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ABSTRACT. This paper studies multiobjective optimal control problems in the
continuous-time framework when the space of states and the space of con-
trols are infinite-dimensional and with lighter smoothness assumptions than
the usual ones. The paper generalizes to the multiobjective case existing re-
sults for single-objective optimal control problems in that framework. The
dynamics are governed by differential equations and a finite number of termi-
nal equality and inequality constraints are present. Necessary conditions of
Pareto optimality are provided namely Pontryagin maximum principles in the
strong form. Sufficient conditions are also provided.

1. INTRODUCTION

In this paper we study multiobjective optimal control problems, with open loop
information structure, in the continuous-time framework, when the space of states
and the space of controls are infinite-dimensional. We derive necessary conditions
and sufficient conditions of Pareto optimality. We rely on lighter smoothness as-
sumptions than the usual ones. The paper extends to the multiobjective case,
results obtained for single-objective optimal control problems in infinite dimension.

In the continuous-time framework, some results of multiobjective optimal control

problems can be found in Bellaassali and Jourani [3], in Zhu [22], in Bonnel and
Kaya [6], in Gramatovici [10], in de Oliveira and Nunes Silva [20] and in references
therein.
Differential games are widely used in economic theory, see [15], [7], [18] ,[8] and
[21] and Pareto optimality plays a central role in analyzing these problems. In the
discrete-time framework, results on infinite-horizon multiobjective optimal control
problems can be found in Hayek [TI] and [12], [I3], in Ngo-Hayek [I7]. Bachir
and Blot [1], [2] extended infinite-horizon single-objective optimal control problems
in the discrete-time framework, to the case of infinite-dimensional spaces of states
and controls and Hayek [14] extended these results to multiobjective optimal control
problems.

In this paper we rely on the results of Blot and Yilmaz in [4] and [5] to study
multiobjective optimal control problems in an infinite-dimensional setting and in
continuous time. We obtain necessary conditions of Pareto optimality under the
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form of Pontryagin Principles and we provide sufficient conditions of Pareto opti-
mality.

We start by providing necessary conditions of optimality for Mayer multiobjec-
tive optimal control problems and we deduce necessary conditions for Bolza prob-
lems with lighter smoothness assumptions. The Hadamard differential of a mapping
between Banach spaces, which is stronger than the Gateaux differential but weaker
than the Fréchet differential, has been applied many times in the literature. In
finite dimension, the Hadamard differential coincides with the Fréchet differential
, but for infinite-dimensional spaces the Fréchet differential is much stronger, even
for Lipschitz functions.

We provide different results relying on different constraint qualifications namely
to obtain non trivial multipliers associated to the objective functions. For the
sufficient conditions we follow Mangasarian [16] and Seierstadt-Sydsaeter [19] and
we rely on weaker assumptions than the usual ones namely the concavity at a point
and the quasi-concavity at a point.

The plan of this paper is as follows. Section 2 is devoted to definitions and as-
sumptions. In section 3 the problems are presented: multiobjective optimal control
problems governed by a differential equation when the space of states and the space
of controls are infinite-dimensional, in the continuous-time framework. The notions
of Pareto optimality and weak Pareto optimality are defined. In section 4 the the-
orems on necessary conditions of Pareto optimality are stated namely Pontryagin
maximum principles in the strong form for a Mayer’s problem and for a Bolza’s
problem. In section 5 we give sufficient conditions. The proofs of the necessary
conditions theorems are provided in section 6 and those of the sufficient ones in
section 7.

2. DEFINITIONS AND ASSUMPTIONS

We set N the set of positive integers and N* = N\ {0}. R denotes the set of real

numbers and R the set of non-negative real numbers.
When X and Y are Hausdorff space, C°(X,Y) denotes the space of continuous
mappings from X into Y.
When Y be a Hausdorff space and T' € R* =]0,+oo[. As in [], a function u :
[0,T] — Y is called piecewise continuous when there exists a subdivision 0 = 79 <
T < ... < T < Tgg1 = 1 such that

e For all i € {0, ..., k}, u is continuous on |7y, 7541/

e For all i € {0, ..., k}, the right-hand limit u(7;+) exists in Y.

e Forall i € {1,...,k + 1}, the left-hand limit u(7;—) exists in Y.
The space of piecewise continuous mappings from [0, 7] to Y is denoted by
PCY([0,T],Y).
A function w € PC?([0,T],Y) is called a normalized piecewise continuous function
when moreover u is right continuous on [0, 7] and when «(T—) = u(T) cf. [].
We denote by NPC([0,T],Y) the space of such functions.
Asin [4], when Y is a real Banach space, a function z : [0,7] — Y is called piecewise
continuously differentiable when = € CY([0,T],Y) and there exists a subdivision
(Ti)o<i<k+1 of [0, T] such that the following conditions are fulfilled.

e For all i € {0, ..., k}, x is continuously differentiable on |7, 7;41]

e Forall i€ {0,...,k}, 2'(1;+) exists in ¥

e Forallie {1,...k+ 1}, 2/(r,—) exists in YV’
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The (7;)1<i<k+1 are the corners of the function x.

We denote by PC1([0,T],Y) the space of such functions.

When G is an open subset of Y, PC*([0,T], Q) is the set of functions

x € PC([0,T],Y) such that z([0,T]) C G.

When z € PC*([0,T],Y) and (7;)o<i<k+1 are the corners of the function z, we
define the function dx : [0,7] — Y, called the extended derivative of x, by setting

() if te[0,T)\{m:i€{0,...k+1}}
dx(t) =< 2/(m+) if t=7,i€{0,.., k} (2.1)
(T-) if t=T.
Notice that, contrary to the usual derivative of z, the extended derivative of x is
defined on [0, T all over. Note that do € NPC(]0,T],Y) and we have the following

relation between x, dr and the Riemann integral:
t

forall a <t in [0,T], z(t) — z(a) = / dx(s)ds,
Besides, d is a bounded linear operator from PC([0,7],Y) into NPC°([0,T],Y).
All these properties motivated the authors of [4] to introduce the notion of extended
derivative for piecewise continuously differentiable functions.
When X and Y are real normed vector spaces, £L(X,Y") denotes the space of the
bounded linear mappings from X into Y and X™* denotes the topological dual of
X.
We denote by || - ||z the usual norm of £(X,Y").
Let G be a non-empty open subset of X, let f : G — Y be a mapping and let z € G.
The mapping f is called Gateaux differentiable at = when there exists Dgf(x) €
L(X,Y) such that for all b € X, lim;_oq LTS — pof(a) - b,
Moreover, Dgf(z) is called the Gateaux differential of § at a.
We say that f is Hadamard differentiable at « when there exists Dy f(z) € L(X,Y)
such that for each K compact in X, lim; o4 sup,c || w —Dpgf(x)-h| = 0.
Moreover, Dgf(z) is called the Hadamard differential of § at .
When § is Hadamard differentiable at z, f is also Gateaux differentiable at x and
Dyf(x) = Dgf(x). But the converse is false in general when the dimension of X is
greater than 2.
Notice that Hadamard differentiability and Gateaux differentiability always coin-
cide for locally Lipschitz functions in any normed vector space. When it exists,
Dpf(x) denotes the Fréchet differential of f at a.
When § is Fréchet differentiable at x, f is Hadamard differentiable at 2 and Dpf(z) =
Dyf(x). But the converse is false in general when the dimension of X is infinite.
When X is a finite product of n real normed spaces, X = [[,.,., Xi, if k €
{1,...,n}, Dpif(z) (respectively Dy f(x), respectively D¢ xf(z)) denotes the par-
tial Fréchet (respectively Hadamard, respectively Gateaux) differential of f at x
with respect to the k-th vector variable.
More information on these notions of differentials can be found in [9].
Next, we introduce definitions of notions of concavity at a point in infinite dimen-
sion cf. Mangasarian [16] for the finite dimension. This concepts will be used for
sufficient conditions.
Let g : G — R be a mapping. The mapping g is said to be concave at « when for all
ye G, forallte[0,1]st. (1—t)z+tye G, g((1—t)x+ty) > (1 —t)g(x) +tg(y).
When g is Gateaux differentiable at x, the function g is said to be pseudo-concave
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at « when for all y € G, [Dgg(x) - (y —2) < 0= g(y) < g(z)].
The mapping g is said to be quasi-concave at « when for all y € G, for all ¢ € [0, 1]
st. (1 —t)r +ty € Glg(z) < 9(y) = a(x) < g((1 —t)z +ty)].
When g is Gateaux differentiable at = and g is quasi-concave at x, we have, for all

y € G, [8(y) > 9(x) = Dgg(z) - (y — x) > 0.

3. THE MULTIOBJECTIVE OPTIMAL CONTROL PROBLEMS

Let T €]0, +o0o[, E is a real Banach space,  is a non-empty subset of E, U is
a Hausdorff topological space and & € Q. We consider the functions f : [0,7T] x
QxU — B, f2:[0,T]xQxU — R when i € {1,...,1}, ¢ : @ — R when
ic{l,.,1},¢9*:Q = Rwhen a € {1,...,m}and b’ : Q — R when 8 € {1,...,q},
when (I,m,q) € (N*)3. For all i € {1,...,1} we consider also the function J; :
PCY([0,T],9) x NPC°([0,T],U) — R defined by, for all (z,u) € PC'([0,T],9Q) x
NPCO([0,T],U), Ji(a,u) = g2(x(T)) + [ f2(t,x(t), u(t))dt.
With these elements, we can build the following multiobjective Bolza problem

Maximize (Ji(x,u),..., Ji(z,u))
subject to x € PCl([O T], 2),u € NPC°([0,T],U)
(B) vt €[0,T], da(t) = f(t, =(t),u(t)), x(0) =&
Va € {1,...m}, g*(x(T)) >0
VB e {l,...,q}, hﬁ(x(T)) =0.

Our problem is a reformulation of the multiobjective classical Bolza problem where
the controlled dynamical system is formulated as follows : «/(t) = f(t, z(t), u(t))
when 2/(t) exists, and the control function u € PCY([0,T],U). In M, we ex-
plain that the present formulation is equivalent to the classical one, for the single-
objective Bolza problem. By using the same reasoning, we remark that this formu-
lation is also equivalent for the multiobjective Bolza problem.

When for all i € {1,...,1}, f? = 0, (B) is called a multiobjective Mayer problem
and it is denoted by (M).

We denote by Adm(B) (respectively Adm(M)) the set of the admissible processes
of (B) (respectively (M)).

It is clear that Adm(B) = Adm(M). When (z,u) is an admissible process for (5) or
(M), we consider the following constraint qualifications, when the functions defin-
ing the terminal constraints and the terminal parts of the criterion are Hadamard
differentiable at x(T').

Q

If (bi)i<i<i € RY, (ca)i<a<m € R, (dg)1<p<q € R? satisfy
(Va e {1,....m}, cag®(x(T)) = 0),and
(QCo) 4 icy biDu gl (@(T)) + X0, caDig™(@(T)) + Xy dsDih (x(T)) = 0,
then (Vi€ {1,..,1}, b; =0), Vaec{l,...,m}, ¢, =0) and
(VB €{1,...q}, dzg =0).

and

If (Ca)lgagm S RZ_L, (d@)lgﬁgq € R? satisfy
(QCy) (Va € {1,....m}, cag®(x(T)) =0),and
! >t caDrg®((T)) + 24—y dgDirh” (x(T)) = 0, then
(Va € {1,....m}, ¢, =0) and (V8 € {1,...,q}, dg =0).
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Definition 3.1. An admissible process (T, ) for (B) is a Pareto optimal solution
for (B) when there does not exist an admissible process (x,u) for (B) such that for all

ie{l,.. 1}, Ji(z,u) > Ji(T, @) and for some ig € {1,...,1}, Jiy(x,u) > Ji, (T, 7).

Definition 3.2. An admissible process (T,u) for (B) is a weak Pareto optimal
solution for (B) when there does not exist an admissible process (x,u) for (B) such
that for all i € {1,...,1}, Ji(z,u) > J;(T, ).

Now, we formulate a list of conditions which will become the assumptions of our
theorems. Let (xg,uo) be an admissible process for (B) or (M).

Conditions on the vector field.

(Av1) f e CO[0,T] x Q x U, E), for all (t,€,¢) € [0,T] x @ x U, Dg2f(t,€,0)
exists, for all (¢,¢) € [0,T] x U, Dpaf(t,zo(t),() exists and [(¢,() —
Dra f(t zo(t),¢)] € CO([0,T] x U, L(E,E)).

(Av2) For all non-empty compact K C £, for all non-empty compact M C U,
SUP(¢.¢,c)eo,7]x & x M 1 Da2f (£, €, Q)llc < +oo.

Conditions on the integrands of the criterion.

(A11) Foralli € {1,...,1}, f2 € C°([0, T]x Q2 x U, R), for all (t, ,0) €10, T|xQxU,
Dgaf2(t,€,¢) exists, for all (¢,¢) € [0,T] x U, Dpaf?(t, zo(t), () exists and
[(t7<) = DF,2in(t7x0(t)7<)] € CO([()?T] X U7 E*)

(A12) For all i € {1,...,1}, for all non-empty compact K C €, for all non-empty
compact M C U, SUP(¢,¢,¢)€[0,T]x K x M ||DG,2fi0(ta§=C)||£ < +oo.

Conditions on the functions defining the terminal constraints and ter-
minal parts of the criterion

(AT1) For all i € {1,...,1}, g0 is Hadamard differentiable at z(T).

(AT2) For all a € {1,...,m}, g% is Hadamard differentiable at (7).

(AT3) For all 8 € {1,...,q}, h? is continuous on a neighborhood of x((T) and
Hadamard differentiable at zq (7).

4. NECESSARY CONDITIONS OF PARETO OPTIMALITY
4.1. Necessary conditions of Pareto optimality for the Mayer problem.

Definition 4.1. The Hamiltonian of (M) is the function Hyy : [0, T]|xQxU x E* —
R defined by, for all (t,z,u,p) € [0,T]x Qx U x E*, Hy(t,x,u,p) :=p- f(t,x,u).

Theorem 4.2. (Pontryagin Principle for the Mayer problem)
When (xo,u0) is a Pareto optimal solution of (M), under (Av1), (Av2), (AT1),
(ATQ) and (AT:?), there exists (91-)1931 S Rl, ()\oz)lgagm e R™, (ﬂB)lSBSq € R?
and an adjoint function p € PCY([0,T), E*) which satisfy the following conditions.
(NN) ((0i)1 <i<i, Aa)1<asm, (Hp)r<p<q) # 0
(Si) For allie{1,....,1}, ; > 0 and for all a € {1,...,m}, Ay > 0.
(S€) For all aw € {1,...,m}, Aag®(zo(T)) = 0.
(TC) Yy 0:Dug?(wo(T)) + Loy AaDrg®(20(T)) + Xhoy nDirh (x0(T)) =
p(T).
(AEM) dp(f) = _DF)QHM(t,.TQ(t) ( ) ( )) fO’l“ all t € [0 T]
(MP.M) For allt € [0,T], for all ¢ € U,
IfM(t7$0(t)vu0(t)7p(t)) > HM(tva(t) P ( ))
(CHM) Hyp = [t = HM(ta IO(t)a UO(t)ap(t))] ([ aT]v )
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(NN) is a condition of non nullity, (Si) is a sign condition, (St) is a slackness
condition, (TC) is the transversality condition, (AE.M) is the adjoint equation,
(MP.M) is the mazimum principle and (CH.M) is a condition of continuity on the
Hamiltonian.

Corollary 4.3. In this setting and under the assumptions of Theorem[{.3, if more-
over we assume that (QC1) is fulfilled for (x,u) = (xo,uo), then, for all t € [0,T],
((0:)1<i<1,p(t)) is never equal to zero.

Corollary 4.4. In this setting and under the assumptions of Theorem[{.3, if more-
over we assume that (QCy) is fulfilled for (z,u) = (x0,uo), then, for all t € [0,T],
p(t) is never equal to zero.

As in [5], we introduce another condition
(Av3) U is a subset of a real normed vector space Y, there exists £ € [0,T] s.t.
U is a neighborhood of ug(f) in Y, Dgaf(,z0(t),uo(f)) exists and it is
surjective.

Corollary 4.5. In this setting and under the assumptions of Theorem if
moreover we assume that (QC4) is fulfilled for (z,u) = (xg,up) and (Av3), then
(0i)1<i<i # 0.
We introduce a new condition of linear independence.
(ALB) U is a subset of a real normed vector space Y s.t. U is a neighborhood of
uo(T) inY, Dgsf(T,xo(T),uo(T)) exists and
(Drg®(xo(T)) o Dasf (T, 20(T), uo(T)))1<a<m,
(DprhP(20(T)) 0 D s f(T,2o(T),u0(T)))1<s<4) are linearly independent.

Corollary 4.6. In this setting and under the assumptions of Theorem[{.3, if more-
over we assume (ALIB) is fulfilled, then (0;)1<i<i # 0.

For each j € {1, ...,1}, we consider the following condition:
(AF); U is a subset of a real normed vector space Y s.t. U is a neighborhood of
uo(T) inY, Dasf(T,x0(T),uo(T)) exists and
((Drg;(x0(T)) o Da s f (T, x0(T), uo(T)))is:
(Drg®(zo(T)) © Da 3 f (T, 2o(T), uo(T)))1<a<m,
(DuhP(z0(T)) o Dg 3 f(T,20(T),uo(T)))1<s<4) are linearly independent.

Corollary 4.7. In this setting and under the assumptions of Theorem[{.3 if, for
each j € {1,...,1}, we have (AF);, then 0; # 0 i.e. we can take 8; = 1. Moreover,
((0i)1<i<ts Ma)i<a<m, (15)1<p<q,P) € RY X R™ x R x PC([0,T], E*) with §; = 1
that verify the conclusions of Theorem [{.9 are unique.

4.2. Necessary conditions of Pareto optimality for the Bolza problem.

Definition 4.8. The Hamiltonian of (B) is the function Hp : [0,T] x Qx U x E* x
R! — R defined by, for all (t,z,u,p,0) € [0,T]|xQUxUx E*xR!, Hg(t, z,u,p,0) :=
ZEZI elfzo(taxau) +p : f(t,CC,u)

Theorem 4.9. (Pontryagin Principle for the Bolza problem)

When (xo,ug) is a Pareto optimal solution of (B), under (A11), (A12), (Av1),
(Av2), (AT1), (AT2) and (AT3), there exists (0;)1<i<i € R, (Aa)i<a<m € R™,
(ug)i<p<q € R? and an adjoint function p € PC([0,T], E*) which satisfy the
following conditions.
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)
(Si) For alli e {1,...,1}, 6; > 0 and for all a € {1,...,m}, Ay > 0.
(S€) For all o € {1,...,m}, Aag®(zo(T)) = 0.
)

p(T).
(AEB) dp(f) = _DF)QHB (t, LL‘Q(t), ’U,O(t),p(t), (91-)1951) fO'l“ allt € [O, T]
(MP.B) For allt €[0,T], for all ( € U,

Hp(t,zo(t), uo(t),p(t), (6i)1<i<i) = Hp(t, zo(t), ¢, p(t), (0i)1<i<i)-
(CH.B) Hp := [t = Hp(t,zo(t),uo(t),p(t), (fi)1<i<1)] € C°([0, T], R).

Corollary 4.10. In this setting and under the assumptions of Theorem [{.9, if
moreover we assume that (QC1) is fulfilled for (x,u) = (xo,uo), then, for all t €
[0,T], ((6:)1<i<1,p(t)) is never equal to zero.

Corollary 4.11. In this setting and under the assumptions of Theorem [{.9, if
moreover we assume that (QC4) is fulfilled for (z,u) = (xg,up) and (AvV3), then
(0:i)1<i<i # 0.

Corollary 4.12. In the setting and under the assumptions of Theorem [{.9, if
moreover we assume (ALIB) is fulfilled, then (0;)1<i<; # 0.

For each j € {1,...,1}, we consider the following condition:

(Ar)? U is a subset of a real normed vector space Y s.t. U is a neighbor-
hood of uo(T) in Y, Dgsf(T,zo(T),uo(T)) exists, Vi € {1,....1}, i # j
D s f2(T,x20(T),uo(T)) exists and
((Drg}(20(T)) © Da s f (T, 20(T), uo(T)) + Da s ) (T, 2o(T), uo(T)))iz
(Drg®(2o(T)) 0 Dasf(T,z0(T), uo(T)))1<a<m,
(DuhP(z0(T)) o Dg s f(T,x0(T),uo(T)))1<s<4) are linearly independent.

Corollary 4.13. In this setting and under the assumptions of Theorem[.9, if, for
each j € {1,...,1}, we have (A¥)Y, then 6; # 0 (i.e. we can choose 65 =1).
Moreover, if Dg 3 f) (T, xo(T), uo(T)) exists, then we have:

((02)1<i<t; (Na)1<azm, (Hp)1<p<q,P) € R x R™ x RY x PCY([0,T], B*) with 0; = 1
that verify the conclusions of Theorem [{.9 are unique.

5. SUFFICIENT CONDITIONS OF PARETO OPTIMALITY

Let (z,u) € PC([0,T],Q) x NPC°([0,T],U), we consider the following condi-
tions.
(ST1) For all i € {1,....1} ¢? is concave at Z(T) and Hadamard differentiable at
zZ(T).
(ST1-bis) For all i € {1,...,1} ¢? is pseudo-concave at Z(T') and Hadamard differen-
tiable at T(T).
(ST2) For all a € {1,...,m}, g% is quasi-concave at T(T') and Hadamard differen-
tiable at T(T').
(ST3) For all 8 € {1,...,q}, h* and —h” are quasi-concave at (T") and Hadamard
differentiable at Z(T).
(S11) For all i € {1,...,1}, f* € C°([0,T] x Q x U,R).
(S12) For all t € [0,T], for all i € {1,...,l}, Dpa2f2(t,Z(t),u(t)) exists and [t
D fO(t,3(1), 1(1))] € NPCO(0,T], B¥).
(Svl) feC0,T] x Q x U, E).
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(Sv2) For all t € [0,T] Dpaf(t,Z(t),u(t)) exists and [t — Dpa2f(t,Z(t),u(t))] €
NPCY([0,T],L(E, E)).

Theorem 5.1. When (T,u) € Adm(M), under (ST1-bis), (St2), (ST3), (SV1) if
there exists ((0;)1<i<i, (Aa)1<a<m, (118)1<p<q, p) € RITMTIx PCL((0,T], E*) verify-
ing the conclusions (NN), (Si), (St) and (TC) of Theorem[J-Z with (xo,uo) = (T,7)
and if the following condition is satisfied
(SHM1) For each (z,u) € Adm(M), for all t € [0,T] almost everywhere for the
canonical measure of Borel on [0,T],

Hy(,7(8),u(t), p(t)) — Har (¢, (1), u(t), p(t)) = dp(t) - (x(t) — (1),

then we have:
if (0:)1<i<i # 0, then (T,u) is a weak Pareto optimal solution of (M),
if for all i € {1,...,1}, 0; # 0, then (T,u) is a Pareto optimal solution of (M).

Theorem 5.2. When (Z,u) € Adm(M), under (ST1-bis), (S12), (S13), (SVv1),
(Sv2) if there exists ((0:)1<i<t, (Aa)1<a<m, (H8)1<p<q, P) € RF™TIXPC([0, T], E¥)
verifying all the conclusions of Theorem [{-.4 with (zo,uo) = (Z,w) and if the follow-
ing condition is satisfied
(SHM2) for all (t,€&) € [0,T] x Q,
Hy (& p(t) = maxecey Hyv(t, €, p(t)) exists, and for all t € [0,T] ,
(€ — Hj(t,& p(t))] is concave at T(t) and Gateaus differentiable at T(t),

then we have:
if (0:)1<i<i # 0, then (T, ) is a weak Pareto optimal solution of (M),
if for all i € {1,...,1}, 0; # 0, then (T,T) is a Pareto optimal solution of (M).

Theorem 5.3. When (T,u) € Adm(M), under (St1-bis), (S12), (ST3), (SV1),
(Sv2) if there exists ((0:)1<i<t, (Aa)1<a<m, (B)1<p<q, P) € RF™TIXPC([0, T], E¥)
verifying all the conclusions of Theorem [{-q with (xo,uo) = (T, @) and if the follow-
ing condition is satisfied
(SHM3) U is a subset of a real normed vector space Y s.t. for allt € [0,T], U is a
neighborhood of (t), and for all t € [0,T1,
[(§,¢) — Hup(t,6,¢,p(t)) is Gateauz differentiable at (T(t),u(t)) and con-
cave at (T(t),u(t)),
then we have:
if (0;)1<i<i # 0, then (T, ) is a weak Pareto optimal solution of (M),
if for all i € {1,...,1}, 0; # 0, then (T,@) is a Pareto optimal solution of (M).

Remark 5.4. By using our constraint qualifications, we can rewrite the conclusion
of Theorem [5.2 and Theorem as follows.

If the condition (ALIB) or [(QCY) and (Av3)] is fulfilled for (xg,uo) = (T, u) then
(Z,w) is a weak Pareto optimal solution of (M),

if, for each j € {1,....1}, (AF); is fulfilled for (zo,uo) = (T,u), then (T,7) is a
Pareto optimal solution of (M).

Theorem 5.5. When (T,u) € Adm(B), under (St1), (ST2), (ST3), (S11), (S12)
(Sv1), (5v2) if there exists ((0;)1<i<i, (Aa)1<a<m, (148)1<p<q, D) belongs to RIF™MHax
PCY([0,T), E*) verifying the conclusions (NN), (Si), (S¢) and (TC) of Theorem[].9
with (xzg,up) = (T, @) and if the following condition is satisfied
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(SuB1) For each (z,u) € Adm(B), for all t € [0,T] almost everywhere for the
canonical measure of Borel on [0,T],

Hp(t,z(1),u(t), p(t), (0:)r<i<)—Hp(t, (1), u(t), p(t), (0i)1<i<i) = dp(t)-(z(t)—Z(1)),
then we have:

if (0i)1<i<i # 0, then (T, ) is a weak Pareto optimal solution of (B),
if for all i € {1,...,1}, 0; # 0, then (T,@) is a Pareto optimal solution of (B).

Theorem 5.6. When (T,u) € Adm(B), under (ST1), (ST2), (ST3), (S11), (512),
(SV1), (5v2) if there exists ((0;)1<i<i, (Aa)i1<a<m, (115)1<p<q, p) belongs to RIFm+ax
PCL([0,T), E*) verifying all the conclusions of Theorem [J.9 with (z¢,uo) = (T,7)
and if the following condition is satisfied
(SHB2) for all (t,£) € [0,T] x £,
Hi(t,€,p(t), (0i)1<i<i) = maxcer Hp(t,€, C,p(t), (0i)1<i<i) ewists, and for
all t € 10,71, [ — Hy(t,&,p(t), (0:)1<i<i1)] is concave at T(t) and Gdteaus
differentiable at T(t),
then we have:
if (0i)1<i<i # 0, then (T, ) is a weak Pareto optimal solution of (B),
if for alli € {1,...,1}, 0; # 0, then (T,w) is a Pareto optimal solution of (B).

Theorem 5.7. When (T,u) € Adm(B), under (ST1), (ST2), (ST3), (S11), (512),
(Sv1), (5v2) if there exists ((0;)1<i<i, (Aa)1<a<m, (148)1<p<q, P) belongs to RIFmHTax
PCY([0,T), E*) verifying all the conclusions of Theorem [{.9 with (zo,uo) = (T, %)
and if the following condition is satisfied
(SuB3) U is a subset of a real normed vector space Y s.t. for allt € [0,T], U is a
neighborhood of u(t), and for all t € [0,T],
[(§,¢) — Hp(t,&,¢,p(t), (0i)1<i<i) is Gateaux differentiable at (T(t),u(t))
and concave at (Z(t),a(t)),
then we have:
if (0i)1<i<i # 0, then (T,u) is a weak Pareto optimal solution of (B),
if for alli € {1,...,1}, 0; # 0, then (T,u) is a Pareto optimal solution of (B).

Remark 5.8. By using our constraint qualifications, we can rewrite the conclusion
of Theorem and Theorem [5.7 as follows.

If the condition (ALIB) or [(QCY) and (AvV3)] is fulfilled for (xo,uo) = (T, @) then
(Z,u) is a weak Pareto optimal solution of (B),

if, for each j € {1,..,1}, (A¥)} is fulfilled for (xo,u0) = (T,u), then (T,T) is a
Pareto optimal solution of (B).

6. PROOF OF THE NECESSARY CONDITIONS
6.1. Proof of the Theorem

Lemma 6.1. For all i € {1,....1}, (zo,u0) is a solution of the following single-
objective Mayer problem

Maximize J;(z,u) := ¢?(x(T))

subject to x € PCL([0, T] 0),u € NPC°([0,T],U)
" e 0.7], de(t) = £(0.2(0) u1). 2(0) = &
: Gk e (1o}, K # 6, QD)) > g8ao(T))

Va € {1, ...,m}, go‘(ac(T)) >0
VB e {l,....,q}, h(x(T))=0.



10 N. HAYEK, H. YILMAZ

Proof. Let i € {1,...,1}. We proceed by contradiction, we assume that (zq,ug) is
not a solution of (M;) i.e. there exists (x,u) an admissible process of (M;) s.t.
g;(2(T)) > g7 (w0 (T)).

This can be rewritten (z,u) € Adm(M) s.t. ¢2(z(T)) > ¢ (zo(T)) and for all
ke{l,..,0}, k#i, go(x(T)) > gL (zo(T)).

Therefore, (xo,uo) is not a Pareto optimal solution. This is a contradiction. O

For each x € Q, for each i € {2,...,1}, we set g;(z) = ¢¥(z) — g9 (xo(T)).
Thanks to (AT1), for each i € {2,...,1}, g; is Hadamard differentiable at x¢(7) and
Drgi(z0(T)) = D g} (zo(T)).

Consequently, by using the Lemma and (AT2), (AT3), (Avl), (Av2), the as-
sumptions of Theorem 2.4 in [5] are fulfilled for (M)

Maximize ¢?(x(T))
subject to x € PC*([0,7],Q),u € NPC®([0,T],U)
vt € [0,T], du(t) = f(t, 2(t), u(t)), x(0) = &
Vie{2,...1}, gi(z(T)) >0
Va € {1,...m}, ¢*(x(T)) >0
VB € {L,...q}, hP(x(T))

Hence, we obtain that there exists (6;)1<i<i € R, (Aa)i<a<m € R™, (1g)1<p<q €
R? and an adjoint function p € PC1([0,T], E*) which satisfy the following condi-
tions.
(NNs) ((6i)1 <i<ts (Aa)i<a<m, (B8)1<p<q) 7 0
(Sis) For all i € {1,...,1},0; > 0 and for all « € {1,...,m}, A\, > 0.
(Sfs) Foralli € {2,...,1}, 0;9:(x0(T)) =0and for all € {1,...,m}, \ag®(x0(T)) =
0.
(TCs) iy 0D g?(wo(T)) + Xy AaDrrg® (wo(T)) + by g Dirh? (o (T)) =
p(T).
(AE.Ms) dp(t) = —DpaHp(t, zo(t), uo(t), p(t)) for all t € [0,T].
(MP.Ms) For all ¢t € [0,T7, for all ¢ € U,
IgM(tv'rO(t)vuO(t)vp(t)) > HM(tv'rO(t) » P ( ))
(CH.MS) Hyy = [t~ Hpr(t, o(t), uo(t), p(t))] € C°([0, T, R).
Therefore, since for all i € {2,...,1}, g;(xo(T)) = 0, (NNs), (Sis), (S¢s), (TCs),
(AE.Ms) , (MP.Ms) and (CH.Ms) are equivalent to (NN), (Si), (S¢), (TC), (AE.M)
, (MP.M) and (CH.M). Therefore, the proof Theorem 2] is complete.

(M)

6.2. Proof of Corollary[4.3l We proceed by contradiction by assuming that there
exists t1 € [0,7] such ((6;)1<i<1, p(t1)) = (0,0).

Since (AE.M) is an homogeneous linear equation, and by using the uniqueness of
the Cauchy problem ((AE.M), p(t1) = 0), we obtain that p is equal to zero on [0, T7,
in particular we have p(T") = 0.

Hence, by using (TC), (Si), (S¢), (QC1), we obtain that (Vo € {1,...,m}, Ao = 0)
and (V8 € {1,....q}, ug = 0).

Therefore, since (ei)lgigl = O, we have ((91)1 <i<ly ()\a)lgagma (NB)lSBSq) =0
which is a contradiction with (NN).

6.3. Proof of Corollary 4.4l We proceed by contradiction by assuming that there
exists t1 € [0,T] such p(t1) = 0.

Since (AE.M) is an homogeneous linear equation, and by using the uniqueness of
the Cauchy problem ((AE.M), p(t1) = 0, we obtain that p is equal to zero on [0, T,
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in particular we have p(T") = 0.
Consequently, by using (TC), (Si), (S¢), (QCyp), we obtain that ((0;)1 <i<i, (Aa)1<a<m.,
(1p)1<p<q) = 0 which is a contradiction with (NN).

6.4. Proof of Corollary We proceed by contradiction, we assume that
(0:i)1<i<i = 0. Since Dg s f(t, zo(t), uo(t)) exists, Dg,sHar (¢, zo(t), uo(t), p(1)) ex-
ists and

De sH (t,wo(E), uo(£), p(f)) = p(f) © D s f (£, z0(f), uo(f)).
o(t

Therefore, by using (MP.M), we have p(f) o Dg 3 f(, o(t), uo(f)) = 0.
Since Dg 3 f(t,x0(t), uo(f)) is surjective, we have p(f) = 0.
This is a contradiction with the Corollary B3] therefore (0;)1<i<i # 0.

6.5. Proof the Corolloray We proceed by contradiction, we assume that
(0i)1<i<i = 0.
Since Dg 3 f(T,xo(T), uo(T)) exists, DasHyn (T, 20(T), uo(T), p(T)) exists and

D¢ sHu (T, 2o(T),uo(T), p(T)) = p(T) 0 D 3 f (T, 2o(T'), uo(T)).

Consequently, by using (MP.M), we have p(T') o Dg 3 f(T,zo(T),uo(T)) = 0.
That is why, thanks to (TC) and (6;)1<;<; = 0, we obtain that

Yoae1 AaDug*(xo(T)) o Da,a f(T, xo(T),uo(T)) }
+ 2%y upDerhP (x0(T)) 0 Dg 3 (T, 20(T), uo(T)) = 0.

Hence, thanks to (ALIB), we have (Aa)1<a<m, (148)1<p<q) = 0.
Consequently, since (6;)1<i<; = 0, we have ((0:)1 <i<i, (Aa)1<a<m, (148)1<p8<q) =0
this a contradiction with (NN).

6.6. Proof the Corolloray .7 Let j € {1,...,1}. We assume that (AF);.
We proceed by contradiction, we assume that 6; = 0.
Since Dg s f(T,x0(T), uo(T)) exists, Dg sHp (T, 2o(T), uo(T), p(T)) exists and

D 3Hu (T, 20(T), uo(T),p(T)) = p(T) o Dg 3 f (T, x0(T), uo(T))-

Consequently, by using (MP.M), we have p(T') o Dg 3 f(T,zo(T),uo(T)) = 0.
That is why, thanks to (TC) and 6; = 0, we obtain that

225 0iDu g} (20(T)) 0 D s f (T, 20(T), uo(T))
+2ne1 AaDug®(@0(T)) 0 Da s f(T,20(T), uo(T))
+ 2%y s DuhP (x0(T)) 0 Dg 3 f(T, 0(T), uo(T)) = 0.

)
Hence, thanks to (AF);, we have ((6;)iz;, (Aa)i<a<m, (48)1<p<q) = 0.
Consequently, since 6; = 0, we have ( 1)1 <i<ty (Ma)1<a<m, (8)1<p<q) = 0 this a
contradiction with (NN)
We set Vi € {1,...,1}, 0, = Z—;’_, Va e {1,...,m}, A, == 9—“ VB € {l,....q}, uy = “;—f
and p’ := eljp.
Since the set of ((51)1 <i<l, ()\ )1<a<mu (/1,5)1<3<q, ) Rl+m+q X PCl([O T] E*)
verifying the conclusions of Theorem [4.2]is a cone, we have
((07)1<i<i, (Mg )1<a<m, (H5)1<p<q,P") that verifies the conclusions of Theorem
with 0 = 1.
Let ((oil)lﬁiﬁla (/\éz)lﬁaﬁma (u%)lﬁﬁﬁq’pl) € RIH™HT POl([O,T], E*) and
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((09)1<i<t, A2)1<a<m, (3)1<p<q: D7) € R+ 5 PCL([0,T], E*) s.t. the conclu-
sions of the Theorem [4.2] are verified with 91 = 92 =1.

Then, we have, for all £ € {1,2}, p*(T) o Dg, 3f(T 3:0( ), uo(T")) = 0. Therefore, we
have (p'(T) — p*(T)) o Dg 3 f (T, 2o(T),uo(T)) = 0. By using (TC), we have

( (
> iz (07 = 07)Drrgd(20(T)) © Daa f(T, 20(T), uo(T))
o1 (A = A2)Drg* (20(T)) © Dg 3 f (T, 20(T), uo(T))
+ 2% (uh — u3)Drhf (xo(T)) © Da s f (T, xo(T), uo(T)) = 0.

Hence, by using (AF);, V(i,a, ) € {1, .., [} x{1, ...m}x{1,...,q}, 0} =62, N, = \2
and ué = u%.
Therefore, p'(T') = p*(T); that is why (AE.M), we have : p' = p*.

6.7. Proof of the Theorem .9l In [4], by transforming the single-objective Bolza
problem into a single-objective Mayer problem, the authors proof the Pontryagin
Maximum Principle for the single-objective Bolza problem thanks to the Pontryagin
Maximum Principle for the single-objective Mayer problem. For the proof of the
Pontryagin Maximum Principle for the multiobjective Bolza problem, we will use
the same reasoning. That is why, we introduce the following elements, for all
t €[0,T], for all X = (04, ...,01,7) € Rt x Q, for all u € U,

F(t, X, u) == (f2t,z,u), ..., [t z,u), ft,z,u), GH(X) = 0; + ¢?(x) for all i €
{1,..,1}, G¥X) = g%(z) for all a € {1,...m}, H}(X) := hP(x) for all B €

{1,.q}.
Then, we can introduce the following multiobjective Mayer problem
Maximize (GY(X(T)), ..., G} (X(T)))
subject to X € PC([0, T] Rl x Q),u € NPCY([0,T],U)
(MB) dX(t) = F(t, X(t), u(t)), X(0) = (0,%)

Vae {1,...,m}, G*(X(T)) >0
VB e{l,..,q}, HP(X(T))=0.

Lemma 6. 2 For each (z,u) € Adm(B), by setting for all t € [0,T], for all i €
{1,..,1}, oi(t fo (s, 2(s), u(s))ds, we have ((o1,...,00,2),u) € Adm(MB).

Proof. Let (:C, u) € Adm(B). Since u € NPC?([0,7],U) and z € PC*([0,T7, ), by
using (A1l), we have, for each i € {1,...,1}, [t — f2(t,z(t),u(t))] € NPC([0,T],R).
Consequently, for each i € {1,...,1}, o; € PC'([0,T],R) and for all ¢t € [0,T],
doi(t) = FO(t, 2(t), u(t))

Hence, (01, ...,01,7) € PC'([0,T],R! x Q) and for all ¢ € [0, T],

d(o1,...,o,x)(t) = (doy(t),...,doi(t), dx(t))
= (Lt 2(t),ul®)), .. £t x(t), u(®)), f (£, 2(t), u(t)))
= F(t, (01, ...,00,2)(t), u(t))
Moreover, we have, for all a € {1,...,m}, G*((01,...,01,2)(T)) = ¢g*(x(T)) >
0 and V8 € {1,..,q}, Hﬂ((al,...,al, z)(T)) = hﬂ( (T)) 0. Therefore, since
(01,..y01,2)(0) = (01(0),...,00(0),2(0)) = (0,&), we have ((o1,...,01,2),u) €
Adm(MDB). O

Hence, by setting for all i € {1,...,1}, for all ¢ € [0, T},
= fot I2(s,wo(s),uo(s))ds, by using the Lemma 621 we have (Xo,ug) =
(09, ...,09,20),u0) € Adm(MB).
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Lemma 6.3. (Xo,up) is a Pareto optimal solution of the multiobjective problem
(MB).
Proof. We proceed by contradiction, we assume that (Xo,up) is not a Pareto opti-
mal solution for (M B) i.e. there exists (X, u) = ((o1, ..., 01, 2),u) € PCL([0,T],R!x
Q) x NPCY([0,T],U) admissible process for (MB) s.t. for all i € {1,...,1},
GY(X(T)) > G?(Xo(T)) and there exists ig € {1,...,1}, GY. (X(T)) > G2 (Xo(T)).
Since X € PCY([0,T],R! x Q) and V¢t € [0,T], dX(t) := F(t, X(t),u(t)), we have
x € PCY([0,T],9) and for all i € {1,...,1}, o; € PC'([0,T],R) s.t

vt € [0, 7], du(t) = f(t, (), u(t)) and doy(t) = f7(t, 2(t), u(?)).
Moreover, we have also for all @ € {1,...,m}, ¢*(x(T)) > 0 and for all 5 € {1, ..., q},
hP(x(T)) = 0.
Consequently, we have (x,u) € Adm(B).
Moreover, for all ¢ € [0,T], we have o;(t) = f(f f2(s,2(s),u(s))ds. Then, for all
ie{l,.. 1},

GUX(T)) = [y fos,2 ) uls ))d5+gz( (T))
> GY(Xo(T)) = fy f2(s,20(5), uo(s))ds + g2 (zo(T))
and there exists g € {1,. },
G (X(T) = fo ) uls ))d5+910( z(T))
> GO Xo = fo (s,20(s),uo(s))ds —|—g?0(aro(T)).

This a contradiction with (xo, uo) is a Pareto optlmal solution.
O

Lemma 6.4. The assumptions of Theorem [[.9 for the multiobjective Mayer prob-
lem (MB) with the Pareto optimal solution (Xo,ug) are verified.

Proof. We consider the linear functions i € {1,...,1}, w} : R! x E — R defined by,
w}(o1, ey 01,6) =0y and w? : R x E — F, deﬁned by7 o1,y 01,6) =&
For all i € {1,...,1}, since G? = w}pi, o + 99 OwﬁRle’ by using the property of the
chain rule of the Hadamard differentiable function, see [9] p.267, and (AT1), we
have
DuG°((0?,...,00,20)(T)) = w} + Dugl(xo(T)) o w. (6.1)

Therefore, (AT1) is verified for (MB) with the Pareto optimal solution (Xo, ug).
Next, for all « € {1,...,m}, since G* = g% o w|]Rl><Q7 by using the property of the
chain rule of the Hadamard differentiable function, see [9] p.267, and (AT2), w
have

DpG®((6Y,...,00,20)(T)) = D g®(z0(T)) o w?. (6.2)
Hence, (AT2) is verified for (MB) with the Pareto optimal solution (Xo, ug).
Moreover, for all 8 € {1,...,q}, since H®? = hf o w\Rlev by using the property of
chain rule of the Hadamard differentiable function, see [9] p.267, and (AT3), we
have

DyHP((0,...,07,20)(T)) = Duh” (o(T)) o w®. (6.3)
Since h? is continuous on a neighborhood VO’Q of zo(T) in Q and wﬁRlX o € CO(R! x
0,Q), there exists W(f of Xo(T) in R! x Q s.t. wawy € C’O(W(f,VOﬁ). Hence,

we have Hﬁvﬁ e CO(WY R). Consequently, (AT3) is verified for (MB) with the
0
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Pareto optimal solution (Xo, ug).

We consider the continuous function x : [0, 7] x Rl x Q x U — [0, T] x R! x Q defined
by x(£.0,,€) = (£,€,0).

We remark that F := (f2ox,..., flox, fox).

By using (Ar1l) and (Av1), we have, for all i € {1,...,1}, fox € C°([0,T] x R! x
QxU,R)and foyx € C%0,T] xR x Q x U, E).

Consequently, we have F' € C°([0,7] x R! x Q x U,R! x E).

By using (Arl) and (Av1l), we have, for all (t,0,£,¢) € [0,T] x Rl x Q x U,
D¢ 2F(t,(0,€), () exists and

Da2F(t,(0,€),0) } (6.4)

= (DG,Qflo(tv 57 C) © ’U}2, ey DG,?flo(t7 57 C) © ’U}2, DG,?f(t7 57 C) © ’U}2). '
For all t € [0,T] and ¢ € U, since F(t,-,¢) := (fP(t,-,¢) o w\QRle""’flO(t"’O °
wﬁRle’ f(t,-,¢) o wﬁRlXQ)’ by using (A1l) and (Avl), we have DpoF (¢, Xo(t), ()
exists and

DF,2F(taX0(t)7<) }
= (DpafP(t,zo(t),C) ow?, ..., DF_]QflO(t, zo(t),¢) ow?, Dpaf(t,xo(t),() o w?).

Consequently, by using (A1l) and (Av1), we have
[(t,0) = Dra2P(t, Xo(1), Q) € C°([0,T] x U, L(R' x E, R x B).

Therefore, (Av1) is verified for (M B) with the Pareto optimal solution (Xo,uo).
Let K be a non-empty compact s.t. K C R! x Q and M be a non-empty compact
st. M CU.

We consider the linear continuous function @ : R x Q — €, defined by, for all
(0,6) € R x Q, w(o,§) == €.

Since K is a non-empty compact, K= w(K) is a non empty compact s.t. K cQ.
Consequently, by using (A12) and (Av2), we have

for all i € {1,...,1} sup D2 (€, Q)| < +oo,
(t,£,0)€[0,T|x Kx M

and

sup  [|Dga2f(t,€,0)lle < +oo.
(t,€,¢)€[0,T) x K x M

Therefore, by using (6.4]), we have

sup HDGJF(ta (O.ag)vc)Hﬁ

(t;(Ufl)K)E[O;T]XKXU

<Xia sup [[Da2fP (€ Q)le + sup ||De2f (€ Qe
(t,6,0)€[0,T]x Kx M (t,£,0)€[0,T)x Kx M

< +00.

Hence (Av2) is verified for (MB) with the Pareto optimal solution (Xo,ug). O

By using the Lemma [64] by applying the Theorem 9] we obtain that, there
exists (0;)1<i<i € RY, (Aa)i<a<m € R™, (1p)1<p<q € R? and an adjoint function
P € PCY([0,T], (R! x E)*) which satisfy the following conditions.

(i) ((0:)1 <i<i; (Aa)i<asms (1p)1<p<q) 70
(ii) For alli e {1,...,1},0; > 0 and for all a € {1,...,m}, A\, > 0.
(iii) For all a € {1,...,m}, A\ G*(Xo(T)) = 0.
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(iv) iy 6iDr G (Xo(T)) 4320, A DG (Xo(T)+ by ns D HP (Xo(T)) =
P(T).
(V) dp(t) = —DF72HMB(t,X0(t),u0(t), P(t)) for all t € [O,T]
(vi) For all t € [0,T7, for all ( € U,
I_{MB (ta Xo(t), uo(t)v P(t)) > Hup (tv XO@)) G P(t))
(Vii) Hyp = [t — HMB(t, Xo(t),’u,o(t), P(t))] S CO([O, T],R)
Where the function Hysp : [0, 7] x (RIx Q) x U x (R! x E)* — R is the Hamiltonian of
the problem (MB), defined by Hyp(t, (01, ..., 01, @), u, P) = P-F(t, (01, ..., 00, 2), u).
We consider the linear continuous function 1 : (R! x E)* — E* defined by, for all
[€ (R x E)*, for all £ € E, ¥(I)- = [- (0,¢).
We set p = 1o P. Since ¢ € L((R! x E)*, E*), we have p € PC'([0,T], E*) and
for all t € [0,T7], dp(t) = - dP(t).
Therefore, by using (i), (ii) and (iii), we have respectively (NN), (Si) and (S¢).
By using (iv), we have , for each i € {1,...,1} P(T) - (e;,0) = 0; where (e;)1<i<i is
the canonical basis of R! and V¢ € E,

p(T)- €= P(T)-(0,€)

= (XL, 0:DrG(Xo(T)) + X0 Xa DG (Xo(T))

+ 3 p D HP (Xo(1)) - (0,)

= (341 0D g?(20(T)) + X0y AaDug®(wo(T)) + S4_1 npDirh? (xo(T))) - €.

Hence (TC) is verified.

For all i € {1,...,1}, we consider the linear continuous function ¢; : (R! x E)* — R
defined by, VI € (R x E)*, @;(l) = - (ez, 0). We set pi = @; o P.

Since ¢; € L((R! x E ) we have p? € PC1([0,T],R) and

)
dh(t) = pi-dP(1) = dP(1) - (¢0,0) = 0.
Moreover, since p)(T) = 0;, we have Vt € [0,T], dp?(t) = 0;.
Besides, V¢ € E, Vt € [0,T],
dp(t)-& =dP(t)-(0,8)
= —P(t)- DpaF(t, Xo(t),uo(t)) - (0,€)
— Y1 Bh (D2 f (L wo(t), uo(t)) - € = p(t) - D2 f (L, wo(t), uo(t)) - €

= = i 0D fO(t xo(t), uo(t)) - € — <> Draf(t,zo(t), uo(t)) - €
= —DpoHp(t, xo(t), uo(t), p(t), (0:)1<i<t) - €

Consequently (AE.B) is verified.
Furthermore, we have, V(¢,¢) € [0,T] x U,

Hyp(t, Xo(t),¢, P(t) = Hp(t,zo(t), ¢, p(t), (0i)1<i<it)-

<
Consequently, by using (vi) and (vii), we have proved (MP.B) and (CH.B).
Hence the proof of the Theorem is complete.

6.8. Proof of Corollary We proceed by contradiction by assuming that
there exists 1 € [0,7] such ((9 )i<i<i;p(t1)) = (0,0).

Since (AE.B) becomes an homogeneous linear equation, and by using the uniqueness
of the Cauchy problem ((AE.B), p(t1) = 0), we obtain that p is equal to zero on
[0, T, in particular we have p(T) = 0.

Hence, by using (TC), (Si), (S¢), (QCy), we obtain that (Vo € {1,...,m}, Ay = 0)
and (V8 € {1,....q}, up = 0).
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Therefore, since (0;)1<i<i = 0, we have ((0:)1 <i<i, (Aa)1<a<m, (Hg)1<p<q) = 0
which is a contradiction with (NN).

6.9. Proof of Corollary .11l We proceed by contradiction, we assume that
(0i)i<i<t=0. S
Since Dg 3 f(t,x0(t),uo(t)) exists, Dg sHp(t, zo(t), uo(t), p(t),0) exists and

Da sHp(t, zo(), uo(t), p(t),0) = p(t) o Dg 3 f (£, z0(t), uo(t)).

Therefore, by using (MP.B), we have p(t) o Dg 3 f(f, 2o(f), uo(t)) =
Since D¢ 3f(t, x0(t),uo(t)) is surjective, we have p(t) = 0.

Therefore, we have ((6;)1<i<i,p(f)) = 0.

This is a contradiction with the Corollary .I0] therefore (6;)1<i<; # 0.

6.10. Proof the Corolloray We proceed by contradiction, we assume that
(0i)1<i<i = 0.
Since Dg 3 f(T,xo(T),uo(T)) exists, DasHp (T, xo(T), uo(T),p(T),0) exists and

DasHu (T, 2o(T), uo(T),p(T),0) = p(T) o D 3. f (T, xo(T), uo(T)).
Consequently, by using (MP.B), we have p(T) o D¢ 3f (T, xo(T), uo(T)) = 0.
That is why, thanks to (TC) and (0;)1<i;<; = 0, we obtain that

S AaDirg® (20(T)) 0 Do s (T, 20(T), uo(T))

+ by s DahP (20(T)) 0 Dg 3 f (T, 20(T), uo(T)) = 0.
) =0.
)

1<a<m, (#8)1<p<q) =0

Hence, thanks to (ALIB), we have (Aa)1<a<m: (18)1<8<q
Consequently, since (6;)1<i<; = 0, we have ((0;)1 <i<i, (Ao
this a contradiction with (NN).

6.11. Proof the Corolloray .13l Let j € {1,...,{}. We assume that (AF);.

We proceed by contradiction, we assume that 6; = 0.

Since Dg sf(T,x2o(T),uo(T)) exists and for all i # j, Dgsf> (T, 2o(T), uo(T)) ex-
ists,

DG13HB(T, :E()(T) 0( ) ( ), (91)1<i<l) exists and

D sHp(T,zo(T), uo(T), p(T), (0i)1<i<i) }
=p(T) o D s f(T,20(T), uo(T)) + 32,2, 0:Da 3 £ (T, wo(T), uo(T)).-

Consequently, by using (MP.B), we have

p(T) 0 Dasf(T,20(T), uo(T)) + Y 0: D sf (T, 20(T), uo(T)) = 0.
7]

That is why, thanks to (TC) and #; = 0, we obtain that

Yoiz; 0i(Drgl (x0(T)) © Dasf (T, 2o(T), uo(T)) + Da s f (T, xo(T), uo(T)))

+ 201 AaDug*(@o(T)) o Dasf (T, 20(T), uo(T))

+ > 41 npDuhP (2o(T)) 0 Da s f(T, xo(T), uo(T)) = 0.
Hence, thanks to (AF)9, we have ((6;)ij, (Aa)1<a<m, (18)1<p<q) = 0.
Consequently, since 0; = 0, we have ((6;)1 <i<i» (Aa)1<a<m, (1g)1<p<q) = 0 this a
contradiction with (NN).
We set Vi € {1,...,1}, 0, = Z—;’_, Va e {1,...,m}, A, = 9—“ VB € {l,....q}, uy = “;—f

and p’ := gljp.
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Since the set of ((6:)1 <i<i, Ma)i<a<m, (Fg)i<p<q,P) € R 5 PCY([0,T], E¥)
verifying the conclusions of Theorem is a cone, we have

((#9)1<i<t, (A 1<a<m, (13)1<p<q, ') that verifies the conclusions of Theorem
with 0} = 1.

Now, we assume that Dg 3f3 (T, xo(T), uo(T)) exists.

Let ((0)1<i<i, (AL)1<a<m, (1h)1<p<q, ") € R4 5 PC([0,T], E*) and
((63)1<i<t: (M2 1<a<m, (HE)1<p<q,P°) € RHTHx PCY([0,T], E¥) s.t. the conclu-
sions of the Theorem L9 are verified with 6; = 65 = 1.

Then, we have, for all £ € {1,2},

p'(T) o Dg s f (T, 20(T), uo(T)) + D s fO(T, xo(T), uo(T))+ }
Zz;ﬁ] zDG 3f (T 'IO(T)vuO(T)) =0.

Therefore, we have

(p"(T)=p*(T))o D 3 f (T, 2o(T), uo(T)) + Y (6] =67) Da 3 f7 (T, wo(T), uo(T)) = 0.
]
By using (TC), we have

> iz (0F = 02)(Drgy (20(T)) © D3 f (T, 20(T), uo(T))+

D 3 [T, xo(T),uo(T)))

+ 21 (A = A2)Drg® (20(T)) © Da,a f (T, 20(T), uo(T))

+ 341 (uh — n3)DuhP (2o(T)) © Da s f(T, xo(T), uo(T)) = 0.
Hence, by using (AF)j, V(i,a, B) € {1, .., [} x{1,...m}x{1,...,q}, 0} = 02, AL, = \2
and ué = u%.
Therefore, p*(T) = p?(T); that is why, by using (AE.B), we have : p! = p%.

7. PROOF OF THE SUFFICIENT CONDITIONS
7.1. Proof of the Theorem 5.1} Let (z,u) € Adm(M). By using (TC), we have

Sie1 0:D g} (F(T)) - (2(T) —H(T)) }
S0 - (2(T) ~ F(T)) ~ 37 AaDiag (&) - (2(T) ~F(T)) 3 (11)
=Y h1 e Dk (@(T)) - (2(T) - %(T))

Moreover, by using (Si) and (S¢), we have for each o € {1,...,m}, \ag®(ZT(T)) <

Aag®(2(T)).

Consequently, by using (ST2), we have for all o € {1,...,m}, Ao Dug®(ZT(T)) -

(x(T) = =(T)) > 0.

Moreover, thanks to (ST3), we have for all 8 € {1,...,q}, usDughP(@(T)) - (x(T) —

Z(T)) = 0.

Hence

S, 0:Dgd(E(T)) - (2(T) — F(T))

<p(T) - («(T ) z(T))

—p(O) (@(0) = 7(0)) + [, d (t) —T(t)))dt
0TJ)( ) - (x (t) (t))dt+f0 ) - d(x(t) —z(t))dt

< Jo (Har(t,T(t), u(t), p(t)) — HM(t z(t), u(t), p(t)))dt+

IOOHM t,x(t), u(t), p(t)) — Har(t, (1), u(t), p(t)))dt

where we have used (SHMI).
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Therefore, thanks to (ST1-bis), we have Y>\_, 0;0%(z(T)) < Y°'_, 0:¢%(Z(T)).
Hence, (Z,u) is a solution of the following single-objective optimization problem :

(Ps) Maximize 22:1 0;Ji(x,u)
subject to  (z,u) € Adm(M).

Now, we assume that (0;)1<i<; # 0.

We want to prove that (Z,u) is a weak Pareto optimal solution. We proceed by
contradiction, we assume that (Z, %) is not a weak Pareto optimal solution i.e. there
exists (z,u) € Adm(M) such that for all i € {1,...,1}, Ji(z,u) > J;(T,u).
Consequently, we have Zlizl 0;Ji(z,u) > 22:1 0;J;(Z,w). But this contradicts the
optimality of (%, ) for the problem (Py).

Next, we assume that for all i € {1,...,1}, 6; # 0.

We want to prove that (T,u) is a Pareto optimal solution. We proceed by con-
tradiction, we assume that (Z,u) is not a Pareto optimal solution i.e. there ex-
ists (z,u) € Adm(M) such that for all i € {1,...,1}, Ji(z,u) > J;(T,a) and for
some ig € {1,...,1}, Ji (@, u) > J;, (T,w). Hence, we obtain that Zézl 0;Ji(z,u) >
22:1 0;J;(T,w) which contradicts the optimality of (Z, 7).

7.2. Proof of the Theorem Notice that (SHM2) implies (SHM1).

Indeed, let (z,u) € Adm(M).

For all ¢t € [0,T], for all € > 0 small enough, we have T(t) 4+ (Z(t) — z(t)) € €,
therefore by using (MP.M)

(H* (t,(t) +e(@(t) — (1), p(t)) — Hy, (¢, (1), p(t)))
S(Har(t,T(t) + e(@(t) — 2(t)),a(t), p(t)) — Har(t,7(t), U(t), p(1)))
— 0 we have D¢ oH 3, (¢, T(t),p(t)) -

Therefore, since (SHM2) and (Sv2), when &
(f(t) x(t)). Therefore, by using (AE.M),

(5(2— 2(0)) > Do o Hag (1T (1), 7). p(1))-

— Da o Hy (8,7(t), p(2)) - (2(t) = T(t)) > dp(t) - (x(t) — 7(1)). (7.2)
Besides, for all ¢ > 0 small enough, we have Z(t) + e(x(t) — Z(t)) € Q, therefore by
using (MP.M) and (SHM2), we have

£ (Hy (8,7(t) + e(@(t) —7(t)), p(t)) — Hy, (£,7(t), p(t)))
>H*( (g, p(t)) = Hy, (1, 7(

t
> Hu(t, (1), u(t), p(t) — Hu(

Hence, we have

H (8, (), u(t), p(t)) — Har (8, (1), u(t), p(t))
> 2 (Hy (8, 7(8), p(t) — Hyy (8, 7(t) + e(2(t) = T(1)), p(1)))-
Consequently, when ¢ — 0 and thanks to (AE.M) and (Z.2)), we have

Hence, the assumptions of the Theorem [B.1] are verified and the conclusions follow.

7.3. Proof of the Theorem Notice that (SHM3) implies (SHM1).

Indeed, let (x,u) € Adm(M), let ¢t € [0,T], since [(&,¢) — Hu(t,€,¢,p(t))] is
Gateaux differentiable and concave at (Z(t),u(t)), we have Hpr (¢, z(t), u(t), p(t)) —
Ha(t,7(1), 0(t), p(t))

< Dg 2,3y Hy (t,2(t),u(t), p(t)) - (x(t) — T(t),u(t) — u(t)). Therefore, by using
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(AE.M) and (MP.M), we have

Dg 2,3 Hu (t,T(t),u(t), p(t)) (z(t) —Z(t), u(t)—u(t)) = —dp(t)-(x(t)—Z(t)). There-
fore, (SHM1) is verified. Hence, the assumptions of the Theorem [B.1] are verified
and the conclusions follow.

7.4. Proof of the Theorem [5.5l Let (a: u) € Adm(B). By using (ST1), we have

ZL4@£@ﬂ0:§L]ﬂmz T)) + [ S 0:f0(t, 2 (t), u(t))dt
<zllmxw »+zpﬁzm&<@»wan—xaw+
oS 00t (t), (b)) dt.

By using (TC), we have

Yicy 0Dl (F(T)) - ((T) = F(T))
=p(T) - ((T) = 2(T)) = >-0_y AaDug®(E(T)) - (x(T) — %(T)) (7.3)
= Yho mDuhP (@(T)) - (x(T) — T(T))

Furthermore, by using (Si) and (S¢), we have for each « € {1, ..., m}, Ao g*(Z(T)) <
Aag® (@(T)).
Consequently, by using (ST2), we have for all a € {1,....m}, Ay Dpg*(T(T)) -
(+(T) —7(T)) = 0.
Besides, thanks to (ST3), we have for all 8 € {1,...,q}, ugDh?(@(T)) - (x(T) —
z(T)) = 0.

Hence, by using

S 0:Dpg?(T(T)) - (x(T) — T(T))

< p(TT) (z(T) —2(T))

= Qrd(p(t) (z(t) —=(1)))dt

= Qrdp(t) () = T(O)dt + [ p(t) - d(x(t) —T(t))dt

< Jo (HB(t,T(t)ﬁ(t)ap(t) (0; )1<z<l) Hp(t, (1), u(t), p(t), (0i)1<i<i))dt+
Jo (p(t) - f(t.2(t), u(t)) —p(t) f(t,=( ) u(t)))dt

—fo iﬁfo F(6),w())dt — [ S, 0, £O(t, a(t), u(t))dt.

Therefore, we have

zimJ@mo<le% +L S 0 f2(t T (), u(t) )t
— S 00t (1), ult)) ﬁ+k S OifO(t a(t) ut))dt -
= 21219 Ji(T,w).

Consequently, (Z,u) is a solution of the following single optimization problem :

(Ps) Maximize 22:1 0;Ji(x,w)
Y7 subject to  (z,u) € Adm(B).

Now, we assume that (0;)1<i<; # 0.

We want to prove that (Z,u) is a weak Pareto optimal solution. We proceed by
contradiction, we assume that (T, %) is not a weak Pareto optimal solution i.e. there
exists (z,u) € Adm(B) such that for all i € {1,...,1}, Ji(x,u) > J;(T, 7).
Consequently, we have Zézl 0;Ji(z,u) > Zli:1 0;J;(Z,w). This is a contradiction
with (Z,%) is a solution of (Pp).

Next, we assume that for all i € {1,...,1}, 0; # 0.

We want to prove that (Z,u) is a Pareto optimal solution. We proceed by con-
tradiction, we assume that (T, %) is not a Pareto optimal solution i.e. there exists
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(x,u) € Adm(B) such that for all i € {1,...,1}, Ji(z,u) > J;(Z,w) and there ex-
ists ig € {1,...,1}, Jiy(x,u) > J;y (T, w). Hence, we obtain that Zli:1 0;Ji(z,u) >
22:1 0;J;(Z,w). This is a contradiction with (Z,w) is a solution of (Pp).

7.5. Proof of the Theorem Notice that (SHB2) implies (SHB1).

Indeed, let (z,u) € Adm(B).

We set 6 = (0;)1<i<i. For all t € [0,T], for all € > 0 small enough, we have
Z(t) + e(@(t) — x(t)) € Q, therefore by using (MP.B)

E(HB (t7 E(t) + E(E(t) - .’Ii(t)), ﬂ(t%p(f), 9) — Hp (t7 E(t% ﬂ(f),p(t), 9))
Hence, since (SHB2), (S12) and (Sv2), when ¢ — 0 we have Dg o H5 (¢, T(t), p(t),0) -
(B(t) — 2(t)) > D o Hp(t,7(1), 0(t), p(t). ) - (2(t) — (t)). Henee, by using (AE.B),

we have

IV o i

— Da o Hp(t,7(1),p(t),0) - (x(t) = T(t)) = dp(t) - (x(t) = =(1)).  (74)
Besides, for all € > 0 small enough, we have Z(t) + e(z(t) — T(¢)) € 2, hence by
using (MP.B) and (SHB2), we have

S(Hp (6, 3(t) + e(x(t) — Z(t)), p(t), 0) — Hy(t,7(), p(t), 0))
> Hp(t, x(t), p(t),0) — HB(t z(t), p(t), 0)
> Hp(t, x(t), u(t), p(t),0) — Hp(t, T(t),u(t), p(t),0)-

Hence, we have
HB (tv f(t)a ﬂ(t),p(t), 0) - HB (tv .I(t), u(t),p(t)
> L(Hp(t,z(t),p(t),0) — H(t, (1) + e(a(t) -
Consequently, when ¢ — 0, from (Z4), we have

Hence, the assumptions of the Theorem [5.5] are verified and the conclusions follow.

0)
(1)), p(t),0)).

7.6. Proof of the Theorem [5.7. Notice that (SHB3) implies (SHB1).

Indeed, let (z,u) € Adm(B), let t € [0, T, since [(§,¢) — Hp(t, &, ¢, p(t), (0i)1<i<i)]
is Gateaux dlfferentlable and concave at (Z(t),u(t)), we have

Hp(t, z(t),u(t),p(t), (0:)1<i<i) — Hp(t, Z(t),0(t), p(t), (0:)1<i<1)

< De 2.5 Hp(t,2(t),u(t), p(t), (0i)1<i<t) - (x(t) — T(t), u(t) —u(t)). Therefore, by
using (AE.B) and (MP.B), we have

Dg, 2,3 Hp(t,Z(t),u(t), p(t), (0:i)1<i<t) - (x(t) —T(t), u(t) —u(t)) = —dp(t) - (x(t) —
Z(t )) Hence, (SHB1) is verified. Therefore,the assumptions of the Theorem 5.5l are
verified and the conclusions follow.
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