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STUDY OF A STRUCTURE PRESERVING FINITE VOLUME SCHEME

FOR A NONLOCAL CROSS-DIFFUSION SYSTEM
MAXIME HERDA AND ANTOINE ZUREK

ABSTRACT. In this paper we analyse a finite volume scheme for a nonlocal version of the
Shigesada-Kawazaki-Teramoto (SKT) cross-diffusion system. We prove the existence of solu-
tions to the scheme, derive qualitative properties of the solutions and prove its convergence. The
proofs rely on a discrete entropy-dissipation inequality, discrete compactness arguments, and on
the novel adaptation of the so-called duality method at the discrete level. Finally, thanks to
numerical experiments, we investigate the influence of the nonlocality in the system: on conver-
gence properties of the scheme, as an approximation of the local system and on the development
of diffusive instabilities.
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1. INTRODUCTION

We are interested in the numerical discretization of the following nonlocal cross-diffusion sys-
tem

(1) Oruy — A((dy + dyy o1 % ug + dig pr * ug)uy) = Ry(ug, ug),
(2) Oy — A((dz + da1 p2 ¥ Uy + dapog * U2)’“2) = R2(u17 Uz),

on a periodic domain Q = T? (d < 3). For a given final time T we denote the space time domain
by Qr = Q x (0,T). The parameters dy, da, di1, di2, da1 and dsy are some positive constants
and p1, p2, 01 and o9 are non-negative convolution kernels. System f is supplemented with
initial conditions

(3) ur(50) =ui(-), ua(-,0) = up(:).

In the case where the convolution kernels are given by the Dirac measure p; = ps = 01 = g9 = dy,
the system coincides with the celebrated Shigesada, Kawasaki, and Teramoto (SKT) population
model [41] which can describe segregation phenomena between competing species. It writes

(4) Opur — A((dy + diy ur + dig ug)ur) = Ry(ug, ug),
(5) 8{&2 — A((dg + d21 Uy + d22 'LLQ)UQ) = Rg(ul, UQ).

Nonlocal cross-diffusion systems appear naturally as a mean field type of limit of interacting
many-particle systems. For instance, the model — was introduced in [25] as the large popu-
lation limit of a stochastic individual model. If these particle systems allow a precise description
of the interactions between individuals, their numerical approximations are very time-consuming.
Then, it is reasonable to investigate simpler macroscopic models. In this context we see nonlocal
cross-diffusion models as intermediate models between individual based models and local cross-
diffusion models. This interpretation has been mathematically justified in the literature, see
[T7, 28, B1], B7], where the derivation of some local cross-diffusion models from nonlocal models
(some of them derived from microscopic models) are shown.

Besides, nonlocal cross-diffusion models can be more than a mathematical intermediate be-
tween two scales. Indeed, in population dynamics, they can model nonlocal sensing, as diffusion
of a species is impacted by the population located (respectively to their position) on the support
of the convolution kernels, see [27], 40]. In the model — assume for instance that p; is sup-
ported away from 0. Then the resulting effect of the nonlocal cross-diffusion term is to enhance
the diffusion of species 1 when species 2 is away, modeling for instance a hunting behavior in a
predator-prey model. This could hardly be reproduced by local cross-diffusion terms.

The ability of the nonlocal cross-diffusion terms to model the dynamics of some natural phe-
nomena explain the use of such models in other contexts. They are for instance applied to
describe cell sorting [38, 89], tumour growth [21], opinion formation [22] or interactions between
spiking neurons [5] (just to name a few). In particular, the development of reliable numerical
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methods to approximate the solutions of nonlocal cross-diffusion systems can enhance our un-
derstanding of the “physical” mechanisms described by them. As a by-product this could also
help the development of efficient models describing complex phenomena.

Motivated by these reasons, this manuscript deals with the design and analysis of a robust
numerical scheme for —. Our approach is inspired by the analysis performed at the contin-
uous level in 28] B7]. In particular, in [28] the authors show that there is a persisting entropy
structure in the nonlocal case which yields a crucial a priori estimate for the analysis of the
model. This extends for instance the approach developed in [29, B0] in the local case. Indeed,
it was shown that for the system f without reaction terms R; = Ry = 0 and under the
following symmetry hypotheses on the convolution kernels

pi(x) = p2(—x) = p(),
(6) o1(z) = o1(—x),
0'2(1') = 02(_1')7
that the following entropy functional
H(uy,ug) = /Q di [ug(log(uy) — 1) + 1] dx +/ di [ug(log(ug) — 1) + 1] da,

12 Q W21

is dissipated along solutions of f. More precisely one has
d 2d11 2
(7) EH(Ul,UQ — 01 \/ul (z —y) Vi ur(z) + /uy () Vi uy (z — y)) dzdy
12
2d 2
d22 / / oa(y \/u2 (x —y) Vi ua(z) + \/ug(:c)V\/ug(a:—y)) dzdy
21
cagt [P deraft [ 9yl +a [ o) [ 9Vn@e =P ey -o.
12 Q

Observe that if the convolution kernels are given by the Dirac measure p; = ps = 01 = g9 = 0,
then
d

— H (uq,us) +2—/|Vu1|2dx+2—/|Vu2|2dx
dt dy

+4d—/yv\/—|2dx+4—/yv\/—|2+4/|v,/—u1u2| dz = 0.
12

which was already known for the local SKT system (see [I8| [19] 26]).

The fact that — admits a Lyapunov functional is crucial for the study of the system.
Indeed, in [28], the authors used together with the so-called duality method, see [20, 34 137],
in order to prove (assuming @ and without reaction terms) the existence of distributional

solutions to —.

Definition 1. Given T > 0, let p1, p2, 01 and oy be some functions in L°(Q) and v and u3 be
some initial functions in L*(Q)). Then, we say that the measurable functions uy,us : Qr — Ry
are distributional solutions to (1)) if for every ¢ € C5°(Q2 x [0,T)) it holds

(8) / (ulﬁtgb —+ (d1u1 4+ d110'1 * Uiy + d12p1 X u2u1) A¢> dxdt = —/ U?($)¢($, O)dl’,
Td

T
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and

9) / (uﬁtqﬁ + (daug + do1 pa * Urte + dagog * UsUsy) Agb) dzdt = —/ ug(x)¢(aj, 0)dz.
Qr

Td

In this paper we propose and analyze a finite volume scheme for —. A particular focus is
put on

(i) the preservation of the entropy dissipation property at the discrete level;
(ii) the non-negativity of the solution;
(iii) the possibility to use the scheme in both the nonlocal and local regimes.

In order to achieve these goals we will design a fully implicit two point flux approximation
(TPFA) finite volume scheme. As in the study of some numerical schemes for local cross-diffusion
systems, see for instance the following (non-exhaustive) list of contributions [4} [7], 10} 1T}, 32} 42],
the preservation of the entropy dissipation property at the discrete level is crucial. This ensures
well-posedness and global stability in time [15, 24] as well as with respect to the choice of
convolution kernels (see Theorem [I)). Some of these methods are reminiscent of the second
author’s work in [32] concerning the study of a finite volume scheme for the local SKT system.
Besides, we are able to obtain additional estimates on the solution (see Theorem [2) by adapting
the duality method (see [20, 34, 37]) at the discrete level. This technique relies on the study of a
discretized Kolmogorov equation, see Section [ The estimates obtained by the duality method
do not transfer to the local case. However, the scheme for the local cross-diffusion system can still
be used and convergence can be shown following for instance [32]. The convergence of solutions
of the numerical scheme towards distributional solutions in the sense of Definition [ is shown
in Theorem [3] Let us mention that only L> regularity of the convolution kernels is required to
obtain convergence of the scheme. With smoother kernels one additionally obtains local in time
L> bounds on the discrete solution that are uniform in the mesh size (see Theorem [2)).

Let us notice that there already exists some works dealing with the design and the analysis of
finite volume numerical schemes for nonlocal cross-diffusion systems. Indeed, in [2, 3] the con-
vergence of some semi-implicit TPFA finite volume schemes are proved. The convergence proofs
are based (as in this work) on the adaptation at the discrete level of a Kruzhkov’s compactness
result [33] obtained in [4]. We mention [8] where numerical experiments are shown to illustrate
the formation of gaps for a class of nonlocal cross-diffusion systems. In this paper the authors
applied an explicit in time finite volume scheme first introduced in [I12] and then extended for the
multi-species case in [I3]. This scheme is a positivity and entropy preserving method as shown
in [13]. Finally, we also refer to [14]. In this contribution the convergence of a semi-discrete finite
volume scheme is proved. This scheme is also positivity preserving which allows the authors to
establish a discrete energy estimate.

In this paper the system f is set on a periodic domain. A natural question concerns
the extension to different boundary conditions. In the case of Neumann boundary conditions
in a bounded domain  C R? the nonlocal entropy preserving version of the cross-diffusion
model differs from (4)—(5) because of boundary effects (see [28, Section 1.3]). Since the model
is different, it is not straightforward to adapt the definition of the scheme introduced in Section
2.2l We postpone this discussion in Appendix [B] where a finite volume scheme for the nonlocal
SKT system in a bounded domain is designed and a priori entropy estimates are obtained.

In order to illustrate and complement the theoretical results, we present several numerical
experiments in the last section of this paper. We compute the experimental order of convergence
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of the numerical method when the mesh size goes to 0 for various initial data and convolution
kernels. Then, for a fixed mesh, we investigate the rate of convergence for different metrics of the
discrete solutions of the nonlocal system towards solution of the local system when convolution
kernels tends to Dirac measures. Finally, we perform simulations of the model with nonzero
reaction terms with parameters chosen to describe a prey-predator system with either linear
diffusion or non-local cross diffusion modelling hunting behavior. For these models we illustrate
the persistence and the modification of Turing patterns in the presence of cross-diffusion.

The paper is organized as follows, in Section [2| we introduce the scheme and state our main
results. Section 3| is concerned with the proof of existence of positive solutions to the scheme.
We introduce the discrete Kolmogorov equation in Section [l Then we deduce from the study
of this problem some qualitative properties satisfied by the solutions to our scheme in Section
[4.3] Sections [f] deals with the convergence of the scheme. Finally, in Section [6] we discuss the
implementation and show some numerical experiments in one and two space dimensions.

2. NUMERICAL SCHEME AND MAIN RESULTS

The results of this paper apply to a periodic domain €2 = H?Zl R/L;Z, where Ly, ..., Lqg > 0.
However, for the sake of readability we will assume from now on that d =1 and L; = 1, namely
=T = R/Z. The generalization in higher dimensions on Cartesian grid is immediate by
defining the scheme as the tensorization of the one dimensional scheme.

2.1. Notations and definitions. Let us define N > 1 and Az = 1/N. A uniform mesh 7 of
T consists in a finite sequence of cells denoted by

K= (v;_1,241), 1€I=Z/NL.

centered at z; = ¢Ax and with extremities z, 11 = (i + 5)Az. For T > 0 given, we define an

integer N7 and a time step At = T'/Nr and we introduce the sequence (t;)o<r<n, With t; = kAt.
We denote by D a space-time discretization of Q7 = T x (0,7") composed of a space discretization
T of T and the values (At, Nr).

Let us now introduce some discrete norms on the space of piecewise constant functions in space

Hr = {w :T—-R : wx)= ZwilKi(x)}.

For p € [1,00), we define the discrete W'* seminorm and discrete W'? norm on Hy by

1

2 Wi41 — W P\’
wltpr =D Ae| =T |+ lwlpr = lwlyr + wllm,
ieT
where, for p € [1,00), the norm || - ||z»(r) denotes the usual LP(T) norm. In the case p = oo, we

denote || - || ooty the L(T) norm given by

|lw|| oo (ry = max |wy|, Vw € Hr.
i€l

Let us also recall the definition of the space BV (T), see [I] for more details. A function w € L'(T)
belongs to the space BV (T) if its total variation 7'V (w) given by

Tv<w>=sup{ [u@ostas, e ckm, o) <1 v:cevr},
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is finite. We endow the space BV (T) with the norm
HwHBV(T) = ||wHL1(T) + TV(w), Yw &€ BV(T)

In particular, we notice that for each function w € Hy N BV(T) we have ||w|| gy () = ||w||1,1,7-
Finally we introduce the space Hp of piecewise constant in time functions with values in Hy,

Hp = {w Tx[0,T] =R : w(x,t) = Zwk(w)l(tkl,tk](t)}.

This space can be equipped, for (p,q) € [1,00)?, with the following discrete L?(0,T; W1P(T))
norm

(Z At ||w||1pT> Yw € Hp,

or with the L9(0,T; LP(T)) norm

Nt é
(Zmnwu%pm) . Yw € Hp.
k=1

In particular, in the case p = ¢ = 2, the L?(Q7) norm can also be defined by duality as

10) [l = Sup{/ /wfdxdt . [ € Hp, ZAtZAx]fk|2_ 1} Y € Hop.

k=1 i€l

This dual formulation of || - || z2(g,) Will be needed later on.

2.2. Numerical scheme. We discretize the initial conditions as

1
(11) u); = o w)(r)de, Viel, j=1,2.
K;
Now for given (u}f~' u5~") € R? the implicit in time numerical scheme writes as
uk uk 1
(12) J’T — (A7 (uju})), = Rij(uf, us ), Viel, j=1,2
where A7 denotes the discrete Laplacian, namely
k
k k o :U’j z+1uj i+1 2:“’3 zu] [ + :u] i— 1u] i—1 . -

(13) (Ar(pfuf)), = A ., YieZ, j=1,2,
and
(14) /Jlllcyl = dl + dll Z AQZ’O’Li,nU’in + d12 Z Ampl,ifn U’S,n’ Vi € I,

ne’l nel
(15) [,61572 == dg + d21 Z Apr,i—n U}f’n + dgg Z AZL‘O'QJ‘_HUSJZ, \4) € I,

nel nel
with

1 1 ) .
16 pin=5s [ oW = / oil)dy, VimeTj=12
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Let us notice, by construction, that if we consider p; = py = 07 = g9 = §y then f yields a
finite volume scheme for the local SK'T model f. We also remark that we could equivalently

rewrite as
ko k-1

(17) Ap—t it Fl = Fra = Ryj(uiug,), VieZ j=12,

where for all ¢ € Z the numerical fluxes ]-"] ’?i L1 are defined by

2
[ ko ok

k ok _ ok k _
(18) Fho = Wity T Wiy e Wi T Wk Mg T Hin 19
drit+d Az Jrits Az Jritd Ax v r
with the centered approximation at interfaces
k k k k
R s G S Vi g VeS| 19
“j,z'+§ - 9 ) uj,zur% - 9 y J =1

2.3. Main results. Let us collect our assumptions.

(H1) The domain is taken as = T.

(H2) The diffusion coefficients dy, do, di1 and dys are non-negative constants and the cross-
diffusion coefficients di5 and do; are positive constants.

(H3) The convolution kernels py, p2, 01 and o9 are L>°(T) functions that are non-negative and
satisfy the symmetry hypotheses @ In particular p; = p1; = pa,—; for all 7 € Z.

(H4) The initial data v and uJ are non-negative L!(T) functions with finite entropy, namely
hl(u?), hg(ug) S Ll(T)

(H5) The reaction terms satisfy Ry = Ry = 0.

As already mentioned, hypothesis (H1) is only made for the convenience of the reader and
one can adapt the design of the scheme and the results to a d-dimensional periodic domain
Q= Hle R/L;Z. For different boundary conditions, we refer to Appendix . Observe that by
assuming (H2) we require cross-diffusion on both species. While this is crucial in our proofs, the
scheme performs well in practice even with djs = 0 or dg; = 0 (see Section @ The assumption
(H3) on the symmetry of the functions p;, ps, 01 and o9 are needed, as at the continuous level, to
show the discrete entropy inequality satisfied by the solutions of the scheme f. However,
in terms of practical use, the scheme performs well even when dropping this hypothesis (see
Section[6.4)). Following for instance [32], the assumption (H5) can be relaxed and one can extend
the proofs of Theorem [1| and Theorem [3] in the case of the Lotka-Volterra source terms:

2
Rj(ur, uz) = uy (ajo - Zajk Uk) , J=12,

k=1
with a;o and aj; some nonnegative constants for j, k =1, 2.

Our first main result deals with the existence of solutions to scheme f at each time
step. But first let us recall the definition of the discrete entropy functional

H(ub,ub) = Z Az hy (u’fl) + Z Ax hg(ug’i),
icT €T
where the functions hy; and hsy are defined by

(19)  ha(z) = dilz ( (log(z) = 1) + 1), ha) = dim (z (log(z) = 1) + 1), Va € (0,4+0),
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with the obvious continuous extension at = 0. The corresponding entropy dissipation functional
is defined by

du
(20) D(uf,ub) = Zal,] <m W)
d22 ) i ,
d21 Zaw Z <\/u2 z+1“§ it1-j \/u’gzugw> + 4d_12 ulf‘m;r
\Ju 2
+4d_21’ ‘1 T+4ZPJZ<\/U11+1 U341 \/u’flu&i]) _
JET

Theorem 1 (Existence of solutions). Let the assumptions (H1)-(H5) hold. Then, for every 1 <
k < Nr there exists (at least) one nonnegative solution (uf,u%) to scheme (L1)~(L5]). Moreover,
this solution satisfies the following properties:

(i) Mass conservation:
(21) > Azdb, / Yx)de, VE>0,j=1,2
1€L

(ii) Entropy production estimate: for all k > 1 it holds
(22) H(u17u2>+AtD<u17u2> < H(uy L g 1)-

The proof of existence of Theorem [1] is based on a consequence (see [23], Section 9.1]) of the
Brouwer fixed point Theorem. It can be applied thanks to the a priori entropy-dissipation
estimate and regularization inspired by [0, B0]. It also follows the line of the existence proof
of [16].

The second main result is concerned by some properties satisfied by the solutions of the scheme
(LI)—(15). These estimates are discrete counterparts of [28, Theorem 9].

Theorem 2 (Qualitative properties of the solutions). Let the assumptions of Theorem |1] hold.
Moreover, assume that ul,uy € L*(T) and let v and T' be some nonnegative constants such that

v <ul(z), ud(z) <T ae z€T.

Finally assume that p,o1 and o9 are twice continuously differentiable functions and that the time
step satisfies the condition

At <1/ (mln{dllmlHAolHLw(T dQQmQHAogHLw(T } + min{d;ym), dglml}HApHLw(T )
where mY = ||ud||1(ry for j =1,2. Then the following properties hold.
(i) Mazimum principle: For alli € Z, k> 1 and j = 1,2 we have
ex < ub, < Ey,
where
e =7 (1+ At (min{dymS||Acy| o), deoml]| Acs | oy } + min{drom3, doym{H[Ap]m))

. . —k
Ek =T (1 — At (mln{dllm?HAJlHLw(T), d22mg||A0—2||Loo(T)} + Hlln{dmmg, dglm?}HApHLw(T)))
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(ii) Duality estimate: If vy, T' > 0, then there exists a constant C' > 0 which is independent of
the mesh size such that
Nr
SOALY Aw (kb b ub,) (uk + ub,) < O+ TA) (e + 1681aer) )
k=1 €T
where

A = dl + dQ + dnm? HO’lHLl(T) + dggmg HO’QHLl(T) + Hp"Ll(T) (dlgmg + dglm?) .

The proof of Theorem [2] relies on a discrete duality method. In Section [4, we define and study
the properties satisfied by the finite volume solutions to the Kolmogorov equation. Then, in
Section , we apply these results on the solutions to the scheme f in order to establish
the Theorem.

Finally, we show the convergence of the solutions to the scheme f towards a distribu-
tional solution to f in the sense of Definition . However, in order to state precisely our
convergence result, we need some notations.

We introduce a family (D,,)men of space-time discretizations of Qr indexed by the size 1, =
max{Ax,,, At,,} of the mesh, satisfying n,, — 0 as m — oo. We denote by T, the corresponding
mesh of T and by At,, the corresponding time step. Finally, for every m € N we set (u1 1, u2,m) €
Hp,, the picewise constant in space and time reconstruction of the solutions to the scheme ({11])—
(15 corresponding to the mesh D,,.

Theorem 3 (Convergence of the scheme). Let the assumptions of Theorem hold, assume that
the coefficients dy and dy are positives and let (Dy,)men be a family of space-time discretizations
of Qr with n,, — 0 as m — oco. Then, if we denote by (U1 m,Us2,m) a family of finite volume
solutions to (L1)~(15) obtained in Theorem there ezists (uy,us) € (LP(Qr))* for p € [1,3) a
distributional solutions to f in the sense of Deﬁm'tion such that, up to a subsequence, for
7 =1,2 4t holds

Wjm —> uj  strongly in LP(Qr) for 1 <p <3 asm — oo.

The proof of Theorem [3]is based on uniform estimates w.r.t. Az and At, established in Section
m. These estimates allow us to apply in Section a compactness result obtained in [4] which
yields, up to a subsequence, the strong convergence in LP(Qr) of the sequence (1 i, U2, ) towards
the functions u; and us stated in Theorem [3] Then, we identify in Section the functions u;
and us as distributional solutions in the sense of Definition [1| of the nonlocal cross-diffusion

system f.

Remark 4. Let us notice that if d > 1, the convergence of the scheme can also be established.
However in this case we obtain, up to a subsequence, for j = 1,2,

d
Ujm —> uj  strongly in LP(Qr) for 1 <p < T wm — 00,

see Remark[13 for more details. If di = dy = 0, then it is still possible to conclude if the convolu-
tion kernels are smooth enough (C? for instance). Indeed in this case from weak compactness on
(Wjm)m, strong compactness can be obtained on its convolution with the smooth kernel. Finally,
if the convolution kernels are C?, then one can prove a stability estimate (in L*-norm) for the
solutions to f which provides uniqueness and continuous dependence on the initial data at
the continuous and discrete level. As a by-product we deduce that in this case the whole sequence
(U1 m, U2m) cOMVETgES QS M — OO.
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3. EXISTENCE OF SOLUTION AND ENTROPY DISSIPATION ESTIMATE

The problem of existence of solution reduces to the resolution of a nonlinear system of equa-
tions. The natural unknowns for which a fixed point theorem will be easily applied are linked to
the entropy. In our case, given (uy,us) € ((0,+00)")? we define the new unknown X = ®(uy, us)
where ® : ((0, +00)")? — R?" is the smooth diffeomorphism defined by

®(up, up) = (diy log(uy), ..., dy log(uyn), dot log(ug), . . ., dyy log(uan)) " € RN,

From there finding a positive solution to the scheme — amounts to finding a zero X* =
P (uk, uk) of the continuous map P* : R?Y — RV defined for any (up,us) € ((0,+00)™)? by its
components

Py (®(ur,us)) = Aw(uj; —uji ') — AtAz (Ar(pjuy));, Vi€ {1,...,N},j € {1,2},

where (uf71 uf™!) are given and py, po are related to wu;, us through the relation and
dropping the exponent k.

3.1. Entropy dissipation and mass conservation. In the following (, ) denotes the Euclidean
scalar product and | - | the Euclidean norm.

Proposition 5. Let (u¥~!, u5™") be componentwise non-negative. Then for any X € R,
(23) <Pk(X)7 ]lj> = Z(ujﬂ' - u?;l)Ax, Vje {17 2}7
ieT
and
(24) (P*(X),X) > H(uy,us) — H(uj ™", uf™") + AtD(uy, us),

where 1; = (1,...,1,0,...,0), 15, = (0,...,0,1,...,1), (u1,uz) = ®"HX) and D(uy,us) denotes
the entropy dissipation functional given by .

Proof. In order to prove , it suffices to sum the components of P¥(X) and observe that

> (Ar(puy)), =0,
i€T
since it is a telescopic sum. Concerning the inequality, first observe that H(u¥~! ub=1) is well-
defined since (u¥™' ub™') is non-negative. Then, using the definition of ®(uy,us) and P* one
obtains
(PMX), X)) = Aty + I+ Jy + )

with
1
I, = - ZAm(ulﬂ- - u’fjl) log(uy),
12

i€l
1
I, = - Z Ax(ug,; — ugjl) log(uz,),
2L et
1
J1 = N iezz(—ﬁb1,i+1u1,i+1 + 2#1,1‘”1,2‘ - ,ul,i—lul,i—1> IOg(Ul,z‘)

1
= E (—f2,i41Uz i1 + 202Uz — o i—1U2i-1) log(us,;)
dglAZE Py

J2
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Using the convexity of x — (zlog(x) — x + 1) to bound both [; and I, from below, one obtains
Iy + I > H(uy,ug) — H(uy ™ us ™).

Then for Ji, a discrete integration by parts (or summation by parts) yields

1
= N lGZI (wrir1priv1 — i) (log(uyirr) — log(uas)),
and a similar formula holds for .J,. Using the definitions of y; and o (see and without
the exponents), one has J; = JIT + J7 + J and J, = J3T + J52 + J5? with

Ji

: d; 4d,y 2
JafE — i1 —ury) (1 ir1) — 1 i) = VU1 — A/ U14)
1 N ZEZI (U141 — w13) (log(urivr) — log(uy,s)) > N ; ( UL,i+1 U, )
and a similar estimate for J$. For the second term one has
d
Ut = d—n D o1 D (uipunie g — i) (log(u i41) — log(ur i)
12 %
JjET €L
1 o dl]_
=5 2 > o, Z (Wi 1Uti4145 — i) (log(urien) — log(ua,))
€z €T
= ! fl + 4 201 Z (U1 i+1—j UL i41 — Uli—5UL z) (log(m i+1—'> - log(m i— ))
2 2d1 5] : ) J ) ) J ) ) J ) J
€T €T
d
= Z 01,j Z (U1,1+1U1,i+17j - ul,iul,ifj) (log(ul,i+1ul,1+1—j) - log(ul,iul,ifj))
2d1 = €T
2d1, 2
> o Z 01 Z (\/ul,i-i-lul,i-‘rl—j - \/ul,iul,i—j)
12 e ieT

In the previous estimate, the second inequality is obtained by changing j into —j and using the
symmetry of o;. For the third equality, one changes 7 into i — 7. The fouth one is the combination
of the first and third equalities. Once again a similar estimate holds for J3*. Finally with the
same changes of indices one can estimate the sum

TP TP =i > (uniatingg g — v ) (log(uri) — log(ur))
jer  iez
+ Z P—j Z (Uz,ip1Uip1—5 — UnqUniy) (log(ugir1) — log(ugs))
JET €L
= Z Pj Z (w11 tip1—j — uruzi—j) (log(univ1) — log(ui;))
JET €T
+) 0> (unimjrtin i — uzi—jun) (log(u—j1) — log(us—;))
JjEL i€l
=Y i (wgiunignj — it ) (log(urspatiagjin) — log(uriua;— )

JET =

2
= Z Pi Z (\/u1,i+1u27i+1,]- - \/Ul,iUQ,zej) .

JET 1€
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By summing all the estimates one obtains . The last point of the proposition is obtained by
induction. U

3.2. Proof of Theorem . Let us show that P* o ® has at least one zero. We use an approxi-
mation argument by introducing

PHX)=PFX)+eX, VX eR¥.
Using and the non-negativity of the entropy and the entropy dissipation one has

(PE(X), X) = el XP = H(uy™  uz™).
Therefore, as a consequence of Brouwer fixed point theorem (see [23 Section 9.1] for details),
there is X, such that

PHX.)=0 and |X.*<H(ui ' ub et
Let us define the associated (u$,u5) = ®~1(X.), which is componentwise positive by definition.
Observe that
Az h](ujz) < H(uf,uj) < H(ulf_l,ug_l), VieZ, j=1,2.

where the last inequality is again a consequence of for X = X.. This shows that for any

(uf;, u5,;) is uniformly bounded in e. Therefore, there exists a subsequence (not relabeled) such
that u5, — u¥; > 0 as e — 0, for every i € Z and j = 1,2. Since |X.| = O(e~/?) one has

0 = lim P(X.) = PH(@(uf, u))
E—r

Therefore (u}, u}) solves the scheme (L1)-(L7]). By taking limits in and evaluated at X,
as € — 0 one recovers and respectively.

4. ESTIMATES ON THE DISCRETE KOLMOGOROV EQUATION

In this section, we focus on estimates concerning the finite volume discretization of the Kol-
mogorov equation 0;z = A(pz). In particular we adapt at the discrete level some properties
established in [37, 2§].

In the rest of this section, we assume that (u¥);ez, k =1,..., Ny is given and componentwise
non-negative. From there, the scheme is given for all £ > 1 by

k k-1

At
where A7 denotes the discrete Laplacian operator defined by .

(25) — (Ar(u*2"), =0, Viel,

4.1. Well-posedness of the scheme and L* estimates. Let us first prove that the scheme
admits a unique solution at each time step.

Lemma 6. For any (2F')icr there is a unique (2F)iez satisfying [@25). Moreover, if 271 is

componentwise nonnegative then so is z".
Proof. Let us write ZF1 = (2871 ... 251)T for all K > 1. Observe that the scheme writes
MFZ*F = ZF=1 where M* is a N x N tridiagonal matrix defined by
At At At
k k k k k k .
(26) M1 = N Mi; =1+ 2A_$2:uiv M, = A i Viel
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We notice that M* has positive diagonal terms and non-positive off-diagonal terms. Furthermore
the matrix MF is strictly diagonally dominant with respect to its columns. Therefore M* is a non-
singular M-matrix and is thus monotone and invertible. This finishes the proof of Lemmalf] O

We prove in the following result some L estimates for the solution to scheme .
Lemma 7. Let us assume that there exists 7, r > 0 such that
F<0<T, Viel
Then for every k > 1 and every At > 0 such that
At <1/ | max AT 4]l oo n)
the solution Z* to (25)) satisfies

(27) AT, (1+ AL[AT"] ) < 2F ST, (1= At|[A7p][lpeen) Vi€,

where [x]+ = max(x,0) and [z]- = min(z,0).

Proof. We will only deal with the upper bound in and the lower bound is obtained in the
same way. Let M* denotes the tridiagonal matrix defined by and define

=PI, (1 A A o= co)

-1

We proceed by induction. Since I' = T’ the bound holds by hypothesis at & = 0. Then observe
that for every i € 7

(MF(ZF —T%)); = 282 = TF 4 AtTF (Appk); < TFE - TF 4 AtTF (A7 k).
Now we notice that by construction
PEE— T = — AT [[A7 ") | o cny
Then we easily deduce that for every ¢ € Z it holds
(M2 — ), = — AL ([ Arp] sl — (Agp)s) < 0.

Therefore, since M* is a M-matrix we conclude that zf < ['* for all i € Z which concludes the
proof of Lemma [7] O

The bounds of Lemma [7] are exactly the discrete equivalent of the L* estimates established
at the continuous level in |28, Corollary 18].

Proposition 8. Let us assume that it holds

k
At <1/ max |[Arput]i]|zem

Then the solution to satisfies the following estimate

||Zk||L2 +ZAtZ (1 + pitr) ZHAm
n=1 €T

)’

n -1
<My (1= Atl[A7u ) elleen) 120172y, V1 <k < Nr.
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Proof. Let k > 1 be fixed and let us first notice that we can rewrite for every i € Z equation
as

szzk_zzk ' + ok (2 — 2i1) _y, 1<sz—1_zzk) Lk 1(#?‘N§+1) _ Lk l(ﬂf—l_ﬂf) —0
At +s Az =2 Ax +3 Az i—3 Az ’
where
k k k k
i T 2z + 7z .

Now we multiply the above equation by Atz¥ and we sum over i € Z, we obtain
Is+ 14+ I5 =0,

where

= 3 At — 2N

1€L
k_ Lk k k
_ po (20— Zi+1) ok (i —20)\ ok
= At ZEZI (’u”% Az Hisd ™A “
MZH) R AW
For I3 using the inequality (a — b)a > (a® — b*)/2 we obtain
1 _
(28) Iy > 5 ZAZB (25 = 12717 -
i€
For I, applying a discrete integration by parts yields
(28 — #)?
29 I, = “ L
( ) 4 AtZ'UH- Axr
1€l
Now we rewrite I5 as
Z Ax|z AT,U 2A Z H—lZ /~%+1) - Zf—ﬂf(ﬂ?—l - Mf)) 5

1€
and reordering the terms in the r.h.s. the second sum vanishes and we have
At k2 k
(30) L=~ ZA:ﬂzi 2(Agpb);.
1€

Gathering — we end up with

3 arleP et CRE I < S5 At o+ S limn 3 el

9 — TH 4[| Lo=(T) il -

1€l 1€T i€T
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We deduce that
2)?
_ZA[L"Z |2+2Atzluz+ z+1 xz

1€ i€l
1 n
5 E Ax|2))? + E —H ATp") 4| Loo () g Ax|2!.

i€

It remains to apply the discrete Gronwall inequality, see Lemma [I5] in Appendix [A] in order to
complete the proof of Proposition [§ O

4.2. Study of the dual problem. The main objective of this section is to establish a discrete
counterpart of the so-called duality inequality for the solution to , see for instance [37,
Theorem 3]. In this aim, following [37], we introduce a “dual” scheme associated to . Let
'UZNTH be given for every ¢ € Z, then for 1 < k < Ny we want to determine the solution to the
following implicit backward in time scheme

vF — it
(31) <t (AF), = SF VielT,
At ¢
where ;¥ is given and non-negative and S* = (S¥ ... S% ) is some given vector in RY for all

1 < k < Np. Let us notice that define a set of linear equation which can be rewritten as
(32) (MF)TVF = VL L AtS* V1 < k < Ny,

where M* is the tridiagonal matrix given by . Therefore, it follows directly from the proof
of Lemma |§| that the problem admits a unique solution for every 1 < k < Nrp.

Prior to the proof of the discrete duality estimate, see Theorem [L0| below, we establish some
uniform estimates satisfied by the solution of .

Proposition 9. Assume that mlnlez pk >0 for every 0 < k < Np and that UNTH =0 for every

1 € Z. Then the solution to (32| satisfies for every 1 < k < Np the following estimate

(33) |U |127——|—ZAtZ z < | _1/25||L2 (Qr)’

i€l

and there exists a constant C > 0 independent of Ax such that
(34) [V 122y < O+ lallzr@e) 10725 1 22gpys Y1 < k < N,

where p and S denote the piecewise reconstruction functions in Hp associated to the vectors
(") 1<heny and (S*)1<keny -

Proof. Let us first establish estimate |D In this purpose let 1 < k < Np be fixed. We multiply
equation by At(—vf, | 4+ 20F —vF |)/Ax, we sum over i € Z and we apply definition of
the operator A+ and we obtain

]6+I7 — Ig,
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with
Is = ;(vf — ) (v +A2;f - Ufil)’
I; = Atiezzﬂf (i1 = iﬁ; “5—1)2’
Iy = At;&k( i+1 +A2:;Z — Vi q)

For Ig reordering the terms leads to
1
Is = Ar Z(Uﬁl — ) [(Uﬁl — ) - (Ufjll Uf“)] )
i€l
and using the inequality a(a — b) > (a® — b%)/2 we get
1 ko k)2 k+1 k+1
2 Az Az

€L

For I3 applying the Cauchy-Schwarz and Young inequality yield

At + 20F —oF |)?
-1 gk 2 k z+1 % i—1
(36) Is] < _§ Ax(uf)USEP § h " .

1€ €L

Collecting (|35 —. we obtain
R

Z( 1k+1 vf) +Atz:uz ); < Z 1+1 v +AtZAx(uf)_1|Sf|2.

i€ i€ i€l i€l

k+1)

In order to prove it remains to sum over n € {k, ..., Np}.
We now prove estimate . In this purpose we multiply by AzAt, we sum over i € 7
and n € {k,..., Nr} and we obtain

3 Aavk —ZAtZ kUi 2” “” L ZAtZAmS”

1€T €L €L

Applying the Cauchy—Schwarz 1nequahty leads to

o] ()
(ZAtZAM 1sn|2>1/2].

i€

Using estimate we obtain

> Aot <2<ZAtZAm>1 (ZAthm 1S”|2>1/2.

i€l i€ i€L




FINITE VOLUME SCHEME FOR NONLOCAL CROSS-DIFFUSION 17

Now it remains to apply the discrete Poincaré-Wirtinger inequality on the torus obtained in [0,
Lemma 6] in order to conclude the proof of Proposition |§| [l

We are now in position to establish the discrete dual estimate.

Theorem 10. Let us assume that min;ez ,uf > 0 for every 1 < k < Np. Then there exists a
constant C > 0 independent of Ax such that the solution (Z*)i<p<n, to satisfies

1/2
I 22l 2@y < € (14 Il g,y ) 12°Nsecey:

Proof. Let (vF);ez be given in RY for every 1 < k < Np + 1 with v)"*! =0 for all i € Z. Now
for 1 < k < Ny, we multiply (25)) by AtAzvF, we sum over i € Z and k € {1,..., Ny}, we obtain

ZZAmz — ! —ZAtZAaS A7 (Z*pF)) o = 0.

k=1 i€l i€

Reordering the terms we have

(37) ZAtZAaz‘z ( v = UkH) — puf (Ar” ) ZAJEZ?U}

€L
We define (S¥);er by
ko o k+l
Sk = @T’;)—Mf (Aro"),, VieI,1<k< Ny
We first notice that (S¥);cz is well-defined since we know that equation is well-posed. Besides

applying the Cauchy-Schwarz inequality in we get

Nt
> ALY AwzfSE < 12l 2.
k=1 1€l

Now, thanks to (34)) we deduce that

ZAtZAx /’I’z 1/2 Ze ) I/ZSk

i€l

1/2 —
< C (14l fgp) 128 lra@n 12" e

In the remaining of the proof we want to use the dual definition of the norm || - ||z2(g)-
Observe that for any vector F* = (fF);cz, there exists a unique V = (v;);ez such that

ky—1/2Yi — Uf“ 1/2
(1) BN (L)'? (Agv), =

where (vF*!);ez is a given vector. Indeed, this system rewrites (MF)TV = VF+1 £ AtDFF*, for all
1 < k < Np where M is the invertible tridiagonal matrix given by and D = diag((1F))iez.
We deduce thanks to formula that it holds

1/2
(Z AtZAmuz |2F] 2) ( + ||H||L1 QT)> 12°ll 22 -

1€

VieT,

k
7

This concludes the proof of Theorem [10] O
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4.3. Proof of Theorem [2 We are now able to prove Theorem [2|

Step 1: Maximum principle. Let us first prove the maximum principle satisfies by the solutions
to —. Let us notice that for every 1 < k < Np we have

max } (Aff,ul) ‘ = max diy Z Azl y Afral) 4+ dyo Z Axugjj (A’Tp)i_j

i€l -
JEL JjET

S dllHATO-lHLOO(’]l‘) Z AZIZUlf’j + deHATpHLOO(']T) Z Az ug,j.

jeT jeT

Now, let us recall that m? = Hu(J)H i for j = 1,2, then thanks to the mass conservation property
(21)) we obtain

max |(A7pf) | < dum? [|A7o||Leo(ry + dizms | Arpl Lo (m).-

Similarly we establish the following bound

max |(A7ps),| < doom | Ag ol oo ry + dorml | AgpllLoe(r).-

As a direct consequence of the previous estimates and (with # = v and I = T') one obtains
point (i) of Theorem [2|

Step 2: Duality estimate. Let us now show the discrete duality estimate satisfied by the solutions
to (11)-(L5). For every 0 < k < Ny we define the element 2 = uf; +us, for all i € Z. Observe
that 2 is solution to

k k—1
27—z M1 1 + MQ 2 )
4% AR, =0, wh b Tl i LA Viel

. (u"2") ) ere  [i; u“ ng /)

Thanks to Step 1, we have uf,, u5;, > 0 for all i € T (recall that we assume v, I' > 0) and

the element p? is well-defined. Besides, applying the discrete duality estimate established in
Theorem [I0] we deduce the existence of a constant C' > 0 independent of Az such that

Nt
Z At Z Az (lelulfz + /’Lglugz) (ullcz + ugz)

k=1 €T
(1 + ZAtZ Ax|p? ) (Z Azluf ;|* + Z Ax|ugyi]2> :

1€l 1€T 1€T

Now we notice that

ZAtZAxW < ZAtZAxm“l +ZA¢ZA:U|M21| = Iy + Ih.

i€l i€ i€
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For Iy we have

Z Atz AI‘ <d1 + dll Z ASL’O’lz julj + d12 ZAJIIOz ju2]>

i€ JET JET
_ZAt <d1+d112A[BU1JZALEO’11 ]—FdngALBUQJZALEpl ]).
JET €L JET €L

Thus, bearing in mind the mass conservation property we obtain
(39) Iy < T(dy + dum! [ pyry + dioamy [|p]l o ry),
and similarly

(40) Lo < T(da + doamsy ||os|[ prry + daamy ||l o1 (r))-
Collecting (38)-(40) we conclude that point (7i) of Theorem [2] holds.

5. CONVERGENCE OF THE SCHEME

This section is dedicated to the proof of Theorem [3| In the following the subscript m refer to
the size 1, = max{Ax,,, At} of the family (D,,) of space-time discretizations of Q7. We derive
uniform in m a priori estimates in subsection in order to obtain compactness in LP(Qr) of the
sequences of constant by part reconstructions (u; ., )», for both species j = 1,2. The compactness
results are gathered in Section . A keypoint is a discrete L' compactness result obtained in
[4, Lemma 9.2]. This result is the adaptation at the discrete level of a compactness lemma

established by Kruzhkov in [33]. Finally in Section , we prove Theorem

5.1. Uniform estimates. In this section we establish some uniform estimates w.r.t. Az and At
fulfilled by the solutions to the scheme —. They rely on the entropy dissipation inequality
and the conservation of mass of Theorem .

Proposition 11. Let the assumptions of Theorem |1l hold. Then there exists a constant Cy > 0
only depending on dys, dy, m$, m9 and H(ul,uy) such that

2

Nt
(41) max ||u [P <deAt||u§||iLT> <Cy, forj=1,2.
k=1

k=1,.

Moreover, assuming that di; and ds are positive constants, there exists a constant Cy > 0 only

depending on T, dy, da, di1, di2, da1, da2, ||o1][oo(m), (|02l (), [0l 20 (1), m{, my and H(u},u5)

such that

(42) Z At Z Az |F ’

i€l

Jorj=1,2,

where the numerical fluxes are defined by .

Proof. The uniform L>(0, T; L*(T)) estimate of the first term in the right hand side of is a di-
rect consequence of the conservation of mass (21). Then, for the uniform discrete L2(0,7; W'(T))
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estimate, we first notice, for j =1 or 2 and k € {1,..., Nr}, that it holds

k _ k k| _ [k /. k /. k [k
|Uj|1,1,T— E |“j,z‘+1 —Uji| = E )( Wjiv1 — U]z> < Ujiv1 T u]z) .
€T €L

Hence, the Cauchy-Schwarz inequality yields

2 %
k / k / k /. k
‘uj‘l,l,TS‘ uj12T E A:z:( uiiq + u]z>
= €T

Since (a +b)? < 2(a® + %) and [[uf|| 1) = [|[ud]| L1 (r) = mY (conservation of mass), one has

bl <2 (m 1/ ‘\/

Therefore, applying the entropy inequality (22 . we get for the first species

127'

2
0 0,0
< digmy H(“u Uz);
1,2, 7

dleﬂu 7—<4d1m12At'\/7

and the equivalent estimate holds for the second species. This yields the existence of C; such
that holds.

It remains to establish . In this purpose we will consider the case j = 1. Then, using the
definition ((18) of the numerical fluxes, we estimate

ZAtZAm‘ Li+sg ZAtZ“u+2 |“1z “1z+1|+ZAtZu1+ ‘“Ifui_'uliiﬂ

i€ €L €L
= [11 + Iio.

For Iy1, applying the regularity of the functions o and p we have

T
Ly <) A (dy+ di [lon |l ooy [6f | oamy + daz [lpll ooy b llzaeny) Juf; = uf i
k=1 €T

Hence, using the conservativity of the scheme and @, we get
(43) Iy < (dy + diumf [|on]| poeqry + diom [|pl| poe(ry) T Ch.
For I5, using the definition of '“Li for « € Z, we notice that it holds

Nt

k 1 €T
k k k k
X <d11 E O1n ‘ul,ifn - ul,i+1fn‘ + dys E Pn ‘UJZ,z?n - u2,i+1n‘> -

nel nel

Then, thanks to the conservativity of the scheme, we obtain

Nt
Iy < QW?ZAt (dn o1l zos ) ’U]f|1,1¢ + dia || pl| Lo () ‘Ugh,m) :
k=1
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Therefore, applying the Cauchy-Schwarz inequality and we end up with

dll d12
(44) 15 < 2m?T1/2 4 <d1/2 Hal”L d1/2 HpHL ) .
1 2

Collecting and and the corresponding inequalities for the second species lead to the
existence of C5 such that holds. This concludes the proof of Proposition . 0

5.2. Compactness properties. Let (u1,, U2,m)men be a family, constructed in Theorem , of
finite volume solutions to (L1)-(15) associated to the sequence (D,,). In order to be able to
apply [4, Lemma 9.2], the first task is to rewrite the scheme — as the discretization of
an evolution equation under divergence form. In this purpose we use the equivalent form of
given by . In particular, for j = 1,2 and k = 1,..., N, we associate to the family of fluxes

F kz 1172 the following piecewise reconstruction
€z
z : 1,+1 1 -77171'2+1)
’LEZm

Then, for this discrete field FF,, we define its L' norm as

k
1l = > A |7,

1€Lm

and its discrete divergence by

1
k k ke .
leT (.F )Z:E (‘/T:j,i—i-%_‘F‘j,i—%)’ ZEIm.
This definition allows us to rewrite as
uk. — uk 1
(45) I 4 divy (FF,), =0, Vi€, j=1.2,

At
and we obtain the following result:

Proposition 12. Let the assumptions of Theorem@ hold and let (uy m, Ugm)men be a sequence
of discrete solutions to f constructed in Theorem 1. Then there exists a subsequence of
(U1 m, U2,m), which is not relabeled, and (uy,us) € (LP(Qr))”, with p € [1,3), such that

Ujm —> uj  strongly in LP(Qr) for 1 <p <3, asm — oo,
and almost everywhere.

Proof. A direct consequence of Proposition [L1]is that there is a constant C' independent of Az,
and At,, such that

Nt Np Nr
Aty WS lliriry + D At | Frllorm + Y At [0 i1, <C, G =1,2.
k=1 k=1 k=1

By [4, Lemma 9.2], which can be applied thanks to , there is function u; € L'(Qr), j = 1,2,
such that, up to a subsequence,

Ujm — u;j strongly in LY(Qr) as m — oo.
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Moreover, Proposition also implies that the sequence (u;,,) is uniformly bounded in the
space L>°(0,T; L*(T)) and in L*(0,T; BV(T)). The continuous embedding of BV (T) in L>°(T)
(see [1]) implies that the sequence (u;,,) is uniformly bounded in L*(0,7; L>=(T)). Hence, by
interpolation, one has a uniform bound of (u;,,) in L*(Qr). Thus, Vitali’s theorem gives the
strong convergence of (u;,,) towards u; in LP(Qr) for all p € [1,3). This concludes the proof of
Proposition U
Remark 13. In dimension d > 2, we have the compact embedding of the space BV (T?) in

Ld%l(Td). In particular in this case the sequence (uj,) is uniformly bounded in Ld%l(QT).
Therefore arguing as in the previous proof we deduce the existence for j =1 and 2 of u; € LP(Qr)
forp e [l,d/(d—1)), such that, up to a subsequence,

d
Ujm —> uj  strongly in LP(Qr) for 1 <p < FERE as m — oo.

Corollary 14. Let the assumptions of Proposition |12 hold. Then there exists a subsequence of
(U1 m, Ugm), such that for any p € [1,3) one has

fim —> p1 = dy + diapr * ug + dyyoy xuy strongly in LP(0,T; L>(T)), as m — oo,
fom — po = da + do1pa % uy + dagog x ug  strongly in LP(0,T; L°(T)), as m — oo,
where we recall that p(x) = pa(—z) = p(x) for a.e. x € T.
Proof. Observe that by definition — one has for x € K; and t € (0,7
(@, t) = pin(@,t) = dia (p1 * (U2 — uzm))(@, ) + dua (01 % (ur — wm)) (2, 1)

+duA@mx—w—pa%—y»mm@¢ww

+dyy /T(Ul(fﬂ —y) —o1(x — y)) urm(y, t) dy.

Therefore by dominated convergence one obtains the strong convergence of ji; ,, towards p; in
L'(Q7) and almost everywhere in Q7. Besides, for a.e. t € (0,T) thanks to Young’s inequality
and for p € (1,3), it holds

|1 * (U2 — ugm) () || o (ry < [lp1]] | (w2 — vgm ) ()| e ()

LFoT (T)

Then, applying Proposition (12| we obtain

T T
AHmﬂw—wM@W &<WNPWD/H%—WM@MWMFW as m — oc.

Let us now setting &(x,y) = p1(z — y) — p1(x; — y) for a.e. x € K; and y € T. Hence, for a.e.
€ (0,7), the Holder inequality yields for p € (1,3)

Y)uzm(t,y)dy < sup |pi(z+-) = pulf 2

Lo(T)  [2]<Azm P

iz Ol

The first factor in the right hand side tends to 0 (by density of continuous functions in L?/®~Y(T))
while, bearing in mind Proposition , the second factor is uniformly bounded in LP(Qr). There-
fore one can conclude the strong convergence in LP(0,7; L>°(T)) by using Young’s inequality and
the previous argument. This finishes the proof of Corollary [14] O
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5.3. Proof of Theorem [3| It remains to prove that the functions w; and us constructed in
Section [5.2] are distributional solutions to ([I))—~(3)) in the sense of (§). Let ¢ € C5°(T x [0,7)), we
multiply equation by At,,Ax,, gbf_l, where gbf‘l = ¢(z4,t* 1), and we sum over i € Z and
ke{l,...,Np}. We obtain F" 4+ F}* = 0 with

NT NT
m k k—1\ k-1 _ ko[ k-1 k 0 40
F" = § § Axy, (uu — Uy, )@ = § § :Axmul,i<¢i —¢i) — § A‘Tmul,i i
k=1 i€l k=1 ieT i€l
and
Np ke Lok ko ok ok
m H1i41U7 541 MU — M1 U151 g
= At,, b;
. Az,
k=1 i€

Ny k-1 k=1 k-1

—¢i T20; 7 —¢iC
k=1 1€L

Let ¢, (2,t) = (¢F — ¢ 1) /At,, for all € K; and t € (t4_1, 1] and ¢° (x) = ¢? for all z € K;.

Then, since v, — 0;¢ in L>®(Qr) and ¢°, — ¢° in L>(T), so using the convergence results of

Proposition [12| one obtains

F{"—i—/ u18t¢dxdt+/u(1)(a:)¢(x,0) dz
T T

:/ (u10¢p — Uy ) ddt + /(u(l)gzﬁ(, 0) —ul¢?)dr — 0 asm — 0.
T T

Similarly, if one defines ¢ (2, t) = (¢f)} — 265" + ) /(Aw,,)? for all z € K; and t € (ty—1, t),
then (,, — A¢ in L>®(Qr) and therefore using Proposition [12| and Corollary |14] one obtains

E + / U A¢ dadt = / (U1 AP — ug 1 mGr) dzdt — 0 as m — 0.
T

T

This concludes the proof of Theorem [3|

6. NUMERICAL EXPERIMENTS

In this section, we perform several numerical experiments to illustrate the behavior of the
scheme.

6.1. Implementation. The scheme was implemented in dimension d = 1 and d = 2 using
Matlab. The code is available at https://gitlab.inria.fr/herda/nonlocal-skt. In order to
optimize the computational cost, a number of matrices can be pre-assembled and stored using
a sparse matrix structure. This is the case for the matrix of the Laplacian and those related to
the convolution kernels. Moreover, the assembling can be performed efficiently using the discrete
Fourier transform. At each time step the nonlinear system is solved using a Newton method.
Convergence of the Newton method is reached when the ¢*° norm of the residue divided by
the norm of the first guess gets less than a given tolerance, which we took to be 107! in our
experiments. An adaptive time step procedure is implemented in case the Newton method fails
to converge. After maximum number of steps (50 in the experiments), if the target error is not
attained, At is divided by 2. If there was refinement on a given time step, At is multiplied by two
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for the next time step. In the experiments below the Newton method never failed to converge
and the time step remained constant along all the simulations.

6.2. Test case 1: Convergence for various convolution kernels and initial data. In this
first test case, we investigate the convergence of the scheme in the case for the following nonlocal
cross-diffusion system

Opur — 03, ((p  ug)ur) = 0,
Opuy — 202 ((p * uy)ug) = 0.

The convolution kernel is taken to be either the Dirac measure, which we denote by pg, either
by an approximation of a Dirac

(46) ps(x) = 5_1X[75/2,5/2](f17),

where x4 indicator function of the set A, or the smooth kernel
Psmooth(T) = cos(vpz) + 1.
with v, = 2w /L. We consider two initial data, either the indicator functions
(47) W) = X 4(0), W) = Xy o (a), @ ER/LT,
or the smooth functions
(48) ul(z) = cos (vpx) +1, wud(w)=sin(vpz)+1, z€R/LZ.

The final time of simulation is taken to be 7' = 5 and the domain has length L. = 25. We run the
scheme for a sequence of decreasing space and time steps. More precisely the number of points is
Ny =32-21for k =1,...,6 and the corresponding time step At = Aty-4~*=D with Aty = 5.
Observe that the refinement of the time step allows to witness experimental convergence in space
up to second order accuracy if it is attained. As we do not know the analytical solution for this
system, we take as reference solution the computed solution on the finest mesh (N = 1024).
Then the error for the k-th mesh is taken to be the /> norm between the k-th solution and
the reference solution projected on the k-th mesh. From these errors the experimental order is
evaluated by linear regression (in log scale). In Table , we report the experimental order of
convergence and the error between the N = 512 mesh and N = 1024 mesh for each kernel and
initial data.

Convolution kernel: ‘ Smooth pgmooth ‘ Indicator pr, /4 ‘ Dirac py
Initial condition: order: 1.97 order: 1.53 order: 1.04
indicator func. error: 5-1073 | error: 7-1072 | error: 2.7-1073
Initial condition: order: 2.32 order: 2.02 order: 2.32
smooth func. error: 4.9-107* | error: 9.2-107* | error: 5-10~*

TABLE 1. Estimated order of convergence in space and absolute error at final time
for the mesh N = 512 in L* norm for various convolution kernels and initial data.
Reference solution is for N = 1024.
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6.3. Test case 2: From nonlocal to local cross-diffusion. As a second test case, we inves-
tigate numerically the rate of convergence for different metrics of the so-called localization limit.
Namely we study the rate of convergence of solutions of the nonlocal cross-diffusion system f
towards solutions of its corresponding local version — as the convolution kernel tends
to a Dirac measure. Indeed, if theoretically this localization limit has been proved in 28], [37],
the proofs rely on some compactness method and no explicit “error” bounds are available (see
also for instance [31]). The establishment of such explicit estimates seems to be a complex task.
In order to get a better understanding of this problem we aim to study this question thanks to
our finite volume scheme.

More precisely, in this test case we consider the same system as in the first test case with p = ps
for various values of § € [0, L]. The domain has length L = 25, the final time is 7" = 1 and the
mesh is such that N = 1024 and At = 1072. We evaluate the error at time 7" between the solution
(ugé), ugs) ) computed for the kernel ps and (ugo), ug))) computed for the local cross-diffusion system
in Wasserstein-1 norm,

Wi (i) + Wy ud?),

and in LP norms

s 5
[l = e+ [|ug” = u 10,
with p = 1 or p = oo. For the computation of the Wasserstein-1 norm we recall that in

dimension 1, if f and g are non-negative integrable functions on R with the same mass, one
has Wi(f,g9) = ||F — G||11, with F' = f, G’ = g and F(—o0) = G(—0o0). In practice, f and g
are piecewise contant functions, thus the previous norm can be computed exactly numerically.
On Figure (1} we plot the error as a function of §/L = 4Wy(ps, po)/L for the two initial data
and . For the smooth initial data supported on the whole domain (up to one point),

101 E T T T TTTT] T T T TTTT] T T T TTTT] E 101 g T T T TTTT] T T T TTTT] T \AL\/\\E] g

E :%] E 100 ;, A/A// —;

I B/’Bi&g: . 1; A’/ﬂﬂ 9//0 1

100 - 0—0--9*&@%2’:—0-—/6:@&0—»0 . 10~ ? Kg/:[r /o/e é

E B”B/ ,'A// E 102 L /N@/ el ;

=S s | //gﬂ o

i e 1103 ) Vol e :

. . Y :

10 g e 7 10~4 L LIPS .
i -+ W (order: 0.65) . o #|-» Wi (order: 2.01)
: -o- L' (order: 0.38) | 195 ¢ |-®- L' (order: 1.98)
L0-2 | e L 196 e |=¢- L* (order: 1.97)
1073 1072 1071 10° 1073 1072 1071 10°
d/L d/L

FiGURE 1. Distance between solution of the nonlocal and local cross-diffusion
system at final time versus /L. Left: Initial data is indicator function (47));
Right: Initial data is the smooth function (48))

we observe convergence with rate O(W(ps, po)?) for all the norms. For the discontinuous initial
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data supported on part of the domain, there is no experimental convergence in L norm,
and O(Wi(ps, po)*) convergence with o &~ 0.38 in L' norm and o = 0.65 in Wasserstein-1 norm.

6.4. Test case 3: Turing instabilities in prey-predator systems with nonlocal cross-
diffusion. In this last test case, we consider the following system with nonlocal cross diffusion
and reaction modelling a population of preys with density u; and predators with density us. The
system reads

Owuy — diAuy = Ry(uq, uy),
Orug — A((da + day pa * up)uz) = Ra(uq, ug).

The precise reaction terms will be specified below. On the one hand, preys are subject to linear
diffusion with constant diffusivity coefficient d;. However, the predators diffuse depending on the
presence or the absence of preys. More precisely, the convolution kernel p, is chosen such that it is
close to 0 near the origin and large away form the origin (up to a given distance). This models the
fact that predators need not seek for preys when they are available at their position, while they
shall diffuse more rapidly if higher densities of preys are ahead. The reaction terms will be chosen
following the phytoplankton-herbivore model of Segel and Levin [35] and a variation of Mimura-
Nishiura-Yamaguti [36]. In both cases, the particularities are an autocatalytic effect on the
phytoplankton’s (preys) growth rate and a density-dependent mortality of herbivore (predators).
In the case of linear diffusion, this model is famous for exhibiting diffusive instabilities [35]
around the homogenenous equilibrium. The corresponding Turing patterns have been invoked to
justify the patchiness of phytoplankton’s distribution in the oceans [35]. In [35] Segel and Levin
mention that in these models the assumption of passive diffusion is made for simplicity only;
more complicated movement patterns can also lead to diffusive instability. Here we propose a
more complex description model of the behavior of predators thanks to non-local cross-diffusion.
In the following, we illustrate numerically the persistence and the modification of Turing patterns
in the presence of nonlocal cross-diffusion.

6.4.1. One dimensional case: Segel-Levin reaction term. We consider the one-dimensional case
with the following reaction terms

2 2
Ry(uy,u9) = auy + euj — bujug, Ro(uy,us) = —dus + cujus.

where the parameters are a =b=c=d =1 and e = % Concerning the diffusion we consider
two cases. In the first case, both species are driven by linear diffusion with d; = 0.05 for preys
and dy = 2 and without cross-diffusion dy; = 0. In the second case the preys are driven by linear
diffusion with d; = 0.05 and the predators by nonlocal cross-diffusion with dy; = 1 and the kernel

pa(r) = Cr[$2X(7M) (z) + (z — ZT)QX[T,%) (z) + (v + 27A>2X(72r77r] (z)],

with C, a normalizing constant such that [ p, = 1. This kernel vanishes at 0, has support on
[—2r,2r] and is maximal at x = +r. It is designed to model the hunting behavior of predators
which will diffuse if most of the preys are away from their position, with a detection radius equal
to r and a maximal distance of detection of 2r. In both cases the simulation is performed on a
domain of length L = 25 with N = 500 cells. The radius is taken to be r = 10L/49. The final
time of simulation 7" = 500 and the time step is At = 0.1. The initial data is taken as a small
perturbation of the homogeneous equilibrium

ad

ul(r) = b de +exipsro(T),  un(T)

_ac
"~ be—de’
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with ¢ = 1072, With the chosen parameters, the homogeneous equilibrium is linearly unstable
in both the linear diffusion and the nonlocal cross-diffusion cases. Numerically we observe the
solution converges in time towards an heterogeneous equilibrium in both cases. On Figure 2, we
plot the densities of preys and predators at final time. The difference between the patterns in
the two cases is illustrated.
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FIGURE 2. Turing patterns at final time for (left) linear diffusion for predators
and preys (d; = 0.05, do = 2 and dy; = 0) and (right) cross-diffusion for predators
and linear diffusion for preys (d; = 0.05, dy = 0 and dy; = 1).

6.4.2. Two dimensional case: Mimura-Nishiura-Yamaguti reaction term. Now we consider the
two-dimensional case with the following reaction terms

Ry(up,ug) = auy + eu? — dud — bugug,  Ro(up,us) = — fug — gui + cuyus,
with a =35/9,b=c=f=1,d=1/9, e =16/9 and g = 2/5. For these reaction terms, the
homogeneous equilibrium is given for the preys by
[f 4 (c(b?c? — 2bceg + 4dfbg + €2g* + 4adg®)/* — bc® + ceg — 2dfg)/(2dg)]/c = 5,
and by
[c(b?c? — 2bceg + 4dfbg + €2g° + dadg?)/? — bc? + ceg — 2df g]/(2dg?) = 10,

for predators. Concerning the diffusion we consider three cases. In the first case, both species
are driven by linear diffusion with d; = 0.001 for preys and dy = 4 and without cross-diffusion
do; = 0. Similarly to the one dimensional test case, in the second case the preys are driven by
linear diffusion with d; = 0.001 and the predators by nonlocal cross-diffusion with ds; = 2/5 and
the kernel is the indicator function of an annulus

3" (@,y) = Oxaysasm (@ +y7),
with C' a normalizing constant such that [ pi"™ = 1. The third case is the same has the second

case with linear diffusion for preys and nonlocal cross-diffusion for predators but the kernel is
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not symmetric and given by

nonsym

o (z,9) = Ox/8,12) (2" + ¥*)X[0,00) (Z) X[0,00) (1)

with C' a normalizing constant such that [ p3”"*™ = 1. In terms of modelling, it means that

predators only sense preys that are north-east of their position (upper right quadrant). The
final time of simulation 7" = 20 and the time step is At = 0.01. In any cases the simulation is
performed on a domain of horizontal length L, = 4 and vertical length L, = 3 with 133 x 100
cells. The initial data is taken as a small perturbation of the homogeneous equilibrium

ul(z,y) =5+ EX[La/9ALs J9X[TLy /9,8Ly /9] (T3 Y) 5 us(x,y) = 10,

and € = 1072, Once again with the chosen parameters, the homogeneous equilibrium is linearly
unstable in all cases and the solution converges in time towards an heterogeneous equilibrium.
On Figure 3, we plot the colormap density of preys at final time. The difference between the

patterns in the three cases is illustrated. In the last case the patterns are consistent with the

breaking of symmetry in the kernel py°"™.
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APPENDIX A. PROOF OF A DISCRETE GRONWALL INEQUALITY

For the sake of completness we prove in this section a discrete Gronwall inequality
Lemma 15. Let (uy,)nen and (a,)nen be some non-negative sequences with

At < 1/sup ay,
keN

and satisfying the inequality

(49) Uy < Ug + Atz apug, Vn > 1.
k=1

Then, the following relation holds
Uy < upllp_; (1 — Atag)™t, Vn > 1.
Proof. We define wg = ug and for n > 1

ug + ALY, aguy

T (1 - Atag)L

Then, for every n > 1, a simple computation leads to

Wy — Wy_y = —Ata, 17 (1 — Atay) (uo — u, + At Z akuk> .

k=1
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FIGURE 3. Turing patterns in prey density u; at final time: (top left) linear
diffusion for predators and preys (d; = 0.001, dy = 4, do; = 0); (top right) nonlocal
cross-diffusion for predators with symmetric kernel and linear diffusion for preys
(dy = 0.001, dy = 0, doy = 2/5, pa = p3’™); (bottom) nonlocal cross-diffusion for
predators with non-symmetric kernel and linear diffusion for preys (d; = 0.001,
dy =0, dog = 2/5, pg = pu™™™).

Thanks to (49) we deduce that the sequence (wy,),en is decreasing and since wy = 1y we end up
with

n
up + At Z aruy < uplll_ (1 — Atay,) ™,
k=1

which finishes the proof of Lemma [15] U
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APPENDIX B. DISCRETE ENTROPY INEQUALITY ON A BOUNDED DOMAIN

Following [28], let us assume that = (0,1) and dj; = dga = 0. then we consider, for all
x,y € Qand t > 0, the system

(50)  Baun(x) — di0%u(x) — O, ( /y Gl <d12u2(y)@xu1 (x) + dlgul(x)ayUQ(y))dy) —0,
(51)  Bualy) — dadPusl(y) (/ G ) (doraly) s () + oy (), ))dx) 0,

where G is a C° nonnegative kernel such that

(52) G(z,)=0ifz=0,1or G(-,y) =0if y =0, 1.

We supplement the system f with homogeneous Neumann boundary conditions
(53) O,u;(0,t) = Opu;(1,t) =0 for j=1,2,

and initial conditions

(54) w(0) = (), us(-0) = ud(), on Q.

In this case we define the entropy functional H as

H(Ul, UQ> = / hl(ul) dz + / hg(’UQ) d&?,
Q Q
where we recall definition of hy and hs. Then, as proved in [28, Proposition 7], the following
entropy inequality holds

(55) diH(ul,ug)+4—/|a N /|a Vit <o,

In this section we design a finite volume scheme for system f which preserves at the
discrete level (at least formally) the entropy inequality (55).

In this purpose we introduce some notations related to the discretization of = (0,1). An
uniform mesh, consists in a finite sequence of cells denoted by K; = (xi_l /25 Tig1 /2), forl1 <i </,
where the points x;,/, are uniformly distributed such that

O:w%<x%<...<x@7%<a¢”%:1.

(2

We note Az = Tigl =1, for some 1 < i </, the length of the mesh. Moreover, for 1 <i </,
we define x; as the center of the cell K; and xy = ! and xp 1 = Tpyl- Then, for T > 0 given,
we define an integer Ny and a time step At = T'/Nr and we introduce the sequence (tx)o<k<ng
with ¢, = kAL
Now, as in Section , we first discretize the initial conditions as
1

0 _ 0 : .
(56) Ui = AL K.uj(x)dx, Vi<i<l/{ j=1,2.
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Now for (uf™* u5™') € R? given, the scheme writes as

k k-1

Uy — Uy i .

(57) Aw—t e L Fl o F =0, VI<i<d,
uh, —uh, k ko

(58) A%‘T—i‘an_'_ JT'-Q’n_;—Oa Vlﬁnéé,

where the numerical fluxes are defined by

U’f —uf T
— 7i 7Z+ k‘ 7i 77'+ k‘ "‘k‘ N
k k k k
Uu — U u — U
_ 2n 2,n+1 k 2n 2,n+1
(6()) f?,n—&-% = dy Ax + dyy Mlﬂﬂr%—AJ; + d21U2 n+d Ml el V1<n</,

with ulf,z'+1/2 = (uf; +ul,,)/2 and a similar expression for u]2€,n+1/2 and where we impose the
following boundary conditions

(61) Fh = FF

Finally, for every 1 <i,n < ¢ we define

k k k
(62 “2 jit+i ZAIG< Tyl T 1) Uontls Hingl = ZAxG< Tyl T ) Upig s
( Z G ( 'L+ ) n+%> (ug,n u]2€ n+1 :ul n+7 Z G ( z+ » L 1) (u]f,z - uii—&—l)'

Now let us prove that, for a given 0 < k < Ny, the solutions to scheme — satisfy (a
priori) the inequality

(64)

o) - i) A ) | 2 ()

At d12 P 1

n=0

In this aim let us assume that u ;,>0foralll <i</{andj=1,2. We multiply equation (57
by log(uf;)/di2 and equation . by log(u5 ,,)/d21, we sum both equations over i, n € {1 S0}
respectlvely, we apply some discrete integration by parts, we use definitions and (| and
we sum the two relations to obtain

Q1+ Q2+ Q3+ Q4 <0,
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with
k=1 k—
o _ Hlk) = HOd ™)
' At ’
=1 (K k k k —1 ko k )
Q, = dy Z (ut; — uf4q)(log(uy,;) — log(uy ;1)) N 4ﬂ < Un, Utit1
? dio P Ax T dip Ax )
1ok k k k -1 ko _ ok )
Qs — dy Z (U3, — U3 541)(log(us,) — log(us (1)) > 4 do Z (\/U“?” \/UQ»’H'1
3= - > 4=
d21 s A[L' 21 0 AZL’ ’
—1 -1
1 uk.—uk. k uk.—uk.
Qs = — AxG (x 1.7 ;) ( kl,z ]1€,z+1 A kl,z ]1€,z+1
Az ; % A u2,n - U’2,n+1 o u2,n - u2,n+1 ’

where we have used for ()1 the convexity of h; and hs, the inequality (a — b)(log(a) — log(b)) >

4(y/a — v/b)? for @y and Q3 and where the matrix Af, is defined by

k k

u2,n+% ul,i—l—%
k,log k,log
Li+i Li+i .

N P VO <in</l-—1,
’ U, u; . 1

2,n+% Li+3
k,log k,log

u2,n+% u2,n+%

with for j = 1,2 and every 1 <¢ </

k k
Uji — Ujit1

ek k k k
if uj; > 0, U > 0, and uz,; #+ Ul

klog __ k k J
uj7i+% = 10g(“j,z') - log(uj,i+1)
k ek ok
ug,; if ui;, =uj, g >0

Now, thanks to the nonnegativity of the kernel G, it remains to show that Aﬁn is a positive
semidefinite matrix in order to conclude that Q4 > 0. In this purpose, we notice that det(Af’n)
0 and trace(Af, ) > 0 this imply that A7, has two nonnegative eigenvalues. Therefore we conclude
that for all 0 < i,n < ¢ — 1 the matrix Afn is a positive semidefinite matrix and )4 > 0. This
implies that the entropy inequality holds which proves the claim.
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