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Abstract

This paper considers an idempotent and symmetrical algebraic struc-
ture as well as some closely related concepts. A special notion of de-
terminant is introduced and a Cramer formula is derived for a class of
limit systems derived from the Hadamard matrix product. Thereby, some
standard results arising for Max-Times systems with nonnegative entries
appear as a special case. The case of two sided systems is also analyzed.
In addition, a notion of eigenvalue in limit is considered. It is shown that
one can construct a special semi-continuous regularized polynomial whose
zeros are related to the eigenvalues of a matrix with nonnegative entries.

AMS: 15A80, 06D50, 06F25

Keywords: Idempotent algebraic structure, semilattices, determinant, Cramer’s
rule, generalized power-mean, Max-Times systems of equations.

1 Introduction

Exotic or tropical semirings such as the Max-Plus semiring, have been developed
since the late fifties. They have many applications to various fields: performance
evaluation of manufacturing systems; graph theory and Markov decision pro-
cesses; Hamilton-Jacobi theory. However, it is well known that there is no
nontrivial algebraic structures satisfying both idempotence, symmetry and hav-
ing a neutral element. Despite this, there exist methods for symmetrizing an
idempotent semiring imitating the familiar construction of Z from N, for an ar-
bitrary semiring. Symmetrization of idempotent Semirings plays a crucial role
to develop an approach in term of determinant in Max-Plus Algebra. Gaubert
[19] introduced a balance relation to preserve transitivity. Familiar identities
valid in rings admit analogues, replacing equalities by balances. The balance
relation yields to relations similar to those arising for ordinary determinants
making a lexical change. This symmetrization was invented independently by
G. Hegediis [21] and M. Plus [28]. It follows that solving linear equations in
the Max-Plus semi-ring requires to solve systems of linear balances. Results
concerning Cramer solutions can be found in [5].

In this paper we have taken a different point of view. We consider an idem-
potent algebraic structure having the symmetry property and 0 as a neutral
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element. The price to pay is that associativity no longer holds true. More pre-
cisely, we focus on a Max-Times algebraic structure which is derived as a limit
case of the generalized power-mean that involves an homeomorphic transforma-
tion of the real field. The binary operation defined from this algebraic structure
was mentioned in [20] as an exercice due to Gerard Duchamp.! Though it is
not associative it admits an n-ary extension and satisfies some interesting prop-
erties. In particular, one can construct a scalar product which will play an
important role in the paper. It has been shown in [8, 9] that such an algebraic
structure is useful to extend a Max-Times idempotent convex structure from R’
to the whole Euclidean vector space. The problem arising with such a cancela-
tive algebraic structure is that it involves a natural n-ary operation which is not
continuous nor associative. One can circumvent this difficulty by considering
a special class of semi-continuous (upper and lower) regularized inner products
analysed in [9].

The paper focusses on the asymptotic Cramer solutions of a special se-
quence of generalized power-linear systems. These systems are constructed
from an homeomorphic transformation of the usual matrix product involving
the Hadamard power for vectors and matrices.? The formula of the determi-
nant and Cramer’s rule are then derived with respect to the non-associative
algebraic structure considered in [8]. Along this line, we give the algebraic form
of a sequence of hyperplanes passing through a finite number of points. More
importantly, a general class of limit systems is defined over R™. These limit
systems involve several inequations that are derived from the semi-continuous
(upper and lower) regularizations of the non-associative inner product. They
include as a special case all the Max-Times systems defined from a matrix with
positive entries. The Kaykobad’s conditions established in [22] can then be ap-
plied to warrant the asymptotic existence of a positive solution. This algebraic
structure does not require any balance relation and one can give an explicit
form to some solutions of a two-sided Max-Times system. In addition, it is
shown that one can construct a special polynomial to find the eigenvalues of a
matrix with nonnegative entries. To do that the limit of the Perron-Frobenius
eigenvalue is considered. A parallel viewpoint was adopted in [2] in a Max-Plus
context. Asymptotic descriptions of Max-Times algebra eigenvalues via clas-
sical eigenvalues of Hadamard powers of nonnegative matrices have also been
proposed in [6], [17], [18] and [25].

The paper unfolds as follows. We lay down the groundwork is section 2. In
section 3, a suitable notion of determinant is defined with respect to this non-
associative algebraic structure. Section 4 considers a class of semi-continuous
regularized operators. Hence an explicit algebraic form of the limit of a sequence
of generalized hyperplanes is provided. In section 5 a class of limit systems of
equations is analyzed for which an explicit Cramer formula is established includ-
ing the case of Max-Times systems with nonnegative entries. In addition, we
provide a solution for a class of two-sided systems and we compare the balance
relations and the non-associative algebraic structure used in the paper. Fi-
nally, a notion of eigenvalues in limit is analyzed and connected to the algebraic
structure proposed in the paper.

IExercice 41, p. 25.
2A similar approach was considered in [2] modulo a logarithmic change in the variables
related to the Max-Plus algebraic structure.



2 Preliminary Properties

2.1 An Idempotent and Non-Associative Algebraic Struc-
ture

For all p € N, let us consider a bijection ¢, : R — R defined by:
¢p:x —> Pt (2.1)

and ¢p (21, ..., 2n) = (Pp(21), ..., op(zn)); this is closely related to the approach
proposed by Ben-Tal [7] and Avriel [4]. One can induce a field structure on
R for which ¢, becomes a field isomorphism. Given this change of notation
via ¢, and ¢, we can define a R-vector space structure on R"” by: A =

Pp
o (p(N).¢p(2)) = Az and = + y = ¢, (¢p(x) + ¢p(y)); we call these two
operations the indexed scalar product and the indexed sum (indexed by ¢p).

Pp
The ¢,-sum denoted Y of (21, ..., ) € R™*™ is defined by?

i j :¢51< > ¢p($j))- (2.2)

i€[m] J€[m]

For simplicity, throughout the paper we denote for all z,y € R™:

p Pp
T+y=x+y. (2.3)

Recall that Kuratowski-Painlevé lower limit of the sequence of sets {A; }nen,
denoted Li,_,oAn, is the set of points x for which there exists a sequence
{x(")}neN of points such that z(™ € A, for all n and z = lim,_, z(™.
The Kuratowski-Painlevé upper limit of the sequence of sets {A,}nen, de-
noted Ls, _,o0An, is the set of points z for which there exists a subsequence
{x, }ren of points such that (™) € A, for all k and = = limy_,o (™).
A sequence {A,}nen of subsets of R™ is said to converge, in the Kuratowski-
Painlevé sense, to a set A if Ls, so0Adp = A = Li,_o0 Ay, in which case we
write A = Limg,_ o0 Ay

2.2 A Limit Algebraic Structure

In [8] it was shown that for all 2,y € R we have:

x it |z| > |y
. P L )
lim z4+y=<s5@+y) if |z = |y
p—>+400 .
y it fz <yl

Along this line one can introduce the binary operation B defined for all z,y € R
by:
. p

xHBy :pﬂ)r&oox + . (2.4)
Though the operation H does not satisfy associativity, it can be extended by
constructing a non-associative algebraic structure which returns to a given n-
tuple a real value. For all z € R™ and all subsets I of [n], let us consider the
map &r[z] : R — Z defined for all a € R by

¢r[z)(a) =Card{i €I : 2, = a} — Card{i € [ : x; = —a}. (2.5)

3For all positive natural numbers n, [n] = {1, ...,n}.



This map measures the symmetry of the occurrences of a given value « in the
coordinates of a vector x.

For all z € R™ let Jr(x) be a subset of I defined by

Ji(x) = {j eI:¢&r(x)(xy) # O} =I\{iel:¢lz](x;) =0}. (2.6)

J1(z) is called the residual index set of x. It is obtained by dropping from
I all the ¢’s such that Card{j € [ 1 z; = z;} = Card{j € I : z; = —x;}.

For all positive natural numbers n and for all subsets I of [n], let F  : R —
R be the map defined for all x € R™ by

max;e 7, (g) Li  if &[x](maxiejl(x) |xl\) >0
Fr(z) =4 mineg, @z if  &fz](maxie s, (o) |zi]) <0 (2.7)
0 if &[] ( MaX;e 7, (z) |xz|) =0.

where £;[z] is the map defined in (2.5) and Jr(x) is the residual index set of
x. The operation that takes an n-tuple (z1,....,2,) of R” and returns a single
real element f r(z1, ..., x,) is called a n-ary extension of the binary operation H
for all natural numbers n > 1 and all z € R™, if I is a nonempty subset of [n].
From [8], for all n-tuple = (z1,...,2,), one can define the operation:

Pp
F s =t > i = £ 1(0) @9
icl el

Clearly, this operation encompasses as a special case the binary operation
mentioned in [20] and defined in equation (2.2). For all (z1,23) € R?, we have:

Hﬂ T; = X1 H Z9.
ie{1,2}
For example, if v = (-3,-2,3,3,1,-3), we have Fig(—3,-2,3,3,1,-3) =
Fiy(=2,1) = =2 = Hﬂ - x;. There are some basic properties that can be

inherited from the above algebraic structure:

(7) If all the elements of the family {z;};c; are mutually non symmetric,
then:

max |z;| if maxz; > —mina;
Hﬂ b — iel iel iel
i ’ —max|z;] if maxz; < —minz;.
iel iel iel iel

(#4) For all € R, one has: a( HH - xl) = Hﬂ _el(ozxi);

n 4 - o
(ii1) Suppose that z € R’ where ¢ is +1 or —1. Then Hﬂiel x; =

fmaxiel{exz’}§

(tv) We have | HHIEI x| < Hﬂiel | ;
(v) For all x € R™:

[mi H ( Ea\ﬂ{i} x])} € {O, ]BGHI J:j} and % T = % {xz H ( Ea\a{i} xj)}

The algebraic structure (R, H, -) can be extended to R™. Suppose that =,y €
R™, and let us denote x By = (x1 By, ..., z, By,). Moreover, let us consider
m vectors x1, ..., T, € R™, and define

Hﬂ T = ( Hﬂ]xj,l,..., HH x]n) (2.9)

j€[m] j€lm j€m]



The n-ary operation (x1, ..., T,) — Hﬂ el x; is not associative. To simplify
3 n

the notations of the paper, for all z € {z;, . . : ix € Ix,k € [m]}, where
Iy,..., I, are m index subsets of N, we use the notation:

% Zi11-~~7im, = % Zil,...,im- (210)

}i%e[gﬁ (i1 eerim) €L L g T

Notice that for all x € R™ and all y € R™:

(=) (Ew)= B = (2.11)

i€[n] jE[m] 1€[n]
j€lm]

This relation immediately comes from the fact that for all natural numbers p,
we have:

Pp Pp Yp  Pp ©p
( 2 xl)( > yj) =YD my;=) Ty (2.12)
i€[n] J€lm] i€[n]j€[m] i€ln]

Jj€[m]

Taking the limit on both sides yields equation (2.11). In the remainder, we will
adopt the following notational convention. For all z € R™:

Hﬂxi::ClEH---EExn:F[n](sc). (2.13)

1€[n]

2.3 Scalar Product

This section presents the algebraic properties induced by the isomorphism of
scalar field ¢, on the scalar product. Most of the results have been pointed in
details by Avriel [4] and Ben Tal [7]. A norm || - || yields another norm induced

P

by the algebraic operations + and -. The map || - [|,, : R" — R defined by
P

Izlle, = ;" ([|¢p(2)]]) is a norm over R™ endowed with the operations + and

-. Since ¢, is continuous over R, the topological structure is the same. Along

this line it is natural to define a scalar product. If (-, -} is an inner product over

R™, then there exists a symmetric bilinear form (-, ), : R™ x R" — R defined
by:
(@, )y, = ¢;1(<¢p(m)7¢p(y)>) - ( Z xfpﬂyfpﬂ)@_ (2.14)

i€[n]
Now, let us denote [(y, )y, <A = {z € R": (y,z),, < A} and let (-, -}, stands
for this scalar product.

In the following we introduce the operation (-, ) : R” X R” — R defined
for all x,y € R™ by (2,y)c0 = Hﬂie[n] x;¥;. Let || - ||oo be the Tchebychev norm
defined by |||l = max;cp,) |z;]. It is established in [8] that for all 2,y € R™,
we have: (1) \/(2,2)00 = ||%]|oo; (12) {2, Y)oo| < ||Z]|0o||yllco; (4i%) For all o € R,
a2, Y) oo = (T, Y) oo = (T, ) 0o. By definition, we have for all z,y € R™:

<x7y>00 :phl)noo<x7y>17 (2'15)

3 Limit of Linear Operators and Determinant

This section is devoted to study the matrix representation of a linear operator

P
defined on the scalar field (R,+,-). Along this line some limit properties are
derived to establish several results in closed algebraic form when p — oco.



3.1 ¢,-linear Endomorphisms

Let L(R™,R™) denotes the set of all the linear morphisms defined from R™ to
R™. L(R™ R™) is then the set of all the linear endomorphisms defined over
R". In the following, we say that a map f : R" — R" is ¢,-linear if for all

A eR, f(hx —1&)— y) = Af(x) —1|?— f(y). Moreover, for all natural numbers p, let
LP)(R™, R™) denotes the set of all the @,-linear endomorphisms.
Let M,,(R) denotes the set of all the n x n matrices defined over R. Let
@, : M, (R) — M,,(R) be the map defined for any matrix A = (ai7j)i;11,,,n €
j=1l..n

M, (R) as:

(pp(A) (@P(ahj));il ’:,L = (az ]2p+1);§%.‘:z (31)
Its reciprocal is the map ®, ' : M, (R) — M,,(R) defined by:
1Ay — (=10 ). — (q; ;557
&, () = (@ (@0)) iy (257 );‘;};g' (3:2)

®, is a natural extension of the map ¢, from R™ to M,(R). ®,(A) is the
2p + 1 Hadamard power of matrix A. In the following we introduce the matrix
product:

Pp
APz = Z zj.al, (3.3)
J€ln]
where @’ stands for the j-th column of A. It is straightforward to show that
this formulation is equivalent to the following:

A% = 6, (@,(A).0(@)). (3.4)
Another equivalent formulation involves the inner product (-, -),:

Pp

AP g = Z (a;, x)pe;, (3.5)
i€[n]

where a; is the i-th line of matrix A and {e;};c[,) is the canonical basis of R™.
It is easy to see that the map z — A Yais pp-linear. Conversely, if g is a
@p-linear map then it can be represented by a matrix A such that g(x) = A Y
forallz € R". If A, B € M,,(R), the product B ¥ Ais the matrix representation

of the map:
w BY A w = ¢ (D,(B)®,(A)g,(x)). (3.6)

Notice that the identity matrix I is invariant with respect to ®,,.

Let f: R™ — R™ be a linear endomorphism and let A be its matrix rep-
resentation in the canonical basis. The map T®) : L(R" R") — LP)(R" R")
defined for all z € R™ by:

TW(f) (@) = [P (2) == ¢, (2(A)dp())

is called the ¢,-linear transformation of f.

A pp-linear endomorphism g is invertible if and only if ®,(A) is invertible.
For any n x n matrix A, let |A| denotes its determinant. Let us introduce the
following definition of a ¢,-determinant

|Alp = @ |Pp(A)]- (3.7)



Let S,, be the set of all the permutations defined on [n]. The Leibnitz formula

yields 1
Al = (Y sen(e) [T a220) ™ (3.8)

o€ES, i1€[n]

In the remainder, if A is the matrix of a linear endomorphism f, then we
define the p,-determinant of f as |f|, = |A|,. If f() is invertible, then we have
the equivalences:

y=1"@) = y=0,"(2(A)p(2)) = 6,1 (2,(4) " dp(y)) = z. (3.9)
Along this line, the ¢,-cofactor matrix A*? is defined as:
AP = (P ) i) = ( )9 | A, )Ze[n (3.10)
j€ln] j€ln]

where A; ; is obtained from matrix A by dropping line ¢ and column j. The ¢,-
inverse matrix of a yp-invertible matrix A (such that |A|, # 0) is then defined
as:

ATV = P (3.11)
IAIp

where 'A denotes the transpose of A. Suppose that f is a linear endomorphism
having a matrix representation A in the canonical basis and let b € R". Given
a system of ¢p-linear equations of the form:

fP(2)=b <= Az =0, (3.12)

if |Al, # 0, then the solution is z* = A=1P Yb

3.2 Limit Properties

Proposition 3.2.1 Let f : R* — R" be a linear endomorphism having a
matriz representation A in the canonical basis of R™. For allp € N, let f®) be
its pp-linear transformation. Then:

i #9) = F 5 = B 2
J€ln] i€[n]
where a; and a’ respectively mean the i-th row and the j-th column of A.

Proof: For all i € [n], we have from [8]:

$p
. _ 2p+1 2p+1 bresy +1 _ _
ph_r)noo E xjaw-— hm g x] P a; g Hﬂxja”— @iy T oo-
JE[n]

Therefore
J— J
ph_r}noo Z Ta HH xz;a’.
JEln]
The last equality immediately follows. O

For any squared matrix A,
|Aloo = HH sen(o H a; U(Z (3.13)
oESy

is called the determinant in limit of A. Moreover, for any linear endo-
morphism f whose matrix is A, the determinant in limit of f is defined as

oo = [Aloo-



Proposition 3.2.2 For all A € M,(R), we have:

i Al = |Afo = FH (sen(o) IT aioe)-

oeS, i€[n]

Proof: From [8] we have:

p@m( Z sgn(o H a?’;(rl))ﬁ = Hﬂ sgn(o H Qi) O

oESy 1€[n] c€ESy 1€[n]

In Max-Plus algebra the term determinant of a matrix A is often used for a
max-permanent (see [13], page. 30). To that end, we consider a notion of Max-
Times permanent which is a multiplicative version of the notion of permanent
used in a Max-Plus context. For all matrices A € M, (R,), the Max-Times
permanent of A is defined as:

per(A4 Hﬂ H Ai,o(i) = ?é%)j H @i, (i)- (3.14)

0E€Sy i€n] 1€[n]

The main difference, compared to the definition of limit determinants, is that
the terms of the equation are not alternated. This is a multiplicative version
of the notion of permanent arising in Max-Plus algebra that can be derived
from an exponential transformation. This version of the notion of permanent is
particularly useful for examining the geometric and algebraic eigenvalues of a
non-negative matrix. This question is analysed in Section 6.

Proposition 3.2.3 Let f : R® — R" be a linear endomorphism having a
matriz representation A. For all p € N, let f®) be its pp-linear transformation.
If |Also # 0, then there is some py € N such that for all p > po, f® is ©p-
invertible and for all b € R™, there exists a solution =) to the system A "r=0
with: )
@ _ [AD], _ |2 (AD) [
'3 - - 1
Alp @, (4) |7

where AW s obtained from A by dropping column i and replacing it with b.
Moreover, we have:

lim z® = 2*,

p—r00
and for all i € [n)
|A®D)|
x; = .
Ao

Proof: Since |A|oc # 0 and lim,, |A], = |A|c, there is some py such that
for all p > po, |A|, # 0, which implies that A is @p-invertible. In such a case,

there exists a unique solution to the system A Yo = b, that is z® = A~1rp,
Moreover, we have:

APz =b < ¢;1((I)p(f4)¢p(m)) =b = P,(A)dy(z) = dp(D).

Since f(P) is g -invertible, it follows that ®,(A) is invertible. Set u = ¢, ().
The system ®,(A)u = ¢,(b) has a solution for all p > py. Applying the Cramer’s
rule the solution is the vector u? satisfying the relation:

[@p(A)0] _ |2,(A®)
B, [e,(A)]

u® =



Setting z(P) = ¢! (u(P)), we obtain the result. From Proposition 3.2.2, lim__, , [A®)], =
|A®| and lim__, ., |A|, = |A|e, Which ends the proof. O

The next properties are useful. We first establish the following Lemma.

Lemma 3.2.4 Suppose that there is some v = (x1,...,2,) € R™ such that
Pp

HH,E[ ]xi = 0. Then for all p € N, Zie[n] x; = 0. Moreover, for all ma-

trices A € M, (R), if |Aloo = 0 then |A|, =0 for all p € N.

Proof: Let Alx] = {a € Ry : |z;] = o, 7 € [n]}. Since Bﬂ'e[ [T = 0, we have
en
for all a, ¢[z](a) = Card{i : x; = a} — Card{i : x; = —a} = 0. Hence, for all
Pp
o € Alz], 321, 1= i = 0. Thus

Pp Pp

Pp
Z T; = Z Z €Xr; = 0.
i€[n

] a€lz] |z;|=a

The second part of the statement is an immediate consequence of the Leibniz
formula. O

For all p € NU {oo} and for all matrices A € M, (R), let us denote
la',...,a™|, = |A|, where the a’’s are the column vectors of A.

Proposition 3.2.5 For all A € M, (R), we have the following properties.
(a) For alla € R, |a',...,ad’, ...;a" |0 = a|Aloo;

(b) For all permutations o of Sy, [a®®),...,a"™ |, = sgn(0)|A|eo;

(c) If there exists o € R™\{0} such that Hﬂje[n] ajal =0 then |Alx = 0.
d)

(d) If |Alos = O then there exists a sequence {a®},eny C R™\{0} such that

p .
Zje[n] agp)aj =0 for all p e N.

Proof: (a) Since |A], = ¢, (|®,(A)|), we deduce that for all natural numbers p,
lal,...,ad?,...,a"|, = ala’, ...,a"|,. Taking the limit yields the result. (b) Sim-
ilarly, for all permutations o € S,,, [a”®), ...,a"(”)|p = sgn(co)|A|,, which yields
(b), by taking the limit. (c) If there exists a € R™\{0} such that HH ] ajal =
JE[N
0, from Lemma 3.2.4, then we deduce that for all natural numbers p, Zje[n]
a§p)aj = 0. However, this implies that |A]|, = 0 for all p. Hence |A|o =
limy, o0 [Alp = 0. (d) If [Aloo = 0, then HH . (sen(0) [licpn tiotiy) = 0-
Thus, from Lemma 3.2.4

$p
Z (sgn(o) H ai,q(i)) =0
oc€Sn i€[n]

for all natural numbers p. Hence, for all p, there is a?) € R™\{0} such that
p )
> e a;p)aj = 0, which ends the proof. O

Determinants are intimately linked to the exterior product of vectors that
is an algebraic construction used to study areas, volumes, and their higher-
dimensional analogues. Paralleling the earlier definitions, a map f : R® —
R is called a ¢p-multilinear form if it is ¢p-linear in each argument. A
pp-multilinear form is alternating if for each permutation o € S, we have



f(x1,..,2n) = sgn(0) f(To(1)s - To(n)). For all natural numbers r an alter-
nating ¢p-linear r-form is a map defined for all x;, xg, ..., z, € R™ as:

Pp
(LA fo R A ) (@ z) = Y sign(0) 17 (@o) - FP (20 (). (3.15)
o€S,

where for any i, f; is a linear form and, and fi(p ) is the corresponding ¢,,-

P
transformation. A is called the ¢,-exterior product of the linear forms fi, ..., fr.
Let {e7,...,e5} be the canonical basis of the dual space L(R™,R). Suppose that
r=nandlet f =3, fi(ei)e] be the linear endomorphism constructed from

f17"’7fn‘

Proposition 3.2.6 Let us consider n linear forms fi,..., fn. Then for all
1, T2, ..., Ty, € R™, we have

p p p p p p
(FiNfa Ao A o) (@) = [flp(ef Aes Ao Aep) (@1, 2n).

Moreover, we have:

. p p p ] [es} e ]
lim (f1 AfoAN-o A fn)(xl,...,xn) = |f|oo(e’{ ANes N A e,*l)(xl,...,xn),

p—rOQ

where

(ef?\oego/?---O/se;)(xl,...,xn)z lim (e‘fxegx--@ A
p—>s 00

Proof: Suppose that for i = 1, ..., n there is a vector a; € R™ such that f;(x) =

(ai,2). Then [T (z) = @5 (($p(ar). 6p(@) = (Siep a2 a7, 1t
follows that:

(f1 A o AR fo) @1,y ) = ( Z sign(o) H (¢p(a¢),¢p(za(i))>)m
ocES, 1€[n]
= (3 sonto) [T a7 a21) ™7
o€S, i€[n]

(P) . R™ — R be the linear form defined by gi(p)(z) = (¢p(a;), 2).

7

For each i, let g
It follows that:

(f1 A fa AR f) (@1, @) = g0;1<(g§p)/\gép)/\-~-/\gff’))(%(m),...,d)p(xn))).

Let {ef},...,e;} be the canonical basis of the dual space £L(R™,R). From the
usual properties of an alternating n-form we deduce that:

(9P NG A - AgP) ($p(21)s ooy Sp () = [Bp(A)(EEASA- - AR (Dp (1) oers D)),

where ®,(A) is the matrix whose line ¢ is the vector ¢,(a;). Since for all ¢ and
all z € R we have (e;,x), = x;, this canonical basis is also, independently of
p, the canonical basis of £,(R™,R). Since |A|, = ¢, (|®,(A)]), it follows that:

(PP R PR R DY @y, ) = |A\p< Z<ei,¢p(x)>)m
ic[n]

p p p
= |A‘P(€{ A 6; ARRRNA 6;)(‘%17 7xn)

10

PN e Ty ) = [T, ey T oo



However, we have
p p p
(ef Nes A= ANep) (@, ..., Tn) = |21, ..., Tnp.

We then obtain the final result taking the limit. O

For all (fi, fa, .., fn) € LR™R)", let fi A fo A --- A f, denote the

P P P
pointwise limit of the sequence {f1 A fo A -+ A fn}nen. From Proposition
3.2.6, we have:

o0 oo oo oo oo o0
JiNfa N A fo=|Alc(e] Aes Ao Nel). (3.16)

Consequently, since primal and dual spaces are isomorphic, one can define
for all v1,vs, ..., v, € R™ the exterior product:

oo oo oo oo oo oo
(v1 ANvg Ao A vn) = |’U1,’Ug,...,1}n|oo(61 Aeg A-e- A en). (3.17)

Notice however, that although this definition extends as a limit case the usual
definition of exterior product, it does not satisfy the additivity property in each
arguments with respect to the operation H.

4 Semi-continuous Regularization and Limit of
Hyperplanes

4.1 Semi-continuous Regularizations

In the following, we say that a map f : R — R is a B-form if there exists
some a € R™ such that:

f(z) = Hﬂ a;T; = (A, T)oo- (4.1)

i€[n]
The function above is depicted in Figure 2.2.2.

x2

(a,z)ce =0

<a~,$>oo =c>0

> T

(a,T)oe =d <0

Figure 4.1.1.1: The level lines of the form (a, ‘) oo

These functions were used in [8, 9] to establish a separation theorem for B-convex
sets [11].* All the points such that (a, )., = 0 are represented by the diagonal

4A relaxed definition of B-convexity was proposed in [8]: a subset C of R™ is Bf-convex if
for all z,y € C and all t € [0,1], x Bty € C.
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line. In the following, for all subsets E of R™ cl(F) and int(E) respectively
stand for the closure and the interior of E.

For all maps f : R® — R and all real numbers ¢, the notation [ f < c]
stands for the set f=1(] — oo, c]). Similarly, [ f < ¢] stands for f=*(] — oo, ¢])
and [ f > c] = [f < —cl.

For all u,v € R, let us define the binary operation

u it Jul > |y
u—v =< min{u,v} i |u = |
v it |u < ol

An elementary calculus shows that u B v = 3 [u v —[(—u) = (—v)]|.

Similarly one can introduce a symmetrical binary operation defined for all
u,v € R defined as:

u it Jul > |y
vl v={max{u,v} if |u = |v]
v it |ul < ol
Equivalently, one has: u & v = —[(=u) = (—=v)]. This means that uBv =

2
Given m elements uy, ..., u,, of R, not all of which are 0, let I, respectively I_,
be the set of indices for which 0 < u;, respectively u; < 0. We can then write

i [(u Zo)+wd v)} Notice that the operations — and = are associative.

Uy — o~ Uy = (ier, W) — (—iers uw;) = (MaXjer, u;) — (Minger_ ;)
from which we have:
max;er, u; if I_ =0 or maxjer_ |u;| < maxier, u;
Uy — e Uy = Mmingerw;  if Ty =0 or maxer, u; < maxXier_ |uy
mingey u; if maX;er_ |u;| = max;er, ;.
(4.2)

We define a lower B-form on R’} as a map g : R” — R such that for all
(z1,...,zn) € RY,

9(T1, ) = (@, ) = 171 — -+ — ApTp. (4.3)

It was established in [8] that for allc € R, g7! (] — 00, ¢]) = {z € R" : g(x) < ¢}
is closed. It follows that a B-form is lower semi-continuous. It was established
in [12] that g~ (] — oo, ¢]) NR7 is a B-halfspace, that is a B-convex subset of
R? whose complement in R’} is also B-convex.
Similarly, one can define an upper B-form as a map i : R™ — R such that,
for all (z1,...,2,) € R™,
A1, o xy) = (0,2 =ayzy T Loy, (4.4)

co

For all z € R™, we clearly, have the following identities

and (a,z), = —(a, —x)L. (4.5)

The largest (smallest) lower (upper) semi-continuous minorant (majorant)
of a map f is said to be the lower (upper) semi-continuous regularization of f.
In the next statements it is shown that the lower (upper) B-forms are the lower
(upper) semi-continuous regularizations of the B-forms.

(a,2)% = —(a, —z)

Proposition 4.1.1 /8] Let g be a lower B-form defined by g(x1, ..., x,) = a121 —

< ApTp, for some a € R™. Then g is the lower semi-continuous requlariza-

tion of the map x — (a, )00 = Hﬂ,e[ | i
3 n

12



The following corollary is then immediate.

Corollary 4.1.2 [8] Let h be an upper B-form defined by h(z1, ..., x,) = a121 x

+ . . ) .
c T Ap Ty, for some a € R™. Then h is the upper semi-continuous requlariza-

tion of the map x — (a, )00 = Hﬂ - ]aiazi.
1 n

For the sake of simplicity let us denote for all z € R™:

— — + + +
—~ T =X — o —T, and ~ T;=T1— - — Tp,. (4.6)
i€[n] i€[n]

Let f: R®™ — R be a B-form. Let f~ and fT be respectively the lower and
upper semi-continuous regularizations of f over R™. It it shown in [9] that for
all c e R,

cl[fgc}:[ffgc} and cl[fzc}:[fJ“Zc]. (4.7)

The following lemma is useful. A map f : R® — R is called a dual B-form if
there exists some a € R™ such that, for all z € R", f(x) = (a, %) -

Lemma 4.1.3 For all dual B-forms f we have
[fm<oln[ff=0]=[f"+f"=0].

Proof: Suppose that z € [f~ < 0] N [f* > 0]. If f~(z) = f*(z) = 0, the
inclusion is trivial. Suppose now that f~(z) < 0 and f*(z) > 0. There exists

a € R" such that f~(x) = ayzqy — -+ — apz, and fH(z) = a114 .z

any. Hence there is some i_ € [n] such that f~(z) = a;_z;_ < 0 and some
it € [n] such that f*(z) = a; x;, > 0. Moreover

+ _ _ _
f(x) = ?el?n}](aixi = grela)]{ laizi| = a;, =,

and
f(z) = min a;z; = — max |a;x;| = a;_x;_
1€[n] 1€[n]
Consequently, |a;_z;_| = |a; 2, | and a;_x;_ = —a;, 2. Thus f~(x) +

fH(@) = 0. Hence [f~ <0]n[f">0] c [f~+f" =0]. Conversely if
z € [f~+ T =0], we have f~(z)fT(2) < 0, which implies the converse inclu-
sion and ends the proof. O

In the remainder, it will be useful to consider the lower and upper semi-
continuous determinant defined as:

_ - -
|A| = UE; (sgn(a). H ai,,,(i)) and |A|T = — (sgn(a). H a,;7(,(i)).

n oES,
i€[n] i€[n]

(4.8)

[f~ <enlft >

> T

Figure 4.1.1.1 Lower and Upper halfspaces.
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4.2 Kuratowski-Painlevé Limit of Hyperplanes

This section is devoted to analyze the Kuratowski-Painlevé limit of a sequence of

half-spaces defined on the scalar field (R, —p#, -). The next result was established
in [9]. These half-spaces are called ¢,-halfspaces.

Proposition 4.2.1 Let f be a B-form defined by f(x) = (a,x)e for some
a € R™"\{0}. For any natural number p let f, : R — R be o map defined by
fo(z) = (@), x), where {aP)},en is a sequence of R"\{0}. If there exists a
sequence {c,}pen C R such that lim, o (a®,c,) = (a,c), then:

Limpﬂoo[fp < Cp] =cl [f < C] = [f_ < C]
and
Limp_mo[fp > cp] =cl [f > c] = [f+ > c].

T2
A

ﬁ [f™<d

[fp <]

Figure 4.2 Limit of a sequence of ¢,-halfspaces.

In the following, one can go a bit further by showing that a sequence of ¢,-
hyperplanes defined for all p € N as [(a(?), -)p = ¢p] has a Painlevé-Kuratowski
limit.

Proposition 4.2.2 Let [ be a B-form defined by f(x) = (a,x)e for some
a € R"\{0}. For any natural number p let f, : R — R be o map defined by
fo(z) = (), x), where {aP)},en is a sequence of R"\{0}. If there exists a
sequence {c,}pen C R such that lim, o (a®,c,) = (a,c), then:

Limy oo fp=1cp| = [f~ <c|n[fT =]

Proof: By definition, for all p, we have [f, = ¢,] = [f, < ] N [fp = ¢].
Hence, we have the inclusion:

In the following, we show that [f_ < c] N [f+ > c] C Lip—oolfp = cp]. From
Proposition 4.2.1, we have Li,—oo[fp < ¢p| = [f7 < ] and Lip—oo[fp >
cp} = [f+ > c]. Suppose that = € [f_ < c] N [f+ > c]. This implies that there
exist two sequences {y(®) tpen and {z(») tpen respectively such that for any p,
y®) e [fp < cp} and 2(P) ¢ fp > cp] with ¢ = lim,_ y®) = lim, oo 2@,

14



For all p, the map f, is continuous. Therefore, for all natural numbers p,
there exists some «,, € [0,1] such that f,(a,y® + (1 — a,)z®) = ¢,. Set
w® = a,y® + (1 —a,)®. We have for all natural numbers p

lz — w®|| = [lap (2 — y) + (1 = ap) (@ — 2P|
< aplle =y P+ (1 - ap) ]z — 2P|
g R
By hypothesis lim,, ., [|z—y®|| = lim,_, [|z—2®)|| = 0. Thus lim,__,«, |Jz—
w®| = 0. Since w, € [f, = c,] for all p, we deduce that x € Li,—,[f, = cp].

Consequently, [f_ < c] N [f+ > c] C Lip—oolfp = cp}. Since we have the
sequence of inclusions

Lspﬂoo[fp = Cp] - [f_ < C] N [f+ > C} C Lip%oo[fp = Cp],

we deduce that
Limy—oo[fp=cp) = [f~ <c]n[ff=¢]. O

4.3 Limit Hyperplane Passing Through n Points

In this subsection we give the equation of a limit hyperplane passing though

n points. Given n points vy,...,v, in R™ let V be the n X n matrix whose

each column is a vector v;. If |vq,...,v,]p 7# O then let H,(V') denote the ¢,-
P

hyperplane passing trough vy, ..., v,,. In the following, the symbol — means for all

a,BER, a z B=a —Ti (—B). Moreover, the symbol H means aHS = aH(—0).

Proposition 4.3.1 Let V be the n X n matrix with v; as i-th column for each
i. Let Vi) be the matriz obtained from V' by replacing line © with the transpose
of the unit vector 1,,. Suppose that |V|e # 0. Then

, - +
Lim, oo Hy(V) = {m eR™: iz/[n] ViiylooTi < [V]oo < i:[n] \V(z)|oo$z}

Proof: First note that since |V|. # 0, there exists pp € N such that for all
p > po, |V]p # 0. Therefore for all p > py, there exists a hyperplane H,(V)
which contains v1,...,vp. Therefore, there exists some a®?) € R™ and some
¢p € R such that

Hy(V) = [(a®, ), = ¢].
Suppose that x € H,(V). For all i € [n]:

(a®) z T)p =c Ze=o0.

Let us denote F,(V) = [(a®,), = 0]. Since F,(V) is a n — 1-dimensional
(pp-subspace of R":
|v1 — T, Vg — X, ,vn—xfp =0.

Let V; ; be the matrix obtained suppressing line 7 and column j. It follows
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that:

V] — T,V — L, - ,vn—x‘p
= v, LN P U, P Jor, 2,3, v P jor, w2, v,
» $p  Pp o » $p  Pp o
=V =3 () Wil = V] =YD (D)Wl
p p
j€[n]i€[n] i€[n]j€n]
» Pp
S Sy
1€[n]

Therefore, we have:

Pp
Hy(V) = {2 e R": > Vil = |V, }.

i€[n]

Since lim, s 0 [Vis)lp = [Vii)loo and limy, s [V], = |V |0, We deduce the result
from Proposition 4.2.2. O

A simple intuition is given in the case n = 2 with two points. The hyperplane
passing from two points u and v is a line. For all p € N, let us denote D, (u, v)
the ¢,-line spanned by u and v in R%. If p = 0, all points x = (21, x2) € Do(z,y)
satisfy the relation:

lu—z,v—z| = 17T VLTI ) (4.9)
Uy — Ty V2 — T2
Equivalently, we have
(Vg —ug)xqy + (U — v1)zy = |u,v|. (4.10)

For all points z € D,(u,v) we have the relation:

p p
Uy — &1 UV —I1
P P
Ug — T2 Vg — T2

P p P
=0 <= (v2 —u2)z; + (U1 — v1)xy = |, v|p.

We obtain that

Limy— oo Dp(u,v) (4.11)
1 1 —|lup v 1 1 uy v
2 1 1 + |u1 U1
= : < < ~—
{JIER (%) ’Ugooxl 1 1 001'2_|u,11‘oo_ (75 ’Ugooml 1 1 oo
Hence
Limy— 00 Dp(u,v) (4.12)

= {x €R?: (v Bug)ry < (u1 Boy)rs < |u,v]ee < (v2 Bug)zy & (uq Elvl)mg}.

Example 4.3.2 Suppose that n = 3 and that v1 = (1,0,-3), va = (2,—1,1),
vy = (4,1,2). We have

1 2 4
V=0 -11
-3 1 2
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1 1 1 1 2 4 1 2 4
Viy=10 —1 1|, Viy=(1 1 1| and Vigy=|0 -1 1
-3 1 2 -3 1 2 11 1

Hence |V |oo = 1-(—1)-282-1-(—3)B0-1-48(—4)-(—1)-(—3)B(—1)-1-180-2-2 =

—12; [Vigy|oo = 1-(—1)-2681-1-(=3)B0-1-18(—1)-(—1)-(—3)B(~1)-1-180-1-2 =

—3; [V(g)|oo = 1-1-282-1-(—3)B1-1-48(—4)-1-(—=3)B(—1)-1.18(~1)-2-2 = 12;

[Vig)loo = 1-(=1)-182-1-180-1-48(—4)-(~1)-1B(-1)-1-180-2-1 =4

Hoo(V) = {(x1, 20, 23) : (=3)21 = 1229 = darg < —12 < (=3)z; L 1220 L 43},

It is easy to check that vy, vq,v3 € Hoo (V).

5 Limit Systems of Equations

5.1 Limit Solutions of a Sequence of Systems of Equations

For all ¢,-linear endomorphisms f : z +— A Y2, where A € M, (R), we consider

a sequence of ¢,-linear systems of the form A "2 =0b Foralaze R?, let
By (z,d] ={z € R" : ||z — z|]|oo < d} denote the ball of center z and radius d.
Moreover, let Coo(z,d) = {2z € R"™ : ||x — z||c0 = d} denote the circle of center x
and radius d.

Proposition 5.1.1 Suppose that A € M,,(R) is a square matriz and let b € R™.
Then, there exists a unique r* € Lsp_,oo{x eR": Az = b} if and only if

|Aloc # 0. Moreover, if |Alos # 0 then a* =3, |’?:|l°°

e; and

2} = Limy—00 reR": Az =0b).
{*} p—r001

Proof: If |A|o # O then there is some py such that for all p > po, |A[, # 0.

©)
Thus for all p > po, P = Zie[n} %ei is solution of the system A Yr=0b
and therefore 2 € {z € R" : A o= b}. However, z* = Yien] %61 =

lim, 00 2®). Thus 2* € Lip—yeo{z € R* : A"

p > po, since |Al, # 0 we have {zP} = {z e R" : A o= b}. Consequently

x* is the unique solution. This implies that z* € Lsp_mo{x ER": A = b}.

T = b}. Moreover, for all

Moreover, for each increasing sequence of natural numbers {pg}ren, zPr) =
@)
Zie[n] %ei is the unique solution of the system of the form A Sy
Py
Hence Li,—oc{z € R" : A Y= b} = Lsp—yoc{z €R": A Y= b} = {a*}
which ends the first part of the statement.

To complete the proof, suppose that {z*} = Lsp_)oo{a: ceR: A"z = b}
with |Alsc = 0 and let us show a contradiction. This implies that for any
p € N we have |A|, = 0 from Lemma 3.2.4. Thus, for any p, the system
{reR™: A Vo= b} has either an infinity of solutions or is an empty set. If, for
all p € N, it is an empty set then the upper limit of the sequence of solution sets
is empty. By assumption this is not the case. Suppose that z* € Lsp_mo{x €
R": A" » = b}. In such case there exists a subsequence {pg}ren such that
2% = limg o0 @) where for all k, 2P € {z € R" : A & = b} that is a
¢p,-affine subspace that contains an infinity of points. For any k let us consider
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the ball By, (x(P%) 1] of center 2(P*) and of radius 1. Since {z € R : A Pp = b}
is a ¢p, affine subspace of R", for all k there exits a vector v(®Pr) £ 0 such that

APF p(Pe) = 0. This implies that:

{$(pk) ﬂ’i sv®r) . 5 ¢ R} C {z e R": AP = b}.

Let 6,, = sup{d : z(*) 1 suen) ¢ Boo(zP*) 1]}. Since the map & s x(Pr) i
svPr) is a continuous vector valued function, y®+) = g+ s Sp 0P €
Coo(xP%) 1) which implies that duo (%), yP+)) = 1. Now since {x(P¥) oy
converges to z*, There exists some d > 0 and k4 € N such that for all k£ > kg,
x®e) yer) € B (2*,d]. Since Boo(x*,d] is a compact subset of R™ one can
extract a sequence {y(pkr)}reN which converges to some y* € Lspﬂoo{x eR”:
AV z = b}. However, for all r € N, doo (s, 4Pr)) = 1, and we deduce
that doo(z*,y*) = 1. This implies that z* # y* which contradicts the unicity.
Consequently, if the upper limit of the sequence of solution sets has a unique
element, then |A| # 0. O

In the following, for all matrices A € M, ;(R) and B € M, (R) let us

define the product:
AXB = ( H ai,kbk,j) P (5.1)
kell]

J€[m]

The lower and upper semi-continuous regularized products are respectively de-
fined as:

— - =+ +
AR B = (;Eﬁ] aikbe; ) iy and  AKB= <k§[/z] Qb ) sepy - (5:2)

j€lm] J€lm]
By construction, it follows that for all vectors z € R™, the matrix-vector prod-

- +
ucts derived from X and X are defined by:

(o1, L ek
ARz = and ANz = . (5.3)

+
<a’n?‘r>oo <a’n7x>oo
The next result is an immediate consequence.

Proposition 5.1.2 Suppose that A € M,,(R) is a square matriz and let b € R™.
Ifz € Lsy_yoo{zr€eR": A Y4 = b}, then z is a solution of the system:

ARz b
{ + (5.4)
AXzx > b, zeR™

A

©)
Moreover, if |Aloo # 0 then z* = Zie[n] %ei is a solution of the system
(5.4).

Proof: From Proposition 4.2.2, for all i € [n]:

Lsp—soof{x: (ai,x)p = b} = Limp—yo0{ : (@i, 2)p = b;}

=[x (ai,x) <b]N[x: (a,x)7 > by

o0
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From (5.15), we deduce that:
Lsp—>oo{a? ER": Az = b} =Lsp—oo ﬂ [{ai,)p = by
1€[n]
C [ Lsp—sollai, )p = bi]

i€[n]

@ ) (1 <8012 20,

which implies that if € Lspﬂoo{x ceR": Az = b} then it satisfies the
system (5.4). If |A]o # 0, from Proposition 5.1.1 {z*} = Limpg,oo{x e R™:
Al g = b} and this implies that z* satisfies system (5.4). O

Since it contains any element of the upper limit set Ls,_oo{z € R" : A ?
x = b}, the system (5.4) is called a limit system.
Example 5.1.3 Let us consider the matrix
-1 1
-(3)
with a1 = (—1,1), aa = (1,1) and suppose that by = 2, bo = 3. Now, let us
consider the matrices:

m_ (21 2 _ (-1 2
a0=(50) 4= (3 3)

We have |A| , = ((=1)-1)B((—=1)-1) = —1; [AD| = (2-18(-3-1)) = =3;
‘A(Q)’ = (( 1)-38((-2) - 1) = —3. We obtain the solutions: z7 = =3 =
3 x5 = One can then check that:

@ a0)-(25)-()<0
G 930)-(2)-0:0)

3) is a solution of the limit system. This example is depicted

and

Therefore x* =
i Figure 5.2.

T2
Kaz, )% < 31N [{az, )L >3]

(a1, )% < 21N [(a1, )L > 2]

Figure 5.2 Ezample of a two dimensional Limit System.
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Example 5.1.4 Let us consider the matrix:

3 -1 3
A=12 -4 1
-4 5 3

with a; = (3,1,—3), as = (2, —4,1), as = (—4,5,3), bl = 6, b2 = 8, b3 =4.

The limit system is:

3 =1 3\ _ [ny 6
2 -4 1| XRlax| <8
-4 5 3 x3 4
3 -1 3\ | [m 6 (5:5)
2 —4 1| X|la|>|8 x € R3.
Now, let us consider the matrices:
6 —1 3 3 6 3 3 -1 6
AV =8 —4 1|; A®=[2 8 1]|:4® =2 -4 8
4 5 3 —4 4 3 -4 5 4

We have |Alo = (—36) B4B 308 (—48) B (—15)B6 = —48; |[AD | = (-72)B
(—4)B 120848 B 24 B (—30) = 120; |[AP®) |, = 728 (—24) B24BI6 B (—12) B
(—36) = 96; |A®)|, = (—48) B 32 M +60 B (—96) B8 M (—120) = —120. We
obtain that

120 5, 96 5

x
——, 3 -2 and 3= _.

o482

Let us check that x* = (—%, -2, —%) satisfies the system of equations (5.5). We
have:

3 -1 3\ _ /-2 L 6
2 -4 1|®[-2]=|8 |<|8
-4 5 3 5 —10 4
3 -1 3\, (-3 2 6
2 -4 1|X|-=2]|=|8]>[8] zeR.
-4 5 3 g 10 4

Thus x* = (—32,—2,—35) satisfies the system (5.5).
In the following, we say that a solution z* of the limit system is regular if
for all ¢ € [m], (a;,2%)0 = (a;,2*) = (a;,z*)%. This implies that z* is also

solution of the equation
AXz =0D. (5.6)

Equivalently, this means that:

e @it =t

%gé[n] Am.j i = b
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» L1

Figure 5.3 Regular Solutions of a Limit System.

5.2 Positive Solutions of Positive Systems of Maximum
Equations

In the following, we consider a theorem established by Kaykobad [22] that gives a
necessary condition for the existence of a positive solution to a positive invertible
linear system.

Theorem 5.2.1 Suppose that A = (a; ;) jem) € Mn(R) is a square matriz
such that for all i,j a; ; > 0 and a;; > 0 for all i € [n]. Suppose moreover that
be R, . If for all i € [n]

b
b; b —
> D
JemIN{i}
then A is invertible and A~'b € R% .
In the following this result is extended to a ¢p,-endomorphism.

Lemma 5.2.2 Suppose that A = (a; ;)i jein) € Mn(R) is a square matriz such
that for all i,j a;; > 0. Suppose that there exists a permutation o : [n] — [n]
such that a; ,;) > 0 for all i € [n]. Suppose moreover that b € R, . If for all
i € [n]

2p+1 (bj)QpH 77T
b; > ( Z (i,0()) m)
jem\{i} J(5)

then A is pp-invertible and there is a solution () € R, to the equation
Az =b.

Proof: Let A = (@ ;); je(n) be the n x n matrix defined by @; ; = a; ,(;). The

system A4 © 2 = b is equivalent to D, (A)u = ¢p(b) setting u = ¢,(z). Since
@i o) > 0 for all i, we deduce that for all ¢, a;; > 0. Since by definition
O, (A) = (@""); jem and ¢p(b) = (b*PT, ... b,*PT), it follows from Theorem
5.2.1 that this system has a positive solution if:

B > 3 (@ ,)2p+1w
7 (2% (EL ; ')Qp-‘rl .
JE[n\{i} JJ
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Equivalently, we deduce that the system A ” £ = b has a solution if

(b))*"*

2p+1
b7 > > (ai0)™ Eaa

jeln]\{i} (aj,0(5)

which ends the proof. O

First, we consider systems of max-equations, that is, systems of the form

max{ai 121,...,01,Tn} =0b1
: (5.5)

max{am 121, - - -, GmnTn} =bm
where a; = (ai,l,...,aim) S Ri,Z =1,....,m, b= (bl,...,bm) S RT and the
solution (z1,...,2,) is to be found in R’ . Notice that if b; = 0 then we have to

take z; = 0 for each j such that a; ; > 0, and, as far as equation % is concerned,
the other values x; are irrelevant; equation i can therefore be removed from the
system and the number of variables decreases. In other words, we can assume
that b; > 0 for all 7. In the remainder these types of systems will be called a
system of maximum-equations. We can assume that for all j there is at least
one index ¢ such that a; ; > 0; let (j) = {i : a; ; > 0} and

T = Z ( min b )ei. (5.9)

P ien(j) Qi j

It is known (see e.g. [13]) that if the system of maximum equations (5.8) has
some solution, then Z is a solution and, for any solution x one has x < Z. T is
is called the principal solution of the system (5.8). This condition is equivalent
to the following.

Lemma 5.2.3 Let A € M,(R) be a square matriz such that a; ; > 0 for all
i,j € [n]. For all j € [n], let us denote n(j) = {i : a;; > 0} and assume that
n(j) is nonempty. Suppose moreover that b € R’} . The system of mazimum
equations (5.8) has a solution in R'} if and only if there exists a permutation
o : [n] — [n] such that for all i € [n] we have a; ,;) > 0 and

bj

Qo(G)

b > max a;q(j

YT e\

Moreover, this solution is unique if and only if for all i € [n]

bj
b; > _max  a; g(j) .
J€[n\ {3} a5 0(5)

Proof: The system (5.8) has a solution if and only if the point

T = Z(min bi )ej

jem] ien(j) Qi j

is a solution. Suppose that T is a solution. This implies that for all k, we have

T = min;ey(x) (ab—bk) Moreover, for all j

N _ . b Y
s (as70) = oy min Z50)f =y
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Therefore, there is some o(j) € [n] such that:

a T a min ( bi ) b
4,0()Fo(5) = Lo(h) = 9j.
ien(a(j)) Gi,o(5)

Note that, since b; > 0, this condition implies that a; ,(;) > 0. Hence, we deduce

. . b, _ b, . . .
the equality min g = a_j,rf(j) . Therefore, for all i and all i € n(o(j)), we
ZEn(U(J))

b b, .

i > J .
have PR —— and equivalently:

b
bi > () ——
4j.0(5)

Moreover, if i ¢ n(a(j)) then a; ,(;) = 0. Consequently, for all i,j € [n],
b; > aw(j)L. Therefore, we deduce that

aj,0(5)

b.
b; > max a;,(; I . (1
e 0 W

Let us prove that for each j, o(j) can be chosen such that o defines a permutation
on [n]. If this is not the case then there is no surjective map j — o(j) such that,
for all j, a; ,(j)Ts(j) = MaXge[n) @5,k Tr = bj. Consequently, there is some kg €

[n] such that for all ¢ € n(ko), a; ryZr, < b;. This is equivalent to Ty, < ab; for
i,ko
all i € n(ko) which means that Zy, < min -%— = Zj, that is a contradiction.

ien(ko) “ ko
Hence, the first implication is established.
To prove the converse note that, condition (1) implies that for all ¢, we have
ai)g(i)(ﬁ) = b; = max (aiyg(k)%). Therefore the vector (a‘bi . )eg(i)
i,0(% ke[n] k,o(k) Ze[n] i,0(1)
is a solution. Since a; 5(;y > 0 for all 4, this is the greatest solution and it follows
that

for all i € [n]. To complete the proof, let us establish a necessary and sufficient
condition for the uniqueness of a solution. From the first part of the statement,
the strict inequality

b,
b; > max a; ;)
J€m]\{i} Qj.0(5)

(2)

is equivalent to

i,0(j)To(j :idiiai:bi> i,0())To(j
WA (a0 To(;)) = Giro(i) Tali jlnax (io()To()
for all i € [n]. Suppose now that (2) holds and that there is some u € R"} with
u < 7 that is a solution. It follows that for all i, we have max;e(n] (@s,0(j)Zo(j)) =
max;ep (ai,g(j)ua(j)) = b;. Since T > u, we have

A (N To(i) > MaAX (A o)\ Uo (7)) -

o) Tat) > max (aio()to()

Therefore a; 5(i\To(i) = Gio(i)Uo@i) = bi- Since a;,;) # 0, we deduce that
Ty(i) = Ug(;)- Consequently, if v is non-negative solution then v = z which
proves the uniqueness of the solution. Conversely, suppose that there is a unique
solution of the system (5.8). Let Z(¥) be a vector of R such that ofgl) =0ifj =1
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and jgl) = 7; if j #i. We have () < 7 and jl(.i) =0< % = Z,. Since there
is a unique solution, b; = max;ep) (10 To@)) > MaXjel] (aw(j)fg()j)) =
Max;e(n]\{i} (aiﬁ(j)ja(j)) which proves (2) and ends the proof. O

The next statement shows that if the limit system (5.4) has a regular so-
lution, then there exists a nonnegative solution to the system of maximum
equations (5.8).

Lemma 5.2.4 Let A € M,(Ry) be a square matriz such that a; ; > 0 for all
i,j € [n]. Suppose moreover that b € R'}. Any solution of the limit system (5.4)
in R is a solution of the system of maximum equations (5.8). Moreover, if
the limit system has a regular solution x* € R™ then the system of mazimum
equations (5.8) has a solution in RY. given by (1 [z7]e;.

Proof: First note that if 2* € R"} is a solution of the limit system, then we
have max;c,) a;i;jz; = by = (a;, %), = (a;,2*) . Hence £* is a solution of the
system (5.8). Suppose now that z* is a regular solution of the semi-continuous
regularized system (5.4). This implies that for all 4, b; = (a;, z*) 1 = (a;, 7*) 5.

Let us prove that y* = 7, |27 |e; is a solution of the system (5.8). Let
Jo = {j : ¥j < 0}. Since A € M,(R;) and y* € RY, for all i € [n] we have
bi = (ai,x*) 5, < {ai,y* ). If y* is not solution of the system (5.8) then, there
is some i € [n] and some jo € Jo such that (a;, y*) = ai .|z}, | > b;. However,
this implies that (a;,2*)3, = a; j,2%, <0 < b;, which is a contradiction. Conse-
quently y* is a solution of the system (5.4). O

In the following, a condition is given to ensure that the Cramer formula
expressed in this idempotent and non-associative algebraic structure yields a
solution to a system of maximum equations. This is a limit case of the condition
proposed by Kaykobad [22] when p — oo.

Proposition 5.2.5 Let A € M, (R) be a square matriz such that a; ; > 0 for
alli,j € [n]. Suppose that b € R . If there exists a permutation o : [n] — [n]
such that for all i, we have a; 5¢;y > 0 and
b,
b; > max Aj,o(5) J s
Jem\{i} j.0(5)

\A(i)loo )

then |Aloo # 0. Moreover, there exists a unique solution x* = Zie[n] a6 €

R?% to the system of mazimum equations (5.8).
0
Conversely, suppose that |Alsc # 0. If x* = 3,01, %

reqular solution of the limit system (5.4) then x* is a nonnegative solution of
the system of mazimum equations (5.8).

e; 1S a unique

Proof: We first establish that |A|s # 0. Let us consider the system A Yo =0
We have established that if

2p+1 1

> (X ) )™

jeln\{i} (aj.5

for all ¢ € [n], then A is p,-invertible and there is a solution z®) € R? , to the

system A "r=ho.
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By hypothesis there exists a permutation o : [n] — [n] such that for all 4,
we have a; ;) > 0 and

b
bi > max a;,(;)——-.
JE€M\{} aj.o(5)
However, we have
bj . 2p+1 (bj)2p+1 2pl+1
'max_ ai,o(j) = hm ( Z (ai’g(j)) T apri +1) .
jeln]\{i} Aj,0(5) e j€n\{i} (a'j,a(j)) i

Hence, there is some pg € N such that for all p > pg, condition (1) is satisfied,
which implies that A is ¢,-invertible. Therefore, for all p > py we have |A|, # 0.
From Lemma 3.2.4, the condition |A|,, = 0 implies |A|, = 0 for all p. Hence,

©)

we deduce that |A|s # 0. Moreover, for all p > po, ) = > ien] %ei €
)

R, is a solution of the system A Y2 = b. However z* = > ien) %ei =

lim,, oo #P). It follows that * € R%. We only need to prove that for all i € [n],

max; a; jr; = b;. We have shown that z* € Lip soo{z € R": A o= b}. We

also have Lip oo{z € R" 1 A% 2 = b} C Mg ([ai, )% < bi N [{ai, )5 >
bi] ) However since a; > 0 for all 4, it follows that for all i:
(ai, %) = {ai, x*) L = maxa; jo; = b;.
J
Therefore x* is a solution of the system of maximum equations. Moreover,

from Lemma 5.2.3, this solution is unique. Conversely, if |[A|o, # 0, then

¥ € Lip_oof{fx € R 1 A Yo = b}. Consequently, if z* is regular, we de-

duce from Lemma 5.2.4 that z* is a nonnegative solution system of maximum
equations (5.8). O

Figure 5.4 Positive Solutions of Limit Systems

Note that if there is a unique positive solution of the system (5.8) then x*
is identical to the principal solution z. We illustrate these results on simple
numerical examples.

Example 5.2.6 Let us consider the following system:

{max{2x1, 3z} =1

max{4x, 22} =1. (5.10)
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We have a1 = (2,3), as = (4,1), by = 1 and by = 1, from which we obtain

N S S .11y 1 11y,
:z:lfmm{i,z}fz and ngmm{g,i = 5. One can check that (3, 3) is a

solution of the system (5.10). Let us consider the matrices:

(2 3 m_ (1 3 2 _ (2 1
a=(3 1) =03 o= 1)

We have Al = (2- 18 (-3-4)) = —12; [AD| = (1-18(-3 1)) = =3;
|A® |OO =(2-1H(—1-4)) = —4. One can then retrieve the principal solution:
1 —4 1

*x *x
T =—- x5 =

4

TR
In the following a three dimensional example is given.

Example 5.2.7 Let us consider the following system:

max{zy,3x2,4x3} =1
max{2zy,5x2, x5} =1 (5.11)
max{4zy,2x9, x5} = 1.

We have a1 = (1,3,4), as = (2,5,1), a3 = (4,2,1), by = by = b3 = 1, from
1

which we get T, = min{l,%,z = 1, T2 = min{%,%,%} = %, and Tz =
min{i,l,l} = i. One can check that (i,%,i) 18 a solution of the system
(5.11). Let us consider the matrices:
1 3 4 1 3 4 1 1 4 1 3 1
A=12 5 1| AW=[1 5 1| A®=[2 1 1| A®=[2 5 1
4 2 1 1 2 1 4 1 1 4 2 1
We have:

Al =1-5-183-1-482-2-4@(-4-5-4)B(-1-2-1)B(-2-3-1) = —80;
|AD| =1-5-183-1-181-2-48(-4-5-1)B(-3-1-1)B(-2-1-1) = —20;

|A®)| =1-1.182-1-481-1-48(-4-1-4)B(-1-2-1)B(-1-1-1) = —16 and
|A®)| =1.5-182-2-183-1-48(-4-5-1)B(-1-2-1)B(-2-3-1) = —20.
One can then retrieve the principal solution:

L, —20 1, -16 1 ., -2 1
=50 "1 ™7 g0 5 "7 T

5.3 Limit Two-Sided Systems

Let A,C € M,(R) and let b,d € R". We consider the following system:
(A?x);dS(Cin);b (5.12)

+ +

(A@x) < d> (C&x) <~ b, xeR"

In the following, we provide a sufficient condition for the existence of a
solution. To do that we introduce the matrix:

ABC = (ai; B¢ij)ijem)-
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Proposition 5.3.1 Let A,C € M, (R) and let b,d € R". If |[AB Cls # 0,

then
Z K¢ AEIC 1ABC) Y
\AEIC\OO !
16[]

is a solution of the system (5.12), where (AB )@ is the matriz obtained by
replacing the i-th column with b8 d. Moreover, {x*} = Limp_,oo{x e R" :

ABC) 'z =08 d)}. It follows that x* is a solution of the limit system:

A

{ (ABC)Rz < bvBd (5.13)
(AElC)éx bBd, zeR"

V

Proof: Let (aBc); = a;B¢; denote the i-th line of the matrix ABC. Moreover,
for all natural numbers p, let us denote a; L ¢; the i-th line of matrix A L C.

We have lim,__, a; z ¢ = a; ey and im0 b; z d; = b; Bd;. It follows
from Proposition 4.2.1 that for all i:

Lip— oo [{a; z Cir)p < by - di] = [(@i B, ) < b Bd;].

Proposition 4.2.1 also implies Li,— oo [(ai Be, )y <08 di] = [(ai Bei, g <
b; &5 di]. Thus, we deduce that:
. p p .
Lip—oo[{a; — ¢i,)p < bi — di] = Lip—s00[(a; B ey, -)p < b; Bd;].

Moreover, we have:

Lipg,oo m [(ai = Ci, '>p = b, H dl] C ﬂ L’L'pg,oo [(az H Ci, ->p = bl H dz} .
i€[n] i€[n]

Hence, we deduce that

Lip_)oo ﬂ [(az H Ci, ~>p = bl H d m Llp_mo a; C,, > S bl 3 dl]

i€[n] 1€[n]

Moreover, since |A B C|s # 0, from Proposition 5.1.1

)@

|AEIC’|OO i€n]
Hence, we deduce that
2t € () Lip—oc[(ai = ciy)p = bi = di]. (5.15)
i€[n]
For all natural numbers p, let us denote: Ei(p) = {z € R*" x R® x R? :

((ai7—ci,di,—bi)7z>p < 0]}, = {Z € R™ x R™ x R2 : Zi = Zi4n S [n]}
and Fy = {z € R" x R" x R? : 29,11 = 22,42 = 1}. However,

z,x,1,1) e R?"*2 : (g L ci,xy, < b; L d;} = E® FNE.
p 2
Therefore

Lip—yoo{(z,2,1,1) € RZ2 : (a; = c,2)p < by — di} C Lip—y00 (EPNBINB,).
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It follows that
2 = (¢5,2%,1,1) € (Lip oo EP) N (F1 N F).
However
Lip—eo B = [{(as, —ciy diy —bi), Yo < 0] 0 [((@5, —¢s,diy —b3), ) > 0].
Hence:
(Lipy— e EP) N (RN Fy) =

{(J],J}, 1,1) S R2"+2 Z( \_/ awacj) - ( \;](—Ci’j).ﬁj) - di - (—bi) S 0,

J€l[n] j€ln
Loangay) (2 (ceay) T d (-,
(j;_[;]al,]xj) (];[jb]( Cz,j)xj) d’L ( bl)zo}

Now, note that, for all real numbers «;, 3
a<B = aZ (=B)<0 < 0< (—a) L s

Starting from System (5.12), we have for all ¢ € [n]:
— ayx) (= (= D) Zod; Z (=b) <0
(je[n]a’ij) (je[n]( ¢i,j)2;) (=bs)

JE€| J€[n]
and
+ + + ' \_A,_/ \_A,_/ _
(]z[;l] ala] ]) ~ (]E[/]( 17])‘]:.7) dl ( bz) Z 0
LI + A
— (JE[Z] aijxj) = di > (j:[/] ¢ijj) = b

Hence from equation (5.15), and since (z*,2*,1,1) € (N;cpy (LipHOOEZ(p)) N
(Fy N F) we deduce that z* satisfies system (5.12). To conclude, since |A B
B|oo # 0, from Proposition 5.1.1 and equation (5.14) we deduce that:

{2*} = Limy_o{z € R": (ABC) "2 = bBd}.

Moreover, from Proposition 5.1.2 we deduce that z* is a solution of the system
(5.13). O

If the matrices A = (ai ;)i jem), C = (cij)ijem and the vectors b and
d have positive entries, the problem of finding a nonnegative solution to the
system (5.12) can be written:

max{a 121,...,01n%n,d1} = max{ci1121,...,C10Tn, b1}
: : : (5.16)

max{a, 121, ..., nnTn,dnt = max{cy121,...,CnnTn,0n}

A solution of the system (5.12) is said to be regular if for all ¢ € [n]:

+ + + +
~— ai,jx;‘- ~— di = ~ aw-m}‘» ~— dz and ~—~ Ci,j.’E; ~— bi = ~ Ciﬂ'l‘}( ~— bl
JE[n] JE[n] J€ln] JE[n]

(5.17)
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Proposition 5.3.2 Let A,C € M,(Ry) and let b,d € R". If z* is a regular
solution of the system (5.12) then it is a solution of the system (5.16), moreover
> icn) | lei is a nonnegative solution of (5.16).

Proof: Suppose that z* is a regular solution system (5.12). Let us denote
y* = Zie[n] |x;|e;. For any equation (i), we consider four cases:

(%) \_/je[n] i jT; <~ d; = b;. In such a case, since b; > 0, \_/je[n] ai jy; —d; =
bi

1) b; = - n Ciix¥ = b;. Similarly, since d; > 0, - nl Cisys = b; = d;
j€ln] Cijtj j€n] €3 Y
(#it) Suppose that (i) and (i¢) do not hold. In such a case:

* = * * * =
R L d; = Qi T = 6T = 6T — b;.
j€ln] j€ln] Jj€ln] Jj€ln]

If \_/je[n] i jT5 = = je[n] Ci.jT; < 0, then there is some jo, ko € [n] such that

r3 <0, 25 <0 and such that

- B *
= CijTj = CikoTko-

*
s = N Qs T =
a’l,Jox]o - al’Jx] jen]

j€[n]

It follows that

Y = —Qi T = —Ci kT, = = Cijy; >0
7 7 1K 7
€] Y] ,J0% Jo R0V ko €] ey )

which implies that

- .- -
~— a;jy; — d; = ~
J

Ci g * bz
j€ln] e Yi

Since these properties hold for all 7, we deduce the result. O

Example 5.3.3 Let us consider the system

{max{?xl,zg,i%} = max{xy,z,4} (5.18)

max{z1,322,2} = max{2xy,2z,,3}.

2 1 1 1 4 3
WehaveA:(l 3>,C:<2 2>,b:<3),andd:<2)

2 0 4
AEIC’(_2 3) and bEd(3>.

It follows that:

(AEIC)(”:@ g) and (A50)<2>:<2 4).

We obtain
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5.4 Some Remarks on the Symmetrisation of Idempotent
Semirings

The above algebraic structure can be viewed as some kind of non-associative
symmetrization of the idempotent semi-ring (R4, V, -). However there exists an-
other approach to construct a ring involving a balance relation and symmetriz-
ing (R4,V,-) (see [21] and [28] in a Max-Plus context). Following the usual
construction of integers from natural numbers, one can introduce the following
balance relation defined on R x R% by:

(:E+,x_)V(y+,y_) — max{a:+,y_} = max{y+,x_}, (519)

where z1,z_,y;,y— € Ry. Let us denote x = (z4,z_) for all (z4,2_) € R2
and consider the quotient S = Ri\v. Let us define the operations @ and ® on
S as:

XxX®y=(zy Dys,z- Dy_) = (max{z4,y+}, max{z_,y_}), (5.20)

and
t@x=(tyxs @t_ax_,tyx_ dt_xy). (5.21)

S can be decomposed in three equivalence classes Sq, Sg and S, respectively
associated to the sets {(z4,t) : t < x4} (called positive), {(t,z_) : t < z_}
(called negative) and {(z,,x,)} called balanced. All the familiar identities valid
in rings admit analogues replacing equalities by balances. This means that
associativity holds over S. It follows that the binary operation & defined on S
cannot be identified to the binary operation H. However, it can be related to
the semi-continuous regularized operators — and X

Let V : S — R be the map defined as V(®z;) = x4 for all 2z € Ry,
V(er_) = —z_ for all z_ € Ry, and V(zo,2,) = 0 for all ., € R4. Suppose
that (x1,...,Xm) € S™. Then

V( @ xi) = V(maxxi,+,maxxi7,> = %( Z Vi(xi) + — V(Xi)). (5.22)

ic[m] i€[n] i€[n] i€[m] i€[m)]

Suppose that A = (ai,j)li:%__,n € M, (S). A determinant can be derived
Jj=1..n

from this associative algebraic structure as:

‘A|§ = @ sgn(a) ® A 5(i)s (5.23)

oESK 1€[n]

where sgn(o) = @1 if o is even and sgn(o) = 61 if ¢ is odd. Suppose that A
is a 3 x 3-dimensional real matrix

3 2 3
A=1|1 3 2
3 1 3

The positive components of A can be identified to Sg. If A is the correspond-
ing matrix, then |A|s = (27,27)VO0 and we cannot derive a Cramer solution.
However, one can check that |A|. = 12 # 0.

The symmetrization process described above is in general used in the con-
text of Maslov’s semi module where we replace V with & and + with ® [24].
Applications can be found in [23] and [26] for Max-Plus. To be more pre-
cise, let M = R U {—oo}. For z and y in M" let dy, (z,y) =|| €” — €Y ||
where e” = (e*',...,e""), with the convention e™> = 0, and, for u € R,
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|| u ||= max;e[) ;. The map x +— e” is a homeomorphism from M" with the
metric dyr, to R’ endowed with the metric induced by the norm || - ||o; its
inverse is the map In(z) = (In(z1),...,In(xy,)) from R?} to M", with the con-
vention In(0) = —oo. For all ¢1,...,t, € M and all 24,...,2z, € M", let us

denote:
m

@ti KRx; = \/ (.731' + ti]ln). (524)
i=1 i=1

In Chapter 3 of [23] it was shown that Max-Plus algebra can also be viewed

as a limit algebraic structure via the dequantization principle. For any nat-
ural number p, let p, : M — R, be the map defined for all x+ € M as
pp(z) = e@PHT We obviously have p,(—oc) = 0. Consequently, p, is an home-
omporphism from M to R;. Let us consider the binary operation @, defined
for all 2,y € M as 2 @, y = pp~ ' (pp(2) + pp(y)) = gp7 In (e@PFDz 4 e(pHDy),

1

2p+1
tions homogeneous. From [23], it can easily be checked that lim, .z @,y =

z®y = max{z,y}. Moreover, note that for all p the product p, " (p,(2).pp(y)) =
T+ y =1 ®y is invariant.

In the following a non-associative symmetrisation is proposed. Suppose now
that x € R_ and let us extend the logarithm function to the whole set of real
numbers. This we do by introducing the set

We have here replaced the continuous parameter h with to keep nota-

M = MU (R + ir) (5.25)

where i is the complex number such that i> = —1 and R+ir = {x +ir : 2 € R}.
In the following we extend the logarithmic function to M. Let ¢y, : R — M
be the map defined by:

In(x) ifex>0
Y (z) = —00 ifx=0 (5.26)
In(—z) +ir  if x <0.

The map « — b, (2) is an isomorphism from R to M. Let Yexp () M — R
be its inverse. Notice that 11,(—1) = im. The scalar multiplication is extended
to the binary operation @ : Ml x M — M defined by

x © oy =y ® =z = z+y
x ® (W+ir) = (y+im) ® x = z+y+in
N : S . (5.27)
(z+ir) ® (y+im) = (y+ir) ® (z+im) = x4y
(z+ir) ® -0 = -0 Q& (zr+in) —00.

For all z € M the symmetrical element is Z = ir ® z. One can then introduce
a corresponding absolute value function | - [y : M — R U {—oc} defined by:

z—ir if zeR+4im
|25 = z if zeR (5.28)
—00 if 2= -—o0.

_ This absolute value allows us to define the following binary operation on
M x M:

z if |zl > ulg
= z if z = u
zHu = o i 5 = w (5.29)
w o i [zl < fulge
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By definition we have zBu = 1, (exp (2) Btpexp(u)). Moreover, we have z@u =
(™ (¢exP () ® wexp(u)). For all z € M”, let us denote:

E?Zi = Y1 ( FH vexo (2))- (5.30)
i€[n]

i€[n]
In the remainder, we introduce a sign function sgn defined on S, such that

sgn(o) =0 if o is even and sgn(o) = im if o is odd. Suppose that A is a square
matrix of M,,(M). The symmetrized determinant defined on M is now:

—~——

|A|M,oo = ¢1n(|¢exp(A)|OO) = % (SgNn(U)®ie[n]ai,U(i))~ (531)

ocES),

We end this section by showing that the dequantization principle can also
be applied to retrieve as a limit case the operation H.

Lemma 5.4.1 For all z € M", we have

Hﬂie[n] PL“’O 2p + 11/)1n( Z wexp (2p + 1)Zz)>

i€[n]

Proof: Let o : M — {—00,0,ir} be the map defined as:
i if zeR+irm

alz) =< 0 if z€R
—oc0 if z=-—o00.

This map is the analogue of a sign function defined on M. By construction, for
all # we have from equation (5.28):

zi = alz) + |zlg
with |2i]z € R U {~occ}. Moreover
Yexp ((2:) + |2il51) = Vexp (a(2i)) exp (|23l 57) -
Since Yexp(im) = —1, Yexp(0) = 1 an Yexp(—00) = 0, we deduce that
(Yexp(21); --s Yexp(2n)) € R™.

Therefore:

i (Y o (o4 020)) 7 = i (3 (syla) )7

p—>oo \ - P—=00 \
i€[n] i€[n]

= HH Yexp (1)
i€[n]

It follows that

i 2p+11/’“‘< > texp (20 + 1)z ) 7’[’“‘( Hzl Vexp (2i ) =Hicw=

€[n]

which ends the proof. O
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6 Eigenvalues in Limit

In the following, we say that A € R is an eigenvalue of A in limit, if: (1) there

exists a sequence {(\,, vp) }pen C RxR"™ such that for all p, v, # 0 and A i vp =
ApUp, ; (2) there is an increasing sequence {py }ren with limg_— o0 (Aps, Up,) =
(A, v) and v # 0. v is called an eigenvector in limit of A.

We start with the following intermediary result which will be useful in the
following. We say that for all A € R, Pzgp)()\) = |A L AL, |, where I, is the
n-dimensional identity matrix, is a ¢,-characteristic polynomial in A.

Proposition 6.0.1 Let A € M, (R) be a square matriz. For all A € R, the
wp-characteristic polynomial Plgp) (A\) in X is

Pp
Pzgp)()\)z Z )T kz Z 81gn Hala() )\" k.
ke{o}u[n] IC[n oEST iel

Cdrd([) k

where Sy denotes the set of all the permutations defined on I. Moreover for all
AeR

(00) _ (p) n lc n— k:
P, (N = ph;an N = Hﬂ (-1 (sign(o Hal o)) A

IC[n],Card(I)=k i€l

oceSr, ke{0}u[n]
Proof: The first part is derived using the method of expanding a character-
istic polynomial with respect to its principal minors and making the formal
substitution + —I&)—. Since the empty product is by convention equal to the
multiplicative identity, the coefficient of the highest degree term is equal to 1.
Let

En= |J {o:0€8,1cn],Card(l) =k}

ke{0}U[n]

If Card(I) = k, then Card(S;) = k!. Therefore Card(Z,) = Y__,k!Ck. Let
us denote g, = Y p_, k!CF and let By, = {e1,...,eq, } be the canonical basis of
R, Since Card(Z,) = ¢, there exists a bijective index function j : Z, +— [gy]
which associates with each permutation of =, an integer in [¢,]. Therefore, we
have By, = {€j(o)}oecz, . Let us consider the vector y4 € R defined as:

YA = Z Z sug;n Ha“’(l €i(o (6.1)

ke{0}U[n] 0ESy icl
IC[n],Card(I)=k

Let us introduce the transformation 74 : R — R9» defined by

TA(/\) = Z Z )\n_kej(a). (6.2)

ke{0}U[n] 0EST
IC[n],Card(I)=k

An elementary calculus shows that, for all A € R

PP () = (ya,7a(N). .

p

For all u € R, we have lim, ,o{(v4,u)p = (74,u)eo. Hence, PP(N\) =
limp 00 (74, 74(N)), = (4, T4(A))oo. O
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Pg° is called the limit characteristic polynomial. Let us introduce now the
lower and upper characteristic polynomials, respectively defined by

P () = - n—k .
A,— (A) IC[n],(;:d(I):k( blgn Haza(z >\ (6 3)
€81, ke{0}U[n] i€l

and
PO = = (1) (sign(0) [Jaiew) A" (64)
A+ IC[n],Card(I)=k i
€81, ke{0}U[n] el

Proposition 6.0.2 Let A € M, (R) be a square matriz. We have:
Limy—oe [P = 0] = [PF_ < 0] N [P, 2 0] = [PX_ + P, = 0.
Moreover, A € R is an eigenvalue in limit if and only if:
AE[PY_+ Py, =0].

Proof: Let us denote 74 and 74()\) respectively as in equation (6.1) and

(6.2). From Proposition 4.2.2, we have Lim,_,[(74,-)p = 0] = [{(74, Vo <
0] N [{va,-)& > 0]. Since that map 74 is continuous, Limp_mo[PX’) =0] =

Limy e (10,701}, = 0] = [(va 2400, < 0] 0 [(22,74()) % > 0]. How-
ever, we have for all \

PYOO) = (ya,maN)) and  PSY(N) = (ya, ma(V) .

Hence Limp_mo[PIgp ) = 0] = [P3°_ < 0JN[P3°, > 0]. The last equality is an im-
mediate consequence of Lemma 4.1.3. To complete the proof, from Proposition
4.2.2, A € [P < 0[N [Pg°, > 0] if and only if there is an increasing sequence
{Pq}qen and a sequence of real numbers {),, }qen such that limg, oo Ay, = A
and Pf,pq)(qu) = (v4,74(Ap,))p, = 0 for all g. Hence, since 74 is continuous, A
is an eigenvalue in limit, if and only if:

Ta(A) € Limp—o0 [(v4,)p = 0] = [(va, )% < 0] N [(va, )5 > 0].

From Lemma 4.1.3 this condition is equivalent to
Ta(A) € [(ya, )5 + (74,05 = 0]

Equivalently, we have:

(va,Ta(N)) .+ (va,Ta(N)) - = 0.

oo

Thus A € R is an eigenvalue in limit if and only if P3° (A)+ P5°, (A) = 0, which
ends the proof.O

Given a square matrix with positive entries A € M, (Ry), the Perron-
Frobenius theorem states that there is an eigenvalue called the spectral radius
of A and denoted by p4 such that pg > |A| for all eigenvalues of A, where
| - | denotes the module of . p, is related to an eigenvector vy € R’} , with
Avyg = pava. A > 0 is an eigenvalue in the sense of the matrix product X (a
X-eigenvalue) if there is a positive vector v € R’ such that AKv = Av. In such
a case A is also called a geometric Max-Times eigenvalue. We say that A is a
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pp-eigenvalue of A if A v = M for some vector v € R™\{0}. If A € M,,(Ry4),
then ®,(A) € M, (R, ). Hence ®,(A) is endowed with a spectral radius pg (),

and a vector uff) € R, such that (IDP(A)uff) = pq,(A)uEf). It follows that setting
vff) = ¢p_1(u(f)) and pff) = 90;1(/0<I>p(,4)) that

P

A vgp) = pff)vl(f). (6.5)
In such a case, p(:) is called a @,-spectral radius of A. Notice that in the case
where A € M,,(R;4) there is only one K-eigenvalue in Ry (see for instance
[13]).

The next result was proven in [6] (Proof 4 on page 7 and Theorem 8) which
also mentions relation (6.5). The eigenvalue part of Proposition 6.0.3 can also be
found in [17] and [18]. Additional related results can be found in [25] (Theorems
2.3 and 2.6).

Proposition 6.0.3 Let A € M, (R;i4) be a square matriz. For A € Ry4 and

all vectors v € R \{0} such that ARv = \v, there is an increasing subsequence

{pq}qen such that A = lim, pff") and v = limg,_ vl(f‘I) where for all p,

A" vff) = pff)vff).
Proposition 6.0.4 Let A € M, (R,) be a square matriz. If X € Ry, is
a NM-eigenvalue then N € [P3°_ + P3°, = 0]. Moreover, if A is mazimal in
[PR_ + P3°, = 0], then it is a W-eigenvalue and A = limg—, pEfQ).
Proof: From Proposition 6.0.3, we have A = p%°, we deduce that

A€ Limy— [P = 0] = [P¥_ <0|N[PF, > 0] = [P + P, =0].

Conversely, suppose that A € [P3° < 0] N [P3°, > 0] and assume that A is
maximal in [P3° + P3°, = 0]. Then there is a real sequence A®Y ey with
AP ¢ [Pjgp) = (] for all natural numbers p and such that lim, AP = ),
Let {pff)}peN such that pff) is a ¢,-Perron-Frobenius eigenvalue for all p. From

Proposition 6.0.3, there is a X-eigenvalue y such that p = lim,_, pff). It follows
that p € [P3° < 0] N [P, > 0] = [P3°_ + P3°, = 0]. Suppose that p # A
and let us show a contradiction. Since A is maximal, this implies that pu < A.
However, this also implies that there is some py € N such that for all p > py,
AP > pff), which is a contradiction. Consequently, ;1 = A and it follows that A
is a K-eigenvalue, which ends the proof. O

In the following, we propose several examples that we relate to the literature
on tropical matrix algebra. For that we are going to transfer in a Max-Times
context several notions used in Max-Plus algebras. In particular, we study the
notion of algebraic eigenvalue analysed in [13] and [2]. A B-polynomial function
is a map Pg : Ry, — R of the form Pg(\) = Haie . PNt = max;epy) P
If p, # 0, Pg is of degree n. Suppose that all the entries of A are positive.
The roots of a polynomial function Py are the points of non-differentiability of
Pg. All these points can be seen as exponential transformations of the corner
points defined in [13]. The notion of maximum cycle mean arising in Max-Plus
algebra can be transferred in a Max-Times context. It is the maximum of the
geometric weight-to-length ratio over all cycles (see [13] and [2] in a Max-Plus
context). It can be seen as the spectral radius of a matrix in the context of the
Max-Times semi-ring;:

1
p(A) = max max (@iy iy X - X gy, ) * (6.6)
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The permanent polynomial characteristic of A is
xa(A\) = per(AHM,). (6.7)

It is shown in [13] that the greatest corner (tropical roots) of the Max-Plus
permanent polynomial is the corresponding maximum cycle mean in Max-Plus
algebra (Theorem 5.3.4; see also [2]). As the exponential function is increasing,
the ranking of the roots is not modified in a Max-Times context.

2 1
1 2
of elementary cycles of length 1, are 2, 2. The geometric mean of the cycle
of length 2 is 1. The permanent polynomial characteristic of A is xa(\) =
(2B N)?B1 = max{max{2,\}?,1} = (A\B2)2. Clearly p = 2 is a X-eigenvalue
and v = (1,1) is a K-eigenvector, since AKX v = 2v. Moreover p = 2 is also
an algebraic eigenvalue of A in the idempotent semiring Maz-Times. The
pp Perron-Frobenius eigenvalue is pff) = (2%+l 4 12P+1)ﬁ and we have

Example 6.0.5 Let us consider the matrix A = . The geometric mean

lim, pff) = 2. We have

PP() = (\)2H! — (20)2+L — (20) 2+ 4 4201 _ 1) 7oeT
Hence, taking the limit yields:
PP(\) = (A B (—2)\) B (-2)\)B48 (-1).

Moreover

PE_(N) = (A) = (=2)) = (=2)) =4 = (-1)
and

P () = (W) & (=20) & (-2)) T4 = (1),
We have Pg°_(2) = =4 <0 and P37, (2) =4 > 0.

Example 6.0.6 Let us consider the matriz A =

— DD =
N DN

1
9 1. The geometric
3

mean of elementary cycles of length 1, are 1, 2, 3, of length 2 are 1 2, 3, of
length 3 are 18%, 23 . Clearly p = 3 is a M-eigenvalue and v = (2,3,1) is a
X-eigenvector, since AX v = 3v. The permanent polynomial characteristic of
A is
Xa(A) =(1BNC2ENBEHNB2HI18H (2HN) H4(3BN) HI(1HN).
An elementary simplification yields
xa(A) = A3E3N2BEINB 8.
The factorization (see the resolution algoritm proposed in [13], p. 108) is:
xa(A) = (AB3)?(\B2).

It follows that the roots of the permanent characteristic polynomial are p = 3
(the greatest root) and p = 2. These roots are the algebraic eigenvalues of A.
However only p = 3 is a geometric eigenvalue. We have

Pép)(A) _ (_ ()\3)2p+1 n [(2)\2)2p+1 T (1)\2)2p+1 n (3)\2)2p+1]
—[(2:3- X)L — (1.9 AT — (1. 2. )%+
+(2-2- 02— (1-3- 02T (11 2P
+[(1-2-3)2F 4 (2. 1- 1) 4 (2.9 1) H!

_1
—(1-2-1)** —(2.2.3)2F (1.9 1)2p+1]> T
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Hence, taking the limit yields:

PPN\ = -X*B222B A\ @ 3)\?
B 6AE (—9A) B (—2)\) 4N B (—3)\) B A
B3M2M 188 (—2) B (—12) B (-9).

Moreover

PR_(A) = =A% 22X 2 A2 23N
6T (—9N) T (—2)) S 4AN T (=30 S A
3222182 (=2) = (—12

N—

(1
T
L

and

P, (N) =23 D axr L2 L3y

We have P3° (3) = =27 < 0 and P3°, (3) = 27 > 0. p = 2 is an algebraic
eigenvalue and also satisfies the condition P3° (2) = —18 < 0 and P{°, (2) =
18 > 0. Therefore u is also an eigenvalue in limit.

In the next example, we consider a case where there is some p € [Pj;‘j_ <
0]N [P, > 0] = [P3°_ + P3°, = 0] that is an eigenvalue in limit but is not an
algebraic eigenvalue over the Max-Times idempotent semi-ring.

Example 6.0.7 Let us consider the matric A = <1 1) p =11 a X-
eigenvalue associated to v = (1,1) since AR v = 1-v The permanent is
(AEB 1)2. The ¢p-Perron-Frobenius eigenvalue is pff) = 2% and we have

lim, pff) = 1. For all p, there is another eigenvalue pP) = 0. We have
ng)(A) _ ()\2)2p+1 2P+l \2p+L o g2+ (_1)2p+1'
Taking the limit yields:
PPN\ =) B(-NB(-\)B18(-1).
Therefore
P (A) =) = (=3) = (-3 = 1= (-1)

and
P )= (%) & (=0 & (=0 S 12 (1),

We have P3° (1) = =1 <0 and P3°, (1) =1 > 0. There is another solution ji =
0, we have P3°_(0) = =1 <0 and P, (0) =1 > 0. Hence PR°_(0)+Pg°, (0) =
0 and 0 is an eigenvalue in limit associated with the vector v = (1,—1). We
have AR u = 0. However u is not a nonnegative vector. Moreover, O is not an
algebraic eigenvalue.

Example 6.0.7 shows that an eigenvalue in limit may not be algebraic. How-
ever, examples 6.0.5, 6.0.6 and 6.0.7 do not show any situation in which an
algebraic eigenvalue is not an eigenvalue in limit. In example 6.0.6, u = 2
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is an algebraic (non-geometric) eigenvalue which is an eigenvalue in limit. In
the following, Example 6.0.8 shows that an algebraic eigenvalue may not be an
eigenvalue in limit. However, further investigations would be needed to know
if any algebraic eigenvalue of a non-negative matrix is the absolute value of an
eigenvalue in limit. In particular, it would be interesting to determine if a fac-
torization of the polynomials in limit is possible and how it is linked to that of
the permanent of a non-negative matrix.

27
1 3
of elementary cycles of length 1, are 2, 3. The geometric mean of the cycle
of length 2 is 73 Clearly p = 3 is a R-eigenvalue. The permanent polynomial
characteristic of A is xa(A) = (2BA)(3BAN)HB7 = max{max{2, A\}-max{3, A}, 7}.
The factorization is:

Example 6.0.8 Let us consider the matriz A = ( . The geometric mean

xa) = AB3)(AB ).

Hence, n = % is also an algebraic eigenvalue of A in the idempotent semiring
Maz-Times. We have

Pép)(A) _ ((/\2)2p+1 (M) (30)2P D 4 g2t 72p+1)ﬁ_
Hence, taking the limit yields:
P\ = (M) B (—2\) B (=3\) B6 B (-7).

Moreover

PE_(\) = (3) = (=2)) = (=3\) = 6 = (-7)
and

PN =) T (=20 & (=30 L6 = (7).
The geometric eigenvalue p = 3 satisfies the relations Py (3) =-9<0 and
ij+(3) = 9 > 0. We can check that the algebraic eigenvalue n = % 15 not
an eigenvalue in limit. We have ij’f(%) = -7<0 and Pf‘%(%) =-7<0.
Therefore ij_(%) + ij’+(§) = —14 # 0. However, u = —% is an eigenvalue
in limit since sz_(f%) =-7<0 and Pj‘m_(f%) =7>0.

References

[1] ApiLov, G., I. YESILCE AND G. TINAZTEPE (2014), Separation of B~!-
Convex Sets by B~!-Measurable Maps, Journal of Convex Analysis, 21, pp.
571-580.

[2] AkIAN. M, R. BAPAT, S. GAUBERT (1998), Asymptotics of the Per-
ron eigenvalue and eigenvector using max-algebra, Comptes Rendus de
I’Academie des Sciences - Series I: Mathematics Open Access, 327 (11),
pp. 927-932.

[3] AKIAN, M., S. GAUBERT AND A. MARCHESINI (2014), Tropical bounds

for eigenvalues of matrices, Linear Algebra and its Applications, 446 pp.
281-303.

[4] AVRIEL, M. (1972), R-convex Functions, Mathematical Programming, 2,
pp. 309-323.

[5] BacceLLl. F; G. CoHEN, G.J. OLSDER, AND J.P. QUADRAT (1992),
Synchronization and Linearity, Wiley.

38



[6]

[7]

22]

BApPAT. R.B. (1998), A max version of the Perron-Frobenius theorem,
Linear Algebra Applications, 275-276, pp. 3-18.

BEN-TAL, A. (1977), On Generalized Means and Generalized Convex
Functions, Journal of Optimization Theory and Applications, 21, pp. 1-13.

Briec, W. (2015), Some Remarks on an Idempotent and Non-Associative
Convex Structure, Journal of Convex Analysis, 22, 1, pp. 259-289.

Briec, W. (2017), Separation Properties in some Idempotent and Sym-
metrical Convex Structure, Journal of Convex Analysis, 66 (4), pp. 547-570.

BrIEC, W. (2019), On some Class of Polytopes in an Idempotent, Symmet-
rical and Non-Associative Convex Structure, Journal of Convex Analysis,
26(3), pp. 823-853.

Briec, W. AND C.D. HORVATH (2004), B-convexity, Optimization, 53 (2),
pp. 103-127.

Briec, W. aND C.D. HORVATH (2011), On the separation of convex sets
in some idempotent semimodules, Linear Algebra and its Applications, 435,
pp. 1542-1548.

Butkovic, P. (2010), Max-linear Systems: Theory and Algorithms,
Springer Monographs in Mathematics.

BuTkovic, P AND G. HEGEDUS (1984), An elimination method for finding
all solutions of the system of linear equations over an extremal algebra.
Ekonomicko-matematicky Obzor, 20.

CoHEN, C., GAUBERT, S., QUADRAT, J.P., Hahn-Banach Separation
Theorem for Max-Plus Semimodules, In Optimal Control and Partial Dif-
ferential Equations, J.L.. Menaldi, E. Rofman and A. Sulem Eds, IOS Press
2001.

COHEN, C., GAUBERT, S., QUADRAT, J.P. (2004), Duality and separa-

tion theorems in idempotent semimodules, Linear Algebra and its Applica-
tion. 379, pp. 395-422.

ELsSNER.L., C.R. JOHNSON, J.A. Dias DA Sirva (1988), The Perron root
of a weighted geometric mean of nonnegative matrices, Linear Multilinear
Algebra, 24, pp. 1-13.

FRIEDLAND. S (1986), Limit eigenvalues of nonnegative matrices, Linear
Algebra Applications, 74, pp. 173-178.

GAUBERT, Théorie des systemes linéaires dans les dioides. These, Ecole des
Mines de Paris, July 1992.

GAUBERT, C. (1998), Two Lectures on Maz-plus Algebra, Working Paper,
INRIA.

HEGEDUs, G. (1985), Az extremélis sajitvektorok meghatdarozdsa
elimindaciés moodszerrel - azdltalanositott Warshall algorithmus egy
jaitasa. Alkalmazott Matematikai Lapok, 11: pp. 399-408.

KAYkoBAD, M. (1985), Positive Solutions of Positive Linear Systems,
Linear Algebra and its Applications, 64, pp. 133-140.

39



[23]

Kovrokorrsov, V.N. aND V.P. MasrLov (1997), Idempotent Analysis and
its Applications, Mathematics and its Applications, vol. 401, Kluwer Aca-
demic Publishing.

Litvinov, V.P.; V.P. MasLov AND G.B. SHPITZ (2001), Idempotent
functional analysis: An algebraic approach, Math. Notes, 69 (5), pp. 696-
729.

MANJEGANI. S.M, A. PEPERKO, H. SHOKOOH SALJOOGHI (2022),
Asymptotic formulae and inequalities for point spectrum in max algebra,
Linear Algebra and its Applications, 634, pp. 112-136.

MasrLov, V.P. AND S.N. SAMBORSKII (EDS), Idempotent Analysis, Ad-
vances in Soviet Mathematics, American Mathematical Society, Provi-
dence, 1992.

NiTicA, V. AND I. SINGER (2007), The structure of Max-Plus hyper-
planes, Linear Algebra and its Applications, 426, pp. 382-414.

Prus. M. Linear systems in (max,+)-algebra In Proceedings of the 29th
Conference on Decision and Control, Honolulu, Dec. 1990.

40





