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Abstract 

C4n cyclacenes exhibit strong bond alternation in their equilibrium geometry. In the two 

equivalent geometries the system keeps an essentially closed-shell character. The two energy 

minima are separated by a transition state suppressing the bond alternation, where the wave 

function is strongly diradical. The paper discusses the physical factors involved in this energy 

difference and possible evaluations of the barrier height. The simple comparison between the 

restricted DFT/B3LYP for the equilibrium with the broken symmetry DFT/B3LYP of the 

transition state underestimates or cancels the barrier in comparison with the most reliable 

CASPT2 or NEVPT2 results. The minimal (2 electrons in 2 Molecular Orbitals) Complete Active 

Space SCF overestimates the barrier, the subsequent second-order perturbation cancels it. 

Due to the collective character of the spin-polarization effect, it is necessary to perform a full 

π CASSCF + second-order perturbation to reach a reasonable value of the barrier, but this type 

of treatment cannot be applied to large molecules. DFT procedures treating on an equal foot 

the closed-shell and open-shell geometries have been explored, such as MRSF-TDDFT and a 

new spin-decontamination proposal, namely DFT-dressed CI, but the results still depend on 

the density functional. The M06-2X without or with spin-decontamination gives the best 

agreement with the accurate wave function results. 
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I) Introduction  

The present paper formulates a methodological challenge: what may be an appropriate 

quantum chemical computational technique for the evaluation of the isomerization barrier 

between two isomers of essentially closed shell (CS) character when the transition state (TS)  

is of open-shell character? We consider the C4n cyclacenes as paradigmatic of this situation. 

Their ground state geometry exhibits a strong bond-length alternation of the CC bonds. There 

exist two degenerate isomers, obtained by interchanging short and long bonds. The chemical 

isomerization from one isomer to the other goes through a transition state geometry where 

all CC bonds have practically equal bond lengths. The simplest mono-electronic descriptions, 

starting from the Hückel Hamiltonian, predict that for the regular (non bond-alternating) 

geometry a degeneracy takes place between the two highest occupied molecular orbitals 

(MOs), which become singly occupied MOs (SOMOs). They transform as two components of 

an E-type irreducible representation and cannot interact. The system is then a pure diradical, 

since as will be discussed later, the wave function does not have any ionic component. The 

geometrical distortion introduces a strong bond alternation and breaks the symmetry, split 

the energies of the SOMOs, the lowest-energy one becoming doubly occupied. The 

phenomenon is usually described as a pseudo-Jahn-Teller distortion1–4 

Then along the isomerization reaction path, an initially closed-shell wave function 

converts into a diradical function, before returning to a closed-shell character. The wave 

function for the essentially closed-shell minima may a priori be constructed from a closed-

shell single determinantal approximation, even if correlation effects may be added later. 

Oppositely the zero-order description of the transition state is intrinsically bi-determinantal.  

Section II will discuss the methodological challenge raised by this qualitative difference 

between the minima and the transition state. 

Single-determinant approaches may nevertheless be employed. Around the 

equilibrium geometries the optimization of the MOs will lead to a closed-shell single 

determinant, either in the Hartree-Fock self-consistent field (SCF) or in the Kohn-Sham Density 

Functional Theory (DFT) formalisms. For the transition-state geometry a spin-symmetry 

breaking takes place, defining different MOs for different spins, in the so-called Unrestricted 

or Broken Symmetry (BS) formulation5–7 of the SCF or DFT methods. The wave function passes 

smoothly from the restricted to the BS solutions somewhere between the equilibrium and the 
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transition state, as occurs in stretching of the homopolar single bonds. However, the BS single 

determinants are not eigenfunctions of the S2 operator, they are spin-contaminated. A spin-

decontamination8–16 seems a minimal pre-requisite for a DFT estimation of the barrier height. 

The description of open-shell low spin states is a well-known challenge in DFT and especially 

in the context of the evaluation of singlet-triplet gaps, leading to various DFT-based proposals 

to overcome the problem raised by the use of BS determinants.17–21 The simplest spin-

decontamination using a unique single S2 mean-value presents severe defects as shown in refs 

14,15. The best procedure will consist in rigorous projection on symmetry-adapted spaces as 

suggested by Scuseria from wave function theory (WFT) solutions.12,13 A simpler solution has 

been recently proposed by some of us.16 Another way is to eliminate spin-contamination of 

spin-17,20,18,19,21flip (SF) time-dependent (TD)-DFT method by the use of mixed-reference 

reduced density matrix (MRSF-TDDFT).22 

Moving back to wave-function based methods (WFT), one may consider that since the 

transition state requires to consider 2 electrons in 2 MOs (namely the two SOMOs), one should 

as well treat the two upper-energy electrons in the set of the Highest Occupied MO (HOMO) 

and Lowest Unoccupied MO (LUMO) and perform a Complete Active Space SCF23 with 2 active 

electrons in 2 active MOs (CASSCF (2,2)), which in principle treats both geometries on an equal 

foot. From this simple description correlation effects might be estimated using standard multi-

reference perturbation theories. 

The numerical results reported in section III show the failure of these simple approaches: 

1. Comparing the restricted DFT/B3LYP24–27 energy for the closed-shell geometry with the 

BS-DFT/B3LYP energy of the transition state the barrier disappears or is extremely 

small, which is unlikely. 

2. The CASSCF (2,2) barriers are very large, while the second-order perturbation puts the 

non-alternating geometry well below the alternating one. 

This situation compels to improve the computational tools. We first try to assess a reasonable 

value of the barrier from intensively correlated WFT methods. A previous work28 has shown 

that the spin-polarization effect, particularly important at the transition state, presents a 

cooperative character, and requires a full π CASSCF followed by a second-order perturbation 

treatment. This treatment may be consistently applied to both geometries and provides a 
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reliable evaluation of the barrier. Being costly, these computations have been performed on 

small C4n rings only (n=3 or 4). 

For large rings, a consistent DFT based treatment would definitely be welcome. Based on an 

analysis of the physical factors governing the singlet-to-triplet gap in diradicals, recent works 

have proposed a rigorous procedure exploiting BS-DFT computations and providing spin-

contamination free energies15,16. We propose in section IV a consistent extension of this 

treatment for the geometries where the DFT solution is of closed-shell character. These results 

will be compared to those of MRSF-TDDFT and of the best WFT methods. 

 

II) Physics of the problem and methodological challenges.  

C2n rings are alternant hydrocarbons (free from odd-membered rings) i.e. one may give one of 

two colors (red and blue) to each atom in such a way that each atom of a given color is linked 

to atoms of the other color.  In these rings the numbers of red- and blue-colored atoms are 

equal. The Ovchinnikov’s rule29, which may be demonstrated from Heisenberg or from 

Hubbard30,31 Hamiltonians, says that ground state is a singlet state. In the monoelectronic 

Hückel Hamiltonian or in any mean-field calculation a regular C4n ring exhibits two degenerate 

singly-occupied Molecular Orbitals. These MOs belong to two irreducible symmetry 

representations. The wave function is invariant under the rotation of the two SOMOs, and 

according to the so-called “mirror theorem”32 it is possible to define a set of SOMOs where 

one of them is localized on the blue atoms while the other is localized on the red ones. Let us 

call a and b these two SOMOs. The singlet wave function may be written as a linear 

combination of two degenerate determinants  

𝛹𝑁
1 = |𝛱𝑘𝑘𝑘. (𝑎𝑏 + 𝑏𝑎)|/√2 

where k runs on the closed-shell MOs. The subscript N indicates that the configuration is 

“neutral”, each SOMO bearing only one electron, the superscript refers to the spin multiplicity. 

A triplet state belongs to the same space configuration, the ms=0 component of which is 

𝛹3 = |𝛱𝑘𝑘𝑘. (𝑎𝑏 − 𝑏𝑎)|/√2. 

In principle the minimization of the BS-DFT determinant 
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𝛷𝑈,𝑎′𝑏′ = |𝛱𝑘𝑘′𝑘". 𝑎′𝑏′| 

incorporates two distinct effects. The mixing of the orthogonal SOMOs a and b in a’ and b’ 

introduces ionic components in the wave function (and therefore reduces <S2>), while the 

spin-dependent relaxation of the core MOs k’ and k’’ treats partially the spin-polarization 

effect, to the price of increasing <S2>.(13) The popular Yamaguchi correction8–11, supposed to 

offer a spin decontamination of the BS-DFT solution, treats both effects as the first one and is 

not reliable11. In the C4n series the spin polarization is the only actor, for large values of n, <S2> 

reaches values close to 2, which would explode the correction.  

Notice that for C4n rings at the transition state there is no ionic component in the wave 

function, tab=0, and a and b do not relax in a’ and b’.  The BS-DFT evaluation of its energy 

simply incorporates a biased evaluation of the spin-polarization, as detailed in section V.  

 

In the CS wave function relative to the equilibrium geometry 

𝜙𝐶𝑆 = |𝛱𝑘𝑘𝑘. 𝑔𝑔| 

the two upper-energy electrons occupy the same gerade HOMO. An ungerade virtual MO u 

(the LUMO) may be associated by the mirror theorem32, and the g/u set of MOs span a set of 

localized MOs a and b, similar to the previously defined SOMOs. The CS determinant imposes 

a half-and-half ratio of the neutral (left) and ionic (right) Valence Bond components 

𝜙𝐶𝑆 = |𝛱𝑘𝑘𝑘. (𝑎𝑏 + 𝑏𝑎) + (𝑎𝑎 + 𝑏𝑏)|/2, 

while the second component is of higher energy. The left/right or neutral/ionic correlation is 

missing, while in the TS geometry the ionic component is zero and the ionic component de-

mixing is correctly taken into account.  Moreover, the CS description totally ignores the spin-

correlation between the two upper-energy electrons and the core electrons. One understands 

that the physics incorporated in, respectively, the CS and BS treatments is not balanced, to 

the disadvantage of the CS geometry. 

One may go beyond the single determinant evaluation in either the WFT or the DFT 

philosophies. In the WFT approach one should at least treat correctly the interaction of the 2 

upper electrons in the HOMO/LUMO set, through a CASSCF (2,2) treatment. This treatment 

misses the correlation between these 2 electrons and the core, which is expected to stabilize 
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the TS, and the barrier should be too large. One may attempt a perturbative treatment of the 

correlation beyond CASSCF (2,2) according to the CAS second-order perturbation theory 

(CASPT2) method33,34 or the N-electron valence state second-order perturbation theory 

(NEVPT2)35,36 in its strongly contracted formulation. In CASPT2 it is recommended to introduce 

an empirical IPEA shift34 to get a better balance between essentially closed-shell and 

essentially radical situations. Since the use of the IPEA shift is a matter of debate37–46 

calculations without and with standard IPEA (0.25 a.u.) have been performed on all systems. 

NEVPT2 is parameter-free and will be considered as the reference method in all the study. 

A previous work28 has shown that spin-polarization is a cooperative effect, which means that 

the spin-polarization of a given shell favors the spin-polarization of the other shells. This 

means that the treatment of spin polarization requires to introduce products of single 

excitations, i.e. multiple excitations. If spin polarization plays an important role in the barrier 

height, one should go to high excitation levels in the π system and perform at least full valence 

π CASSCF calculations. They miss the non-negligible spin-polarization of the σ core electrons, 

which has to be evaluated at least from a second-order perturbation. 

The last section first reports the results of spin-contamination free method, MRSF-TDDFT.  A 

recent work16 has proposed a correct use of BS-DFT calculation, treating correctly the three 

main contributions, namely, direct exchange, kinetic exchange and spin-polarization. It may 

be applied to the TS geometry. An extension of this approach to the closed-shell geometry will 

be explored in the last section.  

 

III) Numerical studies 

 

The calculations have been performed using Gaussian46 (DFT), Molcas47–49 

(CASSCF/CASPT2), GAMESS (MRSF-TDDFT)50 or Orca51 (DFT52, CASSCF/NEVPT2) packages. The 

6-311G** basis set has been used throughout this work. The impact of enlarging the basis set 

has been tested on the smaller compound. 

 

 

A) Choice of systems and DFT/B3LYP geometry optimizations  
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We consider five C4n rings, namely the cyclobutadiene, a centro-saturated phenalene 

C13H7, crown-shaped C16H16 and an internally saturated C16 ring, C19H13 (Figure 1). We have 

added another C12 ring, namely the carbo-cyclobutadiene, C12H4, the π conjugated system of 

which involves 12 π electrons. The DFT geometry optimizations have been performed using 

the B3LYP24–27 functional in the (6-311G**) basis set. All the geometries are given in Table 1. 

For the cyclobutadiene, the closed shell structure exhibits a strong contrast between 

short (1.332 Å) and very long (1.579 Å ) bonds while a D4h symmetry is kept for the BS structure 

with an intermediate value (1.440 Å) for the CC bond length . The carbo-cyclobutadiene, the 

less typical member of the series, exhibits two triple bonds and two cumulenic systems with 

four different CC bond length for the CS minimum (D2h) and only two, keeping the D4h 

symmetry, for the BS transition state. The closed-shell treatment always provides clear bond 

length alternation and marked deviations from planarity in C13 H10 and C19H13. In these systems 

the double bonds keep an in-plane geometry while the single bonds are twisted. The CC 

double bond lengths are between 1.351 and 1.352 Å for the C13H10 and between 1.354 and 

1.361 Å for the larger C19H14 system. The long lengths are typical of sp2-sp2 single bonds: 

1.454/1.455 Å and 1.443/1.452 Å for C13H10 and C19H14 respectively.  

The considered C16H16 system is not the most stable isomer but is a true minimum and 

the most regular one. For various structural studies of 16-annulenes, see for instance refs. 53–

60. This crown-shaped geometry presents a bond-length alternation (1.449/1.360 Å). 

For all these five systems, the BS treatment converges on practically equal bond 

lengths with a very small deviation of the CC bond lengths from the ideal value 1.40 Å. 

Furthermore, despite the introduction of internal sp3 carbons the conjugated rings are almost 

planar in C13H7 and C19H13. The Hessian presents a single negative root, the imaginary 

frequency being very low, and the associated change of geometry corresponds to the creation 

of bond-length alternation.  

Of course, the DFT/B3LYP optimized geometries are not necessarily the exact ones, but 

they are sufficiently distinct to discuss the methodological problem of the energy difference 

between two closed-shell geometries and the diradical transition state (TS) and, even if the 

DFT/B3LYP geometries deviate slightly from the exact ones, their energy difference between 

these geometries should be close to the barrier height. 
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The HOMO/LUMO and SOMOs are pictured in figure 2. For the four first systems, the 

SOMOs are found similar to the bond-centered HOMO/LUMO but due to their degeneracy 

they may be transformed into atom-centered as directly obtained in the C19H14 compound. 

B) Evaluations of barrier heights 

For all systems, the energy difference between the closed and open-shell geometries are 

evaluated by means of DFT/B3LYP, with a closed-shell description for the CS geometry and a 

broken-symmetry one for the open-shell geometry. The zero-point energy (ZPE) is also 

evaluated (Table 2). Furthermore, the energy difference is also calculated by CASSCF + 

perturbation treatments, using a CAS(2,2) or a full π active space. The CAS(2,2) does not 

necessary provide meaningful SOMOs or HOMO/LUMO pairs as discussed for instance in the 

case of C16H16.  

 

1) C4H4 

The direct DFT/B3LYP calculations without any spin decontamination suggest a barrier of 2.2 

kcal/mol. Using the same basis set, a minimal CAS(2,2) active space gives a larger barrier of 

12.1 kcal/mol at the CASSCF level while the CASPT2, without IPEA, is reversed, with a value of 

-7.0 kcal/mol. When an IPEA shift of 0.25 a.u. is applied, the CASPT2 “barrier” remains slightly 

negative,  -1.3 kcal/mol, while SC-NEVPT2 gives a small positive value of 0.7 kcal/mol. When 

all the π orbitals are included in the active space (Full π), the CASSCF(4,4) gives a barrier of 6.1 

kcal/mol, to be compared with the value of 4.8 kcal/mol obtained by a previous MCSCF study 

with a smaller 6-31G* basis set.4 In order to evaluate the influence of the basis sets on our 

results, a larger 6-311++G(3df,3pd) basis set was also used and the CASSCF barrier value is of 

6.7 kcal/mol (+0.6 kcal/mol compared to the 6-311G** basis set). As expected, the effect on 

the B3LYP result is small (+0.2 kcal/mol). The NEVPT2 treatment enhances the barrier to 8.4 

kcal/mol (8.7 kcal/mol with the largest basis set). The corresponding CASPT2 result without 

IPEA lowers this value to 3.3 kcal/mol (3.1 kcal/mol); but adding the IPEA shift of 0.25 a.u. the 

barrier returns to 6.4 kcal/mol (6.7 kcal/mol). The effect of enlarging the basis set is quite 

small for all these methods and the 6-311G** can be considered as sufficient to treat the 

larger systems.   However, in view of these discrepancies we have tried to perform an enlarged 

CASSCF calculation, adding the valence MOs relative to the sigma CC MOs (bonding and 

antibonding). This enlarged CASSCF calculation enhances the barrier to 10.9 kcal/mol, the PT2 
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correction lowers it to 5.0 without IPEA, or to 7.1 with IPEA=0.25 a.u. These results can be 

compared to the 6.4 kcal/mol given by coupled‐cluster method with full inclusion of the 

triple excitations (CCSDT) and 6.6 kcal/mol from MR‐CCSD(T) .61 These calculations were 

done with a smaller split-valence (3s2p1d/1s) basis set.  

 The dispersion of the results shows the difficulty to perform consistent calculations on the 

same system in two geometries where the ground state is physically very different. They 

nevertheless indicate the need to introduce the empirical IPEA shift in CASPT2 calculations to 

avoid an over-stabilization of the diradical TS, and confirm that the barrier is about 6.4 to 8.4 

kcal/mol, much larger than the crude DFT/B3LYP value. 

 

2) Carbo-cyclobutadiene C12H4 

Despite the existence of non-conjugated π bonds in the σ plane of the molecule, the π electron 

system involves 12 electrons and behaves as an anti-aromatic ring. For B3LYP the BS minimum 

is 2.7 kcal/mol below the closed shell solution. Actually, one finds a BS solution even in the 

closed-shell preferred geometry, as illustrated in Figure 3, which follows the energies of both 

solutions along a linear synchronous transit (LST) between the two geometries. It is however 

unlikely that this molecule is a diradical. The collective character of the spin-polarization 

phenomenon has been demonstrated on this precise problem28 and its partial incorporation 

in the BS treatment at the DFT level may induce a bias in favor of the D4h geometry. 

The CASSCF (2,2) treatment suggests a very high barrier (24.7 kcal/mol) while the CASPT2 

without IPEA over-stabilizes the D4h structure, down to -17.6 kcal/mol and -4.1 kcal/mol with 

the 0.25 a.u. IPEA value while NEVPT2 gives -20.6 kcal/mol. These numbers show the 

importance of correlation effects and the difficulty to treat them perturbatively. Going to the 

full valence π CASSCF (12,12) level the barrier is reduced to 6.1 kcal/mol. To confirm the role 

of the spin polarization, an additional calculation is done, namely a RASSCF starting from the 

CAS(2,2) adding 1 hole, 1 particle in the 10 other π MOs. Indeed, the barrier is reduced from 

24.7 to 2.3 kcal/mol. A CASPT2 treatment on top of the CAS(12,12) destroys the barrier to -

1.9  without IPEA, and reduces it to 2.6  kcal/mol  with 0.25 a.u. IPEA. This last estimation 

seems to be confirmed by the result of the parameter-free NEVPT2 method, applied on top of 

the CASSCF(12,12) eigenfunctions, which finds a barrier of 2.3 kcal/mol.  
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Figure 4 reports the evolution between the bond-alternating geometry and the transition 

state for full π CASSCF, CASPT2 (without and with IPEA shift) and strongly or partially 

contracted NEVPT2 methods. One cannot rely neither on the CASSCF nor the CASPT2 results 

without IPEA. One can notice the remarkable agreement between the partially and strongly 

contracted NEVPT2 versions. The consistent results of the NEVPT2 and the CASPT2 with IPEA 

methods suggest that the bond length alternation at the minimum is less pronounced than 

the result obtained by DFT/B3LYP. It is not so surprising that such large correlation effects on 

the energy difference between two extreme geometries also impact the optimum bond-

length alternation.62 

 

3) Internally saturated phenalene, C13H10 

In DFT/B3LYP, the BS solution is only 0.5 kcal/mol above the closed-shell one. The minimal 

CASSCF(2,2) treatment gives a huge barrier (25.2 kcal/mol), the state ordering being reversed 

at the NEVPT2 level to -10.9 kcal/mol. This discrepancy demonstrates that the physics taking 

place beyond the minimal CAS cannot be treated perturbatively. The natural next step consists 

in performing a CASSCF (12,12) of the π valence space. The CASSCF energy difference is 9.4 

kcal/mol, and 4.4 kcal/mol at the NEVPT2 level. The CASPT2 values without IPEA suggests the 

unlikely existence of three degenerate minima as the BS energy is found identical to that of 

the CS one. The 0.25 a.u. IPEA shift restores the barrier with a reasonable agreement (5.1 

kcal/mol) with the NEVPT2 result.  

   

4) Crown-shaped C16H16 

There is no bond alternation according to DFT/B3LYP, the closed shell minimum is found 0.9 

kcal/mol above the BS one.  In that case, the CASSCF(2,2) at the open-shell geometry leads to 

an essentially single-determinant closed-shell wave-function. The active orbitals are either 

localized on a unique π bond or delocalized, as expected, on the whole π system but, in the 

two cases, with occupation numbers close to 2 and 0. The values reported in Table 3 are then 

irrelevant and are given in parenthesis. This problem disappears when performing the full π 

CASSCF which predicts a large barrier (10.3 kcal/mol) while the CASPT2 without IPEA, as in the 

previous systems, over-stabilizes the non-alternating geometry. The CASPT2 with 0.25 a.u. 
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IPEA produces reasonable value of 4.4 kcal/mol. This value is practically identical to that 

obtained from NEVPT2 (4.6 Kcal/mol).  

 

5) Graphanized C19H14 ring 

The internally graphanized C19H14 nano-flake, which exhibits a peripheral conjugated C16 ring, 

has also been studied through an all π valence CASSCF calculation. The DFT/B3LYP calculations 

converge to two well-characterized minima. The two singly-occupied MOs are essentially 

localized on “red” and “blue” sites as in CASSCF (see Fig.2). The closed-shell solution is lower 

by 1.0 kcal/mol only. The convergence of the CASSCF(2,2) is difficult and predicts a huge 

barrier of 40.7 kcal/mol. The corresponding NEVPT2 reverses the result (-8.1 kcal/mol). The 

full valence π CASSCF(16,16) calculation still predicts a large barrier (12.0 kcal/mol), which is 

dramatically cancelled to -0.7 kcal/mol by the CASPT2 treatment without IPEA. The 

recommended IPEA value restores a barrier to 6.0 kcal/mol. The NEVPT2 result was not 

obtained. 

 

6) Summary 

These evaluations of the barriers are summarized in Tables 3 and 4. The most reliable 

estimates are those provided by the valence π CASSCF + NEVPT2 or CASPT2 with the large 

value of the empirical IPEA parameter (0.25 a.u.). Without the perturbative correction the 

barrier is too large. The minimal CASSCF (2,2) gives exceedingly large values and the second-

order perturbation eliminates the barrier, with a deep diradical minimum. Comparing the 

DFT/B3LYP energies of the closed shell determinant for the minimum to that of the BS solution 

for the TS similarly destroys the barrier or propose a severely underestimate of its value. But 

the large CASSCF+ PT2 cannot be applied to large rings and an improvement of DFT 

approaches would be welcome. 

 

IV) Search of reliable DFT-based barrier energies 

 

As previously noticed, one cannot rely on methods which treat differently the equilibrium 

geometry from a closed-shell description and the transition-state geometry from an open-
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shell approach, since the physics incorporated in these treatments are different. One needs a 

uniform treatment. We consider two proposals satisfying this requirement, namely the Mixed-

Reference Spin-Flip Time-Dependent DFT and a new proposal, DFT-dressed CI. But of course 

one cannot forget the impact of the choice of the exchange-correlation potential, which will 

be discussed in the last part of this section. 

A) Mixed-Reference Spin-Flip Time-Dependent Density Functional Theory 

The details of MRSF-TDDFT are presented in Refs. 22,63–65.  Only a brief overview of this method 

is given here. MRSF-TDDFT was devised to solve the spin contamination problem of 

conventional the SF-TDDFT method. After a regular restricted open-shell Kohn-Sham DFT 

calculation with a setting of triplet spin multiplicity, a |𝛱𝑘𝑘𝑘. 𝑎𝑏| type Kohn-Sham determinant 

is obtained as the reference triplet state with mS = +1. MS is the magnetic quantum number of 

the total spin. 𝑎𝑏 here represent the two generic SOMOs with 𝛼 spin and can be replaced by 

𝑔𝑢. Then a mixed-reference reduced density matrix is constructed, equally averaging the 

density matrix of this reference state and that of its mS = -1 analogue, |𝛱𝑘𝑘𝑘. 𝑎𝑏|. The Tamm-

Dancoff approximation is then applied to such a mixed-reference reduced density matrix, 

resulting in decoupled linear-response equations of singlet and triplet states. There is hence 

no spin contamination in the resultant singlet and triplet (with mS = 0) states obtained from 

one-electron excitations and de-excitations along with spin-flipping.  

The 𝑎 → �̅� and 𝑏 → �̅� spin-flippings in the |𝛱𝑘𝑘𝑘. 𝑎𝑏| reference and the spin-reversed 

counterparts in the |𝛱𝑘𝑘𝑘. 𝑎𝑏| reference result in the singlet open-shell diradical 

configuration, and also the corresponding triplet configuration with mS = 0. The spin-reversed 

counterparts will not be mentioned below but they are implicitly included. The 𝑎 → �̅� and 𝑏 →

�̅� spin-flippings and electron transfers result in the |𝛱𝑘𝑘𝑘. 𝑎𝑎| and |𝛱𝑘𝑘𝑘. 𝑏𝑏| ionic 

configurations, which can interact with the singlet open-shell diradical configuration through 

the transfer integral tab. The spin-flipping and excitation of one electron from a doubly 

occupied orbital h to a virtual orbital p results in the |𝛱𝑘≠h𝑘𝑘. 𝑝𝑎𝑏ℎ| and |𝛱𝑘≠h𝑘𝑘. 𝑝𝑎𝑏ℎ| type 

configurations, where 𝑝 and ℎ stand for particle and hole orbitals. These configurations 

(labeled as Type IV in Ref. 22 and shown in the middle of Figure 13 of Ref. 66), provide spin 

polarization in mixing with the singlet open-shell diradical configuration. 
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The collinear spin-flipping (SF) mechanism is used in MRSF-TDDFT. In the collinear SF 

mechanism, configurations obtained by different SF transitions are only coupled by exact 

exchange.67 Therefore, MRSF-TDDFT shall be used along with a functional with a large fraction 

of exact exchange. We chose the BHHLYP24 functional in this work in our MRSF-TDDFT 

calculations, following the developers of this method22,63,64. Overall, the advantages of MRSF-

TDDFT include : (1) the method is parameter-free (other than the parameters in the 

functional); (2) the resultant states are free from spin contamination; (3) electronic structures 

at different geometries are treated on the same footing; (4) it is an inexpensive replacement 

of multireference WFT calculations; (5) it is straightforward to generalize the analytic gradient 

algorithm of SF-TDDFT to MRSF-TDDFT, and this has been accomplished63; (6) it is fairly 

accurate, as it exhibits a ~ 0.14 eV (3.2 kcal/mol) mean absolute error in evaluating  adiabatic 

singlet-triplet (ST) gaps64.  

 

B) A DFT-dressed CI method 

Let us recall first our recent proposal for a consistent spin-decontaminated evaluation of the 

energy of diradicals16. The method was proposed in the context of research of Singlet-Triplet 

energy gaps, and was based on the analysis of the physical factors governing this energy 

difference in WFT methods (see 51, 53). A transposition to DFT approaches was possible and 

led to a decomposition of several contributions,68 from a few set of constrained DFT 

computations15,16. By the way a perfectly spin-contamination free method was proposed.16 

Let us summarize its content for the geometries where the lowest energy single determinant 

is of BS character. 

As for the MRSF-TDDFT one starts from the definition of a closed-shell core and of SOMOs 

from the energy minimization of a restricted open-shell triplet determinant 

abkkk

R

ab .= , 

of energy R

ab

R

ab

R

ab HE = . The two localized SOMOs a and b generate symmetry-adapted 

MOs g and u, or HOMO and LUMO,  by a 45° rotation, gukkk

R

ab .= . 
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Then one defines a restricted singlet configuration, which appears to be “neutral” with one 

electron only in the localized MOs a and b 

2/).(2/).(11 uuggkkbaabkk kkNab −=+== . 

The energy of 𝜙𝑎�̅�
𝑅 = |∏ 𝑘�̅�. 𝑎�̅�𝑘 | 

ab

R

ab

R

ba

R

ba

R

ba
KEHE +==  

gives access to the direct exchange integral, 

< 𝛹𝑁
1 |𝐻|𝛹𝑁

1 > −<  𝛷𝑎𝑏
𝑅 |𝐻| 𝛷𝑎𝑏

𝑅 >=< 𝑎𝑏|𝑎𝑏 > = 2𝐾𝑎𝑏, 

 which is necessarily positive. 

Since, according to the mirror theorem a and b are located on disjoint sets of atoms this 

integral is small. For the TS geometry the optimized SOMOs of the singlet and of the triplet 

are almost identical in restricted approaches. For the other geometries the g and u SOMOs of 

the triplet are close to the HOMO and LUMO of the CAS(2,2) of the singlet state. Beyond the 

direct exchange ferromagnetic correction 2Kab, two main contributions can be identified 

namely: 

a) The mixing between 𝛹𝑁
1  and the “ionic” configuration away from TS geometry 

2/).(2/).(1 uuggkkbbaakk kkI +=+= , 

where the two electrons are in the same SOMO and subject to a much larger repulsion. In 

WFT, the energy difference between the ionic and neutral configurations is called U,  

1111

NNII HHU −= , 

and they interact through a hopping integral 2tab 

abIN tH 211 = , 

in a 2x2 valence Configuration Interaction (CI) matrix 

Ψ𝑁
1 Ψ𝐼

1 

(
𝐾𝑎𝑏 2𝑡𝑎𝑏

2𝑡𝑎𝑏 𝑈 + 𝐾𝑎𝑏
) 
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This interaction, solving the 2x2 CI matrix, results in an energy stabilization of the singlet, 

called “kinetic exchange” 

𝛥𝐾𝐸 =
𝑈 − (𝑈2 + 16𝑡𝑎𝑏

2 )1/2

2
 

Of course there is no kinetic exchange contribution on the TS geometry since tab is then zero. 

A BS calculation of the determinant 

𝛷
𝑎′𝑏′̅̅ ̅̅ ̅
𝑓𝑐

= |𝛱𝑘𝑘𝑘. 𝑎′𝑏′̅̅ ̅̅ | 

 relaxing the magnetic orbitals in the field of the frozen core (fc) gives access to the values of 

the t and U parameter11,16 through the knowledge of its energy lowering and of <S2> 

abfcU

ba

fcU

ba

R

ba K
S

EE
U 2

)1(

)(2

,

''

2

,

'' −
−

−
= , 

2/1
,

''

2

,

''

)1(

)(

fcU

ba

fcU

ba

R

ba

ab

S

EE
t

−

−
= . 

However, extracting t and U through the relaxation of the magnetic MOs is no longer valid 

when they lead to a closed-shell solution, and one requires to use a more general approach. 

This may be done by using the two non-optimized lowest closed-shell determinants, 

|∏𝑘�̅�. 𝑔�̅�| and |∏ 𝑘�̅�. 𝑢�̅�|, 

)).(()).((4 uukkEggkkEt kk −=  

abkkk KgukkEuukkEggkkEU +−+= ).(()).(()).(( . 

This alternative strategy results in a set of parameters consistent with those obtained by the 

orbital relaxation.69  

 

b) The spin polarization of the core electrons by the exchange field of the unpaired 

electrons acting on the neutral component of the wave function is partly treated by relaxing 
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the core MOs in the differential exchange field of the unpaired electrons in the BS-DFT 

treatment, minimizing the energy of 

𝛷𝑈𝑎𝑏 = |𝛱𝑘𝑘′𝑘". 𝑎𝑏| 

of energy 𝐸𝑎𝑏. 

           This function incorporates the effect of the singly-excited determinants  

𝛷ℎ̅→�̅�,𝑎𝑏 = |𝛱𝑘≠h𝑘𝑘 ℎ�̅� 𝑎𝑏|   

and 

𝛷ℎ→𝑝,𝑎𝑏 = |𝛱𝑘≠h𝑘𝑘 𝑝ℎ̅ 𝑎𝑏| 

but is not an S2 eigenfunction. To satisfy this property one must include the spin-flip determinants  

𝛷ℎ→�̅�
𝑆𝐹 = |𝛱𝑘≠h𝑘𝑘 ℎ̅�̅� 𝑎𝑏| 

𝛷ℎ̅→𝑝
𝑆𝐹 = |𝛱𝑘≠h𝑘𝑘 ℎ𝑝 �̅��̅�| 

which are doubly excited. Their effect may be called a spin-correlation effect between the 

unpaired electrons and the core electrons. It is proportional to that of the singly excited 

determinants, and it is possible to evaluate the energy brought by the spin-polarization and 

spin-correlation as 

𝐸1
𝑆𝑃 ≅ 3(𝐸𝑈,𝑎𝑏 − 𝐸𝑎𝑏). 

This effect stabilizes the neutral component of the wave function. One may consider that one 

shifts the energy of the neutral component of the wave function by 𝐸1
𝑆𝑃
(2)

, and increases the 

effective value of U  to U’ 

SPEUU 1' −= . 

 The final energy of the singlet state is given by defining a 

𝐸𝑆 = 𝐸𝑎𝑏
𝑅 + 2𝐾𝑎𝑏 +

1

2
(𝑈′− (𝑈′

2
+ 16𝑡𝑎𝑏

2 )1/2) + 𝐸1
𝑆𝑃. 
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This procedure represents an extension of our previously proposed spin-decontaminated 

technique, exploiting BS solutions, to situations where spin-symmetry breaking does not occur 

between the HOMO and the LUMO to produce non-orthogonal SOMOs a’ and b’. The method: 

-starts from a restricted description of the lowest triplet state, which defines a pair of active 

MOs, 

-constructs a 2x2 CI matrix between a neutral and an ionic configuration from mean values of 

closed-shell determinants, 

-dresses this matrix under the spin-polarization effects obtained from constrained BS 

calculations, 

-the final energy being the eigenvalue of the dressed CI matrix, 

(
Eab̅ + Kab+1ESP 2 tab

2 tab U + Kab
) 

 

Notice that diagonalizing the dressed CI matrix by the spin polarization effects improves the 

weighting of the neutral component. We propose to call this procedure “DFT-dressed CI” (DFT-

dCI).  

 

C)  Results 

The overall results regarding the barriers are reported in Table 5 for the five members of the 

series, using different methods and different exchange correlation potentials. They should be 

compared with our best WFT estimates from large CASSCF + PT2 calculations.  

The impact of the exchange correlation potential is crucial. According to Jacquemin et. al 70, 

BHHLYP and M06-2X deliver reasonably balanced description of the single and double bond 

lengths. If one simply relies on the energy difference between the CS single determinant for 

the bond-alternating geometry and the BS determinant for the “transition state”, 

BHHLYP24,25,71 functional increases the defect of  B3LYP since the bond alternation is destroyed 

in all systems, including C4H4. M06-2X72  functional restores barriers, with reasonable values 

of their heights at this crude level of description. On the basis of this study, M06-2X  functional 
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may be considered as the best functional for the evaluation of the barrier heights in such 

systems. 

The MRSF-TDDFT single point calculations using the CS and BS structures indicate barriers for 

all five species. This is in qualitative agreement with the CASPT2-IPEA-0.25 reference results. 

For the smallest C4H4 system, the error is as small as 0.8 kcal/mol. For the larger systems, 

MRSF-TDDFT tend to overestimate the barriers by about 5 kcal/mol. Other than the typical ~3 

kcal/mol error in energy calculations (see above for the ST gap estimation), another possible 

factor is that the “active space” with two electrons in two orbitals of the MRSF-TDDFT 

formalism is relatively smaller for those large systems. All the 𝜋 orbitals and electrons are not 

treated on the same footing, and this is especially so when the 𝜋 space becomes larger. When 

the spin polarization within the 𝜋 space is large, it is necessary to include the whole space in 

the zeroth-order description of the system, so that the cooperative spin polarization is treated 

in a self-consistent manner. The spin polarization is more significant at the TS structures. 

Therefore, the inability of treating spin polarization through one-electron spin-flipping from 

doubly occupied orbitals to virtual orbitals becomes more pronounced, resulting in an 

overestimated energy. For comparison, the spin polarization is less significant at the CS 

structure and therefore, this inability does not overestimate the energy as much. 

Consequently, the barrier is overestimated. 

The electronic states of the MRSF-TDDFT calculations are consistent with expectation. At the 

CS geometries, the states are dominated by the |𝛱𝑘𝑘𝑘. 𝑔𝑔| closed-shell configurations, with 

the 0.98 amplitude for all five species. At the BS geometries, the states are dominated by the 

𝛹𝑁
1  open-shell configuration, with the amplitudes ranging from 0.97 to 0.98. 

 

The DFT-dCI technique systematically improves the results with respect to the crude DFT 

values, stabilizing more the bond-alternating geometry than the TS, but does not provide 

sufficient barriers for B3LYP24–27, nor for BHHLYP24,25,71. M06-2X72 overestimates the barriers 

at the crude DFT level but DFT-dCI now diminishes them to a good agreement with the best 

WFT values. The DFT-dCI always works in the right direction. For intermediate structures 

connecting the diradical TS and closed shell minima, the mixed character of the wave function 

is frequently problematic.73 This problem has been considered in the carbo-cyclobutadiene 
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C12H4. The DFT/MO6-2X-dCI presents satisfactory behavior as shown in Figure 4, the potential 

energy curve being in qualitative agreement with the Full π CASPT2 and NEVPT2 results.  

Our DFT-dCI procedure enables us to identify the origin of the divergent values for different 

functionals. Table 6 summarizes the values of the t and U parameters which govern the 

neutral/ionic mixture and the kinetic exchange amplitude. The question of the dependence to 

the density functional approximation used, and especially the amount of exact exchange, has 

been intensively investigated in the context of magnetic couplings. The answer directly relies 

on the physics of the t and U parameters.74–88 The hopping integral is weakly sensitive to the 

functional, while the effective bi-electronic repulsion U, although nearly identical in B3LYP and 

BHHLYP, is dramatically reduced by the M06-2X potential. This reduction increases the 

amplitude of the kinetic exchange, acting on the bond-alternating region, and increases the 

barrier. We think that the decomposition and consistent combination of the three 

contributions: direct exchange, kinetic exchange and spin-polarization, are both numerically 

effective and physically enlightening. 

 

V) Conclusion 

The problem of the evaluation of the barrier height in C4n rings appears to be difficult. 

DFT/B3LYP approaches relying on energy minimizations of the CS determinant for the 

equilibrium geometry and of the BS open-shell determinant for the transition state 

underestimate or even suppress the barrier. The reasons of this unbalance have been analyzed 

and discussed, the TS is subject to a strong spin-polarization, the counterpart of which (a spin-

correlation effect) is not considered in the CS treatment. Moreover, the CS function imposes 

equal weights to the neutral and ionic components of the outer-valence wave function.  

The use of a minimal active space with 2 active electrons in either the HOMO and LUMO or in 

the two SOMOs seems in principle to solve this unbalance, but numerical explorations show 

that the so-calculated barriers are far too large, and that the subsequent second-order 

perturbation reverses the energetic order. This dramatic impact of the post-CAS energy is due 

to the large spin-polarization correction. Going to a full valence π CASSF treatment provides 

more reasonable values of the barrier, but it is necessary to perform an additional second-
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order correction. In CASPT2 treatments, even with this large CAS, the IPEA shift is required to 

restore a barrier. 

We have finally exploited the MRSF-TDDFT method and formulated an extension of the 

recently proposed spin-decontaminated DFT method16 for the evaluation of the singlet-state 

energy via a consistent treatment of kinetic and spin-polarization effects. The current 

proposition can be extended to situations where the singlet state is no longer subject to 

Symmetry Breaking. Of low computational cost, it may be applied to large systems. Indeed, 

the here-addressed problem is not limited to the rather exotic problem of the isomerization 

barrier of C4n rings. It concerns many isomerization problems between equilibrium geometries 

of essentially closed shell character, passing through a diradical transition state. Many 

isomerizations proceeding through the rotations around double bonds are of this type, but 

other reactions involve charge transfer transition state73,89,90. Cyclization reactions should also 

be considered. 

In some sense the here-addressed question is linked to a more general problem, namely the 

dual vision of the molecular electronic population, either as composed of local on-bond 

electron pairs, or as of on delocalized energy-governed MOs. In the case of C4n rings, at the 

transition-state geometry the on-bond localization91,92 leads to two degenerate solutions, 

none of them being a satisfactory starting point for the building of the wave function. It is 

noteworthy that the symmetry-breaking taking place around this geometry calls the attention 

on a third representation of the electronic assembly as governed by effective spin 

antiferromagnetic interactions93. This multiplicity of viewpoints and entrance doors is not a 

defect but a richness of Quantum Chemistry. 
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Table 1: Calculated B3LYP/6-311G** CC bond lengths (Å) at equilibrium geometries for closed-shell 

and open-shell (broken-symmetry) solutions. Mean bond lengths are given, with standard 

deviations in parenthesis when required. 

Systems Closed shell geometry Broken symmetry geometry* 

 Short CC-bond (Å) Long CC-bond (Å) CC-bond (Å) 

C4H4 1.332 1.579 1.444 

C12H4
** 

1.211 (a) 
1.261 (a’)  

1.429 (b) 
1.331 (b’)  

1.234 
1.380 

C13H10 1.352 (0.001) 1.455 (0.001) 1.401 (0.000) 

C16H16 1.360 1.449 1.403 

C19H14 1.358 (0.003) 1.447 (0.003) 1.401 (0.003) 

* All species are transition states, except for C12H4 and C16H16, which are true minima. 

** The two lines refer to butyne and butatriene edges respectively (see labels in Figure 1) 
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Table 2. DFT/B3LYP calculations: <S2> and imaginary frequency (i) of the BS solution, barrier 

and corrected ZPE barrier between the two equivalent bond-alternating forms. For C12H4, the 

BS solution is a real minimum while the C16H16 BS is a local minimum. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

        E (kcal/mol) 
     
     system <S2> i (cm-1) Barrier ZPE 
     
     C4H4 1.05 405 2.2 -0.7 

C12H4 1.12              - (-2.9)     -5.0 
C13H10 1.12 250 0.5 -2.4 
C16H16 1.20    - (-0.9) -3.5 
C19H14 1.18 365 1.0 -2.1 
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Table 3. Energy difference (kcal/mol) between open-shell and closed-shell minima obtained 

by means of single determinant (CS or BS) DFT/B3LYP and CASSCF+PT2 calculations with 

minimal CAS(2,2) active spaces. The main weights of the wave functions of the two states are 

also given. 

 DFT 
B3LYP 

 CASSCF(2,2) CASPT2 
Ipea 0 a.u. 

CASPT2 
Ipea 0.25 a.u. 

NEVPT2 

C4H4 
 

2.2 ΔE 12.1 -7.0 -1.3 0.7 

Weight (CS geo) 0.96 |20> 
0.04 |02> 

Weight (BS geo) 0.50 |20> 
0.50 |02> 

C12H4 -2.7 ΔE 24.7 -17.6 -4.1 -20.6 

Weight (CS geo) 0.99 |20> 
0.01 |02> 

Weight (BS geo) 0.50 |20> 
0.50 |02> 

C13H10 
 

0.5 ΔE 25.2 -10.9 1.2 -10.9 

Weight (CS geo) 0.99 |20> 
0.01 |02> 

Weight (BS geo) 0.51 |20> 
0.49 |02> 

C16H16 
 

-0.9 ΔE 25.7  (11.3) (11.5) (4.8) 

Weight (CS geo) 0.997 |20> 
0.003 |02> 

Weight (BS geo) 0.98 |20> 
0.02 |02> 

C19H14 1.0 ΔE 40.7 X X -8.1 
 Weight (CS geo) 0.97 |20> 

0.03 |02> 

Weight (BS geo) 0.50 |20> 
0.50 |02> 
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Table 4. . Energy difference (kcal/mol) between open-shell and closed-shell minima obtained 

by means of CASSCF+PT2 calculations with full π active spaces. The main weights of the wave 

functions of the two states are also given, expressed on the HOMO/LUMO or SOMOs.  

 CAS Full π 

  CASSCF CASPT2 

Ipea 0 a.u. 

CASPT2 

Ipea 0.25 a.u. 

SC-NEVPT2 

C4H4 

 

ΔE 6.1 3.3 6.4 8.4  

Weight (CS geo) 0.88 |20> 
0.04 |02> 

Weight (BS geo) 0.46 |20> 
0.46 |02> 

C12H4 ΔE 6.1 -1.9 2.6 2.3 

Weight (CS geo) 0.75 |20> 
0.03 |02> 

Weight (BS geo) 0.36 |20> 
0.36 |02> 

C13H10 

 

 

ΔE 9.4 0.0 5.1 4.4 

Weight (CS geo) 0.74 |20> 
0.02 |02> 

Weight (BS geo) 0.35 |20> 
0.34 |02> 

C16H16 ΔE 10.3 -1.5 4.4 4.6 

Weight (CS geo) 0. |20> 
0.01 |02> 

Weight (BS geo) 0.27 |20> 
0.27 |02> 

C19H14 

 

ΔE 11.8 -0.2 6.0  

 Weight (CS geo) 0.66 |20> 
0.01 |02> 

Weight (BS geo) 0.51 |11> 
0.04 |20> 
0.04 |02> 
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Table 5. Energy difference (kcal/mol) between open-shell (OS) and closed-shell (CS) minima 

obtained by means of single determinant (CS or OS) DFT or DFT-dressed CI (DFT-dCI) using 

different functionals and MRSF-TDDFT/BHHLYP. 

 

 C4H4 C12H4 C13H10 C16H16 C19H14 

CASPT2-IPEA 0.25 (table 4) 6.4 2.6 5.1 4.4 6.0 

DFT/B3LYP 2.2 -2.7 0.5 -0.9 1.1 

DFT-dCI B3LYP 5.6 -0.9 1.2 0.0 1.0 

DFT/M06-2X 6.7 2.5 6.3 5.5 7.6 

DFT-dCI M06-2X 8.6 1.1 4.5 2.9 4.3 

DFT / BHHLYP -5.3 -9.7 -5.9 -10.1 93.4* 

DFT-dCI / BHHLYP 1.5 -4.3 -2.3 -4.0 -3.7 

MRSF-TDDFT/BHHLYP 5.6 7.2 9.7 9.4 11.0 

*<S2> = 1.57 

 

 

 

Table 6. Hopping integral t and on-site repulsion U (in a.u.) from various functionals in the 

case of carbomerized cyclobutadiene.  

 
 

B3LYP M06-2X BHHLYP 

t -0.0171831 -0.020175 -0.020851 

U 0.0230019 0.0158654 0.0243505 
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Figure 1. Structures of the five C4n rings:  cyclobutadiene C4H4, carbo-cyclobutadiene C12H4 , 

centro-saturated phenalene C13H10 , crown-shaped C16H16 and internally saturated C16 ring 
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Figure 2. HOMO/LUMO and SOMOs of the five C4n rings obtained at the full π CASSCF level. 
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Figure 3. Evolution of the DFT/B3LYP energy as a function of the geometry of the carbomerized 

cyclobutadiene C12H4 for the BS (ms=0) and the closed shell singlet. LST stands for linear 

synchronous transit. 
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Figure 4. Evolution of the full π CAS(12,12) based energies as a function of the geometry of 

the carbo-cyclobutadiene C12H4.The zero of energy has been taken at the BS geometry. LST 

stands for linear synchronous transit. 
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