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Abstract

Functional MSO transductions, deterministic two-way transducers, as well as
streaming string transducers are all equivalent models for regular functions. In
this paper, we show that every regular function, either on finite words or on
infinite words, captured by a deterministic two-way transducer, can be described
with a regular transducer expression (RTE). For infinite words, the two-way
transducer uses Muller acceptance and w-regular look-ahead. RTEs are con-
structed from constant functions using the combinators if-then-else (deterministic
choice), Hadamard product, and unambiguous versions of the Cauchy product,
the 2-chained Kleene-iteration and the 2-chained omega-iteration. Our proof
works for transformations of both finite and infinite words, extending the result
on finite words of Alur et al. in LICS’14.

The construction of an RTE associated with a deterministic two-way trans-
ducer is guided by a regular expression which is “good” wrt. its transition monoid.
“Good” expressions are unambiguous, ensuring the functionality of the output
computed. Moreover, in “good” expressions, iterations (Kleene-plus or omega)
are restricted to subexpressions corresponding to idempotent elements of the
transition monoid. “Good” expressions can be obtained with an unambiguous
version of Imre Simon’s famous forest factorization theorem.

To handle infinite words, we introduce the notion of transition monoids for
deterministic two-way Muller transducers with look-ahead, where the look-ahead
is captured by some backward deterministic Blichi automaton.

This paper is an extended version of [I5] presented at LICS’18.

1. Introduction

One of the most fundamental results in theoretical computer science is that
the class of regular languages corresponds to the class of languages recognised
by finite state automata, to the class of languages definable in MSO, and to the
class of languages whose syntactic monoid is finite. Regular languages are also
those that can be expressed using regular expressions; this equivalence is given by
Kleene’s theorem. This beautiful correspondence between machines, logics and
algebra in the case of regular languages paved the way to generalizations of this
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fundamental theory to regular transformations [19], where, it was shown that
regular transformations are those which are captured by two-way transducers and
by MSO transductions a la Courcelle. Much later, streaming string transducers
(SSTs) were introduced [I] as a model which makes a single pass through the
input string and uses a finite set of variables that range over strings from the
output alphabet. In [I], the equivalence between SSTs and MSO transductions
was established, thereby showing that regular transformations are those which
are captured by either SSTs, two-way transducers or MSO transductions. This
theory was further extended to work for infinite string transformations [4]; the
restriction from MSO transductions to first-order definable transductions, and
their equivalence with aperiodic SST's and aperiodic two-way transducers has also
been established over finite and infinite strings [20], [I7]. Other generalizations
such as [2], extend this theory to trees. More recently, this equivalence between
SSTs and logical transductions is also shown to hold good even when one works
with the origin semantics [§].

Moving on, a natural problem pertains to the characterization of the output
computed by two-way transducers or SSTs (over finite and infinite words) using
regular-like expressions. For the strictly lesser expressive case of sequential
one-way transducers, this regex characterization of the output is obtained as
a special case of Schiitzenberger’s famous equivalence [18] between weighted
automata and regular weighted expressions. The question is much harder when
one looks at two-way transducers, due to the fact that the output is generated
in a one-way fashion, while the input is read in a two-way manner. Recently,
[5] proposed a set of combinators, analogous to the operators used in forming
regular expressions, to form combinator expressions and proved their equivalence
with SST's.

Our Contributions. We generalize the result of [5] from finite to infinite
words, and we propose a completely different proof technique based on transition
monoids and on Simon’s forest factorization theorem.

Over finite words, we work with two-way deterministic transducers (denoted
2DFT) while over infinite words, the model considered is deterministic two-
way transducers with regular look-ahead, equipped with the Muller acceptance
condition. Figure [l| gives an w-2DMT), (la stands for look-ahead and M in the
2DMT for Muller acceptance).

In both cases of finite words and infinite words, we come up with a set
of combinators which we use to form regular transducer expressions (RTE)
characterizing two-way transducer (2DFT/w-2DMT,).

The Combinators. We describe our basic combinators that form the building
blocks of RTEs. The semantics of an RTE is a partial function f: ¥ — I'*®
whose domain is denoted dom(f).

The constant function d € I'* maps all strings in 3°*° to some fixed finite
output word d.

Given a string w € X°°, the if-then-else combinator K 7 f : g checks if w is in
the regular language K or not, and produces f(w) if w € K and g(w) otherwise.

The Hadamard product f ® g when applied to w produces f(w) - g(w),
provided f(w) is finite, otherwise it is undefined.

The unambiguous Cauchy product f 0 ¢g when applied on w € ¥*° produces
f(u)-g(v) if w = u-v is an unambiguous decomposition of w with v € dom(f)NE*
and v € dom(g).
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aje,+1 a/a,—1
b/e,+1 b/b, —1

B S #EY e, 41 /g}\ #/e,—1

B (BN {#H)? /e, +1 #, DUHEY /4, +1 /e +1

F/e,+1

#, (B\ {#1)/#, +1

afa,+1 afa,+1
b/b, +1 b/b, +1

Figure 1: An w-2DMT), A’ with [A'J(ui#us# ... #un#v) = ului#ulustt .. #ulun#v
where u1,...,un € (a +b)*, v € (a + b)* and uf* denotes the reverse of u. The Muller
acceptance set is {{g5}}. The look-ahead expressions Z*#X% and (X\{#})“ are used to check
if there is a # in the remaining suffix of the input word.

The unambiguous Kleene-plus f® applied to w € ¥* produces f(uy) - f(uy)
if w = 1wy -+ u, is an unambiguous factorization of w, with each u; € dom(f).

The unambiguous 2-chained Kleene-plus [K, f]*® when applied to a string w €
¥* produces as output flurug)- f(ugus) -+ - f(un—1uy,) if w can be unambiguously
written as ujus - - - u,, with each u; 6 K, for the regular language K.

We also have the reverses f E g, f & and [K, f]QE which parse the input from
left to right as before, but Eroduce the output from right to left. For instance,
with the notation above, f® (w) produces f(uy)--- f(uy).

The unambiguous w-iteration produces f“(w) = f(u1)f(ug)--- if w € ¢
can be unambiguously decomposed as w = ujusg - - - with each u; € dom(f) N X*.

Finally, the unambiguous two-chained w-iteration produces [K, f]**(w) =
flurug) f(ugug) - - - if w € ¢ can be unambiguously decomposed as w = ujus - - -
with u; € K for all ¢ > 1, where K C ¥* is regular.

Example 1. Consider the RTE C' = C4,% © CY§ with

Cr=a%a:(b?b: (#74: 1))
Co=a?a:(b?b: 1)
Cs=a?a:(b?b: (#7%:1))

Co= ((a+b)#)7 (C57 © B« 1

Then dom(Cy) = dom(Cs) = (a + b+ #) and dom(Cs) = (a +b). Next, we
see that dom(Cy) = (a + b)*# and, for u € (a + b)*, [Ca] (u#) = ulu# where
uft denotes the reverse of u. This gives dom(C) = ((a +b)*#) " (a + b)* with
[CT (w1 Fug# - - - un#v) = ului #ullug#t - - - #ulfw, #v when u; € (a +b)* and
€ (a+b)¥. The RTEC' = (a+b)¥?C¥ : C corresponds to the w-2DMT;; A/
in Figure[l]; that is, [C'] = [A'].

Our main result is that two-way deterministic transducers and regular trans-
ducer expressions are effectively equivalent, both for finite and infinite words.

Theorem 2.

(1) Given an RTE (resp. w-RTE) we can effectively construct an equivalent
2DFT (resp. an w-2DMT, ).
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(2) Given a 2DFT (resp. an w-2DMT,,) we can effectively construct an equiv-
alent RTE (resp. w-RTE).

The construction of an RTE starting from a two-way deterministic transducer
A is quite involved. It is based on the transition monoid TrM(.A) of the transducer.
This is a classical notion for two-way transducers over finite words, but not
for two-way transducers with look-ahead on infinite words (to the best of our
knowledge). So we introduce the notion of transition monoid for w-2DMT),. We
handle the look-ahead with a backward deterministic Biichi automaton (BDBA),
also called complete unambiguous or strongly unambiguous Biichi automata
[10, 24]. The translation of A to an RTE is crucially guided by a “good” (w-
Jregular expression induced by the transition monoid of A. The good (w-)regular
expression facilitates a uniform treatment of finite and infinite words. As a
remark, it is not a priori clear how the result of [5] extends to infinite words
using the techniques therein.

A regular expression F' over alphabet ¥ is good wrt. a morphism ¢ from »*
to a monoid (S,.,1g) if (i) it is unambiguous and (ii) for each subexpression
E of F, the image of all strings in L(E) maps to a single monoid element sg.
Note that (ii) implies that for each subexpression ET of F', sg is an idempotent.
These good expressions are obtained thanks to an unambiguous version [21]
of the celebrated forest factorization theorem due to Imre Simon [23]. Good
rational expressions might be useful in settings beyond two-way transducers.

See [16, Appendix A.2] for a practical example using transducers.

Related Work. We briefly discuss two recent papers which are closely related
to this paper. As mentioned above, we generalized the result of [5] from finite to
infinite words. Actually, [5] works with copyless cost register automata (CCRA)
over finite words. CCRA are generalizations of SSTs and compute a partial
function from finite words over a finite alphabet to values from a monoid (D, 4, 0).
SSTs correspond to CCRAs where the output monoid is the free monoid (I'*, -, &)
for some finite output alphabet I'. The combinators introduced in [5] form the
basis for a declarative language DReX [3] over finite words, which can express
all regular string-to-string transformations, and can also be efficiently evaluated.

The proof in [5] is rather simple in the case of commutative output monoids,
and quite non-trivial in the other case. The output generated in a CCRA is
stored in registers, and it is important to keep track of the flow of the content
between registers on each input word. To this end, [5] uses shapes, which are
bi-partite graphs over the set of registers. An edge from register X to register
Y in a shape implies that register X flows into register Y after reading the
input word. The expression representing [A] for a CCRA A is obtained by
“summarizing” sets of paths having some fixed shape .S, and then combining
the summaries appropriately: this includes concatenation of shapes, as well
as iteration. While concatenation of shapes is easy, the iteration of shapes
is handled via a “normalization” which ensures that the iterated shapes are
idempotent.

Very recently, [6] proposed an alternative proof for the result of [5] over finite
words. The proof of [0] has some similarities with the one we proposed in our
extended abstract which appeared in [I5]. Instead of using the transition monoid
of a two-way automaton which fully describes how a word w acts on states
(starting on the left/right of w in state p, the run exists on the left/right of w in
state ¢), they define a flow automaton based on Shepherdson construction [22].
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F/e,+1 a/e,+1 /e, +1 aje,+1

4@ b/e,+1 /qql b/e,+1 aje,+1

b/e, +1 b/e,—1 b/e,—1

46 (4 )
b/e,+1 \CD/ b/e,—1

aje,+1 a/b,—1 afa,—1

Figure 2: A 2DFT A with [A](ba™1ba™2b...a™kb) = a™2b™1a™3b™2 .. . a™kb k-1,

Then, they use the state elimination technique of Brzozowski and McCluskey to
obtain flows labelled with function expressions. Their technique for handling
concatenation is similar to ours. The main difference is in the way loops are
handled. We use the unambiguous version of Simon’s theorem so that Kleene-
plus only occurs on idempotents, whereas [6] defines simple loops for which they
give a direct translation, and then shows how to reduce arbitrary loops to simple
ones.

2. Finite Words

We start with the definition of two-way automata and transducers for the
case of finite words.

2.1. Two-way automata and transducers

Let ¥ be a finite input alphabet and let -, - be two special symbols not
in ¥. We assume that every input string w € ¥* is presented as Fw-, where
F, - serve as left and right delimiters that appear nowhere else in w. We write
Y4 =X U{H }. A two-way automaton A = (Q,%, 4,1, F) has a finite set of
states (), subsets I, FF C @ of initial and final states and a transition relation
dCQxX4xQx{-1,1}. The -1 represents the reading head moving to the
left, while a 1 represents the reading head moving to the right. The reading
head cannot move left when it is on . See Figure [2| for an example.

A configuration of A is represented by w;qws where ¢ € @ and wyws € FX*H.
If wo = e the computation has come to an end. Otherwise, the reading head
of A is scanning the first symbol of ws # ¢ in state ¢. If wy = aw} and if
(g,a,q',—1) € 6 (hence a # ), then there is a transition from the configuration
wibgawl, to wiq'baw. Likewise, if (¢,a,q’,1) € §, we obtain a transition from
wiqaw} to wiag'wh. A run of A is a sequence of transitions; it is accepting if
it starts in a configuration pFw- with p € I and ends in a configuration Fw-g
with ¢ € F. The language £(A) or domain dom(.A) of A is the set of all words
w € ¥* which have an accepting run in A.

To extend the definition of a two-way automaton A into a two-way transducer,
(@Q,%,0,1,F) is extended to (Q, %, T, 4, I, F) by adding a finite output alphabet T’
and the definition of the transition relation as a finite subset § C Q X ¥4 X @ X
'™ x {—1,1}. The output produced on each transition is appended to the right
of the output produced so far. A defines a relation [A] = {(u,w) | u € L(A)
and w is the output produced on an accepting run of u}.
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The transducer A is said to be functional if for each input v € dom(.A), at
most one output w can be produced. In this case, for each u € dom(.A), there is
exactly one w € T'* such that (u,w) € [A]. We also denote this by [A](u) = w.
We consider a special symbol L ¢ T’ that will stand for undefined. We let
[A](u) = L when u ¢ dom(.A). Thus, the semantics of a functional transducer
Ais amap [A]: ¥* - D =TI*U{L} such that u € dom(A) iff [A](u) # L.

We use non-deterministic unambiguous two-way transducers (2NUFT) in
some proofs. A two-way transducer is unambiguous if each string u € ¥* has
at most one accepting run. Clearly, 2NUFTs are functional. A deterministic
two-way transducer (2DFT) is one having a single initial state and where, from
each state, on each symbol a € ¥, at most one transition is enabled. In that
case, the transition relation is a partial function §: Q x X4 — Q x I'* x {—1,1}.
2DFTs are by definition unambiguous. It is known [I1] that 2DFTs are equivalent
to 2NUFTs.

A 1DFT (INUFT) represents a deterministic (non-deterministic unambigu-
ous) transducer where the reading head only moves to the right.

Example 3. Figure[q shows a two-way transducer A with dom(A) = (ba*)*b,
[A](ba™b) = € and [A](ba™ ba™2b---a™*b) = a™2b™ @™ HM2 - .. gMEHTE-L
fork>2 and m; €N for1 <i<k.

2.2. Regular Transducer Ezxpressions

Let ¥ and T be finite input and output alphabets. Recall that L ¢ T is
a special symbol that stands for undefined. We define the output monoid as
D = I' U {L} with the usual concatenation on words, L acting as a zero:
d-1L=1-d= 1 for all d € D. The unit is the empty word 1p = ¢.

We define Regular Transducer Expressions (RTE) from ¥* to D using some
basic combinators. The syntax of RTE is defined with the following grammar:

— —
Cu=d|K?C:C|Cac|cac|cTc|c®| ol [k, 2| K, C)E

where d € D ranges over output values, and K C ¥* ranges over regular
languages of finite words. The semantics of an RTE C is a function [C]: ¥* — D
defined inductively following the syntax of the expression, starting from constant
functions. Since L stands for undefined, we define the domain of a function

f: 3 > Dby dom(f) = 1D\ {L}) = £°\ F1(L).

Constants. For d € D, we let [d] be the constant map defined by [d](w) = d
for all w € ¥*.
We have dom([d]) = ¥* if d # L and dom([L]) = 0.

Each regular combinator defined above allows to combine functions from >*

to D. For functions f,g: ¥* — D, w € ¥* and a regular language K C ¥*, we
define the following combinators.

If then else. (K7 f:g)(w) is defined as f(w) for w € K, and g(w) for w ¢ K.
We have dom(K ? f : g) = (dom(f) N K) U (dom(g) \ K).

Hadamard product. (f @ g)(w) = f(w) - g(w) (recall that (D,-,1p) is a
monoid).

We have dom(f ® ¢g) = dom(f) Ndom(g).



205

206

207

208

209

210

211

212

213

214

215

216

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

Unambiguous Cauchy product and its reverse. If w admits a unique fac-
torization w = w - v with v € dom(f) and v € dom(g) then we set

(fEg)(w) = f(u)-g(v) and (f Eg)(w) = g(v) - f(u). Otherwise, we
set (f B g)(w) = L= (f B g)(w).

We have dom(f @ g) = dom(f 5] g) C dom(f)-dom(g) and the inclusion is
strict if the concatenation of dom(f) and dom(g) is ambiguous.

Unambiguous Kleene-plus and its reverse. If w admits a unique factoriza-
tion w = uq - ug - - - u, with n > 1 and u; € dom(f) for all 1 <4 < n then
—

we set f%(w) = f(ur) - f(uz) -+ f(un) and [ (w) = f(un) - f(uz) f(ua).
Otherwise, we set f&(w) = L = fB(w).
We have dom(f®) = dom(fﬁ) C dom(f)™ and the inclusion is strict

if the Kleene iteration dom(f)* of dom(f) is ambiguous. Notice that
dom(f®) = () when & € dom(f).

Unambiguous 2-chained Kleene-plus and its reverse. If w admits a uni-
que factorization w = uy - ug - u, withn > 1 and u; € K for all 1 <
i < n then we set [K, f]*P(w) = f(uiug) - f(ugus)--- f(un_1uy,) and
+—
K, 122 (w) = f(un_1un)--- f(ugus)- f(uius) (if n = 1, the empty product
+—
gives the unit of D: [K, f]*®(w) = 1p = [K, f]*®(w)). Otherwise, we set

—

(K, PP (w) = L = [K, {170 (w).

—
Again, we have dom([K, f]*®) = dom([K, f]*®) C KT and the inclusion is
strict if the Kleene iteration KT of K is ambiguous. Notice that, even if
w € Kt admits a unique factorization w = uy - us - - - u,, with u; € K for all

piial
1 < i < n, w is not necessarily in the domain of [K, f]*® or [K, f]*®. For w
to be in this domain, it is further required that wius, usus, ..., Up_1u, €

3
dom(f). Notice that we have dom([K, f]*®) = dom([K, f]*®) = Kt when
K™ is unambiguous and K2 C dom(f).

Lemma 4. The domain of an RTE C is a regular language dom(C') C ©*.
Example 5. Consider the RTEs
([(a+b)T#]7e: L)E((a+b)" ?copy : 1)

#
((a+b)" 2copy : L)A([#(a+b)T]?e: 1)

Cq
Cy
Cs

where copy = (a?a: (b7h: J_))E,
Then, dom([C2]) = £*, dom([copy]) = (a +b)™ and dom([C1]) = dom([C3]) =
(a+b)t#(a+b)T. Moreover, [C; ®Cy ® Cs](u#v) = v#u for all u,v € (a+b)*.

Example 6. Consider the RTEs
Co=(0b?:L)m(a?a: J_)EE
Co=(0b7:1)m@@?b: L)®

We have dom([C,]) = ba™ = dom([Cy]) and [Cy](ba™) = a™ and [Cp](ba™) = b™.
We deduce that dom([C), 5] C,]) = batba™ and [Cy 5] Co](ba™ba™) = a™b™.
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Consider the expression
C=[bat,C, T CBE(b7e:1).

Then, dom([C]) = (ba™)*b, and [C](ba™b) = & and for k > 2 we have
[CT(ba™ ba™2b - - - a™kb) = a™2h™1a™3b™2 .. g™k -1,

Theorem 7. 2DFTs and RTEs define the same class of functions. More pre-
cisely,

1. given an RTE C, we can construct a 2DFT A such that [A] = [C],

2. given o 2DFT A, we can construct an RTE C such that [A] = [C].

The proof of (1] is given in the next section, while the proof of will be
given in Section |2 after some preliminaries in Section on transition monoids
for 2DFTs and the unambiguous forest factorization theorem.

Remark 8. Notice that the reverse Cauchy product is redundant, it can be
expressed with the Hadamard product and the Cauchy product:

F8g=(dom(f)?¢: L)mg)® (f & (dom(g) 7 : L)).

The unambiguous Kleene-plus is also redundant, it can be expressed with the
unambiguous 2-chained Kleene-plus:

8= [dom(f), f @ (dom(f)?e: J_)]2EE O ((dom(f)*?e: L)@ f).

Remark 9. We can extend the 2-chained Kleene-plus to k-chained Kleene-
plus for any k > 3. It is defined as follows: If w admits a unique factor-
ization w = UUg ... Up, with n > 1 and u; € K for all 1 < i < n, then
(K, f1"B(w) = flugug ... up)f(uous ... ups1) ... f(Un_pi1Un_ti2 ... Up). Oth-
erwise, we set [K, f]*®(w) = L. Notice that if n < k, we have an empty product
which gives the unit of D: [K, f]*®(w) = 1p. In [16], we have shown that adding
the k-plus combinator (or its reverse) does not increase the expressive power of
RTEs.

Remark 10. The combinator expressions proposed in [ are equivalent to our
RTEs on finite words (see below). Our terminology and notation are all inspired
from weighted automata literature. We prefer to stick to these classical notions
since they are well-established and we believe they are more natural for string to
string transducers.

The base function L/d in [3] maps all strings in language L to the constant d,
and is undefined for strings not in L. This can be written using our if-then-else
L?d: L. The conditional choice combinator f>g of [5] maps an input o to
f(o) if it is in dom(f), and otherwise it maps it to g(c). This can be written
in our syntaz as dom(f)? f : g. The split-sum combinator f @ g of [J] is the
classical Cauchy product f @ g. The iterated sum X f of [3] is the Kleene-plus .
The left- spht sum and left-iterated sum of [3] correspond to our reverse Cauchy

product f E g and reverse Kleene-plus faa. The sum f + g of two functions in
[75/ is the classical Hadamard product f ® g. Finally, the chained sum X(f, L) of
[3] is our two-chained Kleene-plus [L, f]*®.
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2.3. RTE to 2DFT

In this section, we prove Theorem , i.e., we show that given an RTE C,
we can construct a 2DFT A such that [A] = [C]. We do this by structural
induction on RTEs, starting with constant functions, and then later showing
that 2DFTs are closed under all the combinators used in RTEs.
Constant functions: We start with the constant function d € D for which it
is easy to construct a 2DFT A such that [d] = [A]. For d = L, we take A such
that dom(A) = ( (for instance we use a single state and an empty transition
function). Assume now that d € I'*. The 2DFT scans the word up to the
right end marker, outputs d and stops. Formally, we let A = ({¢},%,T,4,¢,{q})
s.t. 6(q,a) = (g,¢,+1) for all a € T U {+} and 6(¢, ) = (¢,d,+1). Clearly,
[A](w) = d for all w € X*.

The inductive steps follow directly from:

Lemma 11. Let K C ¥* be regular, and let f and g be RTEs with [f] = [Mj¥]
and [[g] = [My] for 2DFTs My and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f : g] = [A].
2. a 2DFT A such that [A] = [f © ¢].
3. 2DFTs A, B such that [A] = [f @ g] and [B] = [[ng]].

4. 2DFTs A, B such that [A] = [f%] and [B] = [[fé_a]]

5. 2DFTs A, B such that [A] = [[K, f]*®] and [B] = [[K, f]*®].

Proof. If then else. Let B be a complete DFA that accepts the regular
language K. The idea of the proof is to construct a 2DFT A which first runs B
on the input w until the end marker - is reached in some state ¢ of B. Then,
w € K iff ¢ € F is some accepting state of B. The automaton A moves left all
the way to I, and starts running either My or M, depending on whether ¢ € F
or not. Since B is complete, it is clear that dom(.A) = dom(K ? f : g) and the
output of A coincides with [M] iff the input is in K, and otherwise coincides
with [M,].

Hadamard product. Given an input w, the constructed 2DFT A first

A/v,+1 .
runs My. Instead of executing a transition p /7—+> q with ¢ a final state of

. H4/v,—1 . o
My, it executes p L—» reset where reset is a new state. While in the reset

state, it moves all the way back to - and it starts running M, by executing

/41
reset 1 q if 84(qo,F) = (¢',+', +1) where §, is the transition function of

My and qq is the initial state of M,. The final states of A are those of M, and
its initial state is the initial state of M. Clearly, dom(.A) = dom(My)Ndom(M,)
and the output of A is the concatenation of the outputs of My and M,.

Cauchy product. The domain of a 2DFT is a regular language, accepted
by the 2DFA obtained by ignoring the outputs. Since 2DFAs are effectively
equivalent to (1)DFAs, we can construct from My and M, two DFAs Cy =
(Qr,%,07,87,Fy) and Cy = (Qy, 2,9y, 84, Fy) such that £(Cy) = dom(f) and
£(C,) = dom(g).

Now, the set K of words w having at least two factorizations w = ujv; = usvs
with w1, ue € dom(f), v1,v2 € dom(g) and u; # us is also regular. This is easy

since K can be written as K = UpeFf geq, Lp - Mpq - Rg where
; g
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e L, is the set of words which admit a run in C; from its initial state to the

final state p € Fy,

o M, , is the set of words which admit a run in C; from state p to some

final state in £y, and also admit a run in C, from its initial state to state
qc Q97

e R, is the set of words which admit a run in C, from state ¢ to some final

state in F, and also admit a run in C, from its initial state to some final
state in Fj.

Therefore, we have dom(f @ g) = dom(f ] g) = (dom(f) - dom(g)) \ K is a
regular language and we construct a complete DFA C = (Q, %, §, qo, F') which
accepts this language.

1. From Cy, C4 and C we construct a INUFT D such that dom(D) = dom(fg)

and on an input word w = w-v with u € dom(f) and v € dom(g) it produces
the output u#v where # ¢ ¥ is a new symbol. On an input word w € ¥*,
the transducer D runs a copy of C. Simultaneously, D runs a copy of C; on
some prefix u of w, copying each input letter to the output. Whenever Cy is
in a final state after reading u, the transducer D may non-deterministically
decide to stop running Cy, to output #, and to start running C, on the
corresponding suffix v of w (w = w - v) while copying again each input
letter to the output. The transducer D accepts if C accepts w and C,4
accepts v. Then, we have u € £(Cy) = dom(f), v € L(C4) = dom(g) and
w=wu-v € L(C)=dom(f g). The output produced by D is u#v. The
only non-deterministic choice in an accepting run of D is unambiguous
since a word w € L£(C) = dom(f [ g) has a unique factorization w = u - v
with u € dom(f) and v € dom(g).

. We construct a 2DFT 7 which takes as input words of the form u#v with

u,v € X*, runs My on u and then M, on v. To do so, u is traversed in
either direction depending on My, and the symbol # is interpreted as
the right end marker 4. We explain how 7 simulates a transition of Mjy
moving to the right of -, producing some output v and going to a state q.
If ¢ is not final, then 7 moves to the right of # and then all the way to
the end and rejects. If ¢ is final, then 7 stays on # (simulated by moving
right and then back left), producing the output 7, but goes to the initial
state of M, instead. 7 then runs M, on v, interpreting # as . When M,
moves to the right of -, 7 does the same and accepts iff M, accepts.

. In a similar manner, we construct a 2DFT 7" which takes as input strings

of the form u#v, first runs Mg on v and then runs M; on u. Assume that
M, wants to move to the right of 4 going to state ¢. If ¢ is not final then
T’ also moves to the right of 4 and rejects. Otherwise, 7’ traverses back to
F and runs My on u. When M; wants to move to the right of # going to
some state ¢ and producing 7, 7’ moves also to the right of # producing
~ and then all the way right producing . After moving to the right of
it accepts if ¢ is a final state of M and rejects otherwise.

We construct a 2NUFT A’ as the composition of D and 7. The composition
of a INUFT and a 2DFT is a 2NUFT [I1], hence A’ is a 2NUFT. Moreover,
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[A'] = [f @g]. Using the equivalence of 2NUFT and 2DFT, we can convert A’
into an equivalent 2DFT A. In a similar way, to obtain [f ] g], the 2NUFT B’

is obtained as a composition of D and 7’ and is then converted to an equivalent
2DFT B.

Kleene-plus. The proof is similar to case First, we show that dom(f®)
is regular. Notice that if ¢ € dom(f) then dom(f®) = (), hence we assume below
that € ¢ dom(f). As in case , the language K of words w having at least
two factorizations w = u1v1 = ugvy with ug, us € dom(f), v1,ve € dom(f)* and
uy # ug is regular. Hence, K’ = dom(f)* - K is regular and contains all words
in dom(f)™ having several factorizations as products of words in dom(f). We
deduce that dom(f®) = dom(f)*\ K is regular and we can construct a complete
DFA C recognizing this domain.

As in case 7 from C; and C, we construct a INUFT D which takes as input
w and outputs ui#Hus# - - - #u,, iff there is an unambiguous decomposition of
w as uiUs - - Uy, with each u; € dom(f). We then construct a 2DFT T that
takes as input words of the form wy#Hus# - - - #u,, with each u; € ¥* and runs
My on each u; from left to right, i.e., starting with u; and ending with u,. The
transducer 7 interprets # as - (resp. 4) when it is reached from the right (resp.
left). The simulation by 7 reading # of a transition of My moving to the right
of - is as in case (3, except that 7 goes to the initial state of M.

The 2NUFT A’ is then obtained as the composition of D with the 2DFT
T. Finally, a 2DFT A equivalent to the 2NUFT A’ is constructed. Likewise, B
is obtained using the composition of D with a 2DFT 7" that runs My on each
factor u; from right to left.

2-chained Kleene-plus. As in case , we construct the INUFT D which
takes as input w and outputs wi#Hus# - - - #u, iff there is an unambiguous
decomposition of w as ujus - - - u,, with each u; € K. We then construct a 2DFT
D’ that takes as input words of the form u; #us# - - - #u, with each u; € ¥* and
produces uiuoFHususH - - - H#tp_1Un. The 2NUFT A’ is then obtained as the
composition of D’ with the 2DFT T constructed for case (4)). Finally, a 2DFT A
equivalent to the 2NUFT A’ is constructed. The output produced by A is thus
M) (urus) - [My](ugusg) - - - [My](wn—1un). We proceed similarly for B. O

2.4. Unambiguous forest factorization

In Section we prove that, given a 2DFT A, we can obtain an RTE C
such that [A] = [C]. We use the fact that any w € £* in the domain of A can
be factorized unambiguously into a good rational expression. The unambiguous
factorization of words in %* guides the construction of the combinator expression
for [A](w) over I' in an inductive way.

For rational expressions over 3 we will use the following syntax:

Fu=0lela| FUF|F -F|F*

where a € 3. For reasons that will be clear below, we prefer to use the Kleene-
plus instead of the Kleene-star, hence we also add e explicitly in the syntax. An
expression is said to be e-free if it does not use .

Let (S,-,15) be a finite monoid and ¢: ¥* — S be a morphism. We say
that a rational expression F is ¢-good (or simply good when ¢ is clear from the
context) when

11
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1. the rational expression F' is unambiguous,

2. for each subexpression E of F we have ¢(L(FE)) = {sg} is a singleton set.
Notice that @ cannot be used in a good expression since it does not satisfy the
second condition. Also, the second condition implies that for each subexpression
ET of F we have sg - sg = sg is an idempotent.

Theorem 12 (Unambiguous Forest Factorization [21]). For each s € S, there
is an e-free good rational expression Fy such that L(Fs) = ¢~ 1(s)\ {e} C ZT.
Therefore, G = e U\, ¢ Fs is an unambiguous rational expression over ¥ such
that L(G) = X*.

seS

Theorem [12] can be seen as an unambiguous version of Imre Simon’s forest
factorization theorem [23]. Tts proof, which can be found in [21], follows the
same lines of the recent proofs of Simon’s theorem, see e.g. [12) I3]. For the
sake of completeness, we summarize the proof idea and contributions in [21]
here. Given a semigroup morphism ¢: $* — S, [21] constructs a universal,
unambiguous automaton A, which is “good” wrt ¢ in the following sense: (1)
A is unambiguous and accepts all words in ¥* U ¥¢, (2) A has a unique initial
state 4 which has no incoming transitions to it, as well as a unique final state f
with no outgoing transitions from it, (3) the states of A are totally ordered as
Q\ {i, f} < f <1, where @ is the set of states of A, (4) for each state g, the set
of words that have a run originating at ¢ and ending at ¢, visiting only states
lower than ¢ in the ordering are mapped to a unique idempotent e, € S. These
properties of A ensure that, for any word w € ¥* UX¥, the unique accepting run
of w produces a Ramsey split in the sense of [13], with the height of the split
being bounded by the number of states of A. The construction of A proceeds
according to the local divisor technique, which uses a lexicographic induction on
(1S, 1¢(%)]). While the base cases (i) when S is a group, and (ii) |p(2)| =1 are
easy, the inductive cases are non trivial. The inductive cases follow by identifying
an element ¢ € S for which Sc¢ C S or ¢S C S, and the details are in [21].

The forest factorization theorem can be derived easily from the construction
of A as follows : consider a morphism ¢ : ¥+ — S, and define a monotone
bijection h : (Q,<) — ({1,2,...,|Q|},<). For any word w = ajaz--- € X,
consider the unique accepting run g = ¢1 =3 ... of w in A. Define a split o of w
as o(i) = h(qg;) for all positions ¢ > 0 in w. Two positions i < j are o-equivalent
iff ¢; = ¢j and g < ¢; for all i < k < j. We obtain this way, w(i, j] = ai11...q;
as a word whose run originates and ends in ¢;, while visiting only states whose
orderings are lower. Thus, ¢(w(i, j]) = ey, is the unique idempotent associated
to q;, resulting in o being a Ramsey split. Thus, we obtain a Ramsey split using
the construction of A, s.t. the height of the factorization tree is bounded by the
number of states of A.

The second implication arising from the construction of A is that we obtain
the good expressions used in this paper, by a state elimination of A, using the
ordering on its states.

In the rest of the section, we assume Theorem [I2 and use it in obtaining
an RTE corresponding to A. For the purposes of this paper, we work with the
transition monoid of the two-way transducer.

2.5. Transition monoid of 2NFAs
Counsider a two-way possibly non-deterministic automaton (2NFA) A. Let
TrM be the transition monoid of A which is obtained by quotienting the free
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monoid (X*, - €) by a congruence which equates words behaving alike in the
underlying automaton. Transition monoids for two way automata were defined
in [9] for finite words and later extended to infinite words [I7]. We recall the
definition.

In a one way automaton, the canonical morphism Tr: ¥* — TrM is such that
Tr(w) consists of the set of pairs (p,q) such that there is a run from state p
to state ¢ reading w. In the case of two-way automaton, we also consider the
starting side (left/right) and ending side (left/right) of the reading head while
going from state p to ¢q. This is represented with a direction d amongst “left-left”
(D), “left-right” (=), “right-left” (+-) and “right-right” (<). Hence, an element of
TrM is a set X of tuples (p,d, q) with p,q € @ states of A and d € {—,D>,g,«}.
The canonical morphism Tr: ¥* — TrM is such that Tr(w) is the set of triples
(p,d, q) which are compatible with w. For instance, (p, —, ¢q) € Tr(w) iff A has a
run starting in state p on the left most symbol of w and which exits w on its
right and in state q. Likewise, (p,g, q) € Tr(w) iff A has a run starting in state
p on the right most symbol of w and which exits w on its right and in state q.
The explanation is similar for other directions.

Tr(abb) = {(90, <, @1)s b| a b b a b b

((II:Di q5)l (qlag: q2)1 Go1Trh—h—%

s — qs+—qy
(92,2, 94), (g2, 95),

™ 96— 96 — 491 ——> @2 — 93

’ L} b 167 b
(93,2:94), (g3, ¢ g5) Gs —Gs +— a
(94,2, 1), (04,5, 1), e G > N— D— D

— d5+—q4 4/

45 — 96— 91— D

(g5, 2 ¢5), (45,5, g6), 95+

N

(QG) -, Q2)1 (qﬁ;c: £11)}
Figure 3: Illustrations of subset of Tr(abb)

Consider the 2DFT A of Figure[2| and its underlying input 2DFA B. The run
for word babbabb starting from state qg is shown in Figure 3] In the transition
monoid of B, we have

Tr(abb) = {(QO7ga Q1)7 (Q17>7 q5)7 (q15§7 q2)a (qQaDa Q4)a (qu ~, q5)7
(q37pa q4)7 <q3a <, q5)7 (q47p7 q4)7 (Q47<;7 q1)7
(q57>7 Q5)7 (Q5,<;» (IG)» (q67 7, CI2)7 (%»Qy Q1)} .

Some of these triples are highlighted in Figure

It is well-known that TrM is a monoid and that Tr is a morphism, see
for instance [7]. The left-right and right-right relations were already used by
Shepherdson to prove the equivalence between two-way and one-way automata
[22]. These relations define a right-congruence. We obtain a congruence by
considering also the right-left and left-left relations. The quotient of the free
monoid by this congruence is the transition monoid of the 2NFA.

Let (p,d,q) € Tr(w). If w =a € 3, then we know that reading a in state p,
A may move in direction d and enter state q. If w = wy - wy for wy,we € BT,
then we can possibly decompose (p, d, q) into several “steps” depending on the
behaviour of A on w starting in state p. As an example, see Figure [4] where we
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decompose (p, —, q) € Tr(w). We show only those elements of Tr(w;) and Tr(wsz)
which help in the decomposition; the pictorial depiction is visually intuitive.

ey pm e m - o= smmsmsmsssa==- i
] []
; w1 : w2 : w1 wa '
1 [pP——»q1 , q1 1 P—>q1 1
1 1 ‘> 1 ‘> 1
1

. Bl ! e ! q2 :
L] < > ] ] <. 1
1 q3 q3 ' q3 1
1 1 ] 1
1 q4 y Y4 ' q4 1
1 <’ 1 1 <’ 1
1 g5 4 gs pq g5 d
1 ] ] 1
1 ] ] 1
D e e e e - .- T L oo oo []

Figure 4: The first and second pictures are illustrations of subsets of Tr(wi) and Tr(ws2)

respectively. (p, =, q1), (42,3, ¢3), (@4,G, g5) € Tr(w1) while (q1,2,¢2), (43,2, 94), (a5, —,q) €
Tr(w2). The third picture shows that (p, —,q) € Tr(w1 -w2): (p, —, q) consists of “steps” (p, —

s ql)v (q1727 q2)v (qQ:§7 q3)7 (q37 ) q4)’ (‘M:Q: q5)7 (q57 — q) alterna‘tely from TI’(’LUI) and TI’(’LUQ).

Example 13. Let ¥ = {a,b} and let A be the following 1DFT:
b b

(3 o (]
@ —C)

Let TrM be the transition monoid of A and let Tr: 3* — TrM be the canonical
morphism. The expression F' = a™(ba)t is not Tr-good: one of the reasons
why F is not Tr-good is that the subexpression a™t is such that Tr(a) is not an
idempotent since Tr(a) = {(q1,q2), (q2,q1)} and Tr(a?) = {(q1,q1), (g2, q2)}, thus
Tr(a?) # Tr(a). We have omitted the direction in the tuples as the underlying
automaton is one way. Similarly, the subexpression (ba)™ is also not Tr-good.
The expression F' = aba U aaba U a(aa)ba U a(baba)™ U a(aa)™ (baba)*t is not
Tr-good, even though each of the expressions aba, aaba,a(aa)¥ba,a(baba)t and
a(aa)™ (baba)™ are Tr-good. F' is not Tr-good since Tr(L(F")) is not a singleton.
The expression F" = aba U (aa)t U a(aa)Tba is Tr-good.

2.6. 2DFT to RTE

In[Appendix A] we give a practical example showing how to compute an RTE
equivalent to the transducer A of Figure 2]

Consider a deterministic and complete two-way transducer A. Let TrM
be the transition monoid of the underlying input automaton. We can apply
the unambiguous factorization theorem to the morphism Tr: X* — TrM in
order to obtain, for each s € TrM, an e-free good rational expression Fy for
Tr'(s)\ {e}. We use the unambiguous expression G = ¢ U Usetm Fs as a guide
when constructing RTEs corresponding to the 2DFT A.

Lemma 14. Let F be an e-free Tr-good rational expression and let Tr(F') = s be
the corresponding element of the transition monoid TrM of A. We can construct
a map Cr: sp — RTE such that for each step © = (p,d,q) € sp the following
invariants hold:
1) dom(Crr()) = L(F),
(12) for each u € L(F), [Cr(x)](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).
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Proof. The proof is by structural induction on the rational expression. For each
subexpression E of F we let Tr(E) = sg be the corresponding element of the
transition monoid TrM of A. We start with atomic regular expressions. Since F'
is e-free and (-free, we do not need to consider E = ¢ or E = .

atomic Assume that £ = a € ¥ is an atomic subexpression. Since the 2DFT
A is deterministic and complete, for each state p € @ we have

e either d(p,a) = (¢,7,1) and we let Co((p,—,q)) = Cu((p,<,q)) =

a?y: L,
o or(p,a) = (q,7,—1) and we let Co((p,2,q)) = Cal(p, =, q)) =a?v:
L.

Clearly, invariants and hold for all € Tr(a) = sg.

union Assume that F = F; U E5. Since the expression is good, we deduce that
Sg = Sg, = Sg,. For each © € sy we define Cg(z) = E1 7 Cg, (2) : Cg,(x).
Since FE is unambiguous we have L(E1) N L(F2) = 0. Using for F4
and Fs, we deduce that

dom(Cp(x)) = (L(E1) Ndom(CE, (2))) U (dom(C, (x)) \ L(E1))

= L(E1) UL(E;) = L(E).
Therefore, holds for E. Now, for each v € L(E), either u € L(E) and
[Ce(2)](u) = [Cr, (2)](u) or u € L(E}) and [Cr(z)](u) = [Cg, (z) §U)~

In both cases, applying for FEy or Es, we deduce that [Cg(x)](u
the output produced by A when running step x on wu.

1

concatenation Assume that £ = F; - F5 is a concatenation. Since the expres-
sion is good, we deduce that sg = sg, - Sg,. Let © € sg.

e If x = (p,—,q) then, by definition of the product in the transi-
tion monoid TrM, there is a unique sequence of steps x; = (p, —

7q1)7 T2 = (Q1ap7q2)7 €r3 = (q27§7Q3)a Ty = (q37DaQ4)a sy Ty =
(¢i-1,S,4), Tig1 = (¢, —,q) with @ > 1, zy,23,...,7; € sg, and
9, X4y ...,Tit1 € Sg, (see Figure ). We define

Ce(z) = (O, (71) B Cp,(2)) © (Ck, (73) B O, (74)) © -+ ©
(Cpy (%) @ Cry (Ti41)) -

Notice that when ¢ = 1 we simply have Cg(z) = Cg, (z1) @ Cg,(x2)
with 2o = (¢1,—,q).

The concatenation L(E) = L(E1) - L(E3) is unambiguous. Therefore,
for all y € sg, and z € sg,, using for F1 and FE>, we obtain
dom(Cg, (y) @ Cg,(2)) = L(E). We deduce that dom(Cg(z)) = L(F)
and holds for E.

Now, let u € L(F) and let v = wujuz be its unique factorization
with w; € L(E;) and ug € L(E3). The step x = (p,—,q) per-
formed by A on w is actually the concatenation of steps x; on
uy, followed by xo on wus, followed by x3 on up, followed by x4
on ug, ..., until x;;1 on up. Using for B and E,, we de-
duce that the output produced by A while running step x on u is
[Ce, (z1)](w1) - [Cr,(22)[(u2) -+ [Cy (z:)](u1) - [Cr, (@ig1)](u2) =
[Ce(2)](u).
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530 e If z = (p,D,q) then, following the definition of the product in the

540 transition monoid TrM, we distinguish two cases.
541 Either z € sp, and we let Cg(z) = Cg,(x) @ (E27¢ : L). Since
542 dom(Ey?e : L) = L(F>), we deduce as above that dom(Cg(x)) =
543 L(E). Moreover, let u € L(F) and u = ujug be its unique factor-
544 ization with wy € L(E1) and ug € L(E3). The step z = (p,D,q)
505 performed by A on u reduces to the step x on u;. Using for Eq,
546 we deduce that the output produced by A while making step x on u
7 is [Cr, ()] (u1) = [Cr(z)](w).

e i === Fo== === i

! w1 . w2 . w1 Wo :

TP g1 g1 1 D q1 1

1 1 ]

' 2] P . g2 :

' 1 1 1

: q3 qs3 1 q3 1

1 1 ]

' q q4 1 4 1 q q4 1

' 1 1 1

' 1 1 1

1 ' L

Figure 5: Let w = w1 - wp € L(F) with wy € L(E1), we € L(E2). We have (p, —,4q1), (¢2,S
,43), (g4, <= q) € Tr(w1) and (q1,2,92),(¢3,2,94) € Tr(wz). Then (p,>,q) is composed of
“steps” (p, =, q1), (41,2, 42), (42,5 43), (43,2, 94), (44, <, q) alternately from Tr(w1) and Tr(wz).

Or there is a unique sequence of steps (see Figure o) 1 = (p, —, ¢1),

T2 = (Q1,>7 q2)7 T3 = (q27<7 q3)a Ty = (q37p7 CI4)7 ey, Ty = (qifh <_7q)
with ¢ > 3, x1,23,...,2; € sg, and x9,%4,...,%;—1 € Sg,. We define

Ce(z) = (Cp,(21) B Cp,(22)) © (Ck, (73) B Cp, (24)) © -+ ©
(Cpy(2) B (Ba?e: 1)),

548 As for the first item, we can prove that invariants and are
549 satisfied for E.
e The cases x = (p,+,q) or x = (p,q,q) are handled symmetrically.
For instance, when = = (p, <, ¢q), the unique sequence of steps is
1= (P, q1), T2 = (q1,5,2), ©3 = (92, 2,43), T4 = (43,5, q4), - - -5
i = (¢i-1,2,4), Tit1 = (¢, 4, q) with i > 1, 21, 23,...,2; € sg,
and 2,24, ..., Ti41 € Sg, (see Figure[f). We define

Cp(x)=((E17e: L) B Cp, (1)) © (Cr, (22) B Cp, (23)) © - ©
(Cpy(2i-1) B Cpy(20)) © (Cpy (wi41) B (B2 7e: 1))

ss0  Kleene-plus Assume that E = F'T. Since the expression is good, we deduce

551 that sp = sp = s is an idempotent of the transition monoid TrM. Let
552 X € S.

553 o If z = (p,D,q). Since F'T is unambiguous, a word u € L(F ') admits
554 a unique factorization u = wjus - -u, with n > 1 and w; € L(F).
555 Now, Tr(u1) = sg and since z = (p,D,q) € sg the unique run p
556 of A starting in state p on the left of u; exits on the left in state
557 q. Therefore, the unique run of A starting in state p on the left of
558 U = ujlg - - Uy only visits u; and is actually p itself. Therefore, we
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K
[S)

Figure 6: Let w = wy - w2 € L(F) with wy € L(E1), w2 € L(E2). We have (p,+,q1),(q2,2
,q3) € Tr(we) and (q1,5, q2),(g3,4,¢q) € Tr(wi). Then (p,+,q) € Tr(w) is composed of
“steps” (p, ., q1), (¢1,5,92), (g2, 2, 93), (g3, +, ¢) alternately from Tr(w2) and Tr(wy).

\ F | F | o F F F F
pP——N— —i—
[ szfb | Ciiﬁ’b
F <l g ! <’P5——pgf>
I ' -
| CF(QL') : dﬁps—bq
) <
[ C' [ Py g
[ | :"p5—’p2§1>
| | s
| | <>P5—i>q
| |
C
| LG
| | /
| [ ¢
| |

Figure 7: In the Kleene-plus E = F'T, a step * = (p,—,q) € sg on some u = ujug - - Up
with uy € L(F) is obtained by composing the following steps in sp: z1 = z, 2 = (¢, 2, p2),
z3 = (p2,G,p3), T4 = (3,2, p4), T5 = (P4,G, P5), T6 = (P5, =, q)-

set Cg(x) = Cp(x) @ (F*?e: L) and we can easily check that (I1Hl2)
are satisfied.

e Similarly for z = (p,g, ¢q) we set Cg(z) = (F*?¢: 1) B Cp(x).
o If z = (p,—,q). Recall that s is an idempotent, hence z € s%. We

distinguish two cases.

Assume first that y = (¢, —,q) € s. Let u = uyug - - u, be a word
with u; € L(F) for 1 <i < n. When reading u starting in state p on
the left, the transducer will use step x on u; and then step y on each
u; with 2 < i < n. Therefore, we set

Cp(r) = F?Cp(z) : (Cr(z) @ (Cr(y)T).

Otherwise, there exists a unique sequence of steps in s: 1 = x, g =
(qa>7p2)7 xr3 = (p27§7p3)a Ty = (p3vpap4)7 ceey Ly = (p’i—17§7pi)7
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Zit1 = (pi, —,q) with ¢ > 3 (see Figure . We define

Cp(z) = (Cp(z) @ (F*?e: 1)) © [F,C']*®
' = ((F?E : L) K CF(QTQ)) © (CF(QL‘;;) ] CF($4>) [oRRRXO)
(Cr(x:) @ Cp(ziy1))

Since the expression is good, the Kleene-plus E = F'™ is unambigu-
ous. We have dom(Cr(z;)) = L(F) for 1 < j <i+ 1 by ([i]). Also
dom(F*?e: 1) = L(F*). Since F'™ is unambiguous, the concatena-
tion F - F* is also unambiguous and we get dom(Cr(z) @ (F*?¢ :
1)) = L(F) - L(F*) = L(E). Also, the product F' - F' is unam-
biguous and we deduce that dom(Cr(z;) @ Cr(z;+1)) = L(F)? for
1 <j <ianddom((F?e: 1)@ Cr(z2)) = L(F)2. Therefore,
dom(C’) = L(F)? and using once again that F'* is unambiguous,
we deduce that dom([F,C")?®) = L(Ft) = L(E). We deduce that
dom(Cg(z)) = L(E) and holds for E.
Let now u € L(F1) = dom(Cg(x)). We have to show that the output
v € D produced by A when running step  on v is [Cg(z)](v). There
is a unique factorization u = ujug - -+ u, with n > 1 and uy € L(F)
for 1 </ <n.
Assume first that n = 1 (see Figure [7|left). By definition, we have
[[F,C)>E](u) = ¢ and [Cp(z) @ (F* ?e: 1)](u) = [Cr(2)](u) which,
by induction, is the output v produced by A running step = on wu.
Therefore, [Cg(z)](u) =~ & = 1.
Assume now that n > 2 (see Figure |z| middle for n = 2 and right for
n=25). For1 <{<nand1<j<i+1, we denote 'yf = [Cr(z;)](ue)
the output produced by .4 when running step x; on u,. We can check
(see Figure @ that the output v produced by A when running x on
U= U U * * - Uy, 1S
v =375 ) (83 ) (08 T AT
We have [C'](ueue1) = v5  v4ya - vfyit] for 1 < ¢ < n. There-
fore, we obtain v = v{ [C"] (u1u2) [C'] (uzug) - - - [C"] (un—1un). Since
[Cr(z) @ (F*?e: 1)](u) =~# we deduce that v = [Cr(x)](u).

e The case of x = (p, <, ¢) can be handled similarly. O

Lemma [14]is the main ingredient in the construction of an RTE equivalent
to a 2DFT.

Proof of Theorem[7] (2)). First, we let C. = [A](¢) € I'* U{L}. Then, we will
define for each s € TrM, an RTE C, such that dom(C;) = dom(A)N(Tr *(s)\{})
and [Cs](u) = [A](u) for all u € dom(Cs). Assuming an arbitrary enumeration
81,82, ---,8m of TrM, we define the final RTE as

Ca=e?C.: (Tr(s1)?Cs, : (Tr H(s2)?C4y - (Tr Y (sm_1)?C%,, = Cs ).

It remains to define the RTE Cy for s € TrM. We first define RTEs for steps in
the 2DFT A on some input Fu with u € Tr*(s) \ {}. Such a step must exit
on the right since there are no transitions of A going left when reading . So
either the step (qgo, —, ¢) starts on the left in the initial state ¢g and exits on the
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right in some state g. Or the step (p,g, ¢) starts on the right in some state p
and exits on the right in some state q. See Figure

Let s be the set of steps (p, —,q), (p,<, ¢) such that there is a transition
d(p,F) = (¢,7p,+1) in A. From the initial state gy of A, there is a unique
sequence of steps 1 = (g0, =, q1), T2 = (q1,2,42), T3 = (42,5, ¢3), T4 = (g3,
1q4)s -5 Ti = (¢i-1,G, Gi), Tiv1 = (¢, —,q) with i > 1, 21, 23,...,2; € s and
X9, X4,y ...,Tit1 € S (see Figure left). We define

C’—Fs((qu - Q)) = Yq0 © OFs (z2) O © CFS (174) (ORRRNORe NN O) CFS (xi+1) .

Notice that when ¢ = 1 we simply have Ci-g, ((q0, =, q)) = Vg @ Cr,((q1,—,9))-
Since dom(Cr. (2;)) = L(Fs) = Tr *(s)\{e} fori = 2,4,...,i4+1, we deduce that
dom(Crr. (g0, —,q))) = Tr*(s)\ {e}. Moreover, for each u € Tr™*(s) \ {e}, the
output produced by A performing step (qo, —, ¢) on Fu is [Crr, ((q0, —, )] ().

o=
N
L

Figure 8: (Left) Given steps of s, a step (go,—,q) of Fu for some u € Fs, is obtained by
composing the following steps alternatively from s and s: 1 = (g0, —,q1), 2 = (91,2, ¢2),

z3 = (92,5, 43), T4 = (43, ,q4), T5 = (44,5, g5), T6 = (g5, —,q). (Right) A step (p,G,q) of
Fu for some u € Fj, is obtained by composing the following steps alternatively from s and s-:

z1 = (p, < q1), 2 = (01,65, 92), ©3 = (42,2, 93), T4 = (43,5, q4), 5 = (g4, —, Q).

Let p be a state of A. Either there is a step (p, <, ¢) € s and we let Cr g, ((p,§
,q)) = Cr.((p,G,q)). Or, there is a unique sequence of steps z; = (p, <, q1),

To = (Q1?§7q2)7 xr3 = (qQapa Q3)a Tyg4 = (q3a§7q4)7 sy Ty = (qi—174>7Q) with
1>3,21,x3,...,2; € sand T2, 24,...,T;—1 € S- (see Figureright). We define

Crr, (1, 0) = Cr, (1) © g, © Cr, (23) O g5 © -+ © Yg,, © Cp ().

As above, we have dom(Cir.((p,S,q))) = Tr '(s) \ {€}. Moreover, for each
u € Tr *(s) \ {e}, the output produced by A performing step (p,<,q) on Fu is

[Crr. (P, <S5 @) ().

] ]
A I A
v |4 q ot -
: 2 :Q2 ' 2 .
' ]
: oy |a| s 4|
, 4 y Qa . 4 '
] [ '
: g5 v [gsBg q5q |
1 ' ! ]
L5

Figure 9: On input Fu-, a step = (qo, —, ¢) is obtained by composing the following steps
alternatively from steps of Fu and s4: z1 = (go, —,q1), z2 = (¢1,2,92), 3 = (92,5, 43),
z4 = (g3, 2,94), 5 = (1,5, g5) and w6 = (g5, —, q).
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Similarly, let s4 be the set of steps (p, >, ¢) such that there is a transition
d(p,4) = (¢,7p,—1) in A or steps (p,—,q) such that there is a transition
d(p,4) = (¢,7p,+1) in A. From the initial state gy of A, there is a unique
sequence of steps 1 = (qo, =, q1), T2 = (q1,2,¢2), 23 = (42,5, q3), T4 = (g3,
2 qa)s -y T = (¢i-1,%,¢i), Tit1 = (i, —,q) with ¢ > 1, and z1,23,...,2; are
steps where Cp, is defined and zg, 24, ...,2;41 € s4 (see Figure E[)

Notice that this sequence of steps corresponds to an accepting run iff ¢ € F'is
an accepting state of A. Therefore, either ¢ ¢ F and dom(A)N(Tr " (s)\{e}) = 0
so we set Cy = L. Or, g € F and Tr '(s) \ {e} C dom(A) so we define

Cs = Crp,(71) ©7g © Crp, (73) © 745 © - © Crr, (i) © 7y, -

We have dom(Cy) = Tr '(s) \ {e} and for all u € dom(C}) we have [C.](u)
[A] (w).

Ol

3. Infinite Words

In this section, we start looking at regular functions on infinite words. As
in Section [2] we restrict our attention to two-way transducers as the model for
computing regular functions. Given a finite alphabet X, let 3“ denote the set of
infinite words over ¥, and let X°° = ¥* U X% be the set of all finite or infinite
words over 3.

3.1. Two-way transducers over w-words (w-2DMT,,)

Let ¥ be a finite input alphabet and let I' be a finite output alphabet. Let -
be a left end marker symbol not in ¥ and let ¥ = X U {F}. The input word is
presented as Fw where w € 3%

Let R be a finite set of look-ahead w-regular languages. For the w-regular
languages in R, we may use any finite descriptions such as w-regular expres-
sions or automata. Below, we will use complete unambiguous Biichi automata
(CUBA) [10], also called backward deterministic Biichi automata [24]). A de-
terministic two-way transducer (w-2DMT),) over w-words is given by A =
(Q,%,T,q0,6,F, R), where Q is a finite set of states, g € Q is a unique initial
state, and 0: @ x X x R — @ x I'™* x {—1,+1} is the partial transition function.
We request that for every pair (¢,a) € @ x X, the subset R(q,a) of languages
R € R such that §(q, a, R) is defined forms a partition of X¢. This ensures that
A is complete and behaves deterministically. The set F C 29 specifies the Muller
acceptance condition. As in the finite case, the reading head cannot move left
while on . A configuration is represented by w’qaw” where w'a € FX*, w" € ¥¢
and ¢ is the current state, scanning letter a. From configuration w’qaw”, let R
be the unique w-regular language in R(q, a) such that w” € R, the automaton
outputs v and moves to

w'ag'w” if 6(q,a,R) = (¢',7,+1)
wiq'baw”  if §(q,a,R) = (¢',7y,—1) and v’ = wib.

The output v € I'* is appended at the end of the output produced so far. A
run p of 4 on w € X¥ is a sequence of transitions starting from the initial
configuration gok-w where the reading head is on F:

71 / " 2 / 3 / "o 4 ’ "
QoW — wiqrwy — Whqawy — Wiq3ws — WyqaWy - -
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We say that p reads the whole word w if sup{|w]| | n > 0} = oo. The set of
states visited by p infinitely often is denoted inf(p) C Q. The word w is accepted
by A, i.e., w € dom(A) if p reads the whole word w and inf(p) € F is a Muller
set. In this case, we let [A](w) = y1727374 - - - be the output produced by p.
The notation w-2DMT), signifies the use of the look-ahead (la) using the w-
regular languages in R. It must be noted that without look-ahead, the expressive
power of two-way transducers over infinite words is lesser than regular transfor-
mations over infinite words [4]. A classical example of this is given in Example

627 where the look-ahead is necessary to obtain the required transformation.
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Example 15. Figure[]] shows an w-2DMT, A’ over & = {a,b,#} that defines
the transformation [A'](ui#tus#t - - - #Fupn#v) = ultug# uluodt - - - #ultu, #v
where uy, ..., u, € (a+b)*, v € (a+b)* and u? denotes the reverse of u. The
Muller acceptance set is {{q5}}. From state q1 reading b=, or state q4 reading #,
A’ uses the look ahead partition R(q1,t) = R(qa, #) = {EZ"#X, (E\ {#})“}
which indicates the presence or absence of a # in the remaining suffix of the
word being read. For all other transitions, the look-ahead language is 3¢, hence
it is omitted. Also, to keep the picture light, the automaton is not complete, i.e.,
we have omitted the transitions going to a sink state. It can be seen that any
mazimal string u between two consecutive occurrences of # is replaced with ufu;
the infinite suffiz over {a,b}* is then reproduced as it is.

Remark 16. The model used here is a two-way, deterministic Muller automaton,
which has for each pair (q,a) consisting of a state and symbol, a tuple of look-
ahead w-regular languages which are mutually exclusive. The model (denoted
2WST,,) used in [f]] however is a two-way deterministic Muller automaton which
is equipped with a look-behind automaton (a NFA) and a look-ahead automaton
(a possibly non-deterministic Muller automaton). It is easy to see that the two
models are equivalent, see [16] for details.

3.2. w-Regular Transducer Ezpressions (w-RTE)

As in the case of finite words, we define regular transducer expressions for
infinite words. Let ¥ and I' be finite input and output alphabets and let | stand
for undefined. We define the output domain as D =T U { L} , with the usual
concatenation of a finite word on the left with a finite or infinite word on the
right. Again, | acts as zero and the unit is the empty word 1p = e.

The syntax of w-Regular Transducer Expressions (w-RTE) from %¢ to D is
defined by:

Cu=L?C:C|CoC|ERC|EY|[K,E*

where K C ¥F ranges over regular languages of finite non-empty words, L C ¥¢
ranges over w-regular languages of infinite words and E is an RTE over finite
words as defined in Section The semantics [E]: ¥* — I'* U {L} of the
finitary combinator expressions E' € RTE is unchanged (see Section . The
semantics of an w-RTE C' is a function [C]: £¥ — D. Given a regular language
K C ¥7*, an w-regular language L C ¢, and functions f: ¥* — '™ U {1},
g,h: ¥ — D, we define

If then else. We have dom(L?g: h) = (dom(g) N L) U (dom(h)\ L).

Moreover, (L?g: h)(w) is defined as g(w) for w € dom(g) N L, and h(w)
for w € dom(h) \ L.
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Hadamard product. We have dom(g ® h) = g~ 1(I'*) N dom(h).
Moreover, (gOh)(w) = g(w)-h(w) for w € dom(g)Ndom(h) with g(w) € T*.
Unambiguous Cauchy product. If w € ¥ admits a unique factorization

w = u-v with u € dom(f) and v € dom(g) then we set (f @ g)(w) =
f(u) - g(v). Otherwise, we set (f @ g)(w) = L.

Unambiguous w-iteration. If w € ¥“ admits a unique infinite factorization
w = uyugus--- with u; € dom(f) for all ¢ > 1 then we set f“(w) =
flur) f(uz) f(ug)--- € T°°. Otherwise, we set f¥(w) = L.

Unambiguous 2-chained w-iteration. If w € ¥“ admits a unique factoriza-
tion w = wyugug - -- with u; € K for all ¢ > 1 and if moreover w;u;1 €
dom(f) for all i > 1 then we set [K, f]?*(w) = f(uiuz) f(ugu3) f(uzus) - - - .
Otherwise, we set [K, f]?*(w) = L.

Remark 17. Let C. = (X7e: 1)¥. We have dom(C.) = X% and [C.](w) =¢
for all w € ¥¥. Now, for v € T, let C, = (X7~ : L)@ C.. We have
dom(C,) = 2% and [C,](w) = v for all w € X*. Therefore, we can freely use
constants v € I'* when defining w-RTEs.

Remark 18. We can express the w-iteration with the 2-chained w-iteration as

follows: f* = [dom(f), f @ (dom(f)?e: L)]*.

Remark 19. In a similar manner to [K, f]*®, we can extend 2-chained w-

iteration as well to k-chained w-iteration for any k > 3. It is defined as fol-
lows: If w admits a unique factorization w = ujus ..., with u; € K for all
i > 1, then [K, f]*(w) = f(uiug ... up) f(ugus ... upr1) . ... Otherwise, we set
[K, f**(w) = L. In [16], we have shown that adding k-chained w-iteration does
not increase the erpressive power of w-RTEs.

Example 20. We now give the w-RTE for the transformation given in Exam-
ple[18. It was also sketched in Example[ll Let

Ei=a?a:(b?b: (#7#: 1))
Ey=a?a:(b?b:1)
Es=a?a:(b?b: (#7e:1)).

Then dom(E7) = dom(E3) = (a + b+ #) and dom(Es) = (a+b). Let

Ey= ((a+Db)#)? (Eﬁ oE®): 1.

We have dom(Ey) = (a + b)*# and, for u € (a +b)*, [Ea](u#) = uBu# where
u® denotes the reverse of u. Next, let

C,=E2mEy.
Then, dom(C1) = [(a+ b)*#]| T (a + b)*, and
[Cr](ur#ustt - upFtv) = ufua#us ot - - - FugunFfv
when u; € (a+0)* and v € (a+b)*. Finally, let
C=(a+b“?E;:Ch.

We have dom(C) = [(a+b)*#]*(a+b)* and [C] = [A'] where A’ is the transducer
of Figure[]
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The main theorem connecting w-2DMT), and w-RTE is as follows.

Theorem 21. w-2DMT,, and w-RTEs define the same class of functions. More
precisely,

1. given an w-RTE C, we can construct an w-2DMT, A such that [A] = [C].
Al =[Cl.

The proof of is given in the next section, while the proof of will be
given in Section 3.7 after some preparatory work on backward deterministic Biichi
automata (Section which are used to remove the look-ahead of w-2DMT),

(Section [3.5)), and the notion of transition monoid for w-2DMT, (Section [3.6])
used in the unambiguous forest factorization theorem extended to infinite words

(Theorem [28)).

3.8. w-RTE to w-2DMT,,

In this section, we prove one direction of Theorem given an w-RTE C, we
can construct an w-2DMT, A such that [A] = [C]. The proof is by structural
induction and follows immediately from

2. given an w-2DMT,, A, we can construct an w-RTE C such that |

Lemma 22. Let K C X* be reqular and L C X% be w-reqular. Let f be an RTE
with [f] = [My] for some 2DFT Mjy. Let g, h be w-RTEs with [g] = [M,] and
[h] = [My] for w-2DMT;, My and My, respectively. Then, one can construct
an w-2DMT,, A such that [L?g: h] = [A],

an w-2DMT,, A such that [A] = [g ® h],

an w-2DMT, A such that [A] = [f @ g],
an w-2DMT,;, A such that [A] = [f“],

an w-2DMT,, A such that [A] = [[K, f]**].

Proof. Throughout the proof, we let M, = (Q4, %, T, s4,04F,, Ry) and M), =
(Qn, X,T, s, 0n, Fn, Rp) be the w-2DMT, such that [M,] = [g] and [M;] = [A].

If then else. The set of states of Ais Q4 = {q} U Q, U Q) with ¢ ¢
Qg U Qp. In state g, we have the transitions 6 4(qo, (F, RN L)) = (¢,7,+1) if
dg(sg, (F,R)) = (q,7,+1) and 6 4(qo, (-, R'\L)) = (¢',7, +1) if 6n(sn, (F, R")) =
(¢',7',+1). This invokes My (Mp,) iff the input w is in L (not in L). The Muller
set F is simply a union F, U F}, of the respective Muller sets of M, and Mj,. It
is clear that [A] coincides with [M,] iff the input string is in L, and otherwise,
[A] coincides with [M}].

Hadamard product. Recall that for a word w to be in dom(g ® h) we
should have w € dom(g) Ndom(h) and also [g](w) € I'*. Hence, M, will produce
[g](w) after reading a finite prefix of w. We create a look ahead which indicates
the position where the transducer M, can stop reading the input word w so that
we can reset the head to the left most position and start Mj. The look ahead
should satisfy two conditions for this purpose:

e M, will not visit any position to the left of the current position in its

remaining run on w.

e The output produced by running M, on the suffix of w should be «.
To accommodate these two conditions, we construct for each state g € @y, a
transducer A, and we define an w-regular look ahead language as Ly = dom(A,).
The structure of A, is the same as M, except that we

SARSIRCIES T
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e add a new initial state ¢, and the transition d,4(¢q,F, %) = (¢, ¢, +1),

e remove all transitions from M, where the output is v # ¢,

e remove all transitions from M, where the input symbol is .
We explain the construction of the w-2DMT, A such that [¢ ® h] = [A]. The
set of states of A are Q4 = Q4 U Qp U {reset}. Backward transitions in A and
M, are the same: d4(q,a,R) = (¢',7,—1) iff 64(q,a, R) = (¢/,7, —1). Forward
transitions of M, are divided into two depending on the look ahead. If we have
dg(q,a,R) = (¢',v,+1) in M, for an a € 3, then

04(q,a,R\ Ly) =(¢',v,+1) and 04(q,a, RN Ly) = (reset,v,+1).

From the reset state, we go to the left until I is reached and then start running Mj,.
So, 0 4(reset, a, 2¥) = (reset, e, —1) for all a € ¥ and § 4(reset, -, R) = (¢”, v, +1)
if 05 (sn, b, R) = (¢”,7,+1). The accepting set is the same as the Muller accepting
set Fy, of Mjp,.

Cauchy product. From the transducers My and Mg, we can construct a
DFA Dy = (Qy, X, 0y, 55, Fy) that accepts dom(My) and a deterministic Muller
automaton (DMA) D, = (Qg, X, dg, 54, F4) that accepts dom(1).

Now, the set L of words w having at least two factorizations w = ujv; = usvs
with uy,us € dom(f), vi,v2 € dom(g) and uy # usy is w-regular. This is easy
since L can be written as L = UpeFf,qug L, - M, - R; where

e L, C ¥* is the regular set of words which admit a run in Dy from its initial
state to state p,

o M, , C X% is the regular set of words which admit a run in Dy from state
p to some final state in Dy, and also admit a run in D, from the initial
state to some state ¢q in Dy,

e R, C X¥ is the w-regular set of words which (i) admit an accepting run
from state ¢ in D, and also (ii) admit an accepting run in D, from its
initial state sg.

Therefore, dom(f @ g) = (dom(f) - dom(g)) \ L is w-regular.

First we construct an w-1DMT, D such that dom(D) = dom(f @ ¢g) and
on an input word w = wv with v € dom(f) and v € dom(g), it produces the
output u#v where # ¢ ¥ is a new symbol. From its initial state while reading
F, D uses the look-ahead to check whether the input word w is in dom(f & g)
or not. If yes, it moves right and enters the initial state of Dy. If not, it goes
to a sink state and rejects. While running Dy, D copies each input letter to
output. Upon reaching a final state of Dy, we use the look-ahead dom(g) to see
whether we should continue running D¢ or we should switch to D,. Formally, if
ds(q,a) = ¢’ € Fy the corresponding transitions of D are

dp(q,a,dom(g)) = (sg,a#, +1) and dp(q,a,3 \ dom(g)) = (¢',a, +1).
While running Dy, D copies each input letter to output. Accepting sets of D are
the accepting sets of the DMA D,. Thus, D produces an output u#v for an input
string w = wv which is in dom(f @ ¢) such that v € dom(f) and v € dom(g).

Next we construct an w-2DMT,; 7 which takes input words of the form u#v
with v € ¥* and v € ¢, runs My on u and M, on v. To do so, u is traversed
in either direction depending on My and the symbol # is interpreted as right
end marker - for M;. While simulating a transition of M; moving right of -,
producing the output v and reaching state ¢, there are two possibilities. If ¢ is
not a final state of M then 7 moves to the right of #, goes to some sink state
and rejects. If ¢ is a final state of My, then 7 stays on # producing the output
~ and goes to the initial state of My. Then, 7 runs M, on v interpreting # as
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. The Muller accepting set of T is the same as M.

We construct an w-2DMT), A as the composition of D and 7. Regular
transformations are definable by w-2DMT), [4] and are closed under composition
[14]. Thus the composition of an w-1DMT|, and an w-2DMT), is an w-2DMT,.
We deduce that A is an w-2DMT,. Moreover [A] = [f @ ¢].

(4) w-iteration. By Remark this is a derived operator and hence the result
follows from the next case.

2-chained w-iteration. First we show that the set of words w in 3“ having
an unambiguous decomposition w = ujus - -+ with u; € K for each ¢ is w-regular.
As in case above, the language L of words w having at least two factorizations
w = ugvy = ugvy with ug,us € K, v1,v9 € K“ and u; # us is w-regular. Hence,
L' = K*- L is w-regular and contains all words in X% having several factorizations
as products of words in K. We deduce that ¢ \ L’ is w-regular.

As in case above, we construct an w-1DMT|, D which takes as input w and
outputs ui#Hus# - - - iff there is an unambiguous decomposition of w as ujusg - - -
with each u; € K. We then construct an w-2DMT D’ that takes as input words
of the form wy#uq# - -+ with each u; € ¥* and produces ujus#Husus - - -.

Next we construct an w-2DMT T that takes as input words of the form
wHweF# - - - with each w; € ¥* and runs My on each w; from left to right. The
transducer T interprets # as - (resp. 1) when it is reached from the right (resp.
from left). While simulating a transition of M; moving right of -, we proceed
as in case above, except that 7 goes to the initial state of M instead.

The w-2DMT), A is then obtained as the composition of D, D" and 7. The
output produced by A is thus [My](uiuz)[Ms](uous) - - -. O

3.4. Backward deterministic Biichi automata (BDBA)

A Biichi automaton over the input alphabet X is a tuple B = (P, X, A, Fin)
where P is a finite set of states, Fin C P is the set of final (accepting) states,
and A C P x ¥ x P is the transition relation. A run of B over an infinite word
w = aijasasg - - - is a sequence p = po, a1, P1,a2,Pa, ... such that (pi,h ai,pi) €A
for all ¢ > 1. The run is final (accepting) if inf(p) N Fin # () where inf(p) is the
set of states visited infinitely often by p. This is a Biichi acceptance condition.

The Biichi automaton B is backward deterministic (BDBA) or complete
unambiguous (CUBA) if for all infinite words w € ¥, there is ezactly one
run p of B over w which is final, this run is denoted B(w). The fact that we
request at least/most one final run on w explains why the automaton is called
complete/unambiguous. Wlog, we may assume that all states of B are useful, i.e.,
for all p € P there exists some w € 3“ such that B(w) starts from state p. In
that case, it is easy to check that the transition relation is backward deterministic
and complete: for all (p,a) € P x X there is exactly one state p’ such that
(p',a,p) € A. We write p’ <~ p and state p’ is denoted A~'(p,a). In other words,
the inverse of the transition relation A=': P x ¥ — P is a total function.

For each state p € P, we let L(B,p) be the set of infinite words w € X¢ such
that B(w) starts from p. Notice that, ¢ = E’Jpep L(B,p), i.e., words in X% are
partitioned according to the starting state of their unique final run. For every
subset I C P of initial states, the language L£(B,1) = {J,¢; £(B, p) is w-regular.
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Example 23. For instance, the automaton B below is a BDBA. Moreover,

we have L(B,pa) = (Z\ {#})¥, L(B,ps) = (#X*)*, and L(B,{p1,p3,p4}) =
eSS

) EN{#Y B\ #

() () (y =\{# (O
)7 D—

Deterministic Biichi automata (DBA) are strictly weaker than non-deterministic
Biichi automata (NBA) but backward determinism keeps the full expressive
power.

Theorem 24 (Carton & Michel [10]). A language L C X is w-regular iff
L = L(B,I) for some BDBA B and initial set I.

The proof in [I0] is constructive, starting with an NBA with m states, they
construct an equivalent BDBA with (3m)™ states.

A crucial fact on BDBA is that they are easily closed under Boolean operations.
In particular, the complement, which is quite difficult for NBAs, becomes trivial
with BDBAs: £(B, P\ I) =%\ L(B,I). For intersection and union, we simply
use the classical cartesian product of two automata By and By. This clearly
preserves the backward determinism. For intersection, we use a generalized
Biichi acceptance condition, i.e., a conjunction of Biichi acceptance conditions.
For BDBAs, generalized and classical Biichi acceptance conditions are equivalent
[10]. We obtain immediately

Corollary 25. Let R be a finite family of w-regqular languages. There is a BDBA
B and a tuple of initial sets (Ir)rer such that R = L(B,Ir) for all R € R.

3.5. Replacing the look-ahead of an w-2DMT,;, with a BDBA

Let A = (Q,%,T,qo,6,F,R) be an w-2DMT,,. By Corollarythere is a
BDBA B = (P, X, A, Fin) and a tuple (Ig)grer of initial sets for the finite family
R of w-regular languages used as look-ahead by the transducer A. Recall that
for every pair (q,a) € Q x X, the subset R(g, a) of languages R € R such that
d(q,a, R) is defined forms a partition of ¥*. We deduce that (Ir)rer(q,a) i 2
partition of P. B B B

We construct an w-2DMT A = (Q, X, T, qo, d, F) without look-ahead over the
extended alphabet ¥ = ¥ x P which is equivalent to A in some sense made
precise below. Intuitively, in a pair (a,p) € 3, the state p of B gives the
look-ahead information required by A. Formally, the deterministic transition
function §: Q@ X X — @Q x I'* x {—1,+1} is defined as follows: for ¢ € @ and
(a,p) € Y we let 5~(q, (a,p)) = §(q,a, R) for the unique R € R(q,a) such that
p € Ig.

Example 26. For instance, the w-2DMT A constructed from the w-2DMT,, of
Figure[1] and the BDBA B of Ezample [23 is depicted below, where o stands for
an arbitrary state of B.
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(F,p1)/e, +1 (a,0)/e,+1 (a,®)/a,—1

(. ps) /e, +1 (b,e)/e,+1 (b,e)/b,—1
Frfetl b e
(#,p1)/#,+1
(F.p2)/e, +1 (#.p3)/#,+1 (#,0)/e,+1
(#.pa)/#,+1 () /e, +1
(#,p2)/#, +1
(av.)/av+1 (aa .)/aa+1
(b, ®)/b, +1 (b,®)/b, +1

Let w = ajazag--- € ¥ and let B(w) = pog, a1, p1, az, pa, . .. be the unique

final run of B on w. We define Fw = (-, po)(a1,p1)(az,p2) -+ € 5. We can
easily check by induction that the unique run of A on w

71 4 " 2 / n 3 ! " 4 1 "
JoFw — Wirw) — WygaWy —> W3(q3W3 — WyGaWy = -
corresponds to the unique run of A on Fw
R Y N N - N D B N DN B . NS 7}
QoFw — wiqw] — WhHGawsy — WhGzWE — Wyqawy - -

where for all ¢ > 0 we have Fw = wjw/ and |w}| = |w}|. Indeed, assume

that in a configuration w’qaw” with Fw = w’aw” the transducer A takes the

.. R .
transition ¢ (@R, (¢',7,41) and reaches configuration w’aq’w”. Then, w” € R

and the corresponding configuration Jq(a,p)uT” with Fw = J(a,p){uv” and

|w'| = |J| is such that p € Ir. Therefore, the transducer A takes the transition

q ICEDN (¢',7,+1) and reaches configuration w’(a,p)q'w”. The proof is similar

for backward transitions. We have shown that 4 and A are equivalent in the
following sense:

Lemma 27. For all words w € ¥, the w-2DMTj, A starting from Fw accepts
iff the w-2DMT A starting from Fw accepts, and in this case they compute the
same output in I"°.

3.6. Transition monoid of an w-2DMT,,

We use the notations of the previous sections, in particular for the w-2DMT,
A, the BDBA B and the corresponding w-2DMT A. As in the case of 2NFAs over
finite words, we will define a congruence on 1 such that two words u,v € ¥ T
are equivalent iff they behave the same in the w-2DMT,; A, when placed in an
arbitrary right context w € . The right context w is abstracted with the first
state p of the unique final run B(w).

The w-2DMT A does not use look-ahead, hence, we may use for A the classical
notion of transition monoid. Actually, in order to handle the Muller acceptance
condition of A, we need a slight extension of the transition monoid defined in
Section More precisely, the abstraction of a finite word & € 1 will be the
set Tr(u) of tuples (¢q,d, X, ¢') with ¢,¢' € Q, X C Q and d € {—,D,C, +} such
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that the unique run of Aonu starting in state ¢ on the left of w if d € {—, >}
(resp. on the right if d € {C, +}) exits in state ¢’ on the left of u if d € {D, +}
(resp. on the right if d € {—,¢}) and visits the set of states X while in @ (i.e.,
including ¢ but not ¢’ unless ¢’ is also visited before the run exits u).

For instance, with the automaton A of Example we have (q4, —, {¢2, 93, 1},

gs) € Tr(it) when @ € ((a,p1) + (b,p1))*(#,p1)((a, p1) + (b p1))* (#, p2)-

We denote by TrM = {Tr(u) | & € X7} U {1:5;} the transition monoid of
A with unit 155+ The classical product of the transition monoid of a two-
way automaton [7] is extended by taking the union of the sets X occurring

in a sequence of steps. For instance, if we have steps (qo, =, X1,¢1), (¢2,<

, X3,q3), - (6i-1,G, X4, ¢i) in Tr(u) and (g1, X2, 2), (43,2, X4,q4), -+,
(¢iy =, Xit+1,i+1) in Tr(0) then there is a step (go, =, X1 U+ U X;41,¢i+1) in
Tr(a - ©) = Tr(w) - Tr(v). We denote by Tr: £* — TrM the canonical morphism.

Let w = a;---a, € X% be a finite word of length n > 0 and let p € P.
We define the sequence of states pg,p1,...,pn by pn = p and for all 0 <
i < n we have p; L pi+1 in B. Notice that for all infinite words w €
L(B,p), the unique run B(uw) starts with pg, a1,p1,...,an, pn. We define uP =
(a1,p1)(az,p2) - - (an, pn) € BT

We are now ready to define the finite abstraction Tr(u) of a finite word
u € X1 with respect to the pair (A, B): we let Tr(u) = (rP,b", sP),cp where
for each p € P, sP = 'Fr(ﬂp) € TrM is the abstraction of @ with respect to A,
rP € P is the unique state of B such that 77 <= p, b? = 1 if the word &P contains
a final state of B and bP = 0 otherwise.

We define the transition monoid of (A4, B) as the set TrM = {Tr(u) | u €
Yt} U {lrwm} where 1y is the unit. The product of oy = (r], 0%, s7)pep and
o = (1P, b7, sP),cp is defined to be o1 -0 = (r]", b} VbP, 57" -sP),,c p. We can check
that this product is associative, so that (TrM, -, 11av) is a monoid. Moreover,
let u,v € ¥ be such that Tr(u) = o1 and Tr(v) = o. For each p € P, we can
check that uwo” = @™ - 7P, We deduce easily that Tr(uv) = oy - 0 = Tr(u) - Tr(v).
Therefore, Tr: ¥* — TrM is a morphism.

3.7. w-2DMT,; to w-RTE

We prove in this section that from an w-2DMT,, A we can construct an
equivalent w-RTE. The proof follows the ideas already used for finite words in
Section [2.6] We will use the following generalization to infinite words of the
unambiguous forest factorization Theorem

Theorem 28 (Unambiguous Forest Factorization [21]). Let ¢: ¥* — S be
a morphism to a finite monoid (S,-,1g). There is an unambiguous rational
expression G = ], Fi.- GY over ¥ such that L(G) = X% and Fy, -G} are e-free
p-good rational expressions for all 1 < k < m.

We will apply this theorem to the morphism Tr: ¥* — TrM defined in
Section We use the unambiguous expression G = |J;*, F), - G as a guide
when constructing w-RTEs corresponding to the w-2DMT, A.

The following lemma is similar to Lemma [[4] Tt shows how to construct the
RTEs associated with steps of elements of the transition monoid TrM.

Lemma 29. Let G be an e-free Tr-good rational expression and let Tr(G) =
og = (rl, b%, s%.)pep be the corresponding element of the transition monoid TrM
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of (A, B). For each state p € P, we can construct a map Cf.: sf, — RTE such

that for each step x = (q,d, X,q") € sf, the following invariants hold:

(J1) dom(CE(z)) = L(G), B

(J2) for each u € L(G), [C%(x)](u) is the output produced by A when running
step © on wP (i.e., running A on @ from q to ¢’ following direction d).

Proof. The proof is by structural induction on the rational expression. For each
subexpression E of G we let Tr(E) = op = (1, b, s%)pep be the corresponding
element of the transition monoid TrM of (A, B). We start with atomic regular
expressions. Since G is e-free and ()-free, we do not need to consider £ = ¢
or E = (). The construction is similar to the one given in Section The
interesting cases are concatenation and Kleene-plus.

atomic Assume that £ = a € ¥ is an atomic subexpression. Notice that
a? = (a,p) for all p € P. Since the w-2DMT A is deterministic and
complete, for each state ¢ € (Q we have

e either §(q, (a,p)) = (¢',7,1) and we let C¥((q, —,{q},q')) = CE((¢.<
A} d) =a?y: L,
e or (g, (a,p)) = (¢',7,—1) and we let CE((g,2>,{q},¢")) = CE((g,+
Adtd))=a?y: L
Clearly, invariants and hold for all z € s%,.

union Assume that £ = E; U E,. Since E is good, we deduce that op = o, =
op,. For each p € P and z € s}, we define Cp(x) = By ? Cp () : Cf, ().
Since F is unambiguous we have £(E1) N L(E3) = 0. As in Section [2.6] we
can prove easily that invariants and hold for all z € s%,.

concatenation Assume that F = E; - Ey is a concatenation. Since F is good,
we deduce that o = og, - 0g,. Let p € P and p; = 7’%2. We have
s = s, - s, Let x € s},
If x = (¢,—,X,q’) then, by definition of the product in the transition
monoid TrM, there is a unique sequence of steps x1 = (¢,—, X1,q1),

T2 = (q1a>7X2aq2)’ r3 = (Q%Q,X?,,QP,), Ty = (q3a35X47q4)a ceey Ly =
(qi—hgthqi)v Ti+1 = (qia_>aXi+17q,) with i Z 17 T1,T3,...,T4 € 5%11
and T9,T4,...,Ti11 € 3%2 and X = X; U---U X;41 (see Figure . We
define

Ch(z) = (CF. (v1) B CF, (22)) © (CF (v3) B CR,(24)) © -+ ©
(CR, (i) B O, (zig1)) -

Notice that when i = 1 we have Cp(z) = C}} (z1) & OF, (22) with x5 =
(Q17 -7, X2a q/)

The concatenation L(E) = L(Ey) - L(E3) is unambiguous. Therefore, for
all y € sl and z € s}, , using for £y and Ey, we obtain dom(C%! (y) &
Ch,(2)) = L(E). We deduce that dom(Cg(x)) = L(E) and holds for
E and z = (¢,—, X,q').

Now, let v € L(E) and let v = ujug be its unique factorization with
up € L(Fy) and uy € L(Ey). We have uyuy” = up”* - up”. Hence, the step
x = (q,—, X, q') performed by A on 4P is actually the concatenation of
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Figure 10: In the concatenation E = E - E2, astep z = (¢, —, X, q’) € s% on some ujuz with
u1 € E1 and ug € Ea, is obtained by composing the following steps alternatively from s

P1
E;

and 5%2 for a unique state p1: 1 = (¢, —, X1,q1), z2 = (q1,2, X2, q2), 3 = (¢2,G, X3,43),
x4 = (3,2, X4,q4), ©5 = (q4,, X5,05), ©6 = (g5, —, X6,q") with X = X7 U---U X¢.

steps z1 on u; "', followed by x5 on us”, followed by x3 on u;"*, followed
by x4 on us”, ..., until Zit+1 ON Uz’ . Using for 4 and Es, we deduce
that the output produced by A while making step = on @? is

[C5, @) (ur) - [Cp, (w2)] (u2) - - [Cl, (@3)[ (ua) - [C, (wi1)] (u2)

= [CE@)](w)

Therefore, holds for F and step x = (¢, —, X, ¢'). The proof is obtained
mutatis mutandis for the other cases x = (¢,2>, X, q’) or x = (¢,<, X, ¢')
orr = (q’ H’ X7 q/)'

Kleene-plus Assume that £ = FT. Since E is good, we deduce that o =
op =0 = (r?, b, sP),cp is an idempotent of the transition monoid TrM.
Notice that for all p € P, since ¢ is an idempotent, we have 7" = 7P,

We first define C%, for states p € P such that p = rP. Let z € sP.
o If v = (¢,2,X,q¢). Since F* is unambiguous, a word u € L(F™)

admits a unique factorization u = ujus - --u, with n > 1 and u; €
L(F). Now, Tr(u;) = o for all 1 <i < n and since p = r? we deduce
that @? = w1 us” -+ u,”. Since z = (¢,2,X,q’) € sP, the unique
run p of A starting in state ¢ on the left of u;” exits on the left in
state ¢’. Therefore, the unique run of A starting in state ¢ on the
left of 4P only visits u;” and is actually p itself. Therefore, we set
Ch(z) = Ch(z)@ (F*?e: L) and we can easily check that
are satisfied.

e Similarly for z = (¢,¢, X, q’) we set Ch(x) = (F*?e: L) @ Ch(x).
o If x = (q,—, X,¢). Since ¢ is an idempotent, we have x € sP - sP. We

distinguish two cases depending on whether the step y € sP starting
in state ¢’ from the left goes to the right or goes back to the left.
First, if y = (¢, —, X2,q2) € sP goes to the right. Since sP is an
idempotent, following x in sP - s? is the same as following x in (the
first) sP and then y in (the second) sP. Therefore, we must have
¢2 = ¢ and X, C X. In this case, we set CL(z) = F?7Ch(x) :
(Ch(2) 3 (CR))-

Second, if y = (¢, 2, X2,q2) € sP goes to the left. Since s? is an
idempotent, there exists a unique sequence of steps in sP: z; = =,
T2 =y, ¥3 = (42,5, X3, ¢3); Ta = (43,2, Xa,q4)s -, ¥ = (¢i-1,G
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Figure 11: In the Kleene-plus E = F*, a step = (¢, —, X, ¢’) € sh, on some u = ujuz -+ up
with ug € L(F) is obtained by composing the following steps in s%: z1 =z, z2 = (¢, D, X2,q2),
r3 = (QZ7<7X37(13)7 T4 = (QS,D, X47q4)7 5 = (Q4,§, X57q5)7 Te = (q57_>7X67q/) with
X=X1U---UXg.

Xy i)y i1 = (qi, =, Xiy1,¢’) with ¢ > 3 (see Figure‘ We define

Ch(z) (Cf,(m) B(F*?e: 1)) OIF, C')?®
C'=((F?e: 1) B CL(x2)) © (Ch(xs) B Ch(24)) © - O
(Ch(xi) B Cp(zis1))
The proof of correctness, i.e., that are satisfied for F, is as in

Section 2.6
o If £ = (q,+, X, q), the proof is obtained mutatis mutandis, using the

— =
backward unambiguous (2-chained) Kleene-plus C® and [K, C]*%.

Now, we consider p € P with r? # p. We let p’ = r?. We have already
noticed that since ¢ is idempotent we have r? = p/. Consider a word
u € L(FT). Since FT is unambiguous, u admits a unique factorization
U=1Up - Up_1U, with n > 1 and u; € L(F). Now, Tr(u;) = o for all 1 <

——p ~7p

1 < n. Using r? = p’ and PP = p’ we deduce that P = ui? - Up_1 Un' .
So when n > 1, the expression C%, that we need to compute is like the
concatenation of C%, on the first n — 1 factors with C%. on the last factor.

Since r?’ = p’ we have already seen how to compute Cg. We also know
how to handle concatenation. So it should be no surprise that we can
compute C}, when p # r?. We define now formally C%,(z) for = € sP.

o If t = (q,0,X,q’) € sP. There are two cases depending on whether
the step y € P starting in state ¢ from the left goes back to the left
or goes to the right.

If it goes back to the left, then y = (¢, >, X, ¢') = x since s? = ¥ - P
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Figure 12: (Left) Given a look-ahead p € P, a step (q, —, q’) of Fu for some u with Tr(u) =
(rP,bP, sP)pep, is obtained by composing the following steps alternatively from s’ and s?:

z1 = (¢, q1), 22 = (91,2, X2,92), z3 = (92,5, 93), T2 = (43,0, X4, q4), 5 = (31,5, q5),
z6 = (g5, —, X6,q’). (Right) Similarly, a step (g,<, ¢’) of Fu is obtained by composing the
following steps alternatively from sP and sf: 1 = (¢, +, X1,q1), z2 = (q1,5,q2), 3 =
(92,2, X3,93), ©4 = (43,5, 94), 5 = (1, —, X5,9").

(recall that o is idempotent) and we define
CP(z) =F?Ch(z): (CL(z) @ (F7e: 1)).

If it goes to the right, then y = (¢,—, X1,¢q1) and there exists a
unique sequence of steps: 1 = y, 2 = (¢1,2, X2, ¢2), T3 = (¢2,<
7X37Q3)a T4 = (Q3,D,X4,Q4)7 ceey Ty = (qi—lv(*yXiaq/) with i > 37
T1,23,...,L; € sP" and ZTo,...,xi_1 € sP. Notice that X = X;U---U
X;. We define CL(z) = F?Ch(z) : C" where

C' = (CY (21) B Ch(22)) @+ © (O (wi-2) B Ch(xi-1)) ©
(Cg(xi) E(F?e:1)).

We can check that are satisfied for (E,p,x).

o If z = (q,+,X,q') € sP. There are two cases depending on whether
the step y € st starting in state ¢’ from the right goes to the left or
goes back to the right.

If it goes to the left, then y = (¢/,«+, X’,¢') with X’ C X and we
define ,

Ch(a) = F2C0() : (CY (y) T Chla).

If it goes back to the right, then y = (¢/,g, X2, ¢2) and there exists
a unique sequence of steps: x1 = xz, x2 = ¥y, 3 = (g2, >, X3,43),
24 =(43,%, Xasqa), - @ = (4i-1, 2, X, @) i1 = (@i, < Xig1,¢')
with ¢ > 3, z1,23,...,2; € sP? and z9,...,2;41 € sP . Notice that
XoU---UX;41 C X. We define C%(x) = F?Ch(x) : C' where

C' = (O (12) B Ch(a1) -+ © (CY (i) B Ch(i-2)) ©
(Ch(zi1) B Cp(:)) -

We can check that (J;HJ2) are satisfied for (E,p,x).
e The cases z = (¢,—, X,¢') € s? and 2 = (¢,, X, ¢') € sP can be
handled similarly. O

We now define RTEs corresponding to the left part of the computation of
the w-2DMT), A, i.e., on some input Fu consisting of the left end-marker and
some finite word u € ¥*. As before, the look-ahead is determined by the state
of the BDBA B.
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Lemma 30. Let F' be an e-free Tr-good rational expression. For each state

p € P and g € Q, there is a unique state ¢ € Q and RTEs CP .((q,—,q")) (resp.

CPr((4,5,4q"))) such that the following invariants hold:

(K1) dom(CYr((g,—,q'))) = L(F) (resp. dom(CYr((¢,<,q'))) = L(F)),

(Ke) for cach u € L(F), [C7p((q,—d))(u) (resp. [Cp((0,G. @ ))(w)) is the
output produced by A on Fu” when starting on the left (resp. right) in state
q until it exists on the right in state q'.

Proof. Let o = (rP, b7, sP),ep = Tr(F). We fix some state p € P. For all words
u € L(F), we have Iy (F,7P)uP. Let s¥ be the set of steps (¢, —,¢'), (¢.<, ¢)
such that 8(q, (F,r?)) = (¢',78,+1) in A

For each ¢ € @, there is a unique sequence of steps z1 = (¢, —,q1), 2 =
(q1,>7 X27Q2), r3 = (Q2»§7 q3)a Ty = (%aD’ X47q4)7 ey Ty = (%‘—17(;; Qi)7 Tit1 =
(¢i,— Xiq1,¢") with @ > 1, z1,23,...,2; € sf and z9,%4,...,Ti41 € P (see
Figure [12] left). We define

CYp(g,—,4") =78 © Ch(x2) O, © Ch(x4) ©--- ©AF | © Ch(wit1).

Using Lemma [29] we can show that £(F) = dom(CF((¢,—,¢"))) and also that

for each u € L(F), [C!r((g,—,¢))](u) is the output produced by A on Fu
when starting on the left in state ¢ until it exists on the right in state ¢'.

For each ¢ € @, there is a unique sequence of steps 1 = (q,+, X1,q1),
T2 = (‘hagan)a T3 = (QQ727X33q3)? Ty = (‘k’ngaqﬁl)a ceey Xy = (qi—lagaQi)v
Tit1 = (¢i, = Xit1,q) with i > 2, 29, 24,...,2; € sf and z1,23,...,T;41 € P
(see Figure [12| right). We define

C'I—)F((q7§’ q/)) = C:;‘(.'El) © 751 © C?‘(‘T?’) © ,qu3 -0 ’Ygi71 © C?‘(‘rﬂrl) :

Using Lemma we can show that £(F) = dom(CF((¢,5,¢'))) and also that

for each u € L(F), [CFn((¢,<, ¢'))](u) is the output produced by A on o
when starting on the right in state ¢ until it exists on the right in state ¢’. [

Lemma 31. Let F'-G¥ be an unambiguous rational expression such that F and
G are e-free Tr-good rational expressions and Tr(G) = o = (rP,b", sP),cp is an
idempotent in the transition monoid TrM of (A, B). We can construct an w-RTE
Crge such that dom(Cpge) = L(FGY)Ndom(A) and for each w € dom(Cpge),
[Cra-](w) = [A](w).

Proof. We first show that there exists one and only one state p € P such that
rP = p and b? = 1. For the existence, consider a word w = ujuqus--- € L(FGY)
with uy € L(F) and u,, € L(G) for all n > 2. By definition of BDBA there is a
unique final run of B over w: pg, u1,p1, U2, p2,.... Let us show first that p, = p1

for all n > 1. Since o is idempotent, we have Tr(ug - - - tp41) = Tr(up41). Since
U2 Un+1

p1 ¢ pp+1 and p, Lot DPn+1, we deduce that p; = rP»+1 = p,,. This
implies p; = rP2 = P, Let p = p; so that p = rP and the final run of B on
w iS Po, U1, P, Uz, P, - - .. Now, for all n > 2 we have Tr(u,) = o and we deduce
that p <= p visits a final state from Fin iff 5” = 1. Since the run is accepting,
we deduce that indeed o” = 1. To prove the unicity, let p € P with p = rP and
b? = 1. Let v € L(G). We have p «- p and this subrun visits a final state from
Fin. Therefore, p,v,p,v,p,v,p,... is a final run of B on v*. Since B is BDBA,
there is a unique final run of B on v, which proves the unicity of p.
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We apply Lemma We denote by s| . the set of triples (¢,d,q') € Q x {—
.G} x @ such that the RTE CF (¢, d, ') is defined.

Starting from the initial state gg of A, there exists a unique sequence of steps
xll = (QOa_%CIi)a $/2 = (qlhD?Xévqg)’ xé = (Qévga qg)’ 3721 = (QévanA/bqil% )
;= (¢_1,<4;), iy = (¢, =, Xi 1,q) with i > 1, 29, 25,..., 2] € s_p and
xh,xy, ..., x5, € sP. We define

C = (CﬁF(x’l) o] C’g(xlg)) ® (C’EF(J:%) o] C’g(xﬁl)) ORRRNO) (C’,’,’F(m;) o] Cg(a:;»+1))
Co=CrE(G“7e: 1).

We have dom(C4) = FG and I—u1u2p = ljz\flpﬂ}p for all u; € F and uy € G.

Moreover, [C1](ujus) is the output produced by A on Fuluzp when starting on
the left in the initial state go until it exists on the right in state ¢q. Now, Cs is
an w-RTE with dom(Cs) = FG¥ and for all w = wjugug ... € FG¥ with u; € F
and u, € G for all n > 1, we have [C2](w) = [C1](urug) € T*.

Now, we distinguish two cases. First, assume that there is a step x =
(¢,—,X,q') € sP. Since o is idempotent, so is s?, and since zj ; = (¢, —
, Xi11,q) € s? we deduce that ¢ = ¢q. Therefore, the unique run of A on
Fw = Fuy usPas" - - follows the steps /2 - - - aiai xxx---. Hence, the set of
states visited infinitely often along this run is X and the run is accepting iff
X € F is a Muller set. Therefore, if X ¢ F we have FG¥ Ndom(A) = 0 and we
set Cpgw = L. Now, if X € F we have FG¥ C dom(A) and we set

CFGW = CQ ® ((FG78 : L) o Cg(l')w) .

We have dom(Crgw) = FG¥ and for all w = wjusus ... € FG¥ with u; € F
and u, € G for all n > 1, we have

[Crae](w) = [Cr](uau2) [CG ()] (us) [CG ()] (ua) - - - -

By (Ja)), we know that for all n > 3, [C%(z)](un) is the output produced by
A when running step z = (¢, —, X, q) on u,”. We deduce that [Crg](w) =
[A](Fw) = [A](w) as desired.

The second case is when the unique step x1 = (¢, >, X1, ¢1) in s? which starts
from the left in state ¢ exits on the left. Since s” is idempotent and xj,; = (¢;, —
, Xi11,q) € sP, by definition of the product s? - sP, there is a unique sequence of
steps zg = (Q17§7 XQ,QQ), T3 = (qQapa X37q3)a sy L = (Qj—laga Xj’qj)7 Tjt+1 =
(g5, =, Xj+1,¢q) in s? with j > 2. Therefore, for all w = ujusus ... € FG* with
u; € F and u, € G for all n > 1, the unique run of A on Fw = fu’lpa;pagp--~
follows the steps x5 - - - xjx] | (v12203 - - x5x541)”. Hence, the set of states
visited infinitely often along this run is X = X; UX,U--- U X,;11. We deduce
that the run is accepting iff X € F is a Muller set. Therefore, if X ¢ F we
have FG¥ Ndom(A) = 0 and we set Cpge = L. Now, if X € F we have
FGY C dom(A) and we set

C3=((G?e: L) B Ch(z1)) © (Cl(z2) @ Cl(a3)) ® -+ O
(C(zj) B CE()11))
CFGw =Cy® ((F?E : J_) = [G,Cg]Qw) .
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We have dom(Crgw) = FG¥ and for all w = ujusus... € FG¥ with u; € F
and u, € G for all n > 1, we have

[Cre-](w) = [C1](u1uz2)[C3] (uaus)[Cs] (uzua) - - - .

Using , we can check that this is the output produced by A when running
on Fw. We deduce that [Crge](w) = [A)(Fw) = [A](w) as desired. O

We are now ready to prove that w-2DMT), are no more expressive than
w-RTEs.

Proof of Theorem . We use the notations of the previous sections, in par-
ticular for the w-2DMT, A, the BDBA B. We apply Theorem 2§ to the canonical
morphism Tr from ¥* to the transition monoid TrM of (A, B). We obtain an
unambiguous rational expression G = |Jj-| Fi - G over X such that £(G) = £*
and for all 1 < k < m the expressions Fj and G}, are e-free Tr-good rational ex-
pressions and o, is an idempotent, where Tr(Gy) = {0g, }. Foreach 1 <k <m,
let C) = CF,cy be the w-RTE given by Lemma We define the final w-RTE as

C=FGY70 : (F3G87Cy -+ (Fru1G2_1 7 Cry : C)).

From Lemma we can easily check that dom(C) = dom(A) and [C](w)
[A](w) for all w € dom(C).

o

4. Conclusion

The main contribution of the paper is to give a characterisation of regular
string transductions using some combinators, giving rise to regular transducer
expressions (RTE). Our proof uniformly works well for finite and infinite string
transformations. RTE are a succinct specification mechanism for regular transfor-
mations just like regular expressions are for regular languages. It is worthwhile
to consider extensions of our technique to regular tree transformations, or in
other settings where more involved primitives such as sorting or counting are
needed. The minimality of our combinators in achieving expressive completeness,
as well as computing complexity measures for the conversion between RTEs and
two-way transducers are open.
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Appendix A. 2DFT to RTE: A practical example

We show in this section how one computes an RTE equivalent to the 2DFT
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1. We work with the morphism Tr: ¥* — TrM which maps words w € X* to

the transition monoid TrM of A. An element X € TrM is a set consisting of
triples (p,d, q), where d is a direction {D,g, —, +}. Given a word w € 3*,
a triple (p, D, ¢) € Tr(w) iff when starting in state p on the left most symbol
of w, the run of A leaves w on the left in state ¢. The other directions ¢
(start at the rightmost symbol of w in state p and leave w on the right
in state ¢), < and — are similar. In general, we have w € dom(A) iff on
input Fw -, starting on + in the initial state of A, the run exits on the
right of 4 in some final state of .A. With the automaton A of Figure [2] we
have w € dom(A) iff (g0, —, q2) € Tr(w).

. For each X € TrM such that (go, —,¢2) € X, we find an RTE Cx whose

domain is Tr™*(X) and such that [A](w) = [Cx](w) for all w € Tr *(X).
The RTE corresponding to [A] is the disjoint union of all these RTEs and is
written using the if-then-else construct iterating over for all such elements X.
For instance, if the monoid elements containing (go, —, ¢2) are X1, Xo, X3
then we set C = Tr 1(X1)?Cx, : (Tr (X2)?Cx, : (Tr *(X3)?Cx, : 1))
where L stands for a nowhere defined function, i.e., dom(L) = 0.

. Consider the language L = (ba*)*th C dom(A). Notice that the regular

expression (ba™)Tb is not “good”. For instance, condition (ii) is violated
since Tr(bab) # Tr(babab). Indeed, we can see in Figure that if we
start on the right of bab in state g3 then we exit on the left in state ¢s:
(g3,4,q5) € Tr(bab). On the other hand, if we start on the right of babab
in state g3 then we exit on the right in state g2: (¢3,<, q2) € Tr(babab).
Also, (g5, —,q1) € Tr(bab) while (g5, —,q2) € Tr(babab). It can be seen
that Tr(a)E| is an idempotent, hence Tr(a™) = Tr(a). We deduce also
Tr(ba*d) = Tr(bab)f] Finally, we have Tr((ba*)"b) = Tr(babab)f] for all
n > 2. Therefore, to obtain the RTE corresponding to L, we compute
RTEs corresponding to ba™b and (ba™)Tba™b satisfying conditions (i) and
(ii) of “good” rational expressions.

. While ba™b is good since Tr(a) is an idempotent, (ba™)Tba™b is not good,

the reason being that Tr(ba™) is not an idempotent. We can check that
Tr(ba*ba*t )| is still not idempotent, while Tr((ba™)?) = Tr((ba™)?) for
all i > 3, (see Figure we only need to argue for (g9, —,q3), (g5, =
,q3) and (ge,—,q3) in Tr((ba)?), i > 3, all other entries trivially carry
over). In particular, Tr((ba™)3) is an idempotemﬁ Thus, to compute
the RTE for L = (ba™)"bh, we consider the RTEs corresponding to the

2Tr(a) = {(q1, = @), (@1, S @1)s (a2, —, 43), (42,5, a3), (g3, —, 43), (43, S, @3),
(94,4, 94), (94,2, 94), (a5, 4, a5), (5,2, 95), (96, =, q6), (96,5, q6) }

3Tr(batb) = {(q0, =, q2), (90, S, q1), (91,2, 05), (41,5, 42), (42,2, 44), (g2, <, g5),

(93,2,94), (g3, 4, q5), (94,2, 45), (44,5, q1), (45, =, q1), (45,5, 96), (96, =, 42), (46, S, q1) }
4Tr(ba+ba+b) = {(q07 —, q2)7 (q07§7 q1)7 (q17>7 q5)7 ((117§: 112)7 (q27>7 Q4)7 (q27§7 QQ),
(93,2,q4), (43,5, 92), (94,2, 95), (94,5, q1), (g5, =, 92), (95,5, G6), (g6, =, q2) (26,5, q1) }
5Tr(batba™) = {(q0, =, a3), (91,2, 95), (q1,5, q1), (92, D, 44), (42,5, 43), (43, D, qa),
(43,5, 43), (94,2, 95), (94, S, 01), (a5, = q1), (45,55 06) (96, —, 43, (46,5, 96)
5Tr((ba™)?) = {(q0, =, 43), (41,2, ¢5), (01,5, q1), (92, D, 44), (42,5, G3), (43, D, q4),
(43,5,93), (44,2, 95), (94,5, q1), (g5, =, G3), (45,5, g6), (46, —> 43), (96,5, 96) }
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1206

1207

1208

1209

1210

1211

1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222

1223

1224

1225

“good” regular expressions By = bath, Ey = batba™h, B3 = [(ba™)3]Tb,
Ey = [(ba™)?] bath and Es = [(ba™)3]TbaTbatb.

bla—al|b|la—al|b|la—-al|bla—a|b|la—a|b
qo+q1—>q1+q1+G2—>G3%q3
J54454¢—q5#J1#]14¢—(44
pJ6—>J6pd6Pd1—>q1pq1p2—>q39]3
%@54—45 #(4ed1e—(q4

rJ6—>J6Pd6pd1—>G1pJ1PpG2—>q38q3
tﬁ#]a«—‘]s«h«]«—%

»d6—>q6pq6| I1—>G1pq1pq2—>(3$G3
fﬁt—q‘«—% *]4eq14—G4

Ple—>J6pdepd1—>q1pq1pq2

Figure A.13: Run of A on an input word in (bat)Tb.

5. We define by induction, for each “good” expression F and “step” z =

(p,d, q) in the monoid element X = Tr(E) associated with E, an RTE Cg(z)
whose domain is F and, given a word w € E, it computes [Cg(z)](w)
the output of A when running step = on w. For instance, if £ = a and
x = (g5, ¢, ¢5) the output is b so we set Cy (g5, 4, ¢5) = (a?b: L). The if-
then-else ensures that the domain is a. Similarly, we get the RTE associated
with all atomic expressions and steps. For instance, Cy(q1,—,¢2) = (b7¢e:
1) = Cy(g3,2,q4). For u,v € ¥*, we introduce the macro u/v =u?v: L.
We have dom(u/v) = {u} and [u/v](u) = v.

We turn to the good expression a™*. If we start on the right of a word w € a™
from state g5 then we read the word from right to left using always <_the

Step (q57 <, q5) Therefore, we have C\(aJr (q<5_7 <, q5) = (Ca(q57 <, q5))53 =

o
(a/b)". Similarly, Cor (41,4 41) = (a/@)”, Cut (a1, @) = (a/e)” =
Cu+(g6,—,q6)- Now if we start on the left of a word w € a™ from
state go then we first take the step (g2, —,¢3) and then we iterate the
step (g3, —,q3). Therefore, we have Cy+(g2,—,q3) = a? Cy(g2,—,q3) :

(Cal(g2,—,43) @ (Calgs, —,43))%) = a? (a/e) : ((afe) @ (afe)™), which is
equivalent to the RTE (a/a)E.
We consider now E = ba™ba™t and the step z = (qo, —, g3). We have (see

Figure |A.13)
CE(.’L') = Cb(QOa -, QI) D Cva,+ (q17 _>7q1) ¢ Cb(Qla -, q2) o Ca+ (q27 _>7(I3)
23] 23]
= (b/e) B (a/e)” B (b/e) B (a/e)
~ (baTha® 7e: 1).
More interesting is the step y = (g4,<, ¢1) since on a word w € E, the run

which starts on the right in state g4 goes all the way to the left until it
reads the first b in state g5 and then moves to the right until it exits in
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1226

1227

1228

1229

1230

state q1 (see Figure|A.13]). Therefore, we have

Cr(y) = ((b/2) B Cos (g5, . a5) T Cylau, ¢ a5) B Cos (g4, - a0)) ©
Cb(Q57 _>7QG) D Ca+ (%7 _>>QG) Q| Cb(Q67 _>7Q1) D Ca+ ((Zh _>,Q1))

(
— (/) B (/0)® § (b)) B (a/) F)
((b/e) @ (a/e)® @ (b/e) @ (a/e)”

—

~ (b/2) B (a/6)® T (b/2) B (a/a)

The leftmost (b/e) in the first line is used to make sure that the input
word belongs to E = batba™. Composing these steps on the right with b,
we obtain the RTE Cy = Cg,(qo, —, g2) which describes the behaviour of
A on the subset Ey = batba™b C dom(A):

Cy = (Cp(z) B Chlgz, 2,04)) © (Cr(y) B Ch(qr, —, q2))
= (Ce(z) B (b/e)) © (Ce(y) = (b/e))

—

~ ((b/9) B (a/0)® T (/%) B (a)a)®) B (b/e).

Therefore, [Cs](ba™ ba™2b) = a™2b™1 = [A](ba™ ba™2b).
The computation of the RTE Cg, (qo, —, q2) for E3 = [(ba™)3]*b C dom(A)
is shown below. This involves the use of the 2-chained Kleene-plus.

O]

~—

Bt

(ba™)® | (ba*)® | (ba™)® | (ba™)? b
QQ—L;Q;;) Y2

ys&*m
—)94

g5+

%Q% Ys Lg3 "

G4+

ys
g“h Y4
g5

us | g Yo Lo

Y2
q44
Y
P’g»% Ya
Ys 95 Ye
' rd6—— rq3
-
rq1 g2

Figure A.14: run of a word in E3 = [(ba™)3]*h

We want to compute the RTE for the step (g, —, ¢2) on a word u € E3. It
can be decomposed as shown in Figure Unlike the case of Ey, we
have to use the 2-chained Kleene plus. Let F' = (ba™)? so that F3 = F*b.

We have (see Figure |A.14)),

CEs(q0, =, q2) = (Cp+(q0, =, q3) B Cp(q3,2,q4)) ©
(Cp+ (94, S q1) B Co(qr, =, q2)) -

We know that C (g3, D, q4) = (b/e) = Cy(q1, —, g2) hence it remains to com-
pute Cp+(qo, —,q3) and Cp+(q4,<, q1). First we define RTEs associated
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1231 with atomic expressions and steps which are going to be used in constructing

1232 CEe;(q0,—,q2). They are Cy(g3,2,q1) = Ci(g6,—,q1) = Cp(q1,—,q2) =
1233 Ob(q57_>7q6) = (b/&) and Ca*(qQa_>7q3) = at (q1>_>7q1) = (a/E)EE’7
1234 Co+(qa,,q1) = (a/a)™, Cu+(g5,4,q5) = (a/b)”. We compute RTE
1235 Cr(z) for the relevant steps x in the monoid element X = Tr(F). F is an
1236 unambiguous catenation of Ey = baTba™b with a™ and from Figure
1237 it can be seen that:

(a) For y; = (QO7—>7Q3)
CF(yl) = OEZ (q07 —, q2) ol C’a+ (qQ7 —, QS)
— (0/9) 5 (/0% T (/) B (a/a)®) B (b/e) @ (a/e)®

1238 where Cg,(go, —, g2) has been computed in Section
1239 For example, [Cr(y1)](ba™ba™2ba™2) = a™2p™1.

(b) Continuing with the computation for (ba™)? as in Figure for

y2 = (g3,2,94), we take the Cauchy product of Cy(gs,>,qs4) with
(aTbathat 7e: 1).

Cr(y2) = Co(g3,D,qa) B (atbaTba™ 7 : L) =~ ((ba™)37e: 1)

1240 IICF (yQ)]](ba'ml ba™> bams) = €.
(c) For y3 = (q4,5, q1), we have

Cr(ys) = (ba* 7e: 1) T Chatpar (y3)

— —
= (bat7e: 1) T ((b/e) B (a/b)® B (b/2) B (a/a)®)
R = = ]
~ (batb?e: L)@ ((a/b)” B (b/e) B (a/a)™)
121 where Chg+pe+ (y3) is already computed in Section
1202 As an example, [Cr(y3)](ba™ ba™2ba™™3) = a™3b™=.

(d) For y4s = (q1,2,95), it is similar to the Cg(y) computed for Cg, in

Section [Il Here we have

CF<y4) = Cba+b(y4) D (a+ba+ 7¢: L)
((Cb((h, - C]2) [J Ca+ (q2; -, Q3) B (b/E)) ©
(Cb(Q4’ <, Q5) E Oa+ (Q4a —, Q4) E Ob((]3,>, q4))> o
(atbat?e: 1)

3] = (R~

((b/e) B (a/e)” 1 (b/e)) © ((b/e) B (a/a)™ B (b/e))) B
(aTba™ ?e: L
(

(

)
~ ((b/e) ] (a/a)(E_3 & (b/e)) @ (aTba™ 7e: 1)

1243 As an example, [Cr(y4)](ba™ ba™2ba™3) = a™*.

(e) For ys = (5,5, qs), in the computation of Cr(ys) we need Cyo+(ys)-
Thus, we compute Cp,+(y5) below whose computation is similar to
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1244

1245

1246

1247

Cg(y) computed above.
Chra+(ys) = ((b/e) & C, (@5,4595)) © (Co(g5, =, q6) @ Co+ (g6, —,q6))
= ((b/2) B (/1)) © ((b/e) 1 (a/2)F) = (b/e) T (/)"

We can compute Cr(y5) as

Cr(ys) = (ba™ba™ ?e: 1) B Cpor (y5) =~ (batbath?e : i) a/b)ﬁ_3

As an example, [Cr(ys5)](ba™ ba™2ba™3) = b™3.

(f) For y¢ = (g6, —,q3), the computation of C'r(yg) is similar to that of
Cra+ba+ (9o, —, g2) computed above. We need Chq+po+ (g6, —, ¢3) and
Chra+ba+tv(d6, = q2). We see the computation of these below.

Chatvat (26, 93) = Cu(g6, =, q1) B Cor (g1, —, 1) B
Co(q1,—,92) @ Co+ (g2, —,q3)
= (b/e) B (a/e)" B (b/2) B (a/2)”
~ (bathat 7e: 1)

Cha+ba+b(d6, =, 42) = (Coa+va+ (96, =, 43) B Cv(g3, 2 ¢4)) ©
(Coatpat (94,5, q1) B Cy(qr, —, g2))
~ (
(

batbatb?e : J.)@

((b/2) T (a/%)® 8 (b/e) B (a/a)®) & (b/2))

~ ((b/) B (a/0)® T (/) 5 (a/a)®) 3 (b/)

Note that Cypetpa+(q4,<,¢1) has been computed in Section |1 Now
we concatenate with Cy+ (g2, —, ¢3) needed in the computation.

Cr(ys) = Cra+va+v(ds, =, q2) B Co+ (g2, —, q3)
= ((b/2) B (a/0)® T (v/e) B (a/a)®) @ (b/e) @ (a/e®)
~ ((b/e) 5] (a/b)® & (b/e) ] (a/a)™) @ (bat ?7e: L)

As an example, [Cr(ys)](ba™ ba™2ba™3) = a™2b™1.

Now we are in a position to compute RTE Cr+(qo, —,¢3). As shown in
ﬁgur it is a concatenation of step y; and then steps ys, v3, ya, Us
and yg repetitively. Consecutive pairs of (ba™)? are needed to compute the
RTE and thanks to the 2-chained Kleene plus, we can define the RTE for
the same.

Cr+(y1) = (Cr(y) B (F* ?e: 1)) O [F,C']*F

C'=((F?¢: L)BCr(y2)) © (Cr(y3) @ Cr(ya)) © (Cr(ys) @ Cr(ys))
As an example,
[[OF+ (yl)]](banu bamzbam3bam4bam5bam6) — amgbmlamsbmzam4bm3amsbﬂ14.

Finally, we compute RTE for y = (qo,—,¢2) for the expression E3 =
[(ba™)3]Tb by concatenating b with the above RTE.

B @\

CE3 (y) = (CF+ (q07 —, q3) ¢ Cb(q?nD? CI4)) © (CF+ (q47§7 Ch) | Cb(q17 _>7qQ))
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1248 Notice that Cp+(qs,5,q1) = (F*?e: L) @ Cr(ys).
We have already seen that Cg,(y) computes the output produced by a
successful run on a word w € F3. Applying the RTE as above, we have,
for example,

', (y)](ba"ba"?ba*ba""* ba'"" ba""®
Cg, ba™ba?ba"*ba™*ba*ba" b

— amg bmlamg bmg C1177’L4 bmg am5 b’n’L4 ama bTTI5
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