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Abstract. We consider a general non-linear model where the signal is a finite mixture of an unknown, possibly increasing, number
of features issued from a continuous dictionary parameterized by a real non-linear parameter. The signal is observed with Gaussian
(possibly correlated) noise in either a continuous or a discrete setup. We propose an off-the-grid optimization method, that is, a method
which does not use any discretization scheme on the parameter space, to estimate both the non-linear parameters of the features and
the linear parameters of the mixture.

We use recent results on the geometry of off-the-grid methods to give minimal separation on the true underlying non-linear pa-
rameters such that interpolating certificate functions can be constructed. Using also tail bounds for suprema of Gaussian processes we
bound the prediction error with high probability. Assuming that the certificate functions can be constructed, our prediction error bound
is up to log-factors similar to the rates attained by the Lasso predictor in the linear regression model. We also establish convergence
rates that quantify with high probability the quality of estimation for both the linear and the non-linear parameters.

We develop in full details our main results for two applications: the Gaussian spike deconvolution and the scaled exponential model.

MSC2020 subject classifications: Primary 62G08; secondary 62G05
Keywords: Continuous dictionary, Interpolating certificates, Mixture model, Non-linear regression model, Off-the-grid methods, Sparse spike deconvo-
lution

1. Introduction
1.1. Model and method

Assume we observe a random element y of an Hilbert space and we consider a signal-plus-noise structure for the ob-
servation y, where the noise is distributed according to a centered Gaussian process. The signal is modeled as a mixture
model, by a linear combination of at most K features of the form () for some parameters 6 € ©, where © C R is an
interval of parameters and ¢ is a smooth function defined on © and taking values in the Hilbert space. We denote by
(p(0),0 € ©) the continuous dictionary.

In order to capture a great variety of examples, we shall assume there exists a Hilbert space Hr, endowed with the
scalar product (-, -)7 and the norm ||-|| ., where T is a parameter belonging to N, such that: the observed process y belongs
to Hr; for all § € ©, the feature ¢ (6) (which may depend on T') belongs to Hy and is non degenerate, i.e. ||¢7(0) 1
is finite and non zero; the noise process wr, which might also depend on the parameter T is a centered Gaussian process
belonging to Hrp.

We consider the model with unknown parameters 3* in R and 9* in ©%:

ey y=p"®r(0*) +wr inHr,
where the multivariate function ®7 is defined on ©F by:
O (0) = (¢r(6h), -, dr(0x)) " for 9= (01, ,0k) €OF

and the function ¢ defined on © is the normalized feature () :

_ or(0)
@ T = oo,
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We assume from now on that the unknown K dimensional vector S* is sparse, i.e it has s non zero entries or, equiva-
lently, 3* € Bo(s) = {B € R¥, ||8]l¢, = s}, where ||8]|¢, counts the number of non zero entries of the vector 3. Let S*
be the support of ﬁ*.

S*=Supp(B*)={ke{1,--- ,K}, i #0},

and call s = Card S* the sparsity parameter. We are interested in predicting observations and in recovering the unknown
parameters. Let us denote in general by ug the vector u in R¥ restricted to the coordinates in S for any non-empty set
S C{1,...,K}. We estimate both the vector 5%. with unknown s and the vector 9. with entries in some compact set
Or containing the parameters of those functions from our continuous dictionary that appear in the mixture model. Note
that when applying the same permutation on the coordinates of 5* and the coordinates of 1J*, we obtain the same model.
Thus, the vectors §* and ¥* are defined up to such a joint permutation. Moreover, we have 5*®p(9*) = 5. @1 (9*) s+,
where, by definition, 7 (9*) s+ = ®r(¥%. ). Our model is linear and sparse in 5* but it is non-linear in 9*.

We make the following assumption on the noise process wr, where the decay rate Ap > 0 controls the noise variance
decay as the parameter 7" grows and ¢ > 0 is the intrinsic noise level.

Assumption 1.1 (Admissible noise). Let T' € N. The noise process wr belongs to Hr a.s., and there exist a noise level
o > 0 and a decay rate A > 0 such that for all f € Hr, the random variable {f,wr)r is a centered Gaussian random
variable satisfying:

3) Var ((f,wr)r) < o Ar || fl[-

In our model, the parameter 7" may be understood as the amount of information that we have on the underlying signal.

In order to recover the sparse vector 5* as well as the associated parameters ¥%. (up to a permutation), we solve the
following regularized optimization problem with a real tuning parameter x > 0:

A ] 1
4) (5.0)€ argmin |y~ BEr()[7 + ],
BERK YeOf

where the smooth function ® is defined on the set O, with ©1 a compact interval. Therefore the existence of at least a
solution is guaranteed. The functional that we minimize in this problem is composed of a data fidelity term and a penalty
term. The penalty is expressed with a ¢;-norm on the vector 8 = (f81,..., k), i.e the sum of the absolute values of
its coordinates: |||, = Zfil |B;|. This penalization is similar to that of the Lasso problem (also referred to as Basis
pursuit) introduced in [48] and extensively studied since then (see [13] for a comprehensive survey). The optimization of
the non-linear parameters is not performed on the whole set of parameters © but rather on a compact subset ©7 indexed
by the parameter 7. Indeed, it may be necessary to restrict the set of parameters, e.g. in a finite mixture model where we
consider a location parameter we can only recover those parameters within the support of the observations.

In the more general Beurling Lasso (BLasso) framework, one can rewrite the problem (4) in a measure setting. The
actual solution (ﬁ (61, . ,BK) (917 . HK)) of (4) is then seen as the atomic measure [i = Zk 1 B 65, » where
the amplitudes and the locations of the Dirac masses correspond respectively to the linear coefficients in the mixture and
the parameters of the features. The measure /i is also a solution of the BLasso problem when the latter admits atomic
solutions composed of less than K atoms. This is in particular the case in the discrete-time model, with T" design points,
presented in Section 1.2.1 where K > T according to [11]. However, to the best of our knowledge, there are no such
results when Hr is a general Hilbert space.

1.2. Examples

In this section we give examples of both discrete and continuous-time models that are covered by our general setup. We
discuss how T indicates the amount of information that the data contain on the unknown underlying signal. Indeed, in the
discrete case, the amount of information grows as the number 7' of the design points over which the process is observed
increases, while the largest step-size decreases; in the continuous case, it grows as the decay rate A7 of the noise variance
decreases.

We emphasize the various structures of noise processes that are admissible by giving several examples of discrete or
continuous-time noise processes that satisfy our assumptions. They are frequently used in discrete regression models or
continuous models like the Gaussian white noise model, see [50] or [31].



Off-the-grid learning of sparse mixtures from a continuous dictionary 3

1.2.1. Discrete-time models
Consider a real-valued process y observed over the points ¢; < - -+ < t7 on [0, 1], with T' € N*. Let Hy = L?(\7) be the
Hilbert space of real valued functions defined on [0, 1] and square integrable with respect to some probability measure

Ar on {t1,...,tr}. Let the noise wr € Hr be given by wr(t) = ZJ.Tzl Gj].{tj}(t), where G1,...,Gr are centered
Gaussian random variables and 1 4 denotes the indicator function of an arbitrary set A. Thus, the observations are:

®) y(t)= > Bt-or(0h.t;)+ Gy j=1,....T.

kes*
The risk is measured by:

T

ly = er(@)lF=> (y(tj) =Y Bx-¢r <9katj)> Ar ().

j=1 k=1

Now, let A\ = Ap Zjll d¢;, where 6, denotes the Dirac mass at z. In the particular case where A = 1/T', one can
approximate the measure A for T large by the Lebesgue measure on [0, 1], say Leb. In various examples, it is also easier
to compute the norms of the features and of their derivatives in the Hilbert space L?(Leb). This amounts to seeing Hr as
approximating Hilbert spaces of the fixed Hilbert space L?(Leb).

Let us now see that, if the noise variables G1,...,Gr are independent centered Gaussian random variables with
variance 2, then Assumption 1.1 holds with an equality:

Var((f,wr)r) = o*Ar Hf||2T

If (G1,...,Gr) is a centered Gaussian vector of dimension 7T and covariance matrix with each diagonal entry o2, then
Assumption 1.1 holds with A7 multiplied by the spectral radius o7 € [1,T] of the correlation matrix:

Var((f,wr)r) < o2 Az or || f]12.

1.2.2. Continuous-time models with truncated white noise or colored noise

Consider the set C = C([0,1],R) of R-valued continuous functions defined on [0, 1], an orthonormal base (1);,j € N) of
L? = L?([0,1], Leb) of elements of C, where Leb is the Lebesgue measure on [0, 1]. We simply denote by (,-) 2 the
corresponding scalar product. Let p = (p;,j € N) be a sequence of non-negative real numbers and set Supp(p) = {j €
N: p; > 0} its support. Let Hy be the completion of the vector space generated by the base (¢;,j € Supp(p)) (which
is also the completion of C if p is positive and bounded), with respect to the scalar product:

<fug>T = Zp] <fawj>L2 <g7¢j>L2'

JEN

Notice that the Hilbert space Hr does not depend on the parameter 7" unless p depends on 7'. Let us recall thatif p=1,
that is, the sequence p is constant equal to 1, then H7 = L?. In this model we observe a continuous path:

6) y(t)= > Bior(6i,t) +wr(t), te(0,1].
keS*

The risk is measured by:

2

1
I 5021 =30 ([ (w0~ 602 (0.0)-wy(0) 1)

JEN 0
Let € = (§;,7 € N) be a weight sequence of non-negative real numbers such that the sequence p o £ := (p;§;,7 € N)
is summable. Consider the noise wr =3, s, () V& G ¥j» where (G, j € N) are independent centered Gaussian
random variables with variance o2. Notice Assumption 1.1 holds as ||wTH2T = Zjeij &5 G? is a.s. finite and, with

Ar =supypo &
2 2 2 2 2
Var((f,wr)r) =0 pj & (f,u5)1 <o A £l
JEN

Notice that the noise wr does not depend on the parameter 7" unless p or £ depends on 7.



The truncated white noise model corresponds to p =1 and { = (§; = 1y;<7y},j € N). In this case A7 =1 and ||wTH2T
is a.s. of order o2 T by the strong law of large numbers. The white noise corresponds to the limit case 7' = oo, which
does not satisfy the hypothesis as a.s. its L?-norm is infinite. Let us mention that the bounds given in the main theorems
in Section 2 rely on ||wr || being finite and not on its value.

Consider again p = 1. Thanks to the Karhunen-Lo¢ve’s decomposition, the scaled Brownian motion wp = Cr B, with
B the Brownian motion on [0, 1] and Cr a positive constant, corresponds to the orthonormal base functions )y (t) =
V2 sin ((2k + 1)7t/2) for t € [0, 1] and the weights &, = 4C2/(2k + 1)?72 for k € N, and 02 = 1. In this case, we have

(f,wr)r =Cr fol f(s)B(s)ds for f € L? and Assumption 1.1 holds with 02 = 1 and Ar =supypo & =4C% /n2.
1.3. Previous work

The model (1) in the particular case where 1¥* is supposed given and the observations depend linearly on a vector 5* has
long been studied in the literature. Assume for simplicity that H7 = R” is the T-dimensional Euclidean space, so that
& € REXT ig a matrix whose entries are known and can be either random or deterministic, s RT is an observed vector
and wr € R is a vector of noise (often assumed to be Gaussian). Even when K is larger than T the estimation of 3* is
still consistent provided the vector 5* is sparse and a null space property is verified by the matrix ®7, or some sufficient
condition saying that the lines of &1 are not too colinear (see [51] for a complete overview). The Lasso estimator [48]
or the Dantzig selector [15] are efficient to perfom such estimation and the quality of the estimation with respect to the
dimension of the problem is now well known. The authors of [9] have given bounds for the prediction error for both
estimators.

We consider here a highly non-linear extension of this model that consists in assuming that the matrix & = &1 (9*)
depends non-linearly on a parameter ¥* to be estimated. In our model (1), ®7 is composed of K row vectors belonging
to a parametric family or by K features belonging to a continuous dictionary and the observed data y may be either a
vector or a function. This model has proven to be relevant in many fields such as microscopy, astronomy, spectroscopy,
imaging or signal processing.

When the observation y belongs to a finite-dimensional Hilbert space and the dimension K is fixed and small compared
to T', the model received attention several decades ago and gave rise to separable least square problems and resolution
methods such as variable projection (see [33, 34]). These papers mainly provided numerical methods but let us mention
the consistency result in [35] for non-linear regression models.

On the contrary, when K is arbitrarily large many problems remain open. One of the natural ideas to estimate the
underlying parameters could be to discretize the parameter space © and return to the study of a linear model. It would
amount to considering a finite subfamily of (©(#), 6 € ©) as in [46] and deal with overcomplete dictionary learning
techniques (also referred to as sparse coding, see [25, 40]). In this case, sparse estimators for linear models such as
the Lasso are available. However, in sparse spike deconvolution where the family (¢(6),6 € ©) is a family of spikes
parametrized by a location parameter, the authors of [27] have shown that in the presence of noise discretizing the space
of parameters and solving a Lasso problem tends to produce clusters of spikes around the spikes one seeks to locate.
That is why it is preferable to use off-the-grid methods. By off-the-grid, we mean that the methods employed do not use
discretization schemes on the parameter set ©. In [26], the authors show that in presence of a small noise, the BLasso
only induces a slight perturbation of the spikes locations and amplitudes and does not produce clusters. The BLasso
was introduced in [23] and has been studied in many papers since then mostly by the compressed sensing and super-
resolution communities (see [17], [S] among many others). It is basically an off-the-grid extension of the classical Lasso
for continuous dictionary learning. The optimization problem is formulated as a convex minimization over the space of
Radon measures. In the BLasso framework, the dimension K in (1) is infinite and the linear coefficients and non-linear
parameters are encoded by an atomic measure made of weighted Dirac functions. By solving a minimization problem
over Radon measures, the aim is to recover an atomic measure. It raises the question of whether such a solution exists.
In [11] the question is answered by the affirmative when the observed data y belongs to a finite-dimensional Hilbert
space Hp. When this is not the case, i.e. Hr is infinite dimensional, the question is open. In this paper, we avoid the
problem by assuming a bound K on the number of functions in the mixture and restricting the space over which the
BLasso is perfomed to the atomic measures with at most X atoms. The numerical methods used to solve the BLasso such
as the Sliding Frank-Wolfe algorithm (see [24] and [14, 32] for applications in spectroscopy and imaging), also called
the alternating descent conditional gradient method (see [10]), and the conic particle gradient descent (see [21]), seek
a solution directly in the space of Dirac mixtures. Hence, our formulation (4) is closer to the way algorithms proceed.
Let us mention that other methods such as Orthogonal Matching Pursuit (see [28]) exist to tackle the problem of sparse
learning from a continuous dictionary. Typically, the case of sparse spike deconvolution where the dictionary consists of
Gaussian functions continuously parametrized by a location parameter is not included.
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The study of the regression over a continuous dictionary in the framework of the BLasso has been quite specific to
the dictionary considered. The literature first focused on the dictionary of complex exponential functions parametrized by
their frequency ((0) : t — €270 9 € ©) where © is the d-dimensional torus (see [18]). In [12], a bound is given for
the prediction error for this dictionary. The proof extends a previous result obtained in [47] for atomic norm denoising.
What is particularly interesting is that the rates obtained for the prediction error almost reach the minimax rates achievable
for linear models (see [16, 42]) provided that the frequencies are sufficiently separated. The separation condition between
the non-linear parameters to estimate is inherent to the BLasso unless we assume the positivity of the linear parameters
as in [44].

For results on a wider range of dictionaries, let us highlight the work of [26] that gives recovery and robustness to
noise results for spike deconvolution. Let us also mention the recent work of [8] that generalizes some exact recovery
results for a broader family of dictionaries as well as the paper [7] that gives robustness to noise guarantees for a family
of shifted functions (¢(0) = k(- — 6),6 € ©) of a given specific function k. In a density model that is a mixture of shifted
functions, [22] studies a modification of the BLasso by considering a weighted L? prediction error.

The case of non-translation invariant families remained for long intractable without very pessimistic separation condi-
tions. In [41] the authors set a natural geometric framework to analyse the estimation problem. The separation condition
between the parameters appears naturally in terms of a metric. In their paper, the design over which the observation are
made is distributed according to a probability distribution. Their main result shows that in presence of noise the BLasso
recovers a measure close to the one to be estimated with respect to a Wasserstein metric.

1.4. Contributions

This paper addresses the problem of learning sparse mixtures from a continuous dictionary for a wide variety of regression
models within a common framework. Indeed, we tackle a wide range of possible dictionaries of sufficiently smooth
features, observation schemes and Gaussian noises with various structures. The observations are supposed to belong to a
Hilbert space Hr. Continuous observations over an interval of R as well as discrete observations at given design points
are therefore included in our framework. Furthermore, the Hilbert structure and the mild assumption we make on the
noise, encompass a wide range of Gaussian noises. In particular, our framework allows to take into account the case of
correlated Gaussian noise processes.

The main results of this paper gives a high-probability bound for the prediction error:

|,
T

where ( B, 19) is the solution of the optimization problem (4). Contrary to the BLasso optimization program over a set of
measures whose result can be a diffuse measure, our formulation of the optimization problem has always a solution be-
longing to a finite set of values. Our prediction error bound matches (up to logarithmic factors and with high probability)
that obtained in the linear case, that is when 9* is known and does not need to be estimated. We also give high-probability
bounds on some loss functions comparing the estimators B and 9 given by (4) to the parameters 5* and U™, respectively.
Our work extends results that were so far restricted to the specific case of a dictionary consisting of complex exponentials
continuously parameterized by their frequencies (see [12, 47]). When the optimization problem produces a cluster of fea-
tures to approximate an element of the mixture, we also show that there can be no compensation between the amplitudes
of the features involved.

|60r(d) - g @r(v)

Following works in compressed sensing and super-resolution (see [17, 18] among others), our bounds rely on the
existence of interpolating functions called “certificates" (see Assumptions 6.1 and 6.2) instead of relying on compatibility
conditions or Restricted Eigenvalue conditions. We give in Section 7 sufficient conditions for the existence of certificates
and an explicit way to construct such functions in the spirit of [41]. We show in this paper that such functions can be
constructed provided the non-linear parameters belonging to © are well separated with respect to a Riemannian metric
07 (defined in Section 4.1) associated to the kernel Kr(6,60") = (¢1(0), 1 (0))7. This minimal separation distance
between the non-linear parameters needs to be rather large, comparable to s, in a general context. However, it can be
significantly reduced to a constant order in more particular cases such as the sparse spike deconvolution, see Remark 8.2.
The Riemannian metric appears naturally when it comes to tackle a wide variety of dictionaries. In addition, it leads
to a lot of invariances in many quantities useful in the proofs. Typically, the Riemannian metrics 97 and 0% associated
respectively to the kernel Kz (-, -) and the warped kernel K% = KCr(h(-),h(-)) for some smooth enough diffeomorphism
h are equal and we have o7 (6,6") = dl(h=1(9), h=1(0")).



Our statistical results rely on tail bounds for suprema of Gaussian processes: following [12], instead of using controls
on |jwrl|/; as in the seminal works [26, 41], we used bounds, based on the noise structure from Assumption 1.1, on
quantities of the form supg,. (f(),wr), for some Hp-valued functions f built from the dictionary (@7 (0),0 € ©)
and its derivative. This approach is relevant as for some models the quantity ||wr |, may be very large, see for example
the truncated white noise model from Section 1.2.2. We note that the nonlinear parameter ¢ is univariate in our setup.
Generalization to multivariate non-linear parameters is possible, but highly technical. Indeed, the construction of the
certificates holds in the multivariate setting, but the exponential bounds for suprema of Gaussian fields are less precise
concerning their dependence on the dimension.

We give next two applications of our results respectively to the Gaussian sparse spike deconvolution and to the Scaled
exponential model also known as Laplace transform inversion. They illustrate how the stringent assumptions in all gen-
erality, become less restrictive in more precise setups. The full derivation of these examples can be found in Sections 8
and 9, respectively.

1.4.1. Gaussian sparse spike deconvolution, see Section 8.

Consider the discrete-time model (5) as described in section 1.2.1, where a process y is observed over a regular grid
t; < --- < tr on the interval [ar, br| with step size Ar = (by — ar)/T, where T € N*, by = —ar = 0¢+/log(T’) and
oo > 0 is some fixed scale factor. Assume the observations are corrupted by independent centered Gaussian random
variables of variance o2.

The dictionary consists of Gaussian spikes that are continuously translated:

<<P(9) =exp (— (9203)2> , Oe ]R) .

This model can be viewed as a non-linear extension of the Gaussian sequence model, where the mean vector is a linear
combination of shifted Gaussian spikes. We are interested in recovering the unknown shift parameters (65 )1<k<s be-
longing to the compact set O = [(1 — €)ar, (1 — €)br] C [ar,br], where € is a given positive shrinkage, as well as the
unknown linear parameters 3*.

We apply our main result, Theorem 2.1, which gives that: if the number of observations 7' is sufficiently large (depend-
ing on oy, € and the sparsity s) and if the shift parameters are separated, i.e. such that for all £ # k, |0 — 0}| 2 00, the
estimators 3 and ) defined in the minimization problem (4) using the regularization weight k = Co+/Arlog(T) achieve
the following prediction error bound:

S C/O_ s IOg(T) ,
T

|por() - pr@r() T

with probability greater than 1 — C""T~7, for some ~ > 0, where C/,/v, C'/\/7 and (,/7 A 1)C" are some universal
constants and || f||. = %\ / Z]‘T=1 f(t;)?. See Remark 8.4 for details, with 7' = -y therein.

1.4.2. Scaled exponential model, see Section 9.

Consider the continuous time model (6) where the real-valued process y is observed on R and assume that this process
is an element of the Hilbert space Hy = L%(R,,Leb) where Leb denotes here the Lebesgue measure over R . We write
H instead of Hrp for the Hilbert space and we write (-, -) its scalar product and ||-|| its associated norm.

Let the noise process be a truncated white noise as in Section 1.2.2 such that wy = Zle(l JNT) Gy b, where
(G, k € N) are independent centered Gaussian random variables with variance o2 and (¢, k € N) denotes an orthonor-
mal basis of H. We stress the fact that by the law of large numbers |wy||* tends almost surely to o2 > 0. Therefore the
upper bounds from previous results on super-resolution and BLasso (see [26] or [41]) do not apply here, as they hold for
noise processes having ||wr|| tending to zero.

Let the dictionary consist of the exponential functions :

(@(0) =exp(—0), 0Oe€ Ri) .

We aim at recovering the unknown scale parameters (6} )1<x<s belonging to a compact set whose diameter may depend
onT € N*, say Op = [T~7,T7], with v > 0, as well as the unknown linear parameters 3*.

We apply our main result, Theorem 2.1, which gives that: if the scale parameters are separated, i.e. such that for all
(#k, |log(67/67)| = 1, the estimators 3 and 1) defined in the minimization problem (4), using the regularization weight
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k= Co+/log(T)/T achieve the following prediction bound:

; 1oe(T)

|por(d) - 5 @r(v) =2,

‘SC'J

with probability larger than 1 — C”"T~7(1V /7 log(T")), where C/,/¥, C’/,/7 and C" are some universal constants. See
Remark 9.4 for details, with 7 =  therein.

2. Main Results

Recall that we consider the model (1) that we can write in an equivalent way as:

%)
— * in H
V=3 B el T T

with S* the support of the vector 5*. The main theorem of this paper gives the behavior of the prediction error with respect
to: the decay rate of the noise variance Ar, the parameter 7' € N, the sparsity s € N*, the upper bound on the number
of components in the mixed signal K and the intrinsic noise level 0. We shall consider assumptions on the regularity of
the dictionary (r, on the parameter space ©7 on which the optimization is performed and on the noise wr. Using the
features ¢ we build a kernel IC7- on the space of parameters © and an associated Riemannian metric 31, see Section 4,
which is the intrinsic metric, rather than the usual Euclidean metric. More assumptions are necessary on the closeness of
the kernel K and its derivatives defined in (29) to a limit kernel I, and its derivatives.

The theorem is stated assuming the existence of certificate functions, see Assumptions 6.1 and 6.2. Sufficient condi-
tions for their existence are given later in Section 7, in which Propositions 7.4 and 7.6 show that the limit kernel /Co
must be uniformly bounded and have concavity properties. In this case, the existence of certificates stands provided the
underlying non-linear parameters to be estimated are sufficiently separated according to the Riemannian metric 07, see
Condition (7i7) in Propositions 7.4 and 7.6.

In the following result the parameter set O is a one dimensional compact interval. We note |Or |y, its length with
respect to the Riemannian metric 97 on ©2 associated to the kernel K.

Theorem 2.1. Assume we observe the random element y of Hp under the regression model (1) with unknown parameters
B* and 9* = (0%, - - ,0%) a vector with entries in O, a compact interval of R, such that:

(i) Admissible noise: The noise process wr satisfies Assumption 1.1 for a noise level ¢ > 0 and a decay rate for the
noise variance A > 0.
(ii) Regularity of the dictionary pr: The dictionary function pr satisfies the smoothness conditions of Assumption 3.1.
The function gr defined in (14), satisfies the positivity condition of Assumption 3.2.
(iii) Regularity of the limit kernel: The kernel K, and the functions g, and heo, defined on an interval ©, C O, see
(16) and (33), satisfy the smoothness conditions of Assumption 5.1.
(iv) Proximity to the limit kernel: The kernel K defined from the dictionary, see (29), is sufficiently close to the limit
kernel K in the sense that Assumption 5.2 holds.
(v) Existence of certificates: The set of unknown parameters Q* = {0}, k € S*}, with S* = Supp(5*), satisfies As-
sumptions 6.1 and 6.2 with the same r > 0.

Then, there exist finite positive constants Cy, C1, Ca, C3 depending on the kernel K, defined on ©, and on r such that

for any T > 1 and a tuning parameter:
k> Ciov/ArlogT,

we have the prediction error bound of the estimators /3’ and 9 defined in (4) given by:

% |Bor() - grorn)| <covin,

O[04

T+/log T

with probability larger than 1 — Cs (
B and B* is bounded by:

V ) Moreover, with the same probability, the difference of the {1-norms of

<Csks.

®) [ Blles =11 81l




This result holds for both the continuous and discrete settings described in Section 1.2, covers a wide range of smooth
dictionaries, and is proven under mild assumptions on the noise. We discuss in the next remark that the prediction error
is, up to a logarithmic factor, almost optimal.

Remark 2.2 (Comparison with the Lasso estimator). Let us consider the discrete-time model where the observation space
is the Hilbert space Hy = R” endowed with the Euclidean norm |-, . The observation y € R” comes from the model
(1) where the noise is a Gaussian vector with independent entries of variance 2. In this setting, the decay rate of the
noise variance is fixed with A = 1.

We first consider that the parameters * are known. In this case, the model becomes the classical high-dimensional
regression model and the Lasso estimator 1, can be used to estimate 3* under coherence assumptions on the finite
dictionary made of the rows of the matrix ®* = &1 (9*) (see [9]). The behavior of the Lasso estimator has been studied
in the literature and its prediction risk tends to zero at the rate:

€))

(b — B7)0*|2, =0 (Mg(ff))

1
T | T

with high probability, larger than 1 — 1/K" for some positive constant v > 0. Furthermore, in the case where S*
is an unknown s-sparse vector, J9* is known and ®* verifies a coherence property, then the lower bounds of order
02 s log(K/s)/T in expected value can be deduced from the more general bounds for group sparsity in [38] (see also
[42]). The non-asymptotic prediction lower bounds for the prediction error given in [42] are:

0?5 log(K/s)

e swp B3 g0, | 2 00 TR,

|
B [B* s—sparse T

where the infinimum is taken over all the estimators B (square integrable measurable functions of the obervation y) and
for some constant C' > 0 free of s and 7". When the parameters ©* are unknown, Theorem 2.1 gives an upper bound for
the prediction risk which is, up to a logarithmic factor, almost the best rate we could achieve even knowing the non-linear
parameters ¢*. Consider the estimators in (4) where the Riemannian diameter of the set © is bounded by a constant free
of T' (this is the case of Example 5.1 below). By squaring (7) and then dividing it by 7', we obtain from Theorem 2.1 with
k=Crov/ArlogT and 7 =T for some given v > 0, that with high probability, larger than 1 — C/T7:

A 3 2
o Bor(d) - grenr)|| =0 (0],

.
T
Let us mention that [47] also obtained a similar prediction error (10) for the specific dictionary given by the complex
exponential functions (p() : ¢ — €% § € © = [0, 27]); notice that the proof therein uses the Parseval’s identity for

Fourier series as well as Markov-Bernstein type inequalities for trigonometric polynomials. Even if the structure of our
proof is in the spirit of [47], our result is more general and does not rely on the convex setting of the BLasso approach.

Remark 2.3 (Proximity to the limit kernel). We comment on Condition (iv) on the proximity of the kernels 7 and K,
which also appears as Conditions (7v)-(v) in Proposition 7.4 (and similarly as Condition (iv) in Proposition 7.6).

In the examples of Sections 3.2.2 and 3.2.4 on translation or scaling model with a continuum of observations, the
parameter T does not play any role in the definition of K7, so that one can take K, equal to Cr. In this case, the
proximity conditions on the kernels are trivially satisfied.

The example from Section 8 is devoted to the Gaussian sparse spike deconvolution, that is, to a mixture of Gaussian
translation invariant features observed in a discrete regression model on a regular grid of size 7'. In this case, we built
a family of models (Hr, @1, wr,O7) with a dictionary o7 which does not depend on T and such that the kernel Kr
and its derivatives converge to K, (and also pr from (35) converges to 1). In this setting, the proximity condition of
Theorem 2.1 holds for 7" large enough, say 7" larger than some 7y which depends on K, see Assumption 5.2. The
existence of the certificates, see Propositions 7.4 and 7.6, also requires a proximity criterion which is achieved for 7'
large enough, say 7" larger than some 77 which depends on K, and is increasing with the sparsity parameter s (see for
example Condition (v) in Proposition 7.4).

Remark 2.4 (On the dimension K, the upper bound of the sparsity). We remark that neither the bound on the prediction
error nor the probability on which the bound holds, depends on the upper bound K on the sparsity s. Therefore, the
value of K can be taken arbitrarily large. It is not surprising that K does not have any impact on the bound since the
optimisation problem (4) could be formulated without any bound on the sparsity. Indeed, the problem (4) can be embedded
in an optimization problem over a space of measures following the literature on the BLasso introduced in [23]. See also
Remark 2.6.



Off-the-grid learning of sparse mixtures from a continuous dictionary 9

The next theorem gives bounds on the differences between the parameters 3 given by the optimization problem (4)
and the “true” parameters $* for active features having their parameter 6, close, with respect to the Riemannian metric
07, to a parameter 67, with k in S*. For r > 0 given by Assumptions 6.1 and 6.2, we define:

- The support of B given by the optimization problem (4): S = Supp( B )= {E . By # 0}.
- The near region S(r) given by:

S(r) = U Sp(r)  where Sk(r):{EESZDT(ée,QZ)ST}v

k eS*

which corresponds to the set of indices ¢ in the support of B such that the corresponding parameter ég is close to
one of the true parameters 67, for some k € S™*.

The set 5\ S(r) is also called the far region. Notice that the sets Sy (r) with k € S* are pairwise disjoint under Assump-
tion 6.1, and that they can be empty. In what follows, we use the convention ), = 0.

Theorem 2.5. We consider the model in Theorem 2.1 and suppose that Assumptions (i)-(v) therein hold. Then, there exist
finite positive constants Cy, Ca, C3, C4, C5 and Cg depending on K defined on © o, and on r such that for any T > 1 and

a tuning parameter:
Kk >Cio/ArlogT

the estimators B and 9 defined in (4) satisfy the following bounds with probability larger than 1 — Co ( [O7log \Y l) :

g VT
(11) Z‘Iﬁ;ﬁl— Z Iﬁel‘SCw& > 18- Z 5@‘§C4/€S and Hﬁgmc o SCns,
keS* LeSk(r) keS* LeSk(r)
(12) > Y |Bfertn0n? <cons

keS* EeS‘k (r)
where for a subset S of T=1{1,--- , K}, the set S¢ denotes the complementary set of S inZ, that is T \ S.

Notice that each linear parameter [3;; can be estimated by the sum of several linear coefficients Bz withZe {1,--- | K}.
The first two inequalities in (11) show that there can be no compensation between the estimators Bg that approximate the
same 3; with k € S*, meaning that there can be no large values of Be having different signs that sum up to a possibly
small (in absolute value) true 3;. The second inequality in (11) gives the estimation rate of the linear parameters 3;; with
k € 5*. The last bound in (11) basically means that when an estimation ée with £ € {1,---, K} is far from any parameter
0 with k € S*, that is at a distance greater than 7, the associated parameters Bg drop to zero if the tuning parameter « is
taken equal to its lower bound and the decay rate of the noise variance Ap drops to zero. Therefore, the contribution of
the parameters ég in the far region, that are not in S (r), will drop to zero as well.

Remark 2.6 (Again on the dimension K'). As in Theorem 2.1, we remark that neither the bounds nor the probability of
the event on which the bounds hold depend on the upper bound K on the sparsity s.

If the optimization on 1) in (4) is performed over a subset of © in which the coordinates of the considered vectors are
at a distance greater than 2r pairwise with respect to the Riemannian metric 0, then the sets Sy (r) contain at most one
element. However, by doing so, we introduce an upper bound on the dimension K whereas in Theorem 2.1 the dimension
K can be arbitrarily large. Indeed, O is a compact set and therefore contains a finite number of balls of size 2r.

Outline of the paper. In Section 3, we give the definition of the kernel X measuring the correlation between two
elements in the continuous dictionary and we present the regularity assumptions on the function (7. Section 4 introduces
the Riemannian geometry framework useful in our context. Section 5 defines the convergence (or closeness condition)
of kernels /Cp towards a limit kernel K. Then, we require properties on the limit kernel ., and propagate them to
the kernels /Cr thanks to this convergence. In Section 6, we present the assumptions on the existence of the so-called
certificate functions used to state Theorems 2.1 and 2.5. We give sufficient conditions for the existence of certificate
functions in Section 7. The examples of Gaussian sparse spike deconvolution and of Scaled exponential family in our
regression model is fully detailed in Section 8 and 9, respectively. Then, the Appendix A is dedicated to the proofs of
Theorems 2.1 and 2.5. The proofs of existence and explicit constructions of the certificates are detailed in the Appendix B.
Other intermediate results are proven in Appendix C .
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3. Dictionary of features

We present in the next section the regularity assumptions on the features (¢1(6),0 € ©) we shall consider and then give
examples of families of features satisfying such assumptions.

3.1. Assumptions on the regularity of the features

Let T € N be fixed. We consider the Hilbert space (Hr, (-,-)r) and the features (¢7(6),0 € ©) which are elements of
Hr. We shall consider the following regularity assumptions on the features.

Assumption 3.1 (Smoothness of ¢r). We assume that the function o7 : © — Hry is of class C* and || o7 (0)| 7 > 0 on
o.

Recall o1 = ¢7/||¢7]| from (2) and notice that ¢, and thus @, are continuous functions. Under Assumption 3.1,
elementary calculations using (123) give:

_ Oppr(0)  pr(8) (01 (6), d9er(0)) 1
a3 %0 O) = o @l ler @I

)

and thus, we deduce that the function g7 : © — R defined by:

(14) g7(0) = a7 ()|

is well defined and continuous.
We shall consider the following non-degeneracy assumption on the features.

Assumption 3.2 (Positivity of g7). Assumption 3.1 holds and we have gr > 0 on ©.

Even if Assumption 3.2 requires Assumption 3.1, in the following we shall stress when Assumption 3.1 is in force.

The next lemma gives a sufficient condition on 7 for Assumption 3.2 to hold.

Lemma 3.1 (On the positivity of gr). Suppose Assumption 3.1 holds. If the elements o1 (0) and Jpr(0) of Hr are
linearly independent for all 0 € © and ||0p1(0)|| > 0 for all 6 € ©, then gr is positive on ©.

Proof. For simplicity, we remove the subscript 7', and for example write simply ¢ = ¢/||¢||. Recall that by Assump-
tion 3.1 we have ||¢(0)|| > 0. Assume there exists § € © such that g(¢) = 0, that is Jgp(0) = 0. Since ||@(6)| > 0,
we deduce from (13) that 9p(6)[|0(0)]|* — ©(6) (2(0), e ()) = 0. Then use that by assumption dge(f) # 0 and
lo(@)|| > 0, to get that p(6) and Jyp(0) are linearly dependent. In conclusion, we get that if ¢(0) and Jyp(6) are
linearly independent, then () > 0. O

3.2. Examples of regular features

The aim of this section of examples is to stress that a large variety of dictionaries of features and type of parameters verify
Assumptions 3.1 and 3.2.

3.2.1. Translation discrete-time model
Lett; <--- <ty be a grid on R of size T € N, Ay an atomic measure whose support is the grid, and Hy = LQ()\T).
Consider the translation invariant dictionary:

(15) (pr(0) =k(-—0),0€0),

with © = R and k is a real-valued C® function defined on R. Notice the dictionary does not depend on 7. We now
consider usual choices for the function k.

For the Gaussian function k(t) = ¢~*"/2 and the Cauchy function k(t)=1/(1+t?), we get that Assumption 3.1 holds
and, using Lemma 3.1 that Assumption 3.2 is also satisfied provided respectively T' > 2 and T" > 3.

For the Shannon scaling function k(t) = sinc(t) = sin(nt)/(7t), Assumption 3.1 holds provided that Az ((a + Z)) >
0 for all a € R, that is the grid is not a subset of a +Z* for some a € R. There is no easy way to write conditions on the grid,
based on the use of Lemma 3.1, for Assumption 3.2 to hold (let us mention that 7' > 2 and miny <;<p—1 (41 — ;) < 1/2
is a sufficient condition for Assumption 3.2 to hold).

Eventually notice that the Laplace function k(t) = e~ !*! is not smooth enough for Assumption 3.1 to hold.
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3.2.2. Translation model with a continuum of observations
Let T € N (which does not play a role here) and Hr = L?(Leb), where Leb is the Lebesgue measure on R. In this
framework, the observation y defined in (1) is a continuum of observations. Consider the translation invariant dictionaries
from Section 3.2.1, where k is either the Gaussian, the Cauchy or the Shannon scaling function. Notice that the Hilbert
space and the dictionary do not depend on 7. Then, it is easy to check that Assumptions 3.1 and 3.2 hold.

We see that this model, which can be seen as a continuous approximation (or limit) of the discrete models from
Section 3.2.1 when T therein is large, is easier to handle than the corresponding discrete models.

3.2.3. Translation model with a varying scaling parameter
Let T € N, Hy = L?(Leb), where Leb is the Lebesgue measure on R, and consider the translation invariant dictionary
scaled by o > 0 given by:

(er(0) =k(az' (= 0)), 0 €0),

with © = R and k is a real-valued C? function defined on R. Contrary to Section 3.2.2, the features depend on 7". Suppose
that £ is the Shannon scaling function (see Section 3.2.1) and consider the vector sub-space V given by the closure in
Hr of the vector space spanned by the dictionary. According to [39, Theorem 3.5], the set Vr is the subset of Hr of
all functions whose Fourier transform support is a subset of [—7 /&1, 7 /G r]. Suppose that the sequence (o7, T € N) is
decreasing to 0. Then the sequence (Vr,T € N) is increasing and | J ;. V7 = Hr. This model provides an example of
translation models with possibly varying, but known, scaling parameter o .

3.2.4. Scaling exponential model
Let T' € N (which does not play a role here), Hr = L?(Leb), where Leb is the Lebesgue measure on R, and consider
the scale invariant dictionary given by:

(or(0) = k(0-), 0 € ©),

with © = R” and the exponential function k : ¢ > e~t. This dictionary is used for example in fluorescence microscopy
(see [24]). Clearly Assumption 3.1 holds as well as Assumption 3.2 as g (0) = 1/(462).

4. A Riemannian metric on the set of parameters
4.1. On the Riemannian metric in dimension one

Recall © is an interval of R. We call kernel a real-valued function defined on ©2. Let K be a symmetric kernel of class
C? such that the function gx defined on © by:

(16) gk (0) =02 ,K(0,0)

is positive and locally bounded, where 0, (resp. 9,) denotes the usual derivative with respect to the first (resp. second)
variable. Following [41], we define an intrinsic Riemannian metric, denoted 9, on the parameter set © using the function
gxc- One of the motivations to use the Riemannian metric is to work with intrinsic quantities related to the parameters
which are invariant by reparametrization, such as the diameter of (subsets of) ©. Since © is one-dimensional and con-
nected, the Riemannian metric 9x (6, 6’) between 6,6’ € © reduces to:

(17) 0k(6,0") = |G (0) — G ()],

where G is a primitive of /gi.

Remark 4.1. We refer to [37] and [43] for a general presentation on Riemannian manifolds, and we give an immediate
application in dimension one which entails in particular (17). Let © be a manifold (of dimension one). A path v : [0,1] —
© is an admissible path if it is continuous, piecewise continuously differentiable with non-vanishing derivative. Its length
is given by Lx(v) = fol |95 v/ gc(7s) ds, where || is seen as the norm of the vector %5 in the tangent space, and
the scalar product on the tangent space at 6 € © is given by (u,v) — (u, gi(6)v) with (-,-) the usual Euclidean scalar
product. (In our case, the tangent vector space is R and the Euclidean scalar product reduces to the usual product). The
Riemannian metric 0x between 6,6’ in © is then defined by:

(18) USCACS :igf Li(v),
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where the infinimum is taken over the admissible paths ~y such that vo = 6 and v, = €’. It is not hard to see that 7 is a
minimizing path, that is, 9x(0,60") = Lx (7). if and only if + is monotone (and thus v, € [§ A ¢',0 Vv §'] for all s € [0, 1]).
This is equivalent to say that the sign of 4, is constant. Assume that g is of class C'. The path ~ is a geodesic if it is
smooth with zero acceleration, that is, in dimension one for all s € (0,1):

1 g (vs
2 gxc(7s)

19) Ys +

This is equivalent to s — 5 1/gx(7s) being constant, which implies that the geodesic is a minimizing path.

We now derive the equation of the geodesic path when gy is of class C*. Recall G denotes the primitive of Vo Itis
continuous increasing and thus induces a one-to-one map from © to its image. Set a = Gic(6) and b= G (') — G (6),
so that the path 7 : [0,1] — © defined by 75 = Gi'(a + bs) is a geodesic and minimizing path from 6 to 6 with
Lic(v) =0x(6,0).

Following [41], we introduce the covariant derivatives, see [2, Sections 3.6 and 5.6], which have elementary expres-
sions as the set of parameters © is one-dimensional. For a smooth function f defined on © and taking values in an
Hilbert space, say H, the covariant derivative D;.x[f] of order i € N is defined recursively by Do.x[f] = f and for i € N,
assuming that gi is of class C*, and 0 € O:

(20) Di1x[f1(0) = 9&(9)%59 (W) .
g (0)2

In particular, we have for f € C%(©, H) (and assuming that gx is of class C! for the last equality) that:

e Doxlfl=J. Duxlfl=0of. Daxlfl=03f 3% 01

We shall also consider the following modification of the covariant derivative, for ¢ € N:

(22) Dixc[£1(0) = g (0)~"/? Dk [£1(0).
We have DO;;C [f] = f, and we deduce from (20) that for i € N*, assuming that gx is of class C’:

(23) Dk = Dl;lc o Difmc = (ch) )

so that f)l; i can be seen as a derivative operator.
We now give an elementary variant of the Taylor-Lagrange expansion using the previously defined Riemannian metric
and covariant derivatives. Its proof can be found in the Appendix, Section C.4.

Lemma 4.2. Assume gy is positive and of class C L. Let f be a function defined on © taking values in an Hilbert space
of class C?. Setting !l = Dy xc[f] fori € {1,2}, we have that for all 0,6, € ©:

(24) £(8) = f(0o) + sign(0 — ) i (6, 00) F11(60) + 0 (6, 60)* /0 (1—t) fB () dt,

where 7y is a geodesic path such that vy = 6o, v1 = 0 (and thus 0x(0,60) = Lic(7))

For a real-valued function F' defined on ©2, we say that F is of class C%° on ©2 if it is continuous on ©2, and of
class C*J on ©2, with 4,5 € N, as soon as: F is of class C°*, and if i > 1 then the function 6 — F(0,6") is of class C?
on © and its derivative 9, F is of class C*~ 7/ on ©2, and if j > 1 the function §’ — F(6,0") is of class C/ on © and its
derivative 0, F is of class C*/~1 on ©2. For a real-valued symmetric function F defined on ©2 of class C*/, we define
the covariant derivatives D; ;. [F] of order (4, j) € N? recursively by Dy o.c[F] = F and for i, j € N, assuming that gx
is of class C™@x(4:9) and 0,6’ € ©:

Dy [F1(0,0')

(25) Di1,5,c[F1(0,0") :916(9)%5'0 ( n
gk (0)2

> and Di7j;)c[F](0,0/) :DM;,C[F](F)',G).
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In particular, we have Dg o.xc[F]| = F, D19 = 0xF, Do, = 0y F and Dy 1. = 82 F'. We shall also consider the
following modification of the covariant denvatwe fori,je N:

Dijic[F1(6,0")
gxc(0)7/2 g (07)3/2

(26) Dijx[F(0,0') =

We have D 0. © Do 1.x = Do 1.x © D1g.xc and for i, j € N, assuming that g is of class C™#*(%);
Dijc = (Droc) o (Don) -

For i,j € N, if K is of class C?V17V1, we consider the real-valued function defined on ©2 by:

27) Kb = Dy . [K).

In particular, since K is of class C 2 we have:

(28) KO =K and KMU(,0)=1.

4.2. The kernel and the Riemannian metric associated to the dictionary of features

Let T € N be fixed and assume that Assumption 3.2 holds. We define the kernel 1 on ©2 by:

<<PT(9)7 @T(9/)>T

@) 00 = r O o O = o @l e @

where we recall that ¢ = @1/ H‘PTHT When c0n51der1ng the kernel Krp, we shall write g for gx,., and similarly we
shall use the notations DZ .7 and DZ ;7 instead of Dl .k and DZ - Recall the derivatives of the kernel K defined
by (27). The next lemma insures in particular that the two definitions of g7 given by (14) and (16) are consistent, that is:

(30) g7(0) = 92,K7(0,0) = |9667(0) 7.
The proof of the next lemma can be found in the Appendix, Section C.4.

Lemma 4.3. Let T € N be fixed and assume that Assumptions 3.1 and 3.2 hold. Then, the symmetric kernel K1 is of
class C33 on ©2 and fori,j € {0,...,3} and 0,0’ € ©, we have:

(31 K571(0,0") = (Disr[61)(0), Djir o) (0)) .
We also have:

(32) s&pvdﬁvowg, K2%0.0)=1, kl%06,0)=0, K2%0,0)=-1 and K'(6,6)=0.

5. Approximating the kernel associated to the dictionary

In the section we detail the assumptions guaranteeing the approximation of the kernel Cr (which is usually difficult to
compute) by a kernel K, (which is easier to handle). Both kernels are defined on ©2, however, we shall qualify the
approximation of K7 by K, and properties of ., on subsets of O, respectively ©1 (which will be a compact interval)
and © ., (which will be an interval possibly unbounded). We use notations from Section 4 and recall the definition of g,
resp. Klial, given in (16), resp. in (27). Assuming the kernel K is of class C>2 and using the notation (27), we also set for
0ec0o:

(33) hi (0) = KB21(9,6).

For simplicity, for an expression A we write A, for Ax, where * is equal to T" or co. We first give a regularity assumption
on the kernel K,
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Assumption 5.1 (Properties of the asymptotic kernel Ko, and function ho). The symmetric kernel Ko, defined on ©2 is
of class C*3, the function g defined by (16) on © is positive and locally bounded (as well as of class C?), and we have

Koo (8,0) = — K2 (0,0) =1 for 6 € ©. The set O, C © is an interval and we have:

(34) L3 :=sup ho < +00, and L;;:=sup |1Cg0’j]| <+4oo foralli,je{0,1,2}.
e

oo

Since O is compact, under Assumptions 3.2 and 5.1, we deduce that the constant p7 below is positive and finite,
where:

35) pT = max (sup,/gT,sup,/goo> .
@T g()O @T QT

From the definition of the Riemannian metric given in (17) (see also (18)), we readily deduce that the metrics 07 and 9,
are then strongly equivalent on ©7; more precisely we have that on ©2.:

1
(36) — 000 07 < P71 000-
PT

We then give an assumption on the quality of approximation of K by K. We set:

37) Vr = maX(V(Tl), Vg)) with V(Tl) = max _sup |IC¥’j] — KEJl| and V:(FQ) =sup |hr — hool.
1,j€{0,1,2} oz or

Let us recall that Assumption 3.2 implies regularity conditions on [Cr, see Lemma 4.3.

Assumption 5.2 (Quality of the approximation). Let T' € N be fixed. Assumptions 3.2 and 5.1 hold, the interval O C O
is a compact interval, and we have:

Vr < Lo A Ls.

Notice that if Assumption 3.2 holds, then Assumptions 5.1 and 5.2 hold trivially when one takes ., = K1 and
O = O; notice also that p7 = 1 in this case. In the next example, the sequence of kernels (Kr,T € N) converges to
the kernel I, as T goes to infinity, so that Assumption 5.2 holds for 7" large enough.

Example 5.1. We consider the discrete-time example from Section 1.2.1. We assume that the process y is a function
defined on [0, 1] which, for T' € N* is observed through the regular grid {¢; r = j/T : 1 < j <T'}. The process y is
seen as an element of the Hilbert space Hy = L?(Ar), with the probability measure Ay = Ap ZjT:l d¢, - on [0,1] with
Ar =1/T. Let © be a compact interval of R and set O = O, = ©. Consider a dictionary (¢(6),6 € ©) independent
of T, that is, o1 = ¢ for all T' € N*, and assume that the function (6,t) — ©(8)(t) is defined on © x [0, 1] and of class
C39. Assume that the dictionary satisfies the regularity assumptions of Assumption 3.2.

Let Leb be the Lebesgue measure on [0, 1], so that (Ap,T" € N*) converges weakly to Leb. Then, define the kernel
Koo by (29) with o replaced by ¢ (as the dictionary does not depend on T") and the scalar product (-, )7 by the usual
scalar product on L?(Leb). Thanks to Lemma 4.3, we deduce that Assumption 5.1 on the properties of Ko is satisfied.
Using the weak convergence of (Ar,T € N*) to Leb, we deduce that limy_, o 050 K = 020 Koo uniformly on [0, 1]
foralli,5 € {0,...,3}. This implies that:

im — “ and im pr = I
T— 00 V I'— o0
ThllS ASSUIIlptIOIl 5.2 hOIdS fOI j laIge enough-

6. Certificates

In this section, we make assumptions on the existence of functions from © to R called certificates. These functions have
interpolation properties that are corner stones in the proof of Theorem 2.1. The term “certificate” is inherited from the
compressed sensing field were such functions were used to get rid of the Restricted Isometry Property condition (RIP)
for exact recontruction of signals (see [20] for details on the RIP condition). In [19], the authors showed that is possible
to reconstruct exactly a sparse signal from the observations of a finite number of Fourier coefficients by exhibiting a dual
certificate. Many papers have followed this line of research since then (see e.g. [17, 18, 26]).
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In sparse linear models the bounds for prediction error are proved using RIP, Restricted Eigenvalue or compatibility
conditions (see [9, 51]). Among these assumptions, the compatibility conditions are the less restrictive. Indeed, the authors
of [52] have shown that it is implied by both the RIP and the Restricted Eigenvalue. However, in many contexts even the
weaker condition fails to hold. Typically the compatibility condition fails to hold in the context of super-resolution which
aims at extracting the frequencies and amplitudes of a linear combination of complex exponentials from a small number
of noisy time samples (see [12]).

In the papers [12] and [47], the authors achieve nearly optimal rates for the prediction error in the super-resolution
framework using certificate functions. Their method and proof are however quite specific to complex exponentials and
their certificates are trigonometric polynomials. The insightful paper of [26] builds certificates in a quite general setting
for a one dimensional parameter set ©. In [22], the authors exhibit certificate functions to deal with more general proba-
bility density models where © is multidimensional. However they are restricted to translation invariant dictionaries (15).
The most general framework has been introduced in [41] where the Riemannian geometry is key to build in a natural way
the so-called certificate functions. In fact a separation distance between the parameters to estimate is needed to build cer-
tificates and the Euclidean metric yields overly pessimistic minimum separation condition. In what follows we introduce
new certificates, called derivative certificates, in order to control the prediction error.

We consider the following assumption in the spirit of [41]. We consider the setting where 7' may be finite. Let ' € N,
H7 be an Hilbert space and (¢1(6),6 € ©) a dictionary satisfying Assumptions 3.1 and 3.2, so that the kernel Kr is of
class C3 on ©2. Recall the Riemannian metric 9, associated to K, which we simply denote by dr. We define the
closed ball centered at 6 € ©p with radius r by:

BT(Q,T) = {9/ €0Or, DT(Q,QI) < 7”} COr.

Let Q* be a subset of Or of cardinal s. For r > 0, the near region of Q* is the union of balls | Jy.co. Br(0*,7) and
its far region is the complementary of the near region in ©7: O \ Jg. ¢ o. Br(6*, 7). Sufficient conditions for the next
assumption to hold are given in Section 7.

Assumption 6.1 (Interpolating certificate). Let T € N, s € N*, r > 0 and Q* be a subset of O of cardinal s. Suppose
Assumptions 3.1 and 3.2 on the dictionary (¢1(0),0 € ©), and Assumption 5.1 on the kernel K., defined on ©2, hold.
Suppose that 07 (0,0') > 2r for all 0,0" € Q* C Or, and that there exist finite positive constants Cn,C,Cp, Cp,
with Cr < 1, depending on v and K, such that for any application v : Q* — {—1,1} there exists an element p € Hp
satisfying:

(i) Forall 0* € Q* and 0 € Br(6*,1), we have |{¢7(0),p)r| <1 — Cn 0r(6*,0)%
(ii) Forall 0* € Q* and 0 € Br(0*,r), we have |(¢p7(0),p)r — v(0%)| < O\ 07(6%,6).
(iii) Forall ®inOrand 0 ¢ |J Br(0*,r) (far region), we have |{(¢1(0),p)7| <1 — Cp.
0reQ*
(iv) We have ||p|| < Cp /s
The function 7 : 6 — (¢7(0), p)7 is the so-called “interpolating certificate” of the function v, as thanks to (i¢) with
6 = 6*, the function 7 coincides with the function v on Q*. In addition, the interpolating certificate is required to have
curvature properties in the near region and to be bounded by a constant strictly inferior to 1 in the far region. When r
is sufficiently small (that is, » < y/2/(Cn + C'y)) Conditions (¢) and (i¢) are equivalent to the fact that the function 7
is in-between two quadratic functions in the near region of Q*: for all * € Q* such that v(6*) =1 (resp. v(0*) = —1)
and 0 € Br(0*,r), we have 1 — Cly, 07(0*,0)% <n(0) <1 — Cy 07 (6%,0)? (resp. =1+ Cn 07 (0*,0)% <n(f) < -1+
Clhor(0%,0)2).

Sufficient conditions for the next assumption to hold are also given in Section 7.

Assumption 6.2 (Interpolating derivative certificate). Let T' € N, s € N*, r > 0 and Q* be a subset of O of cardinal
s. Suppose Assumptions 3.1 and 3.2 on the dictionary (pr1(0),0 € ©), and Assumption 5.1 on the kernel K., defined
on ©2, hold. Assume that 07 (0,0") > 2r for all 0,0’ € Q* C O and that there exist finite positive constants cy,cr, ¢
depending on r and K, such that for any application v : Q* — {—1,1} there exists an element q € Hr satisfying:

(i) Forall 0* € Q* and 0 € By (0*,1), we have:
[(67(0), @) — v(0™) sign(d — §")or(0,6%)| < ex 07 (6%,6)*.

(ii) Forall@in®rand ¢ \J Br(0*,r) (far region), we have |{¢p1(0),q)r| < cF.
0*€Q*
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(iii) |lg||r < cp V/s.

The function 8 — (¢ (6), g)r will be called an “interpolating derivative certificate” as it vanishes on Q*. In addition,
this function is required to decrease similarly to the function 9 (+,6*) near 6* and to be bounded in the far region of Q*.

7. Sufficient conditions for the existence of certificates

In this section, we prove the existence of the certificate functions of Assumptions 6.1 and 6.2 provided that the parameters
to be estimated are sufficiently separated in terms of the Riemannian metric. According to [45], the separation condition
cannot be avoided to build certificate functions in general. It is however possible to remove this separation condition in
some particular cases, see [44] for models with positive amplitudes.

In order to find sufficient conditions for the existence of the interpolating certificate functions of Assumption 6.1, we
extend the construction from [41] to a non asymptotic setting. For the existence of the interpolating derivative certifi-
cate functions of Assumption 6.2, we generalize the proof of [17, Lemma 2.7] dedicated to the dictionary of complex
exponential functions. The proofs for the existence of certificates given in Section B require boundedness and local con-
cavity properties of the kernel /Cr. For practical application, they are deduced from the boundedness and local concavity
properties of the kernel Ko, and the quality of approximation of 1 by K, discussed in Section 5.

7.1. Boundedness and local concavity of the kernel K

In this work, we shall consider bounded kernels locally concave on the diagonal. More precisely, for T € N =N U {oo}
and r > 0, we define:

(38) er(r)=1—sup{|Kr(0,0")|; 6,0" € Or such thator(0',0) >r},

(39) vp(r) = —sup {IC[TO’Q] 0,0); 60,0 € O such that 07(6,0) < 7"} .

The fact that e7(r) and vr(r) are positive depends on the function o, the space Hr and the set ©r. Let us mention
that in many examples the positiveness of £, (7) and v () is easy to check whereas the positiveness of e (r) and v (r)
might be more difficult to prove.

Notice that (32) for 7" € N and Assumption 5.1 for 7' = oo, and the continuity of Cr and IC[TO’Q} give that:

(40) lim ep(r)=0 and lim vp(r)=1.

r—0+ r—0+

Recall pr and V7 defined in (35) and (37). The next lemmas state that if €, (r/pr) (resp. Voo (Tpr)) is positive and if
the approximation of K by K is good, i.e. Vr is small, then e (r) (resp. v (r)) is also positive.

Lemma 7.1. Let T' € N. Suppose Assumptions 3.1, 3.2 and 5.1 hold. Then we have for r > 0:
er(r) > eo(r/pr) —Vr and vr(r)>ve(rpr)— Vr.

Proof. As Assumptions 3.2 and 5.1 hold, recall that 9. /pr <07 < pr0oo ON ©2, see (36).
Let 0,60" € © such that 07(6,60) > r. We have 0. (6',0) > r/pr. We get from the definition of Vr that:

(K7 (0,6")] < |Koo(0,0)| + Vr <1 —eos(r/pr) + V1.
Then, use (38) to get e (1) > eoo(r/pr) — V. We also have 0, (6/,6) < rpr. We deduce that:
—Kp?(0,6) > ~KRA0.0') = Vr > v (rpr) = Vi
Finally, using (39), we obtain vy (1) > veo (rpr) — Vr. O

When we require in addition of the assumptions of Lemma 7.1 that e (7/p1) A Voo (rpr) > Vr > 0, then we have
er(r)>0and vp(r) > 0.
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7.2. Separation conditions for the non-linear parameters

In what follows, we measure the interferences (or the overlap) between the features in the mixture through a quantity o7
introduced in [41] and defined below. Let 7" € N, § > 0 and s € N*. We define the set ©7. ; C ©7F of vector of parameters
of dimension s € N* and separation § > 0 as:

O 5= {(91, o0, 05) € OF 1 0r(0p,0;) > 0 for all distinct k, £ € {1,.. ,s}}
Using the convention inf () = 400, we set for u > 0:

1) 5T(u,s):inf{5>o: max > K000 <u
== =1 ke

for all (4, 7) € {0,1} x {0,1,2} and (61, --- ,0,) € @;6}.

The quantity d7(u, s) is the minimum distance (with respect to the Riemannian metric 97) between s parameters so
that the coherence of the associated dictionary is bounded by u. The notion of coherence between the features in the
definition of 07 (u, s) is quite similar to the one used in compressed sensing (see [30, Section 5]). A standard problem in
compressed sensing is to retrieve the vector 5* when the multivariate function ®(9*) is known in the discrete setting
of Section 1.2.1. In this framework, the matrix ®(9*), whose rows correspond to the K discretized functions in the
dictionary, is known. The coherence is defined as 1<g;aex |ICr(0%,67)|. Usually, the smaller the coherence, the easier it

is to retrieve the parameter 5*. The Babel function, introduced in [49], is even closer to our measure of overlap. We refer
to [41] for a discussion on this function.

Remark 7.2 (Rewriting the separation condition with operator norm). We shall stress that the definition of d in (41) is
related to the operator norm ||-[|,, associated to the £ norm on R®. We restate (41) using this operator norm ||-|[,, and
leave the interested reader to check that another choice of operator norm does not improve the bounds on the certificates.

Let us define for i, = 0, 1,2 (assuming the kernel /Cr is smooth enough) and ¥ = (04,...,05) € ©% the s X s matrix:

(42) K w) = (K500 00))

1<k f<s

Let I be the identity matrix of size s x s. For ¢ =0 or ¢ = 1, since the diagonal coefficients of IC%“ (9) are equal to 1,
see (28), we get:
= max Z K (0, 6,)].

op 1<k<s

s

Since the diagonal coefficients of IC%’O} (9), IC[IQ’” (9¥) and ICg}’Q (9) are zero, see (32), we also get:

e = 0 S K00

= max Zuc“” (61,6,)| and H/c[“

op 1<k<s

and by symmetry, with ||- Hzp for the operator norm associated to the £; norm:

[l =i @)

1,0 * 1,0 0,1
=) = max Sk ](9k796)|1@358#2k|’C[T '(0.00)].

1<6<s
R

Since the diagonal coefficients of IC[T2 0] (9) are equal to -1, see (32), we also get:

|1+ k)

= max Y [KF (65, 00)|.

1<k<
op > _S€ L
Ihus, we have:

43) 57 (u, s) = inf {5 >0: Apy_(9) <u,0 € @;5}7
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where:

(44) Ary ()=

max (HI — kLY@l = kB |+ k2% [ ) K2 (9)

)
op

")

Lemma 7.3 below enables us to compare the separation distance at 7' fixed and at the limit case where T = +o0.
Recall that the constant pp is defined in (35).

’ ’ ) ’ ’
op op op op

Lemma 7.3. Let T € N and s € N*. Suppose Assumptions 3.1, 3.2 and 5.1 hold. Then, for u > 0 and with:
ur(s)=u+(s—1)Vr,
we have:

or (U’T(s)7 S) < pr oo (u7 8) and 6’?,;};’1 Ooo (u,s) < @%,ET(uT(s),s)'

Proof. Since Assumptions 3.2 and 5.1 hold, we have from (36) that 9 < p7 0, On ®2T. Hence for any § > 0, we

have the inclusion GLfF,pT s C 9@0,6. In particular, we have for u > 0 that 6%7” Soo (1,5) C @;,500 (4,5)" Using the triangle

inequality and the definition of Vr in (37), we have that for (i, j) € {0,1} x {0,1,2} and (4, --- ,0,) € ©%:

S

S h o0l < Y (KL 0,00+ V).
k=1,k#¢ k=1,k#L

Then, the inclusion ©7 1 6o (10,5) C O s (

oo (1,5)

gives that for all (¢,5) € {0,1} x {0,1,2} and (0, ---,0;) €
;“,pTéoo(u,s):

S

ST IKE 00,00) <ut (s - 1)V
k=1,k#L

\gith ur(s) =u+ (s — 1)Vr, we deduce that 57 (ur(s), s) < pr doc(u, s), which proves the inclusion ©F, s . - C
T,57(ur(s),s)"

7.3. The interpolating certificates

We define quantities which depend on K., © and on real parameters > 0 and p > 1:

1 Voo (pr) | Eoc(1/p)
(1) — -
(45) Hoo (7“, p) ) /\LQ,O A L2,1 A 10 A 10 y
HO (r,p) = 2 p el Svelor)

6 10(5+2L10) 9(2Lag+2Lo, +4)

where the constants involved are defined in (34). By recalling the behaviors of €4, (r) and v () when 7 goes down to
zero from (40), we have for p > 1:

lim H() =0 d lim H® =0.
Jim H(r, p) and  lim HZJ(r, p)

We state the first main result of this section whose proof is given in Section B.
Proposition 7.4 (Interpolating certificate). Let T € N, s € N*, p > 1 and r > 0. We assume that:

(i) Regularity of the dictionary or: Assumptions 3.1 and 3.2 hold.
(ii) Regularity of the limit kernel K ..: Assumption 5.1 holds, we have r € (0,1/+/2Ls), and also ex(r/p) > 0 and
Voo (pr) > 0.

(iii) Separation of the non-linear parameters: There exists U, € (0, HC(X%) (r, p)) such that:

Joo (Uoso, §) < +00.
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(iv) Closeness of the metrics 01 and 0,: We have pr < p.
(v) Proximity of the kernels K1 and KC..:

Ve <HWY(r,p) and (s—1)Vp <HP(r,p) — tino.
Then, with the positive constants:

Voo (pT ) 1 1 EoolT/p
(46) Cn=Cn(r)= 1é0 )7 Cy = gLQ,o + §L2,1 + 2 Cg=2 and Cp=Cp(r)= % <1,

Assumption 6.1 holds (with the same 1) for any subset Q* = {07, 1 <1i < s} such that for all 0 #+ 6’ € Q*:

07(0,0') > 2 max(r, pr oo (Uso, 5))-

Note that () concerns the dictionary o7, (i4) and (7i7) the limit kernel Ko, and the set of parameters, and (iv) and
(v) the regime for the parameters s and 7.

Remark 7.5 (On the assumptions of Proposition 7.4 when Ko, = ICr). In the setting where the limit kernel and the
approximating kernel are equal, some assumptions in the proposition become less restrictive, without any changes to the
proofs. If K, is chosen equal to K, then Vr =0 and p7 = 1, and also (iv) and (v) hold and p can be chosen equal to 1

and u«, can be chosen equal to a? (r,1).
We now give the second main result of this section whose proof is given in Section B.2.

Proposition 7.6 (Interpolating derivative certificate). Let T' € N and s € N*. We assume that:

(i) Regularity of the dictionary or: Assumptions 3.1 and 3.2 hold.
(ii) Regularity of the limit kernel IC.: Assumption 5.1 holds.
(iii) Separation of the non-linear parameters: There exists ul_ € (0,1/6), such that:

oo (Ul 8) < +00.
(iv) Proximity of the kernels ICr and K .: We have:
Vr<1 and (s—1)Vr+u. <1/6.

Then, with the positive constants:

7

1 5 7
o 7L2,1 + 17

8 8 8’
Assumption 6.2 holds for any r > 0 and any subset Q* = {0}, 1 <1 < s} such that for all 0 # 0’ € Q*:

5
“7n CN = LQ’O + cg=2 and cp= ZLLO +

07(6,0") > 2 max(r, prdeo (UL, 8)).

Let us briefly indicate how the certificates are constructed in Section B using the features of the dictionary. Let a =
(ov,...,05) and £ = (£1,..., &) be elements of R®. Let p, ¢ € Hr be defined by:

Pae = > akdr () + Y &k & (0F),
k=1 k=1

where qz#] denotes the derivative Dl;T[ng]. Using (31) in Lemma 4.3, set the interpolating real-valued function 7, ¢
defined on © by:

N (0) = (67(0), pase)r = > o Kr(0,07) + > & K1 (0,65).
k=1 k=1

By Assumption 3.2 on the regularity of ¢ and the positivity of gr and Lemma 4.3, we get that the function 7, ¢ is of
class C2 on ©, and using (23), we get that:

b = Dirliae(0) =Y an K3 (0,05) + >~ . K5(0,07).
k=1 k=1
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We show in Section B that for any function v : @* — {—1,1} there exists a unique choice of a and & such that 7, ¢
becomes an interpolating certificate, that is, 1, ¢ = v and ng’]g =0on Q*, and p, ¢ satisfies Points (i)-(iv) of Assump-
tion 6.1.

Moreover, for any function v : @* — {—1, 1} there exists another unique choice of « and & such that 7, ¢ is an inter-

polating derivative certificate, that is, 7,,¢ = 0 and 775,15 = v on Q*, and p, ¢ satisfies Points ()-(¢i¢) of Assumption 6.2.

8. Gaussian sparse spike deconvolution

We develop here in full details the particular example of a mixture of Gaussian features observed in a discrete regression
model with regular design. In particular, we check the numerous but not very restrictive assumptions, and we illustrate
that our general and more restrictive sufficient conditions for the existence of certificates can turn simpler and far less
restrictive on concrete examples. The model is presented in Section 8.1, where we also check the first assumptions. The
technical Section 8.2 on the existence of the certificates allows to point out the separation distance in (54) and with the
simpler expression in (55). This separation distance is usually very pessimistic, but one can rely on numerical estimations
to be more realistic, see Remark 8.2 in this direction. Eventually, we apply to this context our main Theorem 2.1 in
Section 8.3 as Corollary 8.3 and illustrate a particular choice of the tuning parameter in Remark 8.4 in the spirit of
[12, 47] established for the specific dictionary of complex exponentials.

8.1. Model and first assumptions of Theorem 2.1

Consider a real-valued process y observed over a regular grid t; < - - - < t7 of a symmetric interval [ar, br], with T > 2,
by=—ar >0,t; =ar+ jArforj=1,...,T and grid step:

br —ar
Ap=——
T T
Assuming that all the observations have the same weight amounts to considering y as an element of the Hilbert space

Hr = L?(\7) of real valued functions defined in R and square integrable with respect to the atomic measure A on
{tl,. .. ,tT}Z

T
Ap(dt) =Ag Y 6 (dt).
j=1
We consider a noise process wr(t) = Zle Gjlg,—y fort € R, where (G1,...,Gr) is a centered Gaussian vector
such that, for some noise level o1 > 0:
IE[G?} =0} and |E[G,G]|<0oi/T forj#iin{l,...T}.

Thus, the norm of the noise ||wr || is finite almost surely, and for any f € L?(\7) we have:
T
Var((f,wr)g) = Var(Ar 3 £(45)G; ) <203 A7) £1;-
j=1

Hence, Assumption 1.1 on the noise is satisfied with 02 = 202, (Notice that if the random variables G1,...,Gr are
independent, then Var(({f, wr),) = 02Ar| f||5 with % = ¢2.) This gives that Point (i) of Theorem 2.1 holds.

We consider the dictionary given by the translation model of Section 3.2.1 with Gaussian features and fixed scaling
parameter oo > 0, that is the dictionary does not depend on 7" and is given by:

(‘P(@) = k(%), 0ec @) with  k(t) = e /2 and ©=R.

Thus, the signal 5*®(¥9*) in model (1) can indeed be written as the convolution product of the function & and an atomic
measure. It is elementary to check that Assumption 3.1 on the regularity of the features holds. Furthermore, the functions
©(6) and Oy (0) are linearly independent Ay — a.e for all § € © as T' > 2. Hence the function g is positive on © by
Lemma 3.1 and thus Assumption 3.2 holds. This gives that Point (i:) of Theorem 2.1 holds.
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We now define the limit kernel X ,. To do so, we shall assume that (b, T > 2) is a sequence of positive numbers,
such that:

(48) lim by =+oco and lim Ar =0.
T—o0 T—o0

This in particular implies that the sequence of measures (Ar, 7" > 2) converges with respect to the vague topology towards
the Lebesgue measure, say A, on O, = R. We also consider the Hilbert space H., = LQ()\OO) endowed with its usual
scalar product denoted (-, ) and corresponding norm denoted ||-|| , (not to be confused with the supremum norm!).
Note that the kernel IC and the associated quantities such as €7 and v defined in (38) and (39), respectively, or the
uniform bounds on IC%ZJJ ], are difficult to calculate. However the uniform bounds on © ., = R for the kernel K., defined
by (29) with T replaced by oo, are easily computed. Elementary calculations give for 6,60’ € ©:

1 0—6
7Ti\/U»o \/500

In particular, we have g’_(6) = 0. The Riemannian metric is equal to the Euclidean distance up to a multiplicative factor,
forall 0,6’ € O, =R:

le@)l% = VToo, 6(6) = ———(0). Kw(6:8)=k(==—) and g(6)

20§

0—¢|
49 050(0,0") = | .
(49) (6.6") Jaon
We see that K is of class C°°**° and that:
(50) KLA(0,0) = (~1)7 K+ (u) and k) (t) = P(t) k(t),
V20

where we give for convenience the formulae for some of the polynomials P;:
Pi(t)=—t, Py(t)=—1+1%, P3(t)=3t—1t> Py(t)=3—6t>+t* Ps(t)=—15+45t* — 15t* + 5.
Then, we explicitly compute the constants L; ; for ¢, j € {0,---,2} and L3 defined in (34):
my=(208)"Y, Loo=1, Lig=Loi=e % Li1=Lag=Loa=1,

Lot =Lip=1\/18=6V6eV¥* ™32 <2 L,,=3 and L3=15.

Notice the constants L; ; and L3 do not depend on the scaling factor 0. Thus Assumption 5.1 holds. This gives that Point
(4i1) of Theorem 2.1 holds.

We now check the proximity of the kernel K7 to the limit kernel . The support of Ar is spread over the window
[aT, br] where the signal is observed. Hence it is legitimate to look for the location parameters on a smaller subset of this
window, and thus restrict the optimization (4) to the compact set:

O©r=[(1-€)ar, (1 —e€)br] Clar,br] witha given shrinkage € € (0, 1).
The proof of the next lemma is given in Section C.6. Recall pr and Vr defined in (35) and (37). Set:
-1 —€2b2 /202
’)/T:2ATO'O —i—ﬁe T/ETo
Lemma 8.1. There exist finite positive universal constants cy, ¢y and ca, such that yr < cq implies:
(5D Vr <ciyr and |1 —pr| <covyr.

This implies that Assumption 5.2 holds for T" such that v < ¢g and c1yr < 3, which holds for 7" large enough thanks
to (48). Thus Point (iv) of Theorem 2.1 holds for T large enough.
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8.2. Existence of certificates

We keep the model and the notations from Section 8.1. In order to get the prediction error from Theorem 2.1, we only
need to check that Point (iv) therein on the existence of the certificates holds. To check the existence of the certificates,
we can use Propositions 7.4 and 7.6, and check that all the hypotheses required in those two propositions hold.

We first concentrate on the hypotheses of Proposition 7.4. Assumption () on the regularity of the dictionary holds, see
Section 8.1.

We recall that Lo = 1 and thus 1/,/2Lg2 = 1/v/2 > 1/2. Recall £, (r) and vu(r) defined in (38) and (39), and
thanks to the explicit form of the Riemannan metric, we get for r € (0,1):

cac(r)=1—e"7250 and veo(r) = (1-+2) —
This and the regularity of the kernel K, from Section 8.1 imply that Assumption (i) holds for all € (0,1/(p V v/2)).

We obtain from (50) that limy—oc SUpjg_g/|>4 |Kg§j](9,9’)| =0 for all 4,5 € {0,1,2}. Thus, we deduce from the
definition (41) of d, that d.(u, $) is finite for all s € N* and v > 0. This implies that Assumption (7i:) on the separation
of the parameters holds.

To simplify, we set p = 2 (but we could take any value of p > 1). We deduce from Lemma 8.1, that for 7" large enough
pr < p =2, and thus Assumption (iv) on the closeness of the metrics 91 and 0, holds.

Recall the definition of H. éi) and H. ég) from (45). To get the smallest separation distance, we also set:

(52) r= argmax H? (', p)~ 0.49.
0<r'<1/2

Notice that the function is not a priori monotone in p. We have £o0(7/2) ~ 2.9 x 1072, voo(2r) ~ 3.7 x 1072,

Héi)(n 2) ~ 2.9 x 1073 and Hég) (r,2) ~ 3.7 x 1073, Again in order to get a “small” separation distance, we choose

U close to Hég)(r, 2), say Uso = noHég)(r, 2) for some 79 < 1 close to 1. For simplicity set 79 = 9/10. Thanks to

hypothesis (48), we get limp_, o, v = 0 and Lemma 8.1 implies that for 7" large enough, depending on oy, € and the
sparsity parameter s, we have:

(53) pr <2, Vp<HD(r2) and (s—1)Vr<(1—no)HZ (r,2),
and thus Assumption (v) on the proximity of the kernels 7 and IC, holds.
Thus, the assumptions of Proposition 7.4 are satisfied, and we deduce that Assumption 6.1 holds with, thanks to (46):

Cy~2x107% Ch~13, Cp=2 and Cp~29x107°

We now concentrate on the hypotheses of Proposition 7.6. Assumptions ()-(#i¢) clearly hold for the same reasons as
Assumptions (¢)-(7i) of Proposition 7.4.
Again in order to get a “small” separation distance, there is no need to choose u/_ larger that 4., and for this reason
we take u. = uso. We deduce from (53) that for 7" large enough, depending on oy, € and the sparsity parameter s:
Vr<1l and (s—1)Vr+u,, <1/6,
and thus Assumption (7v) on the proximity of the kernels ICr and K, holds.

Thus, the assumptions of Proposition 7.6 are satisfied, and we deduce, thanks to (47), that Assumption 6.2 holds with
the same value of r given by (52):

cy=~19, cg=2, and cp=2.6.
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In conclusion, we get that Assumptions 6.1 and 6.2 hold for T large enough, and thus Point (v) of Theorem 2.1 holds
for T large enough and Q* such that for all § # 6’ € Q* the distance 01 (6, 0’) is larger than the separation distance:

(54) 2max (7, pr 0o (Uso, 8)s PT 000 (U, S))-

Notice that since us, = u’, pro7(0,0') > 05,(0,0") and pr < 2, we deduce from (49), that a slightly stronger condition
is to assume that |§ — 0’| is larger than:

(55) V20omax(1, 404 (Uso, 5)).

Remark 8.2 (On the separation distance (54)). The separation distance (54) is a non-decreasing function of s. We now
provide an upper bound. Let (4,7) € {0,1} x {0,1,2}. By considering the kernel K7 and its derivative given by (50)
and the bound M = maxo<;<3sup | P;| vk, we deduce that [KL27(0,67)] < M e=2=00)*/2 for all 6,0’ € ©. We easily
obtain that for J = (61, ,05) € ©F 5 with 6 > 0:

s s/24+1
[4,5] < ; _ 1252 /4
x> KL 0000] < 6,(6) with (5 =2M /0 o121 gy
k=1k#¢
The function 1, is decreasing and one to one from R to (0, M (s + 2)]. Setting ¢; 1 (u) = 0 for u > M (s + 2), we
deduce from (41) that for u > 0:

Ooc(u,5) <97 (w).

Since the map § — 1) (9) is decreasing and the map s — 15(4) is increasing with limit ¥, (§) = 21/7 M /6, we deduce
that for s € N*:
< 27 M

Ooo (U, 8) < ——
U

so that the separation distance (54) (or (55)) can be bounded uniformly in s for given r and uo, = u’,.

In fact, we shall illustrate for s = 2 that the separation distance (54) is largely overestimated. We can compute 0 (u, $)
thanks to its expression (43). For s = 2 and with the values chosen in this section for u., = u/_, we obtain oo (Ueo, 2) &
4.5. We deduce that the separation distance (54) expressed with respect to the metric 91 is approximately 9 pr (which
gives 13 0gp3 in terms of the Euclidean metric), which is unconveniently large. However, a detailed numerical approach
(using the very certificates provided in the proof of Propositions 7.4 and 7.6) with 7" large so that the kernel Cp is indeed
well approximated by ICo (and thus pp & 1), gives that one can take for s = 2 the separation distance with respect to
the Euclidean metric equal to 3.1 X o (that is approximately equal to 2.2 with respect to the metric 9,), which is much
more realistic. Therefore, the theoretical separation distance (54) is in general largely overestimated.

8.3. Prediction error

We keep the model and the notations from Section 8.1 and the values chosen in Section 8.2. We deduce from Theorem 2.1
the following result.

Corollary 8.3. For T large enough, depending on oo, € and the sparsity parameter s, such that (53) holds and for
all 0 # ¢ € Q* = {05, k € S*}, with S* = Supp(B*) such that |0 — 0'| is larger than the separation parameter
V20omax (1,460 (Uoso, 8)) given by (55), then, with some universal finite constants Cy,...,C3 > 0, for any 7 > 1 and
a tuning parameter:

(56) k> Cio+/ Arlog(r),

we have the prediction error bound of the estimators /3’ and defined in (4) given by:

(57) VAT HBCI)T(é) — B* @7 (V%) , <Co sk,

with probability larger than 1 —C, —Vobr i) . Moreover, with the same probability, we have that |||8]|¢, — ||8*|le, | <

ooTy/log(T) -
Csks as well as the inequalities (11) of Theorem 2.5.
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The values of the universal constants C;, i = 0,...,3, can be given explicitly and they are large, but they could be
improved numerically.

Remark 8.4 (A particular choice of the tuning parameter). Let v > 0 and «' > ~ such that 1 > ' — 7. Set 7 = T,
by = 0oT? ~74/log(T) and k = Cy0+/Arlog(r) (which corresponds to the equality in (56)). Then, we get under the
assumptions of Corollary 8.3 (and thus 7" large enough) that:

Loe(T)

Bdr(9) — B*Dp(0*) . T

\FH <Co

with probability larger than 1 — C /T where C{| = \/7"CoCy and C§ = /2/~' C5. Hence, we obtain a similar prediction
error bound as the one given in Remark 2.2, see (10). Notice however that in the model and references given in Remark 2.2,
the Riemannian diameter of the parameter set © is bounded by a constant free of 7', whereas in this section it grows
(sublinearly) with T" without degrading the prediction error bound.

9. Scaled exponential model

We develop in this section an example involving a dictionary that is not translation invariant and for which the associated
metric differs from the Euclidean metric. We consider a continuous dictionary composed of exponential functions con-
tinuously scaled which is used in miscroscopy where it is often necessary to invert a Laplace transform (see for instance
[41], [24]).

9.1. The model

Consider a real-valued process y observed continuously over R and assume that this process is an element of the Hilbert
space Hr = L?(R,Leb) where Leb denotes here the Lebesgue measure over R . We write H instead of Hp for the
Hilbert space and we write (-, -) its scalar product and ||-|| its associated norm.

We consider a truncated white noise as in Section 1.2.2 such that wr = Zle (1/v/T) Gy ¢y, where (G, k € N) are
independent centered Gaussian random variables with variance o and (¢, k € N) denotes an orthonormal basis of H.
Hence Assumption 1.1 holds as |[wr||* = 3°7_, G2/T is as. finite and Var((f,wr)) < o2 Ar || f||* with Ap =1/T.
This gives that Point (i) of Theorem 2.1 holds.

Remark 9.1. We stress that by the law of large numbers ||wr || tends almost surely to o > 0. Therefore the upper bounds
in previous results on super-resolution and BLasso (see [26] or [41]) which hold when ||wr|| tends to zero do not apply
here.

We consider the dictionary given by the scaling exponential model of Section 3.2.4 given by:
(@(9) —k(0),0€ @) with k(t)=e* and ©=R".

We insist on the fact that in this example the dictionary and the observation space H do not depend on T'. For simplicity
we omit the index T for the quantities which shall not depend on 7'. As the kernels do not depend on 7', we choose the
limit kernel to be the same, i.e, K := K1 = K. In particular, Point (iv) of Theorem 2.1 holds automatically. One easily
checks that Assumption 3.1 on the regularity of the features holds, and elementary calculations give for 6,6’ € O:

2400’ 1
T and g(@)_@.

le(0)]> =1/(20), 6(0) =v20e", K(6,0") =

Since the function g is positive on ©, we get that Assumption 3.2 holds. This gives that Point (i7) of Theorem 2.1 holds.
The Riemannian metric obtained from g is given by, for 6,6’ € ©:

(58) 2(0,0') =

Notice it is not equivalent to the Euclidean distance on ©. We see that K is of class C3 and that:

K31(6,0') = (— )f““)( 10%(;)) with f(””):coslll(x)'
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We shall retrieve scaling parameters over a compact set whose diameter may depend on 7', for example we can take:
Or = [M;', My] with My >1.

Assumption 5.1 holds on O, = R* . This gives that Point (iii) of Theorem 2.1 holds.

9.2. Existence of certificates

In order to get the prediction error from Theorem 2.1, it remains to show that Point (v) therein on the existence of the
certificates holds. To check the existence of the certificates, we can use Propositions 7.4 and 7.6, and check that all the
hypotheses required in those two propositions hold.

We show first that the hypotheses of Proposition 7.4 hold. Assumption () on the regularity of the dictionary holds, see
Section above.

Elementary calculations give that Ly o = 1. Recall () and v (7) defined in (38) and (39) (noted simply ¢ and v in
this section). Let < ¢’ in © and let us set » = 9(6,6’). We have, K(0,0") = f(r). Since f is positive and decreasing on
R, we have for r > 0, ¢(r) =1 — f(r) > 0. Similarly we have:

1
029,60y = £ (r) = ——— (cosh(r)? — 2).
KIO2(0,0) = F(r) = i (cosh(r)? =2)
The function f(?) is increasing and negative on (0,log(1 + /2)). Hence, provided r < log(1 + v/2), we have v(r) =
—f®@(r) > 0. This and the regularity of the kernel K imply that Assumption (ii) of Proposition 7.4 holds for p = 1 and
allr € (0,1/v/2).

Notice that f(?) can be written as the ratio of a polynomial of degree i — 1 in cosh and sinh and of cosh’. In particular,
there exists a finite constant M such that for all i € {0,...,3} and z € R:

(59) |fD(2)] < Mf(x).

So, we get that limg o0 SUP, (g g1y, [K7(6,07)] =1im, o0 [ fOF9) (r)| = 0 for all 4, j € {0,1,2}. Thus, we deduce
from the definition (41) of 0 that 6o (u, ) is finite for all s € N* and w > 0. This implies that Assumption (4i%) on the
separation of the parameters holds.

As all kernels are equal in this setup, i.e K := K = K, we have Vr =0 and pr = 0. Thus Assumption (v) on the
closeness to the limit kernel and Assumption (7v) on the closeness of the metrics 97 and 9, come for free with p = 1.

Recall the definition of Hég) from (45). We choose uy, = Hg)(ro, 1) (as K is chosen equal to Kr) for some

o € (0,1/v/2). We remark that in order to take u, as large as possible and then have a separation distance as small as
. L . . oL 2)
possible (since it is a decreasing function of u), one could take o maximizing Hso' .

Thus, the assumptions of Proposition 7.4 are satisfied, and we deduce that Assumption 6.1 holds.

We now concentrate on the hypotheses of Proposition 7.6. Assumptions ()- (i) clearly hold for the same reasons as
Assumptions (4)-(7i¢) of Proposition 7.4. We take u/ = un.. Assumption (iv) comes for free in this setting.

Thus, the assumptions of Proposition 7.6 are satisfied, and we deduce, thanks to (47), that Assumption 6.2 holds.

In conclusion, we get that Assumptions 6.1 and 6.2 hold and thus Point (v) of Theorem 2.1 holds for any set of
parameters Q* such that for all § # ¢’ € Q* the distance 0(6,60’) is larger than the separation distance:

(60) max(rg, oo (Uso, 5))-
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Remark 9.2 (On the separation distance (60)). The separation distance (60) is a non-decreasing function of s. Similarly
as in remark 8.2 where an upper bound on the minimal distance in the Gaussian spike deconvolution case is given,
we can provide an upper bound for this distance. Let (i,5) € {0,1} x {0,1,2}. By considering the definition of the
kernel K and the bound (59), we deduce that |K[*71(,6")] < M f (0,0(6,6")) for all 6,6’ € ©. We then obtain that for
9= (01, - ,05) €O 5 with § > 0:

S

s/2+1
[,] i =
1@ggsk_§#|lc (001 < 0u(8) with b8 =2M [ f5)ar

The function 1), is decreasing and one to one from R to (0, M (s + 2)]. Setting ¢;* (u) = 0 for u > M(s + 2), we
deduce from (41) that for u > 0:

Ooo (1, 8) < 957 (u).
We can bound the quantity above independently of s. Since the map ¢ — 15(9) is decreasing and the map s — 1,(9) is
increasing with limit ¢, () = 2M f0+oo f(ot)dt = M /5, we deduce that for s € N*:
M
oo 11,8) S U5 () = ==
u
9.3. Prediction error

From Theorem 2.1, we deduce the subsequent following corollary. This demonstrates that by appropriately adjusting the
penalization, the prediction error decreases to zero at the expected rate as the noise level tends to 0.

Corollary 9.3. For all 0 # 0’ belonging to Q* = {05, k € S*}, with S* = Supp(8*) such that 9(0,¢’) is larger than the
separation given by (60), then, with some universal finite constants Cy, ...,C3 > 0, for any T > 1 and a tuning parameter:

1
(61) k> Cio\/log(t)/T, where AT:T,

we have the prediction error bound of the estimators B and ¥ defined in (4) given by:

(62) |Ber(@d) - prar)|| <o Vi,

with probability larger than 1 —C, (1(1%1\4% \ i) . Moreover, with the same probability, we have that ||B||£1 —18*Nle, | <
T og(T

Csks as well as the inequalities (11) of Theorem 2.5.

Remark 9.4. We consider the particular case My =77 and 7 = T, with ~ and ~' positive. We also take x =
Cio+/7'1og(T)/T. The prediction error is then given by:

V log(T)

|por(d) - pr@r() =2,

‘SCOQ Vso

with probability larger than 1 — C (\/77 7“;%,@) v le,> .
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Appendix A: Proofs of Theorems 2.1 and 2.5

A.l. Proof of Theorem 2.1

Let us bound the prediction error Ry := H BB () — B (9%)

K, we have:

‘ . By definition (4) of B and 9 for the tuning parameter
T

1 2 NIk A 1 * * *
S|y = Ber@)| +wlBle < 5lly =8 Or@)IF +#I8.

We define the application T from Hy to R by:
T(f)={p® — 8@ (97),

This gives, by rearranging terms and using the equation of the model y = 8*®1(¥*) 4+ wr, that:

(63) 1 < Twr) + 5 (180 = 18lle) -

N | =

Next, we shall expand the two terms on the right hand side of (63) according to Bg close to some (3} or not. In the
rest of the proof, we fix » > 0 so that Assumptions 6.1 and 6.2, are verified by Q*. In particular, for all k¥ # &’ in
*={k"e{1,--- K}, B, # 0} we have o7 (6;,65,) > 2r.
Recall the definitions given in Section 2 of the sets of indices S, Sy (r) and S(r) for k € S*. Since the closed balls
Br(0%,r) with k € S* are pairwise disjoint, the sets Sy (r), for k € S*, are also pairwise disjoint and one can write the
following decomposition:

K

BOp(I) =B Br(9*) =D Brodr(Be) — Y Bior(0R) =D > Bor(O)+ Y Bror(Ok)— > Bior(6;).

k=1 kes* keS* pe Sy (r) keS(r)e kes*

This decomposition groups the elements of the predicted mixture according to the proximity of the estimated parameter
6, to a true underlying parameter 6}, to be estimated. We use a Taylor-type expansion with the Riemannian metric 97 for
the function ¢ (6) around the elements of Q*. By Assumption 3.1, the function ¢ is twice continuously differentiable
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with respect to the variable 6 and the function g7 defined in (14) is positive on ©1 and of class C! by Assumption 3.2.
We set in this section Di;T[qu] = qu}] fori=0,1,2. According to Lemma 4.2, we have for any 6;; and ég in Op:

1
o1 (00) = dr(07) + sign (6, — 07) 0(80,07) 6 (67) + 07 (0e, 65) / (1— )i (7)) ds,

where ~(*9) is a distance realizing geodesic path belonging to ©1 such that 'y(kz) =05, (ke) =0, and DT(@,GI’:) =
Lr ('y(ke)). Hence we obtain:

©4) Bor() — g er(W*) = Tox(r)or(0) + > Lia() R @)+ > Bror(d)

keS* kesS* keS(r)e

1
S Beor(dn0p)? / (1 )02 (") ds | |

keS* \reSy(r)
with

Io i(r Z Bg By and I i(r Z Be sign (6, — 65) 08y, 607).
€85, (r) €8k (r)

Let us introduce some notations in order to bound the different terms of the expansion above:

(65) Io(r)=">_ [Tox(r)| and ILi(r)= Y [I1x(r),
keS* keS*

(66) Lur)= Y ’BZ‘aT(ég,a;f and L(r)= > Lu(r)
£€5y(r) keS+

(67) Lin=> |3]=
LeS(r)e

and we omit the dependence in  when there is no ambiguity.

We bound the difference ||3* s, — [|3]|¢, by noticing that:

(©8) 180~ 181 = X (181 - 32 18d)— X |l Sloi- X 4 =h

kes~ 2€ Sy (r) keS(r)e keS* 2eSy(r)

In the next lemma, we give an upper bound of Ij. Recall the constants C'y; and Cr from Assumption 6.1.

Lemma A.1. Under the assumptions of Theorem 2.1 and with the element p1 € Hr from Assumption 6.1 associated to
the function v : Q* — {—1,1} defined by:

v(0F) =sign(lox) forallk € S*,
we get that:
(69) Io <CONIy+ (1—Cp)I3 + | Y (p1).

Proof. Let v € {—1,1}*® with entries vy = v(6}) so that:

= Z vrdok = Z Uk(( Z Be) —51:)

keS* kesS* kesS* 2eS(r)

Let p; be an element of Hr from Assumption 6.1 associated to the application v such that properties (¢)-(iv) therein

hold. By adding and substracting 5> S f, <¢T(ég), p1>T to Iy and using the property (i) satisfied by the element
keS* pc S'k(r)
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p1, thatis, (o7 (05),p1), = vy for all k € S*, we obtain:
Iy= Z Z B (Uk - <¢T(éz)7p1>T) + <B<I>T(1§) _ 5*¢T(ﬂ*)7p1>T _ Z 3, <¢T(ég),p1>T
kES* 05y (r) LeS(r)e

‘We deduce that:

oY > 1Bl |oe= (6r@ep) |+ 1T@0I+ Y 18l [(6r(00),p1) |-

keS* ZGSk(r) EGS'(T)C
Notice that for £ € S(r)¢, 0, ¢ | Br(05,7). Then, by using the properties (4¢) and (¢i¢) from Assumption 6.1, we get
kes*
that (69) holds with the constants C'y; and Cr from Assumption 6.1. O

In the next lemma, we give an upper bound of /. Recall the constants ¢y and ¢ from Assumption 6.2.

Lemma A.2. Under the assumptions of Theorem 2.1 and with the element qy € Hr from Assumption 6.2 associated to
the function v : Q* — {—1,1} defined by:

v(0F) =sign(l, ;) forallk € S*,
we get that:
(70) I SCNIQ+CF13—|—|Y((]O)‘,

Proof. Let v € {—1,1}* with entries v, = v(6}) so that:

L= |hul=Y whe=Y >  Bevysign(0 — 0})r(0s,05).

keS* keS* k€S* 48y (r)

Let qo € Hp from Assumption 6.2 associated to the application v such that properties (7)- (i) therein hold. By adding

and substracting Zéeé(v-) By <¢T(é5), qO>T = <BCI>T(1§), qo>T — Z£eé(7-)c By <¢T(é4), q0>T to [; and using the triangle
inequality, we obtain:

<Y D (Bl o sign(B — 07)or(60.07) — (6r(60).a0) |

keS* ZeS‘k(r)

+ Z |Be| ‘<¢T(é€)7QO>T‘ + ‘<B‘I)T(1§)7QO>T‘ .

LeS(r)e

The property (i) of Assumption 6.2 gives that (¢7(0),qo), = 0 for all £ € S*. This implies that (3*®7(9*), go) = 0.
Then, by using the definition of 15 and I3 from (66)-(67) and the properties (i) and (iz) of Assumption 6.2, we obtain:

I <cnlp+cpls+ ‘<B@T(1§),QO>T’ =cnla+cpls +|T(g)l,
with the constants ¢y and cy from Assumption 6.2. O

We consider the following suprema of Gaussian processes for ¢ =0, 1, 2:

<wT7 7 (9)>

M; = sup ‘
T

9eOr
By using the expansion (64) and the bounds (70) and (69) for the second inequality, we obtain:
(71) 1T (wr)| < (Io + I3)Mo + I My + [, 27" M,
(72) <(OnIy+ (2= Cp) I+ | T(p1)) Mo + (enIo + crls + |T(qo) )My + I, 271 M.
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At this point, one needs to bound /5 and 3. In order to do so, we will bound from above and from below the Bregman
divergence Dp defined by:

(73) Dg = [|Blle, = 18" llex = (o).
where py is the element of Hr given by the Assumption 6.1 associated to the application v : Q* — {—1,1} given by:
(74) v(0;) =sign(B;) forall k € S™.

The next lemma gives a lower bound of the Bregman divergence.
Lemma A.3. Under the assumptions of Theorem 2.1 and with the constants Cn and C'r of Assumption 6.1, we get that:
(75) Dp > CnIy+ Crpls.
Proof. By definition (73) of D we have:

Dp= g 1Bkl — Br <¢T(ék)7po>T - (IES: Bl — Br <¢T(9Z)7PO>T> :

By using the interpolating properties of the element py of Hr from Assumption 6.1 associated to the function v defined
in (74), we have ), _ o. |Bx| — Bf (¢7(0%), po) 7 = 0. Hence, we deduce that:

D=7 Bl - B <¢T(ék),po>T

keS

> 3 1Al =16l {er B).), |

kes
= > Bl (1= [(r@0m) )+ 0 18l (1= [(6r(00).p0)_|)-
0e8(r) keS(r)e

Thanks to properties (i) and (ii7) of Assumption 6.1 and the definitions (66) and (67) of I5 and I3, we obtain:

Dp > Z Z Cn|Belor(6s,05)? Z Cr|Bi| = Cn 12+ Crls,
kES* 1Sy (r) keS(r)e

where the constants C'y and C are that of Assumption 6.1. O
We now give an upper bound of the Bregman divergence.

Lemma A.4. Under the assumptions of Theorem 2.1, we have:

(76) kDp < Io (Cy Mo+ en My + 27 My) + I3 ((2 — Cp) Mo + e My) + | Y (p1)[ Mo + | T(q0)| My + 5] T (po).

Proof. Recall that @* C ©7. We deduce from (63) that:

(a7 K(I1Blley =118 ley) < T (wr) — *‘ B* @7 (9%) — fOr () , S Y (wr)
Using (73), we obtain:
kDp <|T(wr)|+ &[T (po)|-
Then, use (72) to get (76). O]

By combining the upper and lower bounds (75) and (76), we deduce that:
1 1
78 I» <CN - ; (C;\/'MO + ey My + 21M2)) + I3 <CF - = ((2 - CF)M() + CFM1)>

1 - 1 . N
< ;|T(p1)|M0 + E\T(QO)|M1 + T (po)l-
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‘We define the events:
(79) A ={M; <Cx}, forie{0,1,2} and A=AgN.A; NAs,

where:

_ Cr A Cn
22—-Cp+cp) 2(Cy+cenv+271)

(We shall prove in (88) that the event A occurs with high probability.) We get from Inequality (78), that on the event .A:

C

(80) Cnly+ Cply < 2C (|T(p1>| + [T (q0)| + IY(po>l) with C'=CV 1.

By reinjecting (68), (72), (69) and (70) in (63) one gets:

1 A
§R§w < IQ(C;VMO + ey My + 2_1M2 + HCJ/V) + 13((2 - CF)MO +cpMy + K(l - CF))

+ [T (p)|(Mo + £) + [ T(q0) | M.

Using (80), we obtain an upper bound for the prediction error on the event A:

(81) RE. < Cr(IT(po)l + [T (p1)| + [T(q0)]),
with
c’ c’
C=4C"1+=—2Cy+cen+1)+—(B—-2CF +cF) ).
CN C’F

Using the Cauchy-Schwarz inequality and the definition of T, we get that for f € Hp:

(82) IT(f)| < Berl|f]p-

Using Assumption 6.1 (iv) for py and p;, and Assumption 6.2 (7i7) for go, we get:

(83) ol <CsVs, |pilly <CsvVs and |qoll; < cpv/s.

Plugging this in (81), we get that on the event .A:
(84) R2 <CokRp+/s with Cy=(cg+2C3)C.
This gives (7).
The proof of (8) is postponed to Section A.2 and will be easily deduced from the first and third inequalities in (11).

To complete the proof of Theorem 2.1 we shall give a lower bound for the probability of the event A defined in (79).
Fori=0,1,2and 0 € O, set X;(0) = <wT, gb[jf] (9)> a real centered Gaussian process with continuously differentiable
T

sample paths, so that its supremum is M; = supg,. | X;|.
We first consider ¢ = (0. We have, thanks to (31) and (28) for the second part:

2
lor@F =1 and |o0)| =xiY0.0)=1.

Recall Assumption 1.1 on the noise wr holds. We deduce from Lemma C.1 with C7 = C5 =1 that:

VA
(85) P(A5) =P <sup | Xo| > Cl’i) <cp <U|®T|ZTT Y% 1) e (Cr)*/ (o Ar)
or K
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where |O7|o,. denotes the diameter of the set ©7 with respect to the metric 37 and ¢g = 3.
We consider ¢ = 1. Thanks to (31), we get:

2

[eF@ =1 ana [Drriolio)], = |62 @), =xE%e.0).

T

Recall Ly 5 and Vr are defined in (34) and (37). Since Assumptions 5.1 and 5.2 hold, we get that for § € Or:
IC[272}
7 0,0) < Loo+Vr <2Ly .

We deduce from Lemma C.1 with C1 =1 and Cy = /2L5 5 and taking ¢; = 2,/2L3 2 + 1, that:

© VA
(86) P(AS) =P <Sup X, | > c;-;) <e <a|T|°TT Vv 1) e~ (CR)*/(4o*AT)
Or Ck
We consider ¢ = 2. Thanks to (31), we get:

2

[o2@| =x2%0.00 ana |Drrlelio)] = [o0|| =K 0.0)

T

Recall the definition of the function ho, given in (33) and the constants Lo 2, L3, Vr defined in (34) and (37). Using also
Assumption 5.2 so that Vr < Lo o A L3, we get that for all § € Or:

K:,[J%’Q] (9,9) < L272 +Vr < 2L2,2 and IC[;"?’](G, 9) < L3+ Vr<2Lj.
We deduce from Lemma C.1 with C; = /2L 2 and Cy = +/2L3 and taking cp = 2+/2L3 + 1, that:

U‘C—)T‘OTVAT v 1) o (CR)?/(80*ArLay)

(87) P(Ag)zp(supX2|>Cf<;> <cy (
Or CH

Since A= Ay N A1 N As, we deduce from (85), (86) and (87) that:

A 2 2 2
P (A°) =P (A5 UASUAS) <Ch <a|®T|”CTKV 4 v1) e /(Cioman)

with the finite positive constants:

61:%(1\/\/2.[/2#2) and Ch=co+ci+co.

By taking x > Cy0+v/Arlog T, for any positive constant 7 > 1, we get:

c c c |@T|DT 1 1 4 1
o C) < -4 vr _ — - .
(88) P(ASUATUAS) <Co (T logTVT with Co =Cj e V1

This completes the proof of the theorem.
A.2. Proof of Theorem 2.5 and of Equation (8)

We keep notations from Section A.1. Recall that Assumptions (7)-(v) of Theorem 2.1 are in force. We shall first provide
an upper bound of I; for i =0, 1,2, 3. We deduce from (82), (83) and (84), that, on the event A:

IT(po)| <CoCrEs, |T(p1)|<CoCrprs and [Y(go)| <Cocphs.

Then, we obtain from (80) that, on the event A:

1
(89) 13§C5I<LS and IQSCGFCS with C5:2LCO(CB+QCB) and CGZQCLr,.
CF C'N



34

This gives the third inequality in (11), as well as Inequality (12). We also deduce from (69) that, on the event A:
(90) In<Cyrs with Cy=C\NCs+ (1—Cp)Cs+CoCp.
This gives the second inequality in (11).

We now establish the first inequality in (11). We deduce from (63) that:
o K(Blle, = 18*Ner) < T (wr).
Then, using the bounds (90) and (89) on Iy, I5 and I3, we deduce from (71) and (70) that, on the event .A:
(92) 1T (wp)| <Crsk? with C;=C(Ca+Cs5(1+cr)+Cs(1+cn)+Cocn).
Thus, (91) and (92) imply that, on the event A:
©3) 1Blle, = 18]le, < Crs.
Then, use (68) and (90) to deduce that, on the event A:

1Blley =118 ley | < (CaV Cr) 55

This proves (8) (we shall take C3 = C7 + 2C4, see below). Let Z* (resp. Z™) be the set of indices k € S* such that the
quantity (Z €5k (r) | Bg |) — | Bx]| is non negative (resp. negative). We have the following decomposition:

SIS gd-m= (X Bd-s)+ X (8- Y 1A)

k€S* pel(r) keIt 1eSy(r) keZ~ 2€8k(r)

©4) <Bles = 18%1e +2 > (1821= > 18e1)

keZ— 2€ Sy (r)
<|1Blley = 18%[ley + 21o-

Then, use (90) and (93) to obtain the first inequality (11) with C3 = C7 + 2C4. This ends the proof of Theorem 2.5.

Appendix B: Construction of certificate functions
B.1. Proof of Proposition 7.4 (Construction of an interpolating certificate)

This section is devoted to the proof of Proposition 7.4. We closely follow the proof of [41] taking into account the
approximation of the kernel I by the kernel K., which is measured through the quantity Vr defined in (37).
Let T € N and s € N*. Recall Assumptions 3.2 (and thus 3.1 on the regularity of ¢ ) and 5.1 on the regularity of the

asymptotic kernel K are in force. Let p > 1, let r € (0,1//2Lo ) and un, € (O, Hc(,g)(r, p)) such that (i7), (¢i7), (iv)

and (v) of Proposition 7.4 hold. We denote by ||-|,, the operator norm associated to the /o norm on R.
By assumption doc (Uoo, ) is finite. Let 0% = (01,...,67) € O35, 5 (.. - Wenote O* = {07, 1 <1 < s} the set
of parameters of cardinal s. By Lemma 7.3, we have:

@;«7PT600(u007S) g 6%75T(uT(s),s) Where UT(S) = U + (S — 1)VT
Hence we have:
(95) v* e 6%757'(11,’1"(5),5)'

Set

. i 70,0l p[1,0]T
(96) Tl = kf7(9") and T = (r[l,O] it ) .
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We deduce from (43) and (95) that:

©7) HI —rlo]

<ur(s), HI — i1

SUT(S)7 HF[LO]

<wur(s) and Hl"[l’o]—r

<ur(s).

op op op op

For simplicity, for an expression A we write Ap for Ax,.. Using this convention, recall the definition of the derivative
operator [)i;T and write gb[%] for El;T [or].
Leta=(ag,...,as)" and € = (&1,...,&) " be elements of R®. Let p, ¢ be an element of Hr defined by:

(98) Dae = ZGMT(%) ‘*‘ka ¢[T1](92)7

k=1 k=1

and, using (31) in Lemma 4.3, set the interpolating real-valued function 7, ¢ defined on © by:

(99) N (0) = (67(0), pasc)r = > an Kr(0,07) + > & K21 (0,65).

k=1 k=1

By Assumption 3.2 on the regularity of 7 and the positivity of gr and Lemma 4.3, we get that the function 7, ¢ is of
class C? on ©, and using (23), we get that:

(100) e = Dirliae(0) =Y aw K3 (0.65) + > & K7(0,07).
k=1 k=1

We give a preliminary technical lemma.

Lemma B.1. Let v = (vy,---,v,)| € {—1,1}* be a sign vector. Assume that (97) holds with ur(s) < 1/2. Under
Assumption 3.2, there exist unique o, & € R® such that:

(101) Nae(0f) =ve € {~1,1} and nlL(0;)=0 for 1<k<s.

Furthermore, we have:

1—up(s)
1—2ur(s)’

ur(s)

ur(s)
_ T <
1= 2ur(s) " Ielle. =

(102) lerll,, < 1—2up(s)

o=, <
Proof of Lemma B.1. Thanks to (31), (28) and (100), we have:

* * * * T @
(10D @)1 l2ht0) =1 ().

Thus, solving (101) is equivalent to solving,

(0% v
()-(:)

with Oy the vector of size s with all its components equal to zero.
We first show that I" is non singular so that o and ¢ exist and are uniquely defined. Using Lemma C.3 based on the
Schur complement, T has an inverse provided that T\ and I'g¢ := T'(0:0) — TILOT DL =119 are non singular. We

recall that if M is a matrix such that, ||[[ — M|, <1, then M is non singular, M1 =3 (I - M)"and HM*HOp <
>0

(1= -nl,,)

Recall that by assumption u7(s) < 1/2. Then, the second inequality in (97) imply that HI — it Hop < 1 and thus

' is non singular. We now prove that I'g¢ is also non singular. Using the triangle inequality we have:

I =Tsell,, = HI — 700} 4 pILOIT[plL 1))~ 1p[Lo)

op

<l

4 HF[I,O]T[F[l,l]]flr[l,o]
op

Op'
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Let us bound the terms on the right hand side of the inequality above. To bound ||F[1’O]T [t 1ol ||Op notice that:

HF[LO]T[F[l’l]]_lf[l’o] [t

< [0 [P0
P

o op op

We have, thanks to (97) for the second inequality:

1
o1 [ =T S Tur(s)

(104) |irt-

Using (97), we get:

ur(s)? ur(s)

1—up(s) T1- ur(s)

ur(s)
1—ur(s)

Il = Tscllop <ur(s)+

By assumption, we have ur(s) < H(g)(r, p) < 1/2. Hence, we have
more, we get:

< 1 and thus, I'g¢ is non singular. Further-

1 < l—uT(s)

(105) Fsbllon < < |
IITsclop 1= I =Tsclly, — 1—2ur(s)

As the matrices T'*:1] and I"sc are non singular, we deduce that the matrix I" is non singular.

We now give bounds related to o and £. The Lemma C.3 on the Schur complement gives also that:

a=Tgtv and ¢=—[HU)7IPOTLLy,
Hence, we deduce that:
_ 1—wur(s)
1 T
||Oé||loO S HFSCHop”/uHZoo S 1— QUT(S))
_ - - _ ur(s)
< H plta—1pop=t H v < H rltl 1H HF[LO] =1 < M)
el < [Jire) e I e o e e e
—1 —1 UT(S)
|loe — 1)||£Oo < H(FSC - I)HOPHUHKM <|Tsc— IHOpHPSCHop < W
This finishes the proof. O
We now fix a sign vector v = (vq,---,v5) " € {—1,1}* and consider p, ¢ and 7,,¢ with o and ¢ characterized by

(101) from Lemma B.1. Let e, € R® be the vector with all the entries equal to zero but the ¢-th which is equal to 1.

Proof of (iii) from Assumption 6.1 with Cr = e, (r/p)/10. Let § € © such that 07(0, Q*) > r (far region). It is
enough to prove that |1,.¢(6)] <1— Cp. Let §; be one of the elements of Q* closest to 6 in terms of the metric 9. Since

U €05,,, 5o (o0 ,5)> We have, by the triangle inequality that for any k#£ ¢

207 000 (Uoo, §) <07 (07,07) <0r(07,0) + 01 (6,65) < 207(0,05).

Hence, we have 192779 € 05 16 (oo 5)° where 7929 denotes the vector ¥* whose ¢-th coordinate has been replaced by 6.
Then, we obtain from Lemma 7.3 that ©7, prdon( (S} S (ur(s),5) and thus:

Uoo ,S) g
(106) 1920 E 6%,6T(UT(S),S)'
We denote by I'y ¢ (resp. F%ﬂ) the matrix I" (resp. I'led1y in (96) where 9* has been replaced by 192 o- Notice the upper

bounds (97) also hold for I'; ¢ because of (106). Recall we have Equalities (32) on the diagonal of the kernel Kt and its
derivatives. Elementary calculations give with 7, ¢ from Lemma B.1 that:

(107) Nae(0) =] (rg?g” - 1) a+Kr(0,05)ac+e] gy e+ KR (0,07)¢,.
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We deduce that:

01T , *
108 Inac®)| < T8~ 1]l + lallo Wr @, 69) + [0 el + IR0,

Since 6 belongs to the “far region", we have by definition of e1-(r) given in (38) that:
(109) KCr(0,67)] <1 —ex(r).

The triangle inequality, the definitions (37) of Vr and (34) of L o, give:

(110) KD1(6,67) < Loy + Vi

Then, using (97) (which holds for I'y ¢ thanks to (106)), we get that:

ur(s)

Na,e(0) <1 —er(r)+ T 2ur(s)

(2 + L170 + VT) .
Notice that the function r — €, () is increasing. Since pr < p, we get by Lemma 7.1 that:

(111) er(r) 2 eco(r/pr) = Vr 2 eco(r/p) —

By assumption, we have ur(s) < Héo)(r p) <1/4. Hence, we have 1
we get:

TP (S) < 2. We also have Vp < 1/2. Therefore,

Na.e(0)] <1 —eco(r/p) +Vr +ur(s) (5+2L10).

The assumption ur(s) < a2 (r,p) gives:

8
112 < ° __ _c (r/p)
(112) ur(s) € 1555 grg o /0)
The assumption Vg < Héé)(r, p) gives V1 < e (r/p)/10. Hence, we have |1,.¢(0)] <1 — %g/p). Thus, Property (i)

from Assumption 6.1 holds with C'r = e, (r/p)/10.
Proof of (i) from Assumption 6.1 with Cy = v (pr)/180. Let 6 € O such that 0 (0, Q%) <r.Letf € {1,---,s}

such that 6 € By (6},r) (“near region"). Thus, it is enough to prove that |14 ¢(0)| < 1 — Cy 07(6},6)%. This will be done
by using Lemma C.4 to obtain a quadratic decay on 7, ¢ from a bound on its second Riemannian derivative.

Recall that the function 7, ¢ is twice continuously differentiable. Set 77[ L= DQ;T[na,g]. Differentiating (100) and
using that IC; 0l (0,0) =—1and ICI% 4 (0,0) =0, see (32), we deduce that:

(113) N2 (0) = e (I + T a+ KEO0,07)ef a+ e[ T e+ K51(0,05)e] €.

Since v = (vy,- -+ ,vs) " € {—1,1}* is a sign vector, we get:

1) 0 7e(0) = kg (0,07) = e (T + T o+ KF0,07)e/ (0 = v) + e/ T35 6+ K7 (0,0)e €.
The triangle inequality and the definition of Vr give:

(115) KE(0,67)| < Loo + Ve and  |KE1(0,67)] < Lo + Vi,

where L o and L; o are defined in (34). We deduce from (106), the definition of é in (43) and (44) that:

(116) HI+FE;,O]

<wur(s) and ‘

<urp(s).

op op
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We deduce from (114) that:

[n7%e(6) = ek (0,07 < N, |7+ TE ”p +llo = vll,_(Lao + V) +lIE]l, (Hrgéu |+t VT>

ur(s)

—— (1+L L 2Vr).
_1—2uT(s)( +Loo+ Lot +2Vr)

D S
1—2ur(s)

Vr < HY (r,p) <1/2and urp(s) < Hg)(r, p). In particular, we have:

By assumption, we have up(s) < H, éﬁ’ (r,p) <1/4. Hence, we have < 2. Furthermore, we have by assumption

8
9(2L20 +2Lo 1 +4)

ur(s) < Voo (pT).

Therefore, we obtain:

8
(117) e (6) = we k(0. 09)] < G (or):

We now check that the hypotheses of Lemma C.4-(73) hold in order to obtain a quadratic decay on 7, ¢ from the bound
(117). First recall that 7, ¢ is twice continuously differentiable and have the interpolation properties (101). By the triangle
inequality and since by assumption Vr < Lo o we have:

sup|IC[T2’O]\ < Lgo+Vr<2Lsy.
%

Then, Lemma 7.1 ensures that for any 6, 6’ in ©1 such that 91(6,6") < r we have:

9
~KE0,0) 2 vao(rpr) = Vi 2 vao(pr) = Vr 2 {5vse(pr),
where we used that that the function r — v (r) is decreasing and pr < p for the second inequality and that Vp <
aY (r,p) < voo(pr)/10 for the last inequality.
Set § = Svao(pr), € = 5Vso(pr), L =2Ls0. As 1 < L2 and § < e, we apply Lemma C.4-(ii) and get for 6 €
Br(07,7):

Voo (pT) %\ 2
0 <1-—- 0,07)°.
o)) <1 = 0. 07)

Proof of (ii) from Assumption 6.1 with C}, = (5L20 + Lo 1 + 4)/8. Let § € O such that 07(0,9*) < r. Let
¢€{1,---,s} such that 0 € Br(0},r) (“near region"). We shall prove that |1, ¢(6) — ve| < Cy 07(65,0)2.

Let us consider the function f : 6 — 14,¢(6) — v,. We will bound the second covariant derivative f2l = Dy.r[f] of f
and apply Lemma C.4-(¢) on f to prove the property (i7) for 1, ¢. Notice that f is twice continuously differentiable. By
construction, see (101), we have f(6;) =0 and f (97) =0. Since &= 775_15, we deduce from (113), the bounds (115)
that: /

2,0 2,1
O <l 74T+ ol Lo+ V) + €l T2+ 1€l (Lo + V).

Using (116), and the bounds on « and ¢ from Lemma B.1, we get:

ur(s)

[F2()] < f:ﬂ(h,o +Vr +ur(s)) + 1—2ur(s)

2ur(s) (L2 + Vr + ur(s)).

Since ur(s) < HY (r,p) <1/6 and Vr < H(%)(r, p) <1/2, we get:

5 1
1F20)| < sz,o + ZL271 +1.
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We get thanks to Lemma C.4-(¢) on the function f that for any 6 € By (0}, 7):

1
10,6(0) —ve| < 3 (5Lao + L1,z +4) 070(0,67)°.

Proof of (iv) from Assumption 6.1 with C'z = 2. Recall the definition of p,, ¢ in (98). Elementary calculations give
using the definitions of T'(:%), T[1:1 and T in (96):

2

ZOZWT(QE)

k=1

=20 T 26T g

2
Hpa,EHT <2

2
+2
T

S 6ol p)
k=1 T

<2fal, lall, [T +2lell, el £
Using that ||I||,, =1 and (97), we get that:

2

<(1+ur(s) and HFM

< (1 +ur(s)).

op op

By assumption we have ur(s) < Hég) (r,p) < é. We deduce that:

(1 —uz(s))® + ur(s)®

M-2ur()2 =

2
IPavell < 2(1 +ur(s))
This gives:

(118) IPecell < 2v/s.

We proved that (7)-(iv) from Assumption 6.1 stand. By assumption we also have that for all § £ 6’ € Q* : 01(0,0) >
2r, therefore Assumption 6.1 holds.
This finishes the proof of Proposition 7.4.

B.2. Proof of Proposition 7.6 (Construction of an interpolating derivative certificate)

This section is devoted to the proof of Proposition 7.6 and is close to Section B.1. Let T' € N and s € N*. Recall As-
sumptions 3.2 (and thus 3.1 on the regularity of ¢7) and 5.1 on the regularity of the limit kernel K, are in force. Set
g, € (0,1/6). We denote by ||-[|,,, the operator norm associated to the £ norm on R*. By assumption doo (ug, ) is
finite. Let 0% = (07,...,6%) € O35, 5 (u_ - Wenote Q* = {07, 1 <i < s} the set of parameters of cardinal s. Let

a=(ag,...,as)" and £ = (&1,...,&) T be elements of R®. Recall Da,gs Na,e and 77([11,]5 = Dl;T[naé] given by (98), (99)
and (100). '

The next lemma is similar to Lemma B.1, but notice that in Lemma B.2 the function 7, ¢ vanished on Q* and has a
derivative that interpolates a sign vector, whereas in Lemma B.1 it is the opposite.

Recall the definition of Vp from (37) and define u/.(s) = ul, + (s — 1)Vp. We remark that (97) holds with up(s)
replaced by u/.(s) because of (95).

Lemma B.2. Letv = (v1,--+,vs) " € {—1,1}* be a sign vector. Assume that (97) holds with ur (s) replaced by u'(s) <
1/2. Under Assumption 3.2, there exist unique o, & € R® such that:

(119) Na,e(05) =0 and 7757]5(0,’;) =v, for 1<k<s.

Furthermore, we have:

wp(s) 1—ulp(s)
< __T\°) d < - TV
(120) Ha”Z(x, = 172’”’/1“(5) an ||£||Zoo - 1— 2%/1_'(5)
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Proof. Thus, with O, the vector of size s with all its components equal to zero and I' defined by (96), Equation (119) is
equivalent to:

©)-)

According to the proof of Lemma B.1, the matrices T'gc = T'[0:0) — TLOIT L] =1P[L0] 711 and T are non singular.
Thus the vectors o and £ exist and are uniquely determined by (121). From Lemma C.3, we deduce that:

o= _FEéF[I,O]T[F[l,l]]—lv and €= (I—i— [F[l,l]]—1F[1,0]F§ér[1,o]T) L] =1y,
Using (105), (97) and (104) and replacing ur(s) by uw/r(s), we easily obtain the inequalities (120). O

We fix the sign vector v = (vy,- -+ ,vs) " € {—1,1}* and consider p, ¢ and 77,.¢ given by (98) and (99), with v and &
given by Lemma B.2.

Proof of (i) from Assumption 6.2 with ¢y = (L2 + L2 + 7)/8. We define the function f : 0 — 1,.¢(6) —
vg sign(6 — 67)07(0,607) on ©. To prove the Property (i), we will bound the second covariant derivative of f, that is
f2:= Dy.7[f], and apply Lemma C.4-(i). Recall 97(0, 0;) = |G7(0) — Gr(0;)| with G7 a primitive of /g7, and thus
£(0) =nae(0) — ve(Gr(0) — Gr(67)). We deduce that f is twice continuously differentiable on O; and elementary
calculations give f12 = 77([12]5.

Let € ©7 and let 6} be one of the elements of O* closest to  in terms of the metric 07. Recall the notations I'; g

(resp. I‘y’eﬂ) and 7 , from the proof of Proposition 7.4. Since f (2 — 7}515, we deduce from (113) that:

a22) PO < |[THTE ele, + llad,  CE @091+ el T2+ lell R . o)1,

op

Notice that (106) holds with ur(s) replaced by w/-(s). Using (115) and (116) and the bounds (120) on « and £ from
Lemma B.2, we get:

20 < —TO (1m0 v pa(s) + 2 v ds)).
1—2ul(s)

By assumption, we have u/-.(s) < 1/6 and Vr < 1. Hence, we obtain:

1 5 7
(2] < Z e .
|f (9)\_4L2,o+4Lg,1+4

Since f(0;) =0 and f[*(67) = 0 as well, using Lemma C.4 (i), we get, with ¢y = (Lao + 5L2 1 + 7)/8:

[0, (0) — v sign(0 — 07)07(0,07)| = |£(0)| < ex 0r(6,67).

Proof of (ii) from Assumption 6.2 with cp = (5L1 o + 7)/4. Let § € Op, we shall prove that |, ¢(0)| < cp. Let 6
be one of the elements of Q* closest to 6 in terms of the metric 07. We deduce from (107) that:

0,0 1,0]T 0,1
(O < ol 15" = 1]+ el Wer @091 + 1€l T2+l IR 0. 67)1.
Using (97), (32), (110) and the bounds (120) on « and ¢ from Lemma B.2, we get:

ur(s) 1 — up(s)

|7704,5(0)‘ < 1— 2’(1,{/11(8) (1 + uif(s)) + 1— 2U/T($) (LLO + VT + U{T(S)) .

By assumption, we have u/-.(s) < 1/6, and thus 3 < 3/2. Since Vr < 1, we obtain:

1
1—2ul.(s

5 7
<2r .
1a,¢(0)] < 1ot
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Proof of (iii) from Assumption 6.2 with cg = 2. Using very similar arguments as in the proof of (118) (taking care
that the upper bound of the /., norm of « and £ are given by (120)) we also get ||pa.¢||, < 24/5.

We proved that (¢)-(i7) from Assumption 6.2 stand for any 6 € ©1. Hence Assumption 6.2 holds for any positive r
such that for all 6 # 6" € Q* : 07(0,0') > 2.
This finishes the proof of Proposition 7.6.

Appendix C: Auxiliary Lemmas

We recall in the next section some basic results on the Fréchet derivative and the Bochner integral. Then, we provide the
proofs of the intermediate results.

C.1. The Fréchet derivative and the Bochner integral

The Fréchet derivative and Bochner integrals are defined for Banach space valued functions, but we shall only consider
the case of Hilbert space valued functions.

Let (H, (-,-)) be an Hilbert space and let © be an interval of R. We note ||| the norm associated to the scalar product.
A function f from O to H is Fréchet differentiable at # € © if it is continuous at 6 and there exists an element Jp f € H
such that:

lim

h—0; 0+heO® h

The derivative of f is the function Jyf : 6 — Oy f(6) defined on © when it exists. We also define by recurrence the
derivative 0} f of order i € N* of f as the derivative of 9, ' f, with the convention that 93 f = f, and say that f is of
class C' if the derivatives 65 f exist and are continuous on © for j € {0,...,i}. The standard differentiating rules for
composition, addition and multiplication apply to the Fréchet derivative. We refer to [36] for a complete presentation of
the subject. By definition, if f is differentiable at § € O, then we have for all g € H that:

LIRS R

The Bochner integral extends the Lebesgue integral. We refer to [4, Chapter 1] and [3, Section 11.8] for further details
on the Bochner integral. We endow the interval © C R with its usual Borel sigma field inherited from the Borel sigma
field on R and a measure p. A function f from © to H is strongly measurable if it is the limit of simple functions or
equivalently, see [3, Lemma 11.37], if the map 6 — (f(6), ¢g) is measurable for all g € H and f(0) lies for u-almost every
0 € O in a closed separable subspace of H. In particular if the function f is continuous, then it is strongly measurable,
see [4, Corollary 1.1.2]. If f is strongly measurable, then the norm || f|| is a measurable function from © to R, see [3,
Lemma 11.39]. Then a function f defined on © (endowed with the Lebesgue measure) is Bochner integrable if and
only if it is strongly measurable and if | f|| is integrable; in which case, we have || [ f(6)dé|| < [[|f(6)]df, see [3,
Theorem 11.44] (which is easily extended from finite measure to o-finite measure, see also [4, Theorem 1.1.4] in this
direction). We remark that the fundamental theorem of calculus is still valid in this framework, see [4, Proposition 1.2.2].
In particular, if f is continuous and Bochner integrable on © and 6, € O, then, we have:

(124) F'(0)=f(#) where F(0)= : f(¢)dq.

As a particular case of [3, Lemma 11.45], if f is Bochner integrable on ©, then for all g € H, we have that:

(125) /@ (F(6).9)d6 = ( /@ £(6)d6. g).
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C.2. Tail bounds for suprema of Gaussian processes

In order to prove Theorems 2.1 and 2.5, we provide in Lemma C.1 a bound with high probability of the supremum of
a Gaussian process given by 6 — (wr, h(6)),, where wr is a noise process and h is a function from ©, an interval of
R, to the Hilbert space (Hr, (-, )7). The next lemma is in the spirit of [6, Proposition 4.1] (where one assumes that the
Gaussian process has unitary variance); its proof is given at the end of this section and relies on Lemma C.2.

We denote by 07 the Riemannian metric associated to the kernel K, see also Section 4.2. Recall definitions (20)

and (22) and set f11(0) = Dy 7[f](8) = 8o (8)/\/97(0) with g defined in (30).
Lemma C.1. Let T € N be fixed. Suppose that Assumptions 3.1 and 3.2 hold. Let h be a function of class C* from O
to Hy, with O a sub-interval of ©. Assume there exist finite constants Cy and Cs such that for all 8 € O:

(126) Ih(0) ;< C1 and Hhm(o)HT < C.

Let wr be an Hr-valued Gaussian noise such that Assumption 1.1 holds, and consider the Gaussian process X =

(X(0) = (h(0), wr)T,0 € O). Then, we have for u > 0:
VA
(127) P ( sup | X(0)| > u) <ec- (0|6T|T V 1) e_uz/(402ATCf)7
0eO u
where |©r| denotes the Riemannian length of the interval O and ¢ =2C5 + 1.
We first state a technical lemma.

Lemma C.2. Let I C R be an interval. Assume that X = (X (0), 0 € I) is a real centered Gaussian process with Lipschitz
sample paths. Then, for all u > 0 and an arbitrary 6y € I, we have:

(128) P (sup X > u) < E / V/Var(X/(0)) e~/ (WVar(X(@) 49 1 %e_“z/(wm(x(e“))) .
I uJr

Proof. We first start with a general remark on Lipschitz functions on R. Let f be a real-valued Lipschitz function defined
on an interval I C R. Let b > a and set f, ;, = min(max(f,a),b). The function f, ; is also Lipschitz and, thanks to [29,
Theorem 3.3 p107], we get that f, , = f'=0ae.on{x €l f(r)=aorb}andthus f; , = f'1{rc(ap)} a-c.0n . We
deduce that:

Supfa,b*inffa,bS/|f$,b($)|d$:/|f/(fﬂ)|1{f(x)e(a,b)}dw-
I I

Using this inequality, we obtain that for any xg € I:

b b
(129) / 1{sup1f>t}dt:/ 1{sup1fa,b>t}dtzsupfa,b—aS(b—a)l{f(xo)za}+/I|f'($)|1{f(x)e(a,b)}d$-

Then, applying Inequality (129) to the function X and taking the expectation, we get, with M =sup; X, a=u >0,
b=u+e¢e,e>0and xg=0p:

u+te
(130) / P(M > t)dt <eP(X(0p) > u) + /]E [1X7(0) 1 u< x (6)<ute}] A6
u I

The random variable X (6) is a centered Gaussian variable and therefore we have:

0o —x? ar
+00 —a?/(2Var(X(6o))) L 02 /avar(X (60))

. VeV (X)) Y

where we used for the inequality that fu+°° et dt < @ e~ holds for u > 0, see [1, Formula 7.1.13]. Notice that (131)
trivially holds if Var(X (6y)) =0 as u > 0.

We now give a bound of the second term in the right hand-side of (130). Since (X', X) is also a Gaussian process, we
can write:

(131) P (X (0o) > u) =

X'(0) = ap X (0) + oG,
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where G is a standard Gaussian random variable independent of X () and:

E[X"(0)X(0)]

Var(x (@) M4 P =Var(X'(0)) — ogVar(X(0)),

Qg =

with the convention that ap = 0 if Var(X(6)) = 0. We get | X' (0)| < |ag X (0)| + |Bp||G|. Since G is independent of
X () and u > 0, we deduce that:

E [‘X’(6>|1{u<x(9)<u+€}} < (|a9|(u +e)+ ﬂlﬁel) Plu< X(9) <u+e).

Letting € goes to 0 in (130), using (131) the right continuity of the cdf of M and the monotonicity of the density
Px () (u) of the law of X (), we deduce that:

1 2
(132) P(M >u) < 3¢ 7“2/2VM(X(0°))+/ <|049|u+ \/>|ﬁ9|> px(0)(w)do,
I ™

where by convention px () (u) is taken equal to 0 if Var(X(¢)) = 0. We now bound the second term of the right-hand
side of (132) in two steps. Using that 35 < Var(X’(f)) and the inequality e <o /2 /\/2z for x > 0, we get that:

1 Var o—u? /4 Var
(133) \f |Bo| px (o) (u VVar X)) 2 javascx o)

u

Thanks to the Cauchy-Schwarz inequality, we get |og| < \/Var(X'(0))/+/Var(X (6)). Using also the inequality e <
3e=2"/2 /4x? for z > 0, we get that:

\/7 \/V&I'i _u2/4Vwr(X(9))

(134) love [upx oy (u

Notice that (133) and (134) hold also if Var(X(#)) = 0. Using that i\/% + % ~ 0.92 <1, we deduce (128) from
(132), (133) and (134). O

Proof of Lemma C.1. We first consider the case O = [0p,61] and let v : [0,1] — [0, 61] be a minimizing path with
respect to the Riemannian metric 97 (see Remark 4.1); in particular we have |v/(s)|v/gr(y =07(0o,61). Thanks
to (123), the Gaussian process X = (X (s) = X (7(s)),s € [0,1]) is of class C* on s € [0, 1] W1th derivative X'(s) =
() X'(v(s)) =+'(s) (Dgh(y(s)), wr)7. Then, according to Lemma C.2, Inequality (128) holds. By Assumption 1.1,
we have for all § € Or:

Var(X'(6)))
gr(0)

Plugging those bounds in Inequality (128) with |v'(s)|\/gr(v(s)) = 01(09,01), we obtain:

2
Var(X(60))) < 0 Ar||h(0)|2 < 02ArC?  and < U2ATHW (a)HT < o2 AC2.

1
2 2 1 2 2 2
P ( sup X >u> < 7\/02ATC’2 o/ (4oPArC) / 1Y (8)|v/ gr(~(s)) ds + 567“ /(207 ATCY)
[ 0

00,01]
< (02 n ;) <U°T(90W91> VAT |, 1) ot/ (102 ArCE)

u

Since P (sup[ao,gl] | X| > u) <2P (sup[go,gl] X > u), we obtain that (127) holds for O a bounded closed interval.

Then, use monotone convergence and the continuity of X to get (127) for any interval Orp. O
C.3. Schur complement

The following Lemma is a classical result on the Schur complement.
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Lemma C.3 (Schur complement). Let M € R™*™ be a matrix composed of blocks A € R(n=k)x(n—k) B e Rn—k)xk

Cc ka(n—k))’ De RFEXE .
AB
w=(ep)

Assume that D and S1 = A — BD~'C are non singular. Then, the system:

u()-()

withx € R" 7%, y € R¥, a € R"* and b € R¥, has a unique solution given by:
r=87'a—S'BD™ and y=D"'b—D7'CS;'a+D'CS;'BD .
C.4. Proofs of Lemmas in Section 4

Proof of Lemma 4.2. For simplicity, we remove the subscript X and for example write fl'! = D [f] = D;[f]/ V9. Re-
call that G, a primitive of /g, is continuous increasing and thus induces a one-to-one map from © to its image. Fol-
lowing Remark 4.1, we consider the minimizing path v : [0,1] — © from 6 to @ defined by 75 = G~1(as + b), with
b= G(0y) and a = G(0) — G(0p). Thus, we have L(y) = 0(6,6p). The minimizing path from 6y to 6 has constant
speed thus equal to 9(6g, d). From the explicit expression of -, we get in fact that 44+/g(v:) = A for ¢ € [0, 1], where
A =sign(f — 60y)0(0,0). Thus, we have:

1 1 1
(136) F(6)— F(80) = () — F(30) = / 50 /() dt = A / Dy[f)(y) dt = A / () dt,

where we used (124) and that the derivative of f o, is 44 ' o 7, for the second equality and the definition of D, [f] as
well as the equality §:+/g(7:) = A for the last.

Using (136) for f and 6 replaced by f[! and ~(t) for some ¢ € [0, 1], we get thanks to (23) that:

N 1
() = 1 (0y) + A / (5, ds,
0

where 7 is a geodesic from 6 to 7, and A= Asr/ g(%s). Since + is itself a geodesic, we deduce that 75 = 74+, and thus

A =tA. Plugging this in (136), we get:

f(9>ff(90):AfW(eO)+A2/ f[21(%t)tdtdsAfm(eo)+A2/01(1r)f[z’l(%) dr.

[0,1]2

This gives (24). O

Proof of Lemma 4.3. Recall that by Assumption 3.2 the function ¢7 is C3. According to (123), we have that for any
i,7€{0,...,3} and any 0,60’ € ©:

(137) Oy (61(0),01(8)r = (9400 (9). 000 (8))

This and (20), (22), (25) and (26) readily imply (31). The first equality of (32) comes from Cauchy-Schwarz’s inequality.
The second is clear. We also have:

(138) (@0r(6), 6(0))r = 5 0oll6r(®)]* =0

Since the right hand-side is also equal to /g7 (6) IC[Tl’O] (6,0) thanks to (31), we get the third equality of (32). Taking
the derivative with respect to 6 in (138) yields g7 (0) = (9ppr(0),0ppr(0)) = —(9567(0), 67 (0)). Thanks to (21),
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we get Do = gTD27T[¢T] + (1/297)g0g¢pr. Using (31) and (138) again, we deduce that (92¢r(0), pr(0)) =
gr(0) IC[T% 0] (0,0). This gives the fourth equality of (32). Eventually, we deduce from (31), (21) and (22) that:

97 (0
7(0

~—

gr (0272 K2(6,60) = (9267(8), s (8)) —

(Op 7 (0), 007 (0)).

l\D\H
Q

~—

Then, use that g/-(0) = 2(03 ¢ (0), gpr(0)) to deduce that Idﬁ’l] (0,0)=0. O
C.5. Control on f from its derivatives f!?!

The proof of the next lemma is similar to the proof of [41, Lemma 2] and is left to the reader. Recall from (32) that
K2%6,6)=—-10n0.

Lemma C.4. Suppose Assumptions 3.1 and 3.2 on the dtctlonary hold. Let f be a real valued function defined on an
interval © of class C2. Let 0y € ©. Set fori = 1,2, flil = 1[f] (see (22)).

(i) Assume f(6p) =0, f1(60) = 0 and that there exist § > 0 and > 0 such that for any 6 € By (0,7):
(139) |FP(0)] < 26.

Then, we have |f(0)| < §07(0,600)?, for any 6 € Br(6o,7).
(i) Let ©1 C O be aninterval and suppose that L > supe; |IC[1%’0] | is finite and there existe > 0 and r € (0, L™ ) such

that for any 0 € Br(6y,7), —IC[T%’O] (0,60) > . Assume that Br(6o,7) C O1, f(0o) =v e {—1;1}, fl(6) =0
and that there exists § € (0,¢) such that for any 6 € By (0o,7):

(140) 17112(8) — vic (0, 60)| < 0.

Then, we have | f(0)] < (Egé)DT(H,HO)Q, forany 0 € Br(0o,7).
C.6. Proof of Lemma 8.1

We keep the notations from Section 8.1. In order to prove that the constants ¢y, ¢; and cy do not depend on the scaling
factor o, we shall rewrite pr and Vr defined in (35) and (37) using a change of scale. To do so, we define ©°(6) = k(- —6)
for 6 € ©; the grid 7, - , t%. where ¢ = t; /00 the Hilbert space L2(A}.) with A}, = Ap oy Z};l 40, endowed with
its natural scalar product noted (-, ) »g, and norm (Il xg.; the parameter space 0% = [ar(1 —€)oy*,br(1 —€)oy ). Since
the scaling factor oy is fixed, the measures (A%, T > 2) converge vaguely towards the Lebesgue measure Ao, on R. We
shall also consider another kernel:

ICT(Q 9) < >/\o with ¢T ' /H(P H,\07

and the limit kernel K3, (6,6") = (¢2,(0), 9%, (¢"))__ with ¢ = ©°/||° || .For any T € NU {+00}, the kernel KY. is
of class C*3 on ©2 and for i, j € {0,...,3} and 6,0’ € ©, we have:

. YN 1 6
K00 =K (2 05) and oy () =aca(0)
0

0o 0o go

We can now rewrite pr and Vr by using a change of scale and we get:
9Ky, gKo,

pr =max | sup ,sup ,
09 \ 9k o9 \ 9k9

Vr :maX(Vq(}),V;Q)) with Vj(}) = max _ sup |ICO[” KOl and Vg) =sup |hgo — hxo |.
,]E{O 1 2} (@0 )2 @()T T oo

and

Thus, bounding pr and V7 amounts to controling the proximity between the kernels K9, and K.
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First, we provide an upper bound for any ¢, € {0, -- ,3} of:

(141) B;;(T)= sup
0,0'€©9,

(o520, 0°0) , ~ (06°0).23°)) |

Notice that:
950" (0,t) = (—1)7 KU (6 — t).

In what follows, we shall use at most three derivatives in 6 and one derivative in ¢, so that ¢ + j < 4 in the above formula.
Recall the polynomials P; are defined as k@ = Pk and set M = maxo<;<4sup | P V. tis elementary to get that for

0,0’ eR:

T ) ) br/oo )
(Ar/o0) > 04" (0,1)0)° (0, 17) */ 95" (0,6)05¢° (0", t) At
k=1

aT/O'()

<dTArM?oyt.

We have for 0,0’ € ©Y. that:

) . ar/oo )
D’ (0,1)05° (0", ) dt| < + / D (6,0)0 06, ) dt

— 00

+oo )
/ 0 (0.0 (0 1) dt
b

T/00

/]R\[aT/cro,bT/Uo]

“+o0
<2M? / k(t)dt

br /oo
< QﬁMQ 6—5211%/20'87
where we used that 2 fu+°° et dt < VT e~ for u > 0, see formula 7.1.13 in [1]. We deduce that:
Bi;(T) < AVT Ap Moy 4 2y/7 M? e~ <05 /296 < 9./7 M7,

with yp = 2Ar0g ' + /7 e b1 /205
Similar arguments as above yield that:

sup [ @3 - I @I | <r-
0oy, T

so that anO(G) Hio > /m — 7 for all § € ©F.. It is then easy to deduce that Supeg |9x0. — gxco_| is bounded by a constant
9 %

times y7 when «y7 is smaller than a universal finite constant. Up to taking v smaller than some universal finite constant,
this and the fact that g0 =1 /2 give the second part of (51). Then use formulae for the derivatives of the kernels, see (29)

and (22), to get the first part of (51).



	Introduction
	Model and method
	Examples
	Discrete-time models
	Continuous-time models with truncated white noise or colored noise

	Previous work
	Contributions
	Gaussian sparse spike deconvolution, see Section 8.
	Scaled exponential model, see Section 9.


	Main Results
	Dictionary of features
	Assumptions on the regularity of the features
	Examples of regular features
	Translation discrete-time model
	Translation model with a continuum of observations
	Translation model with a varying scaling parameter
	Scaling exponential model


	A Riemannian metric on the set of parameters
	On the Riemannian metric in dimension one
	The kernel and the Riemannian metric associated to the dictionary of features

	Approximating the kernel associated to the dictionary
	Certificates
	Sufficient conditions for the existence of certificates
	Boundedness and local concavity of the kernel KT
	Separation conditions for the non-linear parameters
	The interpolating certificates

	Gaussian sparse spike deconvolution
	Model and first assumptions of Theorem 2.1
	Existence of certificates
	Prediction error

	Scaled exponential model
	The model
	Existence of certificates
	Prediction error

	References
	Proofs of Theorems 2.1 and 2.5
	Proof of Theorem 2.1
	Proof of Theorem 2.5 and of Equation (8)

	Construction of certificate functions
	Proof of Proposition 7.4 (Construction of an interpolating certificate)
	Proof of Proposition 7.6 (Construction of an interpolating derivative certificate)

	Auxiliary Lemmas
	The Fréchet derivative and the Bochner integral
	Tail bounds for suprema of Gaussian processes
	Schur complement
	Proofs of Lemmas in Section 4
	Control on f from its derivativesf[2]
	Proof of Lemma 8.1


