, is
bounded as n — +00), otherwise ¥ = 1 if it diverges to —oco and ¥ = 0 if it
diverges to +o00, see [7, 24].

4.3 Proof of Theorem [2.1]

Let us turn to Theorem that, as we now show, is a special case of Theo-
rem For this, we need to check that the geometric condition
is invariant among sets having finite Hausdorff distance from one another.
This is done in the following geometric lemma.

Lemma 4.3. For any U C RY, consider the function O(z) defined in (2.3).
Then the map
R~ sup O(x)
z€RN dist(z,U)=R
is nonincreasing in (0,400). Moreover, for any U’ C RN satisfying
dy(U,U") < o0, then U fulfills if and only if U’ does (with the
corresponding O defined as in with U" instead of U).
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Proof. The monotonicity property involving O is readily derived. Consider
indeed any
0< R <R.

If {x € RV : dist(z,U) = R} = 0, then SUP RN, dist(z,0)=R O(T) = —00
and the inequality Sup,epn gist(z,0)=r O() < SUDLerN dist(e,0)=r O(T) I8
trivially true. Assume now that the set {x € RV : dist(x,U) = R} is not
empty, and consider any z in this set and any ¢ € 7., that is, £ € U and
|z —¢] = dist(z,U) = R. If U = {£} then O(z) = —oo by our convention,
hence this case is trivial too.

Assume then that U # {£}. Consider the point 2’ := £ + (R'/R)(z — &).
Its unique projection onto U is &, that is, m = {&}. Furthermore,
dist(2/,U) = |2’ — | = R’. One also observes that, for any y € U\{{},

<O() < sup O(z).

r—§ y—¢& —-§& y—=¢
lz =& ly—=& [ =& ly—§&  2€RN, dist(z,U)=R’

Since z with dist(z,U) = R, together with { € m, and y € U\ {¢{}, were
arbitrary, this shows that

sup O(z) < sup O(z).

2€RN, dist(2,U)=R  2€RV, dist(z,U) =R’

Let us turn to the second statement of the lemma. One considers any two
subsets U and U’ of RV satisfying dy(U,U’) < +oc. Denote 7, and O'(x)
the objects defined as in — with U’ instead of U.

Assume by way of contradiction that U fulfills and U’ does not.
Then there are ¢ > 0 and a sequence (7, ),en in RV \U’ such that

(4.23)

0 < R}, :=dist(z,U’") = 400 as n — +00,
O'(xy) >2e>0forall n e N.

Calling d := dy(U,U’) < +o0, one then has R,, := dist(z,,U) — +o0 as
n — 400, and moreover

R,—d<R), <R,+d forallneN. (4.24)

Without loss of generality, one has R, > 0 for every n € N. Since U is
assumed to satisfy (2.4]), there holds limsup,,_, ., O(xy) < 0, that is,

O(zy)" := max (O(zy,),0) = 0 as n — +oo. (4.25)

Now, from (4.23)), for each n € N, there are &, € , , that is, &, € U’ and
|z, —&,| = dist(zy,U’) = R;, > 0, and y;, € U'\{§],} such that

T In b g (4.26)
lzn — &l lyn — &0l
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For each n € N, consider any &, € m,,, that is, & € U and
|2y —&n| = dist(x,,U) = Ry, > 0, and then there is a point y,, € U such that

lyn —yh| < dy (U, U) +1=d+ 1. (4.27)

We estimate from above the quantities in (4.26)) by writing:

xn*gL ) yqlmfﬂz I'n*f% . Tn—En ‘—F‘ yqlmfﬂz . Yn—En
lzn =&l lyn—=6nl = Naen—=&l  |zn—El 1Y —&nl  [yn—Exl
::Il,n :312,n

Tn—&n  Yn—En (4‘28)

|$n_€n| |yn_§n‘ '

+

=:I3,n

This inequality is understood to hold whenever y,, # &,, which we will show
to occur for n sufficiently large. We will then prove that Iy ,,, I, I3, — 0
as n — +oo, which will eventually contradict . In order to estimate
I n, we take z, € U such that |z, — &,| < d and we compute

= R?L + (@n = &n) - (§n — 2n) + (Tn — &) - (20 — &)
> R2 — O(xn)Ru|2n — &n] — Rad
> R, (Rn —2(Rp + d)O(xp) " — d),

(4.29)

where the last inequality follows from
|20 = &al < l2n = &l + 16, — @l + |20 — &l < d+ Rj, + Ry < 2(Ry + d).

One then derives from and that

\/2 ~ 2(Ry — 2(Rn + d)O(an)* — d)

0< Il,n < R{n
(4.30)
+
< 9 (Rn + d)ol(xn) +d
Rn
Together with (4.23])-(4.25]), one gets that
Iiy, -0 as n — 4o0. (4.31)

Next, let us check that y, # &, for n large. We first control |y}, — &, | from
below. We write

W =zl = lyh — &1 + (RL)? =2y, — &) - (a0 — &),
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which together with (4.26]) and the inequality |y/, — x| > dist(x,, U’) = R},
yields
[ = &ul(lyh — &0l = 22Ry) > [y, — zal® — (B},)? 2 0.
Since vy, # £/,, this means that
|Yn — &nl = 2R, (4.32)
Now, using (4.29) and R}, < R, + d, one infers
& — &P = R+ (R))? = 2(zn — &ny i — &)
< 4R,d+d* + 4R, (R, +d)O(z,) 7.

Gathering together the inequalities (4.27)), (4.32) and (4.33]) shows that

|yn - gn‘ > |y;1 - 51/1‘ - ‘yn - y;z‘ - ‘57/1 - gn‘
> 2R/, — (d+1) — /AR d+d®+ 4R, (Rn+d)O(z,) T

(4.33)

(4.34)

The right-hand side is positive for all n large enough and is equivalent to

2eR), as n — +00, because of (4.23)-(4.25). This means that y,, # &, for n

large enough. Let us estimate I3 ,. One has, for n large,
!/ ¢l . _
|yn - gn‘ X ’yn - §n|
_ \/|<y,g—s;,>—(yn—5n>|2—<|y,g—s,z|—\yn—snw
(v —

yn = &nl X lyn — &nl (4.35)
n=&n) = (Yn—6n)|
VIV =€l xlyn =&l
|yn_y;z|+’£n_§;z| < d+1+|£n_£;z’
VIvn =X Tm—=8al = vy =X Tum—Enl’
where the last inequality follows from . Putting together —

leads to

d+1+ \/AR,d + d%> + 4R, (R, + d)O(x,)*
VIR % \[2e R, — (d41) — \/ARyd T B+ AR (R + )O(2,)
for all n large enough. Using again —, it follows that
I, -0 as n— +oo. (4.36)

OSIZ,n S

Finally, one has that 0 < I3, < O(z,) < O(z,)" for all n, hence I, — 0

as n — 4oo, by (4.25). Together with (4.28), (4.31) and (4.36]), one gets
that

Y el
lim sup T 57 . y7 57 <0,
n—+00 ’xn - gn’ ‘yn - gn‘
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a contradiction with (4.26|). The conclusion of the lemma then follows by
changing the roles of U and U’. O

Proof of Theorem [2.1]. If the set U is convex, then the quantity O(x) de-
fined by satisfies O(x) < 0 for all x ¢ U, hence condition is
immediately true in this case. Condition holds true as well when U is
at bounded Hausdorff distance from a convex set U’, thanks to Lemma
The conclusion then follows from Theorem 2.2 O

4.4 Counterexamples without the conditions (2.1) or (2.4))

This section essentially consists of two propositions, which assert that the
conclusions of the main results do not hold in general without the assump-

tions or .

Proposition 4.4. Let u be the solution of with an initial datum
ug = Ly, where U 1is the union of two half-spaces with non-parallel bound-
aries. The set U satisfies but not , and Q(u) contains some ele-
ments which are not one-dimensional.

Proof. We consider the dimension N = 2 only, since the general case N > 3
follows by trivially extending the functions in the variables zs,--- , . Since
the equation is invariant by rigid transformations, one can assume
without loss of generality that

U = {(CL‘l,CL‘Q) ER?: 2y < B\xﬂ},

for some > 0. Denote « := arctan S € (0,7/2). Notice immediately that U
satisfies ([2.1), but it does not satisfy (2.4). Let u be the solution of ([1.1))

in dimension N = 2, with initial condition ug := 1. Let v be the solution
of (1.1 in dimension N = 1, with Heaviside initial condition vy := 1(_u g-
As follows from [3| 13}, 17, 19, 27], there is a function ¢ — ((¢) such that

v(t,z) —p(x —((t)) = 0 as t — +oo uniformly in x € R, (4.37)

where ¢ is the (decreasing) profile of the traveling front ¢(z — ¢*t) solv-
ing (3.1), with N = 1, e = 1, and minimal speed ¢ = ¢* = 2,/f/(0) (fur-
thermore, it is known that ((t) = ¢*t — (3/c*)Int + xo + 0(1) as t — +oo,
for some real number x..). Since is invariant by rigid transformations
and since f(a+b) < f(a) + f(b) for all a,b > 0 by (3.7)), it follows from the
definition of U and the maximum principle that

max (v(t, z2 cos a — z1 sin ), v(t, z2 cos o + 1 sin ) )
< u(t,z1,x2) (4.38)

< v(t, o cos v — xq sin ) + v(t, 2 cos o + 1 sin «v)
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for all t > 0 and (x1,22) € R%. Together with (4.37), one gets that

0+ 270/2) 1
-2

lim infu(t, 0,

t—+00 cos

and .
(1 1
liInsupu(t,O7 B+ ( /8)> < -,
t—+00 cos o 4

where ¢! : (0,1) — R denotes the reciprocal of the decreasing function .
Consider now any sequence (t,)nen diverging to +o0o. Up to extraction of
a subsequence, the functions (1, z2) — u(ty, 1, ((tn)/ cosa + x2) converge
in C2 (R?) to a function ¢ : R? — [0, 1], which then belongs to Q(u). One

loc
has
0 90‘1(1/2)> S 1 i > 40, 90‘1(1/8)>,

cos -2 cos
hence there exists a real number y € (¢ ~1(1/2)/ cosa, ¢~ 1(1/8)/ cos @) such
that 1/4 < ¢(0,y) < 1/2 and 0,,%(0,y) < 0. Furthermore, since U is sym-
metric with respect to the axis {x1 = 0}, the function ug is even in z1, and
so are u(t,-) for every ¢ > 0, and then . Thus, 0,,9%(0,22) = 0 for all
x9 € R. From the previous observations, the gradient of 9 at the point (0, y)
is a non-zero vector parallel to the vector (0,1). If the function 1) were
one-dimensional, it would then necessarily be written as (1, z2) = ¥(z2)
in R?, for some C%(R) function ¥. In particular, one would have that

Y(z1,y) = ¥(0,y) € (1/4,1/2) for all z; € R. But (4.37)-(4.38) yield
C(tn) y)

cos «
> lim v(ty, ((ty)+ycosa—z sina) = p(y cos a—x1 sin @),

n——+oo

1>Y(z1,y) = lim u(tn,ml,

n—-4o00

hence 9 (x1,y) — 1 as x1 — +00, leading to a contradiction. As a conclusion,
the element v of Q(u) is not one-dimensional. Notice finally that all shifts
¥(-+aq,-+ag) of ¢ belong to Q(u), and are not one-dimensional either. [

Remark 4.5. In the example considered in the above proof, the set Q(u)
nevertheless contains some elements which are one-dimensional (apart from
the constant elements 0 and 1, which belong to Q(u) by Proposition [3.1).

Indeed, it follows from (4.37)-(4.38) and ¢(+o00) = 0 that, for any
0:[0,+00) — R with o(t) — 400 as t — 400, one has

¢(®)

COs @

u(t, o(t) +x1, o(t) tan o + + :1:2) — p(rgcosa—zsina) ast — 400,

locally uniformly in (x1,72) € R2  Therefore, the one-dimensional non-
constant function (z1,x2) — (22 cosa — x; sina) belongs to Q(u). So does
the one-dimensional non-constant function (z1,x2) — @(z2 cosa+ z1 sin ),
by choosing ¢ such that g(+o0c0) = —oo and adapting the above limit.
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The second result shows that the conclusions of the main results do not
hold in general without the assumption ([2.1)).

Proposition 4.6. In any dimension N > 2, there are measurable sets
U c RN, which satisfy but not ([2.1), such that Q(u) contains some
elements that are not one-dimensional, where u is the solution of with
nitial datum ug = 1.

Proof. Consider > 0 and U := U; U Uy, with

Uy :={z € RN 125 < Blan|} and Up:= ) B _.2(k). (4.39)
kezZN

The set Uy is the same as in the proof of Proposition and as before we
call @ := arctanf € (0,7/2). Notice that U satisfies (2.4) (it is at finite
Hausdorff distance from RY ), but not . Let u, u; and uo denote the
solutions of with initial conditions 1y, 1y, and 1y, respectively. As
in the proof of Proposition [4.4] one has

max(ui(t, x), uz(t, z)) < u(t,z) < u(t,z) + uz(t, x)

4.40
for all t > 0 and z € RY. ( )

Furthermore, since f(s) < f/(0)s for all s > 0, there holds that

el —|m /4
OSualla) £ o N/zz fy e
kezn? B jp2(k
< —|z|? /82/ ‘y|2/4d <A —|z|2/8
S y>ae
(4m)N/2 kezn” B in2(k)

for all z € RY, for some positive real number A. Therefore, for any ¢ € SV —1,
one has 0 < ug(1,z) < Ae~ VI (O=&+2770) for all 2 € RY, and using again
that f(s) < f/(0)s for all s > 0, the maximum principle implies that

0 <wug(t,z) < Ae V FrO)z&+2f'0)t for all t > 1 and = € RY.

Since ¢ € SV~! was arbitrary, this yields 0 < ua(t,z) < Ae~ VIO lzl+2f (0}t
for all t > 1 and € RY. In particular, SUP|g|>et U2(t, 2) — 0 as t — o0,
for any ¢ > ¢* =2,/ f/(0).

On the other hand, from the proof of Proposition (and the trivial
extension of all functions in the variables (z3,--- ,zx)), there is a sequence
(tn)nen diverging to +o0o such that the functions

T = ul(tn,l‘l,g(tn)/COSO{ + 22,23, - 7$N)
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converge locally uniformly in RY to a function 1; € Q(u;) that is not
one-dimensional. We also recall that ((t) ~ c¢*t as ¢ — +o0o0, hence
C(tn)/ cosa ~ (c*/ cosa)ty, as n — 400, with ¢*/cosa > ¢*. It then follows
from and the conclusion of the previous paragraph that the functions
x = u(tn,x1,((tn)/ cosa + xa,x3,- -+ ,xN) still converge locally uniformly
in RN to the function 1. Therefore, Q(u) contains the element of 1, which
is not one-dimensional, as well as all its shifts. O

Remark 4.7. The sets U given in Propositions .4 and are actually
closed and equal to the closure of their interior. By doing so, we avoid mean-
ingless counterexamples. For instance, if U; is as in and if Uy = ZV,
then U := U; UU, satisfies (because it is relatively dense in RY) and it
does not satisfy . But the solutions w and u; of with initial condi-
tions 1y and 1y, are actually identical in (0, +00) x RY (since the Lebesgue
measure of Us is equal to 0), hence Q(u) = Q(u;) and this counterexample
turns out to be equivalent to the one given in Proposition [£.4]

4.5 Proof of Theorem [2.3

Let uw be the solution of with an initial condition ug = 1y and a
set U satisfying and . Assume, by way of contradiction, that the
conclusion of Theorem does not hold. Then, there are k € {2,--- , N}, a
sequence (ty)nen of positive real numbers diverging to 400 and a sequence
(1) nen in RY, such that

.. 2
EE}_{E lok(D“u(ty,, zy))| > 0. (4.41)

Up to extraction of a subsequence, the functions u(t,,x, + ) converge
in C?_(RY), to an element ¥ of Q(u). By Theorem YRV = Ris
one-dimensional, hence, for all 2 € RY, the eigenvalues of D%y(x) are all
equal to 0 except at most one of them, which implies that o(D?y(z)) = 0
(because k > 2). On the other hand, since (—1)*oy(D?u(t,, z,,)) is the coeffi-
cient of XN~ in the characteristic polynomial X ~ det(X Iy —D?u(ty,,zy))
(where Iy denotes the identity matrix of size N x N), op(D?u(tn,z,))
is therefore a polynomial function of the coefficients of D?u(t,,x,). It

then follows from the convergence u(tn,z, + ) — ¢ in C3 (RY) that
ox(D?u(tn, ) — 0k (D*)(0)) = 0 as n — +oo. This contradicts (4.41)),
and the proof of Theorem [2.3]is complete. O
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5 Directions of one-dimensional symmetry: proof
of Theorem [2.4

With Theorem in hand, the proof of Theorem consists in showing
that u has some partial derivatives which do not vanish as ¢ — 400, around
suitable sequences of points.

Proof of Theorem[2.4. The set on the right-hand side of the equivalence
stated in the theorem is empty if and only if U is relatively dense in R
or U = (). Hence the last statement of the theorem follows from the first
one.

Let us show the double inclusion between the sets, as stated in the theo-
rem. The inclusion “C” is a consequence of Theorem

Let us turn to the inclusion “>7”. Assume that U # () is not relatively
dense in RV, Let e € SV, (2,)nen in RV \ U and (&,)nen in RY be such
that

lim dist(x,,U) =400, lim Zn = n

=e, and &, € my, for alln € N.
n—-+4oo n—-+oo ’xn — fn’

We need to show that e € £. For n € N, we set for short

kp := |z, — &| = dist(z,,U) and e, := n =& e SVN-1L.
|20 — &l
We start with showing that
lim inf inf e u(t, Az, + (1 — N)E, : 1
il (3l ) Ot Aen (- NED) <0 (651

Assume by contradiction that (5.1]) does not hold. Then, for any £ > 0 there
exists 7. > 0 such that

Vi> 1, VneN, YA€ (0,1), Oe,ult,\tn+ (1-N&)>—c.  (5.2)

Hypothesis (2.1)) implies the existence of two constants §, R > 0 such that
dy(U,Us) < R. Moreover, by parabolic estimates, there is K > 0, only
depending on f and N, such that

Vit>1, Ve eRY, |Vu(tz) <K. (5.3)

Call ¢’ := min(d,1/(8K)). By there exists 7 > 0, only depending on f,
N, 0 and R, such that the solution v to with initial datum vy = %ILBN
satisfies v(t,x) > 1/2 for all t > 7 and x € Br. We can assume without loss
of generality that 7 > 1.
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Take n € N. Because dy (U, Us) = dy(U,Us) < R, there exists ¢, € Us
such that |¢, — & < R. It follows that ug(z) > vo(z — () for all z € RY
and therefore, by comparison,

vt > 7, U(t,fn) > U(tvfn - Cn) >

N |

Using (5.2)) we then deduce
.1 1
u(rE + 7,&, + min (—, kn>en) > —.
4de 4
We now start an iterative argument. By (5.3]) (recall that 7 > 1) we get

1 1
Vxe B, u(Tg—&-T,fn—Fmin(—,kn)en—i—x) >
8K 4e 8

Since &' < 1/(8K), this allows us to compare u(7-+7+-, &, +min(5-, ky)en+-)
with v and obtain

1 1
u(TE + 27, &, + min <—, kn>en> > —,
4e 2

whence by ([5.2))
. 2 1
u<T6 + 27, &, + min <—, kn>en> > —,
4e 4

We iterate j,, times this procedure, where j, is the smallest j € N satisfying
j/(4e) > k. Namely, for any n € N we have shown that

1
w(Te + JnT, Tpn) > 1 with j, € N such that j, — 1 < 4ek, < j,. (5.4)
We compute
dist(xy, U) ky, kn

Te + T  Te =+ jnT - 7. + (4ek, + 1) T her ¥ oo,
Take ¢ > ¢* and ¢ < 1/(47c). It follows from the above estimate that
dist(xy,, U) >c(7z + jn7) for n large enough, but then contradicts
because (j,)nen diverges to 400 since (ky)nen does. This proves (5.1)).
We can now conclude. By (5.1) there exist ¢ > 0, a diverging se-
quence (ty)reny in RT) a sequence (ng)reny in N and a sequence (Ag)ren
in (0,1) such that

8enku(tk,yk) < —e, where yi := A\exn, + (1 — Ap)én, -

Therefore, by parabolic estimates, the sequence of functions (u(tx, yx+-))ken

converges in CL (RY) (up to subsequences) towards a function 1) € Q(u)
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satisfying 9.9 (0) < —e. Moreover, since §,, € m, , there also holds by
definition of y, that &,, € 7, and

Y — gnk

We deduce from Theorem that ¢(x) = ¥(z - e) for some nonincreasing
function ¥ € C?(R). We further know that ¥/(0) < —e < 0. Theorem {4.2
then implies that W is actually strictly decreasing in R, hence e € £. O

=ey, — € as k— 4oo.

6 The subgraph case: proof of Corollary

We now turn to Corollary which is a consequence of Theorems [2.2
and In order to check the geometric condition of these two theo-
rems, we will make use of the following simple property of functions with
vanishing global mean.

Lemma 6.1. Let v: RVN~! = R satisfy [2.6). Then

n o /
M := sup M < 400. (6.1)
2’y ERN-1 ‘J} -y ’ +1

In particular, |xy —y(2")| < M for all (2',zyN) € OU.
Proof. By ([2.6)), there exists L > 0 such that

@) =@

sup 7 n
' €RN—1 o/ eRN—1 |3/ —y/|>L ’1‘ -y |

Consider 2/,y’ € RN¥=1. Let 2 € RN~! be such that |2/ — 2| = L and
|z — /| > L. We have that

(@) =) < v (@) =y (@) + () = 7)) < L+12' =y <2L+]2' -y,

from which the desired estimate immediately follows. The last statement of
Lemma is an immediate consequence of ([6.1)). O]

Proof of Corollary 2.5 The proof consists in showing that the assumptions
of this corollary entail, on one hand, that U fulfills the hypotheses (2.1)), (2.4))
of Theorems [2.2] and [2.4] and, on the other hand, that

1 Tn —&n
m —————————m--
n—+00 |7y, — &y

= en, (62)

for any sequence (z,)nen satisfying dist(z,, U) — +00 as n — +oo and any
sequence (&, )nen such that &, € 7, for each n € N.
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By , there exists L > 0 such that
va' e RN vy e RYTNBL(2), A(y) 2a(@) — |y 2| (6.3)
It follows that, for any 2/ € RN~
US{(y,yn) € RYN\BL() xR = yy < (@) — |y’ —2'[}.

Take § > 0. Since the set in the right-hand side above contains the N-
dimensional ball Bs((2’' + ¢/, v(2') + yn)), for any (v/,yn) with |[¢/| = L +46
and yy < —L — 30, we find that

OB . s(2') x (—o0,y(z') — L —38) CUs for all 2’ € RV,
From this inclusion, and the fact that
dist (', o), 0B} (") x (—00,7(2')— L—38)) < /(L0 + (L+30)2
for all (2/,zy) € U, we deduce that
dy(U,Us) < /(L +6)? + (L +30)2,

that is, (2.1)) holds for any ¢ > 0.
Next, we claim that

2" — €|
sup ——— =0 as R— +oo. (6.4)
z=(2',xn)ERN  dist(z,U)=R, {=(¢' ¢N)ETL R
To show (6.4)), take R > 0, consider any point zp = (2,2 N) € RN
such that dist(zr,U) = R and let {g = ({,&R,N) € Ty, (remember that
Tzp C OU). The quantity hg := xg v —(2';) satisfies hgp > R. We compute

R? = |(@p V(@) + he) = (p ErN)I
> |ofy — &pl* + 1 — 2hrly() — Ernl-
If a7y — & stays bounded as R — +oo then the limit in (6.4) trivially
holds. Suppose instead that (up to subsequences) |z — i| — 400 as

R — +o00. Then, by hypothesis (2.6) and Lemma it follows that
|v(@) — Er.N| < |2’y — ER|/2 for R large, and thus, for such values of R,

(6.5)) yields
1

1 1
R? > |ay = €5l + W — hrlaly = €l > Slok — Ekl* + 5hk > Shi

that is, hp < v2R. Recalling that hr > R, we then derive from (6.5) and
Lemma [6.1] that

A~ rN Iy
7~ €l Pl )~ Ennl o s~ Ena
R R|xR - §R’ ‘xR - ‘SR‘
/3 Iy(2) — v (ER)| + M
|2k — &Rl

(6.5)

IN

9
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which tends to 0 as R — 400 by . This shows that property holds.

Now, consider any sequence (1, ),en in RV \U such that dist(z,,, U) — +00
as n — 400, and any sequence (&,)nen such that &, € m,, for each n € N.
By Lemma one has that

|Tn —&n| > Tn N —En N = Ta N —(&) =M >z N —7(2),) —2M — M |z;, — &, |

for all n € N. But z, n — y(a},) = |z, — (2},,7(2z)))| > |xn — & since

&n € Ty,. Hence |z, — &n| > xnn — EuN > |20 — &n| — 2M — M|z, — &,
and the last quantity is equivalent to |z, — &,| = dist(z,,U) as n — +o0,
by . As a consequence, Tp, N —&p N ~ |2 —&p| as n — 400 and, together
with again, the property follows.

We are left to show . As before, let zg = (@, TrN) € R such that
dist(xg,U) = R > 0. We want to estimate O(zg) defined by when R
is large, i.e.

O(zp) = rr—§ y—§

sup . .
cempyenley B [y —¢

We first consider the set of points ¢,y satisfying |y — ¢| < v/R. Since at any
§ € My, and y € U it holds that

R*<|zp—yf’ = P+ € —y[> +2(xr = &) - (£~ v),

we derive

_ _ 1
sup TR—& Y—& _

< —0 as R— +oo. (6.6)
EEﬂzR,yeU,0<|y—§|<\/E R |y - §| 2\/]7{

It remains to estimate the above scalar product when |y —&| > v/ R. We first
observe that, for §= (é.laé.;\]) 7é Yy = (y/7yN)7

trR=§ y—& _ <WR — &l @Ry = EN) (N —&v))
R ly=¢& R Rly — ¢

Let § € myp, and y € U\ {¢}. The first term of the right-hand side is handled

by (6.4). As for the second term, we notice that (6.2) and Lemma[6.1]imply

that zp v — &v > 0 for R large enough, and {n > v(§') — M. Therefore,
since yy < v(y'), it follows that

(xrN — EN)(Yn — éN) < (xrN —EN) (YY) —7(€) + M)
R’y_§’ B R‘y_ﬂ (68)
V() =€)+ M '
ly —¢]

(6.7)

IN
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for all R large enough. From this, on one hand, restricting to |y’ —¢'| > V/R,
it follows from (12.6|) that

(xr,N—EN) (Yn —EN)
sup
dist(zp,U)=R, £=(¢" & )Emapy Rly —¢|
y=(y' . yn)€eU, |y —€'|> VR

(6.9)
< sup DWEEM
- gl’yleRN—l ’y/ — §/| R—-+o00
ly'—¢'|> VR
On the other hand, when |y — ¢'| < V/R, we deduce from that
sup (zr,N —&N) (YN — &N)
dist(zp,U)=R, E=(¢' £y )Emry Rly — ¢
y=(y'yn )€U [y —¢'|< VR, ly—¢|>VR (6.10)
2M + v
< AT VE VR — 0.
\/ﬁ R—+00

Summing up, (2.4) follows from the estimates and (6.7]), (6.4), ,
and (/6.10]). O

7 Directional asymptotic one-dimensional symme-
try

The arguments of the proof of Theorem can somehow be localized.
Loosely speaking, if one focuses on the asymptotic one-dimensional prop-
erty around a given direction, the global geometric assumption can be
restricted to the points x around that direction, and hypothesis can be
relaxed too. Under such weaker assumptions, we derive the one-dimensional
symmetry for functions belonging to the directional Q-limit set of the solu-
tion, which is defined as follows.

Definition 7.1. For a given bounded function u : RT x RN — R and for
any direction e € SN71, the set

Qe(u) :={ p € L°RY) : u(ty,zn+ ) = ¢ in L7 (RY)

loc
for some sequences (t,)nen n RT diverging to +oo,

and (zy)nen in RN\ {0} such that xp,/|zn| — € as n — +o0 }
is called the Q-limit set in the direction e of u. Notice that Qc(u) C Q(u).

Theorem 7.2. Let u be a solution of (L.1|) with an initial condition uy= 1y,
where U CRYN has nonempty interior and satisfies

Uc{( an)€ RV-IXR : zy < v(z)}, (7.1)
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for a function v € LS (RN~1) such that

lo

/
lim sup V(f ) <. (7.2)

|| —=+o0 |$ |
Then, any function ¢ € Qe, (u) is one-dimensional and satisfies
(o' xn) = U(zy) in RV,

with W € C?(R) either constant or strictly decreasing. In particular it holds
that

Veu(t,x',xn) — 0 as t — +oo,
locally in ' €RN =Y and uniformly in xy € [R, +00),

for any R € R, and moreover if the inclusion is replaced by an equality

in (7.1)), then

Veu(t,2',xn) — 0 as t — +o0,
locally in ' e RN and uniformly in xn €R.

Proof. We prove the result showing that, when restricted to the directional
Q-limit set Qe (u), the arguments of the proof of Theorem can be per-
formed with hypotheses and replaced by the assumptions that U
has nonempty interior and fulfills —. We will also show that the
functions in €, (u) are one-dimensional precisely in the direction ey. The
situation is simpler here and we do not need to introduce any coordinates
transformation.

Assume by contradiction that there exists 1 € €, (u) satisfying
Votp(z) # 0 for some € RY. Let (t,)neny in RT and (2,)nen in RY\ {0}
be the associated sequences given in Definition that is,

In

t, = +oo and
|Zn|

— ey as n— +00. (7.3)

Since U has nonempty interior, the invasion property (13.2)) applies and yields
Vee (0,¢"), |xn| > ct, for all n sufficiently large, (7.4)

because otherwise ¢ = 1 in RY. In particular, (z,)nen needs to be un-
bounded. Therefore, up to replacing (zy)neny with (2, + Z)nen, wWe can as-
sume without loss of generality that Z = 0. Namely, the sequences (t,)nen,
(Zn)nen satisfy and , and by parabolic estimates it holds that

Vu(ty,zn) = f as n — 4oo, (7.5)
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with 8 = (8, Bn), B # 0. We write, for n € N, z, = (2},,z, n). Proper-
ties (|7.3), (7.4]) immediately imply

Vee (0,c"), xpnN=axp-en >ct, foralln sufficiently large. (7.6)

Similarly, implies that limsup,,_, . dist(zp,U)/t, < ¢* (because
otherwise ¢y = 0 in RY). Furthermore, it follows from (7.I)-(7-3) and
limy, 400 |zn| = 400, that dist(z,,U) ~ z, Ny as n — +oo. Therefore,
limsup,,_, | o Tn,N/tn < ¢*, hence

|2!| = o(t,) as n — +oo, (7.7)

by using ([7.3)) again.
For given ¥ > 0, define the sets

H, =B}, x(—00,9;], Va:={ea+s(8+¢) : seR, (€ By}

Consider a point P = (P',Py) € V, satisfying Py < 9Ot,. Namely,
P =z, + s(8 + () for some ¢ € By and s € R such that

Utn = ann — (IBn] 4 0)ls].
As a consequence, if ¥ < |3’| we derive

/
> 8" — 9
BN |+

Since 8 # 0 and |2,|/z, y — 0 as n — +oo due to (7.3)), using one
can find ¥ € (0, min(|8’|,¢*/2)) sufficiently small, only depending on /', By
and ¢*, such that, for n large, |P'| > ¥t,, i.e. P ¢ H,. With this choice it
holds that H, N'V,, = 0 for n sufficiently large.

We then set

[P > (I8 = 9)ls] = |z, (@Nn = Otn) = |20,].

9 ¥
o:=5>0,  e=5>0. (7.8)

We further take § > 0 such that Us # () and finally L > 0 large enough so
that holds, the latter being possible due to —. Observe that
0 < o < ¥ < c¢*/2. This means that U fulfills the hypotheses of Lemma
Therefore, for n € N, the solution u? of whose initial datum is equal
to the indicator function of the set U N (By, x R) satisfies [@.2), ie.

v

luCtn, ) = u’ (tn, .)Hcl(sttn/:sXRﬂ <9

provided n is sufficiently large. By (7.5)-(7.7), one has |Vu?* (t,,, z,)—B| < 9
for all n sufficiently large. This means that, for such values of n, the line I';,
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passing through the point z, and directed as Vu’t" (tn,xy) is contained in
the set V,, defined before, whence

(Fn N Hn) C (Vn N Hn) = for all n sufficiently large.
On the other hand, we have that
supp u”(0,-) c U N (By, xR) C Hy, for all n sufficiently large. (7.9)

We are thus in a position to apply the reflection argument. Namely, pro-
ceeding as in Step 4 of the proof of Theorem E with u? replaced by u’t",
we reach a contradiction thanks to the Hopf lemma. This proves that
any 1 € Qe (u) satisfies V,¢b = 0, that is, there is a C?(R) function ¥
such that 1 (z) = ¥(zy) in RV. The monotonicity of ¥ can then be shown
as in Step 5 of the proof of Theorem 4.2, with wu, replaced by u, kpen
by z,, and k, by x, n. Furthermore, similarly as in Step 6 of the proof of
Theorem the function W is either constant or strictly decreasing.

Let us deal now with the last part of the theorem concerning the con-
vergences of Vu towards 0. Consider a diverging sequence (t,)nen in R,
a bounded sequence (7,)nen in RV ™! and a sequence (7, v)nen in R. By
parabolic estimates, as n — +oo, the function u(t,, (x},, x, n) + +) converge
in C2_(RY), up to extraction of a subsequence, towards a function ¢. On one
hand, if up to extraction of another subsequence, x,, v — +00 as n — 400,
then ¢ € Qe (u) and thus, by the first part of the theorem proved above,
there is a C%(R) function ¥ such that (z) = ¥(xy) in RY. On the other
hand, if (2, N)nen is bounded then ¢ = 1 in RY due to . Summing up,
we have Vyu(ty, z),, x, n) — 0 as n — 400 when (2, N )nen is bounded from
below. This proves the first convergence of V u stated in the theorem. We
are left with the case where, up to subsequences, x, y — —00 as n — 400
and the inclusion is replaced by an equality in . In such a case, even
if it means replacing U by a measurable set U’" D U such that U’ \ U has
zero Lebesgue measure, the set U contains, for given d > 0, the half-cylinder
Bj x (—o0,essinfp; ), where essinfp v > —oo because v € Lo (RN,
We deduce

Us D {0} x (—oo,essB%nf'y —9),
§
where 0 above stands for the origin in RN=1. It follows from property
of Proposition [3.1| that u(t,z’,zx) — 1 as t — 400 locally in 2’ € RN¥~1 and
uniformly in xx € (—oo, R], for any R > 0. This implies that ¢y = 1 in R,
hence Vyu(ty,x),, zn n) — 0 as n — 400 up to subsequences. The proof of
the theorem is complete. O
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8 Extensions and open questions

We list in this last section some extensions of the main results for more
general initial data, as well as some open questions and conjectures.

Some extensions of the main results

First of all, we point out that the conclusions of the main results of Sec-
tion [2 still hold for the solutions to (1.1)) with measurable initial conditions
up : RY — [0,1] more general than characteristic functions. To be more
precise, if there are h € (0,1] and § > 0 such that is replaced by

dy ({uo > h},suppug) < +oo and dy({ug > h},{up > h}s) < +oo, (8.1)

and if (2.4)) is replaced by

lim ( sup (’)(x)) <0, (8.2)
B—+o0 z€RN  dist(z,supp up)=R

then the conclusion of Theorem [.2] - and thus of Theorem 2.2 - holds true.
Indeed, first of all, one checks that Proposition holds with U and Uy
replaced by supp up and {ug > h}s respectively, where, for the proof of ,
one defines v as the solution with initial datum vg = h1lp,;. Then Lemma
still holds with uf? := ug 1 B xR and with the assumption replaced by

{UOZh}tiﬂBL?é@a
suppug \ (B7 x R) C {(m',xN) eRVIXR @ zxy < %|zx’|}
c

(but now in the conclusion (4.2)) the time 7. depends on h too). Next, one
repeats the arguments of the proof of Theorem with the U, defined as
rigid transformations of supp ug in place of U, and

L := dy ({uo > b}, {uo > h}s) +1

in and .

As a consequence of Theorem the conclusion of Theorem still
holds for initial conditions ug satisfying — instead of vy = 1gy
with and . Similarly, the conclusion of Theorem holds for
such wug’s, with U replaced by suppug in the statement, while the con-
clusion of Corollary holds when dH({uo > h},supp uo) < 400 and
dy (U, supp uo) < 400, with U still satisfying —. Finally, the con-
clusion of Theorem is satisfied when wg fulfills instead of
and , and when the convexity — or convex proximity — of U is replaced
by that of supp ug.
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Some open questions and conjectures

To complete the paper, we propose a list of open questions and conjectures
related to our results. First of all, let us call ¢ the traveling front profile with
minimal speed, that is, for each e € SV~ ¢(z - e — c*t) satisfies with
0=p(+0) < ¢ < p(—00) =1 and ¢* =24/f(0). Based on Theorems
and and according to the definition of £, we propose the following.

Conjecture 8.1. Let u be as in Theorem[2.2l Then,
Qu)={0, 1, p(z-e+a) : ec& acR}.

This conjecture is known to hold when U is bounded with non-empty
interior, by [7, 24], and when U is the subgraph of a bounded function, or
more generally when there are two half-spaces H and H’ —necessarily with
parallel boundaries— such that H C U C H’', by [2, 3, [13, 19, 27].

We have shown in Lemma that the assumption of Theorem
is stable by bounded perturbations of the sets U. We could then wonder
whether the asymptotic one-dimensional symmetry is also stable with respect
to bounded perturbations of the initial support. Namely, if the solution
to with an initial datum 17 satisfying is asymptotically locally
planar, and if U’ C RV satisfies and dy(U',U) < +o00, then is the
solution to with initial datum 177 asymptotically locally planar as
well?

One can also wonder whether the reciprocal of Theorem is true, in
the following sense: if the asymptotic one-dimensional symmetry holds for
a solution u of with initial datum 1y and U satisfying , does
necessarily U fulfill ? The answer is immediately seen to be negative in
general: take for instance U given by

U=J@"2"+1 xRV,
neN
which fulfills (2.1)) but not (2.4, while v — hence any element of Q(u) — is
one-dimensional, depending on the variable x; only. However, the question
is open if U is connected.

Our study concerns the Fisher-KPP equation, with functions f satis-
fying . However, the same question of asymptotic one-dimensional
symmetry can be asked for more general reaction terms f, still with
f(0) = f(1) = 0. First of all, the hypothesis should be strength-
ened, by requiring § > 0 to be large enough. Indeed, if f is for instance of
the bistable type

F0)<0, f(1)<0, f<0in (0,a), f>0in (a,1), /1 F(s)ds > 0 (8.3)
0
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for some a € (0,1), then by [0, 28] there is dyp > 0 such that the solution
to ([1.1]) with initial condition ug = 1 Bs, converges uniformly as t — +o00 to a
ground state, that is, a positive radial solution converging to 0 as |z| — +oo,
hence u is not asymptotically locally planar. However, if ug := 1p, with
§ > 0g, then u(t,z) — 1 as t — +oo locally uniformly in = € RY. We then
say that the invaston property holds if there is p such that the solution w
to with initial condition 1p, satisfies u(t,z) — 1 as t — +oc locally
uniformly in # € RY. For general functions f for which the invasion property
holds, if U is bounded and U, # 0, then the solutions to with initial
condition 1y are known to be asymptotically locally planar, by [16]. The
same conclusion holds for bistable functions f of the type if there
are two half-spaces H and H' —necessarily with parallel boundaries— such
that H Cc U C H', by [2, B 20, 2I] (see also [23] for the case of more
general functions f). On the other hand, still for bistable functions f of
the type , the solutions u to with initial condition 1y are not
asymptotically locally planar if U is V-shaped, that is, if it is the union
of two half-spaces with non-parallel boundaries, by [10, 11, 22| 25]. These
known results lead us to formulate the following De Giorgi type conjecture
for the solutions of the reaction-diffusion equation beyond the Fisher-
KPP case.

Conjecture 8.2. Assume that the invasion property holds for some p > 0.
Let u be the solution to (1.1) with an initial datum uy = 1y such that
U C RY satisfies dyy(U,U,) < +oo and ([2.4). Then any function in Q(u) is

one-dimensional and, in addition, it is either constant or strictly monotone.

Let us also mention another natural question related to the preservation
of the convexity of the upper level sets of © when uy = 1y and U is convex.
It is known from [4] [I5] that, if U is convex, then the solution of the heat
equation dyu = Aw is quasi-concave at each t > 0, that is, for each ¢t > 0
and A € R, the upper level set {x € RV : u(t,z) > \} is convex. The same
conclusion holds for set in bounded convex domains instead of RV, and
under some additional assumptions on f, by [14]. A natural question is to
wonder for which class of functions f this property still holds for in RN,

Notice finally that, for any solution u to , for any sequence (t,)nen
diverging to +oo, and for any sequence (z,)neny in RY, the functions
u(ty + -, 2, + -) converge locally uniformly in R x RY, up to extraction of a
subsequence, to an entire solution to (that is, solution for all ¢ € R).
Remembering Theorem on the asymptotic one-dimensional symmetry for
the solutions to with ug = 1y and U convex, and having in mind the
question of the previous paragraph on the convexity of the upper level sets, it
is then natural to ask the following: if an entire solution v : R x RY — [0, 1]
to is quasi-concave for every t € R, is v(t, -) necessarily one-dimensional
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for every t € R?
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