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Introduction

Atoms are composed of a nucleus of protons and neutrons that are held together by strong interactions and a cloud of electrons that rotate around the nucleus held together by electrical forces. The electrons that also rotate around their own axis produce a magnetic dipole. One of the fundamental properties of the electron is that it has a magnetic dipole moment, that is, it behaves like a small magnet. In magnetic materials, atomic and molecular dipoles have magnetic moments not only because of their orbital angular momentum, but also because of the spin of the elementary particles that compose them, the rotation of the particles on themselves [START_REF] Landau | The Classical Theory of Fields, Third Revised English Edition[END_REF][START_REF]Quantum field theory -Wikipedia, the free encyclopedia[END_REF]. This intrinsic property of quantum mechanics has no equivalent in classical mechanics.

Moreover, the notion of a continuous medium is not adapted to the integration of this physical phenomenon insofar as each physical quantity must be defined at a point, whereas the direction of the axis of rotation is a necessary datum as much for an orbital angular motion as for the spin. Discrete mechanics [START_REF] Caltagirone | On primitive formulation in fluid mechanics and fluid-structure interaction with constant piecewise properties in velocity-potentials of acceleration[END_REF] introduces a notion which cannot be reduced to a point based on a segment of finite length. All the modeling of physical phenomena in mechanics and more precisely in fluid mechanics is based on the projection of translational and rotational actions on this segment. This mechanics opens the way to the integration of fundamental concepts of electromagnetism [START_REF] Maxwell | A dynamical theory of the electromagnetic field[END_REF], of the theory of relativity [START_REF] Caltagirone | Physique discrète et relativité[END_REF] or of quantum mechanics.

The discrete formulation is based on a differential geometry approach where the global inertial frame of reference is replaced by a local frame of reference consisting of two nested primal and dual geometrical structures. The derivation of the equation of motion is based on the conservation of total energy per unit of mass i.e. an acceleration. The intrinsic acceleration of a particle or a material medium is equal to the sum of the accelerations applied to it, the latter representing the effects of compression and rotation-shear. This law is a formal Helmholtz-Hodge decomposition [START_REF] Denaro | On the application of the Helmholtz-Hodge decomposition in projection methods for incompressible flows with general boundary conditions[END_REF][START_REF] Bhatia | The Helmholtz-Hodge Decomposition -A Survey[END_REF][START_REF] Ranocha | Discrete Vector Calculus and Helmholtz Hodge Decomposition for Classical Finite Difference Summation by Parts Operators[END_REF] where the intrinsic acceleration is the sum of a curl-free term and a divergence-free term.

The notion of nuclear spin is naturally integrated in the discrete formulation by mimicking local magnetic moments around the primal structure defined by a segment. The fluid mechanics equivalent would be a vortex, both irrotational and incompressible, represented by a singularity at the origin. Of course the discrete mechanics approach remains in a macroscopic framework where the motions of the material medium are represented by velocity vectors or by components of this vector.

2 Discrete mechanics framework

Physical principles

The fundamental principles of discrete mechanics have already been described in [START_REF] Caltagirone | Discrete Mechanics, concepts and applications[END_REF][START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF]. A reduced description allows however to introduce the new concept of nuclear spin.

One dimensional model

First of all, the notion of continuous medium is abandoned; this historical notion has many advantages, including differential calculation, but also has some limitations due to the necessity to restrict all physical variables to a point. The spatial variations of these variables are then described by differential operators.

Discrete mechanics is associated with a vision coming from differential geometry based on two geometrical architectures, the primal and dual interchangeable structures presented on the figure [START_REF] Landau | The Classical Theory of Fields, Third Revised English Edition[END_REF]. The primal structure is a straight Γ segment of length dh = [a, b] and the dual structure corresponds to a closed Σ contour delimiting a S planar surface. The segment Γ has a unit vector t and the dual surface is oriented along the normal n with the structural condition t • n = 0. The scalars are carried by the a or b vertex of the primal structure while the vectors are associated with the Γ segment itself. In fact, space vectors or tensors of order greater than one are absent from the formulation. A vector defined on Γ is indifferently, a scalar carried by the oriented segment and the projection of the space vector V such that v = (V • t) t; v represents the component on the segment Γ of the space vector, u the component of displacement and γ the component of acceleration. At no time will it be necessary to use the space vectors to derive the discrete equation of motion. All the physics represented is integrally associated with this one-dimensional vision of space.

The notion of discrete time or rather of time interval dt = t -t o allows to introduce a current time t and an initial time t o . It is the second and only fundamental quantity strongly linked to the distance dh = c dt which represents the horizon as it is defined in cosmology: an event which occurs in a cannot be perceived at a distance greater than dh. The celerity c can be c 0 the celerity of light or the celerity of the material medium, for example for acoustic waves.

The global frame of reference of classical mechanics is abandoned in favor of the local frame of reference defined by the Γ segment. Of course the notion of change of reference frame does not exist anymore, the interactions between the local reference frames are realized from cause to effect. Insofar as the velocities are variable in space, the change of reference frame loses its interest in predicting distant phenomena. The Galilean or Lorentz transformations are no longer applicable in the new context.

In discrete mechanics, the analysis is put aside, the derivation at a point, the integration, the passage to the limits, ... are not applicable anymore. Only four discrete operators are constructed to realize the passage between the two geometrical structures. The operator ∇φ is the restriction of the gradient of a scalar on the segment Γ, the gradient vector does not exist in space. The primal rotational, ∇ × v is constructed from the velocity flow on the primal contour defined by the surface S. The divergence of the velocity ∇ • v has the same meaning as in continuum mechanics and represents the flows on the dual surface around a vertex a. Finally, the dual curl, ∇ d × ψ, computed from the circulation on the dual contour Σ with Stokes's theorem projects the result on the oriented segment Γ. Some properties of discrete mechanics mimic those of the continuous medium in particular ∇×(∇φ) = 0 and ∇• ∇ d × ψ = 0. These important identities are verified for all primal and dual structures of polygonal or polyhedral type [START_REF] Shashkov | Conservative Finite-Difference Methods on General Grids[END_REF][START_REF] Hyman | The orthogonal decomposition theorems for mimetic finite difference methods[END_REF].

Extension of physical model to other dimensions

The abandonment of mass leads to a law of dynamics γ = g for gravitational effects; this law is extended as a postulate for any other phenomenon:

γ = h ( 1 
)
where h is the sum of the accelerations, those of the effects of compression and shear but also all the other potential source terms: gravitation, capillary acceleration, etc. The physical modeling of the discrete mechanics is realized only on the Γ segment associated to the δ dual contour of the figure [START_REF] Landau | The Classical Theory of Fields, Third Revised English Edition[END_REF]. The direct action defined by -∇φ and the acceleration induced by ∇ d × ψ are both projected onto the segment Γ; the law of dynamics thus becomes:

γ = -∇φ + ∇ d × ψ (2) 
where γ c = -∇φ is the longitudinal acceleration and γ r = ∇ d × ψ is the angular acceleration carried by Γ. The equation ( 2) is a formal Helmholtz-Hodge decomposition of the acceleration and φ and ψ are its scalar and vector potential. Possible divergence-free and curl-free terms are filtered by the equation and correspond to the rigid translation and rotation motions. The extension to several dimensions of space is done naturally by associating the local reference frames by the vertices a and b of the figure [START_REF] Landau | The Classical Theory of Fields, Third Revised English Edition[END_REF] to form a closed contour Γ * and the flat surface S of the primal structure. By extension volumes are created to form dual structures in polyhedra with planar surfaces.

From the physical point of view the interactions are realized from cause to effect, from one segment to another. Even if the notion of change of reference frame is lost, the advantage of the formulation is to avoid any superfluous constraint. For example, the limitation of the celerity to a defined value a priori, that of light for light waves. The values of the velocity defined on each vertex thus ensure the representativeness of the change of refractive index between two different media. In fluid mechanics, the subsonic then supersonic flow beyond the throat of a Laval nozzle translates this causal phenomenon where the supersonic state can only be obtained if the flow is sonic at the throat.

Mass -energy equivalence

Consider a mass of fluid m contained within the dual volume Ω centered around a vertex a of the primal structure that we follow in its motion. The volume of Ω remains fixed while a flow of material is injected through its surface Σ. The calculation can be carried out in the same way for the conservation of mass and the conservation of compression energy. The compression energy per unit mass initially contained in Ω is noted φ o and its variation with time is a function of the injected flow rate represented by the divergence of the velocity, ∇ • v, orthogonal to volume limit. This variation is thus equal to dφ for a time lapse of dt. The compression energy is a function of the compressibility of the medium χ S and of the density ρ whose grouping c l = 1/(ρχ S ) is none other than the longitudinal celerity. As the energy of compression per unit of mass is equal to φ = c 2 l the laws of conservation of the mass and that of the energy of compression are given by the laws:

         dm dt = -m ∇ • v dφ dt = -φ ∇ • v (3) 
The first law of (3) reflects the conservation of mass in continuum mechanics and of course remains valid in special relativity and discrete mechanics. In the case where c l = c 0 the celerity of light in vacuum we get φ = c 2 0 , that is the energy available if the mass m is completely transformed into energy. We thus find the famous law of special relativity E = m c 2 0 . This conformity of the two laws (3) translates the equivalence between the mass and the energy of the theory of relativity which concerns only the compression energy.

As the divergence of the velocity ∇ • v is constant between the times t o and t corresponding to two mechanical equilibria the evolution of the compression energy can be integrated directly:

φ = φ o e -dt ∇ • v (4) 
The dimensionless grouping dt ∇ • v can be equated to the CFL (Courant-Friedrichs-Lewy condition) and compared to unity but it is here a parameter due to physical modeling alone. Moreover, the compression and rotation energies must be advected by the velocity field v. This Lagrangian advection phase can be carried out by various methodologies.

The mass-energy equivalence of special relativity is naturally found in discrete mechanics. The consequences for the recent development of fluid mechanics have not been drawn because, amazingly, the Navier-Stokes equation is always associated with the law of mass conservation. This position leads a priori to a duplication of certain laws of mechanics.

Equivalence moment of inertia -rotation energy

The mass-energy equivalence of the Special Relativity theory concerns only the compressional energy and c 0 is the longitudinal wave celerity c l . The symmetry of the discrete equation of motion [START_REF] Caltagirone | On primitive formulation in fluid mechanics and fluid-structure interaction with constant piecewise properties in velocity-potentials of acceleration[END_REF] shows that each term representing the compression effects is doubled by a term corresponding to the rotation. Similarly, the form of the acceleration [START_REF]Quantum field theory -Wikipedia, the free encyclopedia[END_REF] in two terms at curlfree and divergence-free of a Helmholtz-Hodge decomposition suggests to extend the equivalence between mass and translation energy to rotation.

In classical mechanics the angular acceleration around an axis ∆ is associated to the moment of inertia J ∆ and to the rotational energy. In an analogous way in discrete mechanics, the energy of rotation per unit mass ψ around an axis n orthogonal to each facet of the primal structure is associated to the rate of rotation characterized by the vortex vector ω = ∇ × v; the potential vector ψ and the vortex vector ω are, of course, colinear. Thus, the conservations of angular momentum and energy and rotation are given by the laws:

         dJ ∆ dt = -J ∆ ∇ × V dψ dt = -ψ ∇ × v (5) 
where the vectors J ∆ and ∇ × V are collinear just like ψ and ∇ × v, scalars on oriented segments are also vectors. The potential vector ψ of the total acceleration γ is an energy per unit mass and, like the scalar potential, it is equal to the squared celerity ψ = c 2 t defined at the barycenter of the primal surface S associated with the normal n.

This second equivalence (5) between moment of inertia and rotational energy is not present in relativity theory, it is however the counterpart to the translation effects. In classical mechanics the resultant of the forces is associated with another law that is added to Newton's laws, the angular momentum. In discrete mechanics the intrinsic acceleration has both translational and rotational components, or in other words preserves the linear momentum and the angular momentum.

An equation of motion without mass

Let us consider a particle or a material medium accelerating on the segment Γ its total energy variation per unit of mass between a and b is given by the line integral:

Φ = Γ γ • t dl (6) 
The total energy is in fact the sum of the compression energy φ and the rotation energy ψ, the two scalar and vector potentials where γ l = -∇φ is the translation acceleration and γ r = ∇ d × ψ rotation acceleration. The acceleration γ is considered in discrete mechanics as an absolute quantity, measurable at any point and at any instant from which are updated the velocity v = v o + γ dt and the displacement u = u o + v dt. At time t o the velocity and the displacement are respectively v o and u o .

The modern formulation of fluid mechanics, the Navier-Stokes equation, establishes the conservation of the momentum p = m V or rather its form per unit volume q = ρ V. In fact, the mass or density is found in many equations of physics, Bernoulli, Lagrange, Euler, Lamé and even in the equations of quantum mechanics like that of Dirac. At the same time, all the quantities of physics which make mass appear do so at order -1 or 1. It is therefore possible to define an equivalent quantity per unit of mass. This possibility also applies to the universal constants of physics.

Amazingly, the theory of special relativity which establishes the equivalence between energy and mass has not encouraged the mechanistic community to choose one or the other of these quantities, why keep both? The relativistic energy is E = γ m 0 c 2 0 and p = γ m 0 V where m 0 is the rest mass and γ = 1/ » 1 -v 2 /c 2 0 the Lorentz factor and c 0 the celerity of light in vacuum. The relativistic invariant is the mass energy of the particle:

E 2 -p 2 c 2 0 = m 2 0 c 4 0 (7) 
Unlike the Newtonian case, the relativistic energy of massive particles is generally an irrational function of the particle momentum. For zero mass photons E 2p 2 c 2 0 = m 2 0 c 4 0 = 0; this difficulty is overcome by fixing a value p = E/c 0 of the norm of the momentum. The consequence is the attribution to the photon of a constant celerity always equal to c 0 , the maximum velocity of the special relativity framework. Discrete mechanics proposes to put aside the notion of mass to derive an alternative law based on acceleration and which conserves the total energy on a segment as shown by the form [START_REF] Denaro | On the application of the Helmholtz-Hodge decomposition in projection methods for incompressible flows with general boundary conditions[END_REF]. In the absence of a global reference frame and of a change of reference frame the energy per unit of mass is simply written:

φ = c v ( 8 
)
This energy is linked to the segment Γ but it can be defined on the vertices of this one and will take the form φ a = c v a on the vertex a. Like many physical quantities it is a relative quantity which will have to be updated from its value at time t o . The maximum energy that can be extracted from the mass m is always equal to E = m c 2 0 . The expression ( 8) is not only justified for the propagation of light with c 0 but also for other physical phenomena such as the propagation of acoustic waves in fluids.

Discrete equation of motion

The equation of motion is then derived as a conservation of the total Φ on the segment Γ by an integration:

Γ γ • t dl = - Γ ∇φ • t dl + Γ ∇ d × ψ • t dl (9) 
where γ is the intrinsic acceleration associated to the oriented segment, φ the scalar potential defined on each vertex and ψ the oriented vector potential along the normal n of the primal surface S. All contributions are thus projected onto the segment Γ. The intermediate variable is the component v of the velocity from which the other quantities are expressed, notably the γ = dv/dt. These are the scalars of the average quantities on the segment oriented by t.

The actual potentials φ and ψ are given in terms of their values at time t o , φ o and ψ o named retarded potentials by analogy to the electromagnetic potentials [START_REF] Liénard | Champ électrique et magnétique produit par une charge électrique concentrée en un point et animée d'un mouvement quelconque[END_REF] from the energy balances where the potentials are expressed by c l and c t , the longitudinal and transverse celerities. The equation of motion then takes the form:

dv dt = -∇ φ o -c 2 l dt ∇ • v + ∇ d × ψ o -c 2 t dt ∇ × v + h s (10) 
where h s represents the possible source terms. Solving this equation in terms of velocity v allows to update the potentials and eventually the displacement:

updates            α l φ o -c 2 l dt ∇ • v -→ φ o α t ψ o -c 2 t dt ∇ × v -→ ψ o u -v dt -→ u o (11) 
where the symbol -→ represents the update of the retarded potentials. The quantities α l and α t are respectively the attenuation factors of longitudinal and transverse waves. The material derivative includes the time derivative and the two inertia terms as defined in discrete mechanics [START_REF] Caltagirone | On Helmholtz-Hodge decomposition of inertia on a discrete local frame of reference[END_REF]:

γ ≡ dv dt = ∂v ∂t + ∇ Å 1 2 |v| 2 ã -∇ d × Å 1 2 |v| 2 n ã (12) 
The intrinsic acceleration contains the two terms of a Helmholtz-Hodge decomposition of the inertial potential φ i = |v| 2 /2. The second term differs significantly from the Lamb vector L = -V ×∇×V of continuum mechanics where the inertia is of the form

V •∇V = ∇(|V| 2 /2)- V × ∇ × V.

Integration of nuclear spin

The equation of motion [START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF] associated with updates [START_REF] Shashkov | Conservative Finite-Difference Methods on General Grids[END_REF] and inertia [START_REF] Hyman | The orthogonal decomposition theorems for mimetic finite difference methods[END_REF] represents an alternative physical model to the Navier-Stokes equations. Many differences are to be noted but one of the main ones the necessary addition of the conservation mass to the Navier-Stokes equation; without it the conservation of mass is not intrinsically assured. Given its symmetries the discrete equation ( 10) has a number of mathematical properties stated by Noether's theorems [START_REF] Kosmann-Schwarzbach | Noether Theorems. Invariance and Conservations Laws in the Twentieth Century[END_REF] even if the momentum is replaced by the conservation of acceleration. In spite of the notable formal differences the classical solutions, analytical or numerical of the Navier-Stokes equation, are found exactly [START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF]. Important consequences due to the form of the inertia can however appear in particular conditions, especially in turbulence.

The discrete formulation based on a geometrical approach using the two primal and dual structures allows us to foresee a potential harmonization of physical concepts which are not compatible with continuum mechanics. The abandonment of mass is already a first step towards concepts used in electromagnetism.

The transformation of the notion of point in continuum mechanics into a finite dimensional segment dh opens the perspective of an assignment of a new intrinsic property, the nuclear spin. Of course it is not a question here of establishing a strict coherence with this phenomenon of quantum mechanics, the framework of discrete mechanics is part of a classical field theory; the equation of motion itself translates the propagation of longitudinal and transverse waves of the more general framework of the duality hypothesis between waves and particles emitted by Louis de Broglie in 1924. Spin is the only quantum quantity that has no classical equivalent, unlike, for example, the position, the momentum or the energy of a particle. It is not a question here of unifying the physical laws of discrete mechanics and quantum mechanics but rather of mimicking the phenomenon of nuclear spin in the framework defined above.

Let us consider the segment dh and a rotation of this one around its axis (figure 2). Spin is in no way related to a dimension of the primal or dual structures, so its representation in terms of simple rotation has been abandoned. W. Pauli had already shown that, given the estimated dimensions of the electron, a rotation of the electron would require a tangential velocity of rotation at its equator which would be greater than the celerity of light, a velocity which is in principle unachievable according to the theory of special relativity. It is thus necessary to define an intrinsic quantity called spin energy σ representing the energy of rotation per unit of mass expressed in [σ] = m 2 s -2 , the analogue of the vector potential ψ for the rotation of the fluid at large scale. The quantity σ is the equivalent of the magnetic moment in quantum mechanics and the notion defined here two phenomena; indeed, atomic and molecular dipoles have magnetic moments not only because of their quantized orbital angular momentum, but also because of the spin of the elementary particles that compose them.

In discrete mechanics all actions are projected in fine on the Γ segment through differential operators. As the dual curl d × ψ is linked to a spatial dimension of the primal structure it is necessary to define a projector named spin-curl ∇ s × σ which will act as a positive or negative acceleration on the intrinsic acceleration of the material medium γ. From the physical point of view each segment behaves like a magnet by specifying that γ s = ∇ s × σ is only a component of the spin acceleration vector which remains indeterminate like all other vectors in space.

Since the rotation velocity is not defined as a function of the distance r to the axis of rotation, the rotation is modeled from a vortex of velocity v s = C/r and intensity Γ such that:

Γ = 2π 0 v s (r) r dr = 2 π C ( 13 
)
where C is a constant and Γ the circulation. This divergence-free and curl-free vortex model has the advantage of eliminating the notion of distance to an axis and of conceiving the spin as an intrinsic quantity associated with the singularity of v s (r) on the axis. The magnetic moment of classical mechanics is equivalent to the spin energy thus equal to σ = Γ/dt. Its spin curl allows express the component on Γ of the spin acceleration ∇ s × σ; this acceleration represents both the orbital and intrinsic spin moments which act on the acceleration of the material medium in an unsteady dynamics. The discrete equation of motion integrating the notion of nuclear spin becomes:

dv dt = -∇ φ o -c 2 l dt ∇ • v + ∇ d × ψ o -c 2 t dt ∇ × v + ∇ s × σ (14) 
For a static equilibrium as in the case of a permanent magnet the equation of motion ( 14) reduces to:

-∇φ s + ∇ s × σ = 0 (15) 
where φ s is the scalar potential which ensures mechanical equilibrium; in the general case this can only be obtained by the unsteady solution of the equation of motion when t → ∞. The two potentials of the equation ( 15) represent two orthogonal fields.

Examples

The two examples presented are simple illustrations of the flexibility of the discrete equation of motion, they are not complete studies of the simulated phenomena. They allow to promote the concept of nuclear spin, introduces and formalizes the adaptation of discrete mechanics to a notion assigned to the atomic scale.

Magnetic field around a permanent magnet

First of all, it is necessary to note that the discrete equation ( 10) is a law of propagation of acoustic waves but also of electromagnetic waves in general. To show this we must consider the displacement u = v dt and the two equal longitudinal and transverse velocities c l = c t = c. Taking into account ∇ 2 u = ∇(∇ • u) -∇ × ∇ × u it is simple to show that the discrete law becomes:

1 c 2 0 d 2 u dt 2 -∇ 2 u = -∇φ o + ∇ × ψ o (16) 
where φ o and ψ o are the retarded potentials assimilated to those of electromagnetism and c 0 the celerity of light.

In a Lagrangian view the first member of this expression is the d'Alembertian u but here this relation integrates the inertia (1) equivalent to the nonlinear Lorentz force. If E and B are electromagnetic fields find the laws E 0 and B = 0. There is thus a strong equivalence between the mechanical quantities and those of electromagnetism (i) the velocity v replaces the current v = j/ρ m where ρ m is current density, (ii) the scalar potential is identified with the electric potential φ = (ρ m /ρ) e, (iii) the vector potential is replaced by the magnetic induction ρ m B/(ρ µ m σ m ) where µ m the magnetic permeability and σ the electrical conductivity. The solution of the equation [START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF] allows to find the solution of the electromagnetic problem using these equivalences.

The first example of magnetostatics is to make a permanent magnet and calculate the residual magnetic field. The equation ( 10) is a continuous memory model that includes the possibility of representing the permanent magnetization of a ferromagnetic metal. The first phase consists in creating a permanent magnetization from an electromagnet of magnetic field B on a piece of ferromagnetic material shown on the figure [START_REF] Caltagirone | On primitive formulation in fluid mechanics and fluid-structure interaction with constant piecewise properties in velocity-potentials of acceleration[END_REF]. The system of equations [START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF] is solved by maintaining a constant field B and by ensuring the upgrade of the equilibrium vector potential ψ o with the transverse attenuation factor α t = 1. At the end of this phase the magnet is permanent and ψ o maintains a constant field inside the magnet.

The second phase of the experiment consists in looking for the induced magnetic field B outside the magnet in the vacuum or in the air, always with [START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF], by maintaining a spin field σ = y e z generating an acceleration equal to γ s = ∇ s × σ = 1 e x inside the solid domain. The scalar potential φ s updated over time by the divergence of the velocity is not zero but it does not influence the magnetic field; this velocity field becomes divergence-free (Coulomb gauge) inside but also outside the magnet.

Figure (3) shows the magnetic field generated by a permanent magnet in a vacuum. This magnetic spin field σ is indeed with zero divergence and corresponds to that which gave birth to it if the material is perfectly persistent; the steady state agrees with equation [START_REF] Kosmann-Schwarzbach | Noether Theorems. Invariance and Conservations Laws in the Twentieth Century[END_REF]. We can see that the current lines of the magnetic flux σ and the equipotential lines of φ s are indeed orthogonal. Once the stationary regime is reached, no more energy is exchanged and the translation acceleration defined by ∇φ s is equal to the rotation acceleration ∇ s × σ.

Convection in a ferromagnetic liquid

Other potential uses be found in the of fluid mechanics or magnetohydrodynamics without having to resort to equation coupling. For viscous fluids the attenuation factor α t ≈ 0 which is justified by the very small time constant for which transverse waves are attenuated, τ ≈ 10 -11 s. The grouping dtc 2 t must then be replaced by ν the kinematic viscosity of the fluid and the instantaneous vector potential by ψ = ν ∇ × v. The equation of motion of a viscous fluid in the presence of a nuclear spin σ reads:

dv dt = -∇ φ o -c 2 l dt ∇ • v -∇ d × (ν ∇ × v) + ∇ s × σ (17) 
Obviously, the viscous dissipation transforms part of the mechanical energy into heat in an irreversible way and a flow cannot remain for long if external energy is not supplied to it. The problem posed here is therefore very different from the example of the magnet where the storage of magnetic energy is almost permanent. The mechanisms are more complex: it is necessary that an external magnetic field B is maintained to orient the micro-magnets simulating the nuclear spin whose orientation is modified by the fluid flow. In the case of a non-magnetic medium, the B field would have no influence.

The equation (17) associated with the nonlinear terms [START_REF] Caltagirone | On Helmholtz-Hodge decomposition of inertia on a discrete local frame of reference[END_REF] without the spin source term has already shown its ability to find the theoretical or numerical solutions on many examples in fluid mechanics [START_REF] Caltagirone | Application of discrete mechanics model to jump conditions in two-phase flows[END_REF]. The ∇ s × σ term has the same properties as the dual curl ∇ d × ψ o , in particular it is divergence-free whatever the type of polyhedral geometric structure chosen. As the considered state is stationary, the acceleration is null and the law of motion becomes -∇φ o + ∇ d × ψ o = 0 where ψ o = ν∇ × v is the energy dissipated by viscosity of fluid. Thus, the energy supplied from outside by the field B and then assigned to the fluid through the spin is transformed into heat by maintaining the acceleration ∇ d × ψ o = ∇ s × σ. In the case where the velocities are important the inertia terms ∇φ i -∇ d × ψ i are no longer negligible and the equality given above becomes -∇φ o B + ∇ d × ψ o B = 0 which make the Bernoulli potentials appear. It is indeed possible to introduce the inertia term within the scalar potential φ o B = φ o + |v| 2 /2. The scalar φ o and vector ψ o potentials of the intrinsic acceleration of the fluid are shown in figure [START_REF] Maxwell | A dynamical theory of the electromagnetic field[END_REF]. The flow calculated from equation (17) tends to a stationary convective state in the form of a vortex.

The introduction of the notion of spin in the framework of discrete mechanics is consistent with the objective of remaining in the macroscopic context of classical field theory. The result is the definition of a term compatible with those already existing in the equation of motion in the form of a Helmholtz-Hodge decomposition.

Conclusions

The discrete formulation where the notion of continuous medium has been abandoned has allowed the introduction of a concept not naturally present in classical mechanics, that of nuclear spin by mimicking the phenomena at the atomic scale. The spin has been associated to the rotation of the Γ segment of the primal formulation as an intrinsic property while remaining in a continuous approach. This extension contributes to the progressive integration of contemporary physics within the older laws of mechanics. The inescapable results of the theory of relativity, of electromagnetism, of quantum mechanics must necessarily be integrated into an appropriate formalism, here that of discrete mechanics. It is quite possible that limitations will be detected in the future, only the experiment will allow to judge the validity of this approach for nonconventional applications.

The main interest of the entanglement of different physical phenomena represented by terms within the same equation of motion is to ensure their temporal and spatial consistency. The formulation in a Helmholtz-Hodge decomposition of all phenomena, inertia, compression, rotation and even the source terms which are also written in the same way, consolidates the cohesion of the equation of motion.

Figure 1 .

 1 Figure 1. Entangled primal (blue) and dual (red) geometric structures; the Γ segments of unit vectors t of the primal structure form the Γ * collection bounding the primal S planar surface. The segments δ oriented along n form the dual contour whose face ∆ is also flat. The two vectors t and n are orthogonal by construction. The scalar potential φ is defined on the vertices of the primal contour and the vector potential ψ is associated to the barycenter of the surface S.
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 2 Figure 2. Mimetic simulation of the nuclear spin by the rotation of the dual vector σ around segment Γ; the circulation of this vector around the oriented axis t induces an acceleration directly on Γ
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 3 Figure 3. A magnet made of a ferromagnetic material represented by the rectangle produces a magnetic field outside. The residual field in the magnet is equal to σ = y e z . The magnetic field is represented by a gradient of colors and the scalar potential by lines.

Figure 4 .

 4 Figure 4. Convection in a square cavity induced by the application of a magnetic field B on a viscous ferromagnetic fluid; scalar potential φ o and vector potential ψ o