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Abstract We consider a computational multiscale frame-
work of a bio-chemo-mechanical model for intimal hy-
perplasia. With respect to existing models, we investi-
gate the interactions between hemodynamics, cellular
dynamics and biochemistry on the development of the
pathology. Within the arterial wall, we propose a math-
ematical model consisting of kinetic differential equa-
tions for key vascular cell types, collagen and growth
factors. The luminal hemodynamics is modelled with
the Navier–Stokes equations. Coupling hypothesis among
time and space scales are proposed to build a tractable
modelling of such a complex multifactorial and multi-
scale pathology. A one-dimensional numerical test-case
is presented for validation by comparing the results
of the framework with experiments at short and long
timescales. Our model permits to capture many cellu-
lar phenomena which have a central role in the phys-
iopathology of intimal hyperplasia. Results are quanti-
tatively and qualitatively consistent with experimental
findings at both short and long timescales.
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1 Introduction

Cardiovascular diseases (CVDs) are the leading cause
of global mortality worldwide and are a burden for
health systems. Among them, there are vascular dis-
eases (VDs) as atherosclerosis, hypertension, intimal
hyperplasia (IH), aneurysms or endofibrosis. VDs may
cause opposing arterial morphological changes (narrow-
ing versus enlargement of lumen) and develop according
to very different risk factors, e.g. intensive sport activ-
ities induce endofibrosis. However, they are all due to
a deregulation of the homeostasis of the arterial wall
which activates several same types of cellular events
(migration, deposit or loss of collagen, hyperplasia).
It is widely accepted that the cellular processes de-
scribed in the VDs developments are modulated by
mechanically-induced (Wentzel et al., 2003; Humphrey,
2002) and biochemically-induced (Ducasse et al., 2003)
mediators. The biochemical dynamics in VDs have been
studied intensively which brought to light the impor-
tance of several types of regulatory molecules, or so
called growth factors (GFs). The main cellular popula-
tions acting in the physiopathology of VDs are endothe-
lial cells (ECs), vascular smooth muscle cells (vSMCs)
and various types of immune cells (Clowes, 1993). The
VDs features are so similar that links have been pro-
posed between certain pathologies as for atherosclerosis
and IH at short-times (Goodman et al., 2016) or end-
ofibrosis and IH (Feugier and Rouvière, 2018).

A clean understanding of the interactions of vascu-
lar cells, hemodynamics and GFs is essential to com-
pletely understand the mechanisms that control vascu-
lar cell growth and pathological onset. Over the last two
decades, to address this issue, in addition to experimen-
tal studies, numerous mathematical models have been
proposed for multiple vascular pathologies. This effort
was undertaken with the aim of offering an in silico ap-
proach as a new way of experimentation to address a
number of unresolved questions about physiopathology
and even to identify new therapeutic targets. In the
following, we summarize the state of the art in mod-
elling cellular and biochemical dynamics coupled with
hemodynamics in the context of VDs. Partial differ-
ential equations (PDEs) of reaction-diffusion type have
been used to model the spatio-temporal lesion evolution
for atherosclerosis (Calvez et al., 2010; Goodman et al.,
2016) coupled to the local dynamics of blood flow mod-
elled as Navier–Stokes equations. Test-cases was used to
investigate the evolution of the lesion in pro-atherogenic
flow regions. Ordinary differential equations (ODEs)
and delay differential equations (DDEs) of kinetic equa-
tions type have been used to develop models of tissue
growth time evolution for atherosclerosis (Bulelzai and

Dubbeldam, 2012), hypertension (Wilstein et al., 2018),
intimal hyperplasia (Schwartz et al., 1996; Donadoni
et al., 2017), tissue-engineered vascular grafts (Khos-
ravi et al., 2020) and wound healing inflammation (Na-
garaja et al., 2014).

Given the previous modelling efforts, we propose a
multiscale and multiphysics model of IH. For a com-
plete review of IH physiopathology, we refer the reader
to the works of Kenagy (2011); Ducasse et al. (2003);
Clowes (1993); Model and Dardik (2012). Starting from
Donadoni et al. (2017), the models are written as a
set of ODEs and DDEs within the intima and media
layers of the arterial wall. In this compartmental ap-
proach, spatial dependency are implicitly expressed as
intima and media layers inside which we model cellu-
lar and biochemical dynamics. We aim to model the
main cell and biochemical mechanisms considering a
coupling with hemodynamics within a tractable model.
The challenge of proposing tractable models is to sim-
plify as much as possible while pathologies are sums
of cascades of complex biological and physical interac-
tions. In this process of simplification, the kinetics of
the species and growth factors modelled in this arti-
cle will be assumed to be of first order as for collagen
turnover (Humphrey, 2002). We believe that propos-
ing and testing a ODEs and DDEs model is essential
before any increase in model complexity as explicitly
integrated spatial dependencies via PDEs.

The article is organized according to the following
plan. In Section 2.1, we present the hemodynamical
model. Section 2.2 derives equations of arterial wall
species for ECs, vSMCs and collagen fibers within the
intima and media layers. Section 2.3 is devoted to the
biochemical model of bioavailability. Section 2.4 presents
the coupling methods between arterial wall species, bio-
chemistry and hemodynamics. Section 3 presents a one-
dimensional test-case of the present model aimed at
mimicking the conditions of an endothelial denudation.
As IH has been extensively studied through animal mod-
els, in vitro and in vivo experiments, experimental data
will be used for model validations. In the associated
Sections: 3.1, we initialize the test-case, 3.2, we com-
pare results of the simulation at short- and long-time to
experimental data available by aiming for validation of
the model, 3.3, we discuss results and present a sort sen-
sitivity analysis of important parameters of the model,
3.4, we discuss the possible paths of model improve-
ment. Conclusion is in the final Section 4.
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2 A multiscale and multiphysics framework

2.1 Hemodynamics modelling

The mechanical contents of our model corresponds to
the description of hemodynamics, since hemodynamic
forces are known to modulate pathological development
(Wentzel et al., 2003). In the case of IH, blood flow is
described as “best associated with the formation of in-
timal hyperplasia” (Davies, 2019). We consider a sim-
plified description of arterial hemodynamics as a sta-
tionary laminar flow in a rigid duct, in which blood is
assumed to be an incompressible Newtonian fluid. Un-
der these hypotheses, hemodynamics is modelled by the
Navier–Stokes equations

∂u

∂t
+ (u ·∇)u = −1

ρ
∇p+ ν∆u in Ωl , (1a)

∇ · u = 0 in Ωl , (1b)

where u is the velocity vector, p the pressure, ρ the
blood density, ν the kinematic viscosity and µ = ρν the
dynamical viscosity. The wall shear stress (WSS) vector
τw and its magnitude are

τw = µ
(
∇u+∇uT

)
· n in Γe , (2a)

τw = |τw| in Γe , (2b)

where n is the unit vector normal to endothelial surface
Γe. The WSS represents the tangential friction stress
exercised by blood on the endothelium, a surface lined
by ECs. Spatial domains of application of equations are
shown in Fig. 1.

Assuming the artery as a rigid duct, we ignore the
coupling effects between tissue growth-induced artery
deformation and hemodynamics. This hypothesis is based
on the timescale separation between tissue growth and
hemodynamics discussed in Section 2.4. Thus, we con-
sider the arterial wall deformation as a succession of
quasi-static arterial configurations at equilibrium called
arterial generation. For each arterial generation, we ap-
ply the Navier–Stokes equations (1) and consider only
the new WSS stimuli modulating the tissue growth.

In addition, we ignore other mechanical stimuli on
the present model, such as circumferential/axial intra-
parietal stresses, in order to focus on the influence of
hemodynamics on IH. This assumption ignores the macro-
scopic stress/strain relation of the arterial wall mate-
rial, which is theoretically dependent on the structural
properties of the wall modulated by the tissue growth
Humphrey (2002).

The timescale separation allows to overcome the ad-
ditional complexity induced by the fluid-structure inter-
actions, in the aspects of modelling and computational
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Fig. 1 Idealized artery of length ∆z. Ωl is the luminal volume
within the luminal radius Rl. Γe is the endothelial surface, Ωi is
the intima layer of thickness ei between Rl and RIEL, the radius
of internal elastic lamina. Ωm is the media layer of thickness em
between RIEL and REEL, the radius of external elastic lamina.
Ωa is the adventitia layer of thickness ea between REEL and
Rext, the external radius of the artery. The whole arterial wall
domain is noted Ωw

cost. By considering these restrictive hypotheses, we
aim to experiment numerically the influence of WSS
stimuli on the development of intimal hyperplasia.

The two constant independent parameters of the
hemodynamical model are summarized in Table 1.

2.2 Arterial species modelling

In this section, we obtain the set of coupled equations
describing the evolution of cellular and non-cellular species
within the arterial wall, as seven ODEs and two DDEs.
The term species is used to refer to materials consti-
tuting the vessel wall. These equations are designed to
model a pathology which “... results from the net in-
crease in cell number and ECM, which are dependent
on rates of cellular migration, proliferation, and death
and on rates of ECM synthesis and degradation...“ (Ke-
nagy, 2011). We therefore model the dynamical evolu-
tion of cell’s main populations and extracellular matrix
(ECM) within the intima and media layers in the fol-
lowing three sets of equations:

1. Firstly, ECs are taken into consideration because
of their primordial role in vascular homeostasis and
pathologies developments (Chiu and Chien, 2011).
ECs evolution within the monolayer called endothe-
lium is described from Ultman et al. (2016) as the
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logistic equation

dE

dt
= rEE

(
1− E

Emax

)
in Γe , (3)

where E is the count of endothelial cells, Emax the
physiological number of ECs to have a confluent
monolayer and rE the proliferation rate of cells.

2. vSMCs have a main role in arterial wall homeosta-
sis through their phenotypical heterogeneity as con-
tractile (cSMCs) or secretory (sSMCs) (Berk, 2001).
From Donadoni et al. (2017), we modify the four
coupled equations for vSMCs dynamics within the
intima and media. Subscripts “i” and “m” are used
to refer to variables related to the intima and me-
dia layers and domains of the layers are denoted Ωi

and Ωm. The equations for cells populations cSMCs
and sSMCs are species functional properties (SFPs)
summations with positive sign for production and
negative sign for removal as follows.
– The evolution of cSMCs within intima and me-

dia is modelled with the following modified lo-
gistic equations

dQi

dt
= rQQi

(
1− Qi

Qimax

)
− ciQi +miQm in Ωi , (4a)

dQm

dt
= rQQm

(
1− Qm

Qmmax

)
− cmQm −miQm in Ωm . (4b)

Qi,m is the count of cSMCs, and Qi,mmax is the
physiological amounts of cSMCs in layers needed
for vascular homeostasis. The proliferation rate
of cells is rQ, and ci,m are dedifferentiation rates
from cSMCs to sSMCs. Finally, mi is a migration
rate of cSMCs from media towards intima. The
rates ci,m and mi are bioavailability-dependent
growth factors (GFs), detailed in Sections 2.3
and 2.4.

– Equations for sSMCs are summations of cSMCs
dedifferentiation, proliferation, apoptosis, and mi-
gration as

dSi

dt
= ciQi + (pi − ai)(Si − Seq

i )

+miSm in Ωi , (5a)
dSm

dt
= cmQm + (pm − am)(Sm − Seq

m )

−miSm in Ωm , (5b)

with ci,m and mi used in (4). pi,m are cell prolifer-
ation rates, ai,m cell apoptosis rates and Seq

i,m the
equilibrium counts of sSMCs in each layer de-
fined in equation (11). As for the rates ci,m and

mi, pi,m and ai,m are bioavailability-dependent
growth factors (see Sections 2.3 and 2.4).

3. The evolution of the ECM contents is globally con-
sidered as the evolution of the amount of collagen
denoted as Cy i,m (Donadoni et al., 2017). It is de-
scribed as a balance between Si,m production, colla-
gen self-degradation, and collagen ageing terms si,m
defined in equations (7), as

dCy i,m

dt
= λi,mSi,m − χi,mCy i,m − si,m in Ωi,m . (6)

λi,m are the collagen production rates, χi,m the self-
degradation rates and si,m the collagen ageing rates.
We do not assume cSMCs having the ability to syn-
thesize collagen fibers, as in Donadoni et al. (2017).
As in equations (4) and (5), functional properties re-
lated to collagen dynamics are bioavailability-dependent.
Feugier and Rouvière (2018); Ojha et al. (2000) de-
scribe during histological analysis ageing of lesions
in different vascular pathologies. Collagen fibers would
have the ability to age without being degraded, or
switch from normal/young to old fibers. The old
fibers have the ability to remain within tissues with-
out self-degradation at very long time (Feugier and
Rouvière, 2018). To model this ageing process, two
DDEs are used to describe collagen ageing evolution

dCoi,m

dt
= si,m in Ωi,m , (7)

with si,m the collagen ageing rates and Coi,m old
collagen amounts. The rates are derived from the
temporal derivation of the amount of old collagen
fibers which is assumed as

Coi,m =
1

τC

∫ t

−∞
Φ
[
Cy i,m(u), C

eq
y i,m

(u), Cy i,m(u− τC),

Ceq
y i,m

(u− τC)
]
du in Ωi,m , (8)

with τC collagen ageing delay, Φ a threshold func-
tion (introduced in Section 2.4.2), Cy i,m(t−τC) past
value of Cy i,m at t− τC and Ceq

y i,m
collagen equilib-

rium amounts. Equation (8) models that, if during
τC an excessive amount of collagen is not regulated
by the normal balances (6), then it will be expressed
as old collagen. We assume that old collagen fibers
will remain in layers without self-degradation. Tem-
poral derivation of equation (8) gives expressions for
collagen ageing rates as

dCoi,m

dt
= si,m

=
1

τC
Φ
[
Cy i,m(t), C

eq
y i,m

(t), Cy i,m(t− τC),

Ceq
y i,m

(t− τC)
]
in Ωi,m . (9)
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The equilibrium quantities introduced in (5) and (9)
are the result of the following consideration. The cellu-
lar populations of arterial wall act to maintain its phys-
iological functions as the conservation of the wall me-
chanical properties (stiffness, elasticity). Without ex-
plicit account for mechanical modelling of the arterial
wall, we suppose that physiological mechanical proper-
ties are related to the concentration of collagen within
layers, noted cphCi,m

= ρcϕ
Cph

i,m , with ϕCph

i,m the physiolog-
ical volume fraction (VF) of collagen within layers and
ρc the collagen density.

We assume that this conservation goes through main-
taining a certain amount of collagen within layers, noted
Ceq

y i,m
. Once this goal is achieved, species of the wall

should undergo equilibrium. We define the equilibrium
amount of collagen as

Ceq
y i,m

= cphCi,m
Vi,m , (10)

with Vi,m the current volumes of the layers defined in
equation (12). The amount of sSMCs, noted Seq

i,m, work
to compensate collagen self-degradation within layers
χi,mCy i,m defined in (6) and restore a preferred collagen
concentration. This equilibrium count of sSMCs is then
defined as

Seq
i,m =

χi,m

λi,m
Ceq

y i,m
. (11)

Relations (10) and (11) define a couple of equilib-
rium variables (Ceq

y i,m
,Seq

i,m) which has a dual role. The
couple tends to restore in the arterial wall a physiolog-
ical concentration of collagen at any time and it allows
the equations to find a state of equilibrium when Si,m =

Seq
i,m independently of the bioavailability-dependent sSMCs

turnover p− a.
Finally, the set of nine differential equations (3), (4),

(5), (6) (7) model the dynamics of species in layers.
Under physiological conditions, which will be clarified
in the test-case in Section 3, equations of species remain
under a stable equilibrium unlike the previous model
of Donadoni et al. (2017) (under the conditions that
pi,m ≤ ai,m and tc,m > 1). This equilibrium state model
vascular homeostasis as a static process although it is
truly dynamic (Widmaier et al., 2016).

According to Donadoni et al. (2017) and assuming
constant species densities, the evolution of volumes in
layers is related to species dynamics as

Vi =
E

ρE
+

Si +Qi

ρs
+

Cy i + Coi

ρc
+ V o

i inΩi , (12a)

Vm =
Sm +Qm

ρs
+

Cym + Com

ρc
+ V o

m inΩm , (12b)

Vw = Vi + Vm + Va inΩw , (12c)

with ρs cell density, ρE ECs density, ρc collagen density,
V o
i,m constant volumes of other not modelled species

within intima and media, Va constant volume of the
adventitia and Vw arterial wall volume. The ECs den-
sity is calculated by assuming its shape as ellipsoidal
and it reads

ρE = 1
/(

4

3
π
wE

2

lE
2

eE
2

)
, (13)

with wE and lE respectively the width and length of
EC and eE the thickness of an endothelium.

Assumption of constant species densities neglects
the hypertrophy capacity of cells. The size of cells do
not change over time and volume variations of arterial
layers are only due to variations in the amount of col-
lagen and count of cells. When cells hypertrophy, the
constant density hypothesis can lead to errors (Binder
and Simpson, 2016), but in first approximation, we thus
model the development of arterial narrowing patholo-
gies induced by hyperplasia, i.e. an increase in cell num-
ber. The model ignores biochemical species (introduced
in Section 2.4.2) in volumes calculation and assumes
species as homogeneously distributed within layers.

Finally, by knowing the volume of a species X within
layers, V X

i,m, and the total volume of layers, Vi,m, we de-
fine species VFs as ϕX

i,m = V X
i,m/Vi,m in Ωi,m and with

the following properties
∑

X ϕX
i =

∑
X ϕX

m = 1. Table
1 summarizes numerical values of the fourteen arterial
species model constant parameters.

2.3 Biochemical modelling

In Section 2.2, we proposed evolution equations for ar-
terial species as summations of SFPs. These properties
are shown to depend strongly on the GFs bioavailability
which itself is modulated by hemodynamics and species
dynamics (Chiu and Chien, 2011; Berk, 2001). Depend-
ing on the discipline of the authors, molecules signaling
for SFPs have different names as “growth factors” in
cellular biology or “cytokines” in immunology. In the
present study, we consider the term GFs in an extensive
understanding, including all types of biochemical mes-
sengers modulating species behaviours. For more than
forty years, studies have focused on the influence of GFs
on cells and have demonstrated that “... they provide an
essential means for a cell to communicate with its im-
mediate environment and to ensure that there is proper
local homeostatic balance between the numerous cells
that comprise a tissue ...” (Sporn and Roberts, 1991,
Chap. 1).

We therefore develop hereafter a model of GFs dy-
namics within layers focusing on the most impacting
families of GFs. Six GFs families and the nitric oxide
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Table 1 List of definitions, values, units and data source of constant parameters of the model. The parameters are grouped in
several topics sections. By abuse of language, we write cells as a unit. We differentiate data if they are prescribed from or estimated
from studies, chosen or estimated by us if unavailable in the literature, or either calculated

Constant Description Value Units Reference(s)

Geometry

wE EC width 13.2× 10−6 m Prescribed from Garipcan et al. (2011)
lE EC length 25.8× 10−6 m Prescribed from Garipcan et al. (2011)
eE Endothelium thickness 2.0× 10−6 m Prescribed from Karner and Perktold (2000)
Rl0 Initial luminal radius 4× 10−3 m Chosen
e0 Initial wall thickness 5× 10−4 m Estimated from Karner and Perktold (2000)

Rext External wall radius 4.5× 10−3 m Calculated as Rext = Rl0 + e0

∆z Length of the arterial segment 1× 10−3 m Chosen

Hemodynamics

µ Dynamic viscosity of blood 3.45× 10−3 Pa s Prescribed from Robertson et al. (2009)
ρ Density of blood 1.056× 103 kgm−3 Prescribed from Robertson et al. (2009)
ν Kinematic viscosity of blood 3.27× 10−6 m2/s Calculated as ν = µ/ρ

Re0 Initial Reynolds number 3.0× 102 – Chosen

Arterial species

rE ECs proliferation rate 7.2× 10−1 day−1 Prescribed from Ultman et al. (2016)
rQ cSMCs proliferation rate 1.0× 10−2 day−1 Estimated from Khosravi et al. (2020)
c0 cSMCs to sSMCs dedifferentiation rate 2.5× 10−1 day−1 Chosen
m0 vSMCs migration rate 1.0× 10−1 day−1 Chosen
peq sSMCs proliferation rate 2.4× 10−1 day−1 Prescribed from Boyle et al. (2010)
aeq sSMCs apoptosis rate 2.4× 10−1 day−1 Calculated as peq = aeq

λeq Collagen production rate 2.16× 10−13 g/cell/day Prescribed from Donadoni et al. (2017)
χeq Collagen self-degradation rate 3.3× 10−2 day−1 Prescribed from Donadoni et al. (2017)
τC Collagen ageing delay 4.5× 101 day Chosen
ρc Collagen density 2× 103 g/m3 Prescribed from Donadoni et al. (2017)
ρs Cell density 2.18× 1014 cell/m3 Prescribed from Donadoni et al. (2017)
ρE ECs density 2.80× 1015 cell/m3 Calculated as ρE = ((4/24)wElEeE)−1

tm Migration threshold value 1.8 – Chosen
tc Dedifferentiation threshold value 1.1 – Chosen

Biochemistry

ζ Degradation rate of GFs 1× 10−1 day−1 Estimated from Marino et al. (2017)
kc GFs coupling rate 1.0 day−1 Chosen
β Denudation parameter 3.0 – Estimated from Conklin and Chen (2007)

RNO
max Maximal NO production rate 3.358× 108 ng/(m3day) Estimated from Andrews et al. (2010)

RNO
min Minimal NO production rate −6.108× 10−1 ng/(m3day) Estimated from Andrews et al. (2010)

αRNO NO tendency relation parameter 2.5 Pa−1 Estimated from Andrews et al. (2010)
τRNO

w NO offset parameter 9.49× 10−1 Pa Estimated from Andrews et al. (2010)
P a
max Maximal apparent permeability 4.187× 10−4 m/day Estimated froma

P a
min Minimal apparent permeability 4.263× 10−6 m/day Estimated froma

αP Tendency relation parameter for P a −1.92 Pa−1 Estimated froma

τP
w Offset parameter for P a 6.845× 10−1 Pa Estimated froma

cNO
p Plasma NO concentration 1.88× 104 ng/m3 Calculated fromb

cPDGF
p Plasma PDGF concentration 4.5× 105 ng/m3 Prescribed from Rossi et al. (1998)
cFGF
p Plasma FGF concentration 6.4× 103 ng/m3 Prescribed from Larsson et al. (2002)
cAg
p Plasma Ag concentration 7.2× 104 ng/m3 Prescribed from Levy et al. (1996)

cTGF
p Plasma TGF concentration 1.3× 106 ng/m3 Prescribed from Ivanovic et al. (2003)
cTNF
p Plasma TNF concentration 1.9× 104 ng/m3 Prescribed from Feitosa et al. (2013)

cMMP
p Plasma MMP concentration 3.0× 108 ng/m3 Estimated from Jonsson et al. (2016)
k Arterial wall GFs consumption rate 1× 10−2 s−1 Prescribed from Liu et al. (2014)
D Arterial wall GFs diffusion coefficient 8.48× 10−10 m2s−1 Prescribed from Liu et al. (2014)

Temporal integration

t0 Initial time 0.0 day Chosen
tf Final time 4.0× 104 day Chosenc

d0 Initial damage parameter 9.9× 10−1 – Chosen
y0 Initial conditions see Table 5 Chosen (see Section 3.1)
h0 History conditions see Table 5 Chosen (see Section 3.1)
Atol Absolute numerical tolerance 1× 10−8 – Chosen
Rtol Relative numerical tolerance 1× 10−6 – Chosen
ε Remodeling sensitivity 1× 10−2 – Chosen
ε Equilibrium sensitivity 1× 10−4 – Chosen

Volume fractions of species within the arterial wall

ϕel
w Elastin 2.5× 10−1 – Estimated fromd

ϕvSMCs
w vSMCs 2.4× 10−1 – Estimated fromd

ϕC
w Collagen 4.5× 10−1 – Estimated fromd

ϕE
w ECs 3.7656× 10−3 – Calculated

ϕo
w Other species 5.6234× 10−2 – Calculated

a Conklin and Chen (2007); Goodman et al. (2016)
b We consider the characteristic concentration relation of cNO

p = 2Rl0
RNO

maxeE/DNO
l with the luminal NO diffusion coefficient DNO

l = 3.3 × 10−9 m2 s−1 (Plata et al., 2010).
cAn another final time is reached corresponding to a new equilibrium state presented in Table 5.
d O’Connell et al. (2008); Glagov et al. (1981); Bellini et al. (2013); Marino et al. (2017)
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molecule are considered and listed in Table 2. Regula-
tory activities of GFs go through several types of mecha-
nisms with organization of producers and targets cells.
Table 2 presents all the assumptions used for writing
the model.

The amount of a GF named x is denoted ηxi,m and its
evolution follows the general kinetic differential equa-
tion of the form

dηxi,m
dt

= M̄x
i,m −

[
ϕS
i,mkcN

x
c + ζx

]
ηxi,m

+
∑
y

ϕS
i,mkcη

y
i,m in Ωi,m , (14)

with ζx the natural decay rate of x, M̄x
i,m the source

terms of x, and
∑

y ϕ
S
i,mkcη

y
i,m and ϕS

i,mkcN
x
c the re-

lated coupling terms between GFs y and x with kc the
coupling rate. The form of equation (14) is based on
previous molecular modelling (Donadoni et al., 2017;
Marino et al., 2017). We model the inter-GFs coupling
mechanisms, named autocrine signaling in Berk (2001),
as follows. Coupling terms are scaled by the volume
fractions of sSMCs (Marino et al., 2017) and for each
coupling GFs action of y on x, the same term appears
in equation for GFs y with negative sign to model in-
activation after the signaling. This procedure results in
the term −ϕS

i,mkcN
x
c η

x
i,m which is the proportion of x

inactivated by inter-GFs coupling mechanisms, where
Nx

c is the number of coupling mechanism considered
for x. In this biochemical model, we limit ourselves to
the minimal spatial scale of cells, we then not model
intra-cellular kinetic phenomena of GFs binds, inacti-
vate, and signal pathways acting on cellular fates as in
Starbuck and Lauffenburger (1992). However, we con-
sider a GF degradation term within layers −ζxηxi,m.

The source terms M̄x
i,m model the endothelium two-

fold influence on a GF x: first, as a barrier, endothelium
protects tissues from molecules and cells that flow in the
lumen; second, endothelium is also a source of x, both
as a producer and as a membrane that lets x permeates
from blood to arterial layers. The terms M̄x

i,m are com-
puted by averaging the term mx through the arterial
wall over the thicknesses of layers ei,m as

M̄x
i =

1

ei

∫ RIEL

Rl

mx(r)dr in Ωi , (15a)

M̄x
m =

1

em

∫ REEL

RIEL

mx(r)dr in Ωm. (15b)

The integrated flux over the surface mx is solution of
a one-dimensional steady diffusion-reaction equation in

cylindrical coordinates and reads

mx(r) = 2πr∆z Bx

I1(κr)K1(κRext)−K1(κr)I1(κRext)

I1(κRl)K1(κRext)−K1(κRl)I1(κRext)
in Ωw .

(16)

The boundary condition (BC) Bx at r = Rl is speci-
fied in Section 2.4, ∆z is the arterial length, I1 and K1

are respectively modified Bessel functions of first and
second kinds and κ2 = k/D is the ratio of the tissue
consumption rate k over the molecular diffusion coeffi-
cient D of x in the tissue. Details about the analytical
solution (16) are provided in appendix A.

We first note that the modelling of GFs releases by
endothelium in equation (16) reminds of the radial ex-
ponential decrease proposed by Taber (1998) to account
for the τw influence on “... biochemical signal released
from the endothelium ...”. A second remark is that no
term in equation (14) accounts for sSMCs production
and degradation on x. To limit complexity on coupling
relation in the model, we assume here that sSMCs pro-
duction of x is exactly compensated by sSMCs degra-
dation of x. Thus, at the scale of the layer, we neglect
this phenomenon. Furthermore, we justify this assump-
tion by noticing that sSMCs are producer and target of
all GFs with regard to Table 2.

In order to limit the number of parameters of the
model, we suppose same rate ζ for all GFs and all cou-
pling mechanisms of GFs have the same coupling rate
kc. The twenty biochemical model parameters are sum-
marized in Table 1.

Overall, the biochemical model is the set of the
seven pairs of equations (17). The present multiphysics
and multiscale differential models of arterial wall dy-
namics is defined by equations (3), (4), (5), (6), (7) and
(17). We write it in the following general vectorial form

dy

dt
= f(y,y(t− τC), τw) , (18)

with y vector of variables, τw the magnitude of WSS
and f the right-hand-side terms. Equations (18) are
solved on t0 ≤ t ≤ tf with a given history y(t) = h(t)

for t0−τC ≤ t < t0 and an initial conditions y(t0) = y0.

2.4 Coupling hemodynamics with biochemical and
species models

The growth of arterial tissue is a biomechanical problem
coupled over time, space and the multiple factors that
develop it. In this section, we propose coupling meth-
ods between biochemical environment, hemodynamics
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Table 2 Enumeration of growth factors considered in the biochemical model. Organizational assumptions of growth factors pro-
ducer cells and target cells are listed with the corresponding references. For each growth factor, the inter-GFs coupling mechanisms
of sSMCs (autocrine signaling) modelled are summarized with references and the total number of coupling mechanisms Nc is given
in the last column.

GF family Abbreviation Producing cell(s) Target(s) Coupling relation(s) Nc

Nitric–Oxide NO ECs Andrews et al., sSMCs Bernhardt et al. sSMCs Qiu et al. – 0
Platelet–Derived–GF isoforms PDGF ECs San Martin et al., sSMCs San Martin et al. sSMCs Qiu et al. Ag Berk, TGF Berk, FGF Berk 3
Fibroblast–GF FGF ECs Model and Dardik, sSMCs Model and Dardik sSMCs Berk Ag Michel; Berk, PDGF Millette et al., MMP Parks et al. 3
Angiotensin–II Ag ECs Berk; Qiu et al., sSMCs Berk; Michel sSMCs Berk; Michel PDGF Berk, TGF Berk, FGF Berk 3
Transforming–GF TGF ECs Qiu et al., sSMCs Qiu et al. sSMCs Qiu et al. Ag Michel; Berk, MMP Parks et al. 2
Tumor–Necrosis–Factor TNF ECs Sigg, sSMCs Sigg sSMCs Sigg MMP Parks et al. 1
Matrix–MetalloProteinase–2–9 MMP ECs Newby, sSMCs Qiu et al.; Beamish et al. sSMCs Qiu et al., ECMs Newby TNF Newby; Tedgui and Mallat, FGF Newby, PDGF Newby 3

dηNO
i,m

dt
= M̄NO

i,m − ζηNO
i,m in Ωi,m (17a)

dηPDGF
i,m

dt
= M̄PDGF

i,m − (ζ +NPDGF
c ϕS

i,mkc)η
PDGF
i,m + ϕS

i,mkc
(
ηAg
i,m + ηFGF

i,m + ηTGF
i,m

)
in Ωi,m (17b)

dηFGF
i,m

dt
= M̄FGF

i,m − (ζ +NFGF
c ϕS

i,mkc)η
FGF
i,m + ϕS

i,mkc
(
ηAg
i,m + ηPDGF

i,m + ηMMP
i,m

)
in Ωi,m (17c)

dηAg
i,m

dt
= M̄Ag

i,m − (ζ +NAg
c ϕS

i,mkc)η
Ag
i,m + ϕS

i,mkc
(
ηPDGF
i,m + ηTGF

i,m + ηFGF
i,m

)
in Ωi,m (17d)

dηTGF
i,m

dt
= M̄TGF

i,m − (ζ +NTGF
c ϕS

i,mkc)η
TGF
i,m + ϕS

i,mkc
(
ηAg
i,m + ηMMP

i,m

)
in Ωi,m (17e)

dηTNF
i,m

dt
= M̄TNF

i,m − (ζ +NTNF
c ϕS

i,mkc)η
TNF
i,m + ϕS

i,mkcη
MMP
i,m in Ωi,m (17f)

dηMMP
i,m

dt
= M̄MMP

i,m − (ζ +NMMP
c ϕS

i,mkc)η
MMP
i,m + ϕS

i,mkc
(
ηTNF
i,m + ηPDGF

i,m + ηFGF
i,m

)
in Ωi,m (17g)

and volumic growth of arterial layers. Several metrics
are available to quantify the local hemodynamical state,
but since we concentrate on a steady flow regime in Sec-
tion 2.1, we choose the magnitude of WSS, τw, defined
in equation (2b).

2.4.1 Hemodynamics stimuli modulate GFs releases

ECs have a variety of biological receptors that sense
the flow and turn mechanical signals into biochemical
signals transmitted to the underlying tissues (Chiu and
Chien, 2011). In this section, we develop a coupling
method between WSS and ECs functional property, i.e.
endothelium permeability and GFs production as these
properties are assumed to be important in regulating
the local response to vascular injury (Li et al., 2005).

The main difficulty in the coupling process is feeding
adequate numerical parameters in models. Humphrey
(2008) insists that “... there remains a pressing need for
more quantitative data that will enable the formulation
of an integrative mathematical theory that describes and
eventually predicts vascular adaptations in response to
diverse stimuli.”

ECs produce several GFs at a rate which is cor-
related to τw. In several studies (Andrews et al., 2010;
Humphrey, 2008), this dependency is analytically mod-
elled as a sigmoid mathematical function. The relation

between GFs production rates and τw can be propor-
tional (Andrews et al., 2010) or inversely proportional
(Malek and Izumo, 1992). We assume here that pro-
duction rates of all GFs is related to τw by the generic
hyperbolic tangent function

Rx(τw) =
Rx

max +Rx
min

2
+

Rx
max −Rx

min

2
tanh

(
αRx(τw − τR

x

w )
)

,

(19)

where Rx
max,min are the extremum of production rates

of GF x, αR is a slope adjusting parameter of the func-
tion, and τR

x

w is an offset, both being used to match
experimental data.

Experimental data on GFs productions rates are
scarce except for NO (Andrews et al., 2010). To ac-
count for hemodynamics dependency of all GFs mod-
elled in Section 2.3, we assume that parameters of RNO

can be transposable to other GFs via a proportional or
inversely proportional relationship. In equation (19), if
αRx > 0 the relation (τw, R

x) is proportional, and if
αRx < 0 the relation becomes inversely proportional.
This assumption permits to be only qualitatively con-
sistent with experimental finding, as the production
rates magnitude of each GF could be different. The de-
pendence of RNO on τw is shown in Fig. 2, for both
a negative or positive αRNO corresponding to inversely
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proportional or proportional relationship between the
couple (τw, R

NO). Table 3 provide the considered rela-
tions between RGFs and τw.

The apparent permeability P a of ECs monolayer is
also modulated by τw and Buchanan et al. (2014); Con-
klin and Chen (2007) report a few discrete numerical
values for P a and τw. Previous study of Goodman et al.
(2016) propose an analytical piecewise polynomial de-
pendence of P a on τw, while Silva et al. (2020) uses a
hyperbolic functional dependence. For consistency with
equation (19), we retain the form

P a(τw) =
P a
max + P a

min

2
+

P a
max − P a

min

2
tanh

(
αPx(τw − τPw )

)
.

(20)

Fig. 2 shows the variation of P a with τw as proposed
by the hyperbolic function and experimental numerical
values available.

From equations (19), and (20), we obtain the mass
flux BC at the endothelium, in terms of τw, as

Bx(τw) = Rx(τw)eE + P a(τw)
[
cxp − cxw

]
in Γe , (21)

where cxp is the concentration of x in blood plasma, cxw is
the concentration of x in arterial wall and eE is the en-
dothelium thickness. This definition is consistent with
previous BC treatments: for the production flux (Plata
et al., 2010) and the flux due to permeability (Olgac
et al., 2008). The general boundary condition for flux
due to permeability considers a concentration difference
which couples luminal and arterial wall domains. As a
decoupling simplification, the endothelium is supposed
highly resistant to x transport and Olgac et al. (2008)
propose that cxp � cxw. Finally, the mass flux BC reads

Bx(τw) = Rx(τw)eE + P a(τw)c
x
p in Γe . (22)

The mass flux BC (22) is assumed to be modulated by
the state of endothelium layer. For instance, the absence
of ECs leads to no production of GFs, and the perme-
ability parameter will be larger than in physiological
condition. To quantify the monolayer state, a damage
parameter is defined as d = 1−E† where E† = E/Emax.
In the limit cases, d = 0 if the monolayer is confluent
and d = 1 if the monolayer is fully damaged. Assuming
Bx as linearly dependent on d, the modified damage–
dependent BC (22) is therefore

Bx(τw, d) = Rx(τw)eE(1− d)+

(1 + βd)P a(τw)c
x
p in Γe , (23)

where β is a denudation parameter. We estimate β

equal to three because apparent permeability is mul-
tiplied by four-fold between an intact and denuded ves-
sel from ECs at physiological shear (Conklin and Chen,
2007).

Those coupling methods between hemodynamics stim-
uli, ECs functional properties and monolayer state, model
shear–dependent mechanotransduction of ECs and is
presented in Fig. 3.

2.4.2 Biochemical environment modulates species
functional properties

GFs are multifunctional on cells activities and, through
the complex network of signaling pathways, they posi-
tively or negatively regulate species behaviour (Davies,
2019; Berk, 2001). SFPs modelled in Section 2.2 are
influenced by their biochemical environment, whereas
most existing mathematical models of vascular patholo-
gies’ development propose constant and independent
parameters for SFPs as Donadoni et al. (2017); Wilstein
et al. (2018). Based on a review of studies presented in
Table 3 on the influence of GFs bioavailability on the
pathologies’ development, we propose in this section a
coupling method between biochemical modelling and
species dynamics modelling. This type of approach has
already been proposed, in the context of dermal wound
healing (Rognoni et al., 2018), in the modelling of in-
flammatory response (Nagaraja et al., 2014), or in the
context of arterial growth (Irons and Humphrey, 2020;
Khosravi et al., 2020). Remaining at the cellular scale,
we will not be interested in modelling the underlying
mechanisms of intra-cellular transduction pathways re-
sulting from the binding of GFs to surface receptors of
cells as in Irons and Humphrey (2020), we rather pro-
pose the following causal coupling.

As for GFs production rates (Section 2.4.1), exper-
imental studies suggest that there is a proportional or
inversely proportional relation between a SFP and the
bioavailability of a GF within layers. As reviewed in
Donadoni et al. (2017); Starbuck and Lauffenburger
(1992), experimental findings have shown linear and hy-
perbolic functional dependence between GFs bioavail-
ability and SFPs. As multiple GFs can influence a SFP,
we assume overlap of these effects, so that we model
them, for simplicity, as a linear relation between GFs
amounts within layers and SFPs by computing weighted
arithmetic averages. Table 3 gathers the relations for
the considered GFs and SFPs.

We quantify the importance of a GF within layers
by the following dimensionless parameter

δxi,m =
ηxi,m
η̃xi,m

in Ωi,m , (24)

where ηxi,m is the amount of x within the layer and η̃xi,m
is the physiological amount within layers, which is here
assimilated to the initial equilibrium state. The dimen-
sionless parameters δxi,m permit to assess the relative
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Fig. 2 Left y-axis: Production rate of NO, RNO, as a function of WSS, τw, from equation (19). We obtain parameter values for
RNO from nonlinear regression of sigmoid data of Andrews et al. (2010) (see Table 1). Right y-axis: Apparent permeability P a

from equation (20) where paramerter values was obtained from nonlinear regression of data from literature (symbols)

variations around physiological values, independently
of their amplitude.

In the following, proportional relationships between
GF x and a functional property will be obtained by
summing δxi,m and an inverse proportionality by sum-
ming 1/δxi,m.

In addition to continuous functional dependencies,
biological processes often also involve threshold mech-
anisms (Starbuck and Lauffenburger, 1992). Thus, ac-
cording to Wilstein et al. (2018); Marino et al. (2017)
we use the Macaulay function defined as

〈x− tx〉 =
x− tx + |x− tx|

2
, (25)

where tx is the threshold value. By extension, multiple-
thresholds mechanisms are dealt with the Φ function,
used for collagen ageing rates, as

Φ(x, tx, y, ty) =

{
x− tx, x ≥ tx and y ≥ ty

0, otherwise
(26)

with tx and ty two threshold values.
With ratios δxi,m, GFs bioavailability and SFPs rela-

tions, threshold mechanisms (25), and weighted arith-
metic mean, we propose the relations (27) to model
evolution of SFPs coupled with biochemical equations.

In equations (27), a distinction is made between
maintenance functional properties and ones that trig-
gers tissue growth, i.e. the migration m, and the dedif-
ferentiation c. The use of Macaulay function permits to

switch on m and c in certain conditions. This is done
via threshold values tc,m.

To simplify and because of a lack of data on relative
impact of GFs on SFPs, every weighted parameters γ
are set to unity in the present study. Moreover, the
linear assumption between δ and SFPs assumes that
cellular receptors are always available for GFs without
saturation effect so that all amounts of GFs in layers
act on SFPs at any time and linearly. Other models
proposed different types of relations as the non-linear
Michaelis–Menten function (Bulelzai and Dubbeldam,
2012; Khosravi et al., 2020).

As seen in Sections 2.4.1 and 2.3, the amounts of
GFs within layers are dependent on τw and on the vol-
ume fractions of sSMCs. In this section, we connect
bioavailability and species dynamics by taking into ac-
count the influences of GFs on SFPs thanks to the
weighted arithmetic averages.

2.4.3 Loose coupling between hemodynamics and tissue
growth

The above systems of equations for hemodynamics, evo-
lution of species and biochemistry are linked a priori in
a three-way instantaneous coupling: arterial remodel-
ing, due to populations of cells evolution and collagen
deposit, modifies the biochemical and the blood flow,
which in turn imposes an evolution of WSS, hence bio-
chemical and species exchanges, and so forth. In the-
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pi,m = peq
γNO
p δNO

i,m
−1 + γPDGF

p δPDGF
i,m + γFGF

p δFGF
i,m + γAg

p δAg
i,m + γTGF

p δTGF
i,m + γTNF

p δTNF
i,m∑

y γy
p

(27a)

ai,m = aeq
γNO
a δNO

i,m + γFGF
a δFGF

i,m
−1 + γAg

a δAg
i,m + γTGF

a δTGF
i,m

−1 + γTNF
a δTNF

i,m∑
y γy

a
(27b)

mi = m0 γ
PDGF
m 〈δPDGF

i − tm〉+ γFGF
m 〈δFGF

i − tm〉+ γAg
m 〈δAg

i − tm〉+ γTGF
m 〈δTGF

i − tm〉+ γTNF
m 〈δTNF

i − tm〉∑
y γy

m
(27c)

λi,m = λeq
γNO
λ δNO

i,m
−1 + γAg

λ δAg
i,m + γTGF

λ δTGF
i,m + γTNF

λ δTNF
i,m∑

y γy
λ

, (27d)

χi,m = χeqδMMP
i,m (27e)

ci,m = c0
γPDGF
c 〈δPDGF

i,m − tc〉+ γFGF
c 〈δFGF

i,m − tc〉+ γAg
c 〈δAg

i,m − tc〉+ γMMP
c 〈δMMP

i,m − tc〉∑
y γy

c
(27f)

Table 3 Influence of GFs on the following species functional properties: proliferation p, apoptosis a, migration m, dedifferentiation
c, collagen deposition λ, and collagen self-degradation χ. The type of relationship between τw and the ECs’s production rate of
GFs Rx are presented in last column. Abbreviations “p.”, “i.p.” and “t.” indicate respectively proportional, inversely proportional
and threshold relationship. References used are specified at each assumption

p a m c λ χ (τw, Rx) relation

NO i.p. Qiu et al. p. Qiu et al. – – i.p. Wilstein et al. – p. Andrews et al.
PDGF p. Qiu et al.; Berk; Sigg; San Martin et al. – p.t. Qiu et al.; Beamish et al.; San Martin et al.; Berk p.t. Model and Dardik; Beamish et al.; Berk; Zhang et al.; Raines and Ross – – i.p. Qi et al.; Berk
FGF p. Sigg; San Martin et al. i.p. Berk; Rhoads et al. p.t. Beamish et al.; Zhang et al.; Model and Dardik p.t. San Martin et al.; Model and Dardik – – p. Malek et al.
Ag p. Beamish et al.; Sigg p. Sigg p.t. Model and Dardik p.t. Beamish et al. p. Sigg; Model and Dardik – i.p. Chiu and Chien

TGF p. San Martin et al.; Qiu et al.; Raines and Ross i.p. Li et al. p.t. Model and Dardik – p. Michel; Sigg; Raines and Ross – i.p. Qiu et al.; Qi et al.
TNF p. Rectenwald et al.; Sigg p. Tedgui and Mallat p.t. Sigg; Raines and Ross – p. Tedgui and Mallat – i.p. Rectenwald et al.
MMP – – – p.t. Zhang et al.; Beamish et al. – p. Newby; Beamish et al. i.p. Magid et al.

ory, this imposes a strong constraint on the way all the
equations have to be solved. However, considering the
assumptions that have been made at different stages of
the derivation of the hemodynamical, biochemical, and
cell populations models, it seems reasonable to consider
a simplified way of coupling the three realms.

The assumption comes from a separation of timescales.
The hemodynamic timescale is the cardiac cycle pe-
riod, which is of the order of a second. The remodeling
timescale ranges from days to months. Hence, we ne-
glect the influence of arterial wall deformation due to
growth on hemodynamics, as in Calvez et al. (2010).
We therefore propose a loose coupling between arterial
tissue dynamics and hemodynamics. Among the differ-
ent types of vascular remodeling proposed by van Varik
et al. (2012), we choose the hypothesis of an inward-
hypertrophic remodeling. Thus, we assume that the ex-
ternal radius of the artery Rext is constant, and we pro-
pose two remodeling criteria from which blood flow can
be modified by tissue dynamics. Remodeling occurs if
either of the following conditions is reached
Vall − Vw

Vl
> 1 + ε , (28a)

Vall − Vw

Vl
< 1− ε . (28b)

ε is a remodeling parameter indicating hemodynam-
ics sensitivity to tissue growth. Vall is the whole con-
stant arterial volume, i.e. the lumen volume and the

arterial wall volume, calculated as Vall = ∆zπR2
ext .

Vw is the time-dependent arterial wall volume defined
from species dynamic evolution (12c), and Vl is the
morphological-generation-dependent luminal volume cal-
culated as Vl = ∆zπR2

l where Rl is the luminal radius
associated with the current hemodynamical state. The
criterion (28a) corresponds to a tissue loss with an en-
largement of the lumen, and (28b) corresponds to a
tissue growth with luminal narrowing.

When these remodeling criteria are reached, e.g.
during the development of a pathology, a new hemo-
dynamical resolution is triggered, otherwise the blood
flow remains the same. The latter case reflects the fact
that cellular growth is not significant enough for the ge-
ometry of the artery to be changed. In the former case,
a new arterial generation is produced in the form of a
new geometrical configuration defined by its updated
luminal volume Vl.

Another situation is the return to an equilibrium
state during the resorption of the pathology, or when
a new equilibrium is reached. To test this, we write a
stop criterion and suppose that our system of equations
(18) returns to equilibrium if∣∣∣∣∣∣∣∣dy†

dt†

∣∣∣∣∣∣∣∣ < ε , (29)

where ε is the equilibrium sensitivity parameter, ||·|| the
L2 norm and dy†/dt† the dimensionless time derivative
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of y (seen Table 5 for the definitions of dimensionless
variables). The two sensitivity parameters used in the
loose coupling are given in Table 1.

The whole model and coupling methodology is pre-
sented in the flowchart of Fig. 3. The assumption of
loose coupling between hemodynamics, biochemical, ar-
terial species dynamics and arterial remodeling, simpli-
fies greatly the modelling of a complex multifactorial
and multiscale pathology both at equations’ level and
for numerical resolution cost, especially considering the
fact that parametric studies may be desirable to test
various evolution scenarios.

2.5 Numerical resolution

The coupled system of equations (18) is solved by a
classical time marching algorithm, implemented as an
object-oriented code written in Python. The resolution
of the system of ODEs and DDEs is done with a Runge–
Kutta solver based on Shampine and Thompson (2009).
This solver uses an adaptive time step based on error
estimation, continuous extensions, discontinuity track-
ing and events location routines to detect remodeling
criteria (28a), (28b) and (29).

The multiscale, multifactorial system of equations
involves large differences in the order of magnitude be-
tween variables, e.g. the count of cells and the amount
of a GF within arterial wall layers. To avoid numeri-
cal issues, before numerical resolution, the species vari-
ables are respectively rescaled and non-dimensionalized
by initial-physiological values (seen Table 5) and time
is non-dimensionalized as t† = tm0. The two tolerance
parameters used in the time marching procedure are
shown in Table 1.

3 Short and long time evolution of intimal
hyperplasia

Our model and its numerical implementation is now
tested on a first configuration. We consider the case
of an idealized artery, shown in Fig. 1, which suffers a
mechanically-induced local damage. The artery is as-
sumed to be damaged infinitely on its length, so that
the hemodynamics is a steady fully-developed Poiseuille
flow all along the lesion evolution. The analytical solu-
tion for WSS reads

τw =
4µQv

πRl
3 at Γe , (30)

with Rl the luminal radius and Qv the volumic blood
flow rate. The hemodynamics is characterized by the
following Reynolds number Re = 2Qv/ (πνRl). In this

study, we initialize hemodynamics by chosen Re0 =

300. Hemodynamics is easily updatable from one ar-
terial generation to another, by the use of Qv conserva-
tion between each generation. This simplification frees
ourself from the use of numerical solution for the fluid
dynamics part of the model. The update relations for
the hemodynamical generation k + 1 are respectively
for the magnitude of WSS and the luminal volume

τk+1
w =

4µQv

π(Rk+1
l )3

, (31a)

V k+1
l = π∆z(Rk+1

l )2 . (31b)

We now analyse the behaviour of our model under
an initial damage which models denudation of endothe-
lium as in arterial injury experimental models. We aim
to validate the numerical results of our model both
qualitatively and quantitatively in comparison to ex-
periments.

3.1 Initialization with physiological–damage conditions

In order to initialize the test-case, we first determined
from literature the physiological volume fractions of the
species in the entire arterial wall. As these data were
not found in a single source for a type of artery, they are
the result of the data synthesis from O’Connell et al.
(2008); Bellini et al. (2013); Marino et al. (2017); Fung
(1993). The three main species’ volume fractions, i.e.
elastin, collagen and vSMCS, are set respectively to
ϕel
w = 0.25, ϕvSMCs

w = 0.24 and ϕC
w = 0.45. Additionally

to have
∑

k ϕ
k
w = 1, we define ϕo

w = 0.06, the volume
fraction of others species present in the artery and not
considered in those studies, e.g., fibroblast, ECs and so
forth. As we model ECs dynamics, we estimate volume
fraction of ECs from endothelium volume and from the
assumption that all endothelium volume is composed of
ECs. Thereby, the corresponding ECs density is func-
tion of endothelium thickness.

To define species physiological conditions in each
layer starting from ϕw, we impose logical histologic ob-
servation, e.g. major part for elastin is in media or that
main part of collagen is in adventitia. The volume frac-
tions of species within layers are presented in Table 4.
To validate our logical histologic observations, we com-
pare the wall layers thicknesses resulting from Table 4
with those from Karner and Perktold (2000).

With Table 4, the entire arterial wall volume and
the densities of species, i.e. collagen, vSMCs and ECs,
we define the physiological state of species in each layer.
Note that to differentiate sSMCs to cSMCs, we assume
that balance between production and degradation of
young collagen is under equilibrium, i.e. there is enough
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Fig. 3 Flowchart of the present multiscale tissue growth and remodeling framework. Coupling ways between models are represented
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and criteria results are respectively before and after each diamond

sSMCs to compensate self–degradation of young colla-
gen fibers within each layer. For physiological quantities
of GFs, η̃xi,m, knowing the physiological ϕSph

i,m , WSS τphw

and assuming an equilibrium state for equations (17),
a resolution of this defined system of equations gives
them.

Physiologic state for variable of the system (18) are
shown in Table 5 as the vector yref . The history con-
dition of the arterial wall is assumed physiological as
h(t) = h0 = yref for t0− τC ≤ t < t0. The initial condi-
tion models a damage to the only endothelial layer and
so h0 = yref except for the EC variable which is set to
E(t0) = 1−d0 with d0 a damage parameter. Note that,
under the previously defined initial physiological con-
ditions, with history as y(t) = yref for t0− τC ≤ t ≤ t0,
our model predicts a stable equilibrium state.

3.2 Results

We experiment numerically the tissue growth occurring
after an initial denudation of the ECs layer. In our test-
case, the damage parameter is fixed at initial time to
d0 = 0.99 in order to compare with data from literature.
As reviewed by Lemson et al. (2000), most research on
IH has been conducted with injured animal models by
a balloon catheter (Clowes et al., 1983a,b) or wire fila-
ment (Lindner et al., 1993). The experiments damaged
principally endothelium, but also the underlying layers.
By this numerical experiment, we want to simulate the
same type of injury. Furthermore, we assume that no
damage occurs on intimal and medial species, except
on ECs, in order to investigate the model response to a
unique perturbation of the endothelium.

In the following, we will consider the response of the
artery to this damage, first at short time of the order of
several days, then over a longer evolution period over
several months.
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Table 4 Proposed volume fractions, ϕw, of species within layers. The volume fraction of species X within intima is equal to
ϕX,i
w = V X

i /Vw with V X
i the volume of X in intima and Vw the whole arterial wall volume. The “Whole wall” column is a sum

on the layers of the volume fractions for each species and prescribed value from Table 1 are recovered. The volume fraction of each
layer is given in row ϕlayer

w . The thicknesses of layers associated to the defined volume fractions are given and compared with a
previous study (Karner and Perktold, 2000)

Volume fractions in (–)

Intima Media Adventicia Whole wall

ϕel
w 2.25× 10−3 2.2275× 10−1 2.5× 10−2 2.5× 10−1

ϕvSMCs
w 1.08× 10−2 2.052× 10−1 2.4× 10−2 2.4× 10−1

ϕC
w 2.25× 10−3 4.275× 10−2 4.05× 10−1 4.5× 10−1

ϕE
w 3.7656× 10−3 0.0 0.0 3.7656× 10−3

ϕo
w 2.8117× 10−3 2.8117× 10−3 5.0611× 10−2 5.6234× 10−2

ϕlayer
w 2.1877× 10−2 4.7351× 10−1 5.0461× 10−1 1.0

Thickness in (µm)

Intima Media Adventicia Whole wall

Present study 1.1606× 101 2.4344× 102 2.4496× 102 5.0× 102

Karner and Perktold (2000) 1.2× 101 3.02× 102 1.86× 102 5.0× 102

Despite the diversity of experiments (e.g. animal
models, type of artery, experimental conditions and ob-
jectives of studies), we tried to collect as many results
as possible in any form — as moments of occurrence of
events or temporal variation of variables — that may
be useful for validating the model. Several ways of com-
paring these data with model results are possible. We
choose hereafter to present the short- and long-time
temporal variations of relevant variables, mainly found
in the experiments of the literature.

3.2.1 Short timescale evolution

First, we examine ECs dynamics. Immediately after the
injury and for approximately two weeks, the simulated
biological phenomena are set off by ECs loss and regen-
eration. Fig. 4 shows the time evolution of E† starting
from initial value E†(t0) = 1− d0. E† is the percentage
of ECs affected by the initial damage. The figure shows
an initial slow regeneration of E†, with a rapid accel-
eration after one week, before full re-endothelization,
corresponding to E† ' 1 after 14 days. Overall, this
corresponds to a logistic dynamics of endothelial cells.
The timescale of restoration of endothelial monolayer
varies greatly according to the experimental conditions
and the species considered. In animal models the regen-
eration has been seen as early as 3 days after procedure
and ended after 4 weeks (de Vries et al., 2016), and in 3
weeks after injury (Lindner et al., 1993) or 6–10 weeks
in several others animal models (Cornelissen and Vogt,
2019). The breakpoint time of our simulated ECs re-
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Fig. 4 Re-endothelization of the ECs layer in the spatial do-
main Γe during the first fourteen days. The dimensionless vari-
able is E† = E/Emax

generation is consistent with timescale from literature.

Second, our model predicts time evolution of func-
tional properties of vSMCs. Fig. 5 (a) presents the evo-
lution of the dedifferentiation rates ci and cm in layers
(defined in (27f)), from 0 to 25 days. In intima and
media, dedifferentiation starts at day 0.16 (∼ 4 hours)
while it ends in intima after 24.4 days and in media
after 22.3 days. Fig. 5 (b) presents the migration rate
mi (equation (27c)) of vSMCs. Authors reported the
beginning of migration phenomenon around 2–4 days
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after the injury (Raines, 2004; Clowes, 1993). Migra-
tion continues of up to one week (Raines, 2004) or one
month (Lemson et al., 2000). We have calibrated our
model so that migration starts around the fourth day
(at t = 3.5 days) after the injury, and as this functional
property is modelled by a Macaulay function (equa-
tion (27c)) the adjusted threshold parameter is fixed to
tm = 1.8. The model prediction for the end of migra-
tion is after 17.4 days, as shown by Fig. 5 (b). The time
intervals for migration and dedifferentiation are defined
by a prone biochemical state within layers. In this state,
GFs are overexpressed so that they become greater than
threshold values, and thus pilot SFPs. The time evolu-
tion of GFs is discussed and shown in appendix B on
Fig. 12. Fig. 5 (a) and (b) exhibit a very rapid trig-
gering of large rates ci and cm from their activations.
This indicates that both phenomena of dedifferentia-
tion from cSMCs to sSMCs and of migration of vSMCs
from the media toward intima are predominant in the
early phase of the neointimal formation. Fig. 5 (c) fo-
cuses on the proliferation pi and apoptosis ai of sSMCs
in the intima, from their initial equilibrium state where
ai(t0) = pi(t0). It also shows the time evolution of the
turnover rate ri = pi − ai. During the first 21 days, be-
fore the cross-over of the curves for pi and ai, ri > 0

indicating an exponential growth of sSMCs. This imbal-
ance between cellular proliferation and apoptosis leads
to IH as seen in Fig. 6. After t ' 21 days, ri becomes
negative so that sSMCs decrease. Again, this dynam-
ics is related to the evolution of GFs. The latter ex-
plains the non-uniform evolution of apoptosis ai evolu-
tion, whereas proliferation pi exhibits clear growth and
decay phases with a maximum reached approximately
at day 7.8.

Finally, the other important phenomenon within short
timescale is sSMCs dynamics. sSMCs proliferation in
early days is a key factor for the arterial narrowing
and for the future deposition of ECM within neointi-
mal lesion. Fig. 6 shows the counts Si,m of sSMCs in
intima and media divided by their respective physio-
logical counts Sph

i,m, in addition to their growth rates
rSi,m . The figure shows an exponential increase of the
count of sSMCs within intima and media until day 21,
where the maximal count of sSMCs is predicted. In the
literature, the vSMCs’ maximal count within the intima
was observed at day 14 (Davies, 2019). This sSMCs in-
crease within layers is responsible for the artery’s rapid
narrowing until day 21 (see Fig. 8). We compare now
the times tpi,m at which the proliferation peaks occur in
our model. They are found by computing the growth

rates of Si,m equation as

rSi,m =
1

Si,m

dSi,m

dt
(32)

and finding its maximum, as proposed by Schwartz et al.
(1996).

As seen in Fig. 6, our model predicts maximal prolif-
eration in intima and media respectively at days 5.7 and
4.4. For comparison, the experimental peak of neoin-
tima maximal proliferation for rats is at day 2.04, for
pigs day 6.3 and for humans in reconstructed data at
day 14.7 (Schwartz et al., 1996). Clowes et al. (1983a)
indicate, in an injured rat carotid experiment, that sSMCs
proliferation is maximal at day 4 in intima and day 2 in
media (data reported on Fig. 6). Clearly, there are im-
portant cell kinetic differences across species (Schwartz
et al., 1996). Nonetheless, the predictions of our model
about peak proliferation instants within intima and me-
dia are consistent with this literature.

Peaks of rS are closely related to maximal IH. As
reviewed by Kenagy (2011), maximal IH is reached two
months after arterial injury. Davies (2019) mentions
that this event occurs after 1 month, mainly because
of cellular proliferation and ECM production. Variabil-
ity of these data between experimental results again can
be explained by species and experimental differences. In
our simulation, Fig. 6 and 8 indicate that the maximal
IH occurs at day 21. From this point of view, day 21

appears to be a kind of turning point in the evolution
of the pathology, such that the dynamic evolution of
species amounts to a luminal enlargement phase, as a
transition between early and mature lesion. The longer
time evolution is discussed in the coming section.

3.2.2 Long timescale evolution

The ECM changes in IH is a key element at long timescale
(Kenagy, 2011). Over time, the injured zone under-
goes a maturation phase and becomes paucicelluar and
more fibrous. After a period that ranges from a few
months to about one year, the lesion reaches a steady
state wherein intimal lesion composition is in the range
60%–80% of ECM and 20–40% of vSMCs (Clowes, 1993;
Kenagy, 2011), depending on the degree of injury (Schwartz
et al., 1996; Ducasse et al., 2003). Our model’s predic-
tions for the evolution of intimal collagen ϕ

Cy+Co

i and
vSMCs ϕQ+S

i VFs are shown on Fig. 7. The model pre-
dicts a composition of intima layer with 73% of ECM
and 20% of vSMCs after 12 months, values that are
almost already reached after two months of evolution.
The lesion dynamic behaviour at long time is thus qual-
itatively and quantitatively consistent with data from
Clowes (1993); Kenagy (2011). The simulated IH ends
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symbols) are reported from Clowes et al. (1983a)

by reaching the stop criteria (29) after 37 months. At 24
months, the intimal lesion is stable (data not shown),
in the sense of the criterion (29), although in the media
this event appears after 37 months because of cSMCs
regeneration (data not shown). Finally, by observing
the evolution of the luminal radius as a function of
time in Fig. 8, we identify three phases in the devel-
opment of the simulated lesion. From initial time to
day 21, arterial wall is in an early exponential growth
phase. Then from day 21 to day 150, the luminal ra-
dius decreases mainly because of sSMCs apoptosis pre-
dominance. Finally, from day 150 until day 1107, the
maturation phase leads to a new equilibrium state of
the arterial wall. This equilibrium state is character-
ized by values of the species variables that are provided
in Table 5.
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3.3 Discussion

3.3.1 Lesion evolution

We first discuss the dynamics of sSMCs predicted by
our model, showing non-trivial behaviour at different
timescales of evolution of the pathology. We then dis-
cuss the transition phase between early cellular prolif-
eration and lesion fibrotic steady state.

Early modelled hyperplasia is marked by an expo-
nential growth until day 21 as seen in Fig. 6. This phase
is driven by GFs bioavailability that promotes growth

and proliferation, a feature that comes from the cou-
pling assumptions between GFs and SFPs and from
ECs denudation. It follows from this configuration that
pi,m − ai,m > 0 (Fig. 5). The cellular proliferation peak
appears in intima at tpi = 5.7 days, and is mainly driven
by the migration and dedifferentiation phenomena. The
tpi instant is determined by the constraint imposed in
our model, that the migration process starts around
2–4 days, provided by experimental data. The strong
increase of the intimal growth rates rSi

around day 4 is
due to the use of Macaulay functions in the modelling
of the migration rate of vSMCs. Discussing the values
of growth rate shown in Fig. 6, in intima the model
is qualitatively and quantitatively consistent with the
reported thymidine index from Clowes et al. (1983a)
despite that, between day 21 and day 30, the model
predicts negative growth rate whereas experiments re-
port rS tending towards zero. For the growth rate in the
media layer, the model is also consistent with data in
t ∈ [7, 14] days and underestimates growth rate at the
onset of the lesion in t ∈ [0, 4] days. This underestima-
tion may be due to the initial medial difference between
simulation and experiment as Clowes et al. (1983a) re-
port damages in media layer after the arterial injury.
This unmodelled experimental damage may impact me-
dial sSMCs dynamics at short timescale. As seen in Fig.
8, this cellular growth is responsible for the arterial
narrowing at short time before day 21. Interestingly,
the hemodynamical updates of the WSS during this
narrowing phase slow down the exponential growth by
modifying the biochemistry, i.e. production rate of GFs
and transport of GFs through the endothelium (data
not shown).

In the second transition phase, from day 21 until day
150, our model predicts a regression of tissue growth
and an enlargement of the arterial lumen. This phase
is due to the exponential decrease of sSMCs popula-
tion within layers. This phase occurs in intima and me-
dia respectively, at day 21 and at day 22. It is due to
the change of sign of the functional parameter pi,m −
ai,m driven by biochemical dynamics. The predicted
bioavailability of GFs in this regression phase no longer
permits species growth, according to GFs influence as-
sumptions. Neointimal regression has been discussed in
Farb et al. (2004). On rat carotid artery in-stent neoin-
timal, the lesion size decreases between days 28 and 60.
On canine coronary, a gradual thinning of neointima 12
months after implant is observed, along with reduced
cellularity and increased fibrosis. Similar observations
were made on pig and human. The numerical results
are thus consistent with experiments about this regres-
sion phase during which the lesion becomes increasingly
fibrous (Farb et al., 2004). The amount of collagen fiber,
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young or aged, produced during this second phase can-
not compensate the cellular losses. However, after day
150, a re-narrowing phase is seen because of the inti-
mal and medial cSMCs regeneration (data not shown).
During the second phase which appears to be a tran-
sition phase, the neointima becomes less cellular and
increasingly fibrous as seen in Fig. 7.

3.3.2 Critical discussion of the proposed model and
parameters

Parameter estimation in phenomenological modelling is
essential for realistic model prediction, since the solu-
tions are highly dependent on the choice of parameters
(Donadoni et al., 2017). In biomechanical modelling,
from one study to another, parameter values may have
significant differences in the reported numerical values.
The use of different sources — animal models, species,
in vivo or in vitro experiments — can lead to a great
variability in the values of parameters and in the ensu-
ing phenomenological model results. It is the case for
the decay rate of GFs that varies from 0.1 day−1 (Es-
cuer et al., 2019) to 0.86 day−1(Marino et al., 2017),
or the SMCs collagen secretion rate λeq = 2.16× 10−13

g/cells/day from (Donadoni et al., 2017) and λeq =

2–5× 10−11 g/cells/day from (Khosravi et al., 2020),
or for the regeneration rate of endothelium discussed
below.

In addition, the choice of a type of equation to model
a specie’s dynamics must be associated correctly with
the values of the parameters chosen. To model cSMCs
dynamics, we use a logistic equation as Donadoni et al.
(2017) but with a different rQ value. Donadoni et al.
(2017) propose rQ = 5× 10−4 day−1 with a character-
istic timescale τQ = 1/rQ around 5.8 years. For this
parameter value applied to equation (4b) and assum-
ing initial condition Q†

m(t0) = 0.5, the ODE predicts
a return to the physiological state after more than 30
years. This order of magnitude for cSMCc regeneration
appears to be inconsistent with arterial wound heal-
ing. We estimated rQ = 1.0× 10−2 day−1 with the
corresponding characteristic timescale τQ = 0.27 years,
which is consistent with the values retained for cSMCs
proliferation by Khosravi et al. (2020). In the same dy-
namic test with our rQ value, we obtain a regeneration
after 2 years, which is in better agreement with physio-
logical repair timescales for arterial wall. This remark is
also applicable to the ECs regeneration rate rE . Escuer
et al. (2019) propose rE = 8.6× 10−2 day−1 while Ult-
man et al. (2016) give rE = 0.72 day−1. Using param-
eter values proposed in Escuer et al. (2019) or in Ult-
man et al. (2016), the dynamic test (with E†(t0) = d0)
yields regeneration after respectively 150 days and 15

days. We thus conclude that the choice of the numer-
ical values of the parameters is decisive in the present
phenomenological modelling. As this choice can be dif-
ficult, sensitivity analysis can help to choose between
values proposed in the literature.

We investigate the sensitivity of the model to a per-
turbation of its initial equilibrium state by different lev-
els of endothelium damages. Fig. 9 shows the time evo-
lution over months of the luminal radius Rl normalized
by Rl0, and its sensitivity on the intensity of the initial
damage on endothelium d0 , and, as such, has a di-
rect influence on the perturbation of static homeostasis
equilibrium and of tissue growth modulation. The fig-
ure shows that the luminal radius does not decrease, or
only of a few percent, after a weak damage is applied,
that is at d0 < 0.5, but peaks at less than 80% of the
nominal radius at larger d0 = 0.99. For d0 = 0.01, the
arterial wall does not trigger a tissue growth and return
to an equilibrium state after 53 days. The case where
d0 = 0.255 does not develop tissue growth either, and a
new equilibrium state is found after 64 months reach-
ing Rl/Rl0 = 9.98× 10−1. The absence of tissue growth
after light damages is due to the use of threshold mech-
anisms for dedifferentiation and migration of vSMCs.
In the two cases, the perturbation of the bioavailabil-
ity is not sufficient to trigger lesion onset. It can be
observed that the more d0 increases, the more the ex-
ponential proliferation phase would be important but
over a shorter period. This result is consistent with ex-
perimental observations about the influence of the ini-
tial injury on the extent of tissue growth (Davies, 2019;
Ducasse et al., 2003).

Given the key role in lesion set off, we investigate
the effect of the variation of rE on the minimal dimen-
sionless luminal radius

MdLR = min
t∈[t0,tf ]

Rl

Rl0

, (33)

experienced by the artery during the pathology that
starts at time t0 and ends at time tf . As shown in Fig.
10, even a small variation of rE greatly modifies the pro-
gression of the pathology and for rE < 0.46 the present
model predicts an arterial occlusion. This is not sur-
prising since phenomenological modelling is sensitive to
parameter values and since the duration of endothelial
denudation has a key role in the development of intimal
lesions (Fingerle et al., 1990).

3.4 Possible paths for model improvement

As seen above, our phenomenological model allows to
study a complex pathology in a simplified way, at the
price of a series of assumptions. The result is a model
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validated on a 1D test-case and which may permits to
explore parametric cases. In this section, we propose
various paths for improving the model and critical dis-
cussions on the hypotheses formulated.

Firstly, the assumption of homogeneously distributed
species within the arterial wall allows us to strongly re-
duce the computational time by reducing the dimen-
sionality of the system. Nevertheless, arterial patholo-

gies are heterogeneous (Davies, 2019; Feugier and Rou-
vière, 2018; Clowes et al., 1983b). A coarse modelling
cannot reproduce spatially localized processes which
can be strongly coupled with WSS stimuli and mass
transport near the luminal surface.

In terms of species, our model focuses on the three
main ones responsible for the pathology, i.e. ECs, vSMCs
and collagen. Nonetheless, as seen in Section 3.2, the
model can still predict some of the phenomena observed
experimentally, although the actual pathology is of course
more varied in terms of species and in signaling path-
ways. Enrichment of the model could be obtained via
exploration of others relations between GFs bioavail-
ability, SFPs and ECM; e.g. it is known that ECM has
feedback mechanism modulating cells SFPs (Rognoni
et al., 2018). Another way for improvement could be the
addition of species linked to the process of inflamma-
tion (monocytes, macrophages), wound repair (Rognoni
et al., 2018) (fibroblasts, myofibroblasts) or platelet ac-
tivation immediately after injury (Nagaraja et al., 2014).
As reviewed by Davies (2019); Ducasse et al. (2003);
Forte et al. (2010); Kenagy (2011); Lemson et al. (2000),
inflammatory cells from blood flow, fibroblast/myofi-
broblast from adventitia and platelet activation play a
determining role in the onset and/or regulation of the
pathology via release of diverse GFs. In addition, we
have simplified ECM to collagen fibers while the ma-
trix is composed of multiple fibers that may have an
important role in vascular pathology as proteoglycan
described in endofibrosis pathology (Feugier and Rou-
vière, 2018).

The precise dependence of production rate dynam-
ics of each GF on WSS is unknown. There is nothing
to suggest that they will have the same responses as
nitric oxide at the quantity level produced by ECs but
also at the sensitivity to the WSS stimuli. Indeed, data
from endothelin-1 production rate as a function of WSS
(Humphrey, 2008) shows that WSS sensitivity is differ-
ent from that of NO. By lack of further information,
we had to assume that the production rate values of
all GFs are matched to that of RNO (see Section 2.4.1),
which makes the biochemical model only qualitative.
The biochemical model was designed to be as basic as
possible with a reduced number of constant parameters.
We thus supposed that GFs share same properties as
coupling and decay rates values while each GFs family
have specific ones (Khosravi et al., 2020; Escuer et al.,
2019). Another hypothesis was to assume that all se-
creted GFs were in an active states, while as for TGF-β
a distinction can be achieved between latent and active
state (Nagaraja et al., 2014) or as for angiotensin II
which is the end product of the highly complex renin-
angiotensin system (Michel, 2004). This kind of im-
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provements of the biochemical part could thus greatly
enrich the model.

Data used for comparison comes from animal mod-
els. As reviewed by Bennett and O’Sullivan (2001), an-
imal model can be used, “but with caution over their
applicability”. Depending on the species, the cellular
processes can be both qualitatively and quantitatively
different, as the associated characteristic timescale can
also be largely variable. Again, we use data from these
references since they are the only one available to our
knowledge. From this viewpoint, our model is validated
for animal hyperplasia more than human hyperplasia,
although this is a common methodology whereby ani-
mal models provide insight into the mechanisms of hu-
man vascular diseases.

Finally, our modelling does not take into account
the states of intra-parietal stresses during the patho-
logical evolution. It would be interesting to incorpo-
rate this aspect of the mechanical stresses in the model
of intimal hyperplasia because during lesion develop-
ment, these stimuli could play an important role in the
physiopathology. Indeed, as the structural properties
of the wall evolve, e.g. volume fraction of collagen or
vSMCs, these changes must modulate the mechanical
characteristics of the wall, e.g. elasticity, rigidity, and
its macroscopic mechanical stress/strain relation. The
multiple experiments describing circumferential and ax-
ial mechanical stresses as modulators of the SFPs Berk
(2001); Humphrey (2008) and of macroscopic arterial
wall homeostatic state Humphrey (2008) suggest to ex-
plore this way of enriching the model.

4 Conclusion

In the present study, we propose a novel multiscale
and multiphysics model of arterial growth. We rely on
a modelling approach similar to previous ones (Don-
adoni et al., 2017; Wilstein et al., 2018; Khosravi et al.,
2020), and we thus use a deterministic model for a vas-
cular pathology through phenomenological equations.
The present model is successfully applied to a one-
dimensional artery test-case by numerically simulat-
ing neointima hyperplasia development after endothe-
lial damage. Starting from experimental hypotheses at
both microscopic and macroscopic scales, respectively
related to cellular dynamics, biochemistry and hemo-
dynamics, our model permits to obtain results consis-
tent with the literature. Our model predicts a complex
phasic tissue growth dynamics, strongly coupled with
hemodynamics and biochemistry. This result confirms
that the development of intimal hyperplasia is a multi-
factorial and multiscale (with two main timescales ob-

served) pathology of which many phenomena remain to
be understood (Davies, 2019).

Our model is simple enough so that it can be used
for testing numerically the multiple findings on the phys-
iopathology that come from several types of studies,
e.g. animal, in vivo, in vitro experiments. It is there-
fore possible to collect and test the experimental re-
sults coming from the different scales and physics of
the pathology while also being able to explore different
coupling hypotheses. In particular, this study permits
to investigate the key role of GFs in development of
intimal hyperplasia.

Two perspectives are considered below as improve-
ments of our present work.

Firstly, our model of IH was applied to one-dimensional
test-case but further implementation with a higher di-
mensionality is called for. We started in the present
work the indispensable validation of equations in a sim-
ple geometrical configuration, to focus on tissue growth
and avoid the burden of CFD computations. However,
the pathology development coupled with hemodynam-
ics involves pathology-protective and pathology-promoting
zones linked to complex and three-dimensional flow pat-
terns. As a halfway step, in a coming study, we will in-
vestigate the behaviour of our model in a two-dimensional
axisymmetric idealized artery suffering a spatially lo-
calized desendothelization. Keeping the compartmen-
tal approach proposed by Donadoni et al. (2017), we
will consider a mesh of the arterial wall composed of a
number of compartments, in which we will apply the
system of equations (18). Using our hypotheses of cou-
pling between hemodynamics and tissue growth, this
two-dimensional extension will evaluate the responses
of our multiscale model in the high and low wall shear
stress zones.

Secondly, improvements of the arterial wall mod-
elling require taking into account elastic deformation
into its growth and remodeling. In this context, kine-
matic growth theory (Rodriguez et al., 1994) extended
to the constrained mixture theory (Humphrey, 2002)
then more recently to the homogenized constrained mix-
ture theory (Cyron et al., 2016) allow to model growth
and remodeling as the contribution of an elastic defor-
mation and an inelastic growth in the arterial material.
By applying these concepts to intimal hyperplasia, we
aim to propose a more realistic modelling of this pathol-
ogy in further works.
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A Analytical development about
diffusion–reaction equation

A.1 Dimensional analysis

We use cylindrical coordinates (r, θ, z), with r the radius, θ the
polar angle, and z the axial coordinate. The unsteady diffusion–
reaction equation that describes the evolution of the concentra-
tion C of a growth factor (GF) x within an idealized arterial
wall, which assumes the only radial dependence of C, is

∂C

∂t
=

D

r

∂

∂r

(
r
∂C

∂r

)
− kC in Ωw . (34)

D is the x diffusion coefficient within the arterial wall, and k
is the consumption rate of the medium. The idealized arterial
wall and domain Ωw are described in Fig. 1.

The dimensionless unsteady diffusion–reaction equation reads

L2

TgrD

∂C†

∂t†
=

1

r†
∂

∂r†

(
r†

∂C†

∂r†

)
− k†C† in Ωw , (35)

with the dimensionless variables

C† =
C

C̃
, r† =

r

L
, t† =

t

Tgr
. (36)

C̃, L and Tgr are a characteristic concentration, a charac-
teristic diffusion length and a characteristic growth timescale.
The dimensionless consumption is k† = kL2/D, and the di-
mensionless ratio L2/(TgrD) expresses diffusion timescale ver-
sus growth timescale.

Upon assuming short growth timescale Tgr ∼ 1 day, thick-
ness of arterial wall L = 500 µm and NO diffusion coeffi-
cient D = 8.48× 10−10 m2 s−1, the dimensionless number
L2/(TgrD) = 3× 10−3 remains much lower than one. Accord-
ing to this, we can remove the time-dependent term in equation
(34) — this was also done in Goodman et al. (2016)— and we
get the following steady diffusion reaction

D

r

d

dr

(
r
dC

dr

)
− kC = 0 in Ωw . (37)

Note that even accounting for a transitional timescale of en-
dothelial cells (ECs) adaptation to hemodynamics, which would
be much smaller than Tgr as Ttr ∼ 1 hours (Hahn and Schwartz,
2009), the time derivative term in (34) remains negligible (L2/(TtrD) =
8× 10−2).

A.2 Development of source term expression

The complete problem to be solved is equation (37) plus the
following Neumann boundary conditions

−D
dC

dr

∣∣∣∣
r=Rl

= B at r = Rl , (38a)

dC

dr

∣∣∣∣
r=Rext

= 0 at r = Rext , (38b)

to model ECs influence on the x GF bioavailability within ar-
terial layers. Equations (38a) and (38b) are respectively a flux
conservation condition (see equation (23)) and a no flux condi-
tion at external arterial radius.

REEL

M̄x
i

M̄x
m

r

m
x

in
n

g
/
d

Rl RIEL

Fig. 11 mx from equation (41) for r ∈ [Rl, REEL]. The av-
eraged values of mx (from equation (15)) within intima and
media layers, M̄x

i,m, are represented with dashed lines

Equation (37) is a Bessel equation, whose solution with
boundary conditions (38) is

C(r) =
B

κD

I1(κRext)K0(κr) +K1(κRext)I0(κr)

K1(κRl)I1(κRext)− I1(κRl)K1(κRext)
(39)

with κ2 = k/D, I0,1, K0,1 modified Bessel functions of first
and second kind. The vector mass flux comes from Fick’s law
J = −D∇C, and its amplitude in the radial direction n comes
from (39) as

J = (−D∇C) · n

= B
I1(κr)K1(κRext)−K1(κr)I1(κRext)

I1(κRl)K1(κRext)−K1(κRl)I1(κRext)
. (40)

To define the source term of the generic equation (14), we inte-
grate J over the surface of length ∆z at radius r, which amounts
to multiplying by 2πr∆z as

m(r) = 2πr∆z B
I1(κr)K1(κRext)−K1(κr)I1(κRext)

I1(κRl)K1(κRext)−K1(κRl)I1(κRext)
.

(41)

m is the production rate of GF as a function of the radial
coordinate. To get average production rates of GF x over the
layers considered, namely the intima and the media, equation
(41) is integrated over the layers thicknesses, as in (15). This
averaging procedure and the radial variation of mx are shown
in Fig. 11.

B Dynamics of growth factors

For reference, we show in Fig. 12 the evolution of all the GFs in
both media and intima layers for the test-case presented in Sec-
tion 3, between 0 and 30 days. The initial damage of ECs layer
causes a subexpression of NO amount (Lemson et al., 2000) and
overexpression of other GFs at short timescale (Ducasse et al.,
2003). There are two main types of time evolution for GFs,
that of NO and that of other GFs (PDGF, FGF, Ag, TGF,
TNF, MMP). From an analysis of biochemical equations, the
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NO is not involved in inter-GFs coupling mechanisms so its dy-
namics is mainly driven by hemodynamics stimuli. This is seen
between 6 and 30 days, where there is a net increase in NO
amount within intima layer corresponding to the luminal nar-
rowing phase (as WSS increases, so does the production rate).
In the second group, a different type of temporal evolution is
seen because this group is strongly coupled (seen Table 2). They
evolve globally in the same way with an increase in the short
time induced by the denudation of the endothelium and a de-
crease below the equilibrium value δGFs = 1.0 around day 21
which corresponds to the turning point (ri < 0) discussed in
Section 3.2.

C Final equilibrium state of the test-case

The final equilibrium state of the denudation test-case devel-
oped in Section 3 is presented in Table 5. We provide the vector
of variables y of (18) as y† = y/yref where y† is the vector of
rescaled or dimensionless variables by its initial–physiological
values yref .
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Table 5 New state of equilibrium reached after tf ' 1107, days (' 37 months) presented in terms of rescaled and dimensionless
variables y† = y/yref , with yref the initial-physiological value

y† formulation y† yref

Value

δNO
i = ηNO

i /η̃NO
i 1.05 1.25× 10−2 ng

δNO
m = ηNO

m /η̃NO
m 8.57× 10−1 8.02× 10−3 ng

δPDGF
i = ηPDGF

i /η̃PDGF
i 8.38× 10−1 2.66 ng

δPDGF
m = ηPDGF

m /η̃PDGF
m 6.64× 10−1 1.62 ng

δFGF
i = ηFGF

i /η̃FGF
i 8.42× 10−1 3.35 ng

δFGF
m = ηFGF

m /η̃FGF
m 6.81× 10−1 2.11 ng

δAg
i = ηAg

i /η̃Ag
i 8.38× 10−1 2.65 ng

δAg
m = ηAg

m /η̃Ag
m 6.64× 10−1 1.62 ng

δTGF
i = ηTGF

i /η̃TGF
i 8.43× 10−1 3.67 ng

δTGF
m = ηTGF

m /η̃TGF
m 6.85× 10−1 2.33 ng

δTNF
i = ηTNF

i /η̃TNF
i 8.43× 10−1 4.24 ng

δTNF
m = ηTNF

m /η̃TNF
m 6.86× 10−1 2.70 ng

δMMP
i = ηMMP

i /η̃MMP
i 8.51× 10−1 7.07 ng

δMMP
m = ηMMP

m /η̃MMP
m 7.19× 10−1 4.75 ng

Q†
i = Qi/Qimax 1.00 2.23× 104 cells

Q†
m = Qm/Qmmax 9.99× 10−1 4.23× 105 cells

S†
i = Si/S

ph
i 5.49 9.18× 103 cells

S†
m = Sm/Sph

m 1.17 1.74× 105 cells
Cy

†
i = Cyi/Cy

ph
i 5.61 6.01× 10−8 g

Cy
†
m = Cym/Cy

ph
m 1.31 1.14× 10−6 g

Co
†
i = Coi/Cy

ph
i 3.39× 101 6.01× 10−8 g

Co
†
m = Com/Cy

ph
m 2.85 1.14× 10−6 g

E† = E/Emax 1.00 1.41× 105 cells
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