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Building on the idea of Tolman and Ehrenfest that heat has weight, Luttinger established a deep
connection between gravitational fields and thermal transport. However, this relation does not in-
clude anomalous quantum fluctuations that become paramount in strongly curved spacetime. In
this work, we revisit the celebrated Tolman-Ehrenfest and Luttinger relations and show how to
incorporate the quantum energy scales associated with these fluctuations, captured by gravitational
anomalies of quantum field theories. We point out that such anomalous fluctuations naturally oc-
cur in the quantum atmosphere of a black hole. Our results reveal that analogous fluctuations are
also observable in thermal conductors in flat-space time provided local temperature varies strongly.
As a consequence, we establish that the gravitational anomalies manifest themselves naturally in
non-linear thermal response of a quantum wire. In addition, we propose a systematic way to iden-
tify thermal analogues of black hole’s anomalous quantum fluctuations associated to gravitational
anomalies. We identify their signatures in propagating energy waves following a thermal quench, as

well as in the energy density of heating Floquet states induced by repeated thermal quenches.

Luttinger realized that if a gravitational field did not
exist in nature, one could have invented it for the pur-
poses of calculating thermal responses [1]. This idea can
be traced back to the work by Tolman and Ehrenfest
in the advent of general relativity, who noticed that in
a time-independent curved spacetime, the temperature
of black-body radiation is not spatially uniform even in
thermal equilibrium [2, 3]. Such a space-dependent tem-
perature profile is known as the Tolman-Ehrenfest tem-
perature. The insight of Luttinger was to suggest that
thermal transport, thought as a linear response of mat-
ter to a thermal gradient, can be derived by considering
a counter-balancing weak gravitational field to restore
equilibrium [1]. The Luttinger relation follows from the
Tolman-Ehrenfest temperature, and is the groundbreak-
ing idea that established the gravitational field as a key
concept in the study of heat transport in materials [4-6].

A central idea behind Luttinger’s and Tolman-
Ehrenfest’s relations is that heat has weight. Therefore
heat contributes to the energy density, adding up to the
energy density due to the rest-mass of a massive parti-
cle [7]. The consequences are particularly remarkable for
relativistic massless particles which lack any intrinsic en-
ergy density scale. The only relevant energy density scale
is set by the temperature, whose variations follows from
those of spacetime.

However, in a strongly curved spacetime new energy
density scales, that are absent in Luttinger’s and Tolman-
Ehrenfest’s relations, appear. They manifest the anoma-
lous thermodynamic behavior of quantum fluctuations
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induced by spacetime curvature. This interplay be-
tween geometry and vacuum fluctuations is analogous
to Casimir effect, induced by a geometrical confinement
instead of curvature [8, 9]. The fluctuations break the
symmetries of the classical equation of motions, a phe-
nomenon known as the gravitational anomalies. The
appearance of these anomalous scales of energy density
challenges us to understand their role in the equivalence
relations between temperature and gravitational gradi-
ents, and their observable consequences for energy trans-
port. Moreover, if these relations are modified, it is not
evident what are their consequences beyond black-hole
physics, for example in condensed matter. These are the
questions that we address in this work.

In this work, we quantitatively evaluate the quantum
corrections to the Tolman-Ehrenfest temperature, which
in turn modify the celebrated Luttinger relation. We
exemplify the importance of these corrections by focus-
ing on 1+1 dimensional systems. Therefore, our results
apply to the effective dynamics in reduced 1+1 dimen-
sion of quantum wires, but also of rotationally invari-
ant systems such as isotropic black-holes, edge states
of 241 dimensional topological gapped states of mat-
ter, or higher-dimensional systems in a strong magnetic
field (see Fig. 1). We show that the Luttinger equiva-
lence has to be corrected either when the curvature of
spacetime is significant or, equivalently, when the local
spatial variation of temperature is sizable. This equiva-
lence allows us to observe that in several condensed mat-
ter systems the role of gravitational anomalies has been
previously overlooked, and manifests through observable
consequences. Consequently, we show that the seemingly
elusive anomalous quantum fluctuations associated to the
gravitational anomalies are detectable in experiments in
flat-spacetime, beyond Weyl semimetals [10, 11] or the
thermal Hall effect [12]. In the outset we discuss that
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there is no fundamental obstruction to generalize our re-
sults to higher dimensional systems that possess gravita-
tional anomalies.

At the technical level, in a relativistic massless the-
ory in 14 1 dimensions there is a single classical scale of
energy density, set by the temperature 7. As a conse-
quence the energy density, €, and pressure, p, are classi-
cally equal to each other. In other words the trace of the
momentum-energy tensor, which quantifies the variation
of energy upon a change of distance in space or time,
vanishes. Incorporating the effects of anomalous fluctua-
tions induced by spacetime curvature is achieved through
the scale and Einstein anomalies. They generate two new
scales of energy density 5,(11) and 5((,2). The first scale, 6511),
enters the non-vanishing trace of the momentum-energy
tensor, € — p 5((11), a phenomenon known as the scale
anomaly [13-16].

For massless particles, the energy density is set by the
black-body radiation given by the Stefan-Boltzmann law
e = p o yT? [17, 18]. The second energy density scale

introduced by the scale anomaly, 5((]2), is an additive cor-
rection to e+p. As a consequence, the appearance of this
energy density scale leads to a redefinition of the Tolman-
Ehrenfest equilibrium temperature entering the Stefan-
Boltzmann law. Remarkably, the exact same modified
temperature is deduced from the correction of the off-
diagonal component of the momentum-energy tensor, the
energy current, by the so-called Einstein anomaly [19-
21]: each chiral component of the current carries an en-
ergy proportional to the corrected equilibrium tempera-
ture instead of the bare Tolman-Ehrenfest temperature.
Hence the effects of quantum fluctuations, captured ei-
ther by the scale or by the gravitational anomaly correc-
tion to the momentum energy tensor, conspire to redefine
the local equilibrium temperature in a curved spacetime.
As a consequence, the Luttinger equivalence between a
given temperature profile and a gravitational field has to
be modified.

While field theory anomalies have been known to con-
strain non-Fermi liquids [22], and to be at the origin of
various transport properties in condensed matter [23, 24],
their interplay with the Luttinger equivalence was largely
unexplored until now. When do these corrections mat-
ter? Strong spacetime curvature occurs naturally in the
neighborhood of a black-hole. This curvature changes the
nature of vacuum fluctuations in its vicinity, which ulti-
mately lead to a radiating current of energy (Fig. 1(a)).
Within 1+1 dimensional field theory, the relation be-
tween this Hawking’s radiation and the anomalous quan-
tum fluctuations was described using either the scale
anomaly [25] or the Einstein anomaly [26]. We recall
how both anomalies allow to define consistently a cor-
rected equilibrium temperature [27], which vanishes at
the black hole’s horizon, as well an an outgoing energy
current induced by the quantum fluctuations and whose
asymptotic values corresponds identifies with Hawking’s
radiation. The atmosphere of the black hole [28] cor-
responds to the soup of strong quantum fluctuations in

which anomalous quantum corrections are strong.

Given that vacuum thermal effects close to a black
hole are beyond experimental detection, we then consider
anomalous fluctuations in condensed matter analogous
to those in the black hole atmosphere. We show that,
as a consequence of the modified Luttinger relation, such
anomalous fluctuations occur where spatial variations of
the temperature are large. First, we consider the histori-
cal domain of application of Luttinger’s relation: that of
thermal response theory. We show that a Kubo formula
perturbative in the gravitational potential and its deriva-
tive accurately captures the effect of scale and gravita-
tional anomalies. When translated in terms of tempera-
ture gradients, these anomaly-generated corrections are
found to affect non-linear thermal conductivities.

Stronger effects of anomalous fluctuations are expected
beyond the realm of perturbative response theory. In-
ducing locally large fluctuations of energy reminiscent
of those of a black hole’s atmosphere requires strong lo-
cal temperature variations. We derive a simple crite-
rion in terms of two thermal lengths for the quantum
effects to be measurable. This criterion is satisfied by a
thermal quench occurring at the contact between two re-
gions of different temperatures (Fig 1(c)). We show that
local energy density oscillations, as well as propagating
heat waves resulting from the quench, recently identified
within the conformal field theory framework [29-32], are
a manifestation of the thermodynamics related to the
anomalous Tolman-Ehrenfest temperature. Finally, we
focus on a periodic sequence of temperature quenches
applied to a relativistic fermions (Fig 1(d)). This ther-
mal procedure induces a Floquet state recently described
within Floquet conformal field theory [33-38]. While the
total energy of this state increases exponentially, it con-
centrates on a few points [35, 36] which effectively behave
as black holes [36]: the rate of increase of their energy is
strongly corrected by quantum anomaly corrections, and
the energy density is negative in their vicinity as in a
black hole atmosphere.

I. ANOMALOUS TOLMAN-EHRENFEST
TEMPERATURE

A. Canonical Luttinger relation

We begin by recalling the derivation of Luttinger’s re-
lation [1, 7] from Tolman-Ehrenfest’s work [3]. Tolman
and Ehrenfest realized that in a curved spacetime, the
temperature of black-body radiation, and more generally
of massless particles of velocity v, is not spatially uni-
form even in thermal equilibrium. In essence, thermal
equilibrium in the presence of a gravitational field re-
quires a non-uniform temperature profile to compensate
for the red-shift experienced by radiation as it moves in
the gravitational field. They showed that the equilibrium
temperature can be inferred from a constant of motion
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Figure 1. Four situations considered in this work where gravitational anomalies play a role through the anomalous Tolman-
Ehrenfest temperature. (a) A black-hole’s Hawking temperature at spatial infinity is fixed by an outgoing heat current J. is
determined by the gravitational anomalies: it originates from strong quantum fluctuations in a region close to the the horizon
(zm), a quantum atmosphere. (b) The edge of a 2D quantum Hall system hosts a 1+1 dimensional chiral edge mode. The
difference between an externally imposed temperature profile, and the equilibrium temperature of the edge-mode is set by the
anomalous Tolman-Ehrenfest temperature. (c) A quantum wire undergoes a quantum quench when an external temperature
profile is suddenly switched off at time ¢ = 0. The energy density profile following this quench displays oscillating features
determined by gravitational anomalies. (d) A periodic dynamic is implemented by repeating over a period ¢, the previous
thermal quench procedure. Within a heating phase, the energy density of the quantum wire increases exponentially, showing

imprints of gravitational anomalies at spatially localized at points acting as black-hole analogues.

with units of temperature, Ty, defined as

T(r)\ /€ (r)gyu (1) (1) = Ty (1)

where g,,,, is the stationnary background metric which
depends on spatial coordinates 7, and &£* is the time-like
Killing vector. The constant Tj is a reference tempera-
ture which has to be set, e.g. by boundary conditions.
The Luttinger relation

Vep = — : (2)

is obtained from Eq. (1) by considering a time-
independent metric

ds? = €22 p2.dt? — dr?. (3)

The metric is parametrized by a small dimensionless
gravitational factor ¢ = ¥/c? < 1, expressed, in a weak-
gravity limit, in terms of a static gravitational potential
¥ and the speed of light c.

By substituting Eq. (3) into Eq. (1), we obtain
T%(r)goo(r) = T¢ which defines the Luttinger temper-
ature (see Section 27 of [39]):

T?(r)e*™) = 12, (4)
Upon spatial differentiating we recover the Luttinger re-

lation (2) to lowest order in the gravitational factor ¢.
This paves the way towards the correspondence within

linear response framework between a perturbative pa-
rameter V¢ and the perturbative parameter VT /T.

Neither Luttinger’s nor Tolman-Ehrenfest’s relations
account for possible quantum anomalies. Our first goal
is to show how these relations, widely used to identify
the energy density and energy current of matter fields [4—
6, 40-43], are modified in the presence of anomalies.

B. Tolman-Ehrenfest temperature of massless
particles in D =1+ 1 curved spacetime

For the sake of clarity, let us now restrict ourselves to a
1+ 1 dimensional space with coordinates z# = (20, 21) =
(vpt,z). We consider a general metric,

ds® = g, datds” = fi(z)vpdt® — fo(x) dz?,  (5)

defined in terms of two, time-independent, real and
positive-valued functions fi 2(z) of the one-dimensional
spatial coordinate. For convenience, we included the
Fermi velocity vg of massless particles in the definition
of the metric (5). In particular, the Luttinger metric
(3) is recovered by considering the metric in the Fermi
coordinate system:

fizgon=¢€; fo=—gu=1, (6)

which corresponds to a general relativistic generalization
of an inertial coordinate frame [44]. A black-hole metric
can also be captured by Eq. (5) by setting f1 =1/fa = f
with f vanishing at the horizon.



We consider massless relativistic particles propagating
with velocity vg in a curved 141 dimensional spacetime.
Energy and momentum densities of these particles, as
well as their associated current densities, are encoded in
the energy-momentum tensor 7,,. Spacetime translation
invariance implies the conservation of this tensor at the
classical level:

,_ 1 y 1 agaﬁ
1 89;40( [Tya _ T(J/V] =0. (7&)

2 Oav

Moreover, the scale invariance of the theory implies that
its trace vanishes:

T = 0. (7b)

The diagonal components of this energy momentum ten-
sor are the energy density € = 7'% and the pressure p =
T%. Hence, scale invariance implies the equality p = €.
Finally, the Lorentz invariance implies the symmetry of
the energy-momentum tensor:

T =T, (7c)

manifesting that the density of the energy current J. is
proportional to the momentum density II: J. = v%IL.

We consider a general stationary solution of equa-
tions (7):

Co Cy
[T (x)]", = (_fzflcl ‘f1f2> ; (8)
fi Vfif2 f1

where Cy, C are two constants. If we restrict ourselves to
massless particles at equilibrium with a single local tem-
perature, the only scale of density of energy or pressure is
set by this equilibrium temperature through the extended
Stefan-Boltzmann law [45-48]. The energy density ¢ is
obtained by summing the independent contributions e
of left and right moving particles with respective central
charges ct

1 wk?
= —ceT? =5
9 c+Y y 677,1}1:‘

9)

E=¢eyte_, €4

Comparison with the diagonal terms of Eq. (8) leads to
the relation
Co_
fi(@)
The solution of Eq. (9,10) satisfies T2, (z)fi(z) =
2Co/[y(e4+ + c—)], which is independent of x. This turns

out to be exactly the definition by Tolman and Ehrenfest
of the equilibrium temperature (4):

fi(zo)/ f1 (), (11)

where Ty = T'(z) is an arbitrary reference temperature,
commonly chosen where the metric is locally flat with

fl(x()) =1.

:7'%;5:—7'9;;]9. (10)

TTE = TO

Alternatively, we can obtain this relation from the off-
diagonal components of Eq. (8):

J. = ’UF\/foQTIO = UF\/% 0= UFQ (12)

f1
_ 1 w_ L Jfio _1C
= VF VHET? = VR fzﬂ vp fi (13)

During their ballistic evolution, right and left mov-
ing particles don’t exchange energies with each other.
Each chiral species allows to define the local tempera-
ture through its local equilibrium chiral currents J. + =
tvpey. Combining this definition with Eq. (9) and
Eq. (12) we again recover the Tolman-Ehrenfest rela-

tion (11). The net equilibrium current vanishes unless
cy # c_, for which
J. = vall
= (cy —c ) IOF 2 (e —c ) 2
= (e =) BEqupT® = (e} — e ) (knT)?,

= VRRT™ =y [ 2o
- C+;C* 7T2 (cy —c )m 7 (ksT)%.  (15)

As a result, the equilibrium form of the classical mo-
mentum energy tensor (8) is expressed as follows:

Co  CpfR
c

-0, %

x ST2(x) (16)

where we denoted

Cp=cy+c_, Cog=cy—c_. (17)

C. Gravitational anomalies

Through (16), the previous section showed that both
the equilibrium energy density, and the equilibrium chi-
ral energy currents define the same classical Tolman-
Ehrenfest temperature. Quantum mechanically, the den-
sity and currents are themselves constrained by the scale,
translation and Lorentz invariances of the massless the-
ory. All three symmetries are broken by quantum fluc-
tuations of the matter field in a curved spacetime, a
phenomenon known as a gravitational anomaly. Let us
discuss the three gravitational anomalies affecting the
momentum-energy tensor of massless matter in a curved
spacetime.



a. Trace anomaly. The first is the scale anomaly
which signals that the scale invariance of the single par-
ticle theory is broken by quantum fluctuations. The
scale symmetry is a part of a larger, conformal symmetry
group. Therefore, this anomaly is also called the confor-
mal anomaly and, in different contexts, the Weyl or trace
anomaly. As a consequence, Eq. (7b) no longer holds; the
trace of the energy-momentum tensor of a scale-invariant
classical theory does not vanish at the quantum level in a
curved spacetime' [19, 58, 59]. The gravitational contri-
bution to the trace anomaly is exact (it has no radiative
corrections), and is determined by the Ricci scalar R as
follows:

hv a2

For the metric (5), R simplifies to

02 10, Ox Oy
_BfH 10:5 { ofi ”fﬂ- (19)

fife 2 fifa | A f2
b. Finstein anomaly. Similarly, the spacetime

translation invariance of the classical massless theory
is broken at the level of the quantum field theory in
a curved spacetime. It manifests the non-conservation
of the energy current. In the case of a pure Einstein
anomaly, i.e.  while conserving Lorentz symmetry

TH = T¥F Eq. (7a) has to be replaced by
hUF Cg

967 \/[det (g,0)]

v, T = MV, R, (20)

with €% = 1.

c. Lorentz anomaly. Finally, the Lorentz invariance
of the classical theory, which results in the symmetry (7¢)
of the momentum-energy tensor, is also broken at the
quantum level. However, the gravitational contribution
of a pure Lorentz anomaly turns out to be equivalent to
the graviational contribution of a pure Einstein anomaly,
allowing to enforce either the Lorentz or the Einstein
symmetry at the quantum level (see Sec. 12 of [19]).
To show this equivalence, define a modified momentum-
energy tensor 7" from the TH" resulting from the pure
Einstein anomaly, given in of Eq. (20), according to

VR L

9 __.mwp. 21
96 \/|det (g0 )| &0

1 Notice that the trace anomaly can also appear in the flat space-
time in (self)interacting field theories as the consequence of en-
ergy dependence of the interaction couplings acquitted due to
quantum fluctuation [49-51|. Contrary to the free theories in
curved backgrounds that generate the exact trace anomaly (18),
the interaction-induced trace anomaly involves the appropriate
beta functions which are, in general, not one-loop exact [14]. We
do not consider this manifestation of the trace anomaly while
noticing that it may lead to various transport effects [52] in-
cluding the Nernst-type thermal phenomena [53, 54] and non-
topological boundary currents [55-57].

In this way we obtain a momentum-energy tensor satisfy-
ing the pure Lorentz anomaly, i.e. satisfying the energy-
momentum conservation law V,7"” = 0, but with an
anti-symmetric part that violates (7c):

THY _ TVH — hvi Cy
487 \/Idet (gp0)]

e"R. (22)
These relations establish the equivalence between the
Einstein and Lorentz anomalies.

D. Anomalous Tolman-Ehrenfest temperature

As shown in Sec. I B, the equilibrium temperature for
massless matter in curved spacetime can be consistently
defined (i) from thermodynamic quantities, the energy
density and pressure, provided by the diagonal com-
ponents of the momentum energy tensor, or (ii) from
kinematic quantities, the density of energy current and
momentum of left and right movers, given by the off-
diagonal components of the momentum energy tensor.
At the quantum level, diagonal and off-diagonal compo-
nents get independently corrected by the scale anomaly
on one side, and the Einstein - Lorentz anomalies on
the other side. This immediately raises the question of
whether a revised Tolman-Ehrenfest temperature can be
defined incorporating the effects of quantum fluctuations.
Quite remarkably, in this section we show that all three
gravitational anomalies, while of different technical ori-
gins, concur to redefine the equilibrium temperature in a
coherent manner, leading to an extended Luttinger equiv-
alence.

a. Anomalous momentum-energy tensor. From the
discussion in Sec. I C, we can choose without restriction
to enforce the Lorentz symmetry at the quantum level,
focusing on Einstein and Scale anomalies. Solving equa-
tions (18,20) for a symmetric tensor, we obtain

T=Ta+Tq, (23)

where 7T is the classical momentum energy tensor given
by Eq. (16) and the quantum correction components are

Cu () 1 2)
T, = (q\/}‘?;)> . (gg{;igm) ,
)

where 5( ) and 5(2) are the two new scales of energy den-
sity set by the quantum anomalies:

hv hv
1 _ PUF (2) — UF
Eg 487rR ; Eq pr —(R—-2R), (25)
with
R —2R = R(x) (y). (26)




03In (f1())

- 1
=+ g0 (f2< >>a i (£2(z)).
(27)

b. Anomalous temperature Let us now focus on the
explicit expression of the energy-momentum tensor cor-
rected by the gravitational anomalies T = Tg + Tq
with both components given in Eqns. (16,24). Using
Equns. (10,12,13), we obtain the expression for the density
of energy, pressure, momentum and energy current:

1

e= ij (7T2(x) + 8((11)> , (28a)
1 2 (1)

p=3Cu (1T%) &) . (28b)

Jo=vill = Ogm kET?(x) . (28c)

Remarkably, only two scales of energy set these values:

the temperature T'(z), which incorporates 51(12) as we will

see below in Eq. (29), and the quantum scale 5511) defined
in Eq. (25). This new scale sgl) signals that in the pres-
ence of gravitational anomalies, the Stefan-Boltzmann
law (9) is modified. The additive correction in (28a) sig-
nals a correction to the vacuum energy density at 7' = 0.
This energy shift of pure geometrical origin is set by the
local spacetime curvature R as opposed to the analogous
Casimir effect set by confinement [9]. It renormalizes
pressure p and energy density € in opposite directions.

The temperature T~ = ds/de is now set by the sum
e+p=1Ts = C,yT? where s denotes the entropy den-
sity. Equivalently, for each chiral branch of particles
this temperature can be deduced from the off-diagonal
components of the energy momentum tensor, the energy
current and momentum in Eq. (28c). While the diag-
onal components of T including € + p are corrected by
the trace anomaly, the off-diagonal components J. and
IT are corrected by by the Einstein anomaly. Yet, the
same temperature is defined consistently from both di-
agonal and off-diagonal quantities: both the trace and
Einstein anomalies contribute coherently to correct the
Tolman-Ehrenfest temperature into a generalized equi-
librium temperature

VT2 (z) = yTE, +eP. (29)

where the additive quantum correction 6512) is defined in
Eq. (25). Note that in defining this temperature, we
restricted ourselves to the natural case where the entropy
density s is positive, which warrants that the right hand
side of Eq. (29) is positive.

c. Anomalous momentum-energy tensor breaking
Lorentz invariance. As we discussed in Sec. ICO0c, the
Einstein anomaly can be traded for the Lorentz one, at
the expense of a transformation (21) of the momentum-
energy tensor. Such an expression describes the situa-
tion where the Lorentz invariance of quantum fluctua-
tions is not enforced, as occurs naturally in condensed

matter. The corresponding quantum correction to the
momentum-energy tensor is now expressed as

74 (w)]# =

( (1) +6512>) % [ ( (2) 65{1))
2
. (30)
C 1 2 1 2
_79 /f%(gg)+€f(1)) ng(fz(z)—&g))

In this case, the momentum-energy tensor is no longer
symmetric. As a consequence, the momentum density
II and the density of energy current J. are now dis-
tinct quantities. The chiral currents and momenta satisfy
Je,+ = *vp py and I} = i# e+ corresponding to the
expressions

e= %C’w (7T2(m) + 5511) , (31a)
p=30u (4@ D) . (@1)
o' 1. = 50y (472 M) (31c)
wpll = %C’g (v2> () +<") (31d)

E. Anomalous Luttinger relation

The quantum anomaly correction to the Tolman-
Ehrenfest relation Eq. (1) raises the question of whether
this correction translates also to the Luttinger metric (5)
with fi(z) = €?? and fo = 1. While the connection be-
tween the gravitational anomaly and the energy current
was discussed [60-62], its interplay with the Luttinger
equivalence has been elusive so far. By inserting the Lut-
tinger metric in Egs. (19) and (26) we obtain

hv hv
eV = L (026 + (8,9)%] ; P =21

2
e S026, (32)

corresponding to a Luttinger temperature corrected by a
second derivative of ¢:

T%(z)
T3

h’UF
2nkgT

=e MW p AL 00 Ar=
(33)

Multiplying Eq. (33) by T2e?? and then differentiating
with  we obtain a correction to the original Luttinger

relation (2) by an additional term induced by quantum
anomalies:

0, T
T

= 0.0+ N(a) |(0u0) P20+ 1% . (30

Notice that, since the equilibrium temperature T'(x) is
inhomogeneous, the thermal length Ar is a coordinate-
dependent quantity.

The energy density, pressure, energy currents and mo-
mentum are provided by Egs. (28) or Egs. (31). By using



the explicit expression (32) for the corrections, we get

G s 1oy

2 127
(35a)

p=5 [vTée%(f)—ZLi(amf] : (35b)

J. =02l =C [ (kpTp)2e=20@ >+h”Fa2¢]

T F 9 {1207 487 ’
(35¢)

when Lorentz invariance is enforced. Alternatively, if we
relax Lorentz invariance while imposing diffeomorphism
symmetry, the thermal current and momentum no longer
identify, and are expressed as

th

Je =0y |:12h(kBTO)2 —20(@) 187 (0:9) ], (36a)

VR = C, 1o (kpTp)?e™ 2

hv%,

i 2026+ 0.07)|
(36b)

F. Anomalous potentials for a constant
temperature profile

The non-linearity of the anomalous Luttinger relation
(33) and (34) between temperature and the gravitational
field ¢ has profound consequences. In particular, a fixed
temperature profile T'(x) corresponds to a continuum of
fields ¢(z), contrarily to the case of the standard Lut-
tinger relation (4) or (2). This leads to an additional
freedom in the choice of ¢ for a given T profile, typi-
cally imposed by additional boundary conditions. Let
us illustrate this point by considering a constant tem-
perature T'(x) = Tp. The standard Luttinger relation (4)
imposes a coordinate-independent gravitational potential
corresponding to a constant ¢ = const. In contrast, the
anomalous relation (34) allows a constant temperature
to be realized, in a weak ¢ field limit, |¢| < 1, by a class
of dilation fields of the form:

¢(x)

valid provided the anomalous corrections to Eq. (37) are
small, subjected to the condition |x| < Ap,. The arbi-
trary coefficients ¢4 highlight the degeneracy of the grav-
itational zero modes (37) which parametrizes the anoma-
lous isothermal surfaces in the metric space. Note that in
the case of a finite system with periodic boundary condi-
tions, imposing the smoothness of the gravitational po-
tential allows to recover a unique gravitational potential

o(x) = ¢g = const.

= o + ¢ eV2AT0 gV AT (37)

In the case of arbitrary metric and for a constant the
constant temperature profile T(x) = Ty, the anomaly-
corrected Luttinger relation (34) translates into the fol-
lowing differential equation for the gravitational zero
modes:

R +20:0 0:p —20:¢ = 0. (38)

where we introduced the rescaled coordinate & = z /Ay, .
The third-order differential equation (38) on the gravita-
tional zero modes possesses one trivial degeneracy corre-
sponding to a global coordinate-independent shift of the
gravitational potential ¢ — @ 4+ ¢g, and two physically
important degeneracies which label the space of possible
zero modes. Each mode is labelled by the value of the
first and second derivatives of the factor ¢ at a spatial ref-
erence point xo. Hence a unique choice of field ¢(x) for a
given profile T'(z) require fixing these higher derivatives
with a boundary condition, such as periodic boundary
conditions on smooth fields.

II. QUANTUM ATMOSPHERE OF A BLACK
HOLE

We start our discussion of physical consequences of the
anomalous Tolman-Ehrenfest relation (29) by revisiting
the Hawking radiation from a black hole. This corre-
sponds to the generic situation of a spacetime background

with a large curvature R Which induces large anomalous

quantum corrections eé ) and €q ), that are even compa-

rable with the classical Tolmann-Ehrenfest temperature.
For this purpose we consider a generic black hole char-
acterized by a metric (5) with f; = 1/f> = f. Such a
metric encompasses both Schwarzschild black holes [63]
for f(z) =1— xy/x, with g the black hole horizon, as
well as evanescent Callan—Giddings—Harvey—Strominger
(CGHS) black holes [64], initially introduced in the con-
text of string theory [65], for f(x) = 1 —exp[—a(z—zmg)].
Generically, we consider a metric f(z) which is asymp-
totically flat lim,_, o f(z) = 1 and vanishes linearly as
x approaches the event horizon zy: f(zr — z},) =~
2kc™2(x — xp) where & is its surface gravity.

a. Anomalous fluctuations and Hawking radiation.
We focus on the outgoing chiral flux of particles of ve-
locity vp = ¢. Their momentum energy tensor is given
by Egs. (8,24) with C, = Cy = 1. The two anomalous
scales are deduced from Egs. (19,25,26,):

(1) _ ) _ (92f)?
e = 4 i 487r<2f 2f ) (39)

The corresponding thermal current, identical to the mo-
mentum, is deduced from Egs. (28¢,29), with a tempera-
ture T'(x) satisfying

™

EET?(z) = 7

(40)



(@) Quantum atmosphere Classical
H T T T T T T
4 ;q-troposphere g-stratosphere ]
FSN H
oL - plen |
I — Je/Jm
—4 | E/EH -
L | | 1 | L |
1 2 4 6 8
(b) | T T . .
4F 1
2 F h
0 B eossan
i A 2 2
—2 g — Trp/Th -
- , . 1
4 -L, / THE 6((1 )/EH
C )
i SO
| | | | |
1 2 4 6 8
x/TH

Figure 2. Quantum atmosphere of a D = 141 Schwarzschild
black hole. (a) the dimensionless energy density ¢, pressure
p and energy current J., rescaled by their asymptotic val-
ues eg = %'yTEI and Jg = (w/lQh)k%Tfl where Tx is the
Hawking temperature, are represented as a function of the
distance x to the horizon xg. Far from the horizon, all three
quantities are proportional to TiZy(x), where Trg(z) is the
classical Tolman-Ehrenfest equilibrium temperature. Close to
the horizon, quantum fluctuations strongly affect this classical
behavior: an anomalous equilibrium temperature T?(z) is set
by both € +p and J.. (b) The difference between the anoma-
lous T2 (z) and the classical T2 () is set by a quantum scale

51(12), The divergence of T2, at the horizon is counterbalanced

by a diverging correction 5512), leading to a vanishing 7' (z).
Simultaneously, the difference sflm between € and p sets an
independent quantum scale which remains finite at the hori-
zon. These results illustrate the generation by a large space-
time curvature R of a finite density of energy and asymptotic
energy currents, which are captured by the trace and grav-
itational anomaly corrections to the thermodynamic quanti-
ties. In (a) and (b) The region where T2(z) # Tig(z) defines
the quantum atmosphere. Within it, we defined the quantum

stratosphere, where efll) =~ 5((12), and the quantum troposphere,

where efll) #* 5((12), color-coding the smooth crossover between
them. The vertical dotted line in (a) indicates where ¢ = 0.

where we deduced T2, = T%/f(z) from Eq. (11) where
Ty is the asymptotic temperature at z — oo.

In both the Israel-Hartle-Hawking and Unruh vacua,
the momentum tensor for the outgoing particles is regu-
lar at the horizon 2 = 2 g [66]. Therefore the divergence
of J. or T?(x) at the horizon, induced by the vanishing
of f(x — xg), has to be cancelled. The classical tem-
perature k317 /f always diverges at the horizon. On the
other hand, the temperature (40) corrected by anomalous
fluctuations remains finite at the horizon, provided we
counterbalance the diverging classical temperature with

the second contribution to 5((12) in Eq.(39). This amounts
to imposing the condition

h

kpTy = 27TCH . (41)
The above reasoning demonstrates that that anomalous
fluctuations are essential close to the horizon given that
the associated energy 6((]2) corrects the spurious classical
temperature divergence. Moreover, this subtle interplay
between classical thermal and quantum fluctuations is at
the origin of the asymptotic value of the temperature and
energy variation. Quite remarkably, this implies that this
radiation originates from these quantum fluctuations out-
side of the horizon. Indeed, plugging (41) into Eq. (40),
we find that T'(z) and thus J ; vanish at the horizon
[67], irrespective of the specific form of f(x). No thermal
current exits from inside the horizon. The asymptotic
Hawking radiation Jy = 5:k%T5 = hx?/(48mc?) origi-
nates from a region outside of the black hole’s horizon, its
quantum atmosphere [28|. Let us now focus more closely
on this region of strong anomalous fluctuations outside
of the black hole.

b. Quantum troposphere and stratosphere. In Fig. 2
we illustrate the behavior of the energy density, pres-
sure and energy current around the quantum atmosphere
of a Schwarzchild black hole by choosing the metric
f(@) = 1 —zy/x. The thermodynamic quantities are
rescaled by their asymptotic values ey = %val and Jg
for x — o0o. Between the horizon and z ~ 4x gy the ef-
fects of quantum fluctuations lead to sizable departure of
€, p, Je, II from their classical values. This is the quantum
atmosphere of the black hole which hosts strong quantum
fluctuations. Its extension depends on the specific black
hole, corresponding to a choice of metric f(x).

In the outer part of this atmosphere, anomalous cor-
rections grow but the classical values still dominate: in
particular the energy density remains positive. We de-
note this region the quantum stratosphere. Close to the
horizon, irrespective of the choice of metric f(z), the
energy density e(x) always becomes negative. Indeed,
from the decay of the gravity with x, we deduce that
02 f(x) < 0, corresponding to a negative curvature R in

(25) and thus a negative scale agl) in (39). Given that
T'(x) vanishes at the horizon, the energy density (28a) is
negative close enough to the black hole. Its asymptotic
value satisfies ¢ = —p = (hc/96m)0% f(xy) < 0, reminis-
cent of the Casimir effect [8, 68]. This negative energy



density is a hallmark of a region dominated by anoma-
lous quantum fluctuations: classical fluctuations satisfy
a Stefan-Boltmann law (9) with an energy density always
larger than that of the vacuum in flat spacetime £ > 0.
We denote the region of ¢ < 0, where thermodynamic
quantities are dominated by anomalous quantum fluctu-
ations, the quantum troposphere.

Our analysis shows that the quantum atmosphere can
be interpreted as the cradle of strong anomalous quan-
tum fluctuations. In the quantum troposphere, the grav-
itational anomalies even dominate the thermodynamics.
Signatures of such dominant quantum fluctuations are a
negative energy density and large relative € —p compared
to the average € + p. In practice, the amplitude of the
Hawking temperature is of the order of a few 108K for
the smallest observed black holes [69], rendering the di-
rect detection of these anomalous quantum phenomena
elusive in real black hole. In the remaining of this paper,
we will use the anomalous Luttinger equivalence that we
derive to explore analogues of the black hole quantum
atmosphere occurring in situations where spacetime cur-
vature is set by a temperature variations.

Before turning to these thermal analogues, let us
briefly comment on historical references of the description
of these anomalous quantum fluctuations. The relation
between the Hawking radiation and quantum anomalies
in D =1+ 1 was pioneered by Christensen and Fulling
who focused on the trace anomaly [25]. Robinson and
Wilczek followed an alternative route by considering the
consequences of the Einstein anomaly on an effective a
chiral theory [26, 70, 71]. The associated modified equi-
librium temperature (29) was first derived in Ref. [72]
while its relation to ballistic energy current (28¢) through
the Einstein anomaly was unnoticed. As we showed in
section I D, both anomalies should be treated on the same
footing when considering the effects of quantum fluctua-
tions for a generic theory. The notion of quantum atmo-
sphere of the a black hole, beyond its horizon, and at the
origin of the Hawking radiation was recently discussed by
Giddings [28] on CGHS black holes using conformal field
theory techniques within the tortoise coordinates repre-
sentation of the momentum energy tensor. This anal-
ysis was complemented in [27] by a general analysis of
the Stefan-Boltzmann law accounting for the anomalous
Tolman-Ehrenfest temperature.

III. BALLISTIC THERMAL RESPONSE
THEORY

The initial Luttinger relation (4) between a temper-
ature profile and a gravitational potential has been in-
strumental in the description of thermal transport within
linear response theory [1]. Having extended the Lut-
tinger relation to incorporate anomalous quantum con-
tributions, it is natural to explore its consequences on
the linear and non-linear 73| response theory of thermal
transport. This is further motivated by concerns [74, 75]

on the applicability of a Green-Kubo approach of heat
transport for large temperature gradients, questioning
the equivalence between temperature and gravitational
analogs [76].

Our goal in this section is to show that the anoma-
lous relation (33) allows to relate the out-of-equilibrium
energy current of Dirac fermions in an inhomogeneous
temperature profile T'(x) to the energy current of Dirac
fermions in a curved spacetime at finite homogeneous
temperature. This curved spacetime is defined by a Lut-
tinger metric of the form (3) with a gravitational poten-
tial ¢an [T (2)] satisfying the anomalous relation (34).

Following this route, the out-of-equilibrium energy cur-
rent is determined within linear response theory in the
small field ¢,,,. Because (34) is nonlinear, one may won-
der to what extent a perturbative response theory to lin-
ear order in ¢, can capture non-linear effects of temper-
ature gradients. This section addresses this question.

In the following, we consider a ballistic conductor: by
definition, chiral particles are not allowed to exchange
energy with each other. Hence the energy density, cur-
rent, pressure and momentum decompose into contribu-
tions of these left and right movers: each chiral species
is considered independently from the other. For simplic-
ity, we thus focus on a single chirality, e.g. right movers.
Such a chiral conductor is realized either as a single com-
ponent of a ballistic non-chiral conductor, or the edge
channel of a Chern insulator such as a quantum Hall
phase, represented in Fig. 1b. These right moving par-
ticles experience a local temperature T (z). At equilib-
rium, Ty (x) = Ty, leading to a steady energy current and
momentum Js(?j_ = ’U%HSE)) = c; 57 (kpTy)?.

To drive the system out-of-equilibrium, we typically
heat one side of the conductor. Considering a conductor
if size L extending from x = —L/2 to x = L/2, we set
T(—L/2) = T. Allowing these energy carriers to ex-
change energy with a bath of phonons of the material,
we expect their temperature to be inhomogeneous:

T(z) = To(1+a z/L) (42)

where the quantity a = L9, T /Ty is typically set by the
rate of energy exchange between the carrier (electrons)
and the phonons. This inhomogeneous temperature in-
duces an excess current J€7+—Js(?l that we study in lowest
orders in a.

A. Kubo formula and gravitational anomalies

We start by demonstrating the equivalence between the
expression (36) for the energy current and that obtained
by direct calculation within response theory linear in the
gravitational potential ¢ . Hence, we consider a D = 141
chiral Dirac hamiltonian in curved space is given by

H= /da? e?@ hy(2), (43)



where, in terms of second quantized fields ¥ (z), \Ili(x),
the Hamiltonian density operator is

Ul (2)0,0, (2). (44)

< —
where 0, = 0, — ggj From Egs. (36), we learned
that energy density and momentum operators have
to be treated separately when quantum fluctuations
are accounted for. Indeed, the momentum II; =

) >

7%0113_81\114_) = i5+ identifies with the energy cur-
. A nd

rent J. y = D0re—¢(@) (\I!ifIr 0+¥ ) only for classical fields

satisfying the equation of motion.

For simplicity we focus on the momentum density
which only involves the equal time Green’s function:

dkdg .,
H+(x)/(27r)2 el <\1117,€_%h k\I/+7k+%>

. [ dkdg dw .,
—i G e Gy (@)

where the lesser green functions G< is defined by

G lw) = i / Tat el (0, (). (45)

Working in perturbation theory at first order in the grav-
itational potential ¢(z), we expand the Green function
using the Dyson equation

Glj’,k(w) = (Gé)k”{ + /dx ei(k—k/)aﬁ(b(x)

((GOR) k' k' hir ks (Gg)k,k + (Gg)k',k’ P (Gg‘)k,k>
(46)

expressed in terms of the retarded Green’s functions in
flat spacetime

Gliwlw) = =i [ at e (u}(0). %] @D
the advanced Green’s function G}, (w) = (G (w))*
and the lesser Green’s function (45). The equilibrium
energy current density, corresponding to the the term of

0" order in ¢, is
IO =T, + — k272 + O ((kpTy)* 48
V() =104 + 5kBTs + O ((ksTo)*),  (48)
127w

where I, is the Fermi sea contribution to the momen-
tum. We obtain a first order in ¢ correction to this mo-
mentum leading to the expression

s

12hv%

b 026(a) + O ((ksT)) . (49)

I () = I} + kRT3 (1 — 2¢)
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This expression identifies with (36b) to lowest order in
¢ and its derivatives. This demonstrates that gravita-
tional anomalies corrections to the expression of the en-
ergy current and momentum are captured by a standard
Kubo-Green expansion perturbative in the gravitational
potential ¢.

B. From a temperature profile to an equivalent
gravitational potential: non-linear thermal
conductivity

Having established the equivalence between the
Egs. (36) and standard linear in ¢ response theory, we
need to express these relations in terms of the tempera-
ture profile T'(x). This aim is achieved by solving the
equation (33) perturbatively in a = LJ,T/Ty for the
temperature profile (42) (see Appendix D). We obtain
a gravitational potential

Gan[T ()] = druwe + 60, (50)

where ¢y, = In(Tp/T'(z)) is the potential deduced from
the standard Luttinger equivalence (4), and d¢ encodes
the corrections induced by the gravitational anomalies:

A2 A2
§¢ = a* 22% —2a° LT;O x+ O(at) . (51)

We now express the chiral energy current and mo-
mentum of chiral Dirac fermions in a temperature pro-
file T(z) using the expression (50,51) of the equiva-
lent gravitational potential. From Egs. (36) they iden-
tify with v2I0, /Jy = T2/T2 + /(W T2); Jou/Jo =
T?)T3 — 5,(11)/(7T02) with Jo = vpyT§/2. The quantum
anomalies corrections are encoded solely in sgl). which
induce a modification of the the thermal current at non-
linear order in the temperature gradient a = L9, T/Tp.
At this stage, we realize that d¢ of Eq. (51) are at least of
order (a/L)*. Hence, to second order in the temperature
gradient, we can indeed neglect the modification of this
gravitational potential due to the anomalous Luttinger
relation. Inserting the bare Luttinger potential ¢, in
the expression (32) Eél), we obtain the following expres-
sion for the current

Jet 8,T

142
Jo T

9, T\? 9,T\*
+ [#? + 47}, ] ( i ) +0( i > . (52)

with a thermal lengthscale Ar, defined in (33) at the
reference temperature Tj.

This expression encodes the effects of the gravitational
anomaly within a regime of small thermal gradients.
Note that it is non-linear in thermal gradient VT'/Ty,
although it originates from an expression linear in ¢ and
its derivative. This illustrates that linear response the-
ory in the gravitational potential ¢ can apply beyond




the regime linear in VT'/Ty. In the remaining section of
this paper, we will focus on consequences of the quantum
anomalies on transport beyond this regime of small tem-
perature gradient, far from equilibrium, where we expect
their effects to be even more pronounced.

IV. FAR FROM EQUILIBRIUM ENERGY
TRANSPORT

A quench procedure, in which external parameters con-
trolling an equilibrium system are suddenly changed, al-
lows to explore dynamics of quantum systems beyond
the realm of linear response theory. The rich possibili-
ties offered by experiments using ultra-cold atoms have
triggered a recent interest in such an out-of-equilibrium
dynamics [77].

In this section, we focus on the situation of a quan-
tum system connected to a thermal bath, whose temper-
ature is varied rapidly. In a standard partition procedure,
two halves of the conductor are maintained at different
temperatures Tr/;, = To £ AT/2, see Fig. 3(a). The
corresponding external temperature profile T'(x) main-
tains the conductor in an out-of-equilibrium state. The
temperature profile is then later released at ¢t = 0: in
the equilibration process between different regions of the
conductor, local heat currents appear. Remarkably, an
oscillating heat wave was observed in a pioneering nu-
merical study on spin chains [32], later described analyt-
ically [29, 31].

In this section, we demonstrate that these oscillations,
as well as an associated pressure discontinuity at time
t = 0, are measurable signatures of the gravitational and
trace anomalies. They originate from the energy den-
sity characterizing the steady out-of-equilibrium state at
time ¢ < 0 which we describe first. In a later refinement
of this quench physics, we consider Floquet states gener-
ated by periodically imposing and releasing an external
temperature profile.

A. Anomalous Luttinger relation on a ring

We consider an out-of-equilibrium state on a ring of
size L, characterized by a temperature profile T'(z).
This temperature is constant in two regions with val-
ues Tr/r, = To £ AT/2, and smoothly interpolates over
a length § between them, at positions z = 0, L/2 as dis-
played in Fig. 3(a). Although our approach applies to
a generic temperature profile, for the sake of clarity we
choose a profile:

T.(z) =Ty — % tanh [;5 sin (27{)] . (53)

We consider a generic interacting gas, described at low
energy by a relativistic Luttinger liquid [78-82]. The
imposed temperature profile for time ¢ < 0 leads to out-
of-equilibrium states whose physical observables (O) are
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obtained by performing statistical averages with a gener-
alized Gibbs measure

 TrOe 9 [t H(z)
O = "eo g_/o @ Y

where H(z) is the Hamiltonian density. We can interpret
the above generalized Gibbs measure as that of a Gibbs
measure at constant temperature in a curved spacetime
with the metric (6) associated to the Luttinger gravita-
tional potential @t [Tow:(2)] = In (To /T ()):

1 L
G = kBTo/o dz/f1H (). (55)

Quite remarkably, the equilibrium Tolman-Ehrenfest
temperature Teq(z) in this curved spacetime does not
identify with the imposed temperature profile T,,,(z):
the difference is a direct measure of the amplitude of the
corrections due to the trace and gravitational anomalies.
Indeed, plugging the above potential into the anomalous
Luttinger relation (33) we obtain

A\ 2
1 + ( Text (m)>

EText (l')
where the thermal length Az, is defined in Eq. (33) and
the length I7._, encodes the local temperature variation:

T2 ({E) = TeQX‘c(‘T)

eq

(56)

Nl=

T
Text (.17 )

(1, () =|0%In (57)

The departure between the equilibrium temperature qu

2

and the imposed temperature 72, is set by the quantum

(S
energy scale

o hUF
© 24wl

h’UF

T. T,

ext ext

_ 8£Text + (8$Text ) 2

From Egs. (35) we obtain the energy density and pres-
sure for the left (—) and right (4+) moving low energy
excitations

1

e = 5k (’YTqu + 55;”) ; (59)
1

P+ = 5Cx (“YTqu - 65;”) - (60)

The anomalous quantum scale

02T, <axText)2
- +2

) _ Mor 038 hor

4 2r B 24m T, Tt
hop -2 7 —2
_ ¢ i } 1
8 [(br) 7 + (U) (61)

depends on a second length scale parametrizing temper-
ature variations:

Text
8J;Text

b1, (7) =

(62)
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Figure 3.  Quantum corrections to the out-of-equilibrium steady state imposed by a temperature jump. (a) Two halves of a
close ring of non-interacting particles (c; = ¢ = 1) are set at two temperatures Tr,, = To £ AT/2. (b) At the two contacts,
the temperature smoothly varies over a region of size §. We consider a Fermi velocity of vy = 10%m-s™, typical for relativistic
materials, a cryogenic temperature of 7o = 100 mK and a size of the contact region of § = 10 pm. (c) and (d) For a small
relative temperature jump AT /Ty = 0.2, the pressure, shown relative to its means value 9 = yT¢, follows the classical law
P = 4T?. On the other hand the energy density e(x) departs from this classical law : the amplitude of the corresponding

corrections, represented by the shaded area, are set by a quantum energy scale Egl). This energy scale originates from quantum
fluctuations, at the origin of scale and gravitational anomalies, or similar origin that that in the black hole’s atmosphere. In the
present case the curvature R of spacetime is set by the imposed temperature through the Luttinger equivalence relation. (e) and

(2)

or larger relative temperature variations o — U.0, TWO quantum energy scales & anda € ave 10 be distinguished.
f) for 1 lative t t iations AT /Ty = 0.6, t t les e{" and (¥ have to be distinguished

While (Efll) + 6512))/2 still appears as the amplitude of the oscillating corrections to €, the difference 84(11) — 5512) manifests itself
both in the asymmetry of these corrections around the temperature jump, as well as a departure of the pressure from the

classical law.

Similarly, the energy current densities momenta density 7, (x) is very large and £1,_ (z) < Ar, (z) < O, (2).
read A single length scale (1, (x) ~ |T/02T|'/?, set by
the Ricci scalar R, characterizes the anomalous fluctu-

7r w2 [ 0,T..\> ations. Correspondingly, gravitational anomaly correc-
Jox=*+cy |—=(kpT)? — 2 —=22) |, (63 ’
o - 1271( BTe) 4871 < T... ) (63) tions involve a single quantum energy scale 5,(11) ~ 5512) ~
—hvp/(247¢3, ). While the pressure follows the clas-
I =+cy #(kBTM)? sical amplitude P = 3(cy + c_)yT2,, the energy den-
v
F sity e = 1(cq4co) (nym + 26,(11)> displays an oscillation
" h 3 O0p T ? B 285%;Text (64) around the temperature jump, as shown in Fig. 3(c) and
487 T T... (d). The amplitude of this oscillation, symmetric around

the temperature jump, corresponding to the shaded area,
is a direct measure of the quantum correction 5,(11)

the anomalies.

Let us evaluate the amplitude of the corrections by set by
quantum fluctuations encoded in the trace and gravita-
tional anomalies by considering a non-chiral wire with
central charges ¢y = c— = 1. We expect the gravita-

tional anomalies to alter the classical properties of the

For larger temperature variation AT /T, for which

lr, . (x) S ZText () < Ar,,(z) the two quantum energy

(1) (2)

scales €4’ and g4’ are no longer approximately equal.

steady state in regions where {1 () < Ar,,(z), i.e.
close to the temperature jumps for strong enough rela-
tive variation of this temperature. Therefore we focus on
the temperature jump around z = 0 of the temperature
profile (53), as shown in Fig. 3(b). For a steady state, J.
and IT vanish.

For small relative temperature variations AT/Ty,

The difference 5((12) — 5511) manifests itself in two ways.
First, as a departure of the pressure from the classical
behavior, as shown in panel (f) of Fig. 3. Second as the
asymmetry around the temperature jump at = 0 of the
shaded areas at x > 0 and x < 0 of the energy density ¢
as shown in Fig. 3(e).
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Figure 4.  Diagram of the possible out of equilibrium ther-

modynamic states imposed by a temperature jump. The phase
diagram corresponds to an imposed temperature profile, as
represented in Fig. 3(b), varying between two temperatures
Trr, = To£AT/2 over alength 6 = 10 um. The white region
corresponds to the region with classical fluctuations where
gravitational anomalies can be neglected. As in Fig. 2, the
colored region signals the quantum atmosphere, and the color
encodes the smooth crossover between the quantum strato-

sphere, where ¢, = sén) & 5512>, and the quantum tropo-

sphere, where sgl) #* 5512 . The relevance of quantum fluc-
tuations is signaled by the relation Ar(z) 2 Ir(z) close to
the temperature jump, between the thermal length Ar and

Ilr = |8§T /T |7% which characterises the temperature varia-
tion. The quantum troposphere is characterized by an addi-
tional length scale 1) = |8,T/T|™" # Ir defined by the im-
posed temperature profile. As in Fig. 2(a) the dotted line rep-
resents the state possessing black hole likes thermodynamic
local properties (¢ < 0 but 72, > 0). The thermodynami-
cally forbidden region, in which the € + P and the entropy
are negative and our extended Luttinger correspondence does
not apply, is shaded in gray. The two black dots represent the
parameters chosen for Fig. 3. We chose the Fermi velocity to
be vp = 10%m - s71, typical for relativistic materials.

The parameters of Fig. 3 are motivated by relativis-
tic electronic conductors. In graphene [83], Carbon nan-
otubes [84] and Dirac and Weyl semimetals [85], the
Fermi velocity of Dirac particles is of the order vy ~ 108
ms~ !, yielding a thermal length Ar,Tp ~ 7.64 x 1076 K
xm. For a temperature jump AT/Ty = 0.2, the condi-
tion Ar > I requires 3.42 x 107¢/Ty > § which corre-
sponds to § < 34um for a dilution refrigerator tempera-
ture of Tp = 100 mK. The energy density and pressure for

0 < 34pm and Ty = 100 mK are displayed in Fig. 3, with
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AT/Ty = 0.2 for panels (¢) and (d) and AT/Ty = 0.6 for
panels (e) and (f).

B. Temperature quench as a metric quench

In practice, maintaining a conductor in a steady out-of-
equilibrium state is difficult and not practical: it is often
easier to study the dynamics following a corresponding
quench. As we show below, the dynamics reflects the
quantum corrections to the initial steady state. Thus
we consider a situation where the the temperature pro-
file (53) is imposed up to time ¢ = 0, and released after-
wards.

The out-of-equilibrium dynamics occurs in a closed
system, but a ballistic evolution forbids exchange of en-
ergy between left and right movers. Given that the equi-
librium temperature of such a system is uniform, the
Tolman-Ehrenfest equivalence implies that this dynam-
ics occurs in a flat spacetime, with vanishing curvatures
R =0 and R = 0. In this flat spacetime, ¢ = p and
U%H = J..

Following the extended Luttinger correspondence that
we developed in section IV A, the out-of-equilibrium dy-
namics at time ¢ > 0 can be viewed as resulting from a
quench of the spacetime metric at ¢ = 0 from the Lut-
tinger metric to a flat metric. Continuity conditions on
the momentum energy tensor, derived in Appendix F,
imply that both the energy density ¢ as well as the mo-
mentum IT are continuous during this quench of metric:
et=0")=¢(t=0")and UyL(t =0") =L (t =0).
On the other hand the energy current density is discon-
tinuous, with J5(t = 07) — J5(t =07) = civpe,gl) re-
sulting in a pressure discontinuity Ap = (cg + cL)sgl),
where s((]l) is set by (61).

Given that low-energy excitations of our system evolve
ballistically, we obtain for time ¢t > 0 Ji(z,t) =
vEl4 (2, t) = v&4I4 (x F vpt,07) where the momenta at
t = 07 are defined in (64). The resulting energy den-
sity and momentum are represented in Fig. 5 for the
same parameters than Fig. 3(c) and (d). The quantum
corrections characterizing the energy density and pres-
sure of the steady state at ¢ < 0 now manifests them-
selves as traveling waves of energy after the quench, as
shown in Fig. 5(a) and (b). In between the two trav-
eling waves emerges a region of homogeneous density of
energy & = 2v(cyT? + c_T3) = v(T§ + AT?/4), where
the average temperature Tj is defined in Fig. 3(b). In
this region, right moving particles carry an energy den-
sity %cnyf while left moving particles carry an energy
density %c_’yT 2 resulting in a steady-state value of the
current J. = 2yvp(cy T —c_T3) = 2yvpToAT and mo-
mentum II = vI;QJ;. This expression agrees with the
pioneering study on interacting chains [32] and [48] as
well as a Landauer-Biittiker approach for non-interacting
fermions [86].

The traveling waves of energy, shown in Fig. 5(a) and
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Quantum corrections to energy traveling waves imposed by a temperature quench.
non-interacting particles (¢4 = c— = 1) with Fermi velocity of vp = 105 ms~

/1
-5 0 5

z/6

(a) Two halves of a wire of

L are set at two temperatures Tryr =To+ AT/2

following the same protocol as in Fig. 3. The average temperature is Tp = 100mK, and the ramp of temperature of amplitude
AT = 20mK is imposed over a length § = 10um. At time ¢ = 0 this external temperature difference is released. Following
this quench, two traveling waves of energy appear. (b) The non-monotonous behavior of the density of energy profile is a
manifestation of the anomaly corrections originating from quantum fluctuations of similar nature than close to a black hole.
The amplitude of the corrections, represented by the shaded area, is a direct measure of the new quantum scale of energy
51(11) o~ 5((12) set by gravitational anomalies. In between the two waves, appears a region of homogeneous density of energy
g= %’y(chTLZ +c_T3) =v(Ts +AT?). (c) and (d) This intermediate region is not in equilibrium: it is crossed by right moving
particles at temperature 77, and left moving particles at temperature Tr, leading to a steady current J. = %fyv rleyTi—c_T3) =
2vvrToAT and momentum II = v;QJE. The oscillating corrections to the momentum or energy current close to the interface
between the three regions, shown in (b) and (c) as shaded areas, are also an accessible manifestation of corrections due to
quantum fluctuations due to the trace and gravitational anomalies, similarly to those at the vicinity of a black hole. In the
present case they originate from the local strong curvature of the effective spacetime accounting, following Luttinger equivalence,

for the temperature variation.

(b), reflect as traveling waves of momentum shown in
Fig. 5(c) and (d). The amplitudes of the quantum cor-
rections, represented as the shaded area, is equal to that
of the energy density before the quench, shown in Fig. 3:

it is set by (54(11) +E((12)) /2 where the two scales are defined
in (61,58). The asymmetry of these corrections around

)

the wave front is set by 621

These results, which we derived from gravitational
anomaly corrections in a curved spacetime as well as con-
tinuity conditions following a metric quench, were pre-
viously derived using series expansions and conformal
field theory techniques in [29, 31]. The presence of a
Schwarzian derivative in the expression for the density
of energy and energy current can indeed be traced back
to a manifestation of the trace anomaly identified in the
present paper. Through the (extended) Luttinger equiv-
alence, a thermal quench can be treated as a quench of
metric which appears seemingly identical to a quench im-
posed by the release of an external confining potential

considered in [87]. In both case, anomalies capture the
quantum corrections induced by large spacetime curva-
tures.

C. Spacetime periodic modulation : Floquet states

In this section, building on the study of single thermal
quench, we explore how anomalous quantum appear on
periodic sequences of such quenches. In doing so, we
propose a new protocol to realize a recently identified
[35-38] periodically driven heating phases through such
a succession of thermal quenches.

Indeed, in our previous discussion we interpreted a
thermal quench (Fig. 3(c)) as a geometric quench, in or-
der to highlight the role of gravitational anomalies using
the corrected Tolman-Ehrenfest temperature. Here we
propose the opposite route: realize a time-periodic, or
Floquet, metric quench via thermal quenches instead of
previously proposed change in the spatial dependence of
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Figure 6. Floquet heating state. (a) We consider a ring of free relativistic fermions of velocity vp = 1. (b) This ring is driven
periodically by an external temperature with a period t, = t1 + t2, such that (i) during time t; the external temperature is a
smooth profile Tex () varying around an average Tp, shown in (a), and (ii) during time ¢, temperature is kept to a constant Tp.
The two times Lt1 /vp = 0.1 and Ltz /vrp = 0.45, are chosen such that the period coincides with the time of flight of particles
around the ring: L = vpti + Upts where O is the averaged effective velocity under the temperature profile Text (). (¢) and (d)
As a function of time, both the energy density € and the momentum IT become highly inhomogeneous, and concentrate on a
few trajectories. They are represented rescaled by the classical values €9 = vrpllo = yT¢. The energy and momentum profiles
are represented after two and four periods in panels (f) and (g), illustrating the localization mechanism. (e) Besides being
focused spatially, the net energy of the ring Fior = fOL € de = LZ increases: the Floquet state is heating. This is represented by
monitoring the stroboscopic dynamics at times ¢, = nt, of the ring for which Ei. increases exponentially. Remarkably the rate
of increase of this energy is not classical: quantum fluctuations, responsible for the trace and gravitational anomaly corrections,
have a growing energy. The two focusing trajectories behave as heating black holes: in their neighborhood the energy density
becomes negative, as shown in the inset of panel (f). This is an additional manifestation of the effects of quantum fluctuations
induced by a local large curvature similar to those in a black-hole atmosphere.

the system’s parameters (Fig. 6(a)). Furthermore, we play in the phenomenology of the resulting Floquet con-
highlight the role that gravitational and trace anomalies formal field theories [33, 34].



The peculiarity of Floquet conformal field theories re-
lies on the striking, but analytic, thermalization proper-
ties [35-38] occurring when periodically modulating the
system between two inhomogeneous states. This two-
step periodic drive is obtained when the dynamics of
particles on a circle of size L is alternatively described
by a uniform and an inhomogeneous Hamiltonian:

H for t € [0,¢
f(y = | o fortelon] (65)
Hy  fort € [t1,t1 + ta = tp),
where ¢, is the period. The first homogeneous Hamilto-
nian

L
Ho = / dzr ho, (66)
0

when interpreted as the Gibbs measure Eq. (55), cor-
responds to a flat metric, i.e. fi(z) = 1. The second
Hamiltonian is a spatial deformation of this theory de-
fined by

L
m:Admﬁmmm. (67)

While initially f(x) was chosen to be a sine squared de-
formation /f(z) = 2sin®(mz/L) [33, 34], we consider
more general deformations in the following [37, 38]. For
a period t, comparable with the time of flight for par-
ticles across the system, two distinct dynamical phases
are reached at long-time depending on the relative mag-
nitudes ¢/t [35, 36]. A heating and non-heating phases
are characterized by the evolution of the total energy
Eiot = L& of the closed system, which either grows
exponentially or oscillates. Furthermore in the heat-
ing phase the energy density becomes highly inhomoge-
neous, localizing exponentially around a few spatial fixed
points [35, 36].

First, following the discussion in Sec. IV A, we pro-
pose to realize the periodic modulation of metric of
Egs. (65,66,67) as a periodic sequence of thermal
quenches. Notice that the Floquet drive Eq. (65) enforces
a time-periodic quenches of a metric (5) with fa(x,t) =1
and

1 forte0<t<ty
flz) fortety <t<t,

This metric describes exactly a periodic modulation of
a temperature profile of an homogeneous Hamiltonian.
This is as shown in Figs. 6(a) and (b), where the imposed
temperature switches between a constant Ty, and an ex-
ternally imposed inhomogeneous profile Te,+(z) satisfy-
ing f(#) = (To/Texs(x))*. For concreteness the results
of Fig. 6 are obtained for a temperature profile deduced
from a simple metric proposed in [37]:

1 . [(4rz 1 2mx
Text(z) = To {1 + 3 sin (L) + 3 cos (L)} . (69)
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plotted in Fig 6(a). Note that such a temperature profile
is slowly varying, and does not yield abrupt changes of
temperature: we do not expect the type of anomalous
corrections due to quantum fluctuations discussed in the
previous section after a single quench. Yet, we will see
that the succession of such quenches leads to manifesta-
tions of the gravitational anomaly.

Proceeding as in the single quench of the previous
section, we solve the time-evolution of the energy mo-
mentum tensor stepwise, and apply suitable continuity
equation. In doing so we access the energy and momen-
tum density which are plotted in Fig 6(c) and (d), re-
spectively, up to ¢t = 4t¢,. Three stroboscopic times are
shown in Figs. 6(f) and (g). In these plots, the Hamil-
tonian Hy was chosen as that of free Dirac fermions,
with the duration of the two steps of metric chosen
such that Lt;/vp = 0.1 and Lty/vp = 0.45. Note
that during step 2, the average velocity vp is defined

_ L 1 L
as 1/vp = [ dz/v(z) = ;- [y"dz//f(x) such that the
time of flight across the circle of the particles is exactly
one period: L = vpty + Upts, corresponding to the con-
ditions to realise a heating phase [35, 37].

Focusing on the heating phase, we show that several
of its features are manifestations of quantum fluctuations
and can be traced back to gravitational anomalies. In-
deed the gravitational anomaly determines the exponen-
tial growth of the average energy density. To show this we
plot the total energy density Ei,i = €L at stroboscopic
times in Fig. 6(e), extracted from Fig. 6(c). Plotted in
Log scale, it shows a clear linear trend as a function of
time. To highlight the contribution of the gravitational
anomaly, in Fig. 6(e) we have separated two contribu-
tions: that arising from the classical Tolman-Ehrenfest
temperature, and that directly linked to the gravitational
anomaly. We observe that both have the same order of
magnitude at large times.

A second signature of the gravitational anomaly is ap-
parent in the spatial profile of the energy density, shown
in Fig. 6(f) for stroboscopic times. The inset shows that
the energy density can be locally negative, while satisfy-
ing that the total energy is always positive (Fig. 6(e)).
Without quantum effects, the classical Tolman-Ehrenfest

contribution € > 0 for all . This can be seen by noting

that without the anomalous contribution 5511) to (28a) the

energy density is always positive for all . However, in
Fig. 6(f) we see that this is not the case, a clear manifes-
tation of the gravitational and scale anomaly, reminiscent
of the negative energy density close to the horizon of a
black hole, as shown in Fig. 2.

We expect this relation between quantum properties
of black holes and Floquet heating states to be generic.
Indeed, the authors of Ref. [36] noted the relation be-
tween the effective metric of a sine squared Floquet CFT
and that of two black holes at the accumulation points.
This is in agreement with the manifestation of the trace
and gravitational anomalies that we identified, and in
particular with the negative density of energy close to
these accumulation points, reminiscent of the black hole



atmosphere.

V. DISCUSSION

In this work we have discussed that observable imprints
on the thermal current and energy densities of anoma-
lous quantum fluctuations at the origin of gravitational
anomalies in field theory. These imprints manifest nat-
urally in curved spacetime, such as the neighborhood of
black-holes. However, extending Luttinger’s correspon-
dence beyond the realm of perturbative response theory,
we have shown how they emerge, as naturally, in a flat
spacetime when subjected to a single or periodic tem-
perature quenches. The reason is that the equilibrium
temperature profile in all the above situations can be
phrased as an anomalous Tolman-Ehrenfest temperature,
an equilibrium temperature profile that upgrades the
classical result by Tolman and Ehrenfest by incorporating
the quantum energy scales originating from gravitational
anomalies. By using the anomalous Tolman-Ehrenfest
temperature we were able to derive a modified Luttinger
relation equivalence between strongly curved spacetime
and large temperature variations. Within the realm of
response theory, the historical playground for the Lut-
tinger equivalence, we showed that the relation between
thermal and gravitational field gradients becomes non-
linear when thermal gradients vary too strongly. This
leads to new contributions to non-linear thermal conduc-
tivities.

It is important to stress that our results are not specific
to 1+1 dimensional systems. The anomalous Tolman-
Ehrenfest temperature can be defined in any dimen-
sion (see Appendix C). However, the case 141 dimen-
sions is special, as gravitational anomalies alone specify
the energy-momentum tensor. In higher dimensions the
energy-momentum tensor is not sufficiently constrained
by the gravitational anomalies. Additional requirements
from e.g., symmetries of the problem, have to be ana-
lyzed in a case to case basis [88] and deserve a separate
study.

Beyond response theory, our work provides further in-
sight on a variety of questions. For example, the precise
connection between anomalies, the Luttinger relation and
the magneto-thermal transport in Weyl semimetals was
a matter of debate [10, 11]. Specifically, it was so far un-
clear what was the relation between the Luttinger trick,
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and the gravitational anomaly contribution to thermal
transport. Our work clarifies the situation by exempli-
fying how the T2 contribution to the thermal current,
induced by the gravitational anomaly, coincides with the
anomalous Tolman-Ehrenfest temperature.

Additionally, our work shows how the role played by
anomalous fluctuations induced by spacetime curvature
was overlooked in a variety of physical situations. No-
tably, this includes periodic space-dependent shaping of
interactions in closed 1D systems [35-38]. More gener-
ally, the mapping between space dependent quenching of
the Hamiltonian parameters and thermal quenches that
we identify and exploit in this work, serves as a sys-
tematic way to find new situations where gravitational
anomalies play a role in flat-spacetime. In this work we
have discussed a thermal quench and Floquet conformal
field theories, but we expect quite generally that any sys-
tem with sufficiently strongly varying temperature or pa-
rameter profiles will display properties of anomalous fluc-
tuations similar to those inside a black hole’s quantum
atmosphere. This open new perspectives to experimen-
tally test signatures of gravitational anomalies, and study
Hawking radiation in a controlled environment.

Indeed, the largest Hawking temperature of the small-
est astrophysical black holes are typically in the 50nK
range: their anomalous thermal properties are difficult
to detect. To observe black hole related phenomena, it
is often appealing to resort to acoustic [69, 89-91], opti-
cal [92] or quantum fluid [93] black-hole analogues. Using
of the extended Luttinger equivalence our work points to
a new class of less obvious candidate systems. In the
main text we discussed Floquet thermal drives, whose
timescales suggest they could be realizable in ultra-cold
atomic experiments [36, 94] or in quantum wires heated
by laser pulses.
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Appendix A: momentum energy tensor and
gravitational anomalies

In 1977, Christensen and Fulling [25] computed the
stationary momentum energy tensor for both a 3+1 and
a 141 dimensional Schwartzchild black hole. In this sec-
tion, we show how their method allows to determine the
stationary momentum energy tensor of a chiral field in
any background 1+1 dimensional static metric. We high-
light consequences of gravitational anomalies on these re-
sults.

1. Gravitational anomalies

Focusing on a symmetric momentum energy tensor,
the energy conservation of chiral fields, in the presence
of a background metric, can be written (see also Eq. (20))
as

v, T = ¢, r ! (A1)

—— ——e"'V,R

g € ptly
96 \/|det (gp0)]

where R represents the Ricci scalar curvature, é*” is the

totally antisymmetric tensor with e%! = 1, and C, is the

gravitational anomaly coefficient

C’g:ZXc

with ¢ the central charge and x the chirality. In other
words, this corresponds to Cy = ¢y — c_, as defined in
(17). This coefficient needs to be distinguished from the
Weyl anomaly coefficient C, = > ¢ = ¢4 + ¢ defined
n (17). A simple proof of the formula (A1) is derived in
[21] for free chiral fermions with Cy = +1 and Cy = —1.

(A2)

2. Background metric properties

As mentioned in the main text, for convenience we will
focus on the case of a diagonal, static metric given by
ds? = f1(x)vedt? — fo(z)dz?. (A3)
Even though in two dimension and for any 1+1 dimen-
sional manifold, there exist global coordinates in which
the metric is of the form
ds? = Q(z,1)? (vpdt? — dz?), (A4)
we will stick to the diagonal metric (A3), convenient to

express the results in the original laboratory coordinates.
In the metric (A3), the non zero Christoffel symbols

1
{Pyﬂ} - 59% (OpGou + 0ugos — OpGpu) » (A5)
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https://doi.org/10.1103/PhysRevA.105.043316
https://doi.org/10.1103/PhysRevA.105.043316
https://doi.org/ 10.1103/PhysRevLett.124.063601
https://doi.org/ 10.1103/PhysRevLett.124.063601

are

20f ~ \0zf 2 f
{x}_lazfl
0f 2 fo’

zrf 2 fy

(A6)
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3. Momentum energy tensor

Let us now consider the conservation equation (Al)
in this curved spacetime. Considering the stationary so-
lution (9yT*, = 0), we rewrite the two equations (for
v = 0,2) in the coordinates (A3) as

10:f2 . 1001 hor [ f1
0:TH+ = 5= =Cy——1/0:R,
Tot3 fo To=3 f2 T T96m \| fo
The corresponding non-zero Riemann tensor coefficients (A11)
10, f1 10:f1
I I 0T + = T — = 7% =0. A12
R“Vpg = ap {UO’} — (90 {Vp} 2 f1 2 fl 0 ( )
n A pl A I (A7) Using the symmetry properties 7,, = 7., expressed as
vo| | Ap vp[ | Ao

are To= _éTox (A13)

fi
R0 = =R (A8) and, the trace anomalies in 141 dimension, relating the
1(02f, 1 [0.f1 2 10,f10ufo trace of the energy momentum tensor to the spacetime

=-3 A ~3 < i ) ) A geometry for conformal theories in 1+1 dimensions
_ I}
Rfyp0 = = R0, (A9) T =T £ 7% = cw% R, (A14)
_1[oif 1(@af1)” 1 (0ufr) Dufo) we simplify (A11,A12) into T
2\ o 2 fife 2 f3 ' Fo
9y [/ 2| = O, —L f10, R, Al5

Hence the curvature Ricci scalar reads { h szO} 9967 h ( 2)

hv
R=g" R\, 8, [1T%) = cwﬁzzax fi. (A15D)

2
= Ozfr  10:/1 {a””f L Oz f 2} ) (A10)  These equations imply that the most general momentum
fife 2 fifa | A f2 energy tensor is
J
T =T+ (1) n > (A16)
Co C
(T)o = (_fgflc1 _flcf> ; (A17)
i Viif f1
_ 1 f1 _ 1

- Cuy (2R L [ dzRo, fl) Cyy/ 2 (R L [ dzRo, fl) | s)

" 96w -0, %

with Cy and Cj two constant to be fixed by boundary
conditions.

Appendix B: Dirac fermions in d =1+ 1 curved
spacetime

Although our considerations in the main text are ap-
plicable to any 141 dimensional conformal field theory,
straightforward realizations of 141 dimensional fields ap-
pearing in the edge modes of 2+1 dimensional topological
insulators or in Luttinger liquids are described by a free,

(R ~ L [daR, fl)

Cut [ dzRO, fr

(

massless Dirac hamiltonian. Therefore, it is worth con-
sidering this case in more detail.

1. Lagrangian
We consider a curved spacetime of metric

ds? = fi(2)dt? — fo(z)da?. (B1)



The Lagrangian describing Dirac fermions in curved
spacetime is given by

thvp - o
£ = e (i9,0) . @)
with the associated action
Sy = /dx2 det (ef) L, (B3)
where v is a Dirac spinor, 1 = T7? e# denotes the
zweibein defined by efg..ef = N, egez 5b, and
elel = oK. In this symmetrized version of the La-

grangian, the spinor connection

R A <8,LeZ + {p”u } egj> (B4)

does not appear.
An equivalent action (up to a boundary term) is ob-
tained by an integration by parts:

L, =
. 7~ O 1 L
thupyry (e’;(x)au + Maﬂ [eldet (e)]) ¥, (B5)
restoring the dependence in the spinor connection since
Ly = ilwpdy el (@) O + ) ¥, (B6)
1 a
Qu = gwabu [’7 57b] . (B7)

In the case of the metric (B1), the above action simplifies
into

=”“’F / dw [ w*atwﬁ(w* Bw)]

(B8)

2. Hamiltonian

The conjugate momentum associated to ¥ and ¥ is
defined, respectively, by

oS ihv

T _ F tA0na,0
™ 680,(/} 2 det(e),lzb 7 fy ea? (Bg)

- oS o ihUF 0.a. 0
= 5ot ) det(e)v v%e . (B10)

The hamiltonian density is therefore defined by
H(z) = nlep +pTr — det(e) L

(B11)

— —det(e)m; e (¢ “8$w>

For the above metric, we thus get a momentum operator

ot = M8 put, =T Ry (Bl
and a Hamiltonian density
ihv o
M) = —VRTRE (v de). o)
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3. Scalar product and density

In a curved spacetime, the scalar product between two
spinors ¢ and 1 is defined through

(0l = / dz det (¢2) ey, (Bl4)

where e)~® is the curved spacetime matrix =%, From
the total number of particle expressed as the scalar prod-
uct (¢|v), we deduce the particle density at position z,
n(x) = det (e,‘j) 1T7%e24%), which reads for our metric

=/ fa 1.

(B15)

4. momentum energy tensor
a. Symmetrized version

The momentum energy tensor is defined as

1 oS
Tow = ( Mya+p<—>u>.

2det(e) \ de (B16)

From the Dirac action (B3), we obtain

— g
: {eya(:ﬁ) (1#7“8”1/}) + = u]
thv
~ G [ 2F ey (x) (z/w 8pw)] (B17)
Four our specific metric (B1), this reduces to

R (w ) ¢) = H(z),
(B18)

det(e)T9 =

det(e)T° = det(e)T*°
_ ihor [ !
B 4 UF\/‘]Tl

7 (#15:9)
- T 81 )
77 (v
det(e)TY = —\/E% (Wgtw) :

("/JT'YO'ngt?/}) (B19)

(B20)

b. Non-symmelric version

A non-symmetric version of this tensor, obtained by
varying the action with respect to the tetrad while keep-
ing the spinor connection fixed, is defined as

1 68
wo_ - 92
Ta det(e) deg

ith

= ehel [&vbgpw}

2



—et | "5 g (8,0)| (B2

Alternatively, we can use the related quantities

1 48

¢ = ———— =e2Thel. B22
o det(e) dey LA (B22)

When working in curved space, it is often useful to ex-

press the non symmetric-version of the momentum en-

ergy tensor with only curved spacetime indices, corre-

sponding to

TH =THel, (B23)
from which we deduce the expression of the energy, the
density of current of energy, etc. Note that the sym-
metrized version (B16) can be recovered as

Tow = Tuw + Top- (B24)

For our metric (B1) we obtain :
a7y = VAT (whrde). @)
det(e)Th = /f1 ﬁwF <¢T707m30¢> ; (B26)
det(e)T2 = \/fa ZHUF <w*3xw> : (B27)
det(e)Tt = —/Fa va (w* SOw). (B28)

While this tensor may no longer look symmetric, its av-
erages on-shell are indeed symmetric (i.e. for fields sat-
isfying the equation of motion).

The operators for the density energy, momentum, en-
ergy current and pressure are therefore

L ihor (000 >
\/722<1/J Dot

J. = vpdet(e) T =

.

(B29)

1 il =
f(l/ﬁ%“(%l/}) (B30)

_ 1 For_ _ L i (e
B =1 1 Zh'UF 1
e (). o

Appendix C: Trace anomaly and thermodynamics in
d-+1 dimensions

In this appendix, we consider the consequences of a
non vanishing energy momentum trace on the thermo-
dynamics of an isotropic medium with a single radiative
pressure P.

From the thermodynamic relation dE = TdS — PdV,
we deduce the relation between densities

dE

cTavl,

(C1)
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as
av |,

dP
ar |,

(C2)

In d+1 dimensions, the trace of the energy momentum
tensor T*, is expressed in terms of the energy density e
and pressure P ase = d P+7T%,. In 1+1 dimension, this

trace is defined in (18) in terms of an energy density 8511)

of (25) as TH, = C’wagl). Combining this relation with
(C2), we get

P
(d+1)P+T", —T;LT (C3)

Given that 7%, is independent on temperature, by inte-
gration of the above equation we get

p=ATH - 17’“ (C4)
1
=\ T4 + d—HT’; (C5)

These relations identify with the equations (28) for d = 1.
Let us now consider the entropy of the system, defined

as S=(E+ F)/(TV) = (¢ + P)/T. From Egs. (C4,C5)
we get
S =\d+1)T? (C6)
1 T
)\(d+1)<)\d )\d(d—s—l)le‘) (C7)

Temperature and entropy are related through the relation
T~! = dS/de. Indeed, we check that the temperature
entering the relations (C4,C5) satisfy this equality:

s _ (e 1 1
de Ad  Ad(d+1)" * T
Specifying these relations to d = 1, from the equa-

tions (28a,28b), the entropy reads S = (¢ + P)/T =
29T = 24/~(e — 5511)). From this we check that dS/de =

(C8)

/(e — 5,(11)) = 1/T. This shows than whenever a tem-
perature can be defined through the relations (C4,C5), it
can be associated to a standard thermodynamics with a
positive entropy. In the present paper, from the relation
(29) it corresponds to the condition 772, > —c'®. The
fate of a system escaping this condition goes beyond the
scope of the present paper.

Appendix D: Explicit solution of the anomalous
Luttinger equivalence

In this appendix, we show how to identify a generic
solution of eq. (33).

We consider the bulk of a thermal conductor, away
from boundaries, where we assume the local temperature
to vary as T'(z) = To(1 + a 7(x)). In a region of size L,



setting 7(+L/2) = £1/2, we get Tp = (T, + Tr)/2,a =
Z(TR — TL)/(TR + TL) where TL = T(—L/Z),TR =
T(+L/2). We will derive the energy current perturba-
tively in the parameter a. First, this amounts to identify
the gravitational potential ¢ equivalent to this tempera-
ture profile, which satisfy

T (x)

0
with a thermal lengthscale Ay, = 2:}@”7;%

A generic solution ¢(z) = Yo7 a"¢™(x) of eq. (D1)
satisfies

)\ T() TO

™ (z) = a, sinh (\/5 < ) + by, cosh (\/5 )\x )

1 v z—a
+ 7/ sinh (\@ ) o™ (Yda' . (D2)
V2Xg, Jo A ) (

To

With o™ a source term which is set by 7(z) and the
lower orders ¢(™) with m < n.

Let us focus on linear temperature profile, for which
7(z) = /L, such as a = LI, T/Ty. From (D2) we get

6™ (z) = <a1 + \g"L) sinh (x/i ;;)

x x
sh 2 - —.
+ by cos <\f v ) 7

(D3)

Imposing a finite gravitational potential in the thermody-
namic limit L > Az, sets a; = —\g,/(v/2L) and by = 0,
leading to ¢!)(z) = — x/L. Recursively, we get

oW (z) = _% 7 (D4)
1

¢ (x) = 57z (@420 (D5)
1 1

A (z) = Iz (—3x3 — 233/\%0> ; (D6)

@ (z) = 1 (z* +202°7%, +21)7,) (D7)

414

which corresponds to ¢(z) = @pu. + 0¢ where ¢p,., =
— In(To/T(x)) is the potential deduced from the stan-
dard Luttinger equivalence, and d¢ encodes the modifi-
cations of this equivalent potential induced by the grav-
itational anomalies, corresponding to the last term on
eq. (D1):

a? a®
06 =57 A, — 2ﬁx/\2T0
4
a
+ 71 [202°A7, + 213, | + O(a®) . (D8)
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Appendix E: Gravitational anomaly and linear
response

1. Momentum operator in a static gravitational
potential

Here we compute the current in a system at a reference
temperature Ty > 0, in the curved space described by the
Luttinger metric, for a simple hamiltonian density in real
space

b, + 0,

}AL = 7’”11)}7 B

(ED)

The D = 141 Dirac hamiltonian in curved space is given
by

H= /dx e?®@ h(z), (E2)

where

O+,
2

h(z) = —ilwp ¥ (z) (). (E3)

The expression of the momentum operator is then de-
duced from Eq. (B31) with fo =1, Il = h/vp, expressed
in Fourier components as:

. dkdg ot
fi(e) = [ Gt ] Wiy, (B9

with,

g g = hk . (E5)

2. Average Momentum

The average momentum at zero temperature can be
computed equation from eqs. (E4) and (E5) as

I(z) = ([(z)) (E6)
. dkdq dw iqT T
N _Z/Wﬁe g kg Gy g g (@),

where the lesser Green’s functions g< and G< are defined
(for t > 0) by

G rra(®) = 100 (WL, (OWiiy(0) . (ET)
and
G;fq’kJrq(w) = /dt ei“)tgkiq’k+q(t) ) (E8)

This lesser Green’s function is related to the retarded
one, defined as

Tpg(t) = —i0() ({¥}(0), ¥,(1)}) (E9)



through the relation

Gy (W) = =2if(w) Im (Gﬁq(w)) (E10)
with
1
fw)=——=. (E11)
14 e*BT

Working in perturbation theory at first order in the grav-
itational potential ¢(x), we develop the Green’s function
using the Dyson equation

24

and with (Go)gr(w) the Green function in absence of
perturbation

(GEIAY 1 (w) = S [w — P gy £301] 71

)

(G(f)k’kf(w) = 22'71'51@)/6/](((4})(5(&} — hk,k)-

(E13)
(E14)

By using the Dyson expansion of the Green’s function
(46) into the expression (E6) we obtain the perturbative
expansion in ¢ of the energy current. At temperatures
kT, small compared to the energy range over which the

system is well described by the Dirac linear Hamiltonian,

G/f/,k(w) = (G(f)k”c + /dx ei(’“_k/)“qb(x) we can develop the Fermi-Dirac distribution as

((G(})%)k',k’ s i (G0<)k,k + (Gg)k’,k/ e (Gé)k,k) ' fw) =60(~w)
(E12) 6

7T2

KYTS 0,5() +O (ks Th)") . (E15)

The equilibrium energy current density, corresponding to
the the 0** order term, can therefore be written as

where the dependence on the fixed frequency index w
has been omitted for clarity in the r.h.s. of the equation,

J

. [ dkdw - 1 1 — sign(vp) w
M) =i [ Soo - - -— =T+ ——5> ——k3T3+0 ((kpTo)*), (E16
R [w—hkyk—m* w — hy e + 0+ T Bt ((kpTo)?), (E16)

where II is the Fermi sea contribution to the momentum density. The first order in ¢ contribution to the momentum
density is given by
. [ dkdg dw | - o R -
H(l)(l") = —Z/ Wﬂdy Hk—g,k+g€m(z y)¢(y) {(Go )Hg’;ﬁ% hk+%,k—g

+ (G0<)k+g,k+g ﬁk+%,k—% (Gé)kfg,kfg}

The long range physics dominating the linear response theory is given by the first order in the development of

vp (k) vp (k) vphq)?
_ F( )_ 4 F( ). 4(F4) L0 ((hg)").
(w—vphk +i07T) (w—vphk +1407)

(E17)

dkdq dw o
2 W W (@) T o . : |
(w — hk+%,k+% + 20+> (w — hk_%,k_% + zO+)

Hy—g kvrahitsr—g
(w — Py g s+ i0+) (w N PPt i0+)

(E18)
The gradient expansion of the regularized current can therefore be written, after integration by parts on the variable
Y,

vp (hk)?
(w — vphk + i0+)?

[ dhkdg dw - or (hk)* _
~ 2/ n)? 27rdyf(w) Im [e a(z—y {(w E— +i0+)2¢>(y)

H(l)(z) ~ —2/ éljrd)g g—:dy(b(y)f(w) Im l

ela(z—y) _

2
h%}% VR (hk) 52 (eiq(miy)>
4 (w—vphk+i0+)*

h2v2, vp (hk)? )
4 (w—vphk 4 i0+)* % (¢(y))H

~ g [dEdw vr (hk)* o Pk or (k) i
~ 2/27T 27Tf( )1 l(w—vphk+i0+)2¢( ) 4 (w—vphk+i0+)4a$ (9 ))1 ' o)
E19
By using
Im <(w _(;i):::)njq) = Fr0; [0 (w— )], (E20)



we can express this momentum density as

oo

~— / %dw § (w) {vp (hk)* 8(w — P ) () —

H(l)(x)

dk
6

Using the replacement 0,6(w — hg i) = —

z_/fwwmm%wmwm—

™

2,2
hvp

H(l)(x)

2,2
h*vg

-T2 [ SEaw 5 [or () 226 (0~ ) o(0) -
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W;k?ngﬁwé(w)} [vp (hk)? 0,6 (w — hyg) d(z) — 73%5( Y03 (hk)? 036 (w — hk,k)}

2477

O2p(z) vp (hk)® 926 (w — hk,k)} (E21)
h?f 92¢(z) vp (hk)? 926 (w — hm)} . (E22)

ﬁ@ké(w — hy k), We can integrate on w to get

n Pp(x)vr (hk)? <h_viﬂ> 31%5(/%,16)]

1

kBTo/;if [UF (ik)? (%};) 6 (hi ) o) — %%W ) vp (lik)? (M) 8}%5(hk,k)] (E23)

o [ o o) - otwyet]| a0 - Tkt [ o) (£24)
=) o |V ¥ T g G\ TIvE hik) T G2 NBTO [ p SUROLTOE
~ i RS 2
~ sien (or) { 51-020(0) ~ Gz k3 TR0(0) . (B25)
[
Gathering the different terms, we obtain, at linear or- conservation equations
der in the gravitational field ¢(z), that the momentum c
reads MJJ =
%TO+¢, ( ¢j+g6\/R@f—a
H(z) =11 hv
. o (/1) + 0. (T%f) = g R0 =0,
. 2
+ sign(vp) LZH 5 kBTs ( 2¢($)>+24ﬂ3z¢($)] ) (F3)

(E26)

which identifies, with the first order in ¢ of the full result
(36D).

Appendix F: Floquet quench dynamics and
evolution of the momentum energy tensor

1. Continuity equation during a metric quench

In this section, we study the continuity equation of
the Lorentz symmetry breaking momentum energy tensor
(22) during a quench of metric. For the sake of simplicity,
and sticking to the protocols detailed in the main text,
we consider a metric of the form

ds? = f(x,t)vEdt? — da? (F1)
which is changed abruptly at ¢t = O:
fr(x) fort <0,
1) = F2
f(f.C ) {f[[(.r) fOI“ t> 0. ( )

Injecting these expression in the conservation equations
(7a), together with the anomalies (18,22) leads to the

2
where we recall that R(x) = iff -3 (%) . Integrating

these equations between ¢t = 0~ and t = 0T, we deduce
that the variables which are continuous across the quench
are both the energy density ¢ = 7% and the momentum

density II, = - TO Vi
79507, 2) = T4 (0%, z), (F4)
{hwwwWw%mmmwmwm

2. Time evolution in a curved spacetime

The conservation equations (F'3) of ¢ and II, which are
continuous at metric quenches, can be explicitly written
using anomalies expressions (18,20) as:

Vf80e — vpd, (ILf) = h”F q(fa,R+;R8wf),
th@(ﬂR—E%
fL’UF

vp/ fOIL — 8, (ef) = — Jo Cwla (f (R—R)).

(F6)



Defining 7+ = ¢ & vpIl, we get

VT T 0, [f(Ti Zgi & (R- R))]:o (F7)

2f/ (aff> ’ (F8)

Hence, the evolution of € and II are deduced from two
rules:

where

1. At the quenches, 7¥ is continuous.

2. Between quenches, since f(z) does not depend on
time, 7+ satisfies the following equation of motion

Mr (- R))} (F9)

(&)$é%){f<7i e

with a rescaled coordinate

(F10)

r 1
[
o flu)
3. Floquet stroboscopic evolution

We now derive the stroboscopic time evolution of 7% in
a Floquet system from the previous equations of motion.
We consider a metric (F1) with

1 f
f(%t)_{ or t € nty,nt, + 1,

f(x) forte}ntp‘f'th(n—&—l)tp[, (F11)
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where t, = t; +t; and n € Z. Calling T, (x) =
T*(x, ntp,) and applying the previous rules we get

TE(z,nt, +t1) = TE(x + vpty, nt,)

T (o £ vpty) (712
and therefore,
7;1“( x) = T+ (@, nt, +t1 + t2)
= fﬁ;) TE(a* + vpty).
T )
+ 108 o (B(a) - R(w))
with
) =y (@) 2 ert) . (F14)

We can rewrite the equation (F13) in more compact
form:

hw
T @) = (0:0%)" TF (o%) = Joc™ {22} (F15)
where {2, 2} denotes the Schwarzian derivative of z*
with respect to z,

(F16)
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