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The initial drift of a 2D droplet at zero temperature

Raphaél Cerf * and Sana Louhichi

Abstract
We consider the 2D stochastic Ising model evolving according to the Glauber dynamics
at zero temperature. We compute the initial drift for droplets which are discretizations
of smooth domains. A specific spatial average of the derivative at time 0 of the volume
variation of a droplet close to a boundary point is equal to its curvature multiplied by a
direction dependent coefficient. For a boundary point having a tangent with angle 6, this

coefficient is equal to —%| cos 26)|.
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Introduction

The phenomenological theory asserts that the evolution of the shape of a droplet of one phase
immersed in another phase is governed by the motion by mean curvature. We are still far
from being able to verify this assertion starting from a genuine microscopic dynamics. Very
interesting results have been obtained in a series of works in the context of the Ising model with
Ka¢ potentials [3, 4, 5, 6]. However, motion by mean curvature is recovered in some scaling
limit where the range of the interactions diverges to infinity: the model becomes somehow close
to a mean—field model and the ensuing motion is isotropic. For the true Ising model with only
nearest—neighbour interactions, it is expected that an interface between the minus and the plus
phase evolves according to an anisotropic motion by mean curvature, that is, each point = of

the interface has velocity

where v(x) is the vector normal to the interface at z, ¢ is the curvature of the interface at & and
¢(v) is a coefficient depending on the direction of v. This anisotropy stems from the anisotropy
of the cubic lattice.

In this paper, we consider the zero temperature Glauber dynamics for the 2D Ising model.
Although we do not succeed in deriving the full motion by mean curvature, we manage to
compute the initial drift for droplets which are discretizations of smooth domains and we
believe this is a crucial step. Four works are directly relevant. In [8], Spohn claims to establish
rigorously the mean curvature motion in the context of the 2D Ising model at zero temperature
for interfaces which can be represented as the graph of a function. Although his results do not
apply directly to the case of a droplet, we note that his formula for the direction dependent
coefficient does not seem to agree with ours. We have not been able so far to explain the reason
of this disagreement. The computation we present here can be considered to be a refinement
of the observation of [1]. Chayes, Schonmann and Swindle proved a Lifshitz law for the volume
of a two-dimensional droplet at zero temperature. Instead of looking at the total volume of
the droplet, we shall concentrate here on the volume variation of the droplet in a small ball
attached to its boundary. In [2], by interpreting the interface as a one dimensional exclusion
process, Chayes and Swindle manage to prove that, starting from a square droplet, the evolution
of the shape of one corner is described in the hydrodynamical limit by an appropriate Stefan
problem. Finally, Sowers develops in [7] a framework of geometric measure theory to obtain
the hydrodynamical limit. His convergence theorem is conditional on the verification of several
assumptions, some of them concerning the structure of the interface. It might be that these
estimates are the missing pieces to complete the picture.

Let us turn now to the description of our result. We work with the stochastic Ising model
evolving according to the Glauber dynamics at zero temperature. We consider the diffusive
limit where space is rescaled by a factor N and time is speeded up by a factor N?. We start

with a plus droplet whose boundary is a C; simple Jordan curve «: the initial configuration



at step NV is the discretization of the smooth droplet, consisting of the squares of the lattice
%7 /N which intersect the interior of 4. The droplet is immersed in the minus phase, hence all
the squares of the discretization are initially set to plus, while the other squares of the lattice
are set to minus. We then look at the process (oy2,¢ > 0) and we denote by AN(#) the plus
droplet at time N%t. Let x be a point of 4. We study the variation of the magnetization inside
the ball B(x,r) centered at x with radius r, for r small. Equivalently, we look at the volume
vol(B(x,r) N AN(t)) of the plus droplet in this ball and we aim at computing its derivative
lim %(VOI(B(X, r) N AN()) = vol(B(x,r) N AN(0)) .
Several problems arise. Since the dynamics proceeds by jumps, we have to take the expectation
to get a differentiable quantity. Next we wish to link the infinitesimal volume variation with
the curvature of the droplet’s boundary at x. To achieve this, we need to recover approximately
the slope of the continuous curve from its discretized version. We perform a spatial averaging.
Letting @, 1 be the two points of v which belong to the sphere dB(x,r), we consider the
domain
S(l‘, T, Qg a2) = B(l‘, T) U B(l'Ov al) U B(l'l, 042),
and we denote by Sy its discretization at step N. The quantity of primary interest to link the
volume variation and the curvature is
5 Loy, 1 N N
Ay(x,r ) = ﬁ/o ; 151_1;% n (IE(VOI(A (t)NSn)) — vol(AY(0) N SN)) doy dag.

Our main result states that

1 1 1
lim lim lim inf —AX(2,7,6) = lim lim limsup — A} (z,r,d) = —§| cos(20)|&, ()

r—0 §—=0 N—co 2r r=0 60 N_soo 27
where 6 is the angle of the tangent to v at « and &, () is the curvature of v at x. This indicates
that the limit (A(t),¢ > 0) of any decently converging subsequence of the stochastic motion
(AN(t),t > 0) should satisfy the equation, for any s > 0 and for any = € 0.A(s)

lim lim
r—0 §—0 2142

/05 ' lim ! (IE(vol(A(t)N'S)) — vol(A(s) N S)) doy devg = —%| cos(20)| &, (x)

0 t—s { — s

or at least a weaker variant of it. Here (A(?),¢ > 0) is a random process describing the evolution
of the shape of the droplet. A standard computation shows that the deterministic motion by
mean curvature satisfies this equation. However we do not know whether it is the only solution
to this equation; we have not investigated the corresponding theory so far. For instance, can one
get rid of the expectation? Anyway, we are still far from establishing that the hydrodynamical
limit of the droplet process satisfies the above equation. An important further step would be to
deal with more relaxed initial configurations, namely, to start with a droplet which is close to
a continuous droplet either in the volume sense or in the sense of the Hausdorff metric, instead
of being exactly its discretization. The main obstacle is to control dynamically the proportion
of the corners in a microscopic random interface when its average slope is known. This would

probably require some additional probabilistic input.



1 The model

We consider a zero-temperature 2D-stochastic Ising model. More precisely it is a continuous
time Markov process (o¢);>0 taking values in {—1, —|—1}Z2 with generator L which acts on each
local function f: {—1,41}% — IR as

(Lf)(o) = > ez, 0)(f(o7) = f(0)).

v€Z?

Here

. _{ o(y) ify#a,

o’(y) = el
—oly) ify=uz,
and c(x, o) is the rate with which the spin at site  flips when the configuration is o. The rates
¢(x,0) define the dynamics. For the zero-temperature Ising model, the rates ¢(x, o) are given
by
1 if more than 2 neighbors of x have a spin opposite to x;
c(x,0) =< a if exactly 2 neighbors of = have a spin opposite to x;

0 otherwise,

where 0 < o <1 is a fixed parameter. For technical reasons, we will take o« = % in the sequel.

Initial condition. Let 4 be a Jordan curve of IR®.. Suppose that v encloses a connected,
compact and bounded set Q of IR? i.e. v = 9. Let N be a fixed positive integer. We define

the spin configuration, og := g, at time 0 as :

+1 if AZ,/NOQ%@

—1  otherwise,

Vaell?, oo(z) = {
where, for all = (21, 2;) € Z* and N € IN, A, /n is the box defined as
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We will say that g is the spin configuration associated to the curve v at step V.

Having both the initial condition and the generator, the Markov process (o;);>0 at step N
is well defined.

The curve v = 9) and the configuration oy.

2 Notation

2
Let N be a fixed positive integer. We denote by Z3 the grid ZW The family of boxes

(A, @ € %), as defined by (1), forms a partition of IR*:

IRZZUEEZAI7 Va,ye€ U, v #y, A\, NA, =10

Ty

Hence, for each u = (uy,uz) € IR? there exists a unique uy € Z]QV such that v € A,,. Moreover
it — unlle < 2, where [l = max(jua, Jual).

To each bounded set S of IR?, we associate the set Sy defined by

SN = Uggezﬁvamns;&@Al"

The set S is included in the set Sy with polygonal boundary.



For 0 € {—1,41}% and for x € Z*, we denote by s(o, ), the number of the neighbors of x

having a spin opposite to = in the configuration o:

son) =5 Yol —oly)l

yE?: |z —y|=1
where |z| = y/2% + 23 for @ = (z1, 23).

Let N be a positive fixed integer, we define the set

Air\f = U Ax/N

r€W?, o(x)=+1

For all * € Z*, o(x) = +1 if and only if z € NAY.
Let us note that, when o is the spin configuration associated to a continuous Jordan curve =

at step N, then the corresponding set A% is connected; that means that Iy(o0)=4 = 0.

Let r, aq, ay be positive real numbers. We define for s € v, the set
S(s,ryon,00) = B(s,r) U B(xg, 1) U B2y, a3),

where B(s,r) is the closed ball centered at s with radius r chosen sufficiently small, so that
0B(s,r) N~ contains exactly 2 points xg and ;.
Let ]

Ly (s, a1, az) = 11_1%1 7 (IEUO (Vol(./élé\iN2 NSy)) — VOl(.Ai\; N SN)) )

where Sy = (S(s,r, a1, a32))y = (B(s,r) U B(xo, 1) U B(z1,032))y and vol denotes the planar

Lebesgue measure.



The set (B(s,r)U B(xg, 1) U B(x1,a2)) -
Finally, we define the average

1 6 46
A?V(S,r,(S):ﬁ/o /0 Ly (8,7, a1, a) day das.

3 Main result

Theorem 1 Let v be a Jordan curve of IR? of class Cy. Suppose that v encloses a connected,
compact and bounded set Q of IR* i.e. v = 0. Let s €  be fixed. Then,

1 1 1
N S VR 1., _ 1
lim lim liminf —Ay(s,r,d) = lim lim lim sup CAN (s, 0) = = feos 20] & (s),

where £,(s) is the curvature of v at the point s and 0 is the angle between the horizontal axis

and the tangent to the curve v at the point s.

4 Proofs

We will first evaluate the average A (s,r,d), when v is a suitable polygon in IR* and s is any
corner point of 7. Next we will check that the proofs for polygons can be extended with little
efforts to any Jordan curve v of class C;. The end of the proof of theorem 1 is given in the

section 4.3.



4.1 Proofs for polygons

We introduce a class of regular polygons as follows.

m-smooth polygons. Let s;,...,s, be m points of IR®. We denote by I'(sy,...,s,) or
by T, if there is no ambiguities, the polygon in IR* linking the points [s1,ss,..., 5, 5]; the
points sy, S9,..., s, are then the corner points of I'. We suppose that the points s1,82,...,5,
are arranged counterclockwise. By convention, we set so = s,,. To each site s;, we associate
two oriented angles 6;(s;) and 6;_1(s;) such that 6,_1(s;) (respectively 6;(s;)) is the oriented
angle between the half horizontal axis [0, +o0[ and the segment [s;, s;_1[ (respectively [s;, si11])-
Finally, we suppose that I' encloses a connected, compact, bounded set U of IR* i.e. T' = U
and that ' N Z*/N = () for all N > 1.

Initial condition. We will consider oq the spin configuration associated to the polygon I' at
step N.

A polygon I' and the configuration oy



The purpose of the following proposition is the evaluation of the average AL (s;,r,d).

Proposition 1 Let I' be an m-smooth polygon in IR? associated to the m points sq,. ..
let o := oogn be the associated initial configuration at step N. Let ; € [0,27] (respectively
0;_1 € [0,27]) be the oriented angle between the half horizontal axis [0, +o0c[ and the segment

[$i, 8i41] (respectively [s;, s,—1]) with the convention that sg = sm,,. Then, for each i =1,...,m

and for any positive real numbers r, & small enough, one has

lim Al (s;,7,8) =

N—+4co

L. L.
Z s 20i—1 (2]I|sin€,'_1|<|cos€,'_1| - 1) - Z s 202 (2][|sin€l‘|<|cos€,'| - 1)

1
+§ (Sgﬂ(taﬂ ei)][|sin Bi|<| cosbi| — Sgﬂ(taﬂ 0i—1)1|sin€i_1|<|cos€i_1|) + Sgﬂ(ei - ei—l)][sin 6;_1 sin6; >0-

Hence,
L Zf ( =1, )
o if (0,_1,0;) €
o if (0,_1,0;) €
® Zf ((92'_1,(9)
L Zf ( =15 )
[(Zk—l-l)

[(2k + 1) T, (2k + 3)T] x [(2k + 5) T, (2k + 7)T], with k € {0,2}, then

lim Al (s;,r,d) =

Jim (sin260; —sin26,_4).

q>|~

[(2k + 1) T, (2k +3)T] x [(2k + 5) T, (2k + 7)T], with k € {1,3}, then

1 . )
N1—1>r—|r—loo AN(SZ, r,d) = 1 (sin 260,_; — sin 26;).

[(2k + 1), (2k 4 3) T 1%, with k € {0,2}, then

1 ) .
N1—1>r—|r—loo AN(SZ, r,d) = 1 (4sgn(6; — 0i_1) + sin 20; — sin 26;_1) .

[(2k + 1), (2k 4 3) T 1%, with k € {1,3}, then

1 ) . .
N1—1>r—|r—loo AL N(si,r,d) = 1 (4sgn(sin(6; — 6i—1)) + sin 26,_; — sin 26;) .

[(2k + 1), (2k +3) T ] < [(2k +3) T, 2k +5) F] U [(2k +3) T, (2k 4+ 5) ] x

L (2k + 3) ], wzth ke {0 2}, then

21[(2 —sin26; —sin26;,_1) if |[tand;| <1, [tanf,_4| > 1

lim AL (s;,r,8) =

N—+4co

21[(—2 +sin26;_1 +sin260;) if |[tané;| > 1, [tanf,_4] < 1.

s S and



o if (0i1,0:) € [(2k + 1), (26 +3) ] < [(2k +3) T, (2k +5) T U [(2k +3) T, (2% +5) ] x
[(2k + 1)7{[, (2k + 3)7{[], with k € {1,3}, then

21[(—2 —sin26; —sin260,_y) if |[tan ;| <1, |tanf,_4| > 1

lim Al (s;,r,d) =
N—+co
(2+sin26;_1 +sin26;) if |[tand;| > 1, [tanf,_4] < 1.

=

Remark. We denote by Lr(s;) = limy_ 4. A\ (s;,7,6), where T' is a polygon as described by

proposition 1. Then we can check the following comparison criterion.

Si+1

I =oU’

If U N B(s;,r) CU N B(s;,r) for some r >0 and s, € ' N 1Y,
then Lr(s;) < Lpi(s;).

10



We illustrate the results of proposition 1 with the help of the following pictures.

Here limy_ 400 AN (5,7, 68) = i (sin260; —sin26,_4).

In the first picture this limit is negative, while for the second one it is positive.

11



In the following picture, we have limy_ 4. A\ (s;,7,8) = i (sin 20,1 — sin 26;).

This limit is negative.

Here limy_ 400 AN (s;,7,68) = i (44 sin26; —sin26,_y).

This limit is positive.

12



In the following picture, we have limy_ 4. AL (s;,7,68) = i (2 —sin26;_; —sin 26;).

This limit is positive.

Here limy_ 400 AN (5,7, 68) = i (—2 —sin26; —sin20,_y).

This limit is negative.

13



4.1.1 Proof of proposition 1.

We need the following preliminary lemma.

Lemma 1 Let S be a compact set of R*. Let o € {—1, —|—1}Z2 be fired. Then

lim % (IEU(VOI(A?ZN,Z NSy)) — VOl(.AiV N SN)) =

t—=0

Z (][cr(aa’):—l7 s(o,@)>3 — ][cr(av):—l—l7 s(cr,x)ZS) + Z (][cr(aa’):—l7 s(o,@)=2 — ][cr(av):—l—l7 s(cr,x):?) .
wEZ2:A%C$N wEZ2:A%C$N

Ax/N :

o(z) =+1, s(o,z) =2.

In this picture, we suppose that AY = Uy, and ['(sy,...,s,,) = dU.

14



Proof of lemma 1. Let fy(c) = vol(AY N Sy) and S(¢)fn(0) = Es(vol(AY N Sy)). We

deduce from

1

}51_1%1 n (S(t)fv — fn) = Lfw,
that !
lim = (S(t)fn(0) = fn(o)) = 22 co(z,0)(fn(0”) — fn(o)). (2)
Now

- 1
fn(e®) = fnlo) = WHA%CSN (]Icr(ac):—l - ]Icr(x)zl) )

this fact together with (2) gives

lim % (SENfv(o) = fn(@) = > el@.0) (Togymct — Tog)=1) -

wEZ2:A%C$N

which proves lemma 1 since ¢(z,0) = o253 + alyp2)=2. O

4.1.2 Evaluation of Ly(s;, 7, ay,az)

Without loss of generality, we prove the statements of proposition 1 for the site s; instead of

s;. Throughout this step, we consider the set
Sv = (S(s1,ma1,02))y = (B(s1,7) U B(xo, o) U B(21,02)) y (3)

where ay, ay are positive real numbers less than 4, the positive real numbers r and § are such

that r 4+ d fulfills

r+06 <min inf |s; — x| (4)
JikFt w€[s;,55]

so that dB(s1,r) NI contains exactly 2 points g and xy, where ; (for j =0 or j = 1) is the
point of the side [s;, s;4+1] belonging to the boundary of B(sq,r).

Define
YN = 8(SNO (U)N)

For N large enough, vy is a closed Jordan curve. We orient vy counterclockwise. This boundary
can be described as a sequence vg, vy, ... of horizontal or vertical vectors of norm % The order
in the sequence corresponds to the order of appearance along ~vy.

By construction and thanks to the hypothesis on T', there is exactly one vector v (resp. w)
of the boundary vy going from U to IR* \ U (resp. from IR*\ U to U). We index the sequence
of vectors describing vy in such a way that vy = v and v,4; = w. We denote by e} (ay), ex(az)

the two unit vectors defined by

ejlv(ozl) = Ny, ejzv(ozz) = Nuv,, (5)

15



and by Ly the maximal subgraph of vy strictly included in IR* \ U:

Ly = (v1,...,0.). (6)

The polygonal line Lx = d(Sy N (U)n) N (IR2 \U).
Here Sy = (B(s1,r) U B(xg, 1) U B2, a2)) -

We also need the following definition and notation.

Definition 1 We say that Ly is a path on %3 if L is a finite sequence of consecutive vectors
(vi)i<i<r (this means that the endpoint of v; is the starting point of viy, for 1 <i <r), of norm
1/N, drawn on the grid 73, and such that the endpoints of these vectors (resp. the starting
points) are distinct.

16



The following family of vectors (vy,...,v,) is a path on the grid Z3.

Notation Let Ly = (v1,vy,...,v,) be a path on Z3. We denote by

Ny (L) = card {i : (Vi,/\Z_H) = —g} , N_(Ln) = card {i : (Vi,/\Z_H) = —I—g} , (7)
where (UZ',/Uj_H) denotes the oriented angle between v; and v;y;.
The purpose of the following proposition is to establish the relation between N_(Ly)— N1 (L)

and L (s1,7, a1, ), for the path Ly as defined by (6).

Proposition 2 Let N be a fized positive integer. Let I' =T'(sy,...,8,) be an m-smooth polygon
enclosing U and let o be the associated configuration at step N. Let Ln be the path as defined

by (6). Then

1 1
LJFV(SM“, 0417042) = §N—(/3N) - §N+(/3N)- (8)

Proof of proposition 2. Let N € IN be fixed and Sy = (B(s1,7) U B(zo,0n) U B(z1,a3)) -
We denote by f the function defined from {0,1,...,4} to {0,1,2} by

1 ifs(o,z)=2
f(s(o,2))=1< 2 ifs(o,2) =3

0 otherwise.

On the one hand, by definition of N_(Ly) and N4(Ly), we have

> o(@)f(s(o.x)) = Ny(Ly) = N-(Ln). (9)

z€XZ?>NNSy

on the other hand, we deduce from the definition of the function f,

Z O'(J})f(S(O', l’)) = - Z (]Icr(l’):—l,s(cr,x)ZZ - ]Icr(x):-l—l,s(cr,x):Z)

z€WZ? N NSy weW? AyyNCSy

-2 Z (Hg(w):_175(g7x):3 - ]Ig(x):+1,s(a,x):3) .

RS Z27A.’£/NC$N

17



We combine the last formula, lemma 1 (with a = %) together with the fact that Ty, .)=4 = 0,
and we obtain

L]FV(sl,r,ozl,og):—% S o(e)f(s(o,2)). (10)

z€ZPNSy
The proof of proposition 2 is deduced from (9) and (10). O

In order to evaluate N (Ln) — N_ (Ly), we need the following lemma.

Lemma 2 Let s, 51 and sy be three points in IR* and xq, x1 be two points belonging to the seg-
ments [so, $1) and [s1, s9] respectively. Let Oy (resp. 61) be the oriented angle between the half hor-
izontal azxis [0, +oo] and the segment [sy, so| (respectively [s1, s5[). Let Sy = ([0, s1] U [s1, 21])
then OSy is a Jordan curve, which we orient counterclockwise. Let Ly be one of the two mazx-
imal subpaths of dSn not intersecting [wg, 1] U [s1,21]. Let N~'u, (respectively, N™'uy) be the
first (respectively, the last) vector in Ln. Then, for any positive integer N large enough,

N_(Ln)— Ny (Ly) =sgn(sinbp)ue - i+ sgn(sinby)us - i+ (61, 60), (11)
where i is the unit vector (1,0), - is the usual scalar product in R* and

f‘(01700) _ { QSgH((91 - 00) Zf Sin 00 Sin 01 > 0

0 otherwise.

Remark. The smallest value of N for which (11) holds depends only on 6y, §; and |s; — s¢l,

|82 — 81|.

Ly is the circuit (vi,..., 0., w1, ..., W;).

Here, u. = Nvy, us = Nwy and f(61,00) = 2sgn(0; — 6,).

18



Ly is the circuit (vi,..., 0., w1, ..., W;).

Here, u. = Nvy, us = Nwy and f(61,00) = 2sgn(0; — 6,).

19



In this picture, f(61,600) = 0.

In order to prove lemma 2, we introduce the following definition.

Definition 2 A path on Z3 is said monotone if all its horizontal as well as all its vertical

vectors are oriented in the same sense.

A monotone path on the grid Z3.

The following lemma evaluates Ny (Lnx) — N_ (Ly), whenever Ly is a monotone path on Z3.

Lemma 3 Let (v;)i<i<, be a sequence of r consecutive vectors drawn on the grid ZJQV. Those
vectors are enumerated beginning from N lu, := vy until N~ u, := v,. We suppose that they

form a monotone path on X3, say Ln. Then
Ny (Ln) = No(Ln) = [ue A,
where [ue A ug] = (ue - 0)(us - 7) — (te - 7)(us - 7).

20



For this monotone path Ly, we have u. = (—1,0) and u, = (0,—1),
hence [u. A us] = 1. On the other hand Ny (Ly) — N_(Ly)=1—-14+1—-14+1-14+1=1.

Remark. Let us note that for any path Ln = (v1,...,v,), we have

JE—

(u67u5) =

(N (Ln) = Ny (£n)),

NN

where u, = Nv; and u, = Nv,.

Proof of lemma 3. We denote by Lx(7) = (v1,...,v,) a monotone path on Z3. The proof
of lemma 3 is done by induction on r.

For r = 1, we have N_ (Ly(1)) — N4 (Ln(1)) = 0 which corresponds to [u. A ug], since in this
case N 'u, = N7 u, = vy.

We suppose now that the property is true at step r > 1 and we prove it at step r + 1. We
consider the path Ly(r 4+ 1). Since Lx(r 4 1) is monotone, we can suppose without loss of
generality that

(H)  Yie{l,...,r+1}, (Nu)-ic{0,—1}, (Nu)-je{0,~1}.

Once the hypothesis (H) is assumed, we have only three cases to discuss on the expression of

(UT’7U7’+1)7
o If v, = v,41, then Ny (Ly(r+1)) — N (Ln(r+1)) = Ny (Ln(r)) — N_(Ln(r)), and the

inductive assumption gives
Ny (Ln(r+1)) = N (Ln(r+ 1)) = [Nog A Nvpyq].

o If (Nv,)-j=—1=(Nv,y1) -1, then (v,,,/v\,,H) = % and Ny (Ly(r+ 1)) — N_(Ly(r+1)) =
Ny (Ln(r)) — N (Ln(r)) — 1. Together with the inductive assumption, this gives

Ny (Ln(r+1) = N_(Ly(r+1)) = —=(Nvy)-t—1=(Nvy)-j=[Nvi A Nv,jq].
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o If (Nv,)-i=—1=(Nvy1)-J, then (v,,v,41) = —%, Ny (Ln(r+1)) = N_(Ln(r+1)) =
Ny (Ln(r)) — N_(Ln(r))+ 1 and

Ny (Ln(r+1)) = N_(Ly(r+1)) =(Nvy)-j+1=—=(Nvy) -t =[Nvg A Nvpgq].

The equality Ny (Ln(r+ 1)) = N_(Ln(r + 1)) = [Nvy A Nv,44] is then always valid and lemma
3 is proved. O

Remark Let Ly = (vi,...,v,,w1,...,w;) be a path on Z3. We suppose that the family
(v1,...,v,) (respectively (wy,...,w,)) forms a monotone path on %3, say L} (respectively

L3;). We suppose also that v, - w; = 0. We deduce, applying lemma 3 to the monotone paths
Ly, L3 and (v,,w;), that,

Ny (Ln)— N_(Ly) = [Nvi A Nv.] + [No, A Nwq] + [Nwy A Nwg). (12)

In the following picture, we have have Nv; = (1,0), Nv, = (0,—1), Nw; = (—1,0), Nw, =
(—1,0). Hence [Nvy A Nv,] + [Nwy A Nws] + [Nv, A Nwq] = —2. On the other hand, we have
Ni(Ly) — N_(Ln) = —2.

Now, we have all the ingredients in order to prove lemma 2.

Proof of lemma 2. For i = 1,2, let Sy = ([#,-1,51])y. We orient the Jordan curve dS}
counterclockwise. Let ,C}\, be one of the two maximal subpaths of 68}'\, not intersecting [x;_1, 1]
The union of the two half lines [s1, so[U[s1, s2] divides the plane in two connected regions. We

suppose that the paths £} and £3; are situated in the same region. The path L}, is constructed

from a finite sequence of consecutive vectors on Z, say (vi,...,v,).
In the same way, we suppose that the path L3 is constructed from the consecutive vectors
(w1,...,ws). By construction

Ly =Ly ULYy = (01, 00,01, ..,0,). (13)
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We first claim that the paths £} and L3 are monotone. In fact, if £}, is not a monotone

path, then we can suppose without loss of generality the existence of three consecutive vectors
Vi, Vitr1, Uir2 such that

(Nwv;) - (Nvige) = =1, v;-vi41 =0, and v41 - 042 = 0.

Let e denote the vector on the grid Z]QV such that (v;,vi11, viy2,€) is @ box drawn on ZJQV.

By construction, the circuit (v;, viy1, vit2)

is included in the path £}, that covers the segment [zq, s1].

By definition of L}, the segment [zg, s1] would cross e in two distinct points, this is a contra-

diction. Hence the path £} is monotone. The same arguments apply for the path £3.

//,\\\ yi //,\\\ yi
[ [ L
G ,(,,,, AV = ,,(, I R B I
R STN
\ 7\ . 7\
N\ N\
/ /
25) W s
4} 1 L1
TU\ TU\
4 4
\ \
The paths L} = (vy,...,v,) and L3 = (wy,...,w,) are monotone.

We check also that

forany 1 <1<r, (Nuv)-1€40,—sgn(cosbp)}, and (Nv)-jé€ {0, —sgn(sinby)}.

Hence, for any 1 <[ <r,
sgn(cos f)(Nvy) -1 4 sgn(sin 6p)(Nvy) - j = —1. (14)
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In the same way, we deduce that for any 1 <[ < s,
sgn(cos @y )(Nwy) - i+ sgn(sinbq)(Nwy) -j = 1. (15)

We can suppose that v, - w; = 0 (since the points s1, xq, 21 are not on the same line). In order

to prove (11), we combine equalities (12), (14), (15) and we use the fact that v, - w; = 0:

N_(Ln)— Ny (Ly) = —=[Nvi A Nv,] — [No, A Nwq] — [Nwy A Nwg] (16)
= sgn(sin 6p)(Nvy) - i + sgn(sin 1 )(Nwy) - i
+ (sgn(sin by) + sgn(sin 0)) [, .i=o (sgn(cos ) + sgn(cos b1)) — sgn(cos b1)].

If sgn(sin fp) + sgn(sinf,) = 0, then (11) is immediately deduced from (16). We suppose now
that sgn(sinfy) = sgn(sin #;) and sgn(cosfy) = —sgn(cos by), then (11) becomes

N_(Ln)— Ny (Ly) =sgn(sinbp)(Nvy) - i 4 sgn(sin 61 )(Nwy) - i + 2sgn(tan p).

The last formula is exactly equality (11), since sgn(tan fy) = sgn(6; —6y) whenever sgn(sin ) =
sgn(sinfy) and sgn(cos fy) = —sgn(cos by).
Now, we have to prove (11) when sgn(sinfy) = sgn(sin ;) and sgn(cos fp) = sgn(cos ;). In

this later case, equality (16) becomes,

N_(Ln) = Ny (Ly) =
sgn(sinfy)(Nvy) - i+ sgn(sinfy)(Nwg) -1+ 2sgn(tan bp) [21y, =0 — 1] . (17)

We claim that, if sinfysinf; > 0 and cos fy cos#; > 0, then
sgn(tan fp) (21w, .20 — 1) = sgn(0; — b6y). (18)

This formula together with (17) proves (11) in the special case sgn(sin ) = sgn(sin#;) and
sgn(cosfy) = sgn(cosby).

Let us now prove (18). We suppose without loss of generality that , and 8, belong to [0, 7],
hence sgn(tan #y) = +1, and we discuss only the case when sgn(8; — 6y) = +1 (the other case
is similar). The monotone path L} (respectively £3;) is constructed from the vectors (v;)1<i<,
(respectively (w;)i<i<s) which are either N™'(—1,0) or N7'(0,—1) (respectively N~*(1,0) or

N=1(0,1)). Those paths are L'-connected and v, - w; = 0, so we have only two possibilities :
either (v,, = N7'(~1,0) and w; = N7'(0, 1)) , or (v,, = N7'0,-1) and w; = N_l(l,())) .

Since 6; > 6y, the segment [s1, x1] belongs to the upper plane (separated by (¢, s1)). Since the
path L3, (respectively £}) approximates [sy, x1] (respectively [zg, s1]) for N > (2tan(6,—6))",
we deduce that

v, = N7'(=1,0) and w; = N7'(0,1)

hence wy -7 = 0 as soon as #; > 6. O
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If cosfy > 0, cos#y > 0, sinflyg > 0, sinf; > 0 and 6, > 0y, then wy -2 = 0.

4.1.3 Evaluation of [ [ L% (51,7, ay,ay)day doy

We deduce from proposition 2 combined with lemma 2 that there exists Ny depending only on
I' such that, for any N > Ng,

L?V(Sl, r,a, Q) = §sgn(sin bo) ell\l(ozl) 14 §sgn(sin 61) 612\1(@2) i+ sgn(0; — 0o) Usin g, sin 6, >0,

where e} (o), €% (az) are the two unit vectors as defined by (5). (Recall that ¢ is the unit
vector (1,0) and - is the usual scalar product in IR?).

Hence, in order to evaluate the quantity

5 ré
r
/0 /0 LN(517r7a17a2)da1 da?v

for § and r small enough, it suffices to evaluate the terms [ el(a) -ida, fJ €X(a)-ida. We

begin by the first quantity, for this we need some further notations.

Notation. For a vector v drawn on the grid Z3;, we denote by R(v) the union of the two
boxes of the family (A, n),ezz having v as an edge vector.
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The two blocks R(v) and R(w).

Let Ly = (v1,...,v,) be the oriented path as defined by (6). Let £y n = (v1,...,vs) be the
minimal subgraph of Ly covering the segment [sq, 2¢]; the vector vs is the entering vector in
the box containing xg.

To each vector v; (1 < [ < s), we associate the block Rs_;11 := R(v;). These blocks
(Ri)1<i<s are enumerated according to their distances to g, Ry being the block containing z.

Let (a;)1<i<s be the sequence of vertices such that
ar € Ry, and  d;:=d(xo, R) = |a; — 20|,

then this sequence of vertices (a;)1<i<s 1s L' connected and the vector a;a;;; is either vertical

or horizontal. Finally, let Hy be the set of indices [ € {1,..., s} for which v; is horizontal.

dl == d(l‘o, Rl) == |$0 — Cll|.

For N large enough, the vector a;a 4 is either horizontal or vertical, and |a; — a;11| = %

By construction, e} (a)i = —sgn(cos f) if and only if there exists [ € Hy such that o €]d;, dj41]

(such an index is necessarily unique). Then,

2

<+ (19)

)
/0 en(a) -ida + sgn(cosby) Z (diy1 — dy)

leHy
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In order to evaluate d; 1 — d;, we need the following lemma.
Lemma 4 Let u and v be two vectors such that ||ul] < ||v||. Then
(utv)-u |u? sin® 0

lu ol ol g /1_J|J|%|ngsinzg’

where 0 is the angle between v and u + v.

lu+ ol = [lo]l =

Proof of lemma 4. Let u, v and € be as defined in lemma 4.

H
L
We have
Hu—l—vH2 = [+ H?
= cos” Ol|u + v||” + ||v||* = (cos Of|u + v|| — [ul])*
= [Jo|* 4+ 2 cos O]ul] x |lu+ o]l — [lull*.

The quantity ||u + v]| is then a positive solution of an algebraic equation of degree two. We
deduce from |Jul] < ||v]|, that

-+ o] = ul| cos 0+ /|Jo|2 = sin® 6]u]

2
]| cos 6 + || (J - m?a”“”z - 1)
v

||l sin? 0

o] 14+4/1— Wsinzﬁ‘

Hence

lw+ ol = [|v]]

= ||u|| cos b —

v||2

(utv) u proves lemma 4. O

The last equality together with the fact that ||u|| cos§ = Tutoll

We continue the proof of proposition 1. We apply lemma 4 with

U = a4, U = Xody,
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with this choice
(utv)-u  (zoaryr) - (@1a141)

Hu—I—UH B |$0—Gl+1|

Moreover, we deduce from lemma 4,

(zoait1) - (aaigr) 1
diyy —dp — . 20
e 2o —aipa| | T N*ao — ai (20)
We first evaluate the term 7, (xOT;H) 'Cgala(“), with the help of the following lemma.
0 — Q141

Lemma 5 For | € Hy, let x; be the point of the segment [xq, so] such that |xo— aj41| =

|xo — ay|. Then
1

ERUCOESY

(zoart1) - (wair1)  (xoxy) - (warys)

|20 — aig1] |20 — 2]

where (1) is the cardinality of the set Hy N {1,...,[}.

Proof of lemma 5. We have
1

[(woary1) - (@argr) — (wox1) - (arar41)] < e

since |a; — aj41| < 1/N and |2;—a;31] < 1/N. We deduce from the definition of the edge a;a;4q,
1 o) =1
)il = N

that |(zoa4+1 , hence

o) —1
.

|20 — 1] = |20 — arpa| 2 |(woarys) - 2| 2

These two inequalities prove lemma 5. O

We deduce, applying lemma 5, and noting that sgn(cosfp)(ajai1) -1+ sgn(sin ) (arai41) -j = 1,

3 (oai41) - (a1a141) =¥ (zox1) - (@ary1) s (1ﬂ(|HN|)) (21)

IeH N |:1;0 - al+1| IeH N |51/'0 - 51?l| N
Sgn(cos 00) (l’ol'l) ) Sgn(sin (90) (xo:zjl) -9 1n(|7—[N|)
= —— _I_ —I— O 7
N €M, N |$0 - $l| N 1€Hs x |$0 — $l| N

where
Hin={l€Hn : (mai41)-J=0} and Hon ={l € Hn : (qap1)-1=0}. (22)
We have

(xoxy) -0 (xox;) -7

= cosfy and = sin 6.
|20 — 1] |20 — 2]
Theses identities ensure
Z ($0a1+1) : (Cll(lH_l) — |H17N| | cOS 0 | _I_ |H27N| | Sil’le | _I_ O 1n(|HN|) (23)
S wo— ai] N 0 N 0 N ‘

In order to calculate the limits as N goes to infinity of the right hand side of the last equality,

we need the following lemma.
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Lemma 6 Let A and B be two points of IR®. For each fized integer N, let Ly denote one of
the two mazximal subpaths of I([AB]n) not crossing the line (AB). Let Ny (Ly) be as defined
in (7). Then
Ny(L
lim #: (AB)-i| A(AB) - j.

N—+4co

where a A b = min(a,b).

Proof of lemma 6. We suppose without loss of generality that AB -7 and AB - j are positive.
Let 6 denote the angle between AB and 1. We consider only the case 0 < tanf < 1, since the
proofs for the cases tan § > 1 and tan § = 1 are similar. We denote by Ay and By the extremes

points of Ly. Our task is to prove that

(AvBy) - j = W (24)

The identity (24) will prove lemma 6 since limy_ oo (AnBn) - j = (AB) -7 and 0 < tanf < 1.
We first prove the equality (24) for Ny (Ly) = 1. When N, (Ly) = 1, the path Ly contains a
unique monotone path £ = (vy,wq,...,w,) such that vy -7 =0, v;-w; =0and wy-i = ... =
w, -1 = 0. These vectors are drawn on the lattice Z3 and arranged according to the direct
sense.

Let Cy, Cy be the two points of (AB) such that (C1C3) -7 = 1/N and that the path L) cover
the segment [C, Cy]. By construction

. —1
(C1C) - > ——

hence (C1C) - j
an (0102)-i >r
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Since 0 < tan § < 1, we deduce that r = 1. Now let By, By be the two points of (AB) belonging
to the boundary of the box of [AB]y that contains the point B. Since 0 < tan 8 < 1, we have

) 1
[(B1B2) - j| < ¥

This fact together with r = 1 proves that the path Ly is equal to (e1,...,€m, w1, f1,. ., fa),
where the vectors (e;) and (f;) are copies of the vector vy, so that they are all horizontal. Hence

(AyBy)-j = 1/N.

The general case when Ny(Ly) > 1 is proved by induction on Ny (Ly). O
Let Lx be the monotone path (vy,...,vs) as defined by (6). We obtain using the definition of

Hon, that |Ha n| is either Ni(Ln) or N_(Ly). This fact together with the constatation that
[N+ (Ln) = No(Ln)] < 1, gives

Hanl  Ne(Ly)| _ 1

N N N’

Lemma 6 applied with [AB] = [1gs0] and Lx = (vy,...,v,), together with the last inequality

ensures
H :
yam [onl ]\i(éﬂ = |cos Oo| A |sin bp] .
Now the definition of Hy gives
H
im [rin] = |cos bp| .
N—+4co N
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The two sets of indices Hy n and H, v form a partition of Hy, hence

[Hi1 N
No+oo N§

= |cos Og| — |cos bp| A |sin by] .
All these limits together with (23) yield

(xoai41) - (araipr)

li = §cos® Oy + J |cos O] A |sin O (| sin O] — Bol). (25
Jim 2 e ] cos” O + & |cos | A |sin o] (| sin Og| — | cos bo]) . (25)
We have
Z |al_al+1| _ L Z 1
IeH N |:1;0—al| N? IeH N |20 — ai
1 1
< — Z ——  since  |(zoar) 1| > N7H(l) — 1)
N leEHN qb(l)
In |Hn|
_ 26
< bl (2
Finally we obtain collecting (19), (20), (25), (26) :
lim / T
N—1>r-lr-loo (S 0 GN(OK)
= —sgn(cos fy) cos® Oy — sgn(cos fy) |cos fo| A |sin fo| (Jsin O] — |cos ) . (27)
Using the same method, we prove that
lim / e
N—1>r-lr—loo (S 0 GN(Oé)
= sgn(cos ;) cos* 0; + sgn(cos 0, ) |cos O] A |sin 6| ([sin 0] — |cos 0;]) . (28)

We finish the proof of proposition 1 by combining proposition 2 and the limits (27) and (28).
O

4.2 Extension to an arbitrary Jordan curve of class C;.

The purpose of the following proposition is to evaluate A} (s,r,d) for any Jordan curve v of

class Cy. For any o € 7, we denote by T,v the tangent to the curve 4 at the point z.

Proposition 3 Let v be a Jordan curve of IR? of class Cy. Suppose that v encloses a connected,
compact and bounded set Q of R? i.e. v = 00. Let s € v be fizred. Let r be a positive real
number such that dB(s,r) N~y contains exactly two points xg and x1. Suppose that xg, s and 4

are arranged counterclockwise. Let s’ be the common point to T,y and Ty, v. Let 01 := 04(r)
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(respectively Oy := Oo(r)) be the oriented angle in [0, 27| between the half horizontal axis [0, 400]

and the segment [s', x1[ (respectively [s', xol). Then, for r small enough,

ey o ,
limlim inf Ay (s, 7,8) = fimlim sup Ay (s,r,0)

L. L.
= Z s 200 (2]I|sin€0|<|cos€0| - 1) - ZSIH 201 (2][|sin€1|<|cos€1| - 1)

1
+§ (Sgﬂ(taﬂ 01)][|sin€1|<|cos€1| - Sgﬂ(taﬂ 00)][|sin€0|<|cos€0|) + Sgn(el - 00)][sin€0 sin ;>0

Proof of Proposition 3. We deal only with the lim sup, the liminf can be handled similarly.
Let I',(r) be a polygon having three consecutive corners sg, s’ and s; arranged counterclock-
wise such that, for [ € {0,1}, ; is a point of the segment [s,s] and |s' — 5| > r + 4.
Suppose that I',(r) = 9U,. For [ = 0,1, we denote by x;(d) (resp. by x(d)) the point of
v N Blx,d)N (]R2 \ B(S,T)) (resp. of I'y(r) N B(a,0) N (IR2 \ B(S,T))). We choose r and §
sufficiently small, so that for any point x of v varying between x;(§) and s, for [ € {0,1}, one
has

Y

sgn(sx - 1) = sgn(sx)(d) - 1) = sgn(cos b)),
and
sgn (sx -j) = sgn (sx1(d) - j) = sgn(sin 6y).
This restriction allows to deduce that the parts of the curves v and I',(r) respectively between

z1(0), s and z}(4), s" are both nonincreasing or both nondecreasing.
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For a Jordan curve ¢ which is the boundary of a domain ®, we denote by ,Cﬁ, the polygonal
line

L% =0(SyNdy) N (R ).

From what precedes, we see that £}, and ,C?V”(r) have the same monotony.
All the calculations done with polygons as initial condition can be carried out to this case,
that means that

) )
Al (s,r,8) = %sgn(sin 00)%/0 ell\l(oz)-idoz—l—%sgn(sin 01)%/0 ex(a)-ida+sgn(0;—00)Lsn s, sin 6, >0,
(29)

where the unit vectors ej(a) and €%/(a) are as defined by (5) with

Ly =L, =9(SvNOy)N(IR*\ Q).
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Our task now is to evaluate f(;g cy(a) -ida, for [ = 1,2. We have, collecting (19), (20), (21),
(26),

’ 1 1 tan 6 i
[ o) idat = 3 Lotml i senlionte) g (o) g
0

o(nh),

N € N |l’0 — Cl[_|_1| N I€H, N |l’0 — Cl[_|_1| N
(30)
where H; n and Ha n are defined by (22).
Let ; be the point of the curve v situated between g and x¢(d) for which |xg — aj41| = |xo — .

An analogue of lemma 5, together with (30), ensures

§ . 1 (xoxy) -1 sgn(tanby) (xoxy) -7
el (o) - ida+ — + VAL S
/0 N N IE%N |zo — 2] N ZG%N |z — 2]

For any x € v, we denote by 0, the angle between the horizontal axis and the segment [z, 2]

and we set 0(0) = 0,,(5). Now

% Z M 6089(5) < |HN|sup|cos9$—COS(9(5)|,

let n |$0 B $l| N v

where the supremum is taken over all the points @ of v situated between x¢ and x(d). Since

. . |HN|
%E%Nl—lgloo Ns = |cos o] , (31)

we deduce from the last bound that

iy tim s % ZG%N % _ 6080(5)‘ _0. (32)
Using the same arguments, we prove that

lim lim sup L > M — sin 0(5)‘ = 0. (33)

550 Noytoo NG 170 x |zo — /]
Now

|7‘]l\1[(;v | o 0(8) + sgn(tan o) |HN25N| sin 0(4)
= % cos 0(0) + |7—][\2[§7| (sgn(tan ) sin §(8) — cos 0(4)). (34)

In order to evaluate the quantity |H2’(§V|, we need the following generalization of lemma 6.
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Lemma 7 Let ¢ be a monotone function of class Cy defined on [a,b]. Let Ln denote one of
the two mazimal subpaths of 73 covering ¢. Let Ny(Ly) be as defined in (7). Then

lim wz/ab(wxmwx.

N—+4co

Proof of lemma 7. We suppose without loss of generality that the function ¢ is nondecreasing
on [a,b]. Let (I;);er be the collection of the open intervals where ¢’ — 1 is nonzero. Setting

I; =]a;_y, 2] for i € I, we have

(qb(wi) - ¢(l‘z’—1)) Al = %/xil(qb/(x) A1) da. (35)

Ti— Ti—1 i — Ti—1

We denote by ¢; the restriction of ¢ to [z;,_1,z;[ and by /3%) the associated polygonal line. We
deduce from the suitable construction of the intervals (/;);e; and arguing as in the proof of

lemma 6, that
Hence

Lemma 7 is proved by collecting the last bound together with (35). O

We now continue the proof of proposition 3. We define a monotone function ¢, such that the
part of v limited by x¢ and x¢(d) is equal to the graph {(z,y): y = ¢(x)} and we apply lemma
7 to the monotone path Ly covering the part of v limited by o and x¢(d). We deduce, since
INL(Ln) — [Han]|| <1, that

lim [Han|
N—o+oo N§

5 (8] A1) do
= Jeos o) [ () A1) do,

where [5 is the segment [zq - i, 20(d) - i]. We obtain, taking the limit over § — 0 in the last
equality,

= |cos o[ (|¢'(zo - 1) A 1)

= |cosfp| A |sinby.

§—S0N—=+00 N§

The last limit together with (34) and (31) ensures

. . |H1,N| |H27N| .
%E%Nl—lgloo( N cos 0(d) + sgn(tan bp) NG sin 6(4)

= sgn(cos ) cos® By + sgn(cos ) [cos Og| A |sin Og| (|sin fo| — |cos fo]) . (36)
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We deduce, collecting (30), (32), (33), (36), that the successive limits over N — 400 and § — 0
of f(;g ey (@) -ida are exactly the limit obtained in (27). In the same way, the successive limits
over N = +o0o and 6 — 0 of %fg exr(a) - ida are exactly the limit obtained in (28) (recall
that the angles y and 6, are as defined in proposition 3). Those facts together with (29) prove
proposition 3.

4.3 End of the proof of theorem 1

We deal only with the lim sup, the liminf can be handled similarly. We suppose first that
takes a value different from (2k + 1)%, for k € IN. Since the curve v admits a tangent at the
point s, then for r small enough (6o, 0;) € [(2k + 1)%, (2k + 3)%] x [(2k + 5)%, (2k + 7)%], for
some k € IN. We then deduce from proposition 3 that,

o if (00.01) € [(2k + )T, (2k + 3)T] x [(2k + 5)F. (2k + 7) T, with k € {0,2}, then

N

limlim sup A¥ (s, 7, d) = — (sin 20; — sin 26,) .
=0 N4oo

o if (00.01) € [(2k + )T, (2k + 3)T] x [(2k + 5) T, (2k + 7)T], with k € {1,3}, then
L
4

lim li Al (s,r,8) =
fim lim sup N(s:7,0)

(sin 20 — sin 26,).

We now need the following lemma.

Lemma 8 Let v be a Jordan curve of IR* of class Co. Let s be a fired point of . Lel r be a
positive real number sufficiently small such that OB(s,r) N~y contains exactly two points xo and
x1. Suppose that xqo, s and xy are arranged counterclockwise. Let s' be the common point to
Tyoy and Ty y. Let 0) € [0,27] (respectively 0y € [0,27]) be the oriented angle between the half
horizontal axis [0, +oo[ and the segment [s', x1| (respectively [s',xo[). Then

sin 00 — 01
fim S0 =0 ¢ .

r—0 2r

and

lim cos (0 + 01) = — cos 20,
r—0
where 0 is the angle between the half horizontal axis [0, +o00| and Tyy.

Lemma 8, together with the fact sin 2a — sin 2b = 2sin(a — b) cos(a + b), gives

DO —

(cos20)&,(s) if (96](1—|-4k)%,(3—|—4k)%[

. . . v _
lim lim lim sup — AN (s,r,d) =
r=086—=0 N_ 400 2T

(cos20)&,(s) of 6 €](3 —|—4k)%,(5 —|—4k)%[.

DO —
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which proves theorem 1 when 6 is different from (2k+ 1)7{[, for k € IN. Now, suppose that § = {r
and that for any r small enough (6o,6;) € [{r, 3%] X [37{[, 5%] (the arguments for the proof for

the other values of § and the corresponding values of 61, 6y will be similar). Proposition 3 gives

1
limlimsup A (s,r,d) = 1 (2 — sin 26, — sin 26,)

§—0 N—=+4oo
Ly, m m . T m
=3 (sm(z —6) COS(Z +6,) + sm(z — ) COS(Z + 00)) . (37)
Now the method of the proof of lemma 8 gives
. sin(f —6;) L sin (6 — o) _
g ———— =l ———— = =& (%),

This fact, together with (37), leads to

1
lim lim lim sup — A (s,7,8) = 0,
r—05—0 No4oco T

which is the conclusion of theorem 1 for § = {r
Proof of lemma 8. We begin by giving the definition of the curvature of v at any s € ~.

Definition. Let v be a smooth Jordan curve of IR?. Suppose that (¢(t)),e[-1,1] is a parametriza-
tion of the curve 4. Let s = ¢(t) = (2(¢),y(?)) be a fixed point of 4. The curvature of v at

the point s is defined by
E(s) = w'(t)/y"(t) - :’ﬁ"(t)y’(t)
(x2(t) +y(1))3/?
Let s, g and x; be as defined in lemma 8. Let ¢, {5 and ¢; be three real numbers of [—1, 1]
such that s = ¢(t) = (x(t),y(?)), and for ¢ € {0,1}, z; = o(t;)) = (x(t;),y(t;)). We have
r? = (x(t;) — 2(1))* + (y(t;) — y(t))?, for i € {0,1}. Hence
r

7

— [ 2 : — 2 2
to—ﬁ‘,r%o: t—to (1) +y (L), t1—1>%f,r?<t1 th—t T3+ v ().
/
For any 7 € [—1,1], define f(7) = —— (1) / . We have
V) + ()
o(7) ) () + o (7))

(22(7) + y2(7))*?

Hence




costh = ——U ()t ol — 1)) (39)
a2 (t) + y"2(1)

We obtain, combining the last two equalities

i cos y + cos 6y _ 21’"@)/ —22/(1)
t1—t, to—t, to<t<ty r T Q(t) +y Z(t)

2'(1)2"(1) + y'(D)y"(1)
(22(1) +y2(@1)*

The last limit together with

lim siné; =

nsn Vo) +y ()

ensures
: 1. B 22" (1)y'(t) s a2 W) + ')y (1)
ortota Do crcn SO (oot eonb) = m e — 2 OV (g e
In the same way, we prove that
1 ) ) B 22" (1)y" () Lo n (B + Y ()Y (1)
ot g cicn 7 0P G0 ¥ sin) = Farn s myen 2 OV gy

The last two limits together with
sin (6o — 01) = cos by (sinby + sinby) — sin Oy (cos Oy + cos by) ,

prove that

L (00— ) P80 =0y (1),

t1—>t,t0—1>rtr,lto<t<t1 2r ($/2(t) + y/2(t))3/2
Now the equality

cos (0o + 01) = cos Oy cos 01 — sin by sin 0y,

together with the limits (38), (39), yields

lim cos (6o + 1) =

11—, to—t, o <t<t

y2(t) — a(1)
x'2(t) 4+ y"2(t)

The last limit is equal to — cos 26, where 8 is the angle between the horizontal axis and Tyy. O
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